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Abstract 

Throughout the hydrogen value chain, industries increasingly rely on digital tools utilizing equations 

of state to develop safer, more efficient, and cost-effective processes. This paper compares the 

Peng-Robinson equation of state with volume translation (tc-PR EoS) and the Coquelet-El Abbadi-

Houriez equation of state (CAH EoS), modified with the Feymann Hibbs correction to the covolume, 

to account for the quantum swelling phenomenon. The models were used to predict density, 

residual enthalpy, and Joule-Thomson coefficients over a temperature range of 20 to 353 K. It has 

been applied to binary mixtures relevant to the hydrogen industry, including H2/CO2, H2/CO, H2/CH4, 

and H2/N2. Model parameters were fitted to liquid-vapor equilibrium (VLE) data using the 

generalized Wong-Sandler (gWS) and van der Waals (vdW) classical mixing rules. The performance 

of the models in representing VLE data and densities over a wide range of thermodynamic 

conditions was assessed. These models can help design processes for hydrogen production, 

transport and use. 

Keywords: Cubic three-parameter equation of state, normal Hydrogen, Thermodynamic 

properties, Vapor-liquid equilibrium 

 

1. Introduction 

Hydrogen is a molecule that could serve as an energy vector in the coming decades, potentially 

replacing fossil fuels. By 2050, Europe is projected to consume approximately 2760 TW·h of 

hydrogen, primarily for industrial, transportation, and heat production sectors [1]. Currently, 

hydrogen production is predominantly achieved through coal or lignite gasification (black hydrogen), 
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processes that offer efficiencies ranging from 60 to 75% [2]. To reduce carbon dioxide emissions, 

alternative methods such as electrolysis and methane cracking are being developed. Electrolysis is 

gaining support in countries with substantial solar or nuclear energy resources, achieving efficiencies 

of up to 90% [3]. In addition, the production of hydrogen from biomass (green hydrogen) is an 

emerging technology, producing a gas that forms syngas (H2+CO) after purification [4]. Another 

approach involves pyrolyzing methane (turquoise hydrogen) at high temperatures to produce solid 

carbon and hydrogen [5][6]. Despite these advancements, hydrogen transport and storage remain 

major challenges, as the development is hampered by hydrogen’s instability [7]. Liquefaction, while 

facilitating easier transport, consumes more than 30% of the hydrogen’s energy content and incurs 

additional losses from evaporation (boil-off effect) [8]. To address these issues, projects focused on 

converting hydrogen into ammonia or methanol are underway, as these substances are easier to 

transport and store in liquid form [9]. These compounds also mitigate risks associated with pressure 

and evaporation and are compatible with current technologies [10]. Pure hydrogen is mainly used in 

the transportation sector as a substitute for hydrocarbon fuels. It also finds applications in the 

aerospace industry as a fuel coupled with helium for cooling, and in steelmaking for welding 

operations, owing to its properties in generating hot arcs and industrial plasmas [11][12]. The 

growing demand for industrial applications using hydrogen underscores the importance of 

developing simple and efficient thermodynamic models [13][14][15]. The production, transport, and 

use of hydrogen require a deep understanding of the associated physical and quantum phenomena. 

Although industrial-scale hydrogen production is advancing, current knowledge about its behavior 

remains limited due to its physical complexity. Studies on interaction potentials have highlighted the 

necessity of considering "quantum swelling", where the effective size of particles increases at low 

temperatures due to the wave-like nature of particles becoming more pronounced as the de Broglie 

thermal wavelength increases [16]. Currently, the focus in hydrogen modelling is on its application 

in the cryogenic range (from 0 to 150 K), aiming to develop simple cryogenic models adaptable to 

various industrial applications. The most precise equations of state available today are often too 

complex for direct industrial use, relegating them mainly to foundational roles in unit operation 

design. Therefore, cubic equations of state are favored for their simplicity and effectiveness, with 

the Peng-Robinson equation being the most widely used [17]. These cubic equations are also useful 
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in computational fluid dynamics (CFD) simulations [18][19], where equation simplicity is crucial for 

maintaining the stability and speed of system resolution. However, the two parameter equations of 

state are limited in their representation of the density of the liquid, which is why Peneloux volume 

translation is commonly applied to the liquid phase. [20]. In their recent work, Quinzio et al. [21] 

investigated the benefits of adding a third parameter to a cubic EoS. Interestingly, they showed that 

a third parameter not only improves the predictions of equilibrium properties of pure compounds, 

but also considerably improves those of mixtures, especially asymmetric ones, where 2-parameter 

EoSs often fall short, even with an adjusted binary interaction parameter.  

This paper aims to demonstrate the predictive performance of normal hydrogen thermodynamic 

properties using a cubic equation of state (EoS) through two approaches: quantum corrected 

translated-consistent Peng-Robinson (tc-PR) with volume translation and Coquelet-El Abbadi-

Houriez (CAH). This comparison allows for an in-depth evaluation of the advantages of two- and 

three-parameter cubic equations of state. Initially, the model will be presented, along with 

adjustments made to account for the "quantum swelling" phenomenon of normal hydrogen. 

Subsequently, the performance of the model will be assessed by comparing the prediction of key 

thermodynamic properties of pure normal hydrogen with those obtained using the quantum 

corrected tc-PR EoS. Finally, to evaluate the model’s performance in modeling mixtures properties, 

the van der Waals mixing rule (vdW-MR) and the generalized Wong-Sandler mixing rule (g-WS MR) 

will be employed. These mixing rules will be used to predict the liquid-vapor equilibrium of binary 

mixtures containing hydrogen, as well as the density for a given hydrogen composition. 
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Nomenclature 

Acronym 

ARD Average Relative Deviation 

BIAS Relative deviation 

BIP Binary Interaction Parameter 

BRP Binary Repulsion Parameter 

CAH Coquelet-El Abbadi-Houriez 

CFD Computational Fluid Dynamics  

EoS Equation of state  

g-WS MR generalized Wong-Sandler Mixing 

rule 

GWP Global Warming Potential 

NRTL No Random Two Liquids  

SRK Soave-Redlich-Kwong  

tc-PR translated-consistent Peng-Robinson  

vdW MR van der Waals Mixing rule  

VLE Vapor Liquid Equilibrium 

 

Chemistry compound 
CH4 Methane 

CO Carbon monoxide 

CO2 Carbon dioxide 

He Helium 

H2 Normal Hydrogen 

H2O Water 

N2 Nitrogen 

 

Greek letter  

αij NRTL alpha parameter αTWU Alpha 

function 

β Beta function 

Λ Wong-Sandler mixing rule parameter 

Λi  Wong-Sandler mixing rule 

parameter  

µ Joule-Thomson coefficient (MPa·K−1) 

Ω Acentric factor 

Ωa Substance depending factor 

Ωb Substance depending factor 

Ωc Substance depending factor 

ρ Density (kg·m−3) 

ρsatl Saturation liquid density (m3·mol−1) 

Saturation vapor density (m3·mol−1) 

ρc Critical density (kg·m−3) 

τij NRTL binary interaction parameter 

ξ Numerical weight 

 

Symbol 

A Feynman-Hibbs parameter (K) 

a Cohesive energy parameter (J·mol−1) 

 Excess Helmholtz free energy (Pa·m3·mol−1) 

Aij Wong-Sandler mixing rule numerical parameter 

(K2) 

Ak,ij BIP numerical parameter (K−1) 

B Feynman-Hibbs parameter (K) 

b Covolume parameter (m3·mol−1) 

Bij Wong-Sandler mixing rule numerical parameter 

(K) 

Bk,ij BIP numerical parameter 

c CAH parameter (m3·mol−1) 

Cij Wong-Sandler mixing rule numerical parameter 

cpres Residual isobaric heat capacity 

(kJ·kg−1·K−1) 

D Wong-Sandler mixing rule parameter 
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Dij Wong-Sandler mixing rule numerical parameter 

Eij Wong-Sandler mixing rule numerical parameter 

(K−1) 

Fij Wong-Sandler mixing rule numerical parameter 

(K−2) 

Gex Gibbs free energy (Pa·m3·mol−1) 

hres Residual enthalpy (kJ·kg−1) 

kij BIP parameter 

L Twu parameter 

lij BRP parameter 

M Twu parameter 

N Twu parameter 

Nc Number of compounds 

Nexp Number of experimental data points 

Nref Number of data points 

P Pressure (MPa) 

Psat Saturation pressure (MPa) 

Pc Critical pressure (MPa) 

Pr Reduced pressure 

Pexp Experimental pressure 

Q Wong-Sandler mixing rule parameter 

R Universal gas constant (J·K−1·mol−1) 

sres Residual entropy (kJ·kg−1·K−1) 

T Temperature (K) 

Tc Critical temperature (K) 

Tr Reduced temperature (K) 

Tt Triple point temperature (K) 

u1 EoS parameter (m3·mol−1) 

u2 EoS parameter (m3·mol−1) 

u1,opt EoS optimal parameter (m3·mol−1) 

u2,opt EoS optimal parameter (m3·mol−1) 

v Molar volume (m3·mol−1) 

vt Volume translation (m3·mol−1) 

w Speed of sound (m·s−1) 

x Liquid molar fraction 

Xcal Calculated thermodynamic property 

Xexp Experimental thermodynamic property 

xexp Experimental liquid molar fraction 

y Vapor molar fraction 

yexp Experimental vapor molar fraction 

Z Compressibility factor 

Zc Critical compressibility factor 

Zc,opt Adjusted critical compressibility factor 
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2. Model presentation 

The general form of the cubic equations of state is defined within the Eq (1) where (P) is the 

pressure, (R) is the gas constant, (T) is the temperature and (v) is the molar volume, (Ωa), (Ωb), (u1) 

and (u2) are numerical constants that depend on the EoS used. The cohesive energy parameter (a) 

and the covolume (b) are defined by Eqs (2), (3) where (Tc) is the critical temperature, (Pc) is the 

critical pressure, (αTWU) is the α-function and (β) is the Feynman-Hibbs function. 

  
  

   
 

 

           
 
 

(1) 

    

    
 

  
      

(2) 

    

   

  
      

(3) 

A paper has demonstrated that the constants u1 and u2, defined, yield optimal vapor liquid 

equilibrium and density modeling results when u1,opt = 2.10 and u2,opt = −0.75 [22]. In the case of 

the tc-PR EoS, the values are very close (u1 = 2 and u2 = −1). 

To get as close as possible to the optimum values, the model presented stems from the fusion 

of a three-parameter cubic equation designed for refrigerant modeling and work on modeling the 

quantum effects of normal hydrogen. The CAH EoS is a modified three-parameter Patel-Teja EoS 

[23]. To achieve better results on thermodynamic properties than the tc-PR EoS, the constants (u1) 

and (u2) are calculated using Eqs (4) to (9) based on the corrected critical compressibility factor for 

each pure substance. Parameters (u1) and (u2) are defined by the relation (4): 

        (4) 

Where (u1) is defined by the expression (5): 

     
 

 
 (5) 

 u1 + u2 = 0 (4) 

The parameters (c) is defined by the Eq (6). 
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(6) 

The parameters (Ωa), (Ωb), and (Ωc) are defined by equations (7) to (9) where the critical 

compressibility factor (Zc,opt) becomes a component-specific parameter. 

 

                                         
  (7) 

  
               

         
         

    (8) 

             (9) 

The performance of CAH EoS will be compared with the tc-PR EoS defined by Eq (S1) in 

supplementary materials section [17]. In the subsequent parts of this paper, the Peneloux volume 

translation (vt) is incorporated into the tc-PR EoS in all modeling and defined by Eq (10) [20]. 

However, this volume translation (vt) increases density and residual enthalpy modelling. 

  
  

   
 

 

                        
 

(10) 

3. Pure compounds modeling 

3.1. The α and β function selected 

The generalized Twu et al. α-function (αTWU), defined by Eq.(11), is selected, where (L), (M) and 

(N) are component-specific parameters and (Tr) is the reduced temperature [24]. 

           
      

           
     (11) 

The model must take into account the "quantum swelling phenomenon" of quantum 

molecules. To address these phenomena, Aasen et al. proposed an improvement based on 

Feynman-Hibbs quantum-correction [16] [25]. For this paper, the Feynman–Hibbs correction is 

applied to the covolume in the case of normal hydrogen and helium, defined by Eq (12), where (A) 

and (B) are component-specific parameters. This β-function should be a decreasing function and is 

intuitively expected to tend towards 1 for T > Tr. 
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  (12) 

 

3.2. Numerical parameter adjustment methodology 

For each component studied, the properties used for each component are described in Table 1 

where (ρc) is the critical density, (ω) is the acentric factor and (Tt) is the triple point temperature. 

The nonlinear optimization method "Fmincon" available in Matlab version 2023b software 

[26][27][28][29] was selected to adjust each numerical coefficient, including (L), (M), (N), (Zc,opt), as 

well as (A) and (B) for the quantum components for each compound listed in Table 1. These 

parameters are adjusted by minimizing the difference between the value provided by CAH EoS and 

the value of the reference equation, the objective function is defined by the Eq (13). The chosen 

thermodynamic properties are the saturated vapor pressures and the saturation liquid densities 

given by the reference equation of each component. 

        
             

      
 

    

   

 

 (13) 

 

Where (ξ) is the weight that is adjusted to prioritize the accurate representation of certain 

thermodynamic properties over others, (Nref) is the number of data points and (X) is (Psat(T)) (with 

ξ = 0.8) and (  ) (with ξ = 0.2). The numerical parameters are adjusted by minimising the 

objective function considering each component "reference" EoS [30][31][32][33][34][35][36][37]. 

The accuracy of each thermodynamic properties predicted by the reference EoS for each 

component are mentioned in Table 2. More details on uncertainty values can be found in the 

corresponding reference paper. The optimized values used for each component are gathered in 

Table 2. For the non-quantum components, the variables (A) and (B) are set to zero. 
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Table 1: Critical data for each component. 
Name Tc (K) Pc (MPa) ρc (kg·m−3) ω Tt (K) Reference 

H2 33.145 1.2964 31.262 -0.219 13.957 [30] 

He 5.1953 0.22832 69.58 -0.3836 2.1768 [31] 

CO2 304.13 7.773 467.6 0.22394 216.59 [32] 

CO 132.86 3.494 303.91 0.0497 68.16 [33] 

Ar 150.69 4.863 535.6 -0.00219 83.806 [34] 

N2 126.19 3.3958 313.3 0.0372 63.151 [35] 

H2O 647.1 22.064 322.0 0.3443 273.16 [36] 

CH4 190.56 4.5992 162.66 0.01142 90.964 [37] 
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Table 2: Numerical settings used for Eqs. (11) and (12) for each component are applied to CAH EoS. 

 

Numerical parameter Reference EoS accuracy 

Component L M N Zc,opt A(K) B(K) ∆ρ(%) ∆w(%) ∆cp(%) ∆Psat(%) P-range (MPa) T-range (K) ref 

H2 -0.0108 -0.039 0.0352 0.3133 0.8277 0.2147 0.04 0.5 1.0 0.2 0-100 250-450 [30] 

He 0.3711 2.174 0.2668 0.3202 1.1518 4.3821 0.2 0.2 2.0 0.02 0-50 50-200 [31] 

CO2 0.286 0.8928 1.3935 0.2911 
  

0.05 1.0 1.5 0.012 0-30 0-523 [32] 

CO 4.4434 0.0945 0.2129 0.3 
  

1.0 - 2.0 0.2 0-100 0-500 [33] 

Ar 0.4434 0.7897 0.4312 0.3042 
  

0.03 1.0 2.0 0.04 0-30 90-450 [34] 

N2 2.6974 1.337 0.085 0.3013 
  

0.02 1.5 2.0 0.02 0-30 240-523 [35] 

H2O 0.2051 0.6371 0.8639 0.2459 
  

0.1 0.15 0.2 0.025 273-423 0-10 [36] 

CH4 2.2932 3.6516 0.0438 0.3009 
  

0.07 0.3 1.0 0.07 0-50 91-350 [37] 
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The values used for quantum corrected tc-PR EoS are drawn from various articles: 

 Aasen et al. [16] for quantum compounds. 

 The general formula of Twu et al. parameters dependent on the acentric factor of Privat and al. 

[24] for water. 

 Le Guennec et al. [38] for other. 

These values are available in Table S1 in supplementary material section. For quantum corrected 

tc-PR EoS, the optimization of the volume translation of water was carried out by fixing the 

parameters of the Twu et al. function and minimizing the gap between the liquid density curve of 

water at saturation calculated by the reference equation and the one from quantum corrected tc-

PR EoS over the temperature range from the triple to the critical point. The volume translation 

value for water obtained is vt,H2O = 2.44 × 10−3 m3·kg−1. 

3.3. Results and discussion 

The optimized values for normal hydrogen closely align with the reference equation of state, as 

illustrated in Figures 1a and 1b. 

  

(a) Pressure (b) Density 

Figure 1: Saturation line for pure normal hydrogen. Solid line: CAH EoS modeling, Dashed line: Quantum corrected 

tc-PR EoS, Dotted line: fundamental normal hydrogen EoS modeling [30]. 

A strong agreement is observed between the calculated values from the reference EoS and 

those predicted by our model, spanning from the triple point to the critical point. 
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The model’s performance is quantified using the relative deviation (BIAS) and the average relative 

deviation (ARD), as defined in Eqs. (14) and (15) respectively where (X) is a thermodynamic 

property. 

         
   

    
 

             

      

    

   

 (14) 

        
   

    
  

             

      
 

    

   

 

(15) 

The calculated BIAS and ARD values for each component studied are summarized in Table S2 in 

supplementary material section. The CAH EoS provides superior predictions for the saturation 

pressure and liquid density of pure normal hydrogen compared to those from the quantum 

corrected tc-PR EoS. However, the dispersion in liquid density remains comparable between the 

two models. 

The behavior of the α-function for CAH EoS, depicted in Figure 2a, shows a gradual decline 

towards zero, adhering to the monotonic decrease condition for alpha functions as outlined by Le 

Guennec et al [38]. In contrast, the α-function for the quantum corrected tc-PR EoS exhibits a bell-

shaped form below 50 K, transitioning to a decreasing trend at higher temperatures. While this 

does not strictly comply with the alpha function requirements, it is acceptable for quantum pure 

substances [24]. 

In this paper, the validation of the numerical parameters for each component is based on two 

elements, the prediction of the pressure and density at saturation. These predictions are 

comparable to the quantum corrected tc-PR EoS and the behaviour of the alpha function respects 

the conditions given by Le Guennec et al. for helium and normal hydrogen. 

The Beta function behavior for CAH EoS, shown in Figure 2b, indicates that beyond 150 K, the 

Feynman-Hibbs correction remains nearly constant at β = 0.985, rendering the correction 

negligible outside the cryogenic range. The critical compressibility factor optimization in the CAH 

model mitigates the correction impact, which is significant only at temperatures below 150 K. 
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(a) α function (b) β function 

Figure 2: Numerical function lines depend on temperature for pure normal hydrogen. Solid line: CAH EoS modeling, 

Dashed line: Quantum corrected tc-PR EoS modeling (using parameters from Table S1). 

 

The main thermodynamic properties predicted by the models are described in Figure 3 and the 

details are referenced in Table 3. The quantum corrected tc-PR EoS more accurately predicts 

density at high pressures and low temperatures, whereas CAH EoS maintains an error margin 

below 4.1% across the entire range. Near the critical point, CAH EoS predictions are comparable to 

those of quantum corrected tc-PR EoS, as demonstrated in Figure S4 and Table S4 in 

supplementary material section. Residual enthalpy predictions are superior with CAH EoS at low 

temperatures, but this accuracy diminishes above 20 K. Residual entropy modeling yields better 

results with a maximum deviation of 11% for CAH EoS, compared to 32% for quantum corrected 

tc-PR EoS. At high temperatures, CAH EoS provides a better model for the residual molar heat 

capacity at constant pressure, albeit with lower overall precision. Speed of sound modeling 

accuracy is improved, with deviations under 4% above 105 K using CAH EoS. The Joule-Thomson 

coefficient is also better represented with CAH EoS, although both models exhibit limitations in 

this regard. Overall, while the CAH EoS has limitations, it offers improvements in the modelling of 

various thermodynamic properties over a wide pressure and temperature range.  

The inclusion of volume translation in the quantum corrected tc-PR EoS significantly enhances 

the accuracy of density and residual enthalpy predictions. However, it negatively affects the 

modeling of other thermodynamic properties. Without volume translation, the quantum corrected 

tc-PR EoS provides better predictions for residual entropy, constant pressure heat capacity, speed 

of sound, and the Joule-Thomson coefficient, as detailed in supplementary material section. 
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Conversely, the CAH EoS, while slightly degrading the accuracy of density and residual enthalpy 

predictions, allows for reasonably accurate modeling of all thermodynamic properties. Pure 

component vapor pressure and liquid densities at saturation calculated by the CAH EoS are 

compared to available experimental data of pure normal hydrogen and helium in supplementary 

material section. 

 

 
  

(a) Density (a) Residual enthalpy (c) Joule-Thomson coefficient 

Figure 3: Thermodynamic properties of pure normal hydrogen as a function of pressure at 20 (red), 105 (green), 

200 (blue), 298, (purple) and 353 (black) K. Solid line: CAH EoS modeling, Dashed line: Quantum corrected tc-PR 

EoS modeling, Dotted line: fundamental normal hydrogen EoS modelling [30]. 
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Table 3: Comparison of quantum corrected tc-PR EoS and CAH EoS performance for pure normal hydrogen based on 

fundamental normal hydrogen EoS modeling [30]. Symbol ∅ stands for a percentage greater than 100 %. 

 

EoS Quantum corrected tc-PR   CAH   

T (K) 20 105 200 298 353 Avg 20 105 200 298 353 Avg 

BIAS ρ 4.0 -0.56 -0.75 -0.52 -0.39 0.36 3.4 -1.3 -1.8 -1.2 -0.93 -0.37 

ARD ρ 4.0 0.60 0.75 0.52 0.39 1.3 4.1 2.0 1.8 1.2 0.93 2.0 

BIAS hres 6.8 -1.1 22 17 15 12 0.8 -27 54 54 48 26 

ARD hres 6.8 21 22 17 15 16 3.7 34 54 54 48 39 

BIAS sres 32 24 23 21 20 24 9.0 11 3.6 -3.0 -6.3 2.9 

ARD sres 32 24 23 21 20 24 9 11 3.6 3.4 6.6 6.7 

BIAS cpres 90 24 29 30 31 41 -21 31 17 4.1 -3.3 5.6 

ARD cpres 90 24 29 30 31 41 21 31 20 13 12 19 

BIAS w 77 36 22 16 14 33 -10 1.9 0.46 -0.13 -0.15 -1.6 

ARD w 77 36 22 16 14 33 13 4.0 2.2 1.2 1.0 4.3 

BIAS µ -83 ∅ ∅ ∅ ∅ -83 -19 -30 -13 1.2 -1.7 -13 

ARD µ 83 ∅ ∅ ∅ ∅ 83 19 34 30 28 22 27 

 

4. Mixtures modeling 

4.1. van der Waals mixing rule 

To model hydrogen with other components while avoiding complicating the calculations, the 

optimized critical compressibility factors are kept constant for each pure component in mixtures. 

The parameters (a) and (b) of the equation of state are recalculated according to the classic van 

der Waals Mixing Rules (vdW MR). These parameters are computed using Eqs. (16) to (19) where 

(xi) is the molar fraction of the compound i, (Nc) is the number of compounds, (kij) is the binary 

interaction parameters (BIP) and (lij) is binary repulsion parameters (BRP) between the compound i 

and the compound j [39]. 

           

  

   

  

   

 

(16) 

               (17) 
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(18) 

  
     

 
        

(19) 

The parameter (c) is calculated using the classical linear combination rule defined by 

equation (20). 

       

  

   

 

(20) 

For tc-PR EoS, the volume translation is defined by Eq (21) [40]. 

          

  

   

 

(21) 

For each mixture, the binary interaction parameters (BIP) and binary repulsion parameters 

(BRP) were regressed for each isotherm using an optimization program in Matlab version 2023b 

software. The program minimizes the objective function defined by Eq (13), where (Nref) is the 

number of data points, ξ = 1, (X) denotes the experimental vapor fraction (yexp) and the 

experimental pressure (Pexp), respectively, for each isotherm. Each BIP was optimized for each 

isotherm, with the BRP considered constant for each compound. For helium, the values reported 

by Aasen et al. [16] for modeling with the quantum corrected tc-PR EoS were utilized. 

A linear variation of the BIP as a function of temperature is considered, as described by Eq. (22) 

and illustrated in Figure S6 in supplementary material section. For other compounds, the BIP 

remains nearly constant with temperature, and the values of these coefficients are presented in 

Table 4. 

                 (22) 
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Table 4: Value for Eq (22) and BRP (lij) for each compound. 
 Quantum corrected tc-PR CAH 

 Ak,ij Bk,ij lij Ak,ij Bk,ij lij 

H2/He 0 0.17 -0.16 -0.01 0.495 -0.08 

H2/H2O 6.91 × 10−3 2.61 0.11 2.87 × 10−3 -0.828 0.25 

H2/CO2 0 0.14 0 0 0.13 0 

H2/CO 0 0.03 0 0 0.03 0 

H2/N2 0 0.04 0 0 0.052 0 

H2/CH4 0 0.01 0 0 0.032 0 

H2/Ar 0 -0.04 0 0 -0.037 0 

 

4.2. Wong-Sandler mixing rule 

To improve the calculation of phase equilibrium, particularly in mixtures, the Wong-Sandler 

mixing rules are considered [41]. The advantage of this type of mixing rule is that it retains the 

symmetrical (φ − φ) approach, which is suitable for high-pressure conditions, while also 

incorporating the flexibility offered by activity coefficient models. This coupling defined by the Eq 

(23) is achieved by equating the excess Helmholtz free energy at the infinite pressure state ( ) 

with the excess Gibbs free energy (Gex) derived from an activity model. 

  
       (23) 

The generalized form of the Wong-Sandler mixing rules (g-WS MR), recently developed by 

Chabab et al. [42], was employed in this work. This generalized formulation is applicable to all 

types of two- and three-parameter cubic EoS. The g-WS MR are defined by the Eqs (24) and (25) 

where the parameters (Λ) and (Λi) depend on EoS used. 

  
    

   
 

(24) 

  
 

   
 

(25) 

Where (D) and (Q) are defined by the Eqs (26) and (27) 

  

  
  

      
  

    
  

  
   

 
 

(26) 
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(27) 

For two-parameter cubic equations of state (EoS), such as van der Waals (vdW), Soave 

Redlich-Kwong (SRK), and Peng-Robinson (PR), the parameters (Λ) and (Λi) are equal and constant. 

However, for cubic equations of state with more than two parameters, (Λ) and (Λi) are not 

necessarily equal or constant and are dependent on the critical compressibility factor (Zc). The 

procedure for calculating the various parameters and their corresponding derivatives, which are 

required to compute the fugacity coefficients, is detailed by Chabab et al. . In this work, the excess 

energy is obtained using the well-known activity model NRTL, developed by Renon and Prausnitz 

[43], defined by the Eq (28) where (τij) is the NRTL binary interaction parameters and (αij) is the 

NRTL alpha parameter, fixed at 0.3. 

  
  

  
     

                    

                 
 

  

   

 

(28) 

Given the multiplicity of possible solutions, each set of optimized parameters was used to 

model densities, with the sets yielding consistent density modelling data being selected. In the 

optimization study of the H2/CO2 binary mixture, the parameters adjusted using the Fandino 

parameters [44], rather than those from Street [45], resulted in a consistent set of BIP while 

maintaining accuracy in density calculations. It was also observed that the parameter values 

obtained were lower when using the CAH EoS compared to the quantum corrected tc-PR EoS, 

suggesting that the CAH EoS more accurately accounts for molecular interactions. Consequently, 

the quality of the experimental data is crucial for accurately calibrating the models. For other 

mixtures, classical vapor-liquid equilibrium (VLE) data were employed. However, due to the 

instability of the parameter sets, a temperature dependency, as defined by Eqs (29) and (30), was 

necessary where (Aij), (Bij), (Cij), (Dij), (Eij) and (Fij) are adjusted numerical parameters. The 

parameters were optimized using literature data and are listed in Tables 5 and 6. 

    
   

  
 

   

 
                     

  
(29) 
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(30) 

 

Table 5: Value for Eqs (30), (29) and αij = 0.3 for each compound. 

Quantum corrected tc-PR g-WS MR 

 Aij (K2) Bij (K) Cij (∅) Dij (∅) Eij (K−1) Fij (K−2) 

τH2/N2 0 2282.3 24.374 134.93 0 0 

τN2/H2 0 319.44 6.6612 -32.359 0 0 

kH2/N2 0 -58.523 -0.98216 5.5434 0 0 

τH2/CO 
0 13123 268.20 -1227.9 -1.3823 0 

τCO/H2 
0 -8670.7 -192.46 866.58 1.0721 0 

kH2/CO 
0 -723.21 -17.615 78.546 0.10293 0 

τH2/CH4 0 -60.229 0 1.1400 0 0 

τCH4/H2 0 70.832 0 0.027189 0 0 

kH2/CH4 0 0 0 2.8491 -0.030583 0.00010250 

τH2/CO2 0 0 0 0.78679 0 0 

τCO2/H2 0 0 0 102.95 0 0 

kH2/CO2 0 0 0 1.8057 0 0 
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Table 6: Value for Eqs (30), (29) and αij = 0.3 for each compound. 

CAH g-WS MR 

 Aij (K2) Bij (K) Cij (∅) Dij (∅) Eij (K−1) Fij (K−2) 

τH2/N2 -82245 6182.4 45.601 -263.94 0 0 

τN2/H2 674209 -35144 -223.38 1313.8 0 0 

kH2/N2 -70258 3311.1 19.055 -113.33 0 0 

τH2/CO 0 -37455 -1365.6 5373.9 15.887 -0.029922 

τCO/H2 0 97564 3224.1 -12948 -34.999 0.062551 

kH2/CO -3133681 262609 4093.9 -18709 -28.175 0.036151 

τH2/CH4 0 102.25 0.97790 -4.9332 0 0 

τCH4/H2 0 94.118 0.079272 -0.61237 0 0 

kH2/CH4 0 296.10 1.6997 -9.7835 0 0 

τH2/CO2 0 0 0 0.79055 0 0 

τCO2/H2 0 0 0 50.734 0 0 

kH2/CO2 0 0 0 1.7136 0 0 

 

4.3. Results and discussion 

4.3.a. Vapor-liquid equilibrium 

Each mixture is characterized in Figures 4 and S7 in supplementary material section. The 

performance of the models is assessed using the BIAS and ARD functions, as defined in Eqs. (14) 

and (15), respectively. Here, (Xexp) represents the experimental vapor fraction (yexp) of normal 

hydrogen, and (Pexp) the equilibrium pressure. The results are summarized in Table 7. 
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(a) H2/CO2 at temperatures are 233.15 (red), 243.15 (green),  

258.15 (blue), 273.15 (pink), 288.15 (black), 295.65 K (cyan). 
Symbols are experimental data from Ref. [44]. 

 
(b) H2/CO at temperatures are 70 (red), 77.30 (green), 85 (blue), 105 

(pink), 115 (black), 125 K (cyan). Symbols are experimental data from 

Ref. [46]. 

 

 
(c) H2/N2 at temperatures are 63.19 (red), 70.35 (green),  

77.55 (blue), 83.67 (pink) 90.79 (black) and 110.30 K (cyan). 
Symbols are experimental data from Ref. [47]. 

 
(d) H2/CH4 at temperatures are 113.14 (red), 133.14 (green), 143.48 

(blue), 163.17 (pink), 173.25 (black) and 183.12 K (cyan). Symbols are 

experimental data from Ref. [48]. 

 

Figure 4: P − xy binary system. Solid line: CAH EoS modeling with vdW MR, Dashed line: Quantum 

corrected tc-PR EoS modeling with vdW MR. 

The H2/CO2 is better represented by the CAH EoS, with a binary interaction parameter (BIP) 

close to zero, compared to the quantum corrected tc-PR EoS. This is especially true for any 

isotherm, where the CAH EoS provides more accurate predictions. Figure 4a illustrates the 

modeling of bubble pressure, where the use of vdW MR shows good agreement with experimental 

data, particularly in vapor pressure modeling. 
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For the H2/CO mixture, the CAH EoS exhibits less accuracy at high temperatures compared to 

the quantum corrected tc-PR EoS, with a maximum deviation of 17%. However, at lower 

temperatures, the CAH EoS performs comparably. Figure 4b demonstrates improved modelling of 

the critical region at 85 and 105 K using the CAH EoS. 

For the H2/N2 mixture, higher BIP values are required for the CAH EoS compared to the 

quantum corrected tc-PR EoS. As shown in Figure 4c, the critical region is better represented with 

the CAH EoS, although the model’s efficiency decreases at lower temperatures. 
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Table 7: Comparison of quantum corrected tc-PR vdW MR and CAH vdW MR evaluated with BIAS and ARD of pressure and vapor composition for hydrogen-

containing binary mixture. References are based on experimental data. 

 

H2/CO2 

EoS Quantum corrected tc-PR CAH 

T (K) 233.15 243.15 258.15 273.15 288.15 295.65 Avg 233.15 243.15 258.15 273.15 288.15 295.65 Avg 

BIAS P 0.28 1.4 2.5 2.4 4.0 -2.0 1.4 -3.2 -1.8 -0.18 0.69 2.8 -0.70 -0.38 

ARD P 0.74 1.5 2.5 3.2 4.0 5.0 2.8 3.3 2.9 1.0 2.1 2.8 3.5 2.6 

BIAS y -0.81 0.62 -0.25 1.5 2.3 -22 -3.1 -1.2 -0.046 -1.4 -0.19 4.2 -5.1 -0.62 

ARD y 1.0 2.1 1.3 3.9 7.4 26 1.3 7.0 1.2 1.6 0.47 4.2 11 3.2 

H2/CO 

EoS Quantum corrected tc-PR CAH 

T (K) 70 77.3 85 105 115 125 Avg 70 77.3 85 105 115 125 Avg 

BIAS P -2.9 1.4 1.9 6.3 6.4 5.4 3.1 -9.2 -1.7 -3.2 1.3 2.8 3.7 -1.1 

ARD P 11 11 7.9 6.3 6.4 5.4 8.0 17 11 9.0 5.1 4.0 3.8 8.3 

BIAS y 0.092 0.99 2.2 4.7 6.5 10 -2.2 4.1 -0.87 -0.48 -0.36 -0.33 2.1 -0.36 

ARD y 0.46 0.99 2.2 4.7 6.5 10 4.1 2.38 1.24 1.41 3.2 4.6 6.1 3.2 

H2/N2 

EoS Quantum corrected tc-PR CAH 

T (K) 63.19 70.35 77.55 83.67 90.79 110.3 Avg 63.19 70.35 77.55 83.67 90.79 110.3 Avg 

BIAS P -56 -28 -8.3 -15 6.2 6.8 -16 -43 -15 -2.8 -13 5.7 5.2 -7.9 

ARD P 56 29 13 15 8.8 6.8 21 -43 19 10 13 9.2 5.3 3.1 

BIAS y 0.325 0.8 1.5 -0.85 1.8 4.4 -3.4 1.3 -1.9 -0.63 -6.0 -1.1 -1.8 -2.4 

ARD y 0.35 0.79 1.6 0.93 1.9 4.9 1.7 3.4 2.0 0.83 6.0 1.4 4.0 2.9 

H2/CH4 

EoS Quantum corrected tc-PR CAH 

T (K) 113.14 133.14 143.48 163.17 173.25 183.12 Avg 113.14 133.14 143.48 163.17 173.25 183.12 Avg 
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BIAS P -4.3 -2.3 -6.1 -2.7 1.9 2.6 -2.7 -8.2 -0.82 -1.8 1.6 4.5 3.6 0.22 

ARD P 8.4 5.2 8.0 4.8 4.0 2.9 11 6.1 4.7 5.1 2.7 4.5 3.6 5.0 

BIAS y -0.20 -1.0 -1.9 -3.7 -1.5 3.8 -1.7 0.86 1.5 2.9 4.2 7.1 12 4.6 

ARD y 0.25 1.1 3.3 6.2 10 14 4.1 0.86 1.5 2.9 4.2 8.1 12 6.2 

H2/Ar 

EoS Quantum corrected tc-PR CAH 

T (K) 83.09 95.77 104.11 111.46 122.73 134.91 Avg 83.09 95.77 104.11 111.46 122.73 134.91 Avg 

BIAS P 1.7 11 12 10 11 9.3 9.1 9.3 -0.99 1.0 -0.94 2.3 3.4 3.3 

ARD P 8.8 12 12 10 11 9.3 11 9.6 12 8.3 8.6 5.0 4.6 8.2 

BIAS y 3.4 6.0 7.3 2.2 3.1 5.7 4.4 4.9 3.4 4.2 6.7 -3.3 -3.5 5.0 

ARD y 4.2 6.3 7.7 3.0 3.7 9.2 5.0 5.3 3.9 4.8 7.0 3.5 6.3 5.7 

H2/He 

EoS Quantum corrected tc-PR CAH 

T (K) 15.4 20.4 23.0 26.0 29.0 31.0 Avg 15.4 20.4 23.0 26.0 29.0 31.0 Avg 

BIAS P 49 18 21 15 5.7 2.8 19 -15 -2.8 7.4 9.2 5.1 4.3 1.4 

ARD P 49 39 21 15 8.0 5.1 23 15 6.9 9.6 10 8.0 5.4 9.2 

BIAS y 1.2 2.7 3.9 4.9 2.4 2.8 3.0 -0.53 -2.1 0.17 2.4 2.8 7.8 1.8 

ARD y 1.2 3.8 3.9 6.0 8.9 11 5.8 0.53 3.1 1.4 4.4 10 11 5.1 

H2/H2O 

EoS Quantum corrected tc-PR CAH 

T (K) 310.89 366.46 422.00 477.55 573.11 588.67 Avg 310.89 366.46 422.00 477.55 573.11 588.67 Avg 

BIAS P 3.6 5.2 -1.2 -6.7 3.6 -10 -0.92 -10 7.7 4.5 -5.2 1.1 -12 -2.3 

ARD P 3.6 5.8 1.3 6.7 19 10 7.7 10 7.9 4.5 5.3 20 12 10 

BIAS y -0.073 -0.26 -0.20 -2.9 7.6 17 3.5 -0.038 0.56 1.2 -0.96 5.2 8.2 2.4 

ARD y 0.079 0.36 0.20 3.2 20 17 6.8 0.051 0.56 1.2 2.2 20 8.2 5.4 
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In the case of the H2/CH4 mixture, the CAH EoS model shows a maximum deviation of 12% and 

requires higher BIP values than the quantum corrected tc-PR EoS. Figure 4d indicates that the CAH 

EoS more accurately represents the vapor-liquid equilibrium (VLE) near the critical point of the 

mixture, with a pressure deviation of 4 MPa at 163.17 K. 

For the H2/Ar mixture, the CAH EoS demonstrates poor representation of vapor pressure at low 

temperatures. However, it is more accurate around the critical point at 95.77, 104.11, and 111.46 

K, as depicted in Figure S7a in supplementary material section. The vapor pressure of this mixture 

is adequately represented by both the quantum corrected tc-PR and CAH EoS models. 

The H2/He mixture, composed of two cryogenic compounds, requires special consideration due 

to the quantum effects of these components. The inclusion of a temperature dependence on the 

BIP allows the CAH EoS to outperform the quantum corrected tc-PR EoS. While the critical region 

at 29 K is less accurately modeled with the CAH EoS, as shown in Figure S7b in supplementary 

material section, it remains effective across other isotherms with a maximum deviation of 15%. 

The H2/H2O mixture is challenging due to the polarity of the water molecule, which is poorly 

represented by cubic equations of state. The addition of a BRP and temperature dependence on 

the BIP improves the accuracy and stability of the model, achieving a maximum deviation of 20%, 

as shown in Figure S7c in supplementary material section. These difficulties can be overcome by 

using phase-specific binary interaction coefficients [49] [50], but the model becomes inconsistent 

in the region of the mixture critical point. 

Overall, the CAH EoS with vdW MR provides a superior representation of VLE in binary systems 

compared to the quantum corrected tc-PR EoS with vdW MR, especially around the critical point. 

This model was initially designed to improve the prediction of equilibrium pressures near the 

critical region. Minor adjustments for non-quantum and non-polar mixtures were made to 

enhance the efficacy of the CAH EoS model. For more complex mixtures, incorporating 

temperature dependencies and constants is essential, though these modifications remain 

relatively straightforward. 

The use of mixing rules significantly enhances modelling accuracy near the critical region. 

Moreover, temperature dependencies further improve the model’s precision. The H2/CO2 allows 

for a comparison between temperature-dependent mixing rules, demonstrating that the g-WS MR 
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mixing rule corrects the shortcomings of the vdW MR. The accuracy gain is more pronounced with 

the quantum corrected tc-PR EoS than with the CAH EoS, indicating that the CAH EoS better 

captures molecular interactions and is less reliant on the choice of mixing rules. 

 

 
(a) H2/CO2 at temperatures are 233.15 (red), 243.15 (green), 258.15 

(blue), 273.15 (pink), 288.15 (black), 295.65 K (cyan). Symbols are 

experimental data from Ref. [44]. 

 

(b) H2/CO at temperatures are 70 (red), 77.30 (green), 85 (blue), 105 

(pink), 115 (black), 125 K (cyan). Symbols are experimental data from 
Ref. [46]. 

 
 

(c) H2/N2 at temperatures are 63.19 (red), 70.35 (green), 77.55 (blue), 

83.67 (pink) 90.79 (black) and 110.30 K (cyan). Symbols are experimental 

data from Ref. [47]. 

 

(d) H2/CH4 at temperatures are 113.14 (red), 133.14 (green), 143.48 

(blue), 163.17 (pink), 173.25 (black) and 183.12 K (cyan). Symbols are 
experimental data from Ref. [48]. 

Figure 5: P − xy binary system. Solid line: CAH EoS modeling with g-WS MR mixing rules, Dashed line: Quantum 

corrected tc-PR EoS modeling with g-WS MR. 

The results obtained with g-WS MR are shown in Figure 5 and the BIAS and ARD values are listed in 

Table 8. The predictions using the g-WS MR with temperature dependence of the BIP are more 
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accurate in comparison to the predictions using the vdW-MR. The H2/CO2 mixture is accurately 

modelled, the critical region of this mixture at 295.65 K is slightly overestimated. The critical zone 

of the binary mixtures H2/CO and H2/N2 are better predicted considering the g-WS MR associated 

with the CAH EoS instead the quantum corrected tc-PR EoS. Considering binary H2/CH4 system, at 

the lowest temperatures the prediction with the CAH g-WS MR overestimates critical region. 

Otherwise, at the highest temperature with the same model we observe on overestimation of the 

critical region. All the VLE of the studied mixture are accurately predicted with g-vdW MR. 

Otherwise, combining the g-WS MR with temperature dependence of the BIP leads to the best 

prediction of the VLE for each studied mixture. Also, using CAH EoS instead quantum corrected tc-

PR EoS increases the prediction accuracy around the critical region whatever the mixture rule 

used. 
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Table 8: Comparison of quantum corrected tc-PR g-WS MR and CAH g-WS MR evaluated with BIAS and ARD of pressure and vapor composition for hydrogen-

containing binary mixture. References are based on experimental data. 

 

H2/CO2 

EoS Quantum corrected tc-PR CAH 

T (K) 233.15 243.15 258.15 273.15 288.15 295.65 Avg 233.15 243.15 258.15 273.15 288.15 295.65 Avg 

BIAS x 1.1 2.3 5.2 4.3 -3.6 -0.80 1.4 -1.0 1.1 5.4 5.5 -2.6 3.2 1.9 

ARD x 2.3 3.9 5.2 4.3 3.6 6.5 4.3 2.5 3.9 5.4 5.5 3.6 5.5 4.4 

BIAS y -0.30 -0.42 -0.63 -0.52 1.2 -3.6 -0.71 -0.31 -0.95 -1.8 -2.4 -1.2 -0.56 -1.2 

ARD y 0.41 0.69 1.4 1.4 1.5 5.4 1.8 0.49 1.3 2.6 3.6 4.5 3.6 2.7 

H2/CO 

EoS Quantum corrected tc-PR CAH 

T (K) 70 77.30 85 105 115 125 Avg 70 77.30 85 105 115 125 Avg 

BIAS x -6.7 11 0.32 0.34 3.8 0.12 1.5 1.2 -0.91 3.4 1.2 0.083 0.48 0.91 

ARD x 9.3 11 3.1 2.3 3.8 2.8 5.4 2.1 2.8 3.4 2.2 2.1 2.8 2.6 

BIAS y 1.2 -1.0 0.31 1.3 1.4 1.1 0.74 -0.42 0.18 0.21 0.65 1.0 1.7 0.75 

ARD y 2.3 1.1 0.64 1.7 2.4 2.9 1.8 1.2 0.68 0.84 1.5 2.5 3.2 1.7 

H2/N2 

EoS Quantum corrected tc-PR CAH 

T (K) 63.19 70.35 77.55 83.67 90.79 110.30 Avg 63.19 70.35 77.55 83.67 90.79 110.30 Avg 

BIAS x -7.0 9.3 0.53 -2.7 1.4 34 6.0 -5.0 -4.7 11 6.7 -7.0 -41 -6.7 

ARD x 7.3 9.3 5.4 2.7 1.5 34 10 5.3 6.5 11 6.7 7.0 41 13 

BIAS y 3.0 -1.6 -0.033 -3.7 0.52 7.4 0.92 0.48 3.1 -1.0 -6.1 -0.5 -10 -2.4 

ARD y 4.1 1.6 0.82 3.7 2.1 7.4 3.3 1.8 3.5 1.3 6.1 1.5 10 4.1 

H2/CH4 

EoS Quantum corrected tc-PR CAH 

T (K) 113.14 133.14 143.48 153.21 163.17 173.25 Avg 113.14 133.14 143.48 153.21 163.17 173.25 Avg 
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BIAS x 1.8 2.7 5.1 4.2 5.7 5.0 4.1 2.1 2.4 4.1 4.6 3.1 12 4.7 

ARD x -0.3 2.1 4.6 3.6 5.7 1.1 2.8 -0.35 -0.037 2.1 -0.66 -2.0 -12 -2.1 

BIAS y 0.39 0.46 2.8 3.0 3.6 4.1 2.4 0.65 0.26 2.5 2.9 4.4 7.9 3.1 

ARD y -0.26 0.44 1.3 1.6 1.1 -0.15 0.68 -0.068 -0.24 0.048 1.6 4.4 7.9 2.3 
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4.3.b. Density 

The accuracy of density representation of the model is assessed through the BIAS and ARD 

functions, as defined by Eqs (14) and (15), respectively. Here, (X) denotes the experimental density of 

the mixture (ρexp). The results for vdW MR and g-WS MR are summarized in Tables 9, 10 and 11. The BIP 

and BRP used are the same as those adjusted based on VLE data and presented in Table 4. 

 

Table 9: Performance comparison between quantum corrected tc-PR EoS, CAH EoS vdW MR and quantum 

corrected tc-PR EoS, CAH EoS g-WS MR for H2/N2 mixture [51]. 

EoS 
 

Quantum corrected 
tc-PR vdW MR 

CAH vdW MR 
Quantum corrected 

tc-PR g-WS MR 
CAH g-WS MR 

xH2 T (K) BIAS ρ ARD ρ BIAS ρ ARD ρ BIAS ρ ARD ρ BIAS ρ ARD ρ 

0.0532 397.9 1.2 1.2 -2.8 2.8 1.5 1.5 -1.7 1.8 

 
373.2 0.94 1.1 -3.0 3.0 0.69 1 -1.6 1.8 

 
348.4 1.1 1.1 -2.7 2.7 0.84 1.2 -1.6 1.6 

 
323.6 1.0 1.2 -2.9 2.9 0.46 1.4 -1.5 1.6 

 
298.4 0.66 1.0 -2.9 2.9 0.68 1.5 -2.0 2.0 

 
278.2 0.82 1.1 -2.2 2.2 0.78 1.6 -1.2 1.4 

 
Avg 0.95 1.1 -2.8 2.8 0.83 1.4 -1.6 1.7 

0.0858 397.9 1.3 1.3 -3.0 3.0 1.8 1.8 -0.25 1.7 

 
373.2 1.3 1.3 -2.8 2.8 0.94 1.5 -0.63 1.6 

 
348.4 0.94 1.1 -2.8 2.8 0.43 1.5 -1.0 1.7 

 
323.6 0.65 1.0 -3.2 3.2 0.51 1.7 -1.6 2.2 

 
298.4 0.51 0.89 -2.2 2.2 -0.65 1.7 -0.3 1.7 

 
278.2 0.94 1.2 -2.2 2.2 1.1 2.0 -0.73 1.5 

 
Avg 0.94 1.1 -2.7 2.7 0.7 1.7 -0.75 1.7 

0.2031 397.9 1.5 1.5 -2.7 2.7 -0.15 1.8 7.3 7.3 

 
372.7 1.1 1.1 -2.6 2.6 -2.9 4.5 3.9 4.4 

 
348.4 1.0 1.0 -2.7 2.7 -3.0 4.8 3.1 3.9 

 
323.4 0.62 0.66 -2.2 2.2 -4.3 5.8 2.9 4.0 

 
298.2 0.37 0.51 -2.4 2.4 -1.3 3.9 1.0 3.0 

 
278.1 0.45 0.57 -2.3 2.3 -0.89 3.5 1.4 3.1 

 
Avg -0.36 0.36 -1.7 1.7 -2.4 2.4 -1.1 1.5 
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Table 10: Performance comparison between quantum corrected tc-PR EoS, CAH EoS vdW MR and quantum 

corrected tc-PR EoS, CAH EoS g-WS MR for H2/CH4 mixture [52]. 

EoS 
 

Quantum corrected 
tc-PR vdW MR 

CAH vdW MR 
Quantum corrected 

tc-PR g-WS MR 
CAH g-WS MR 

xH2 T (K) BIAS ρ ARD ρ BIAS ρ ARD ρ BIAS ρ ARD ρ BIAS ρ ARD ρ 

0.0532 397.9 1.2 1.2 -2.8 2.8 1.5 1.5 -1.7 1.8 

 
373.2 0.94 1.1 -3.0 3.0 0.69 1.0 -1.6 1.8 

 
348.4 1.1 1.1 -2.7 2.7 0.84 1.2 -1.6 1.6 

 
323.6 1.0 1.2 -2.9 2.9 0.46 1.4 -1.5 1.6 

 
298.4 0.66 1.0 -2.9 2.9 0.68 1.5 -2.0 2.0 

 
278.2 0.82 1.1 -2.2 2.2 0.78 1.6 -1.2 1.4 

 
Avg 0.95 1.1 -2.8 2.8 0.83 1.4 -1.6 1.7 

0.0858 397.9 1.3 1.3 -3.0 3.0 1.8 1.8 -0.25 1.7 

 
373.2 1.3 1.3 -2.8 2.8 0.94 1.5 -0.63 1.6 

 
348.4 0.94 1.1 -2.8 2.8 0.43 1.5 -1.0 1.7 

 
323.6 0.65 1.0 -3.2 3.2 0.51 1.7 -1.6 2.2 

 
298.4 0.51 0.89 -2.2 2.2 -0.65 1.7 -0.3 1.7 

 
278.2 0.94 1.2 -2.2 2.2 1.1 2.0 -0.73 1.5 

 
Avg 0.94 1.1 -2.7 2.7 0.70 1.7 -0.75 1.7 

0.2031 397.9 1.5 1.5 -2.7 2.7 -0.15 1.8 7.3 7.3 

 
372.7 1.1 1.1 -2.6 2.6 -2.9 4.5 3.9 4.4 

 
348.4 1.0 1.0 -2.7 2.7 -3.0 4.8 3.1 3.9 

 
323.4 0.62 0.66 -2.2 2.2 -4.3 5.8 2.9 4.0 

 
298.2 0.37 0.51 -2.4 2.4 -1.3 3.9 1.0 3.0 

 
278.1 0.45 0.57 -2.3 2.3 -0.89 3.5 1.4 3.1 

 
Avg 0.76 0.81 -2.4 2.4 -2.1 4.0 3.3 4.3 
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Table 11: Performance comparison between quantum corrected tc-PR EoS, CAH EoS vdW MR and quantum 

corrected tc-PR EoS, CAH EoS g-WS MR H2/CO2 mixture [53],[54]. 

EoS 
 

Quantum corrected 
tc-PR vdW MR 

CAH vdW MR 
Quantum corrected 

tc-PR g-WS MR 
CAH g-WS MR 

xH2 T (K) BIAS ρ ARD ρ BIAS ρ ARD ρ BIAS ρ ARD ρ BIAS ρ ARD ρ 

0.0536 273.15 -0.51 0.51 
-

1.9 
1.9 -0.61 0.61 

-
1.9 

1.9 

 
293.15 -1.0 1.0 

-
3.0 

3.0 -1.1 1.1 
-

3.0 
3.0 

 
323.15 -1.1 1.1 

-
3.2 

3.2 -1.2 1.2 
-

3.2 
3.2 

 
Avg -0.92 0.92 

-
1.6 

1.6 -0.88 0.88 
-

2.7 
2.7 

0.8633 323.15 -0.68 0.68 
-

1.5 
1.5 -1.2 1.2 

-
1.3 

1.3 

 
348.15 -0.77 0.77 

-
1.5 

1.5 -1.3 1.3 
-

1.7 
1.7 

 
373.15 -0.83 0.83 

-
1.5 

1.5 -1.3 1.3 
-

1.8 
1.8 

 
398.15 -0.83 0.83 

-
1.4 

1.4 -1.3 1.3 
-

1.7 
1.7 

 
423.15 -0.83 0.83 

-
1.3 

1.3 -1.3 1.3 
-

1.7 
1.7 

 
Avg -1.0 1.0 

-
1.5 

1.5 -0.79 0.79 
-

1.4 
1.4 

0.2341 323.15 -1.5 1.5 
-

3.1 
3.1 -1.8 1.8 

-
3.1 

3.1 

 
348.15 -1.1 1.1 

-
2.6 

2.6 -1.5 1.5 
-

2.7 
2.7 

 
373.15 -0.93 0.93 

-
2.2 

2.2 -1.2 1.2 
-

2.3 
2.3 

 
398.15 -0.77 0.77 

-
2.0 

2.0 
-

0.97 
0.97 

-
2.0 

2.0 

 
423.15 -0.67 0.67 

-
1.9 

1.9 
-

0.80 
0.80 

-
1.9 

1.9 

 
Avg -1.2 1.2 

-
2.5 

2.5 -1.0 1.0 
-

2.3 
2.3 
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(a) H2/CH4 mixture. Composition: xH2 = 0.2031. Temperatures: 397.9 (red), 

372.7 (green), 348.4 (blue), 323.6 (pink), 298.2 (black) and 278.1 K (cyan). 

Symbols are experimental data from Ref. [52]. 

 
(b) H2/CO2 mixture. Composition: xH2 = 0.2341. Temperatures: 323.15 (red), 

348.15 (green), 373.15 (blue), 398.15 (pink), 423.15 K (black). Symbols are 

experimental data from Ref. [53],[54] 

 

Figure 6: Pressure of normal hydrogen binary mixture as a function of densities at different temperatures and 

compositions. Solid line: CAH EoS modeling with vdW MR, Dashed line: Quantum corrected tc-PR EoS modeling with vdW 

MR. 

 

 

 

 
(a) H2/CH4 mixture. Composition: xH2 = 0.2031. Temperatures: 397.9 

(red), 372.7 (green), 348.4 (blue), 323.6 (pink), 298.2 (black) and 278.1 

K (cyan). Symbols are experimental data from Ref. [52]. 

 
(b) H2/CO2 mixture. Composition: xH2 = 0.2341. Temperatures: 323.15 

(red), 348.15 (green), 373.15 (blue), 398.15 (pink), 423.15 K (black). 

Symbols are experimental data from Ref. [53],[54] 

 

Figure 7: Pressure of normal hydrogen binary mixture as a function of densities at different temperatures and 

compositions. Solid line: CAH EoS modelling with g-WS MR, Dashed line: Quantum corrected tc-PR EoS modelling with g-

WS MR. 
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Figure 6 shows that the density of the H2/CH4 and H2/CO2 binary mixtures are better represented 

with the quantum corrected tc-PR EoS than by the CAH EoS involving with the vdW MR. In Figure 7, we 

can observe that application of g-WS MR lead to worst prediction for the H2/CH4 binary system 

particularly in the domain of temperature and pressure different from those considered for the 

parameters adjustment. For the binary H2/CO2 system, the prediction by using g-WS MR are less 

accurate than those from the vdW MR in comparison of the experimental data. For the H2/N2 binary 

system, Figures 8 and 9 show that, with the vdW MR the CAH EoS are less accurate than those with the 

quantum corrected tc-PR EoS in comparison to the experimental data. Changing the vdW MR by the g-

WS MR do not improve significantly the density predictions. 

 

 
 

(a) Composition: xH2 = 0.2499. Temperatures: 270 (red), 290 (green), 310 

(blue), 330 (pink), 350 K (black). 
(b) Composition: xH2 = 0.5002. Temperatures: 270 (red), 275 (green), 290 

(blue), 310 (pink), 350 K (cyan). 

Figure 8: Pressure of binary mixture H2/N2 as a function of densities at different temperatures and compositions. Solid 

line: CAH EoS modeling with vdW MR, Dashed line: Quantum corrected tc-PR EoS modeling with vdW MR. Symbols are 

experimental data from Ref. [51]. 
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(a) Composition: xH2 = 0.2499. Temperatures: 270 (red), 290 (green), 310 

(blue), 330 (pink), 350 K (black). 
(b) Composition: xH2 = 0.5002. Temperatures: 270 (red), 275 (green), 290 

(blue), 310 (pink), 350 K (cyan). 

Figure 9: Pressure of binary mixture H2/N2 as a function of densities at different temperatures and compositions. Solid 

line: CAH EoS modeling with g-WS MR, Dashed line: Quantum corrected tc-PR EoS modelling with g-WS MR. Symbols are 

experimental data from Ref. [51]. 

Nevertheless, considering the fact that EoS theory is based on the mean field theory, it is possible to 

extrapolate phase equilibrium and thermodynamic property predictions outside the range of 

temperature pressure and composition considered in parameter adjustments [24][55]. The prediction 

capability involving the g-WS MR depends strongly on the quality of the experimental data used for BIP 

adjustments. Using suspicious VLE data can lead to a false prediction of density. It is not the case using 

vdW MR as this mixture rule required only one BIP less sensitive to the quality of the data. The 

relevance of the mixing rules proposed in this article can be assessed in more detail by considering 

predictions of the speed of sound and heat capacity at constant pressure. A recent paper by Lozano-

Martin et al. [56] reports speed of sound measurements in the binary mixture H2/N2 while van Itterbeek 

et al. [57] provides measurements for the binary mixtures H2/CH4 and H2/CO. On the basis of these 

studies, a complementary investigation must be realized to validate the mixing rules capability used to 

predict the speed of sound of H2/N2 binary mixtures. 

5. Conclusion 

Hydrogen is an energy carrier that is gradually being developed on an industrial scale. The need to 

develop reliable thermodynamic models is central to the development of efficient production processes 

[58][59]. The well-known models such as GERG-2008 and PC-SAFT EoS show comparable results with 
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the cubic EoS models [60]. However, if the GERG-2008 and the PC-SAFT EoSs have to be used with a 

new binary system involving hydrogen, it will require numerous experimental data for the adjustment of 

the BIP, which is not the case with cubic EoSs due to their simplicity [61]. Thermodynamic models are 

primarily used in macroscopic simulation software, and the calculation time should be minimized as 

much as possible to facilitate their application. 

The CAH EoS strikes a balance between precision in thermodynamic modelling and simplicity. Its 

adaptation for modelling normal hydrogen and its "quantum swelling phenomenon" extends its 

applicability while maintaining minimal corrections within its performance range. The CAH EoS is 

comparable to or even exceeds the quantum corrected tc-PR EoS model in accuracy for various 

thermodynamic properties used in industrial applications, while maintaining a reasonable number of 

numerical parameters. This feature notably mitigates the impact of volume translation effects 

associated with the quantum corrected tc-PR EoS. 

For binary mixtures, the CAH EoS model demonstrates superior accuracy around the critical region 

compared to the quantum corrected tc-PR EoS. The vdW MR is adequate for modelling these mixtures 

accurately. However, for more complex mixtures, temperature-dependent BIP and the inclusion of a 

BRP are necessary to achieve correct results. Although densities using the vdW MR show slightly lower 

precision than those with the quantum corrected tc-PR EoS, the CAH EoS maintains consistent accuracy 

across all compositions and temperatures. 

The g-WS MR requires temperature dependence to model mixtures accurately. Nevertheless, this 

mixing rule is more unstable during optimization and significantly impacts the efficiency of density 

modelling for mixtures. These EoS form the basis for process design and must be both precise and 

reasonably complex. When using g-WS MR, constraining the model to a few experimental density points 

while optimizing for VLE could help avoid these multiple root problems. They facilitate the modelling of 

binary mixtures commonly encountered in industrial applications and can be easily extended to 

multiconstituant mixtures. 
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