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ABSTRACT
Change-point detection, also known as signal segmentation, is an essential preprocessing step in many applications, ranging 
from industrial monitoring to bioinformatics. In short, it consists in finding the temporal boundaries of homogeneous regimes 
in long and non-stationary time series. While this area of research is active, most existing methods are designed for Euclidean 
data. However, in many practical scenarios, the collected time series are compositional, meaning that each observation belongs 
to the probability simplex (the set of non-negative vectors whose components sum to one). In this work, we propose an algorithm 
detecting change-points in large compositional signals with an underlying piecewise stationary model. We cast the change-point 
detection task as a discrete optimization problem, whose solution is shown to converge to the true change-points. We introduce 
a new and time-efficient dynamic programming algorithm that solves exactly this problem. To limit the number of operations, 
we describe a novel pruning rule that allows us to reduce the set of candidate change-point indices. Our method is tested on a 
thorough simulation study, which confirms its efficiency. Additionally, we apply our method to a human activity segmentation 
task, highlighting the necessity for such novel techniques compared to standard algorithms.

1   |   Introduction

For nearly a century, researchers have been exploring the task of 
detecting changes in the underlying model of time series, known 
as change-point detection or signal segmentation (Tartakovsky, 
Nikiforov, and Basseville  2014). It consists of partitioning a sig-
nal into contiguous segments, for which all data in each segment 
should share the same underlying statistical structure. This field 
has not only generated significant interest in statistics, signal pro-
cessing and data mining community, but it has also found numer-
ous practical applications, including speech processing (Seichepine 
et al. 2014), financial analysis (Ueda, Ike, and Yamanishi 2022) and 
bioinformatics (Truong, Oudre, and Vayatis 2020). For instance, 
medical researchers might be interested in detecting changes in 
the activity of subjects they have monitored over long periods of 
time (Jung et  al. 2021), enabling them to compute meaningful 

statistics on their patients' physical states. In this context, change-
point detection is the task of finding the temporal boundaries of 
each activity. In cyber-security, detecting the onset of specific at-
tacks, such as denial-of-service attacks, can also be framed as a 
change-point detection problem (Carl et al. 2006; Lung-Yut-Fong, 
Lévy-Leduc, and Cappé 2011). Most of the existing literature on 
this subject is dedicated to signals that take values in an Euclidean 
space. In addition, current exact methods tend to scale poorly with 
the number of observations and are often replaced by approxima-
tions when changes are more complex than Gaussian mean shift 
and signals have more than several thousand samples (Truong, 
Oudre, and Vayatis 2020). Recently, researchers have attempted to 
broaden the applicability of such methods to larger time series with 
non-numeric or structured data such as text (Cohen, Heeringa, 
and Adams 2002), ordinal data (Lung-Yut-Fong, Lévy-Leduc, and 
Cappé 2011), network data (Barnett and Onnela 2016) and so forth.
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In this study, our focus is on compositional time series. 
Compositional time series are sequences where each element is 
a vector of proportions or probabilities that sum to 100% or 1. 
Examples of compositional time series include market shares of 
products, the percentage distribution of different types of land 
use in a region or the allocation of expenses in a budget over 
time. Analysing compositional signals requires specialized sta-
tistical techniques that take into account the shape of the space 
in which observations lie. Several works have extended clas-
sical signal processing and statistical procedures (Rieser and 
Filzmoser  2023; Pawlowsky-Glahn and Egozcue  2016). Also, 
methods such as log-ratio transformations are often employed 
to map the data to the Euclidean space (Godichon-Baggioni, 
Maugis-Rabusseau, and Rau  2019). However, they are not 
well defined for data with components equal to 0. Therefore, 
approaches that take into account the geometry of the com-
positional space without transformation are needed. For the 
change-point detection task, current methods only focus on 
detecting a change in the parameter of a Dirichlet distribution 
(Prabuchandran et al. 2022; Fisher et al. 2022).

Categorical signals, which are sequences of observations be-
longing to a finite set (an alphabet) of symbols, can be seen as 
an edge case of compositional signals. Indeed, using the one-
hot encoding scheme, each symbol can be mapped to a binary 
compositional vector that is zero everywhere except at one 
position, where it is equal to one. Categorical data are prev-
alent in various applications, dealing with DNA sequences, 
computer logs or web pages (Jian et al. 2019), for instance. In 
addition, in an increasing number of works, numerical time 
series are transformed into categorical signals either to de-
crease the memory and computational load (Li and Lin 2017) 
or to summarize long and complex data in an interpretable 
manner (Germain et  al. 2023). This process is often referred 
to as discretization or symbolization. Consequently, classical 
procedures such as clustering (Kelil and Wang 2008), anomaly 
detection (Wu and Wang 2013), and pattern discovery (Alaee 
et al. 2021) are being adapted to handle categorical signals; see 
García et al. (2013) for a survey. Note that the setting of cate-
gorical signals is slightly different from the setting of Wang, 
Zou, and Yin (2018), where observations follow a multinomial 
(and not categorical) distribution with piecewise constant 
parameters.

Change-point detection for compositional and categorical data 
is challenging as most algorithms are designed for vector-
valued data. The present work is in line with the current trend 
and aims to provide an efficient change-point detection algo-
rithm that can cope with the specific nature of the signals and 
their sizes.

Our contributions are threefold:

•	 We define the problem of change-point detection for categor-
ical and compositional time series and describe the optimi-
zation problem that leads to the change-point estimators.

•	 The estimators are shown to be consistent with the true 
change-points.

•	 Based on a new pruning rule, we provide an efficient algo-
rithm for large signals.

Section 2 presents the compositional multiple change-point prob-
lem and reformulates it as an optimization problem. Section 3 
introduces our new algorithm for change-point detection. In a 
simulation study in Section 4, we highlight the efficiency of the 
proposed method, followed by an application to human activity 
sensor data in Section 5.

2   |   A Model for Non-Stationary Compositional 
Signals

2.1   |   Model

Denote by y0..n = (y1, … , yn) a signal of n obser-
vations taking values in the probability simplex 

ΔD−1: =

�
q ∈ ℝ

D s.t.0 ≤ qi ≤ 1and
∑
i
qi = 1

�
. Assume that 

there are K⋆ change-points located at the indices t⋆
1
, … , t⋆

K⋆, 
meaning that on each segment between t⋆

k
+ 1 and t⋆

k+1
, the ex-

pected value of yt is constant: 

where p⋆(k+1) ∈ ΔD−1 are the true but unknown parameter val-
ues with p⋆(k) ≠ p⋆(k+1). Here, only the first moment of the dis-
tribution is assumed to be piecewise constant. The higher order 
moments can vary with time. This includes the well-known 
signal-plus-noise model where the signal is piecewise constant 
(and each element belongs to the simplex), but contrary to many 
settings, we do not assume that the noise is i.i.d. We aim at re-
covering the number of changes K⋆ and the change-point indi-
ces t⋆

1
, … , t⋆

K⋆.

Note that this setting includes categorical time series as a limit 
case. Indeed, categorical time series take values in a finite set 
of symbols. By using the one-encoding scheme, we can convert 
any categorical sample to a vector in ΔD−1 whose components are 
zero everywhere except at the kth position, where it is equal to 
one if the sample is equal to the kth symbol of the set. This is the 
case, somehow, of the largest possible variance, as all observa-
tions are the farthest possible from the underlying mean vector 
in the simplex. Here, a shift in �yt is equivalent to a change in 
the parameter of a multinomial distribution.

2.2   |   Proposed Estimator

Our estimation of the change-point indices is based on the max-
imization of the likelihood of Model 1. To formally introduce the 
estimator, define the quantities c(ya..b,p) and c(ya..b) for p ∈ ΔD−1 
and ya..b: = (ya+1, … , yb) the sub-signal between indices a + 1 
and b as follows: 

By convention, in the following, 0log0 = 0. The function c( ⋅ ) is 
referred to as the (segment) cost function in the change-point de-
tection literature (Killick, Fearnhead, and Eckley 2012). We now 
define our estimator of the change-point number and locations.

(1)�yt = p⋆(k+1) ift⋆
k
< t ≤ t⋆

k+1
,

(2)c(ya..b,p): = −

b∑
t=a+1

y⊤t logp and c(ya..b): = min
p∈ΔD−1

c(ya..b,p) .
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Definition 1.  The estimators of the number of change-points 
and their locations, denoted K̂ and t̂1, … , t̂K, are defined by 

where 𝛽 > 0 is a user-defined parameter.

The parameter � in  (3) is a penalty that controls the trade-off 
between the data fidelity term (sum of segment costs) and the 
model complexity (measured by the number K of changes). A 
large � detects few segments, and a small � produces many seg-
ments. Finding an appropriate � is a model selection task. Model 
selection for change-point detection is an active research sub-
ject. In parametric settings, optimal penalty values have known 
shape, e.g. for data that are piecewise Gaussian (Lebarbier 2005; 
Verzelen et  al. 2020; Zhang and David  2007) or from a distri-
bution of the exponential family (Cleynen and Lebarbier 2017). 
However, our setting does not assume a parametric distribution 
for the noise process. Data-driven heuristics, such as the slope 
heuristics (Arlot 2019), cross-validation for change-point detec-
tion (Pein and Shah 2021; Chen et al. 2024) or sample splitting 
(Zou, Wang, and Li 2020), can still be applied here, even though 
their theoretical guarantees will not be valid in our context. In 
certain applications, the number and locations of changes are 
known for a few signals (the training set). One could then use su-
pervised approaches, such as cross-validation (as is done in the 
simulation study) or more involved learning strategies (Hocking 
et al. 2020; Blotas and Truong 2024).

Thus defined, it is not clear why the estimators K̂ and (̂tk)k would 
converge to the true K⋆ and (t⋆

k
)k. This will be proven rigorously 

in the next section. However, in the case of categorical time se-
ries, the cost function c( ⋅ ) has a simple interpretation, explained 
in the following remark.

Remark 1.  Denote by x0..n = (x1, … , xn) a signal of n inde-
pendent observations taking values in a finite set (or alphabet) 
 = {u1, … ,uD} of size D. Each data point xt is a multinomial 
random variable whose parameter is pt; that is, pt,i: = P(xt = ui) . 
Further define the one-hot encoded vector yt ∈ ΔD−1 by 
yt,d = 1(xt = ud). Straightforwardly, pt = �yt. Then, c(ya..b,p) is 
the negative log-likelihood on the subsignal ya..b, and if pt is as-
sumed to be piecewise constant, the estimators K̂ and t̂k maxi-
mize a penalized log-likelihood. In that context, a possible value 
for � is derived from the Bayesian information criterion (BIC) 
(Yao 1988): �BIC: = (D − 1)log(n)∕2.

2.3   |   Theoretical Study

The estimators (3) belong to a larger class of estimators that has 
been studied from a theoretical standpoint (Lavielle 1999). In the 
following, we apply a result from (Lavielle 1999) to our setting to 
prove that the estimated change-point number and locations are 
asymptotically consistent when the number n of samples grows 
to infinity and for a well-chosen �. Remarkably, this consistency 
result holds even if the observations are dependent, which is 

often the case in practice. First, we state an assumption on the 
‘noise’ process, that is, the deviation from the average behaviour.

Assumption 1.  For any p ∈ ΔD−1, define the process 
zt(p): = −

[
yt−�yt

]⊤
logp. There exists 1 ≤ h < 2 and a constant 

C(p) that depends on p only such that 

Assumption  1 is verified by several process models. For in-
stance, if y0..n is a sequence of independent random variables, 
then (4) holds with h = 1. Also, if zt(p) is second-order station-
ary with covariance function �z,p( ⋅ ) such that �z,p(k) = (k−l) 
for a l > 0, then Assumption 1 is satisfied with h =max(2 − l, 1). 
See Lavielle  (1999) for a discussion about processes for which 
Assumption 1 holds.

We are now ready to state the main theoretical result. The proof 
is deferred to the appendix.

Theorem 1.  Let (�n)n be a sequence of positive numbers 
such that �n∕n→ 0 and n1−h�n →∞ as n grows to infinity. Then, 
under Assumption 1, the estimated number of changes K̂ and 
the estimated (normalized) change-point locations t̂k∕n defined 
in (3) with � = �n converge in probability to K⋆ and 𝜏⋆

k
: = t⋆

k
∕n 

respectively. Formally, 

3   |   Optimization For Large Compositional Signals

To compute the estimators from Definition 1, one has to solve a 
complex discrete optimization problem. A straightforward ap-
proach is to enumerate all possible segmentations (K , t1, … , tK ) 
and return the one that minimizes the objective function  (3). 
However, there are 2n−1 possible segmentations; therefore, 
this approach is not tractable even for small signals. Methods 
based on dynamic programming have been developed to solve 
such optimization problems. This section describes current ap-
proaches designed to cope with large compositional signals and 
our method.

3.1   |   Related Work on Dynamic Programming 
Approaches

Dynamic programming algorithms for change-point detection 
are based on the objective function's additive nature (over seg-
ments) in  (3). Indeed, this allows us to compute the optimum 
recursively. To make this statement precise, introduce Vt, the op-
timal sum of costs over partial data y0..t: 

(3)�K ,�t1, … ,�tK : = argmin
K ,0≤ t1 < t2,… < tK <n

[
K∑
k=0

c(ytk ..tk+1 ) + 𝛽K

]
,

(4)
�

⎡⎢⎢⎣

�
b�

t=a+1

zt(p)

�2⎤⎥⎥⎦
≤ C(p)(b−a)h for any0 ≤ a < b ≤ n .

(5)
lim
n→∞

ℙ

(
�K ≠K⋆

)
=0 and ∀𝜖 >0,

lim
n→∞

ℙ

(
max

k=1,…,K⋆
|�tk∕n−𝜏⋆

k
|≥ 𝜖

)
=0.

(6)Vt : = min
K ,0≤ t1 < … < tK < t

[
K∑
k=0

c(ytk ..tk+1 ) + 𝛽K

]
.
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The quantity Vt corresponds to the (penalized) negative maxi-
mum log-likelihood for the observations from 1 to t . Dynamic 
programming is based on the following recursion: 

with V0 = 0. Thanks to (7), it is possible to compute V1,V2, … ,Vn 
recursively. By saving the best last change-point location — the 
argminimum in (7) — for all t  from 1 to n, we can recover the 
minimizer of  (3). This algorithm, first described in Jackson 
et  al.  (2005) and called optimal partitioning (OP), has a time 
complexity of order (n2).

A quadratic complexity can be cumbersome for applications 
with long signals. As a result, methods to decrease the number 
of operations have been developed. A well-known approach is 
called PELT (Pruned Exact Linear Time) (Killick, Fearnhead, 
and Eckley 2012) and has a complexity of the order of (n) under 
certain assumptions over the data. To put it briefly, the objective 
of PELT is to find a set of indices t ⊆ {0,1, … , t − 1} such that 
the recursive relation (7) still holds: 

The complexity of computing Vt from the Vs (s < t) then de-
creases from (t) to (|t|), provided that computing the cost 
c(ys..t) has constant complexity. Ideally, the size of t is much 
smaller than t . In Killick, Fearnhead, and Eckley (2012), the au-
thors show that the following simple inequality test can prune 
many indices: if, for s < t, 

then s can never be the last change-point of a segmen-
tation of y0..T for any T ≥ t. In other words, by setting 
t = {0,1, … , t − 1} ∖ {s s.t. (9) holds}, the recursive rela-
tion (8) is satisfied and one can compute the Vt progressively but 
with less operations.

3.2   |   DuST: A New Simple Pruning Method

This section describes a new pruning rule, in the spirit of PELT's 
pruning rule (9). We aim to reduce the size of t and, therefore, 
the total complexity.

Before introducing our new pruning rule, let us introduce some 
further notations. Define Vs

t (�), the cost of the optimal segmen-
tation of y0..t whose last change-point is s < t and the probability 
vector on the last segment is p = exp�: 

Similarly, Vs
t  is the cost of the optimal segmentation of y0..t whose 

last change-point is s < t: 

Finally, let Vt(�) be the cost of the optimal segmentation of y0..t 
whose probability vector on the last segment is p = exp�: 

Because of their dependence on parameter �, the quantities Vt(�) 
and Vs

t (�) are regarded as the functional counterparts of Vt and 
Vs
t  (Maidstone et al. 2017).

We can now state a first pruning rule based on those functional 
quantities. This rule is ideal (in a sense that will be described 
later) but computationally cumbersome. It will serve as a basis 
for our actual rule.

Proposition 1.  Functional pruning rule Define Θs
t ⊂ Θ and 

ms
t by 

and 

By convention, if Θs
t = �, then ms

t = +∞. The functional prun-
ing condition is as follows: if, for s < t, 

then s can never be the last change-point of a segmentation of 
y0..T for T ≥ t.

Proof.  Let � ∈ Θs
t. If the functional pruning condition  (15) 

holds, we have 

If � ∉ Θs
t, there exists s′ such that Vs

t (�) > Vs′

t (�) and, therefore, 

As a result, for all � ∈ Θ, Vs
T
(�) > VT, and the index s can be dis-

carded for all T ≥ t.  □� □

Thanks to Proposition  1, by setting 
t = {0,1, … , t − 1} ∖ {s s.t. (9) or (15) holds}, the recursive 
relation  (8) remains true and one can still use dynamic pro-
gramming to find change-points. Using an approach simi-
lar to Pishchagina, Rigaill, and Runge  (2023), it is possible to 
show that the functional pruning rule is maximal, meaning 
that {s s.t. (15) holds} is the largest set of indices that can be 
pruned while keeping the recursive relation  (8) satisfied for 
any signal y0..n. Unfortunately, computing the value of ms

t  (14) 
requires solving a non-convex minimization problem for each 
t = 1, … ,n, which is computationally heavy. Even for Gaussian 
models, it cannot be effectively tackled (Runge  2020), except 
for small dimensions by using geometric approximations of the 
optimization problem (Pishchagina, Rigaill, and Runge 2023).

Our strategy to cope with this issue is to find an easy-to-
compute lower bound of the quantity ms

t  (14). Indeed, if this 

(7)Vt = min
s= 0,… ,t − 1

[
Vs + c(ys..t) + �

]
,

(8)Vt = min
s∈t

[
Vs + c(ys..t) + �

]
.

(9)Vs + c(ys..t) > Vt ,

(10)Vs
t (�): = Vs + c(ys..t ,�) + � .

(11)Vs
t : =min

�∈Θ
Vs
t (�) = Vs + c(ys..t) + � .

(12)Vt(�): = min
s= 0,… ,t − 1

[
Vs + c(ys..t ,�) + �

]
= min

s= 0,… ,t − 1
{Vs

t (�)} .

(13)Θs
t : = {� ∈ Θ|∀ s� ≠ s, Vs

t (�) ≤ Vs�

t (�)}

(14)ms
t : = min

�∈Θs
t

V s
t (�) .

(15)ms
t > Vt + 𝛽 ,

Vs
T (�) = Vs

t (�) + c(yt..T ,�) > Vt + 𝛽 + c(yt..T ,�) = V t
T (�) ≥ VT .

Vs
T (�) = Vs

t (�) + c(yt..T ,�) > Vs�

t (�) + c(yt..T ,�) = Vs�

T (�) ≥ VT .
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lower bound is larger than Vt + �, then the functional prun-
ing  (15) is satisfied, and the index s can be pruned. To that 
end, define for a triplet (s′, s, t) of indices such that s′ < s < t 
the quantity ms′,s

t  by 

It is straightforward to see that ms′,s
t ≤ ms

t since it is the mini-
mum of the same objective function over a larger space (only 
one constraint of Θs

t (13) is considered). However, the optimiza-
tion problem (16) remains non-convex and difficult to solve. A 
simpler lower bound can be obtained from the Lagrange dual 
function 

where � ∈ ℝ and � ≥ 0 are the so-called Lagrange multipliers. 
A well-known result in optimization theory states that the 
Lagrange dual function is a lower bound on the optimal value 
ms′,s
t  of problem  (16) (Boyd and Vandenberghe  2004), that is, 

(�, �) ≤ ms′,s
t . Consequently, (�, �) ≤ ms

t. Combining this 
observation with the functional pruning rule of Proposition  1 
yields our suggested pruning condition: At iteration t , prune s 
if there exists s′ such that (𝜇, 𝜆) > Vt + 𝛽 for certain � ∈ ℝ and 
� ≥ 0. The following proposition is a precise formulation of this 
condition, with a carefully chosen pair (�,�) and several alge-
braic simplifications. Our new pruning rule is named DuST for 
duality sample test.

Proposition 2.  DuST's pruning rule Let (s′, s, t) denote a 
triplet of indices such that s′ < s < t and define 

where the Sa..b: = ya+1 + … + yb are the partial sums of y0..n. If 
there exists � ∈ (0,�) such that 

where H(p): = −
∑
i
pilogpi is the Shannon entropy of the dis-

crete probability p and 

then s can never be the last change-point of a segmentation of 
y0..T for T ≥ t.

The proof is deferred to the appendix. Interestingly, when set-
ting � = 0 in inequality (19), the pruning rule is exactly PELT's 
condition (9). In that regard, DuST can be seen as an extension 
of PELT.

The procedure that uses DuST is described in Algorithm 1. At 
iteration t , possible change-point positions are saved into the 
set t ⊂ {0, … , t − 1}. In addition to PELT test, for each s ∈t, 
we perform two draws: choose uniformly at random an index 

s� ∈t with s′ < s and choose � uniformly on (0,�) where � de-
pends on indices s′ and s and current time t . Then if condition 19 
holds, the index s is discarded. The space complexity of DuST is 
linear in the number of samples. The worst-case time complex-
ity of this algorithm remains of the order of (n2) as in PELT. 
However, since DuST is guaranteed to prune more indices than 
PELT, it is reasonable to assume that it enjoys at least similar 
average-case complexity, which is linear in n under certain con-
ditions (Killick, Fearnhead, and Eckley 2012). On simulations, 
DuST test is capable of pruning within segment indices while 
PELT test struggles to do so. Theoretical analysis of the com-
plexity of DuST is left for future work.

4   |   Simulation Study

This section describes the performance of DuST on simulated 
categorical data for a varying signal length.

4.1   |   Simulation Setting

4.1.1   |   Baseline Methods

First, our algorithm is compared to a standard change-in-mean 
change-point detection procedure in order to assess detec-
tion accuracy. This method, denoted MS-CPD for Mean Shift 
Change-Point Detection (Truong, Oudre, and Vayatis  2020), 
finds the best piecewise constant approximation of the signal 
y0..n. The underlying model considers the signal as Gaussian 
with constant variance and independence across dimensions. 
Similarly to our method DuST, a penalty � controls the num-
ber of changes. Second, our algorithm DuST is compared to 
the PELT algorithm to understand the computational gain of 
our pruning rule. Note that both DuST and PELT outputs the 
exact same segmentation. In addition, the code of our method 
DuST is available online.1

4.1.2   |   Evaluation Metrics

To assess the accuracy of change-point detection methods, we 
use two metrics: the adjusted rand index (ARI) and the F1-score. 
The ARI is a well-known metric (Hubert and Arabie  1985) 
when comparing clustering algorithms (Warrens and van 
der Hoef  2022) and is broadly used in change-point analy-
sis (Fearnhead and Rigaill  2020; James and Matteson  2013; 
Londschien, Kovács, and Bühlmann  2021). Roughly, the ARI 
between two sets of change-points  ⋆ = {t⋆

1
, t⋆
2
, …} (true 

change-points) and ̂ = {̂t1, t̂2, …} (estimated change-points) 
counts the number of agreements between  ⋆ and ̂ . An agree-
ment is a pair of indices (s, t), which are either in the same 
segment according to both  ⋆ and ̂  or in different segments 
according to both  ⋆ and ̂ . The number of agreements is then 
adjusted as in Sundqvist, Chiquet, and Rigaill (2022): It is 1 if  ⋆ 
and ̂  are equal and has an expected value of 0 if  ⋆ and ̂  are 
independent.

The F1-score is defined as follows. A true change-point t⋆
k

 is 
declared ‘detected’ if at least one estimated change within a 
user-defined margin exists. Precision and recall are given by 

(16)ms�,s
t : =min

�

Vs
t (�) s.t.

d∑
i=1

e�i = 1andVs
t (�) ≤ Vs�

t (�) .

(17)(�, �): = min
�∈ℝ

d

[
Vs
t (�) + �

(
Vs
t (�) − Vs�

t (�)
)
+ �

(
e�i − 1

)]
,

(18)𝜇: = min
i= 1,… ,d

{Ss� ..s,i∕Ss..t,i |Ss� ..s,i > 0} ,

(19)H(p(𝜇)) >
Vt − Vs − 𝜇(Vs − Vs� )

(t − s) − 𝜇(s − s�)
,

(20)p(�): =
Ss..t − �Ss� ..s

(t − s) − �(s − s�)
,
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precision: = |TP|∕K̂ and recall: = |TP|∕K⋆ where, for a given 
margin M, the true positives TP are true changes for which 
there is an estimated one at less than M samples, that is, 
TP: = {t⋆

k
|∃�tl s.t.|�tl − t⋆

k
| ≤M}. We also add the constraint that 

a single estimated event cannot detect two true events. The F1-
score for a margin M, denoted F1@M, is the geometric mean of 
precision and recall.

To measure the efficiency of pruning rules, we also report the 
percentage of non-pruned indices, that is, 

∑
t
�t� in Algorithm 1 

divided by n(n − 1)∕2, the number of non-pruned indices in 
the worst-case (absence of pruning). A low percentage of non-
pruned indices means that few operations are needed to detect 
change-points.

4.1.3   |   Simulated Data

We generate 100 categorical signals with a fixed length of 50,000 
samples, a random number of segments ranging from 8 to 12 
and a fixed number of symbols (d = 5). The segmentation is 
uniform, meaning that all segments have the same length. The 
distribution of symbols alternates between segments: On odd 
segments, the probability vector is (0. 02,0. 07,0. 16,0. 29,0.45), 
and on even segments, (0. 07,0. 02,0. 16,0. 29,0.45) (the first two 
coefficients are swapped). For both DuST and MS-CPD, the 
value of � is calibrated with a grid search going from 10−1 to 101 
on a separate set of 10 signals. The chosen value of � is the one 
in the grid that minimizes the error on the number of changes 

|K⋆ − �K|. This approach is often used when users have already 
labelled a few training time series (Hocking et al. 2020; Blotas 
and Truong 2024). For all metrics, the average and standard de-
viation are reported. All experiments ran on a 2.20GHz Intel(R) 
Xeon(R) Gold 5220R CPU with 252 Gb RAM.

4.1.4   |   Results

The segmentation accuracy is shown on Table B1 and Figure B1. 
Several comments can be made:

TABLE B1    |    Results on the simulated data set.

Metric DuST MS-CPD

ARI 0.99 (± 0.00) 0.98 (± 0.02)

|�K − K⋆| 0.0 (± 0.0) 0.4 (± 0.6)

F1@100 samples 97.8% 
(± 5.0%)

89.7% (± 9.9%)

Prec@100 samples 97.8% 
(
± 5.0%

)
88.2% (± 11.1%)

Rec@100 samples 97.8% 
(± 5.0%)

91.3% (± 9.0%)

Note: Here, K⋆ is the true number of change-points, and K̂ is the estimated one. 
For ARI and F1-score, higher is better; for |�K − K⋆|, lower is better. The best 
score is in bold.
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•	 According to all metrics displayed on Table B1, DuST per-
forms better than MS-CPD. Our method can correctly esti-
mate the number of changes (|�K − K⋆| is zero) and localize 
them (F1-score close to 100%). As shown in Figure B1, this 
conclusion holds uniformly for all margins, meaning that 
even with a more conservative F1-score or a more tolerant 
F1-score, DuST remains better.

•	MS-CPD does not always predict the correct number of 
changes. Also, the detected changes are not well localized, 
as evidenced by the low precision (Prec@100 samples) com-
pared to DuST.

•	 Both these observations indicate that treating a categorical 
signal as an Euclidean signal is sub-optimal for the change-
point detection task.

•	 In addition, for signals close to our proposed Model 1, cal-
ibrating the penalty value � on a small training set yields 
good performance. By comparison, a single penalty value for 
MS-CPD cannot predict the correct number of changes for 
similar signals.

From a computational standpoint, DuST and PELT are com-
pared, and the results are displayed in Figure  B3. Recall that 
both methods output the exact same change-points. The only 
difference is that DuST has an additional pruning rule. We can 
draw several observations from the results:

•	 As expected, DuST prunes more than PELT. On the sim-
ulated data set, DuST keeps less than three times indices 
(Figure  B2a). This translates into a lower execution time 
(Figure B2b). However, the gain is not as important in terms 
of time because of the overhead of evaluating if DuST prun-
ing rule (19) is satisfied.

•	 When the number of samples increases, we empirically see 
that PELT remains around 10% of non-pruned indices while 
DuST reaches almost 1% (Figure B3c). As for the execution 
time, the difference between the two algorithms increases 
as n grows. This means that for larger and larger signals, 
DuST is more and more advantageous (Figure B3d). This is 
in line with the observation that DuST can prune indices 
even for time series with a small ratio number of change 
over data length, contrary to PELT.

When there are many changes, it has been observed in 
Pishchagina, Rigaill, and Runge (2023) (for a Gaussian model) 
that the computational overhead of a functional pruning rule is 
larger than the gain, leading to slightly longer execution times 
for small to medium n (in the thousands). It can be expected that 
DuST behaves similarly. As a solution, we can check DuST's rule 
after a given delay when t − s is above a user-defined threshold, 
which would lead to a trade-off between pruning efficiency and 
time complexity.

5   |   Application to Human Activity Segmentation

5.1   |   Setting

We apply our method to Human Activity Sensing Consortium 
(HASC2) 2011 Challenge data (Kawaguchi et  al. 2011). The 
challenge provided sensor data collected from seven individuals FIGURE B1    |    Evolution of the F1-score w.r.t. the margin on the 

simulated data.

FIGURE B2    |    Pruning efficiency and execution time on the simulated data (‘Few Changes, Few Symbols’ setting).
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engaging in various activities: walking, running, sitting, stand-
ing, stair ascent, stair descent and skipping. The sensors were 
wearable devices, for example, a smartphone, and recorded the 
participants' 3D acceleration and 3D angular velocity. There 
are 18 time series sampled at 100 Hz, lasting about 2 min each 
(12,000 samples). Figure B4 displays a signal example.

The signals are preprocessed as follows. Each acceleration compo-
nent's short-term Fourier transform (STFT) is computed (window 
size of 3 s, with an overlap of 2.99 s). The STFTs are then con-
catenated to yield a 453-dimensional signal. A Gaussian mixture 
model (GMM) with 10 mixtures (d = 10) is fitted on the pooled 
samples. Finally, each sample is replaced by the probability of 
belonging to each Gaussian of the mixture, yielding a composi-
tional signal. Similar pre-preprocessing procedures have been 
successfully applied in audio classification and speaker recogni-
tion (Malegaonkar, Ariyaeeinia, and Sivakumaran 2007; Hanifa, 
Isa, and Mohamad 2021).

The ARI and error on the number of predicted changes are re-
ported, as well as the F1@1 s and F1@2 s as in Deldari et al. (2021). 
For both DuST and MS-CPD, the value of � is calibrated with a 
grid search on one signal, which is discarded for the rest of the 
study. The chosen value of � is the one in the grid that minimizes 
the error on the number of changes.

5.2   |   Results

The segmentation results on the HASC data are given in 
Table B2:

•	 Our method outperforms MS-CPD according to all metrics. 
In particular, the number of changes is better estimated 
by DuST, which means that the penalty value calibrated 
on a separate signal generalizes better on new data. This 
is because Model 1 better approximate compositional time 
series, compared to the Gaussian assumption of MS-CPD.

•	 For a margin of 2 s, DuST detects the changes with high 
accuracy (F1@2 s is 94.8%), meaning that even after the 
symbolization procedure, it is possible to do change-point 
detection on the considerably summarized signal.

•	 The change the least precisely detected by DuST is the tran-
sition between ‘walk’ and ‘stairs up’ (3 misses out of 17 for 
a margin M = 2s). One example can be seen on the signal of 
Figure B4, around 60 s. This transition is arguably difficult 
to see on the raw data, and it is easy to imagine that the 
two activities have some similarities. Note that MS-CPD 
also struggles to detect this transition (11 misses out of 17).

FIGURE B3    |    Pruning efficiency and execution time on the simulated data.

FIGURE B4    |    Raw signal example for the human activity segmentation task (details in Section 5). The sequence of activities for this signal is walk, 
jog, stay, stairs down, stay, stairs up, walk, jog, skip, walk, stay and skip. Vertical solid lines indicate the true segmentation and the vertical dashed 
lines indicate the changes detected by DuST. Here, all changes are well detected.

TABLE B2    |    Results on the human activity segmentation task.

Metric DuST MS-CPD

ARI 0.88 (± 0.08) 0.81 (± 0.08)

|�K − K⋆| 0 .4 (± 1.0) 1.2 (± 1.0)

F1@1 s 88.0% (± 13.4%) 75.7% (± 17.2%)

F1@2 s 94 .8% (± 8.6%) 87.0% (
± 11.2%

)

Note: Here, K⋆ is the true number of change-points, and K̂ is the estimated one. 
For ARI and F1-scores, higher is better; for |�K − K⋆|, lower is better. The best 
score is in bold.
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6   |   Conclusion

In this work, some new change-point estimators for composi-
tional and categorical signals have been proposed. They are 
the solution to a discrete optimization problem, for which we 
give consistency guarantees and describe an efficient algorithm 
named DuST. This algorithm utilizes a dynamic programming 
approach and incorporates a pruning rule, allowing us to reduce 
the set of candidate change-point indices. Through simulation 
studies and real-world data set analysis, we have demonstrated 
that the DuST algorithm surpasses common methods in accu-
racy and speed.
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Appendix A

Proof of Theorem 1

Theorem 1 is an application of Theorem 3.1 from Lavielle (1999), which 
is stated in a more general context. We only need to show that the as-
sumptions on the cost function c( ⋅ , ⋅ ) (also called a contrast function) 
and the ‘noise’ process z0..n(p) are verified. For brevity, we use the nota-
tions of Lavielle (1999). Note that there is a scale factor of 1∕n between 
the �n in Lavielle (1999) and ours.

A.1   |   Assumptions on the Contrast Function (Assumption H1 
[Lavielle, (1999)])

The contrast function can be decomposed as follows: 

Define w(p,q): = − p⊤logq. Then 
v(p,q): = w(p,q) − w(p,p) = p⊤log(p∕q) (where the division is el-
ementwise) is the Kullback-Leibler (KL) divergence between the 
discrete probability distributions p and q. The KL divergence satis-
fies the remaining requirements of Assumption H1 (Lavielle  1999), 
namely, (i) v(p,q) ≥ 0, (ii) it is equal to 0 if and only if p = q and (iii) 
v(p,q) ≥ 2‖p − q‖2

2
.

A.2   |   Assumptions on the Fluctuations of the Contrast 
Function (Assumption H2 [Lavielle, (1999)])

Assumption 1 is equivalent to Assumption H2 of Lavielle (1999) where, 
in the notations of Lavielle (1999), z0..n(p) is �(p).

Appendix B

Proof of Proposition 2

Note that if s′ < s < t, then Ss� ..t − Ss..t = Ss� ..s. We write down the 
Lagrangian of optimization problem (16): 

which leads to 

for any � ≥ 0 and � ∈ ℝ. The critical point �⋆ of (�,�, �) is given 
by relation e𝜃⋆i = (1∕𝜆)

[
Ss..t,i − 𝜇Ss� ..s,i

]
. To have 𝜃⋆

i
 inside the set 

Θ, we need additional conditions on the multipliers. First, 
the Lagrange multiplier � is chosen such that the quantities 

(A1)c(ya..b,p) =

b∑
t=a+1

𝜓(p)⊤𝜉(yt) where 𝜓(p): = − logpand𝜉(y): = y .

(B1)

(�,𝜇, 𝜆): =Vs−

t∑
u=s+1

�
⊤yu+𝛽+𝜇

(
Vs−

t∑
u=s+1

�
⊤yu−Vs� +

t∑
u=s�+1

�
⊤yu

)

+𝜆

(
d∑
i=1

e𝜃i −1

)
,

(B2)
(�,𝜇, 𝜆): = Vs − 𝜇(Vs� − Vs) + 𝛽 − �

⊤
(
Ss..t − 𝜇Ss� ..s

)
+ 𝜆

(
d∑
i=1

e𝜃i − 1

)
,
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exp(𝜃⋆
i
) sum to 1. Denote by 𝜆⋆ this value: 𝜆⋆: = (t − s) − 𝜇(s − s�) . 

Second, to keep the quantities e𝜃⋆i  positive, � must satisfy for all 
i = 1, … , d, Ss..t,i − �Ss� ..s,i ≥ 0. This latter condition defines our 
bound � for parameter � (18). Expression for (�⋆,𝜇, 𝜆⋆) is equal 
to the Lagrangian dual function (𝜇, 𝜆⋆) (17) and the inequality 
test (𝜇, 𝜆⋆) > Vt + 𝛽 leads to expression (18) as expected.
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