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A NOTE ON CONTOUR INTEGRALS REPRESENTING
JACKSON INTEGRALS AND THEIR APPLICATIONS

CHANGGUI ZHANG

Abstract. In our paper with M. E. H. Ismail [6], we are interested to study
the zeros of a family of entire functions introduced by Ramanujan, using con-
tour integrals and connection formulas for solutions of linear q-difference equa-
tions. Many years ago, M. E. H. Ismail provided a simple proof of Ramanujan’s
1ψ1 summation formula [5]. In this note, we aim to present an analytic proof
of this formula using similar approaches to those in [6]. Furthermore, building
on these methods, we derive a decomposition formula for the sum-function of
a q-analog of the Euler series, which has the potential to be generalized to a
broader class of q-difference equations.

Introduction

Throughout the whole paper, q denotes a complex number such that 0 < |q| < 1.
Given a non-zero complex number λ and a function defined in a neighborhood of
the q-spiral λqZ, the Jackson integral

∫ λ∞
0

f(x)dqx is defined as follows :

(0.1)
∫ λ∞

0

f(z)dqz = (1− q)λ
∑
n∈Z

f(λqn)qn,

provided that the right-hand side converges; see [2, Remark A.5.]. The following
notation will be used:

(1) First of all, the generalized q-Pochhammer symbol is defined for positive n
or infinite limits as ( [3, §1.2]):

(a; q)n = (1− a)(1− aq)...(1− aqn−1), (a; q)∞ =

∞∏
k=0

(1− aqk).

It follows that

(0.2) (a; q)n =
(a; q)∞

(aqn; q)∞

for any non-negative integer n, provided aqn /∈ qZ≤0 . Furthermore, this
expression is extended to n ∈ Z<0, assuming aqn /∈ qZ≤0 . Consequently, for
n ∈ Z≥1 and a /∈

(
qn+Z≤0 ∪ {0}

)
, substituting n with −n into (0.2) yields :

(0.3) (a; q)−n =
(−1)n

an(q/a; q)n
qn(n+1)/2.
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Additionally, when a1, ..., ak are k complex numbers, we write simply:

(a1, ..., ak; q)n = (a1; q)n...(ak; q)n; (a1, ..., ak; q)∞ = (a1; q)∞...(ak; q)∞.

(2) Define the Jacobi theta function as:

(0.4) θ(z) = θ(q; z) =
∑
n∈Z

qn(n−1)/2zn, z ∈ C∗.

The classic Jacobi triple-product formula states:

(0.5) θ(z) =
(
q,−z,−q

z
; q
)
∞
.

Hence, θ(z) = 0 if and only if z ∈
(
−qZ

)
. Additionally, the theta function

satisfies:

(0.6) θ(qnz) = x−nq−n(n−1)/2θ(z), n ∈ Z.

(3) As in [2, (1.9)], the q-logarithm ℓ(q; z) is defined as follows:

(0.7) ℓ(z) = ℓ(q; z) = −z θ
′(−z)
θ(−z)

.

Differentiating both sides of Equation (0.6) with respec to z, it follows that
ℓ(z) satisfies the linear q-difference equations:

(0.8) ℓ(qnz) = ℓ(z)− n, n ∈ Z,

and has simple poles at qZ.
(4) Given λ ∈ C∗, let [λ] = [λ; q] = λqZ denote the q-spiral passing through λ.

Define

ε(q) = min

(
|1− qn|
1 + |q|n

: n ∈ Z>0

)
,

and let D(α; r) denote the open disc |z − α| < r. For any ϵ ∈ (0, ε(q)) and
λ ∈ C∗, notice that:(

qmD̄(λ; ϵ|λ|)
)
∩
(
qnD̄(λ; ϵ|λ|)

)
= ∅, (m,n) ∈ Z2, n ̸= m.

Define

(0.9) D̄[λ]
ϵ = ∪n∈Z

(
qmD̄(λ; ϵ|λ|)

)
, C[λ]

ϵ = ∪n∈Z
(
qn∂+D(λ; ϵ|λ|)

)
.

From now on, we are ready to represent the Jackson integral (0.1) as follows.

Lemma 0.1. Let λ ∈ C∗, ϵ ∈ (0, ε(q)), and let U be any domain in C∗ with
D̄[λ]

ϵ ⊂ U . The following equality holds for any analytic function f in U :

(0.10)
∫ λ∞

0

f(z)dqz =
1− q

2πi

∫
C[λ]
ϵ

ℓ(
x

λ
)f(z)dz,

provided that the left-hand side converges.

Proof. This result follows immediately from Cauchy’s residue theorem; see [9, Chap.
VI].

The remainder of this paper is divided into two parts. In the first part, we use
Lemma 0.1 to present an analytic proof of Ramanujan’s 1ψ1 summation formula,
employing approaches similar to those in [6]. In the second part, building on these
methods, we derive a decomposition formula for the sum-function of a q-analog of
the Euler series.
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1. A proof of Ramanujan’s 1ψ1 sum

The following bilateral summation formula, known as Ramanujan’s 1ψ1 sum:

(1.1)
∑
n∈Z

(a; q)n
(b; q)n

zn =
(q, b/a, az, q/az; q)∞
(b, q/a, z, b/az; q)∞

, |b/a| < |z| < 1,

where the left-hand side is by definition 1ψ1(a; b; q, z), was first given by Ramanujan
[4, p. 222, (12.12.2)]. Several mathematicians, including M. E. H. Ismail [5], have
published different proofs of (1.1). For further details, see [3, p.126]. This section
is to outline a proof based upon the analytic theory of q-difference equations with
the help of Lemma 0.1.

Indeed, by applying (0.2), the bilateral basic hypergeometric series 1ψ1(a; b; q, z)
can rewritten as:

(1.2) 1ψ1(a; b; q, z) =
(a; q)∞
(b; q)∞

∑
n∈Z

(bqn; q)∞
(aqn; q)∞

zn.

Using (0.2) and (0.3), one obtains that the Laurent series 1ψ1(a; b; q, z) converges
to an analytic function in the annulus |b/a| < |z| < 1. Moreover, this function can
be continued as a meromorphic solution in C∗ to the q-difference equation:

(1.3)
(
b

q
− az

)
y(qz) = (1− z)y(z)

Since (az,q/az;q)∞
(z,b/az;q)∞

is also a solution of Equation (1.3), there exists a meromorphic
function C(a, b; q, z) in C∗ such that

(1.4) 1ψ1(a; b; q, z) = C(a, b; q, z)
(az, q/az; q)∞
(z, b/az; q)∞

,

where C(a, b; q, qz) = C(a, b; q, z).

Theorem 1.1. The q-periodic function C(a, b; q, z) defined in the connection for-
mula (1.4) is constant and can be expressed as:

(1.5) C(a, b; q, z) =
(q, b/a; q)∞
(b, q/a; q)∞

.

Proof. For the rest of this section, we assume that |b| < |qa|. Thus, the annulus
|b/a| < |z| < 1 covers the fundamental domain |q| ≤ |z| < 1 with respect to the
action z 7→ qz. It follows that the q-periodic function C(a, b; q, z) defined in (1.4)
is constant. Setting z = q in both (1.2) and (1.4), we obtain:

C(a, b; q, q) =
(q, b/qa, a; q)∞
(qa, 1/a, b; q)∞

∑
n∈Z

(bqn; q)∞
(aqn; q)∞

qn,

or, equivalently:

(1.6) C(a, b; q, q) = −a (q, b/qa; q)∞
(b, q/a; q)∞

∑
n∈Z

(bqn; q)∞
(aqn; q)∞

qn.

By (0.1), it follows that∑
n∈Z

(bqn; q)∞
(aqn; q)∞

qn =
1

1− q

∫ ∞

0

(bz; q)∞
(az; q)∞

dqz.
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Thus, using (0.10) for λ = 1 yields:

(1.7)
∑
n∈Z

(bqn; q)∞
(aqn; q)∞

qn =
1

2πi

∫
C[1]
ϵ

ℓ(z)
(bz; q)∞
(az; q)∞

dz,

where ϵ ∈ (0, ε(q)). Let

C[1/a]
ϵ,∞ = ∪n∈Z≤0

(
qn∂+D(1/a; ϵ/|a|)

)
.

Assume that ϵ ∈ (0, ε(q)) is choosen such that C[1/a]
ϵ,∞ ∩ C[1]

ϵ = ∅. By applying the
residue theorem, we have:(∫

C[1]
ϵ

+

∫
C[1/a]
ϵ,∞

)
ℓ(z)

(bz; q)∞
(az; q)∞

dz = 0.

Finally, we find that∑
n∈Z

(bqn; q)∞
(aqn; q)∞

qn = − 1

2πi

∫
C[1/a]
ϵ,∞

ℓ(z)
(bz; q)∞
(az; q)∞

dz

= −
∞∑

n=0

ℓ(
q−n

a
)Res

(
(bz; q)∞
(az; q)∞

: z =
q−n

a

)
.(1.8)

By considering (0.8), we have:

(1.9) ℓ(
q−n

a
) = ℓ(

1

a
) + n.

A direct computation shows:

Res

(
(bz; q)∞
(az; q)∞

: z =
q−n

a

)
= − (qa/b; q)n(b/a; q)∞

a(q; q)n(q; q)∞

(
b

qa

)n

Then, it follows from (1.8) that∑
n∈Z

(bqn; q)∞
(aqn; q)∞

qn =
(b/a; q)∞
a(q; q)∞

∞∑
n=0

(
ℓ(
1

a
) + n

)
(qa/b; q)n
(q; q)n

(
b

qa

)n

=
(b/a; q)∞
a(q; q)∞

(
ℓ(
1

a
) + δ

)
1ϕ0(

qa

b
; q, z)

∣∣∣
z=b/qa

,

where δ = z d
dz denotes the Euler derivative. Using the q-binomial theorem [3, p.7,

(1.3.2)] yields:

1ϕ0(
qa

b
; q, z) =

(qaz/b; q)∞
(z; q)∞

,

which implies:

1ϕ0(
qa

b
; q, z)

∣∣∣
z=b/qa

= 0, δ 1ϕ0(
qa

b
; q, z)

∣∣∣
z=b/qa

= − (q; q)∞
(b/qa; q)∞

.

Thus, it follows from the above that∑
n∈Z

(bqn; q)∞
(aqn; q)∞

qn = − 1

a(1− b/qa)
.

Using (1.6) gives immediately (1.5).
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Combining (1.4) with (1.5) results in (1.1) under the conditions |b/a| < |z| < 1
and |b/a| < |q|. It is worth noting that the latter condition, |b/a| < |q|, can be
removed by employing the standard argument of analytic continuation with respect
to the parameter a or b.

2. q-Laplace transforms and Appell-Lerch series

As a simple example of an irregular singular q-difference equation, consider the
following q-analog of the Euler differential equation:

(2.1) zy(
z

q
) + y(z) = 1.

Define the power series Êq(z) as:

(2.2) Êq(z) =
∑
n≥0

q−n(n−1)/2(−z)n

It is straightforward to verify that Êq is divergent anywhere in C∗, but it formally
satisfies Eq. (2.1). To construct an analytic or meromorphic solution from this for-
mal solution, one can employe a q-analog of the Borel-Lapplace summation method.
For more details, see [1], [7] or [8].

In this section, we utilize the q-Lapalce transform operator L[λ]
q;1, introduced

in [10]. It is defined as:

(2.3) L[λ]
q;1ϕ(z) =

∑
ξ∈[λ]

ϕ(ξ)

θ(ξ/z)
,

where [λ] = λqZ denotes a q-spiral, and ϕ is a germ of an analytic function at
ξ = 0 in C that can be continued into a domain containing [λ] and exhibits suitable
growth at infinity. Substituting ξ = λqn into (2.3), the summation can be rewritten
as a Jackson integral:

L[λ]
q;1ϕ(z) =

1

1− q

∫ λ∞

0

ϕ(ξ)

θ(ξ/z)

dqξ

ξ
.

By applying Lemma 0.1, the transform can also be expressed as:

(2.4) L[λ]
q;1ϕ(z) =

1

2πi

∫
C[λ]
ϵ

ℓ(
ξ

λ
)
ϕ(ξ)

θ(ξ/z)

dqξ

ξ
,

where ϵ ∈ (0, ε(q)), and C[λ]
ϵ represents a small deformation of the contour near the

q-spiral [λ] (see (0.9)).
Concerning Eq. (2.1) and its formal solution Êq(z), introduced in (2.2), the

q-Borel transform B̂q;1 is defined as follows ( [2]):

Êq(z) 7→ ϕ(ξ) := B̂q;1Êq(ξ) =
1

1 + ξ
.

Letting this into (2.4) yields the sum-function S [λ]
q;1Êq(z) of Êq(z) associated with

the q-spiral [λ]. It is defined as:

(2.5) S [λ]
q;1Êq(z) =

1

2πi

∫
C[λ]
ϵ

ℓ(
ξ

λ
)

1

(1 + ξ)θ(ξ/z)

dξ

ξ
,

where λ ∈ C∗ \ [−1] and z ∈ C∗ \ [−λ]. Notice that S [λ]
q;1Êq(z) is related with

Appell-Lerch series and Mordell’s integrals (see [11])
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Theorem 2.1. For λ ∈ C∗ \ [−1] and z ∈ C∗ \ [−λ], the following identity holds:

(2.6) S [λ]
q;1Êq(z) =

ℓ(−1/λ)− ℓ(−z/λ)
θ(−1/z)

− 1

(q; q)3∞

∑
n∈Z

(−1)nnqn(n−1)/2

1− qnz
,

where ℓ(z) = ℓ(q; z) is the q-logarithm as defined in (0.7).

Proof. Let λ ∈ C∗ \ [−1], and let K be any non-empty compact of C∗ \ [−λ]. We
only need to prove (2.6) for z ∈ K. To do this, fix ϵ ∈ (0, ε(q)) such that the three
integral contours C[−z]

ϵ , C[λ]
ϵ and C(−1; ϵ) = ∂+D(−1; ϵ) are mutually disjoint for

all z ∈ K. Differentiating both sides of Equation (0.6) with respec to z and letting
z = −1 yields:

(2.7) θ′(−qn) = (−1)nq−n(n+1)/2θ′(−1),

from what we deduce the expression:

(2.8)
1

θ(−1/z)
= − 1

θ′(−1)

∑
n∈Z

(−1)nqn(n−1)/2

1− qnz
.

Using the residue theorem and using equation (2.7), it follows from (2.5) that:

S [λ]
q;1Êq(z) = − 1

2πi

(∫
C[−z]
ϵ

+

∫
C(−1;ϵ)

)
ℓ(
ξ

λ
)

1

(1 + ξ)θ(ξ/z)

dξ

ξ

=
ℓ(−1/λ)

θ(−1/z)
+

1

θ′(−1)

∑
n∈Z

ℓ(−q
nz

λ
)
(−1)nqn(n−1)/2

1− qnz
.(2.9)

Substituting n with −n into (1.9) gives:

ℓ(−q
nz

λ
) = ℓ(− z

λ
)− n.

With the help of (2.8), we deduce:

(2.10)
∑
n∈Z

ℓ(−q
nz

λ
)
(−1)nqn(n−1)/2

1− qnz
= −θ′(−1)

ℓ(−z/λ)
θ(−1/z)

−
∑
n∈Z

(−1)nnqn(n−1)/2

1− qnz
.

Gathering (2.9) with (2.10) and using θ′(−1) = (q; q)3∞, we arrive at the desired
identity (2.6), completing the proof.

Using (2.6), we derive the Stokes multiplier as follows:

(2.11) S [λ]
q;1Êq(z)− S [µ]

q;1Êq(z) =
1

θ(−1/z)

(
ℓ(− 1

λ
)− ℓ(− z

λ
)− ℓ(− 1

µ
) + ℓ(− z

µ
)

)
,

where both λ and µ belong to C∗ \ [−1]. It is worth noting that Eq. (2.11) provides
a new expression of the q-periodic factor K as defined in [2, Theorem 3.13].
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