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FIRST-ORDER APPROXIMATION OF LARGE EIGENVALUES OF
THE TWO-PHOTON ASYMMETRIC QUANTUM RABI MODEL

ANNE BOUTET DE MONVEL!, MIRNA CHARIF2, AND LECH ZIELINSKI?

ABsTrRACT. We investigate the asymptotic distribution of large eigenvalues of the
two-photon quantum Rabi model with a bias. The asymptotic formula for the m-th
eigenvalue is obtained with the remainder estimate O(m~!Inm) when m tends to
infinity, which corresponds to the first-order approximation of large eigenvalues for
this model.

Keywords: quantum Rabi model, unbounded self-adjoint operators, discrete spectrum,
asymptotic distribution of eigenvalues
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1. GENERAL PRESENTATION

1.1. Introduction. The quantum Rabi model (QRM) describes the simplest interaction
between a two-level atom and a quantized single-mode radiation. We refer to [50],
[51], [37], [15], for the history of the model and to [65] for a survey of theoretical and
experimental results. The basic version of the model was widely used to study real
atoms in quantum optics, e.g. to test experimentally the field energy quantization of
the cavity electrodynamics (see [16]). However, new realizations of engineered quantum
devices with important technological applications lead to various generalizations of
the initial model. In particular, the superconducting circuits in the microwave regime,
cooled to the ground state in cryogenic temperatures, play the role of artificial atoms
and can be described by the asymmetric QRM (see [65], [32], [29], [38], [66], [67]). This
model (see Definition 1.2(c)) contains an additional parameter e (the bias of the model),
which can be experimentally adjusted by the application of magnetic flux through a
circuit loop.

Another type of the QRM is used in the situation when the change of level is
associated with the absorption/emission of two photons instead of one photon. The
corresponding two-photon QRM (see Definition 1.2(d)) was applied to describe a two-
level atom interacting with squeezed light (see [2], [30]), quantum dots inserted in a
cavity ([19]), trapped ions experiments (see [24]), and superconducting circuits (see
[25], [26]). Both models, the one-photon and the two-photon QRM, have been subject
of intensive research in connection with the quantum thermalization and integrability
questions (see [15], [13], [12], [39], [40], [55], [60]). We note that the integrability of
the considered models depends on the bias and is closely related to the existence of
hidden symmetries and double eigenvalues (see [1], [14], [41], [44], [46], [47], [48], [53],
[54], [64]). Moreover, a number of research works concern the so-called spectral collapse
problem, i.e., the study of the transition from discrete to continuous spectrum of the
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2 A. BOUTET DE MONVEL, M. CHARIF, AND L. ZIELINSKI

two-photon quantum Rabi model, which occurs when the coupling constant takes the
critical value g = 1/2 in (1.23) (see [12], [17], [43]).

The purpose of this paper is to investigate large eigenvalues of the two-photon QRMI
under the assumption that ¢ # 0 and —1/2 < g < 1/2 (note that the assumption
lg| < 1/2 is essential to ensure the fact that the spectrum is discrete). The main
result of the paper is stated in Theorem 1.5. We note that the asymptotic formulas
of Theorem 1.5 depend on the value of £/4/1 —4g? in a similar manner as in the
integrability problem of the model. In the next section we give an overview of results
related to the behavior of large eigenvalues of the one-photon and two-photon QRM.

1.2. Overview of related results. We refer to [58] and [27], for the earliest investiga-
tions of large eigenvalues for the one-photon QRM in the case ¢ = 0. It is well known
(see [61], [7]) that the assumption € = 0 allows one to express the one-photon QRM
as a direct sum of two Jacobi operators (i.e. operators defined by infinite tridiagonal
matrices). Similarly, the two-photon QRM can be expressed as a direct sum of four
Jacobi operators if e = 0 (see [9]). A mathematical study of large eigenvalues of Jacobi
operators was initiated by J. Janas and S. Naboko in the paper [36], which contains
fundamental ideas of the method of approximate diagonalizations.

The question of the behavior of large eigenvalues of Jacobi operators corresponding
to the one-photon QRM, was first posed by E. A. Tur [61]-[62]. This question was
also mentioned by A. Boutet de Monvel, S. Naboko and L. O. Silva in [5]. Due to the
difficulty of the problem, the paper [5] gives the asymptotic estimates for a simpler class
of operators ("modified Jaynes-Cummings models"). However, using the ideas of [36],
E. A. Tur [63] proved the two-term asymptotic formula for the m-th eigenvalue of the
one-photon QRM with the remainder estimate O(m=/16) as m — oo (see also [62]).

The three-term asymptotic formula for the one-photon QRM in the case ¢ = 0
was proved in the papers A. Boutet de Monvel, L. Zielinski [6]-[7]. We note that the
three-term asymptotic formula allows one to recover the values of parameters of the
model from its spectrum (see [8]) and was used by Z. Rudnick [57] to consider a Braak’s
conjecture (see [12]). Moreover, this formula coincides with the approximation proposed
by I. D. Feranchuk, L. I. Komarov, A. P. Ulyanenkov [27] (see the formula (25) in
[27]). The same approximation was described by E. K. Irish [34], [35], and it is well
known under the name of the generalized rotating-wave approximation (GRWA). The
quality of GRWA was investigated by numerous numerical calculations. In particular, a
thorough numerical analysis of 40,000 eigenvalues was performed by L. T. H. Nguyen,
C. Reyes-Bustos, D. Braak and M. Wakayama [49].

The three-term asymptotic formula for large eigenvalues of the two-photon QRM
in the case ¢ = 0 was proved by A. Boutet de Monvel, L. Zielinski in [9], [11] (see
also [10]) and E. A. Ianovich [33]. The asymptotic behavior of large eigenvalues for
the asymmetric one-photon QRM, was investigated in the papers M. Charif, A. Fino,
L. Zielinski [18] and A. Boutet de Monvel, M. Charif, L. Zielinski [4]. The two-term
asymptotic formula for large eigenvalues of the asymmetric two-photon QRM was proved
in the paper A. Boutet de Monvel, M. Charif, L. Zielinski [3]. The results of [3] are
described in Section 2 and are used in the proof of Theorem 1.5. Other types of results
in the asymptotic analysis of the QRM were considered in [42], [45], [59], [56].

1.3. Definitions and statements.

Notation 1.1. (a) In what follows, Z is the set of integers and N := {n € Z : n > 0}.
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(b) We denote by ¢2(N) the complex Hilbert space of square-summable sequences
z : N — C equipped with the scalar product

(T Y ew = (1.1)
and the norm ||z ||z ) := <x,x>ez/(N). For s > 0 we denote
(%*(N) := {x € (N Z (1+m?)% |z(m)|* < oo} (1.2)
m=0

(c) The canonical basis of £?(N) is denoted {e, }nen (i-e. €n(m) = 8,4, for n, m € N).

(d) The annihilation and creation operators, @ and af, are the linear maps ¢>'/2(N) —
¢%(N) satisfying

ile, =vn—+1lepys forneN (1.3)
aeg=0 and de, =+ne,_; forne N\ {0}. (1.4)

(e) Using (1,0) € C? and (0,1) € C? as the canonical basis of the Euclidean space C2,
we denote by 04, 0, I, the linear operators in C? defined by the matrices

S BRSO N (R

Definition 1.2. (a) The two-level system (TLS) Hamiltonian is the linear map in C?
defined by the matrix

1 /A ¢ A €
Hris = B (5 —A) 50 + 50 (1.6)
where A and ¢ are real parameters.

(b) The Hamiltonian of the single-mode radiation is the linear map H,q : £ (N) —
?2(N) defined by the formula

H,pqen = atae, = ne, for n € N. (1.7)
(c) Let g € R. Then the one-photon quantum Rabi Hamiltonian is defined as the linear
map Hg;zbi :C? @ (*1(N) — C% ® (?(N) given by
HY)y = o ® Heaa + Hris ® Ly + 900 © (a+al). (1.8)
(d) If —1/2 < g < 1/2, then the two-photon quantum Rabi Hamiltonian is defined as
the linear map H%abl C? ® (>1(N) — C? ® £%(N) given by

H%;bi = Iy ® Hyaa + Hris @ Ipp(wy + 9oz @ (6% + (a7)?) (1.9)

and we let H((f%{abi denote the operator given by (1.9) with A =0, i.e.
. . €
Hé?%{abi =1 ® Hraa + 0, ® (g (a* + (a")?) + 5) : (1.10)

The following result is well-known (see [22], [23]):
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Theorem 1.3 (the case A = 0). Assume that —1 < g < 1 and denote

Bi=+/1—4g2, (1.11)

B, = %(5f1+y5), v =+l (1.12)

If Hégl);{abi is given by (1.10), then there is an orthonormal basis {u . }(m)c{—1,1}xN
such that

Hg)?lziabiug,m = (ﬂm + ﬂu)ug,mv v==l1 (113)
The following result was proved in [3]:

Theorem 1.4. Assume that —1 < g < % and g #0. If Hggbi is given by (1.9), then
there is an orthonormal basis {y m}(v,m)e{—1,1}xn such that

H et = Bt (1.14)
and the eigenvalue sequences {E,, }men, {E,L }men, satisfy the asymptotic estimate
EX = Bm+ Bey +O(m™ Y2 Inm) as m — oo (1.15)
with B, By1 given by (1.11)-(1.12).

The purpose of this paper is to improve the remainder estimate O(mfl/ 2Inm) from
Theorem 1.4. We will prove

Theorem 1.5. Assume that f% <g< % and g # 0. Let Hg;bi be given by (1.9)

(a) Ife/B ¢ Z, then there is an orthonormal basis {Uy m}(v,m)e{—1,1}xN such that (1.14)
holds and

EE =pBm + 114+ O(m ™ Inm) as m — oo (1.16)

(b) If 1 := ||/ B is an odd integer, then there is an orthonormal basis { Uy, m }(v,m)e{—1,1}xN
such that (1.14) holds and one has

Ef =Bi+ B +0@G tIni) asi — oo (1.17)
E, =Ef+0(@ '"Ini) asi— oo (1.18)
(c) Ifl := ||/ B is an even integer, then there is an orthonormal basis {Uy, m } (v,m)e{—1,1}xN
such that (1.14) holds and one has
Ef =Bi+ B+ || +03G  1nid) asi — oo (1.19)
E; = Bi+B1— [t +0(i ' Ini)) asi— oo (1.20)
with
A
ni=i V22, /ngl cos ((2z‘ +1+4a— zg) (1.21)
where
1-2
« := arctan 91 . (1.22)
1+ 29|

Proof. See Section 8. O
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1.4. Outline of the proof of Theorem 1.5. The proof of Theorem 1.5 follows the
same idea as the proof of Theorem 1.4 given in [3]. We first remark that the operator

it a . N € A
Hggbi =Lb® ata + Oz ® (g(a2 + (aT)2) + 5) + 5 o, ® IEQ(N) (1.23)
is unitarily similar to the operator
At a . . € A
Hi=Loala- 0.0 (g(a+ @h)?) + 5) + 5 0.9 Lo, (1.24)

due to the fact that
Uﬂ/4U$U7:/:l41 = —0z, U7T/4O—ZU7:/14 =0y

hold with U,y = % (% *11). If A =0, then the operator

Ho = Leala- 0. @ (g(a+ (@)% + ) (1.25)

is similar to H_; @ Hy, the direct sum of two self-adjoint operators in £2(N) whose
eigenvalues are explicitly known (see Lemma 2.1).

We start our approach by moving from ¢?(N) to ¢?(Z) and replacing H_; & H,
by J_1 @ J; where J_; and J; are two appropriate self-adjoint operators in ¢2(Z).
These operators were considered by Edward [21] and, one can express explicitly their
eigenvalues and eigenvectors by means of Fourier series (see Proposition 2.4). The
operators Ji1 are not semi-bounded, but one can choose two sequences of eigenvalues
{X;j(J+£1)}jez such that A;j(J1+1) = Aj(H+1) when j € N. Moreover, Proposition 2.10
ensures the fact that large eigenvalues of

A
H:= Ho-i-?a'w@[p(N) (1.26)

are close to suitable eigenvalues of

A
J= JO + 50@ ® IZQ(Z)

(where Jq is similar to J_; @ J;). Thanks to this result, the asymptotic estimates of
Theorem 1.5 follow from analogical estimates for large eigenvalues of the operator J.

In Section 3 we introduce the operator J acting in £?(Z) and similar to J. In
Theorem 3.2 and 3.4 we state the results corresponding to the first order approximation
of large eigenvalues of J. The proof of Theorem 3.2 and 3.4 is based on similarity
transformations described in Sections 4 and 5. The proof of Theorem 3.4 is completed
in Section 6 and the proof of Theorem 3.2 is completed in Section 7. In Section 8 we
deduce the assertion of Theorem 1.5(a) from Theorem 3.2 and the assertions of Theorem
1.5(b)-(c) from Theorem 3.4.

2. EARLIER RESULTS
2.1. Preliminaries. In what follows, we identify C? ® ¢?(N) with £2(N)x¢?(N), writing
(1,0) ® e; = (e;,0) € £2(N)x £2(N), (0,1) @ e; = (0,¢;) € £2(N) x(*(N)

and we investigate the operator H given by (1.24), which is similar to Hgbi. Then H
can be considered as the linear map £%!(N)x £%!(N)— ¢?(N) x £*(N) of the form

H_, AIMN)>
H= 2 2.1
(%Iwm H >y
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where the operators Hy; : £2(N) — ¢?(N) are given by

Haiy = ala+g (a2 + (ah)?) + g (2.2)
If A = 0, then H{’),; is similar to
H_4 O[z(N)
H, = = H o H,. 2.3
’ (Oé%N) H, v 23

The direct computation gives the expression
H,e,, = (m + I/%) em +rgb(m)emya +vgb(m — 2)e,,—o for m € N, (2.4)
with
b(m):=+/(m+1)(m+2) form e N (2.5)
and by convention b(m — 2)e,,—2 = 0 when m € {0,1}. It is well known (see [22], [23],

[3]) that H.; are lower semi-bounded self-adjoint operators in £?(N), their eigenvalues
are simple and are given by the formula

ATL(HIJ) = 6” + Bl/a (26)
where § and (3, are given by (1.11) and (1.12). Consequently, Hy = H_; & H; is a

lower semi-bounded self-adjoint operator in ¢?(N) x ¢?(N) and one has

Lemma 2.1. Assume € > 0 and denote

l:=|e/B] =max{n e N:n <¢g/3}. (2.7)
Let {\,(Ho)}nen be the non-decreasing sequence of eigenvalues of Hy = H_1 @ Hy,
counting the multiplicities. Then

An(Hp) = Bn+ B_1 when n <1

Ait2i(Ho) = Bl +1) + B—1 fori € N (2.8)

Ma2ir1(Ho) = Bi+ By fori €N

Proof. We remark that the sequence {A,(Hp)}nen defined in (2.8) is non-decreasing
and composed of the union of eigenvalues of H_; and H; (see Corollary 2.3 in [3]). O

2.2. Auxiliary operators Ji;. The purpose of this section, is to approximate the
operators Hy acting in £2(N) by operators J1; acting in ¢?(Z).

Notation 2.2. (a) We denote by ¢?(Z) the complex Hilbert space of square-summable
sequences x : Z — C equipped with the scalar product

(2,9) = > a(k)y(k) (29)
k€EZ
and the norm ||z|| := (x, z)/2.
(b) For s > 0 we denote
*#(Z) = {x € *(Z) : ||z[e2e(z) < 00}

where
lelleqzy = (3 (1K) Ja(R)?) / (2.10)

kEZ

(c) The canonical basis of ¢?(Z) is denoted {é;};cz (i.e. é;(k) = ;4 for j, k € Z).
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(d) It (Jj)jez is real valued, then D := diag(dj)jez is the self-adjoint operator in ¢2(Z)
satisfying
l~)éj = cijéj for every j € Z
and we denote
A = diag(j)jez. (2.11)

(e) We denote by S the shift defined in ¢?(Z) by (Sz)(j) = z(j — 1), i.e. Sé; = é;41.

We observe that the expression of H,e, given in (2.4), contains the term b(m)
satisfying
b(m) =/ (m+1)(m+2)=m+3+0(m™") asm — oo (2.12)
We define J,, replacing (2.4) by a similar formula acting on the canonical basis of ¢(Z)
by means of m + 3 instead of b(m) = \/(m + 1)(m + 2).

Notation 2.3. For v = 41 we define the linear maps J, : £>1(Z) — (*(Z) by

- . €\ . .3\ . 1Y .
J€; = (] + I/§> € +vg <] + 2) €j+2 + g (] — 2) €j_o for j € Z. (2.13)
Using Notation 2.2 we can express J, in the form
€ 9 3 3\ 9
J,,:A+1/§—|—Vg S A+§ + A+§ S (2.14)

—A+u§+ug<s2 <A+2>+h.c.>

In what follows, T := R/27Z is identified with (—m, 7] and L?(T) denotes the Hilbert
space of Lebesgue square integrable functions (—m, 7] — C equipped with the scalar
product
[ de
(frghem = [ f(0)g(0) o (2.15)

. 2w

and the norm || f||r2(r) = (f, f)iéz(qr). We let Fr denote the isometric isomorphism
L%(T) — ¢?(Z) given by

) T _iip dO
FNG = [ sOe S (2.16)
and, for p = +1 we consider the operator
d € : d 3
1 i < 2i0 [ . & e
L, =F; J,JFr= 1d9+1/2+yg(e ( 1d9+2)+ h.c.)

Similarly as in [21] and [3], we observe that the assumption |g| < 1/2 ensures the
fact that L, is the first order linear elliptic differential operator,

L, = % < (1+ 2vgcos(26)) ( - 1%) + h.c. ) +v (g cos(20) + %) .

In what follows, we assume that 8 = /1 — 4¢? is as in (1.11), and for v = £1 we define

B 4 Bd&’
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Then the direct computation by means of the standard change of variable ¢ = tan(f)
gives

®,(0) = arctan ( —2vg tan(@)) if —Z <0< ﬁ, (2.18)

14 2vg 2 2

hence ®,(r/2) = 7/2. Since the function §' — /(1 + 2vg cos(26’)) is m-periodic, one
has

/0 ﬁde/ B /9—7r Bdel
x/2 1+ 2vgcos(20/) N —r/2 1+ 2vgcos(20')
and the above equality gives

8,(0) = @, (7/2) = B, (0 — 7) — B, (—7/2). (2.19)
Moreover, @, is odd (i.e. ®,(—0) = —®,(0)) and ®,(7/2) = 7/2, hence (2.19) gives
D,0)=20,(r/2)+P,(0 —71) =7 — D, (7 — ). (2.20)

Therefore @, (+£7) = +7 and we can use @, to define a diffeomorphism T — T and the
unitary operator acting in L2(T) by means of the change of variable n = ®,,(6), given
by the formula

(UL f)(8) = ,(6)"/F(,(6)). (2.21)
Proposition 2.4. (a) Let us introduce
¢ (0) =vp™! (g cos(2®,,1(0)) + %) (2.22)
and "
i) = [ o). (2.23)
Then ) )
~ ve —
@) = 5 (0+ 2 0,0)) (2:24)

(b) Let (fy,.m)mez, be the orthonormal basis in L?(T) given by

Fam () = e it} 1= () (2.25)
where G, is given by (2.23) and
T do G (m) — G (—m)
D= | g0 = W @) 2.2
W= [ a0y 27? (2.26)

If U, is given by (2.21), then (U, fq, .m)mez is an orthonormal basis of eigenvectors of
L, and

LVUquL,,m = (ﬁm + BV)UIIqu,TnM (227)
where B, is given by (1.11).

Proof. (a) We can express & (g, (®,(6))) in the form
20) B Ve

o (0) = V9 cos( VE o, .
and the right-hand side of (2.28) gives the derivative of the right-hand side of (2.24),
1 Ve 1d 1 Ve
(1o 400 =z~ (- -0 Zo .
2 ( 1+ 2gv cos(26) * B ”<9)) 2d6 (6 B v0)+ g ”(6))
This complete the proof of (2.24) due to ®,(0) = 0 = ¢,(0).
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(b) If {q,) is given by (2.26), then n — {(g,)n — ¢, (n) is a smooth 27-periodic function
and (see [21] or Section 3.3 in [3]) for every m € Z, we get

8 (i + ) fam = B0+ (6o (2.20)

Moreover, using @, (+7) = £7 and (2.24), we find

() = aﬂ(éu(w));rau(q)u(ﬂ)) _ % n 1/52; 1)

(2.30)

hence

Blm+ () = Bm+ 3(8— 14+ ve) = fm + B,

where 8, is given by (1.11). To complete the proof, it remains to use the identity

d
U 10, =5 (~ig 0.0 (231)
dn
which follows by a direct computation (see Lemma 3.2 in [3]). O

Combining (2.29) with (2.31), we obtain

Corollary 2.5. For m € Z we define v,y = FrU, fq, m- Then {vym}tmez is an
orthonormal basis of eigenvectors of J, and

JI/’UV,m = (Bm + /BV)UV,Tm (232)
2.3. Operators Jy and J.
Notation 2.6. We define J as the linear map ¢>1(Z) x (>1(Z) — (*(Z) x ¢*(Z) given

by
J_1 AIgz(Z))
J:= 2 2.33
(?IW(Z) J1 (23
(b) We denote Jy := J_1 @ J; and observe that we can express
. A Op2(zy 12z
J=Jo+V with V:= = (z) @) 2.34

where 0y2(z) is the null map on (*(Z).

Due to Corollary 2.5, Jg = J_; & J; is a self-adjoint operator in ¢?(Z) x ¢%(Z) and
its spectrum is composed of the union of eigenvalues of J_; and J;. More precisely, one
has

Lemma 2.7. Let {v },.cz be the orthonormal basis of (*(Z) x £*(Z) defined by
vh; = (v-14,0), Vi = (0,0151) forj €L, (2.35)
where 1 := |e/B] is as in (2.7) and {vy m}mez as in Corollary 2.5. Then one has
Jov0, = d;v0, form € Z, (2.36)
where the sequence {d, }mez s given by the formula
doj =B+ B1, dagir =B — 1)+ B forjE L. (2.37)
Moreover, dy,, < dm,+1 holds for every m € Z.
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Proof. Tt is clear that the sequence {d,, }mez defined in (2.37) is composed of the union
of eigenvalues of J_; and J;. Moreover

{Jovgj = (J_1v-15,0) = dajvy;, (2.38)
Joviisn = (0, Jivij-1) = daj1vh; 4
and d,,, < d,;,+1 follows from the definition of [. O
Remark 2.8. The sequence {d,, }mez defined by (2.37) satisfies

dpy1 = A\ (Hp) for n > 1 (2.39)

The following auxiliary result is the crucial ingredient of our approach:

Proposition 2.9. Assume that V is as in (2.34) and {v® }mez is the orthogonal basis
introduced in Lemma 2.7. Then there exist constants C' and ¢ > 0 such that one has

sup (v, Vv e zyxezzy] < CA+|5]) 72 for j € Z. (2.40)
{keZ: |k—j|<éj}
Proof. See Lemma 3.4 in [3]. O

2.4. Relation between eigenvalues of H and J.

Proposition 2.10. (a) We can find {\;(J)};cz, a non-decreasing eigenvalue sequence
of J, counting the multiplicities, such that

Aj(3) = d; +O(|j| /%) as |j| = oa (2.41)
(b) If {\;j(J)}jez is as in (a) and {\,(H)}nen is the non-decreasing eigenvalue sequence
of H, counting the multiplicities, then
A (H) = X 1(J) =0(n™ 1) asn — oo (2.42)
Proof. (a) See Proposition 4.1 in [3].

(b) Since A, (H) = \,(Hg) + O(n~'/?) as n — oo holds due to Theorem 1.3 and 1.4,
we get

A(H) =dpy 4+ O~ ?) as n — oo (2.43)
due to (2.39). Moreover, due to Lemma 5.1 in [3], there exists x € Z such that
M(H) = My (N +0(m1) asn — 0o (2.44)
and, using (2.41) in (2.44), we find
A(H) = dpyr + 0 1?) as n — oo (2.45)

Combining (2.43) with (2.45), we get dp 1 — dpy = O(n™1/2), which implies k = I. O

3. FIRST-ORDER APPROXIMATION OF LARGE EIGENVALUES OF J

3.1. Preliminaries. Instead of the operator J : £21(Z) x (>Y(Z) — (2(Z) x (*(Z), we
will investigate the operator J : (*1(Z) — ¢%(Z) given by the formula
J:=U"10U, (3.1)

where U is the isometric bijection ¢2(N) — (2(Z) x (?(Z) defined by the relation
Uép = vY, for every m € Z and {v9 },,cz is the basis of eigenvectors of Jq introduced
in Lemma 2.7. Then we obtain the expression

J=D+V, (3.2)
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where
D= diag(dm)mez (33)
with {dp, }mez given by (2.37) and

V=U'VU. (3.4)

Notation 3.1. (a) If V is a Banach space, then B(V) denotes the Banach algebra of
bounded linear operators on V, equipped with the operator norm || - ||3(yy and || - ||
denotes the norm of B(¢*(Z)).

(b) We let ¢2 (Z) denote the subspace of £?(Z) composed of finite linear combinations
of vectors from the canonical basis {éj }ren.

(c) If T is a linear map Dom(7T') — ¢*(Z) such that ¢ (Z) C Dom(T), then we write

T(j,k) := (Ter)(4) = (&, Tex). (3.5)
If V is given by (3.4), then
V(i k) = (&5, Ver) = (v], VV)) 2 (z)xe2z) (3.6)

and the estimate (2.40) takes the form

sup [V (k,j)| < CO+|j))~? for j € Z. (3.7)
{keZ: [k—j|<éljl}

Moreover, for i,j € Z we have
V(2i,25) = ((v-1,i,0), V(v-14,0))e2(z)x2(2)
V(20 +1,2j 4+ 1) = ((0,v1,i41), V(0,01,541)) 22y xe2(2)

V(2,2) +1) = ((v-1,4,0), V(0,v1,j41)) e2(z) x 02 ()
and, using the definition of V, we find that

RNAN
V(QZ, 2]) = 5 <(U_171‘70), (07U—1,j)>52(Z)X€2(Z) =0 (38)
. . A
V(2i+1,2j+1) = 5 <(O,’U1,i+l)7 ('Ul,j+l; 0>>22(Z)><£2(Z) =0 (3.9)
. A A
V(2,25 +1) = 0 ((v=1,4,0), (v1,5+1,0))e2(z)xe2(z) = 5 (V1,1 541), (3.10)
V(2i4+1,25) = V(24,2i + 1). (3.11)

3.2. The case ¢/ ¢ Z. The assumption /3 ¢ Z ensures that all eigenvalues of .J are
simple and there exist constants Cy and cg such that one has

0<cy < dm+1 —dy, < Cy form € Z. (312)

Similarly as in [27], [34], the assumption (3.12) allows us to hope that large eigenvalues
of J can be approximated by the diagonal entries J(m,m) = d,, + V(m, m). Indeed,
we will prove
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Theorem 3.2. Let {d,, }mez be a real sequence satisfying (3.12) and let J be the map
(2 Z) — 1?(Z) given by

J=D+V, (3.13)
where D = diag(dy,)mez and V is a bounded self-adjoint operator in (*(Z), satisfying
the estimate (3.7). Assume that {\,(J)}nez is a non-decreasing sequence of eigenvalues
of J, counting the multiplicities, such that

Mn(J) =dy 4+ 0(1) as n — oo. (3.14)
Then one has
M (J) =dp+V(n,n) + 0 nn) as n — occ. (3.15)
Proof. See Section 7. (]
Remark 3.3. If J is given by (3.1), then (3.8)-(3.9) imply
V(m,m) = 0 for every m € Z. (3.16)

3.3. The case ¢/8 € N. The assumption /8 = € N implies that all eigenvalues of J
are double and are expressed by the formula
doj =dojr1=Bj+B1=0{—-1)+p1, JeEZ (3.17)
Let us denote R
sz = span{égj, ézj+1} (318)
and let II,, € B(#*(N)) denote the orthogonal projection on #,. We consider an
approximation of J by the operator Jpp, defined as the linear map ¢*1(Z) — (*(Z) of

the form R
Tappr 1= EP Tj, (3.19)
jez

where R R R

Jgj = HQjV|7_72j S B(HQ]) (320)
We note that the matrix of jgj in the basis {€2;, €2j41} is

da; V(24,25 +1)
V(27 +1,25) da; '

The spectrum of jgj consists of two eigenvalues dy; £ |V'(24,25 + 1)| and the spectrum
of Jappr has the form

{doj + V|V (24,2j + 1)|: j € Z, v = £1}.
Our proof of Theorem 1.4 is based on the following :

Theorem 3.4. Assume that D = diag(dm)mez with {dm}mez given by (3.17) and
assume that V is a bounded self-adjoint operator in (*(7Z), satisfying (3.7) and (3.16).
Assume that {\,(J)}nez is a non-decreasing sequence of eigenvalues of J, counting the
multiplicities, such that

An(J) =dy 4+ 0(1) as n — oo. (3.21)

Then one has
Aoj(J) =do; — |V (24,25 + 1)| + O(j ' Inj) as j — oo, (3.22)
Xajr1(H) = doj + V(24,25 + 1) + O(j ' Inj) as j — occ. (3.23)

Proof. See Section 6. O
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3.4. Taylor’s expansion formula. In this section we describe the Taylors’s expansion
formula, which is the principal tool of our approach. Assume that B and Q € B((*(Z))
and denote

Fig(B) := e "9 B for t € R, (3.24)
adf,(B) = B,
adio(B) = [B,iQ] = i(BQ — QB)
and
adi’grl(B) = [adig)(B),iQ] for m € N\ {0}.
Then 4
I Fra(B) = e @ adify(B) €9 = Fyq(ady(B)) (3.25)
and the Taylor’s expansion formula gives
N=1m
m N
Fig(B) =Y _ —adip(B) + RN (B) (3.26)
m=0
with
tN tN ! r aN(B N-14 7
N(BY) .= ; 1-— - . 2
REY(B) = gy || Pua(adiy(3) (1= 9" ds (327)

We can also consider the case when B is an unbounded symmetric operator in ¢?(Z),
defined on a dense domain D(B). Suppose that D(B) is an invariant subspace for @
and '@ for every t € R. If t — Bel'®z is of class C*(R, ¢?(N)) for every x € D(B),
then q

3 (€, Be'Yy) = (iQe"U, Be'Vy) + (Be' Y, iQeVy)

holds for every z, y € D(B). If the form (z,y) — (iQz, By) + (Bz,iQy) can be
extended from D(B) x D(B) to a bounded form on £%(Z) x (*(Z), then we can introduce

[B,iQ] € B(¢*(Z)) defined by this form and we can write
d ~ P .
3 Fe(B) =T [B,iQle"? = Fig([B,1Q)),

hence (3.26)-(3.27) still hold for every N € N\ {0}.

4. BEGINNING OF THE PROOF OF THEOREM 3.4

4.1. Outline of the proof. In what follows, J = D 4 V satisfies the assumptions of
Theorem 3.4. Moreover, we assume that n is large enough and n € 2Z, which implies

dn—1+ B8 =dp=dpy1 =dny2 — 5. (4.1)
We let ﬁn =1 — ﬁn denote the orthogonal projection on ’}-Ln = ’f-l\,f and decompose
v =11,vi, + I, VIL, + 10, VIL, + 0, VIL,. (4.2)
In what follows, we denote L
v =11,VIl,, (4.3)
V= (V) =1L, VI, (4.4)

We remark that the rows n and n + 1 are the only non-zero rows of the matrix
(ViF (4, k) (jkyezz- Similarly, the columns n and n + 1 are the only non-zero columns of
the matrix (V,; (4, k))(j,k)ez2- The first step of our approach is based on the possibility



14 A. BOUTET DE MONVEL, M. CHARIF, AND L. ZIELINSKI

of finding a self-adjoint bounded operator @, such that ﬁne_iQ“ Jel@n 1L, (and its
adjoint) has the norm O(nil/ 2). More precisely, we use the orthogonal decomposition

(Z) =H, & H, (4.5)
and write (4.2) in the form of 2 x 2 block matrix
Vo  Vilg o =
v| ' ) VoV, + Vo + V. (4.6)
Vi la, Vn
where
Vo o =1L,V]; € B(Hn), (4.7)
Vo =1L V|; €B(H,). (4.8)
In Section 4.3 we introduce the operators QX € B(¢%(Z)) satisfying
[D,iQy] = —V,;" with D = diag(dpm)mez, (4.9)

where {d, }mez is given by (3.17) and (4.9) is understood as the equality
(DQE — QED)x = —VEa for x € (21(Z), (4.10)

well defined because £>:}(Z) is an invariant subspace of Q7" (see Lemma 4.1(a)). Moreover,
we will prove the estimate

1Qn 1l = O(n~1?) (4.11)
and the fact that
e 1@ Jol@n = D 4 ‘7n P ‘7,1 + R;L
holds with [|R.,|| = O(n~'/2?) and
Qn=Qy + Q5. (4.12)

However, the error O(n‘l/ 2) is too rough to deduce the asymptotic formula of Theorem
3.4 and we will have to consider a second similarity transformation in Sections 5—6.
Besides the operator Q,,, we introduce auxiliary cut-offs Q, which satisfy

Q% — @Il =O(n™) (4.13)

and are used to prove some estimates in Section 5.

4.2. Operators Q;; and Q. Let Z,, Z;t C Z? be defined as follows

Z, =(Z\{n,n+1}) x {n,n+ 1} (4.14)

Z5 ={n,n+1} x (Z\ {n,n +1}). (4.15)
We observe that

(]7k) € er = dj 7é dy, = dn+1 = dy, (4.16)

(k) € ZF = di #dp = dpy1 = d; (4.17)

and there exists ¢y > 0 such that

(4, k) € Z, U Z) = |dj — di| > colj — K. (4.18)
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In what follows, ¢g > 0 is fixed so that (4.18) holds, C’, ¢ > 0, are fixed so that the
estimate (3.7) holds and c is fixed so that 0 < ¢ < min{4¢, 3}. We introduce the

matrices (Q;, (4 k) (G eyez2s (Q:F (4, k))(jkyezz by

Qn (G, k) =4 dj—di
0 otherwise

if (j,k) € ZF and |j — k| < en (4.19)

We observe that Q;, (j, k) # 0 implies j # k, k € {n,n + 1} and |j — k| < cn < ck < ¢k,
hence Ap—1/2 Ap—1/2 A, —1/2
Qr k) < < S

|dj —di| = colj — k| T colj — Kl
follows from (3.7), (4.18) and k > n. Since (j, k) € Z;} < (k,j) € Z, and V(k,j) =
V(j, k), it is clear that

(4.20)

Q4. k) = Qn (k, j) (4.21)
and A )
n Cn—l 2

QG < i (4.22)

Then the relation (Qéx)(4) = Q;F (4, k) for j,k € Z defines the operators Q;r € B(¢%(Z))
satisfying the norm estimate

1Q% 1l = O(n~"/2). (4.23)
Indeed, by definition Q,, z = 0 if z € H,, and for k € {n,n + 1} we can estimate

~ 2
. . Cn71/2
1@y ekl Z\Qn(x )7 < | Z ol —Fl
jEN {j€Z:0<|j—k|<cn}
< C'QCSQn_l Z l7 — k\_Z < Cn7t,
JEZ\{k}
ie [|Qn ]l = O(n™1/2) and (4.21) ensures Q;f = (Q)*, hence [|Q;F|| = [|Q5 |-

4.3. Operators Q,, and Q;f. We define the matrices (Q;, (4, k)) (jmyezz, (@) (4, k))(j.x)ezz
by
. V(J, k)

. i if (j,k) € ZF
R =1 a0 )

- (4.24)
0 otherwise

where ZF are given by (4.14)-(4.15). We claim that the relation (Q1éx)(j) = Qi (4, k)
(for all j,k € Z) defines QF € B(£*(Z)) satisfying (4.13), i.e. ||QF — QF|| = O(n™").
Then, combining (4.23) with (4.13), we get ||Q|| = O(n=1/2).

In order to prove (4.13), we remark that (Q; — Q; )z = 0 if 2 € H, and for
k € {n,n + 1} we can estimate

1(@n — Qn)exll* = Yo LUK

{jEZ: |j—k|>cn}

|V (4, k) VG RIP Vel _ VP
=< Z |2—Z - =

|j 2 2
ez [j—kzeny O

25,2 202 = 2c2p2’
cdc*n cgen cgeen
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ie. Qn —Qrn = (Qn — Q) € B(3(2)) and
1@, — Qull=0(m™").
Moreover, Q} — Q= (Q,, — Q;)* ensures
Ny — Q1 =11Q, — @, | =0(n™).

In what follows, Qf, Qf are as before and we denote

Qn=Qn +QF,  Qn=0Q +Q. (4.25)
Lemma 4.1. (a) (*>'(Z) is an invariant subspace of QX and one has
[D,iQf)x = i(DQE — QED)x = —VEx for x € >1(2), (4.26)

where D = diag(d;)jen and V;F is given by (4.4)-(4.3).
(b) £21(Z) is an invariant subspace of €@ and t — e*@nx is of class C>(R; (%1 (N))
if x € (>Y(N).

Proof. Similar to the proof of Lemma 4.4 in [11]. O

4.4. The first similarity transformation. If L,, L/, are linear maps defined on a
dense subspace of ¢?(Z) such that L, — L], can be extended to a bounded operator on
(?(Z), then we still use the notation ||L,, — L’,|| to denote the norm of this extension and
the notation L,, = L/, + O(n,,) means that choosing no € N and C' > 0 large enough,
we ensure ||L, — L] || < Cn, for all n > ng. We will prove the following

Lemma 4.2. We assume that J = D +V is as in Theorem 3.4, n € 27Z and ‘7n, ‘N/n
are given by (4.7), (4.8). If Q, = Q,, + Q;}, then the estimate

¢T@n Jei% = D4+ V, &V, + Ry +O(n™") as n — oo (4.27)
holds with ) )
Ry = 5 [V.iQul + 5 [Va © V2, 1Qu). (4.28)
Proof. Using (3.26)-(3.27) with N =2, t = 1, we obtain
eTI@n Ve = V 4 [V,iQu] + RZ (V), (4.29)
IRG, (V)II < [ladig, (V)I] < Cl|Qull” (4.30)
and using (3.26)-(3.27) with N = 3, ¢t = 1, we obtain
—j i . 1 . . ,
e719" Dei% = D + [D,iQ,] + 5 [[D1Qu],iQn] + R (D). (4.31)
Since [D,iQ,] = =V, — VI (see Lemma 4.1(a)) in (4.31), we obtain
—i i - Lo : :
e @Dl = D -V — Vit — 5 Ve + V.FiQul + R (D), (4.32)
IRG2 (D)]] < lladiy, (D] = lladiy, (V7 + VHIl < CllQull? (4.33)

and summing up (4.32), (4.29), we obtain
. . 1
T Je = D+ V = Vm = ViF 4 [ViiQu] = SV + Vi iQu] + O([Qnl). (439)

Since @, = Q;, + @}, (4.11) ensures
1Qull = O(n=1/2) (4.35)
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and [|Qn|[2 = O(n~1), we complete the proof, using V,” + V- =V — V,, & V,, to write
V,iQu) — LVir 4 Vit 1Qu] = [V.iQu] + 5[0 & Vi~ Vi) = Ro,
with R,, given by (4.28). O

5. THE SECOND SIMILARITY TRANSFORMATION

5.1. The idea of the second similarity transformation. Due to Lemma 4.2, the
operator J = D + V is similar to

e @ Jel%n = D4V, BV, + R, + O(n™1) (5.1)
with R,, given by (4.28). Similarly as before, we can decompose
R, RSl _—
J N i) Z Ry @ B+ R + R (5.2)
Rolg — Ra
where
Ry, =11, Ry|z € B(Hn), (5.3)
Ry =T0,Ry|5; € B(Hn), (5.4)
R, =11, R,IL,, (5.5)
R =11, R,1II,,. (5.6)
In Section 5.2 we introduce the operators Q/, € B(¢?(Z)) satisfying
1Qn]] = O(n™" Inn) (5.7)
and
[D.iQ;] = R, — R} +O(n™") (5.8)

where [D,iQ/,]r = i(DQ!, — Q! D)z is well defined for z € ¢*'(Z) due to the fact that
¢*1(Z) is an invariant subspace of Q/, (see Lemma 5.1(b)). Moreover, £>'(Z) is an
invariant subspace of €/@» (see Lemma 5.1(c)) and in Section 6.1 we will show that

e 1@nemi@n Joi@nolQL — D 4 ‘A/n oV, + én @ R, + O(n~'1nn)
=D+ (Vo +Ry)® (V, + Ry) +O(n"1nn)
5.2. Operators @/,. In what follows
Q= Qp +(Q)" (5.9)
with Q! € B(¢?(Z)) defined by the relation (Q’,é)(4) = Q’,(j, k), where

UGB s¢ by € 2, v 2

Q4. k) = di — d; (5.10)
0 otherwise
with
1 1 ~ ~

and Q,, as in Section 4.
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Lemma 5.1. (a) If (Q, (4, k))(jxezz is given by (5.10), then the relation (Q},éx)(j) =
Q..(j, k) for j, k € Z defines the operators Q!, € B({*(Z)) satisfying the norm estimate

1G]l = O(n~ nn). (5.12)
(b) £2Y(Z) is an invariant subspace of Q! := Q', + (Q')* and
[D,iQ]x =i(DQ!, — Q.. D)x = —(R,, + R )x for x € >1(Z) (5.13)
holds with D = diag(d,)men and
Ry = T0, (W, 1Qn )T, (5.14)
R =L, [W,,iQ,IL,. (5.15)

(¢c) (2Y(Z) is an invariant subspace of €'9n and t — ¢@nz is of class C*°(R; (21(Z))
if x € (21(Z).

Proof. See Sections 5.3-5.5. g
5.3. Step 1 of the proof of Lemma 5.1. Since Q,, = Q,‘L + QTJ{, we can decompose
Qn(G k) = QuF (G, k) + Q@ (G, k)

with

WaQ)GR) 4o 1y e 7 Lz

QE(j k) = di — d; (5.16)
0 otherwise
We first observe that Q'+ (j,k) # 0 = (j,k) € Z, UZ} = j # k and
S (W Q3) (4, k)|
k)| < Rnen 0 B 5.17
@Gy < B (517)
It is clear that (3.7) implies W, (j,k) # 0= j # k and
= k| <k = [Wa(i, k)| < Ck™V2 (5.18)

In the remaining part of this section, we are going to check that there is Q- € B(*(7))
satisfying (Q'~éx)(j) = Q' (j, k) for all j, k € Z and

16,11 = O(n~ ). (5.19)
Since @, (j, k) = 0if k € Z\ {n,n + 1}, one has ||Q} || < [|Q;; &nll + [|Q} €ntall. We

assume now k € {n,n + 1} and write

Qi &l =D 1Q0 (5. k)* < M (k) + M, (k)

JEZ
with - 5
_ [WnQ:) (G, B)I”
M= kP
{jeT:lj—hlzen}
sy ((Wn@r) (G, k)2

{j€Z:0<|j—k|<cn}
It is clear that
(WaQ) GBI (W

2202 2212
cgen cgen

<Cin~2. (5.20)
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Our next claim is the estimate

sup |(W,Q:)(4,k)| <Cn~'lnn. (5.21)
{j€Z:0<|j—k|<cn}
Indeed, writing
meZ
and using Q;; (m, k) # 0 = 0 < |m — k| < en with (4.20), we get

- . Cn—1/2
|(Wa@y)(J, k)| < Z (Wa(j,m)| colm —H| (5.22)
{m€Z: 0<|m—k|<cn} 0
However, |j — k| < e¢n and |m — k| < cn imply
lj—m| <|j—k|+|k—m| < 2en = |W,(j,m)| < Cj~Y? <20n"Y/2, (5.23)

due to (5.18) and j > k— |k — j| > k—cn > n—$n = $n (where we used k € {n,n+1}
and ¢ < 1). Using (5.21) and (5.22), we can estimate

A2, —1
sp [(WaQi) oK) < D 20

(j€2: 0<|j—k|<cn} (meZ:0STm—k|<en) colm — K

A 2
< 20205171_1 Z Z<ont Inn,
1<i<cn
which completes the proof of (5.21).
Using (5.21), we can estimate

MBS sp (WODGHE Y

< = < Con " 2(Inn)?.
{jeN: 0<|j—k|<cn} JETN{k} 0|J — k2

We conclude that ||Qéx||> < M, (k) + M., (k) < Cin~2 4+ Cyn~2(Inn)?, completing
the proof of (5.19).

5.4. Step 2 of: the proof qf Lemma 5.1. In this section, we are going to check that
the relation (QLFéx)(j) = QLT (4, k) for all j, k € Z defines Q. € B(¢?(Z)) satisfying
the norm estimate

1G]] = O(n ™" m). (5.24)
Due to the Schur boundedness test, it suffices to show that there is C > 0 such that
one has

O, (k) := Z Q1 (4,k)| < Cn~'1nn for every k € Z, (5.25)

JEZ
Qi (k) = > Qi (k,j)| < Cn"Inn for every k € Z. (5.26)

JEL

We recall that Q% (j, k) # 0= j # k and we decompose Q,, = Q', + Q" with
k)= > 1QFGR) (5:27)
{J€Z: |j—k|=cn}

k)= D> @GR (5.28)

{j€Z:0<|j—k|<cn}



20 A. BOUTET DE MONVEL, M. CHARIF, AND L. ZIELINSKI

Using (4.18) and the Cauchy-Schwarz inequality, we can estimate
(W Qi) (s K|

Q,(h) < S < M0 M) (529)
cali —
ez li—kzeny OV
with
M (k) == Z 7 — k|72,
(ez: [j—k|>en}
My (k) =Y |(Wa@) (G, k).
JEZ
However,
1 > ds 2 ]
< 1. ds _ < Cyn- 5.30
Mn(k)_gz i2_2/m_152 - <Cm (5.30)
i>cn
and
M (k) = [[WaQF &l? < [[Wal* IQ7]1* < Con™, (5.31)
where the last estimate is due to (4.23). Combining (5.29) with (5.30)-(5.31), we get
Q. (k) <C'nt. (5.32)
In order to estimate Q! (k), we assume 0 < |j — k| < ¢n and observe that
W@ k) = > Wali,m)Qf (m, k) (5.33)
n<m<n-+1

due to Q;f =T0,Q;. Using |j — k| < cn, m € {n,n+ 1} and |Q; (m, k)| < Ccy 'n=1/2
(due to (4.22) and Q;f (k, k) = 0), we obtain

Qrmk)#0=>|k—m|<cen=|j—m|<|j—k|l+|k—m| <2n<én

= [Wa(G,m)| < Cm™12 < Cn™V2 = W (,m)Q;f (m, k)| < Ceg'n",
hence |7 — k| < en = |(W,Q;H) (4, k)| < 2C%¢;'n~"! and

(W Q30 (d, k)|

(k) < -
*) colj — Kl

{j€Z: 0<|j—k|<cn}
R 1
<2C%cy*n! Z T < C"n"tlnn,
{j€Z:0<|j—k|<cn} |‘7 |
1
due to Z — = O(Inn). This completes the proof of (5.25).
1<i<cn ¢
In order to prove (5.26), we can use a similar decomposition Q% = QO + Q* and
estimate

wwe Y WDk 5
{JEZ: |j—k|>cn} colj — Kl
(k) = |V Qi) (k. 5)|
Qn (k) == > ol K (5.35)

{j€Z:0<|j—k|<cn}
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However, the right hand side of (5.34) can be estimated by M., (k)'/2M"(k)'/? with
M., (k) as before and
M (k) = D 1Wa Q) (ke )P = [(Wo @) el < [[Wal PN < C'n 7t
JEZL

Finally, exchanging j and k in the previous reasoning, we get |j — k| < en =
|(W,Q;5)(k,§)| < 2C2%c;'n~" and we can estimate the right hand side of (5.35) by
C"n~!Inn similarly as before. This completes the proof of (5.26).

5.5. End of the proof of Lemma 5.1. By the definition of ¢, given in (5.10), we get
i(d; — di) QL (G, k) = (&5, (1) (T, Wy QuIl,, + T, Wy, Q11 )éx) (5.36)

Since (W,,Qy)* = Q,W,, and (Q")*(j, k) = Q',(k, ), we can write the adjoint matrix
in both sides of (5.36) as follows

i(dj — di) (@) (5, k) = (&, 1(IL, Qu Wi IL, + I, Q, W, 1, )ér). (5.37)
Summing up (5.36) and (5.37), we obtain
i(d; — di)Q,, (5, k) = —(&;, (B + Ry )éx) = —(Ry, + RY)(5, k) (5.38)

by the definition of R given in (5.14)-(5.15). Tt is easy to see that one can deduce the
assertions of Lemma 5.1(b) and (c) from (5.38), similarly as in Lemma 4.1.

6. PROOF OF THEOREM 3.4
6.1. Step 1 of the proof of Theorem 3.4. Let Q) as in Section 5. We claim that
e 1o Jol@n i@ = D 4 (V, + R,) ® (Vo + Ry) + O(n "' lnn) (6.1)
To begin the proof of (6.1), we observe that (3.26)-(3.27) with N =2, ¢ = 1, gives
719 Dl = D +[D,iQ,] + O(|[adfy, (D)|)). (6.2)
Since Lemma 5.1 ensures [D,iQ’] = —R;, — R}, we get

adi, (D) = [-R,, — R},iQ,] = O(||Q,]))

and S i} }
e @ Del =D — R, — R} + 0(]|Q,])) (6.3)
Using (3.26)-(3.27) with N =1, ¢ = 1, we get
e (V, ® Vi + Rp)e'%n =V, @ Vi, + R, + O(/|QL1]). (6.4)
Due to ||Q,|| = O(n~!Inn), summing up (6.3) and (6.4), we get
e @neTIn J6iCn el = D4V, @V, + R, — R, — R + O(n"'Inn). (6.5)
Since _ R
R, =1I1,[W,,iQ,)I
we obtain

R;—R- rg [Ww(@ —Qnﬂﬁn:ou@n—@nux

and (4.13) ensures @, — Qn =0(n~ ) hence
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Combining (6.6) and (6.5), we get

¢ @neIn Joi@n el = D4+ V, &V, + R, — R, — R +O(n"'Inn)  (6.7)
and (6.1) follows due to R,, — R,, — R} = R, ® R,.
6.2. Step 2 of the proof of Theorem 3.4. We claim that

|0, R, IL,|| = O(n~" Inn). (6.8)
Since R, = [W,,,iQ,] = [W,,iQ,,] + [W,,iQ; ], it is clear that it suffices to prove
||, Wy QETL, || = O(n ™" Inn) (6.9)
and due to (4.13), it remains to prove the estimate
I, W, Q1L || = O(n~ " Inn). (6.10)

We observe that R R §
LW, QETL < Y [(WaQE) (k)]
n<j,k<n+1
with § §
(WaQu) (k) = > W (4, m)Q;r (m, k).
{m€Z: 0<|m—k|<cn}
Assume that j, k € {n,n+ 1}. Then

m—kl<en=|j—m|<|j—Fkl+]k—m|<l+4+cn<én

42, —1
= [Wa(,m)| < G572 < Cn™ 2 = W, (4, m) @ (m, k)| < I
colm — k|
and consequently
- C2pt .
j < _— = 1 A1
W.QHGmhI< Y g =0w e, (1)

{m€Z: 0<|m—k|<cn}
1

where the last estimate is due to Z - =0(Ilnn).
1<i<cn ¢

6.3. End of the proof of Theorem 3.4. To begin we observe that (4.1) and (3.21)
ensure the fact that there is n; € N such that

Ac1(J) < dp—2 < dy—8 < X(J) < X1 (J) < dp+ 8 < dp+22 < Nija(J) (6.12)
holds for n > ny. Then (6.1) ensures
e 1@neTi@n Joi@nei@n = D 4 (‘7" + ﬁn) e (Vn + En) +O0(n 'lnn). (6.13)
Since (6.8) ensures ||§"H8(ﬁn) = O(n~!lnn), we can write (6.13) in the form
e i@ne I JeiCnel @ = D4V, @ V/ + O(n "Inn) with V/ :=V, + R,.  (6.14)

Let us introduce

Ty 1= €19l (D+ Voo Vé)e_iQ; e 9. (6.15)
Then one can find C > 0 and ny > nq such that
I|J = Ju|| <Cntlnn (6.16)

holds for n > ny. Denote J,, ¢ := J +t(J, — J) for 0 <t < 1. Then
dist(spec(J,, 1), spec(J)) < Cn~'Inn (6.17)
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holds for n > ny. Let ng > na be such that Cngl Inns < 5/8. Then
spec(Jn) N[dn — B/2,d, + B/2] C [dy, — 35/8,d,, +35/8] (6.18)
and the spectral projector of J, ; on [d, — 8/2,d, + /2] can be written in the form
i

Pn,t = 1[d”76/2,dn+,8/2](Jn,t) = % fj L ‘7ﬁ/2(Jn’t - z)_ldz. (619)

Due to (6.19), t — P, ; is continuous [0, 1] — B(¢?(Z)) and the trace of P, is constant,
hence
tr l[dn,,@/g’d”Jrﬁ/g}(Jn) =1tr 1[d"75/2,dn+,8/2](‘]) =2. (620)

Due to (6.17) and (6.20), it is clear that for n > ng we can label the non-decreasing
sequence of eigenvalues of J,,, counting multiplicities, {A;(J,)}kez, so that

Ac1(Jn) < dn — 5 < XN(Jn) < A1 () < d + 5 < Nga(Jy) (6.21)

and
max{|An(Jn) — An (D], Ans1(Jn) = Aag1 ()]} < Cn~tinn. (6.22)
Denote D,, := D\ and D, = D\, - Then
N dy V(n,n+1)
D+ Ve = (V(n +1,n) dy )

and spec ([A)n + ‘7n) = {5\7“ :\n+1} holds with
A i=dp — |V(n,n+1)| and Apyq :=dp + [V (n,n +1)|. (6.23)
Since V(n,n + 1) = O(n~'/2), there is ny > nz such that for n > n4 one has
dn — 5 < My < A1 < dn + 5. (6.24)

However,

spec(J,) = spec((Dy, + V) @ (Dy, + V) = spec(Dy, + V,,) Uspec(D,, + V')
implies
{2y Ang1} C spec(y,). (6.25)

Combining (6.25) with (6.21), (6.24), we get Ay = An(Jn); Ant1 = Ant1(Jn) and using
these equalities in (6.22), we deduce that

max{|An — A ()], [Anst — Ang1 (N} < Cn~'nn (6.26)

holds for n > ny4, completing the proof of Theorem 3.4.

7. PROOF OF THEOREM 3.2

7.1. Beginning of the proof. Reasoning similarly as in the proof of Theorem 3.4, we
consider the decomposition ¢2(Z) = H,, & H,, with H,, = Cé, and introduce

J! = e i@n Jel@n, (7.1)
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where Q,, are self-adjoint bounded operators defined by the relation (Q,€x)(j) = Qn(J, k)

with V(i
iﬂwhenj#nandk:n
d;j —dy,
@n(5: k) = ifV(n, k) when j =nand k #n (7.2)
dp — dy
0 otherwise
Similarly as before, we find
|Qnl] = O(n™Y?) as n — oo, (7.3)

21(Z) is an invariant subspace of Q,, and of ei*@». As before, II,, denotes the orthogonal
projection on H,, II, = I — 1I,, denotes the orthogonal projection on H,, and

[D,iQ,]r = i(DQ, — Q.D)x = —V,x for x € {>*(Z) (7.4)

holds with V,, = II,,VIL, + II,,VIL,. Moreover, t — ¢//@»z is of class C®(R; £>1(Z)) if
x € (>1(Z) and we obtain (5.1) in the form

J! =D, +I,VIL, + R, + O(n™ 1) (7.5)
with R,, = [W,,Q,] and
D,, = diag(d,, + V(n,n)0n.m)mez- (7.6)
Therefore
[[Rn|| < 2[[Wa|l[|Qnl] < Cll@ul| = O(n_l/Q) as nm — o0 (7.7)
and the estimate (6.8) still holds, ensuring
R, (n,n) = (én, Rnéy) = O(n~'1nn) as n — oo (7.8)

In Section 7.2 we will complete the proof of Theorem 3.2, using the following result

Theorem 7.1. (Kato-Temple) Assume that the operator L is self-adjoint in the

Hilbert space H and has exactly one eigenvalue X\ in the interval [d',d"]. If x is an

element of the domain of L such that ||z|[3 =1 and 1 := (z, Lx)y belongs to |d’,d"],
e I = n)e I = el

- RE TR << )y 7.9

n n_d/ SAsSn+ d"—77 . ()

Proof. See [31]. O

7.2. End of the proof. Let ¢y be as in (3.12) and fix 0 < § < %co, i.e. one has
dp—1+ 26 < d, — 26 for every n € Z. Due to (3.21) there is nyp € N such that one has

A, + 0 < A (J) < dp, — 9 for m >ng —1
and consequently,
spec(J)) N [dp—1 + 8, dp1 — 8] =spec(J) N [dyp—1+ 6, dpi1 — 6] = {\(J)}  (7.10)

holds for n > ng. In what follows, we assume n > ny and use Theorem 7.1 with L = J/
r=¢éy,d =dn_1+96,d" =dnr1 — 6. We introduce

Nn i= (€n, J),En) (7.11)
and observe that (7.5)-(7.6) give
N = dp +V(n,n) + Ry(n,n) +O0(n™ 1), (7.12)
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hence
N = dp +V(n,n) +O0(n ' inn) (7.13)
due to (7.8). Therefore there is n; such that
dpn—1+26 <np < dpyq1— 26 forn>ny (7.14)
and
1075 = 1ma)enl| < [|Rull + |Rn(n,n)| + Con™" (7.15)
implies
1(J}, = mn)énl| < Cn™1/2, (7.16)

and (7.9) with (7.14) ensure
A () = 0| < 5HI(TL = nn)énl|? for n > max{ng,ni} (7.17)
We complete the proof of (3.22), combining (7.17), (7.16) with (7.13).

8. PROOF OF THEOREM 1.5

8.1. Proof of Theorem 1.5(a). We first claim that the assumptions ¢ > 0 and
£/B ¢ Z imply

A (H) — A\ (Hp) = O(n~'nn) as n — oo (8.1)
Indeed, Proposition 2.10 gives
An(H) = X (Ho) = At (3) = Xt (Jo) + O(n™') as n — oo (8.2)
and Theorem 3.2 with (2.39) give
Ant1(3) = Anti(Jo) = Angi(J) = dpyy = O(n™ ' Inn). (8.3)

We observe that (8.1) implies (1.16) due to
{An(Ho) bnen = {81 + B-1}nen U {Bn + Bi}nen.
It remains to consider the case ¢ < 0. However,

€ A
Hggbi(Aa579> = ]2 & &Td +0; & (9(&2 + (&T)Q) + 5) + 50'2 ® [ez(N) (84)

is unitarily similar to

A
HY) (A —e,—g)=hedli—0,® (g(a2 +(a")?) + %) +50-®leq)  (85)

due to 0, '0,0, = —0,. Thus the statement when ¢ < 0 follows from the statement for
—e > 0 and —g instead of g.

8.2. Beginning of the proof of Theorem 1.5(b) and (c). Let us assume
l=¢/BeN. (8.6)

The sequence {A,(H)},en can be expressed as the union of sequences {E;,, } men and
{E}}men, defined as follows

E. =X, (H) when n <
E ;= Xip(H) fori e N (8.7)
Ef = X\gipip1(H) fori e N
Then Proposition 2.10 implies
B = Xaun(J) + oG 1), (8.8)
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Ef = Xgisn+1(d) + 06 (8.9)

and using Theorem 3.4 in (8.8)-(8.9), we get
Eiy = dogrny — V(206 +1),2(0 +1) + 1) + O~ Inid), (8.10)
Ef =doyny + V(23 +1),2(0+ 1)+ 1)+ O0G " Ind), (8.11)

where V (4, k) is given by (3.6). The proof of Theorem 1.5 (b) for € > 0 will be completed
in Section 8.4, by proving the estimate

V(23 +1),2(i +1)+1)| = 0@~ ') if I is odd (8.12)

and the proof of Theorem 1.5 (¢) for € > 0 will be completed in Section 8.5, by proving
that the estimate

V(23 4+1),2(i +1) + 1)] = [t;| + O~ ) if I is even (8.13)

holds with t; given by (1.21). If € < 0 then we deduce the result from the statement
with —e and —g¢ instead of g similarly as at the end of Section 8.1.

8.3. Expression of V(24,25 + 1) by means of oscillatory integrals. Due to (3.8)-
(3.11),
o A A

V(25,25 +1) = §<Ufl,jav1,jfl> = 5<f—1,j,f1,j—l>L2(1r)7 (8.14)

where we have denoted
foji=Fr'lto,. (8.15)

However, due to Corollary 2.5, f, ; = U, fy, ., where U, is defined by (2.21) and f,, ;
by (2.25). The quantity (8.15) has the form

fo; = eIPvel? /o1, (8.16)
where @, is given by (2.17) and
¢u(9) = <QV>®U(6) - (jv(q)u(a)) (817)
with ¢, given by (2.22)-(2.23) and (g,) given by (2.30). Using (8.16) we can express
T dé
(f-1.5, frj—0em = / elj((bl_q)*l)(e)h(e)j (8.18)
- m
with
hi= e 1P1i01=6-0) (@' )2, (8.19)
We claim that the phase function
V= @1 - (I)_l (820)
has four non degenerated critical points:
{0 € (—m,7]: W(0) =0} ={m/4,—7/4,3n/4, —3m/4}. (8.21)
Indeed, the direct computation gives
B B
U'(0) = — =0 20) =0 8.22
(©) 14 2gcos(20) 1—2gcos(26) & cos(26) (8:22)
and
498 498 .
v"(0) = sin (26 8.23
(©) ((1 + 2g cos(26))? * (1 — 2g cos(26))2 sin(26), (8:23)
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hence
" N _
U (r/4) = U (-37/4) = 8¢S (8.24)
U (—7/4) = " (3n/4) = —8¢p
The stationary phase method gives
(fo1g frj—rem = G1(j) + G_1(j) + O(G71) as j — o0 (8.25)
with )
G:tl(j) _ Z %h(ie)eijlll(:te)e:tisgn(g) w/4 (826)
9c{n/4,—3r/4} 4/mjlglp
where sgn(g) = g/|g|. Moreover,
G-1(j) = G1(j) (8.27)

follows from that fact the functions ®,, ¥, ¢, and v, are odd.

8.4. End of the proof of Theorem 1.5(b). Due to (8.14) and (8.25)-(8.27), it suffices
to prove that G1(j) = 0 when [ is odd. In what follows, we use the notation

a4 1= arctan < 1 :L ;g ) (8.28)
and we remark that
a_g = arctan ( 1 i—zz > = g — ay. (8.29)
Due to (2.18) and (8.29), we can express
O (1/4) = ay, (8.30)
O (m/4) =a_g =7/2— ay. (8.31)
Due to (2.20) and (8.30)-(8.31), we find
O,(3n/4) =71 — O (n/4) =7 — ay, (8.32)
O_1(3n/4) =71 —P_1(n/4) =7/2 + ay. (8.33)
Using (8.30)-(8.33) and ¥ = &; — &_4, we get
U(n/4) =ay — (1/2 —ay) =20, —7/2, (8.34)
V(3n/d) =1 —ay— (1/2+ ay) =7/2 — 20. (8.35)
Since ¥ is odd, we find
U(—3m/4) = ¥(n/4), (8.36)
U(—7/4) = ¥(3r/4). (8.37)
Using ¥(—37/4) = ¥U(n/4) = 2ay — m/2, we obtain
CL(j) = h(m/4) + h(=3m/4) ol (20— 7/2) jisgn(g) § (8.38)

4y/mjlgls
and the assertion of Theorem 3.4(b) will be proved if we show that h(mw/4)+h(—37/4) =0
when [ is odd.

In order to evaluate h, we first remark that (2.24) and (2.30) allow us to express

¢u(9) = <qy>q)u(9) - (ju(cbu(e)) =

_ (;_’_Vz;l)(by(a)_@_ye—l a0 = d,(0)—46
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and the equality ¢, (0) = 3(®,(0) — 6) implies

1 1
$1— 1= §(<I>1 -d_y) = 5V (8.39)

Due to (8.39) we can rewrite (8.19) in the form

h=e ®1e/2 (910 )2, (8.40)
Using
(@40, (£7/4) " = (@, (£37/4))"/* = 8 (8.41)
and U(7/4) = U(—37r/4) in (8.40), we find
h(—3m/4) = U1/ D=21(=37/A) py (1 /4) = (—1)!h(n /4), (8.42)

where the last equality follows from
Oy (m/4) — ®1(—371/4) = Oy (w/4) + ®1(37/4) = 7.
If I is odd, then (8.42) implies h(37/4) = —h(7/4) and completes the proof of G1(j) = 0.

8.5. End of the proof of Theorem 1.5(c). Assume that [ is even. Using (8.40)-(8.41),
we get

h(=371/4) = h(r/4) = e 9l Raa—7/2)/2 3 (8.43)
and
. 26 —ilag+i(j+1/2)(20g—7/2) isg 4
Gi1(j) = . e ilag+i(j+1/2)(2ag —/2) yisgn(g) w/4 (8.44)
4y/mjlglB

Due to (8.27),

G1(j) +G(j) =

ﬂ' i
2 +1—l)ay, —j= —1)=
] (( J+1=1ag —j5 + (sgnlg) )4)

If g > 0 then we obtain

V(25 +1,25) = %, /Wﬁg' cos ((2(j D)+ 1+Da, — ]g) +0G™h (8.45)

and | € 2N = in/2 € 7Z, hence (8.45) gives
V(2 +1.2)) = e + OGT) (8.46)
and (8.13) holds if g > 0. If g <0, then oy = 7/2 — ) and

o (041055 - 5) = o (5410 (3 -u) =555

Since I € 2N = [7/2 € 7Z, the above quantity can be also written in the form
. LT . LT
’COS (*(2] +1—=1Dayg +]§ )’ = ’cos ((2] +1—=1ay — iy )‘ .

Thus (8.45) implies (8.46) in the case g < 0 as well.
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