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Abstract

We study mean-field control (MFC) problems with common noise using the control randomisation
framework, where we substitute the control process with an independent Poisson point process,
controlling its intensity instead. To address the challenges posed by the mean-field interactions in
this randomisation approach, we reformulate the admissible control as L°-valued processes adapted
only to the common noise. We then construct the randomised control problem from this reformulated
control process, and show its equivalence to the original MFC problem. Thanks to this equivalence,
we can represent the value function as the minimal solution to a backward stochastic differential
equation (BSDE) with constrained jumps. Finally, using this probabilistic representation, we derive
a randomised dynamic programming principle (DPP) for the value function, expressed as a supremum
over equivalent probability measures.

MSC Classification: 60H30; 60K35; 60K37; 93E20.

Keywords: Mean-field control with common noise; control randomisation; decomposition of processes;
randomised dynamic programming principle; backward stochastic differential equations.

1 Introduction

We will consider mean-field control problems with the following state dynamics
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with two independent Brownian motions W, B on some probability space (2, F,P) and an independent
given starting value ¢ and a control process « in some action space A. Here (Pii,;,a)se[tﬂ denotes
the F5F-predictable and P-a.s. continuous version of (£(X54*|FEF)) e 7).Our goal is to maximise the
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There are generally two main approaches to solving mean-field (or McKean-Vlasov) control problems in

the literature. The first is the stochastic maximum principle, which characterises the optimal control
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by an adjoint backward stochastic differential equation (BSDE). In the context of mean-field control
problems, the stochastic maximum principle was first studied by [8) [2] for cases where the coefficients
only depend on the law through its moments. Building on the notion of differentiability introduced by
[32] in his course at College de France, [10] extended this approach to general MFC problems; see also the
standard work [IT] for a broader overview of the related literature. The second approach revolves around
the dynamic programming principle (DPP), which breaks the original optimisation problem down into
several local optimisation problems. Combined with an It6 formula for McKean-Vlasov diffusions, this
method leads to a Hamilton-Jacobi-Bellman (HJB) equation on the Wasserstein space that characterises
the value function. [34] were the first to develop such a DPP in the general setting without common
noise, while [33] derived a DPP for MFC problems with common noise, where the admissible controls are
solely adapted to the common noise. To our knowledge, the most comprehensive results on mean-field
control problems involving common noise can be found in works of [I7, [18].

In this paper, we establish a randomised dynamic programming principle based on a randomised for-
mulation of the control problem. The idea is to replace the control process by an independent Poisson
point process, and then optimising over a set of equivalent probability measures, effectively making the
intensity of the Poisson point process the new control. The randomisation method was introduced by
[7] to deal with optimal switching problems, with further works for optimal switching problems found in
[20, 19] 21] and with [22] addressing the infinite dimensional case. Additionally, it has been applied to
impulse control problems in [30] and to optimal stopping in non-Markovian settings in [24]. [23] applied
the randomisation method to non-Markovian regular control problems. In addition, [31] studied the con-
strained BSDE for the randomised value function across a wide range of control problems, establishing a
general connection between a class of constrained BSDEs and HJB equations. The randomisation frame-
work has also found applications beyond establishing a randomised DPP. Specifically, [29, 28] proposed
a numerical scheme for fully non-linear HJB equations based on the constrained BSDEs arising from
the control randomisation framework, leading to various applications including portfolio optimisation
[37] and algorithmic trading [I]. Additionally, [16] introduced a policy gradient method for continuous-
time reinforcement learning based on the equivalence between the original problem and its randomised
formulation.

In a mean-field setting, the randomisation method as a tool has previously only been considered by
[6] based on a decoupled MKV representation introduced by [9] in the uncontrolled case. [6] provided a
randomisation method for mean-field control problems without common noise and used this to obtain a
Feynman-Kac formulation and also a randomised dynamic programming principle. Their results apply
to MFC problems with deterministic initial laws of the form 7 = 6, x € R?. This result does not extend
to general initial laws as the following example illustrates.

Example 1.1. We consider the following controlled, decoupled dynamics

1 1
dX5 = (as +E[X$])ds, X§’“ =&~ 55—1 + 551,
dX5™ = (as + E[X5))ds, X5 =,

where the control process a should be A = [—1,1]-valued, © € R and & a square-integrable random variable
with distribution & ~ %5_1 + %51. Further we assume that T =1 and that the reward functional is given
by

J(&a) =E[(XT" = )4 + (X7 = 5)-].

Then the value function is given by
V() = sup J (&, @),

and solving for the optimal control, we find o =1 for all s € [0,1], which results in V(§) = J(,a*) =

1
At the same time, the decoupled value function in [6] is defined by

V(€)= supE [(XF — 1)+ (XF7 — )]

oot

For the starting value x = —1, the optimal control is o = —1 for s € [0, 1], resulting in V(§,—1) = e—
For x =1, the optimal control is o =1 for all s € [0,1], leading to V(§,1) = e — 1.



According to [6, Proposition 2.2], we would have V (€) = E¢re[V(£,€")] = 3V (€, 1)+ 3V (£, 1), which
is not the case.

In this paper, we improve on the randomisation approach in [6] to handle general mean-field control
problems and to allow for common noise. Unlike the previous approach that relies on the decoupled
SDEs, we directly work with the mean-field SDE. This approach presents a challenge because we must
ensure that the mean-field interaction is preserved during the control randomisation.

Our approach is based on a novel reformulation of the admissible control set as a set of L% valued
processes, adapted solely to the common noise, where we require that at each time point s € [t,T], the
reformulated admissible control takes values in L°(Q,G v FV P; A). This decomposition of the original
controls is motivated by the observation that for the McKean-Vlasov dynamics, by viewing not each
particle but instead the whole current conditional distribution as the state, the idiosyncratic noise will
become part of the ”deterministic” state dynamics, and only the common noise remains as ”stochastic
noise” for this system. This viewpoint has the advantage that it leads to a very natural way to apply
the control randomisation method, as randomising over such L°-valued processes adapted solely to the
common noise keeps the mean-field interaction, in form of the conditional distribution of state process
given the common noise, intact.

We establish an isomorphism between the original and the reformulated admissible control set, up to
modification of processes. A key challenge lies in the way back from a reformulated control to an original
control, as it presents a subtle measurability issue. Specifically, given two filtrations F = (F):, G = (Gt):
and an F-progressive process & : [0,T] x Q — LY, Gr,P; A) satisfying &;(w) € L°(Y,G;,P; A) for
all (t,w) € [0,T] x Q, such as the reformulated control, we need to find an F ® G-progressive process
a:[0,T] x Q x Q' — A that is a modification of &, meaning that

ar(w, ) = dp(w) in Lo, Gr,P; A)  for all (t,w) € [0,T] x Q,

as detailed in [Proposition 3.8

We introduce a randomised control problem based on the reformulated admissible control set, by
replacing the reformulated control by an independent Poisson process taking values in L°. By show-
ing that we can again find a corresponding progressive A-valued control process, we are able to define
the randomised state dynamics. The optimisation takes now place over a set of equivalent probability
measures that vary the intensity of the Poisson point process. Crucially, the prior decomposition of
the control now ensures that the conditional law of state given the common noise remains unchanged
under different randomised controls. This allows us to apply the standard tools from the randomisation
framework, although adapted to account for the additional layer of abstraction between the original and
reformulated control. Our first main result shows that the randomised value function coincides with the
value function of the original problem.

Subsequently we represent the value function as the minimal solution to a backward stochastic differ-
ential equation (BSDE) with constrained jumps. This result is obtained by studying a class of penalised
BSDEs corresponding to value functions for a restricted set of randomised controls.

Finally, with this probabilistic representation of the value function, we directly derive a randomised
dynamic programming principle (DPP), expressed as a supremum over equivalent probability measures.
In the benchmark case where the value function is sufficiently regular, we recover the standard (non-
randomised) DPP for mean-field control problems, which has been established in the comprehensive
works of [17, [I8].

The remainder of this paper is organised as follows. In we formulate the mean-field control
problem. In Secfion 3} we introduce the reformulated admissible control set and shows its equivalence
to the original problem. [Section 4 constructs the randomised control problem and gives our first main
result [Theorem 4.8 on the equivalence of the non-randomised and the randomised problem. Finally,
[Section 5l characterises the value function as the minimal solution to a constrained BSDE, enabling us to
subsequently derive the randomised DPP.

Notation Given a random variable X, we will denote the (non-augmented) filtration generated by X
by FX. Further, for a filtration F, we will denote the P-augmented filtration by F¥ and the predictable
o-algebra w.r.t. F by Pred(F). For a path w : [0,7] — A, we denote its stopped path by [w]; =

(wsnt)sefo,1)-



For some integer ¢, we denote by | - |, and - the Euclidean norm and the inner (or scalar) product on
R’. We denote by P(R?) the space of Borel probability measures on R? and by Pa(R?) the set of elements
of P(RY) having a finite second order moment. We equip P2(RY) with the 2-Wasserstein distance W,
so that it is a metric space itself and even a Polish space. We recall that the 2-Wasserstein distance on
Pa(RY) is defined by

Wg(u,y):( inf IE[|X—Y|2])%

X~p,Y~v

for u,v € P2(RY). We also denote by C? the set of continuous functions from [0,7] to R’ and by
Ctf = (Cf)te[o,T] its canonical filtration. Further we denote the Wiener measure on C* by p%,. Finally,
given a Polish space E, we write D ([0, T]; E) for the space of E-valued cadlag functions on [0, T] equipped
with the usual Skorokhod topology.

2 Setting

Let (Q, F,P) be a complete probability space supporting an m-dimensional Brownian motion W and an
independent n-dimensional Brownian motion B. Further we suppose that there exists a separable o-
algebra G C F independent of FW:Z sufficiently large such that {P¢ |¢ € L2(Q, G, P;R?)} = Po(R?). We
define the set of admissible controls A as all FW:5 v G-predictabld!| processes taking values in some Polish
space A equipped with some metric p < 1 (otherwise we replace it by ﬁ). Let b,0,0%: [0,T] x R? x
Po(R?) x A — R4 R¥X™ RIX" he three measurable functions that we suppose to satisfy the following
assumption.

Assumption A. (A1) The functions b,o and o° are continuous.
(A2) There exists a constant L such that
b(t, z, pm,a) — b(t,y,v,a)| + |o(t,z, p,a) — o(t,y,v,a)| + |6 (t, x, u,a) — a°(t,y,v, a)]
< L(Iw =yl +Walp, V)),
for all z,y € R, p,v € Po(RY), t € 0,T) and a € A.
(A3) There exists a constant M such that
b(t,0, 60, a)| + |o(t,0,80,a)| + |o°(t,0,d0,a)| < M,
for allt € [0,T] and a € A.

Given an initial time ¢ € [0, T, an initial condition ¢ € L?(Q, GV FV,P;R?) and an admissible control
a € A, we consider the FW-B-F \/ G-progressive state process (X;vaa)se[m defined by

T B.,P T B,P
XU =gy / (s, XO Pl oy s)ds + / 05, X0 Pl e 0)dW,
t s t s
"0 t FEF
+/ (5, X35 P oy s)d B, ret,T]. (2.1)
t s

B,P
Here we denote by (P;,ﬁ,a )seft,) the FB-F-predictable and P-a.s. continuous version of (L(XL5*|FEF)) e 1),

B,P
that is Piﬁ,g,a = L(XL&| FBEY Poas., for all s € [t,T]. The existence of such a version is ensured by

[T8, Lemma A.1], since the sets of FZ-F-optional and FZ-F-predictable processes coincide by [35, Chapter

V, Corollary 3.3]. We note that under we have existence and uniqueness of (X&) ¢, 7
and

sup E [ sup |X§’§’”‘|2} <00
acA s€(t,T]

'We could also allow all (FW>5:F v G)-predictable processes, since by [25, Lemma 2.17(b)], every (FW:5:P v G)-predictable
process is indistinguishable from an (FW:B v G)-predictable process. We choose (FW>B v G)-predictable processes only to
slightly simplify the presentation in



Let f: [0,7] x R x Pa(RY) x A — Rand g: R? x Po(RY) — R be two Borel-measurable functions
on which we make the following assumption.

Assumption B. There ezists a constant M > 0 such that

e + ot < Mkl + ([ o))

for all (t,z,p,a) € [0,T] x R? x Py(RY) x A.

Remark 2.1. In certain results, such as the equivalence between the original and the randomised problem
n the linear growth assumption on f and g can be relax to quadratic growth. Neverthe-
less, for the law invariance result of the value function by [18], and to establish the (randomised) DPP
in [Section 5.3 and the BSDE characterisation of the value function in [Section 5.1, we need the more
restrictive linear growth assumption.

We next define the function J by
téa nFr g ¢ FEBF
T(t.60) =B [g00 PR + [ s XU s
T t s

for t € [0,T), £ € L*(Q,G VvV FV,P;R?Y) and o € A. Under and [B] the function J is well
defined. We consider the optimal value of J over the set of admissible controls A. Consequently, we
define the value function as
V(t,&) = sup J(t,§,a) < o0.
acA
We note that [I7, 18] show that the value function does not depend on the choice of the probability
space, and that it depends on ¢ only through its law ]P’gﬂ

Proposition 2.2 ([I8] Proposition 2.4]). The value function is law invariant, that is, it depends on & only
through its law Pe. Furthermore, the value function does not depend on the specific choice of (2, F,P)
and G, as long as G is rich enough.

Therefore, with slight abuse of notation, we will also write

V(t,Pe) = V(t,8).

3 Reformulating the set of admissible controls

In this section, we derive an equivalent reformulation of the original mean-field control problem, that
will form the basis for developing the randomised formulation in [Section 4 The key idea behind this
reformulation is that in McKean-Vlasov dynamics, by treating the entire current distribution as the
state space rather than focusing on individual particles, the idiosyncratic noise becomes part of the
deterministic state dynamics, leaving the common noise as the only "true noise” affecting the system.
This leads us to reframe the control set A of F"»B v G-predictable processes by connecting it to a suitable
set A of only FB-predictable processes. This approach aligns the control problem thus aligning the control
set more closely with the traditional (non-mean-field) framework, where the control is adapted to the
external noise.
In this spirit, let us consider the sets

A =L(Q,6 Vv FEY P A),  se(0,T],
of P-equivalence classes of G V FV-B(A)-measurable functions ¢ :  — A equipped with the metric
o' 6%) =E[p(¢",¢")] <1, forall ¢',¢” € A..

They will now take the role of the action space, each at its corresponding time s € [0,7]. We remark that

Au C A,, for u < v. Further, since A is a Polish space and G and F!V are separable, the spaces A are

2They furthermore show that the strong and the weak formulation of the problem both lead to the same value function.



also Polish, s € [0, 7). Finally, we define the set A of all FB-predictable processes & : [0,T] x Q — Ar,
such that additionally &, € A, for s € [0,T].

We will spend the rest of this section on the relation between the sets A and A. More precisely, in
[Section 3.7] we will introduce in which sense we can identify such process & : [0,7] x Q — Ar with the
original control processes of the form « : [0,7] x Q@ — A in a slightly more general setting, which we
will need in Section 4l Afterwards, in we will use this concept to establish an equivalence
between the action sets A and fi, which will aid in the upcoming construction of the randomised control

problem in [Section 41

3.1 Identifying decomposed controls with original controls

Since in[Section 4l we are going to extend our probability space for the randomised formulation to allow for
an additional Poisson point process p, we will in this section consider more generally processes defined on
an extension (Q, F, ]f”) of our original probability space (2, F,P). This means that Q=0xQ,OxFCF
and I@’(Q x ) = P. We denote by 7 : () — Q the canonical projection, which by definition is probability
preserving. We next identify o-algebras on () as o-algebras on Q by replacing them with their reciprocal
images by m. We also extend the definition of random variables on €2 to Q by composing by .

For a suitably general class of processes & : [0,7] x QO — Ar and o [0,T] x Q — A, we will define
the identification relation as follows.

Definition 3.1. Let (Q, F, P) be an extension of (Q, F,P) andF a filtration on the extension independent
of G,W. Then we say that an FW v G V F-progressive process o : [0,T] x Q) — A F-identifies to a F-
progressive process & : [0,T] x 0 — Ap = LY(Q,GV FW P; A) if there exists an (GVFW) @ F-progressive
process ® : [0,T] x Q x Q — A such that

s (@) = By (m(@), ),  for all (s,®) € [0,T] x Q,
and, viewed as equality in L°(Q,G Vv F)Y | P; A),
Gs(Q) = Bs(-,@),  for all (s,&) € [0,T] x €.

We remark that just by the definition it is not clear whether given an « also an & identifying with «
exists (and vice versa). However, we can show that, if it then exists, & given « (and similarly « given &)
is unique up to modification, as the following [Lemma. 3.2l shows.

Lemma 3.2. Let (Q, F, I@’) be an extension of (0, F,P) and fori € {1,2} let o® be a FV VGV -progressive
process F'-identifying to a F'-progressive process . Then for all s € [0,T],

Ef[p(al, a?)] = EF[p(al, a2)].

S

1

In particular, o' is a modification of o iff &' is a modification of &2.

Proof. Fori € {1,2}, by definition there exists (GVFY) @ Fi-progressive processes ®' : [0, 7] x Q2 x ) — A
such that _ _ N
Q@) = (n(@),®),  for all (s,0) € [0,T] x Q,

and, viewed as equality in L°(Q,G v FV P; A),
(@) = ®L(-, &),  forall (s,@) €[0,T] x Q.

Defining the filtration F := F! v F?, we note that [ is also independent of G, W and ®!, ®2 are also
(G VEFWY) ® F-progressive. Thus, for all s € [0, 7],

B plal,ad)] = | p(@1(r(2), @), 82 (n(@).2))B(da)
Q
= [ | p@hn(@), o). 82r(@), 6%) Bl Bras®) = Elp(a ),

where the second equality comes from the independence of G, W and F. |



Moreover, in some cases, e.g. if the filtration F is generated by a cadlag process, we can even show
that uniqueness in joint law holds for this the identification, see the following [Lemma 3.3 which will be
useful in the case of Poisson processes in [Section 4

Lemma 3.3. Let (O, F PY), i = {1,2} e two extensions of (2, F,P). Denotes by G, W' be the
canonical extensions of G,W, and by ©* : QF — Q be the canonical projection, i = {1,2}. Further let
on each (QZ,]}’,I@”) be a cadlag, FNi—pmgressive process N independent of G' and W' taking values
in a Polish space E, an FW'N' v G-progressive map o' : [0,T] x O — A and an FN' -progressive
at: 0,7 x Qf — Ap which FNi—identiﬁes to of, i = {1,2}. Then the following statements (of equality
in finite dimensional distributions) are equivalent

(i) L% (x', N, ab) = £P (72, N2, 0?),
(ii) £F'(x1, N1, &) = £P(n2, N2, 42),
(iii) £F' (x!, N1, al,61) = £F (72, N2, a2, 42).
Proof. By definition there exists (G VFY) @ FN'-progressive processes ® : [0, T] x Q2 x ¥ — A such that

ol (@) = @ (r'(@F),&%),  for all (s,&%) € [0,T] x O,

S

and, viewed as equality in L°(Q,G v FV P; A),
(@) = ®i(, 0",  forall (s,&%) € [0,T] x Q.

Then the Doob-Dynkin Lemma implies that there exists a B([0,7]) @ (G vV F¥) @ B(D([0,T); E))-
measurable U : [0, T x Q x D([0,T]; E) — A such that

P (w,0") = Wl (w, N (&),  forall (s,w, &) €[0,T] x Q x Q.
Now we define o2 : [0,T] x Q% — A and &% : [0,T] x 0> — A via

o (&?) = UL(x2(&?), N2(&?)), for all (s,&%) € [0,T] x 2,

S S

and
62 (%) = WL(,N>(@?),  forall (s,0%) € [0,T] x Q2.

S

By construction, 42’ is B([0,T]) ® .F%VQ-B(A)-measurable and o is B([0,T] ® (]—‘;VQ’N2 V G)-measurable.
Now let us assume that holds, which means that c¥ (rt, Nt al) = ¥ (7%, N? a?). Then by
construction

o (71'1, N ot ol al) = P (7r2, N2 a2, a2/, d2/), (3.1)

which shows that a? = a?l, P2as., for all s € [0, 7], which means that a? is a modification of ozzl.
Therefore, using that W2(x2(-), N2(-)) is B([0,T]) ® (G V F¥’) @ FN"-measurable and that G2 v F}¥~
and N? are independent, we obtain

E”[p(03,0)) = B [p(W3(x*, N?), wi(x*, N?)] = BT [p(a. 43)] = 0.
and hence 42 = a2, P2-a.s., for all s € [0, 7], which together with [(3.1)] implies The direction
= can be proven similarly. O

Remark 3.4. It is not strictly necessary for there to be a cadlag process N generating the filtration
F = FN. The result [Lemma 3.3 holds more generally as long as the filtration F is countably generated.
However, in this paper, we focus on filtrations F = FN generated by cadldg, piece-wise constant pro-
cesses N, such as Poisson processes, as these will be relevant to the randomisation framework outlined in

ection J).



3.2 Equivalence of the action sets A and A

In this section we will show that for each a € A there exists an & € A such that « identifies with & and
vice versa. We equip A and A with the following pseudometrics

N T N . T
diata?) =8 [ [ ptabadas],  data) =87 [ [ palatjas],
0 0

By [Cemma 3.2} this will then define an isomorphism between the induced quotient spaces A/ and A/,
where a! ~ a® (resp. &' ~ a?) iff d5y(at,a?) = 0 (resp. di(&l,&Q) =0).
In particular, this justifies considering the optimal control problem over the action set A rather than

A, which will be crucial for [Section 4] as it provides a more natural starting point for the construction
of the randomised control problem.

3.2.1 From Ato A

For the construction of an & € A, which FB-identifies to a given a € A, we first prove the following
general results about decomposing predictable processes.

Proposition 3.5. Let (2, F) be a measurable space with two filtrations F and G and let A be a Polish
space. Then a process X : [0, T)xQ — A is FV G-predictable if and only if there exists a F® G-predictable
process Y : [0,T] x Q x Q — A defined on the space (2 x Q, F @ F) such that

Xi(w) =Y (t,w,w), for all (t,w) € [0,T] x €.

Proof. Given Y, the F V G-predictability of X is obvious. So let us focus on the other direction. We
assume that the Polish space A is isomorphic R, and thus w.l.o.g. assume that A = R.

We will prove this result using the functional monotone class theorem. To this end, we denote by H
the space of FV G-predictable functions X : [0, 7] x  — R such that a corresponding Y X exists. We note
that if X!, X2 € H# and ¢ € R, then also X1X2, X! + ¢X? € H since we can choose YX'X* .= yX'yX*
and YX'+eX? — y X' 4 oy X? Furthermore, if (X"),, C H and 0 < X" 1 X to a bounded process X,
then we can choose YX :=limsup, Y X" to conclude that also X € H.

Thus, recalling the generator of Pred(F V G), we only need to show that (i) 1, ¢,jxBnc € H for
all 0 < t; < ta < T and B € F,,C € Gy, (ii) l{O}xBﬂC € H for all B € Fo_,C € Gy—. By
defining y kv tarxnne = Lity to)xBxC (vespectively Y O xB0C = 1rgy, py ) this is clear and the result
follows. O

Proposition 3.6. Let (0, F,F) a filtered space, (¥, G,P) a probability space and X : [0, T| x Qx Q' — A
an F @ G-predictable process taking values in some Polish space A. Then the process Y : [0,T] x Q —
LO(Y,G,P; A), where L° is meant w.r.t. P-equivalence classes, defined by

Yi(w) = X¢(w,-) € L°(Q,G,P; A), (t,w) € [0,T] x £,
is F-predictable.

Proof. Note that it suffices to show the claim for A = R since every Polish space is isomorphic to a Borel
subset of R. Therefore we will only consider the case A = R, and carry out the proof using the functional
monotone class theorem. To this end, let H be the set of such processes X for which YX is indeed
F-predictable. Note that if X = 1, then YX = 1 is trivially F-predictable. Similarly, if X!, X? € H
and ¢ € R, then also X1X2, X! + ¢X2? € H since YX' X* = yX'yX* and y X' +eX* = yX' 4 oy X*,
Furthermore, if (X™),, € H and 0 < X™ 1 X to a bounded process X, then Y = lim, YX" is also
F-predictable, and thus X € H.

Finally, we need to verify that  contains a generating set for Pred(F). For this we note that both (i)
Lty ta]xBxc for 0 <ty <ty <Tand B € F,,C € G and (ii) 1{gyxpxc for B € Fo—,C € G are in H since
the corresponding processes Y are clearly F-predictable and thus H indeed contains all F ® H-predictable
processes X. O

Putting these results together, we can now prove the following



Proposition 3.7. For every o € A, there exists an & € A that FB -identifies to é.

Proof. We recall that o € A is FW-B v G-predictable, and thus by there exists a (G V
F") @ FB-predictable process ¥ : [0,T] x  x Q — A such that

U, (w,w) = as(w), for all (s,w) € [0,T] x Q.

Next we note that we can canonically extend ¥ to ® : [0,7] x © x Q) — A, that means it satisfies
® = U(,7()). In particular ® : [0,7] x @ x @ — Ais (G V F") @ FB-predictable, and thus by
the process & : [0,T] x Q — L%(Q,G Vv FV ,P; A) = Az defined by

G (@) = Ps(-, @),

is FZ-predictable and satisfies G,(0) € LO(Q,G vV FJV,P; A) = A, for all s € [0,T], & € Q. Therefore
& € A and « is FB-identifying to &. O

3.2.2 From A to A

Our goal in this section is constructing an a € A which F®-identifies to a given & € A. For this, we will
need several auxiliary result. The first key tool is the following measurable selection result.

Proposition 3.8. Let (0, F,F) be a filtered space and (V,G,G,P) be a filtered probability space, such
that G is separable. Let A be a Polish space and X : [0,T] x Q — L°(Q,G,P; A) be a (B([0,T]) @ F)-
B(L°(Y, G, P; A))-measurable and F-adapted process. Further assume that X.(w) € L°(SY,G;,P; A) C
LYY, G,P; A) for all (t,w) € [0,T] x Q.
Then there ezists a (B([0, T]) @ FRG)-B(A)-measurable and FRG-adapted process Y : [0, T] xQx Q' —
A such that
Yi(w, ) = X¢(w) in L°(Q, G, P; A), for all (t,w) € [0,T] x €.

Further, if X is F-progressive, then Y can also be chosen F ® G-progressive.

Proof. (i) Let us first consider the case that A = [0,1]. The following construction and proof is based
on [15, Theorem IV.30] and its detailed version in [26]. Since [0, 1] is bounded and thus the notions of
convergence in probability and convergence in L! coincide (and therefore induce the same topology), we
will in the following consider L! instead of L°. Let X : [0,T]xQ — LY(Q',G,P;[0,1]) be a (B([0,T]) & F)-
B(LY(Y,G,P;[0,1]))-measurable and F-adapted process. Then, since G and thus also L!(Q, G, P; [0, 1]) is
separable, we can approximate X uniformly by countable sums of simple predictable processes as follows:

Let n € N, and let (A7), C B(L'(SY,G,P;[0,1])) be a Borel sets of diameter d = SUp, yearllT —
Yl ,g,p500,17) < 27" covering L' (', G, P; [0, 1]), that is |, A} = L' (Q',G,P;[0,1]). Further let (B}})x C
B([0,T])®F be the corresponding preimages under X, that is By := X ~!(A}) for all k € N. We note that
if X is F-progressive, then B}} € Prog(F). Now for each k € N, we choose a G-measurable a : Q" — [0, 1]
such that o) € A} (more precise: the P-equivalence class of o is in A}'). Then we can define

P (w,w') = Zaﬁ(w')lglg (s,w), (s,w,w’) €0,T] x Q x Q.
k=1

Thus we observe that [|®%(w, ) — Xs(w)|lz1(,g,pi0,1) < 27" — 0 uniformly in (s,w) € [0,T] x €.
Moreover, the ®" are B([0,7T]) ® F ® G-measurable, but not yet adapted to F ® G, since we only have
al e LYY, G,P;0,1]).

To fix this, we define ¢} := inf{t > 0] (t,w) € B} for some w € Q} and distinguish two cases: If the
infimum is attained, i.e. ¢} € Bj(w) for some w € §, we note that Z}' := Xy» € Ll(Q’,gtg,P; [0, 1]).
In particular there exists a Gn-measurable Z1 ¥ — [0,1] such that Z7'(-) = Zp in LY, G, P; [0, 1]).
Furthermore, by construction || Z7(-) — ap (e .g.pi0,1) <277

In the case that ¢} ¢ Bj(w) for all w € Q, then we can instead find (s, wi,); C By such that
spy 4 tf. We now consider the sequence (Z}!)); = (Xs (wi,) € LY(Q',G,P;[0,1]). Note that by

kel

construction Z'; € LY(%Y, Gsp s [0,1]) for all [ € N. Now since (Z};); are uniformly bounded, by [I5,



Theorem I1.25], the sequence is relatively compact in the weak o(L!, L>°) topology. Thus, [I5, Theorem
I1.24] implies that the sequence (Z};); converges (along a subsequence) in the weak o(L', L*°) topology

to some Zp € L'(Y,G,P;[0,1]). Further, since Z7;, € L'(?, Gy ,P;[0,1]) and s, | t, we conclude
that Zp € L'(€, Gin 4, P;[0,1]), which means that we can find a G;» 4 -measurable 77 QY — [0,1] such
that Z(-) = Z in LY(?, G, P;[0,1]). At the same time, by construction || Z(-) — o (o r,g,p00]) <
liminf; o0 || 23— % ()l L1 g.p500,1)) < 27" since the L'-norm is Ls.c. w.r.t. weak o(L', L>°) convergence.

Therefore, by defining

Y (w,w') = ZZ,?(w’)lBg(s,w), (s,w,w’) €0,T] x Q x
k=1

we obtain (B([0,7]) ® F ® G)-B([0, 1])-measurable and F @ G-adapted processes Y™ for n € N, which by
construction satisfy for all (s,w) € [0,7] x Q,

IV (w, ) = 2w, M rerg.p50.) < SWllZE — of oy .g.pioa = supll Zy — afllzi @ gm0y < 277
k k
and thus

V" (w, ) — Xs(W)llz1(0r,6.P[0,1))
<Y (w, ) = % (w, )l L@ 50,07 + 198 (w,-) = Xs(w) | L1 g,pio,ap < 27" =0,

uniformly in (s,w) € [0,T] x Q. Finally, by defining the point-wise limit

Ys(w,w’) = liminf Y (w,w’), (s,w,w’) €10,T] x Q x
n—o0
we obtain the desired (B([0,T]) ® F ® G)-B([0, 1])-measurable and F ® G-adapted process, which satisfies
by construction X,(w) = Y;(w,-) in LY(Q,G,P;[0,1]) for all (s,w) € [0,T] x Q.
Furthermore, if X is F-progressive, then B} € Prog(F), for n,k € N and thus, using a similar
argument as [26, Lemma 2.7], we see that the constructed processes Z;'1 gy will be F ® G-progressive.

This in turn implies that then also Y™ =", Z}j Ipr and Y = liminf V" are F ® G-progressive.

(ii) Let us now consider the case where A is a general Polish space. By a standard result, there exists
a Borel-subset I C [0, 1] and a Borel-isomorphism ¢ : A — I C [0,1] between A and I8 We define a
left-inverse ¢ : [0,1] — A to ¢ by ¥ = 1;¢~! + 17cag, where ag € A is a fixed but arbitrary element of
the Polish space A. Clearly, v is Borel-measurable and 1 o ¢ = id 4.

Given this identification of A with I C [0,1], every process X : [0,T] x Q — L°(Q,G,P; A) can be
viewed as a process taking values in L(€', G, P;[0,1]). Specifically, we define X := ¢(X) : [0,T] x Q —
LO(Y,G,P; 1) C LO(QY,G,P;[0,1]). Then X is a (B([0,T]) ® F)-(B(L°(Y',G,P; [0, 1])))-measurable and
F-adapted process. Furthermore, it holds that X;(w) € L°(€,G;,P;[0,1]) € L°(%Y,G,P;[0,1]) for all
(t,w) € [0,T] x Q.

By there exists a corresponding (B([0,T]) ® F ® G)-B([0, 1])-measurable and F ® G-adapted
process Y : [0,T] x Q x Q" — [0, 1], such that

Yi(w, ) = X¢(w) in LO(Y,G,P;[0,1]),  for all (t,w) € [0,T] x Q.

If X is F-progressive, then Y can also be chosen to be F ® G-progressive.

Next, we map this process back to A by defining Y := ¢(Y) : [0, T]xQx Q' — A. By construction, Y is
(B([0,T]) ® F®G)-B(A)-measurable and F @ G-adapted. Furthermore, if X, and thus X, is F-progressive,
then Y, and thus Y, can also be chosen to be F ® G-progressive. Finally we have

Yo = 6(Viw, ) = $(Xe(w)) = 9(6(X: (@) = Xi(w) in LY, G, B A),  for all (t,w) € [0,T] x 2,

which shows that Y is the desired process.
O

3If A is uncountable, one may choose I = [0, 1].
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While the preceding measurable selection result allows us to select a progressive
process for each & € A, the definition of the action set A requires predictability. To obtain such a
predictable process, we will leverage the fact that a large class of predictable processes can be mapped to
the canonical space (C?,C%, C%, ud,), see W.r.t. this canonical filtration, the concepts
of progressiveness and predictability then coincide, see also the upcoming Consequently,
we will begin by proving these two auxiliary results, which are extensions of [I3] Propositions 10 and 9].

Proposition 3.9. Let (Q, F,F) be a filtered space, let (2',G) be a measurable space with a continuous
process X : [0,T] x Q' — R and its generated filtration GX and let A be a Polish space. Then a process
Y [0,T] x Qx Q — A is F® GX-predictable if and only if there exists a F @ C?-predictable process
¢ :10,T] x Qx C* — A defined on the space (Q x C4, F @ C%), where C? is the canonical filtration on
C?, such that

Yi(w,w') = é(t,w, [X (W)]t) = é(t,w, X (), for all (t,w,w") € [0,T] x Q x &,

where [w]; = (Wsat)sejo,1]-

Proof. We first prove that v : (t,w,w’) — (t,w, [X (w')];) is Pred(F @ GX)-Pred(F ® C%)-measurable. To
this end, we recall that Pred(F®C?) is generated by all sets of the form (i) (t1,t2] x C x D, where 0 < t; <
ts<Tand C € F,, D €C{, and (ii) {0} x Cx D where C € Fy_, D € {0),C%}. Thus, the measurability
directly follows from noticing that ¢=1((t1,t2] x C x D) = (t1,t2] x C x X ~}(D) € Pred(F @ G¥), since
for s > t1, X;, ' (D) = ([X]s)5," (D), respectively from 1({0} x C x D) = {0} x C x D’ € Pred(F @ G¥),
where D' = () if D = () and D’ = Q' if D = C.

At the same time, we observe that 1 also generates the o-algebra Pred(F ® GY), that is Pred(F ®
G¥) = o(¢)). Recall that the measurability of ¢ shows that o(¢) C Pred(F ® GX). For the other
direction, we note that since G;¥ = o(X;71(C)|s € [0,t],C € B(R?)), the o-algebra algebra Pred(F ® G¥)
is generated by all sets of the form (i) (t2,t3] X B X Xt:l(C), where 0 < t; <ty <t3 <T and B € Fy,,
C € B(R?), and (ii) {0} x B x D, where B € Fy_ and D € {0,'}. For (i), noting that for s > ¢,
X HO) = ([X]6),1H(O) = {wd € C} € CZ, we see that (t2,t3] x B x X 1 (C) = ¢~ ((t2,t3] x B x {wy, €
C}) € v~ (Pred(F ® C)). For (ii), we note that {0} x B x D = ¢%~1({0} x B x D’), where D’ = ) if
D = () and D' = C¢if D = ', which implies that {0} x B x D € ¢~ 1(Pred(F @ C%)). Therefore also
Pred(F @ GX) C o(¢), and we conclude that Pred(F @ GX) = o(¢)).

Using this auxiliary result, we can now prove both directions separately as follows.

(i) Let Y : [0, 7] x 2 x Q' — A be F ® GX-predictable. Using that 1 is Pred(F ® C?%)-Pred(F @ GX)-
measurable, and that Pred(F @ C?) = o(¢), an application of the Doob-Dynkin Lemma gives us the
desired F ® C9-predictable process ¢ : [0,T] x Q x C? — A with Y(t,w,w') = (¢ o ¥)(t,w,w') =
o(t, w, [ X (w)]y) for all (f,w,w’) € [0,T] x Q x Q. Finally, since []; o []s = []s, we conclude that
o(t,w, X (W) = Vi(w,w) = ¢(t,w, [X (w)]t) for all (t,w,w’) €10,T] x Q x .

(ii) For the other direction, let ¢ : [0, 7] x Q x C¢ — A be such an F ® C%predictable process. Then
since v is Pred(F @ GX)-Pred(F ® C9)-measurable, we directly obtain that Y : [0,7] x  x Q' — A,
which satisfies Y;(w,w’) = ¢(t, w, [X (w)]¢) = (¢ o) (t,w,w’) for all (t,w,w’) € [0,T] x A x ', is F& GX-
predictable.

O

The following generalisation of [I3 Proposition 9] is proven the same way as in [I3], but since the
proof is quite short, we will include it for the reader’s convenience.

Lemma 3.10. Let (2, F) be a measurable space and (C?,CL, C?, uf,) the canonical filtered probability
space of continuous R%-valued paths. Let E be a Polish space equipped with its Borel o-algebra B(E).
Then for a process X : [0,T] x Q x C¢ — E the following statements are equivalent:

(i) X is F @ Ce-predictable,
(i) X is F ® C%-optional,

(iii) X is F @ Ce-progressive,
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(iv) X is B([0,T]) ® F @ C4-B(E)-measurable and F ® C%-adapted,
(v) X is B([0,T)) ® F ® C4-B(E)-measurable and satisfies
X, (w,w?) = Xy(w, [wl]s), for all (s,w,w?) € [0,T] x Q x C%.

Proof. (i) It is known that (i) = (ii) = (iii) = (iv).

(ii) Regarding (iv) = (v), we first note that F ® C¢ = o((w,w?) — (w,[w?]s)) for all s € [0,7].
Thus using that E is Polish together with X, being F ® C-measurable, we can apply the Doob-Dynkin
Lemma to obtain an F ® C-measurable Yy : Q x C¢ — E such that X,(w,w?) = Y(w, [wl]s) for all
(w,w?) € Q x C?. Now using that []s o []s = []s for all s € [0,T], we conclude that X(w, [w?,) =
Y, (w, [w],) = Xs(w,w?) for all (s,w,w?) € [0,T] x Q x C4.

(iii) Regarding (v) = (i), we note that v : (s,w,w?) > (s,w, [wi]s) is F ® Cpredictable. To this
end, we recall since C¢ = o({wf € B}|t € [0,7], B € B(R?)) that B([0,T]) ® F ®@ C$ is generated by all
sets of the form D = A x B x {w{ € C}, where A € B([0,T]), B € F and t € [0,T], C € B(R?). For such
sets D, we have ¢~ 1(D) = {(s,w,w?) € A x B x C?%|([w¥s); € C} = {(s,w,w?) € A x Bx C¥|wd,, €
C} € Pred(F @ C%) since (s,w,w?) — w?,, is continuous and C%adapted and hence C?-predictable.
Therefore 1) is F ® C%predictable, and we can conclude that X = X o4 is also F ® C%-predictable.

O

With these tools in hand, we are now ready to go back to the action sets A and A and prove the
following [Proposition 3.11l The key idea is noting that As = L°(Q,G Vv FW P; A) and L°(Q2 x C™,G ®
CM, P ® wi; A) are isomorphic: by decomposing o € Ay similar to the preceding and
together with the Doob-Dynkin Lemma, we can find for each o € Ag an & € LO(QxC™, GRC™, PRufy; A)
such that a(w) = é&(w, W(w)) for all w € Q, and vice versa. Furthermore, since G and W are independent,
we also see that |[al|a, = [|&[|Loepury ;) that means that their respective norms also coincide. Using this
canonical probability space has now the advantage that we can use[Lemma 3.10/ to show the predictability
of the process, which allows us to prove the following [Proposition 3.11}

Proposition 3.11. For every & € A, there exists an o € A that FB -identifies to .

Proof. Starting from & € A, recalling that & is FB-predictable, we can by [13, Proposition 9] (or

with © being the trivial probability space) find a C™-predictable ¥ : [0,T] x C™ — Ar
with (s, w) € A, for all (s,w) € [0,T] x C™ such that

Gs(@) = Uy ([B(@)]s) = Uo(BW@)),  forall (s,&) €[0,T] x Q.

Furthermore as indicated before, we use that A; is isomorphic to LY@ x C™, G CM,P® uly; A) for all
s € [0, 77, and we therefore can find a C™-predictable map U : [0, T]xC™ — LY(QxC™, GRCH, Poui; A)
such that (viewed as equality in A7)

U (B(@)( W() = U(BW@))(-),  forall (s,&) €[0,T] x Q2 x Q.

Note that since W, () € As, also Uy (@) € LO(Qx C™, GRC™, P ufy; A). Next we apply [Proposition 3.8}
which enables us to select a G ® C™ ® C"-progressive process ¥ : [0,T] x Q x C™ x C" — A from the
equivalence classes from W in the sense that (as equality in L°(Q x C™,G @ CF*,P @ uif; A))

U, (w) = U, (-,-,w), for all (s,w) € [0,T] x C".

Now ¥ is defined on the canonical space and hence [Lemma 3.T0] shows that ¥ is also G ® C™ @ C"-
predictable. Finally, we define the process @ : [0,7] x Q@ x Q@ — A by

D (w,0) = Uy(w, W(w), B(&)),  forall (s,w,&) €[0,T] x Q2 xQ,

which by [Propositions 3.5 and B0is now (GVF")®@FZ-predictable, and satisfies by construction (viewed
as equality in A7)

Gs(@) = (-, &),  forall (s,@) € [0,T] x Q.
Now it only remains to define the process o : [0, 7] x Q — A by
(@) = y(n(@),0),  (5,@) € [0,T] x 2,
and we obtain the desired FW'B v G-predictable process a € A which FB-identifies to &. [l
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Finally, we conclude this section with the following which establishes the existence
of an « identifying to a given & for a more general class of &. This result is particularly important for
[Section 4] where we introduce the randomisation framework, as the Poisson process involved will neither
be predictable nor adapted to GV FW:Z and thus will not fit into the setting of [Proposition 3.11]

Corollary 3.12. Let A(Q,]i', ]f”) be an extension of (0, F,P) and F be a filtration independent of G, W.
Further let & : [0, T] x Q — Ar be an F-progressive process such that 6s(&) € As for all (s,&) € [0,T]x Q.
Then there exists an FW v G V F-progressive and FW v GV Fr-predictable process o which F-identifies to
a.

Proof. Similarly to the construction in the proof of [Proposition 3.11] we start by using that Ay is iso-
morphic to LY(Q x C™, G ® C™, P ® uf; A) for all s € [0,7], and we therefore can find a F-progressive
process @ : [0,7] x Q — L%(Q x C™,G @ C',P ® ufv; A) such that (viewed as equality in Ar)

as(@)( W) = as(@)(),  forall (s,&) €[0,T] x £,

and a4(@) € LY(Q x C™, G @ C™,P @ uipy; A) for all (s,@) € [0,7] x ). Now using [Proposition 3.8, we
can select a G ® C™ ® F-progressive process ¥ : [0, 7] x Q x C™ x Q) — A such that, viewed as equality
in AT;

(), 0) = as(@),  forall (s,@) €[0,T] x Q.

Since VU is defined on the canonical space, [Lemma. 3.10/ shows that U is also G ® C™ ® Frp-predictable.
Finally we define the process ® : [0,7] x 2 x Q@ — A by

By (w, @) = Vy(w, W(w),d),  forall (s,w,&) e [0,T] x Q2 xQ,

which is then (G VFW) ® F-progressive and by [Propositions 3.5 and B3 also (G VFY) ® Fr-predictable.
Now we only need to define the process a : [0,T] x Q@ — A by

s (@) = B, (7(@), &),  (s,&) €[0,T] x €,

which is then the desired FW Vv G V F-progressive and FW Vv G v Fp-predictable process which F-identifies
to a. O

4 Randomised problem

In this section, we derive a randomised formulation for mean-field control problems with common noise.
The main idea of the randomisation method introduced in [7] is to replace the control process by an
independent Poisson point process taking values in the action space, and then controlling its intensity
instead. While in the non-mean-field case, the set A would be the natural choice for the action space,
in which the aforementioned Poisson process should take its values, in the mean-field case this choice
runs into problem concerning the additional mean-field dependence of the state dynamics when changing
the intensity of the Poisson point process. In fact, in [6] (without common noise), the authors instead
introduced an additional space Astep of all FW-progressive step processes taking values in A, which they
then took as action space for the randomising Poisson point process. The motivation behind this approach

is that the conditional law process (]P’)f(sB ’P)S is F2-F-progressive and as such well-behaved when tilting the
Poisson point process p w.r.t. FB-#-predictable intensities.

In this paper, we take a similar approach. On the one hand, we simplify the idea of [6] by considering
the action spaces As = L°(Q,G Vv FV P; A) defined in [Section 3] which only represent the (conditional)
distribution of « at time s, instead of considering a whole piece-wise constant process in Agep as action
at a given time pointE On the other hand, we extend the setting to additionally consider problems with
common noise, which is aided by viewing A as the set of admissible controls instead of A.

Our first step will be defining an As-valued Poisson point process. Now defining a Poisson point
process with marks taking values on different spaces As depending on the current time s € [0,7] is
difficult, but we are going to utilise that A4y C A C Ay for all s € [0,T].

4The idea behind Astep could be interesting when further extending this setting to include path-dependence. However
for now, while it seems to ease the construction of the randomising Poisson point process, it later complicates the proofs
and the resulting BSDE formulation. Further it seems to be hard to get rid of the dependence on the specific sequences
used to construct Astep-
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Assumption C. We assume that (As)seo,1) 95 a family of finite measures on Ar such that
(C1) the topological support of each \s is given by As for all s € [0,T],

(C2) As K A for all0<s<r<T,

(C3) sup,epo,r) As(As) < 00.

Since it may not be obvious why such a family exists, we will provide a possible construction in
[Cemma 4.1l Note that since Ay topological support is given by A, we will view \,, depending on the
context, as measure on Ar or Ay respectively.

Lemma 4.1. Such a family (As)scpo,m) satisfying [Assumption ( exists.

Proof. Since each A is PolishE we can construct a family of probability measures (k)sefo,71n@ on Ar
such that the topological support of each &, is given by Ay for all s € [0,7] N Q, and by normalisation,
we can further assume that sup,corng fs (As) < oco. Note that this is a countable family and let
(sn)n = [0,T] N Q be an enumeration of it. Now we define A, :== 3"  _ 27"k, for all r € [0,T]. We
see that by construction Ay < A, for all t < s < r < T. Further, we recall that the filtration G vV FW'P is
left-continuous, see [27, Chapter 2, Problem 7.6], and thus we can approximate every indicator function
14 €A, A€ GVFWF by a series of indicator functions 14, € A,,, A, € GV ]:,}/Z’P with ¢, < r,q, € Q.
Since such indicator functions generate A, = L°(Q,G VvV FW P; A), this shows that Uq<r,q€@ Ay C A, is
dense in A,., and thus the topological support of each A, is really given by A,. O

To construct a randomised setting, let us suppose we are given such a family (Xs)seo, 77, and (Q, F, I@’)
is (if needed) an extension of the original space (€2, F,P) such that there exists a Poisson random measure
pon (0,7] x Ar, independent of G, W, B, with intensity ji; (a)Ar(da)ds = As(da)ds. Note that with
slight abuse of notation, we again denote the canonical extensions of the o-algebra G, the (non-augmented)
filtrations F", F2, the random variable ¢ and the processes W, B with the same symbols as their original
versions. Further, we denote the canonical projection from (Q, F, I@’) to (Q, F,P) by 7 : O - Q, and recall
that by definition it is probability preserving, that is P(x~1(A)) = P(A), for all A € F.

Given an initial time ¢ € [0, T], we define the processes Bt, u! via

B' = (Bt — By), p'=u(-Nn(tT]x Ar)).

Note that by construction BY, it are P-independent of FP*#* . Next, we construct the piece-wise constant
F“t—progressive process [0t : [t,T] x Q0 — Ar as follows

It = oy + / / (o — I pu(dr, do), s €[t T, (4.1)
(t,s] J A,

where oy € A; C Ar is a fixed chosen initial action. Note that we will later show that both the particular
choices of oy € A; and the extension (Q, F , I@’) of (2, F,P) have no influence on the resulting value
function. Furthermore, we observe in the following [Corollary 4.2|that there exists a FW:4' v/ G-progressive
process I which F! " _identifies to [ t:a¢ - and that this choice is even unique in joint law, independent of
the chosen extension (€, 7, P) of (Q, F,P). In the following we will use the notation 7|g : (€, G) — (2, G)
to denote the G-measurable projection from Q to Q.

Corollary 4.2. Given I"®t, we can choose a cadlag, FV vV G V .F%t’at-predictable and TV v G-

progressive 14t which FI"™ -identifies to ft’a", unique up to indistinguishability. In particular, I is
t

also FWV v G v Fr -predictable and FWo' v G-progressive.

Fumzher;, this choice is even unique in the joint law (7|g, &, W, B, u, ft’af, Ite), by which we mean that
if (', F',P") is a another extension of (Q, F,P) on which suitable u, [Vt 14 are defined, then also

L (x|g, & W, B, i, [0 1000) = £F (w|g, &, W, B, p, T2, I00).

5Recall that every uncountable Polish space is Borel-isomorphic to [0, 1], which we can equip with the Lebesgue measure.
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Proof. From we obtain an FV v G v f;t—predictable and FW-#" v G-progressive process
I:[t,T] x Q@ — A that FI"" -identifies to I"**. Next we define

I;,Ott — It + Z (I’I‘ — I’r‘—)) S [t,T], (42)
re(t,s], It £ [0

which by construction is piece-wise constant and in particular cadlag. Furthermore, just like I, the process
t it,a

It°t is also F v @G V Fl -predictable and FWk'! V G-progressive. Finally, since I is F! " ‘_identifying with

It there exists a (G VEFY) @ FI"** -progressive process U : [t,T] x € x Q! — A such that

L&) = Uy (r(@),&),  forall (s,&) € [0,T] x €, (4.3)
and, viewed as equality in A7,

1Y (@) = W (-,@),  forall (s,®) € [0,T] x . (4.4)
Now defining ® : [t,T] x Q x Q — A via

(I)s = \I/t‘i‘ Z (WT_\I]’I‘—)) ERS [taT]’

rE(t,s] IL AT

we obtain an (G V FV) ® Fft’at-progressive process, which due to |(4.1)} |(4.2)} |(4.3)[ and |(4.4)| now also
satisfies

IH Q) = B, (m(Q), @),  for all (s,) € [0,T] x Q,
and, viewed as equality in A7,
Y (@) = ,(-, @),  forall (s,&) € [0,T] x €.
Hence, It also FI""-identifies to [t

Finally the uniqueness result follows from [Corollary 3.12| and [Lemma. 3.3 noting that (Q F,P) an
(Y, F',P') are both extensions of (2, G V }";MB, P). D

Having a well-defined corresponding control process I“t, we can now define the FW.B".u"P G-
progressive state process X»$%t as the unique solution to the following uncontrolled dynamics

B

dX &t = b(s, P tw,that I4)ds + o (s, P tw,Xtﬁat Iben)dw,

A

B,
+0°(s, P L Xtead prendp,  XEee ¢ (4.5)

B, u,P . .
Again (Pii, :a )seft,r] shall denote the FZ “#"F_optional and P-a.s. continuous version of the conditional

law (E(X?f’”‘f|F57“7@))56[t7ﬂ, that is ]f”if:ci = L(XEEo | FBmB) Poas. for all s € [t,T]. We recall

that the existence of such a version is ensured by [I8, Lemma A.1]. Further, ensures by
standard arguments the existence and uniqueness of X &t

As admissible controls to our randomised problem, we consider the set V of all Pred(FP+) ® B(Ar)-
measurable processes which are strictly bounded away from 0 and oo, that is 0 < inf[o,T]xQx ArV <
t t
SUD[) 7xaxar ¥V < 00. Further, we will also introduce the subset Vi C V of Pred(FB*) @ B(Ar)-
measurable processes. Note that by Girsanov’s Theorem, see [14], Proposition 14.4.1], we can define for
each admissible control v € V a probability measure using the Doléans-Dade exponential L” as follows

dp”
o =LY = exp / / log v (a) p(dr, de) / / ve(a) — 1A (da)dr) s €10,T],
dP " 0,s]

(4.6)

6To match the setting described in [Section 3} we can define G’ := GV F}V and consider I = IA.t’_at‘ (0, T =] xQ — Ap
and W’ := W' . Note that, for example, I’ is then G’ v FW/—progressive since ¢/ VFW' = GV ]:Ks)se[O,Tft]-
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such that under P” the Poisson random measure z has the intensity v, (o)dsAs (da), (recall that z((0, s], du)
is supported on As; C Ar). By the following [Lemma 4.3] which can be proved in the same way as [31
Lemma 2.4], we see that P” is indeed well-defined.

Lemma 4.3. For every v € V the process LY defined in |(4.6)| is a uniform integrable martingale and
Ly € L2(Q, FRF, P; R).

We note that by standard arguments, since Pe = I@g for all v € V, from we obtain the

following uniform estimate

sup supIEIﬁw [ sup |X§’§’O‘t|2} < 0. (4.7)
at€AL VEV s€(t,T)

Our goal is now to maximise the following randomised reward functional
R i SFEHE t,€ 0 ’ t,& o t,«
(b6 o) =B [g BT oo, XE) + [ (s, 15 “ xbE phacygy],
T t

where E?” denotes the expectation under the probability measure P corresponding to v € V. Finally,
we also define the randomised value function via

(t gaat) = SupJ (tﬂgaatay) < o0,

which we know by [Assumption Bland [(4.7)|is well-defined. We note in the following[Proposition 4.4] that
this is equivalent to taking only optimising over the controls in V;.

Proposition 4.4. Lett € [0,T] and ¢ € L*(Q,G Vv FV,P;R?). Defining the randomised problem over

the restricted control set Vi CV leads to the same value function, that is

R(tﬂgvat) = SUS JR(tﬂgvat)v
veVy

for all oy € Ay C Arp.

Proof. We first note that sup,¢y, IR, € ap,v) < supyey JR(EE ar,v) = VE(t € o) follows directly
from V, C V. For the other direction, let us fix v € V. Since v is Pred(FP*) @ B(Ar)-measurable,
by |Proposition 3.5}l we can decompose v into an ]-'tB’” ® Pred(FBt’”t) ® B(Ar)-measurable process T :
0,77 x 2 x Q — Ap with 0 <infig 7, v axar T <SP jxaxaxay L < 00 such that v(@) = T(©,0),
for all & € €. Note that in particular Y(&,-) € V; for all & € . Now noting that X*&2¢ and I are

I@’-independent of ff’”’P, we see that using freezing lemma, see e.g. [3, Lemma 4.1], that

B
R(t,f,at,V):E {LTQ(P tgat’Xtﬁat / f J—‘t:at’Xtﬁat Itat)d8i|
v P A]: o tgozt t,&,a t,a BMI@’
—g? [L E [L”( (B e X7 f tm,X 0, Jhor) s)‘]-'tﬂ

(":’7) . B, P P A~
— [n@w [ P (o <Pﬂgat,X““t / P, BT Ly, X080 1) ds )| B(da)
A ,

4

/ LYO TR (1€, on, Y (@, ) B(dS)

u @ T(w,- A]'-B’“’I@ e A]:B,“,@ i ot P ;
(@ )EIP ( )( (]P’X?g,ath%’E’ )Jr/t f(s,]P’ng,a“Xﬁ»f» i )ds)}]P’(dw)

iO

< /Lr<@> sup TR(t,€, ap,v) B(dD) = sup TRt €, ar, ),
Q

vEV: veVy
R T
using that for every & € Q we have T(®,-) € V; CV and thus = T(w 5 is P-independent of F; B, P , together
with E?[Lf] =1 and L} being Ff’“’@—measurable, for all v € V. O

"Note that ]FB’/’L = FtBA’I'L V FBtaHt C ]:tB’N vV ]FBt,/,Lt.

16



Remark 4.5. We could also relax the requirement inf[o,T]xQxAT v >0 tov >0. This leads to the same

value function V™, as also noted in [f, Remark 3.1]. However, to simplify our arguments, especially
later in the proof of [Theorem 4.8, we will consider only inf( 7y, qy .4, v > 0 as this condition ensures
that P ~ P.

N N A B, P sy
Remark 4.6. Given v € V, since v is FB:*-predictable and PV ~ IP, the process Pf{i,:at is also BB P

~ B P 12 DY A :
optional and for all s € [t,T) satisfies Pii,:at = LF(XLSa | FBEY PY_g.s., which hence justifies
FB.u, P v, ]_—B ,BY

wmtmg]P’ tgat*]P’ tgat

Lemma 4.7. The reward functional JR(t,-,-,-) : L*(Q,G VvV FV ,P;R?Y) x A; x V — R is continuous for
each t € [0,T), where we equip V with the L>-norm.

Proof. Let (§",a,v™), C L*(Q,GV F}V,P;RY) x A; x V with (€7, a7, v™) = (£€,a7°,v>) € L*(Q,GV
FVPRY) x Ay x Vin L2 (P) x LO(P) x L>(ds x P). Further let us define 7 := supy ey ooy ¥+ Note that
since 1™ — 1> in L>(ds x P), by construction 7 € V and thus P” ~ P. By [Cemma 3.2 and using that
p < 1 we see that also dby (It [ho) = dli{ (It [to7) — 0. Furthermore, since I@’|gv;tw = Pl_/'QVftW’

we also have £" — £°° in LQ(I@’D). Since X*¢"" and Xt€7%" are GV IFW’B’”’I@’D-progressive7 and since
G VEFW is independent of FZ# under P”, we see that, for all s € [t,T], P”-a.s.,

s BB’ = B,u,BY 55 . A5 B ) 5
Wa(B7 ey BT i e )P S BT [XET O XSO PP = VXS T PR,
~~ B,u,b”
which implies due to the P”-a.s. continuity of (P ;t}—gn an )5 and (P;’fgo:a?o )s that
s s

]_-B,M,TP Ai]_-B,M,rﬁf’ As ¢ 1,6 a% 5D
sup Wo(B"7e, o [ BP Tl )? < EF | sup [X0E - X P62 ]'—:f’#’P]
s€[t,T] X X s€E[t,T]

Thus from standard arguments using the BDG-inequality and Gronwall’s Lemma show
that

D 'n.an a A5 B,p,P
o [ sup. (|X§g o xRN 2y (7 x“"a B fgw,aw)Q)] — 0. (4.8)
selt, s

Finally, we see that for all n € N,

|‘]R(t7§nﬂo‘?7]jn) - JR(t,goo a?o7yoo)|

. LVn s ]_-B,uf?"j n _n T ~5 TB.uP n o ,n n
P T 2 8" o v, F, 68" oy gt
<E { > (Q(th,gn,a? X )+ f(s,P t,z",a't” , Xs to I )ds
t s

[z
LT T X
oo B T 87
LY ~ 5 FBou P 0o oo ~ o TB,u,PY 0o oo )
T V.S t,£ e U, F t,& yOyp t,ay
Ry (Q(P t,goe,atwaXT )+ f(SaPXt,zoc,atwaXs o s )ds .
T T t s

Thus, together with, for all k € NU {00},

0_ [ _ exp /OT/ 5 pu(ds, da) / / @) — 75(a))\s (da)ds)
< exp / / s(da) ds v ||°0<oo,

and [(4.8)} |(4.7)| and [Assumption B] we obtain the desired result by dominated convergence. O

Our first main result is that this randomised problem is in some sense equivalent to the original
problem. Note that this then also allows us to transfer the properties of V' from [Proposition 2.2 to V.

We give the proof in
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Theorem 4.8. The randomised problem is equivalent to the original MFC problem in the sense that for
allt €[0,T] and all ¢ € L?(Q,G Vv FV,P;RY) and oy € Ay C Ar,

V(ta g) = VR(ta 57 at)'
In particular, V® depends neither on the initial action oy € Ay, the family (As)sefo,m) nor the extension
(O, F,B) of (2, F,P).

Remark 4.9. By V' depends on & only through its law P¢ and is independent of the
specific choice of (2, F,P) and G. The equivalence result above thus implies that V™ also depends only
on P¢ and remains the same for all spaces (Q, F, I@) for which suitable G, W, B, u exist, since every space
s a trivial extension of itself.

5 Randomised dynamic programming

In this section, we establish a randomised dynamic programming principle to characterise the value func-
tion of our mean-field control problem. Following the randomisation approach, we will first derive a
BSDE representation for the (randomised) value function through penalisation techniques. This repre-
sentation, combined with the equivalence between the original and randomised formulations established
in [Theorem 4.8 subsequently enables us to derive the (randomised) dynamic programming principle.

5.1 BSDE representation

We start by deriving a BSDE representation for the value function V' using its randomised setting from
[Theorem 4.8 For this, we first define the following spaces

. 82 (FB’“ IP’) the set of all cadlag IFB’“’@—adapted processes Y : [t,T] x  — R processes Y such
that EP [F Y 2du] < oo,

. LW[t T](IFB’“’@), the set of all IFB’“’@—predictable processes Z : [t,T] % Q0 — R™ that satisfy
EF ([T | Zu[?du] < oo,

. I3 (t.7] (IFB"‘V@), the set of all Pred(FB*“P) ® B(A)-measurable processes U : [t,T] x 2 x Ap — R
such that E?[ftT Ja, 1Uu(@)PAu(da)du] < oo,

. K (FBnP) C St 7) (FB:#P) the subset of all processes K : [t,T] x Q — R that are additionally
nondecreasing, F5# IP’-predlctauble and satisfy K; = 0.

As it is standard for the randomisation approach, we will characterise the value function as the minimal
solution to a certain constrained BSDE. For this, our main tool will be [31, Theorem 2.1] since it replaces
the problem of characterising such a minimal solution by studying the limit of solutions to a class of
penalised BSDEs. Hence, we will first study in the following [Cemma 5.1 the penalised BSDE and
show that it corresponds to the optimisation over the following restricted randomised control set V" C V

of all Pred(FP#) @ B(Ar)-measurable processes v : [0,T] x Q x Ap — (0,n] with infi) 1yaxa, V>0,
based on the methodology by [31} [6, 4]. The proof is given in

Lemma 5.1. Forn € N, t € [0,T], a; € Ay € Ar and € € L2(Q,G Vv F}V,P;RY), there exists a unique
solution

(Yntgat Zmbee Untgat) 65 (FB#P) x LW[tT](FB )X LA [tT](FB’#’P)

to following penalised BSDE,

T A
Ynt&at = EP[ (th a P t& ag |]: 7M7 ] / EP[f(r P]:f& jt’Xt,f,Ott It7at)|]:B,H,P] (51)

f/ zZmtéendp, +n// (U552 (@) 4 Ay dadr*//U”tf‘“ p(dr, dev).
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Further, for any s € [t,T] and r € [s,T], we also have the following representation,

A B, D’ Y A
st,t,g,at = ess supEP |:Ynt €, +/ f u, ]P)V .t7:£ . X,Z’g’at,li’at)du’ff#’@ :|’ ]P’-a.s., (52)
veymn
and moreover for any r € [t,T], we have the following estimate
EF [yt < sup E? Y”““”r/ flu t?at ,Xi’g’aifi’at)dU] (5.3)
v n

Using the previous result on penalised BSDEs, we can now show the following BSDE formulation for
our randomised control problem. Our approach is similar to [6] [4] and based on [31, Theorem 2.1] which
connects penalised BSDEs like with constrained BSDEs of the form |(5.4)] The proof is given in

Append

Theorem 5.2. Let (t,m) € [0,T] x Po(R?). For any ay € Ay C Ar and &€ € L*(Q,G Vv FV,P;R?) such
that Pe = m, there exists a unique minimal solution

(Yhoo, Zbeon gheon Kh60) e 5[215,T]( ) X LW [t,T] (IFB’#’@) x Li,[t,T] (FB’#P) X K[2t,T] (IFB’#’@),

in the sense that for any other solution (Yt’f’”‘f,Zt’f’”‘f, 0t’§’”‘f,f(t*f*°‘f) we have Y& < YE&or 1o the
following constrained BSDE

a P a A]:B’u’ﬁx P T b ’ e «
s = B lg(XpS Pt W] + / E°[f(r, P, zm,X‘fﬁ LI | FER e (5.4)
T
- [ zptean, wapEe - g / [ v @ntar,da),

UL&ot(q) <0, for As(da)-a.e. o € Ag, for ds-a.e. s € [t,T].

Further for any s € [t,T] and r € [s,T| we also have the following representation,

A B, TP 4 A
Yh&er = esssup Y Ytgo“ —|—/ f(u, P i o Xi’g’at,li’a‘)du}ff’“’w) }, P-a.s. (5.5)
vey
Finally, Yf’f’a‘ is P-a.s. constant, and satisfies for any r € [t,T] also
Yoo = supEﬁP y e +/ f(u, P tg o ,Xi’f’af,li’af)du], P-a.s., (5.6)
vey

A

and thus Y5 = V(t,m), P-a.s.

5.2 Randomised dynamic programming principle

Recalling that in [Section 4] we have established an equivalence between the value function of the original
and the randomised problem, we note that V™ = V only depends on time and initial law of X. Thus
the question about a dynamic programming principle is well-posed and in this section we want to use the
randomised formulation to establish such a DPP for V™ and thus also for V.

We start by studying the flow property of the randomised state dynamics For this, we will
need to define solutions X+ to for more general initial conditions { € LQ(Q, Ggv ffV’B’“, I@’; R%)
and y; € LO(Q, G Vv FVB# P; A). We note that as in Section 4 the existence and uniqueness of X ¢ is
standard since both the existence and uniqueness of I*7* given It by also extend to such

more general initial conditions. If moreover sup,,cy, EF[|¢]?] < oo holds, then similarly to the estimate in

(4.7)l we obtain

supsupEPu sup |X;"<"Vf|2} < o0. (5.7)
Yt veEV s€t,T]

This now allows us to write down the following flow property for
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Lemma 5.3. Lett € [0,T] and ¢ € L*(Q,GV FV,P;RY). Then for all s € [t,T], the following flow
property holds

~ B, P A B, P
(XsaXﬁ’E’a‘Jz’at 8Lt pre ) — (Xt7€7at Tt pfu” )
u st ’ Xswxé@aty,?at u€[s,T] u ytu Xi,g,at u€(s, T’

P-a.s.

u

Proof. We note that by [Corollary 4.2 I*** and I1""* are indistinguishable on [s, T]. Thus Xt and

XSXCMIE Both solve ((4.5)|on [s,T], and hence the flow property follows from the strong uniqueness
of solutions to O

Next let us take a closer look at such randomised settings with a randomised strategy v € V and general
initial conditions ¢ € LQ(Q,Q Vv ffV’B’“,I@’;Rd), v € LO(Q,Q Vv ftW’B’“,I@; A). We want to decompose
both (,7: and v along the o-algebra ]-'tB’”’P, to be able to relate this to our original setting with & €
LQ(Q, gv ftW,I@’;Rd) and a; € A;, which we studied in the previous sections. For this, we recall that
we introduced B! := (B.yy — B;) and p! == u(- N ((¢,T] x Ar)) in Section 4 We then note that by
we can decompose both ¢, y; and v into unique Z € L2(Qx Q, FP e (GVFV), PoP; RY),
Cr e O x O, FP' @ (GV FV),P@P; A) and an F2* @ Pred(FB" ") @ B(Ar)-measurable process
T with 0 < infj 7y, axaxar T < SUP 7)xaxaxay L < 00 such that (¢, v, ) (@) = (E,Ct, T)(@, @), for
P-a.a. @ € . This decomposition is the motivation for the following lemma, which studies how this
decomposition reflects in the reward functional.

Lemma 5.4. Lett € [0,T], ¢ € L2(Q, GV F"PH BiRY), 4, € LOQ, GV FVP# P; A) and v € V, and let
2e L2OxQ0, FPreGVFY),PoP;RY), C, € LOQx 0, FPP oGV FYV),PeP; A) and Y be an FP*®
Pred(FBt’”t) ® B(Ar)-measurable process such that 0 < inf[o,T]xQxQxAT T < SUD() 7] x Ox Ox Ar T < o0
(in particular, T(©,-) € Vi for every & € 1), such that ({,y:,v) (@) = (B, Cy, T) (@, ), for P-a.a. & € Q.
Assuming that sup,,cy, E@v[|g|2] < 00, then it holds that

pv T S

v [ e Fett e, Sy, FEE Boupr] (-

E {g(th,gw XEO + [ f (s P ,X;»C»%,Ig%)ds‘.rt # }(w)
T t £l

po [ au, FERE e r Ay, F BBV
=5 [o @ TEL X+ [ e BT it reeay
T t ° :E(w7')7at:Ct(®7')7U:T(w7‘)
= JR(t,g,ozt,v)‘ for P-a.a. & € . (5.8)

E=E(@,"),00=C (&, ),0="(@,)

Proof. To prove the formula |(5.8)] we will first consider the case where & — (E2(&,-), C¢(®, ), T(©,-))

takes finitely many values, and then use continuity of J in £, ay, v and of (X, Pff’”’w) in 2, C¢, T to obtain

the result for general =, Cy, T.

(i) Let us assume that & — (E(@,-), Ct(@, ), T(@,)) only takes finitely many values (in the spaces
L2(Q,G Vv FY P;RY), A; and V;), and thus are of the form

E@ha%) =) @)1z (@), C@he%) =) at(@®)lm (@),
k=1

M
T@ha?) =Y v™(@)len(@'), for (@',6%) € QxQ,
m=1
where (Z%)x, (HY);, (E™),, are each disjoint partitions of Q, and ¢* € L2(Q, GV FV P;RY), of € A and
A £ ,al
v™ € V. Let us now consider the processes [t given by (4.1)} and the corresponding I t.o which FI7"-
identifies to [**¢ from We see that then 31, I*®t1;: by construction F/"™-identifies to
It and thus again by is indistinguishable from I under P ~ P. Similarly, denoting
the corresponding unique solutions to [(4.5)| with starting value &* by X S’gk’ai, we note that by strong
uniqueness of solutions to[(4.5)|the processes X ¢ and Zszl Zle Xt€%941 . are indistinguishable
under P ~ B, Finally, we also define the tilted probability measures pv" o~ P belonging to v™ by
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‘ﬂZ—;l}_B up = Um for u € [0,T], see and note that by construction L” = 2%:1 L 1gm. All

together, this allows us to decompose the LHS of |(5.8) as follows

. R B,u,PY B A
EY |:g(]P>V,J:T Xt C ’Yt / f(s, P s C y ,X;ﬂCv’Yt’I;y’Yt)dS’fthﬂ,P :|

¢t
X7

K L M Avm7]_—fuﬂx t,fk,ai
zzzzlzkﬂHlﬂEmE |:g(lP) tsk ’XT )

B,u,BY k1 1 Ho
/ f(s, B0 s oxt b N X

tsk

For each summand, we note that since v™ € V;, by construction &¥, aft, W, Bt, ut are pv™ independent

of FP+ P Thus from the strong uniqueness of solutions to |(4.5)| we can deduce that X t.€%ai and
Avm,]:SB”’L’H}U B,ulP’

(P, A )selt,T] are Pv"-independent of Fy For this, one can e.g. note that the standard
’ Tt

construction of a solution to[(4.5) using a Picard iteration leads to a process P*" -independent of F;* B
in every step and thus also in the limit. Therefore

R B, u, o™ o™ ko1 ! S o
]P;vm A'UWL,}-T tg at t,& ay t,a B,u,PY
E lg(P t.6k,al , f tsk y X T IS )ds | F
X
T

v ~ BV ko1 aom BB ko1 1
=B oy X+ s, ,’Fsg XSS ds]
X

R k l
=J (57§ ,at,vm), lP’—a.s.,

which together with |(5.9) shows that the claim |(5.8)| holds for @ — (2(@, ), C¢(®, -), T (@, -)) only taking
finitely many values.

(ii) Let us now consider general (E,C}, T). We first note that due to p < 1, and since T is essentially
bounded, we can find a sequence (2", Cj*, T™),, such that (2", C}", Y") — (£, Cy, T) in L2 x L™ x L* and
a.s., such that sup,cy, EX O [|[27 2] < oo and each & s (E(@, ), C1(@,-), T™(&,-)) only takes finitely
many values. Correspondingly we define (™, ~, v™ by ((",~f,v™)(®) = (E™, CP, Y")(&, &), which by
construction then satisfy (¢", 77, v™) = ({,%,v) in L? x L™ x L™ and a.s., and sup,¢y, EP [[¢"2] < oo.
Thus by [Part (i)} we already know that [(5.8)| holds for each (2", C*,Y™) and ((", 77, v"), and our task
now will be showmg‘ that [(5.8) - )| still holds in the limit, for Wthll it is sufficient to show the convergence
of the left- and right-hand sides as n — co.

To this end, for the right-hand side of[(5.8) we note that J® : [0, T|x L*(Q, GVF Py R x A4, xV — R
is continuous in &, ay, v by [Lemma 4.7l and thus

lim JR(t,E"(@,-), CH&, ), Y@, ) = JR(t,E(@, ), Ce (@, ), T(@,-)),  for P-aa. & e

n—o0

For the left-hand side of we introduce v := v V sup,, v € V. Then using the conditional Jensen’s
inequality, we obtain that

0 [| ™ [ R xhetor nFBE penan tan B "
E HE {g(l@xmna? i fs P el X s 7 g
B,u,PY
FBm lll

T
p7 L%n 7 ]-‘B""P t AT D]-‘ Y t,¢" vty
< [|4 (g(PXu,zw XL / Fls B2 X 0y as)

: }

B[ Frt xb C ) 6Cve T
—E [Q(th,q,w ) f S, P t('vt va' e 1) ds
T

t
s

LY B L 5 B,
_ T (g(PX{:CTW Xt ¢, % / f PX-FZ X;%C,%, I;»'Yt)ds)
T




and thus repeating the arguments in the proof of [Lemma 4.7 using the estimate [(5.7)] we conclude that

Lo n B,M,Tﬁ" 2 n n
b A = tC m V LFEB t,¢" t'yt B,u,P
B (g 0r " fs i X g g
X,

B
v, F.’

T XtC% / f s, PY ot < L ,X;f’(’%,Iﬁ’%)ds‘ff’“’@”} 0 LI(I@’I_/)-

v N
—E |:g(]P)X;<w’Yt

Thus from the uniqueness of limits, we conclude that [(5.8)] also holds for general (2, C¢, T), which com-
pletes the proof.

O

This allows us now to obtain the following more general connection between the mean-field control

problem and the BSDE in [Theorem 5.5

Theorem 5.5. Let t € [0,T] and ¢ € L*(Q,G Vv FV,P;R?).  Further let oy € A; € Ar and let
(Yt zt&ow ghéar Kh&ar) be the unique minimal solution to [(5.4)| from [Theorem 5.2 Then for
any s € [t,T], it holds that

B i
Yhee = (s P70 ), Peas

tgat

Proof. We start by decomposmg (XL&ar Jhed) Since X549 and I1%t are both GV FWV-Bo# IP’—meabsurabble

by e.g. [Proposition 3.5] there exist ]-'B“ ® (G V FY)- measurable C OxQ—=RYand C, : O x Q — A
such that

(XLEa Thon) (@) = (¢, Cs) (@, @), for P-a.a. & € .

Note that b ion B74 1 (&) = Pega, for Paa. & € O, since FPF and G v F¥* are ind
ote that by construction P 5 ¢ ., (@) = P¢(s,, for P-a.a. @ € €, since F; and GV F, " are indepen-
dent under P. Hence, from [Proposition 4.4] and [[heorem 4.8, we now see that

V(s BT (@) = VR(s,¢(@, ), Ca(@,) = sup TR(s,¢(@, ), Ca(@, ), v), for P-aa. & € O,
s veEVs

At the same time, we note that[Theorem 5.2] (for r = T') together with the flow property in[Lemma 5.3
implies that P-a.s.

A B, u,BY Rld o
t,€,00 P~ »F T tﬁat t,&,« t,a B, u,PY
Yo = esssupE [Q(th,&,at X7 f u, P tgat , X L& phewy gy | FBu
vey T
N S t€ar ptoa
—_ P v.iFr 5, X s
= eSSGS\L}lpE [g(P L ehear tags X7
v s s

T

T Ay FBaBY xb&at phar B.u. P
+ f(u,IP’ T ear by 7X57 s e ’Iu7at)du‘]:s o } :
s XE’XS s

In particular, the claim now follows if we can show that P-a.s.

sup JR(&C(@a ')7 CS(@a ')7 V)

veEVy
~ B,u,PY t,6,ap 1t
P . F. xb&er pher
=esssupE [g(]P’ PP, G s
vey X;’XS s

T AI,J:B,/,L,HW s XbEat phar o BB
+ f(u’]P) :t,i,at bt ’Xu, ) e ’Iu7 )du‘]:s . :|
s Xi’ s i

To this end, we note that by the estimate[(4.7)] we have sup,,cy, E¥"[|¢]?] = sup, ey EF [|X542)?] < oc.
Hence ”<” follows from [Lemma 5.4] Since Vs C V. On the other hand, for ”>" it suffices to notice that we
can decompose every v € V by [Proposition 3.5 into an F2* ® Pred(IFB #") @ B(Ar)-measurable process
T such that v, (@, a) = T, (0, @, a) for all & € Q,a € Ap,r € [0,T], as this direction now follows from
[Cemma 5.4 since T(®, )GVfor]P’aawGQ O
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Finally, we can now conclude the following randomised dynamic programming principle (DPP).

Theorem 5.6. Let (t,m) € [0,T] x Pa(R?). Then for any choice of oy € Ar C Ar and & € L*(Q,G V
FV P, RY) with Pe = m, it holds for s € [t,T] that

B A~y FB.u,BY s o BB
V(t,m) = sug EF [V(S,P}({-’—g’at ) +/ fr, ]P’X’fg’at ,X’,"“vaat,lﬁaaf)d'f}. (5.10)
ve s t r
Proof. This follows directly from [Theorems 5.2] and O

Remark 5.7. Assuming that the value function V is sufficiently reqular, this approach leads to the stan-
dard (non-randomised) DPP for mean-field control problems, which has been well-studied in the literature,
with [17, (18] providing one of the most comprehensive studies. Specifically, we can interpret the right-
hand side in as a new control problem with running reward f and terminal reward V. Thus, as
long as V satisfies the assumptions on g in we can apply the same theory developed in
this paper again to this new problem. Consequently, by[Theorem .8, we then obtain

S L, BB s A FB Y
V(t,m) = supE" {V(S,P)éfg,(: )+/ f(r, ]}DXJT " ,Xﬁyf,a%[jat)dr}
s t

t,§,at
vey s

B,P S B,P
= sup EF [V(S,Piim) +/ f(r Pi@ygya,xﬁ,é,a’%)dr}_
acA s t T

A Proof of [Theorem 4.8

Our goal in this section is proving that V' = V. For this let us fix t € [0,7] and oy € A;. Furthermore,
let us fix also the family (As)sepo,r) satisfying [Assumption C| As already outlined in [Theorem 4.8, we will

obtain as a side result that V' is independent of specific choice of a; € A;, which we will come into play
later again in the upcoming dynamic programming result in In what follows, we will prove
the two direction V' < V® and V® < V separately. The general structure of the proofs is similar to
[4, 6], albeit the detailed arguments are naturally different in our mean-field setting due to the presence
of the mean-field interaction and the common noise.

A crucial tool will be the following [Cemma A1l which shows that the randomised value function V7?
is independent of the specific choice of the extension of the probability space (2, F,P). This will allow
us to simplify the upcoming proofs by considering suitable extensions of (2, F,P) as needed for each
direction.

Lemma A.1. The randomised value function VR does not depend on the specific extension (Q,f', I@’) of
(Q, F,P).

Proof. Lett € [0,T], &£ € L2(Q,GVFY ,P;R?) and oy € A;. Further let (A;)se(o,7) satisfy [Assumption C|
and let (Q, 7', ), i € {1,2} be both extensions of (€2, F,P), each carrying a Poisson point measure
pt with intensity \s(da)ds independent of G', W¢ Bf. We denote the respective canonical projections
by m : (QF, F1) — (€, F). By the extension property, we have then that cH (n!) = ¥ (72). There-
fore, by introducing 7'|g: : (QF,G%) — (Q,G), i € {1,2}, we observe that also c (mtgr, WL, BY) =
L (72|52, W2, B2). Finally, using the independence of G¢, W, B from p and thus also from the corre-
sponding I+ defined by together with c* (uh) = ¥ (1?) this shows that

EI@H (ﬂ1|g1,W1,Bl,ft’at’1,M1) _ [:@2 (7T1|g2, WQ,B2,IAt,at,2,’u2).
Then shows that the corresponding cadlag, FV' v Gi v .Féfm—predictable and FW" 0" v gio

progressive It which FI"*"" identify to [t i € {1,2} are unique (up to indistinguishability) and
moreover satisfy

w1l A D2 A
£P (ﬂ.llgl’Wl’Bl,It,at,l’It,at,l’Ml) —_ EP (7T2|g2,WQ,BQ,It,at,Q,It,at,Q,MQ)-
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Using the weak uniqueness of solutions to the SDE |(4.5) we hence obtain for the corresponding unique
solutions X %€t to[(45)] i € {1,2}, that

1 prl , 2 7@2

51,78 m p2 2 52, FB%m
b Ja) = LT (XBE 02 R e (BT 1)) (A1)

Pyt an,l 1 Tt
LH (Xt e (BT
S

Now let v' € V! be a randomised control and PL¥" ~ P! be the corresponding tilted probability
measure Then using [4, Lemma 4.2] and [Proposition 3.9 we can represent it in the following form, for

all (5,0, a) € [0,T] x Q' x Ar,

vi(@' a) = OB @), ) ofl(wl)](s) (A.2)
ZV(k) (BY@"), (r1 (@Y), 01(&Y)), - .., (72 (@), 05 (@), @) L@y, @),

k>1

&

for Pred(C™) @ B(([0,00) x Ar)¥) @ B(Az)-B((0, 00))-measurable processes v(F) : C™ x ([0, 00) x Ag)*
Ar — (0,00), for all k > 0, where (7}, a}.)r>1 are the events of u'. This representation now allows us to
transfer the control ! to (2, F2,P2) by defining, for all (s,&',a) € [0,T] x O x Ar,

v2(@%,a) = vV (B*(@%), a) 1g,r2(2)(5) (A.3)
+ Z ng) (B2((:J ) (Tl ((:J )ﬂ OA%(LDQ)), B (Tg(dJQ)v O‘i(dﬂ))ﬂ a‘) 1(75(&)1),75+1(®2)] (S)a
k>1

where (72,02 )>1 are the events of 2. We note that by [Proposition 3.9} v is Pred(FB*+") @ B(Ar)-
measurable and thus v? € V2. Furthermore, the representations [(A.2)] and [(A.3)] together with
show that

e B2 vt 2002 2 phae2 (FE R

— ] 2yt 2yt ’

=L (X Ju T 7(]P)Xt,§2,at,2
.

S1,FBk

1 1
‘CP (Xt7§ 7at717M1aIt,at11a (th el,ayg,1 )S,I/ )

)SaVQ)-

Finally, this allows us to conclude that

. Bl 1 pt Bl .1 Bl

R,1 1y _ bt (7ot Fr t,&h a1 prs t,&,ap,1 a1
TRt an,vt) =B Ly 7T L X s SO N L
A

. 2,2 p2 2 2 -9
:EIP2 [Lfg(]f”ff R tg at2 / (s fB w2 F Xﬁ*f*o‘fg,[jo‘fg)ds}

Xt,gl,at&’ th ag,2)?
T

= JR’Q(t’ 67 Qg V2)a
where L%i is given by [(4.6) Since v! € V! was arbitrary, this shows that

VR E o) = sup JRNE & o, v) < sup JRA(E o, v%) = VIRA(1 € o).
vtept v2ey?

By the same arguments we can also show that V2(t. & ay) < VR1(t, £ ay), and thus we conclude that
VR = yR2, O

A.1 Proof of V<VR

This direction relies on the result in [5, Proposition A.lE which allows us to approximate general progres-
sive controls with suitable point processes having both full support and a bounded intensity. Note that
this requires taking the view point of the admissible control set as the set of FB-predictable processes
taking values in A as described in [Section 3] since this allows us to view the mean-field dynamics as
a standard (albeit infinite-dimensional) control problem, for which we are now able to use the above
approximation result.

Let us fix t € [0,7], £ € L?(Q,GV FV,P;R?) and some oy € A;. Our goal is now to show that for any
control o € A, it holds that J(t,&, a) < VR(t,&, ap). To this end, let us fix some arbitrary a € A, then

8[5] is the extended version of the paper [4], and [5] Proposition A.1] is a more general version of [4, Proposition 4.1].
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by [Proposition 3.7 there exists a & € A which is FB-identifying to «, and furthermore by this
& € A is unique up to modification.

Our first step will be constructing approximating Ar-valued Poisson point processes for the Ap-
valued control process & € A. We recall that these processes are supposed to take the role of I [t in
the randomised setting which we are going to construct, and thus we want them to start in oy at time ¢.
For this reason, we will first establish an approximation on [¢,T], and afterwards extend the underlying
Poisson random measure to (0,T]. We note that (d)sep 7y is a FZ-progressive (in fact by the construction
in it is even FP-predictable), and that &, € A, C Ap for all s € [t,T]. Thus, by [5,
Proposition A.1], there exists a suitable extension (2 x €, (F @ F')F¥¥ P @ P') of our probability space
(Q, F,P), such that for any § > 0 there exists a marked point process (77, a3 )r>1 with the corresponding
Poisson random measure pu° =", -, O(+3,a8) ON (t,T] x Ap such that

(i) ]_-éf“,zp’(g?’ - ff’mgp/ v F'[ so in particular x® is independent of G and W under P @ P’[[9

(i) the process I*** defined by

f;ﬂ%ﬁ = atl[t,‘rf) + Zai1[7—217—2+ ) = Oy +/ / (O( — I:ft’é),us(dr, da), s € [t,T],
ok (t,s] J Ar

k>1

: PRP (A Tt.oy,d

satisfies dA,[t,T] (G, I °%) < 9,

(iii) the IFBv“J’P(@P/-compensator of 11° is absolutely continuous with respect to As(da)ds and can be
written as

V(o)A (da)ds,
where 17 is Pred(IFB’“é) ® B(Ar)-measurable and satisfies

0< inf V0 < sup V0 < o0,

[t,T]xQx Q' x Ar [, T]xQx QY x Ap

(iv) af € A, for all k> 1.

Note that this statement is slightly different than [5, Proposition A.1]. At first glance, property (i) may
seem new, but it directly follows from the explicit construction in [5, Proposition A.1] constructing u’
from FBFEP and a family of random variables defined on (€', F/, '), which is independent of . The
more crucial difference, however, is that while the action set A in [5] is constant over time, our action
sets Ag vary with s € [¢, T], which now leads to the adapted form of the intensity process in (iii) and the
additional property (iv), necessary for consistency with the control randomisation introduced in[Section 41
Fortunately, we can extend its proof to cover our use case with minimal changes. Our admissible controls
& € A satisfy additionally &, € A, for all s € [0,7], which allows us to choose the step function
approximation & = Y o a1y, 4.,y on [5, pp. 41-42] such that each &, € A;, C Ap. We then replace
the kernel ¢™ on [5], p. 42] with a family of kernels (q7*) s[0,], Where each ¢ is constructed from A, instead
of A and thus supported on A, instead of Az. The definition of 8I* on [3], p. 42] is also modified to include
the time, so 8" = Aim (an, U™). The estimates on [B, pp. 42-43] remain valid, and we obtain a marked
point process k™ with the compensator RM(dt,da) = Y2, 1 Lism rm)(8)qr" (o, da) \umdt, replacing ¢™
by ¢/ in [5, Lemma A.1] and its proof. Finally, by replacing A(da)dt by A;(da)dt in the intensity of the
additional ”small” intensity Poisson process 7% on [5, p. 45], we can obtain the desired point measure
pd = k™ + 7* without further modifications.

To extend the Poisson random measure 1’ to [0, T] x A, we will extend the probability space again by
a probability space (€2, F”,P”) on which a Poisson random measure p on (0,¢] x Ap with F“a—intensity
As(da)ds lives. Hence we obtain (L, F,Q) = (QxY xQ" (FoF @F e PoP @P"), such that
pd = u(-N (0,4 x Ar)) + 1’ (- N ((t T] x Ar)) has the FB# _intensity 1% (o)A, (do)ds, where we extend
v° to [0,t] x Ar with u5|[0 xAr = 1. As before, with slight abuse of notation, we identify each sigma

9With slight abuse of notation, we identify F’ with its canonical extension to £ x .
10The independence follows from the explicit construction in [5, Proposition A.1] which uses only FB.POP’ together with
a fixed family of random variables defined on (€', F/,P’), which is independent of §.
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algebra F with its canonical extension to the product space. Note that property (i) also extends to ’
on [0, 7], that is, ]-';S’Q - ]:}B’Q V F' ® F", and in particular u® on [0,T] is again independent of G and
W under Q. .

Having defined approximations (I**°)s to &, we will now also show that the corresponding state
processes converge. We first note that by m Corollary 4.9 for every § > 0, there exist an FW+' v G-
progressive, cadlag It that FI™* *_identifies to 1t%:%. Moreover, by [Lemma 3.2 we have

d%ﬁ[m (o, I°0%) = d@ (&, [tord) = PO (4, [tord) < 5 for all § > 0. (A.4)

A,[t,T] A,[t,T]

Correspondingly, we now define X429 as the unique solution to the SDE

Xt&at LR

5
£,€,00,0 FERO steans ptans AT xt€an o
dX 5608 — p(s, Q7 Xsfat I00)ds + 0 (5, Q7 ey, Xo000, I0000) AW
s

~ £B.ul

FB.0 t,6,06,0
+0%(5, Q5 s, X000 I000)AB,, X0 = ¢ (A.5)

We next show that X629 converges to the state process X% for our control o € A in the original
control problem as § — 0 To this end, we note that we can rewrite the conditional distributions

occurring in and [(A5)] as follows: Since X*&* is G v FW-5: Q -progressive and by construction

@ N
G,W,B and F' ® F" are independent under Q, we see that @X’f’s’a = Q)f(tE :}- b , Q-a.s., for all

s € [t,T]. For the GV FW’Bvﬂé’@—progreSSive process X 49 we note that by property (i) of u?, we have
[ A ~
Fh Qc ff’Q v F' ® F", which together with the independence of G, W from B, F' @ F” under Q shows

~ FB.u%.0 A]_‘BQ\/]_-/ FoA .
that Qf(st’f’at’é = Qxf’f,at,é(@ , Q-a.s., for all s € [t,T]. Therefore we can estimate, for all s € [t,T],

Q-a.s.,

]_‘BM Q ~ BQ ) BQ\/]_-/®]_—//

AFE WFQF" 4
WQ(Qthat JaQtha )

WQ(Q hgars ,thga Q |:|X§7£704t76_X§7£704|2 ’}-71?,@\/]_—/@}-//]’

which implies that

]_-B NG ]_-13 N .
Sup WQ(QXt £,ag, JﬂQXt £, a) S EQ |: Sup |X£,§,at,5 - X§7£7a|2 ’ ‘FTZ?yQ \/ fl ® f”:| :
SE[t,T] s€[t,T]

Now, from[(A.4)] and using standard arguments involving the BDG-inequality and Gron-
wall’s Lemma lead to the following estimate

QA FBQ

~ B
E® | sup (|06 — XIS 4+ Wa(QY s Qiea)?) | = 0

s€t,T]

and thus by that
EQ A ~7: Xt &,0,0 ]‘—B 1.0 Xt,.f,at,S It,at,zs d
(thsatéa f thatéa s sy ts ) S
EQ A ]:TV Xtvaa AFSC xthéa dsl| =
— Q(QXtT,g,a; T )+ f(SaQXt,g,aa s ,Ozs) S —J(t,g,a).
. :
Therefore, the claim follows if we prove that
A~ B,u%,Q
E% g (@;5 L XLGaud) / F (3, Qs XL [0 ds| < VR(1,€,00),  forall §> 0.
For this, we will express the left-hand side as the pay-off of a randomised control, using that by [Lemma. A1l

we can freely choose our randomised probability setting. We will define a new probability measure
PO ~ Q on (Q, F) via

dp® R 1 s 1
=Ly = log ——— u° —/ / —1)\, T].
d@ FBaS €xp (/(O,s] / og () p’ (dr, de) o L (y;‘(a) ))\ (da)dr), s €1[0,7T)
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By [Lemma 4.3 and Girsanov’s Theorem, see [14} Proposition 14.4.1], we note that pf has under PO the
intensity A;(da)ds, since by property (111) the process % and thus also - are strictly bounded away from
0 and oo. Further, following the same arguments as in [23] page 2155] shows that x° is independent of
W, B and also B resp. W are still FBw" PO resp. FW-+" 2 _Brownian motions under P(®). Finally, since
V0 s Pred(FB*“S) ® B(Ar)-measurable and thus independent of G under Q, this shows that p® stays
independent of G under PO,

Next, we observe that the Radon-Nikodym derivative given by dP( ) |

Lo .
5 | Fmmsa = L+% is by construction

g’g rraso(w, )] = EF P (135 (w,-)] = 1, for P-ae. w € Q, which
shows that (Q, F,P(®) is an extension of (€, F,P). Finally, as outlined in Remark 4.6, we see that
X809 gatisfies the (uncontrolled) randomised state equation under P and thus (Q,F,P©®)
forms a randomised setting as defined in [Section 4

From the properties (iii) and (iv) of u’, we note that 1° € V is an admissible randomised control to

FB.#’ -progressive and that EF ®F” [

this randomised setting. Further, by construction @ = (P(é))”é is the probability measure belonging to
the randomised control ©° € V, and thus we conclude by [Lemma A.1] that

0 A]:B 7.0 st ,0 NeTS NP
EY 9(Qy e 5y XS / f(s tg ., S,th oIt )ds} =I5 750y (1.6 an,1’) SVE(EE o).
Finally, since o € A was arbitrary, we thus conclude that V(t,€) = sup,e4 J(t,&, o) < VR(t, €, a;) for
all oy € At.

A.2 Proofof VR<V

Based on the approach in [4 ], we will consider a canonical extension (in some sense) (€, F,P) of
(2, F,P), using that by [Cemma ATl we are free to choose the extension we want to work on. Together
with (Q, F,P), we will in define an auxiliary problem, which essentially extends the
original control problem to this extended space. Denoting its value function by V¢, our goal for this
section will be proving that VR < V€ < V.

A.2.1 The canonical extended space and an auxiliary problem

We will start by construction the space (Q, F , I@’), which we will need for the later proofs in this section. We
recall from Section 3| that (Xs)scpo,r) is a family of measures on Ar such that each A, is fully supported
on Ag, and Ay < A, for 0 < s < r < T. Now following essentially the construction in [4], we can
find a surjective, measurable map m4, : R — Az and a family of measures (\}) c[o,7] on R such that
As = Ao ﬁ;; and A, < X, for 0 < s <r <T. This allows us to consider the canonical space (Q', 7', P')
of a nonexplosive Poisson point process on (0,00) x R with intensity A.(dr)ds, which is constructed
as follows: Let €' be the set of all sequences w' = (7%,7%)k>1 C (0,00) x R with 7, < 711 < 00
and 7, — oo. Next we denote the canonical process by (T, Ry)r>1 and let p’ := >, o, 6, r,) be
the corresponding point measure. Letting P’ be the (unique) probability measure, under which 4’ is a
Poisson random measure with intensity A,(dr)ds, (recall that As and thus )\, are bounded), we define
F' = o(Tk, Ri|k > 1) VAT, where N denotes all P/-null sets. We note that by construction F' = F&F'.
Finally, we define Ay := w4, (Ry) € Ar for each k > 1 and note that by construction Ay € Ar,, P-a.s.
Therefore we define the random point measure y = ), -, 0(, 4,), Which by construction has intensity
As(de)ds under P'. In the following we will denote by (Q, F,P) := (Q x @/, (F @ F)F¥ P @ P') the
extension of  with €. As usual, we denote the canonical extension of G, &, W, B, F' to (€, F,P) with
the same symbol.

Next we will define an auxiliary problem on this extended space. For this, we define A€ as the set of
all FW:B v G v F'-predictable processes o. Then for each t € [0,77], & € L?(Q,GV FV,P;R") and o € A,

we denote by X5&* the unique F"-# Py G V F'-progressive process solving the state dynamics

B,P ’
AXEES = b(s, BT L7 XS 0 )ds (s, BT XEE )W,
A B,T@’ /!
+ UO(Sa]Pist,g,Z}- ’Xz,f,a’as)st’ Xf»f,a _ 5 (AG)



S FEBEF

As before, here (]P)Xsf’i’“ )seft, 7] shall denote the FBP v F/ -predictable and P-a.s. continuous version of

(L(XL& FBEV F)) ey, that is PQB,;ZF = L(Xt6o|FBEF Poas. forall s € [t, T]. We recall that
the existence of such a version is ensured by [I8, Lemma A.1], since (¢, w,w’) — (B¢(w),w’) is a continuous
Hunt process and thus by [12, Chapter 3, Section 2.3, pp. 30-32], O(FBPV}") = Pred(IFBvﬁ’v}"). Again
we note that by standard results, the existence and uniqueness of X% follows from as
well as the basic estimate

sup E@[ sup |X§,’E’°‘|2} < 00.
ac A€ s€(t,T]

Finally, by the following reward functional

. A]_-B,Tﬁ’v]_—/ o T A]:B,fP F o
(6 ) =B [gBrre T X0 + / Fls, BT T X0, ay)ds]
s :

is again well-defined, and we can introduce the corresponding value function as

VE(t, &) = sup JE(t, &, ) < .
acAf

A.2.2 Proofof VE<V

Let (Q, F,P) be the canonical extended space constructed in and let us fix ¢ € (0,7
and £ € L2(Q,G V ftW,P;Rd). Further, let o € A¢ be an admissible control to the extended problem

and X %% the corresponding state process satisfying [(A.6)} Since by definition « : [0, 7] x Q x Q' — A is
(FW-B v G) ® F'-predictable, we see that for all w’ € €', the process o = a(-,w’) is F""B v G-predictable
and in particular o € A. This motivates us to consider for each w’ € £’ the corresponding state process

X469 o o satisfying the state dynamics[(2.1)} and our next goal is showing that

Xtoo(L W) = X468 Paas.,  for Plaa. o € Q.

~ B, ’ ~
To this end, we note that since (]P’)f(s i )seft,T] 18 FBF v F'-predictable and for our canonical extended

t,€,
s

~ ~ ~ =B,P v
space FBF v F' = (FB @ F')F, it follows that for P-a.a. w’ € ', the process (Pf{i,g,zf (W) sept,) 18

FBP_predictable. At the same time, we see that since P = P@ P, for all s € [t,T] and for P'-a.a. w' € Q]

~ —B,P ’ ~ .
Blea (o) = LLX0FP @ FOF) () = LAX(w)IFEDT),  Pas,
A B,T@’ ’
and thus (]P’?twng}- (-,w'))sepe,7) is a suitable P-a.s. continuous and FZ*-predictable version of the condi-

tional law process (LF (X514, )| FPF)) e 1), for P-a.a. w’ € . Finally, this shows that for P'-a.a.
w' €, the process X62(. ') also satisfies the SDE [(2.1)] with the control a*’ = a(-,w’), and thus by

the uniqueness of strong solutions to [(2.1)] we deduce that X*&(-,w’) = X627  P-as.
This now allows us to rewrite the extended reward functional J¢ in terms of J as follows,

FBEyF

T
t, &,
X7

P = [ B[aBTE 0w X )

T P ’
[P () X (), o) ds ()
t :

:/ J(t, & 0 P (dw') < V(t,6),
Q/

and since a € A® was chosen arbitrary, this shows that V&(t,€) = sup,c e JE(¢,€,a) < V(t,8).
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A.2.3 Proof of VR < V¢

Recalling that by [Lemma A.1] we are free to choose our randomised probability space, we will consider
the canonical extended space (Q, F,P) = (2 x @, (F @ F)F¥ P @ P') from Let us
further fix t € [0,7], € € L2(,G VvV FV,P;R?) and a; € A;. We now need to show that for any v € V,
we have JR(t, €, ap,v) < VE(L,€).

To this end, let us fix v € V and let P” ~ P be the corresponding tilted probability measure under
which 1 has the intensity v, (o) As (da)ds, defined in[(4.6)] Following the approach by [4], we will construct
a piece-wise constant process & € A€ that has under P the same distribution as the Poisson point
process It under P¥ using [4, Lemma 4.3]. To set this up, we define for each w € € the process
v [0, T)x QY x Ap — (0,00) by v¥(w', @) == vs(w,w’, ). This v* is then Pred(F*)® B(Ar)-measurable
and satisfies 0 < inf{o 7yx0/xar ¥ < SUP[o 7]xqr x A, V' < 00, see also [4, Lemma 4.2]. Correspondingly
we define probability measures P’ ¥ ~ P on (', F") via %| Fuo= LY, where L¥" is given by
Using an analogous result to [Cemma 4.3, we note that P is indeed well-defined, and moreover we
observe that by construction P¥(dw, dw') = P (dw")P(dw).

Next we apply [4, Lemma 4.3] and obtain a process

Alv v
o’ = atl[tﬂv) + E (a7 1[7_;;/17,211)’
k>1

where ;¥ > ¢ are FBP v F'-stopping times and o’ are ngp V F'-measurable, k > 1, such that

P (6" (w, ) = L2 (I+*),  for P-aa. we Q.

Now we note that (t,w,w’) — (Bi(w),w’) is a continuous Hunt process and thus by [12] Chapter 3,

Section 2.3, pp. 30-32] every FB-F v F'-optional time is also FB.Py F'-predictable. This allows us to use
the arguments in [I3, Lemma 6] to conclude that there exist FZ v F'-predictable stopping times 75, and
ffg V F’-measurable af, such that 7/ = 77 and of = o}, P-a.s. Therefore, the process

& =l + ) aflpy e )
E>1

is FP v F'-predictable and indistinguishable from &, and thus we have
LF (6" (w, ) = LF (6" (w,) = L& ([t*),  for P-aa. we Q.
We note that this implies that
£ (wlg. &, W, B,a") = L7 (nlg, & W, B, 1), (A7)

where 7|g : (Q, G) — (2, G) is the canonical G-measurable projection, since for all bounded, measurable
functions ¢ : (2 x R x R™ x R", G x B(R? x R™ x R")) — R and ¢ : (Ar, B(Ar)) — R we have

E™ [¢(ng, &, W, Byw(Ft)]
- /QQ A(w, E(w), W (w), B(w)) (1" (w,w)P" (dw, du')

=/, P(w, {(w), W(w), B(w)) Q,l/f(ft"” (w0, )P (du' )P (dow)

= | 6 () W(w), B)) | (0" )P (e P(do)
— EF[¢(n|g, &, W, BYw(a”)].

As a next step, we recall that by [Corollary 4.2] there is an unique (up to indistinguishability) cadlag,
FVvg \/}"g’at -predictable and FW-L" G-progressive process [t Fi -identifying to It Similarly,
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Corollary 3.12)and [Lemma 3.2shows that there is an unique (up to modification) F' vg VFS -predictable
and FW-¢" v G-progressive process a” which F® -identifies to &”, and moreover together with [(A.7)] we
obtain by [Lemma 3.3] that

L¥(rlg, &, W, B,a", ") = L (x|g, &, W, B, [V« 1000, (A.8)

We note that o is FW:B v G v F'-predictable and hence o € A¢.

Since It js FW- " V G-progressive, there exists a unique FW’Bt’ft’at’@\/g-progressive process X b& ot
solving the randomised state dynamics and similar since o is FW:" \/ G-progressive, there exists
a unique FW-B Py G V F'-progressive Xt process solving This implies that the corresponding

B,u,BY

conditional law process (Pyxi o )Se[t 1] 18 FB.I" P _progressive, since G, W are P”-lndependent of
B ’ v A
B, i and similar that (thg ZV}— )selt,] 18 FB.& ’P-progressive, since G, W are P-independent of B, F.

This implies that

itoog pr p
Sy, FB. DR SFEEVF

Ay FB.BY rB.&
s s
t 5 ag 9 ]P)Xt,g,aV P t
s Xs

Vb .
]P)Xﬁ’s’at =P v, P-a.s.,

et

and therefore both X4 and X*&*" satisfy the following equation
A]_-B,d,fP A]_—B,d,@’ 0 A]_—B,dﬁ’
dXs =b(s, Py Xs,a5)ds +0(s, Py, X, a5)dWs +07(5,Py X, 05)dBs, Xy =&, (A9)

with the corresponding control & = I respectively & = &”. Consequently, together with the
weak uniqueness of solutions to [(A.9)[now shows that

]_—BIP F o’ v V]:B B @ o
Vo (U )seltr]s X8 a¥) = P (P )sefe ), X o, Iho),

Xtﬁa” that

Finally, this implies that
JR(t,f,at, ) EIP’ [g(@]:tgat)that / f tgat’Xtﬁat Itozt)di|
— EP [g(X;JE’a AXt e / f(s, X0&" P igzgﬂ,a”)ds} = JE(t,€,a),

and since v € V was arbitrary, this shows that VR (¢, &, a) = sup,cy J®(t, &, ap, v) < VE(L,E).

B Proof of Lemma 5.1

Proof. (i) We first note that we can view the penalised BSDE|(5.1)|as BSDE on [0, 7] with the driver

F(s,0,u) = 1y (s)(HS,(w) + n/

As

(u(@))+ As(dar)),
where H, := E@[f(r P 2; at,Xt ar Jhon)| FBaiP) and terminal value
~ o A]_-B,M,T@’ o
G = EF[g(x 55 t,%g,at)|f$’”’ﬂ"].

Then by [36, Lemma 2.4], there exists a unique solution (Y™h& Zmt&ar ntgar) ¢ St (FB:1P) x

Ly e (FB:#PY x L3 oy (FB:#P) to noting that while boundedness of the driver F' in [36] (2.15)]

)
is not fulfilled by our driver F, this assumption is only needed to show that for each U € Li,[t,T] (FB ’“’@),

}<oo,

. T _ 2
o HH + / F(s,U,)ds
0
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which in our setting holds since by together with [(4.7)] we have
" T _ 2
E? HH + / F(s, Us)ds’ |
0
< 2P [| B [o (g, BT | FR P

T T A sy a3 —
7 [ B BT X e FE e [ (D))o ]

s

T
<28 [l BT 4 T [ 1 B X, s

+nT sup Ag( / / |Us ()2 As( da)ds} < 0.

s€[0,T]
(ii) Next we will prove the representation |(5.2)l From the BSDE [(5.1)] for any v € V, by taking the

conditional expectation under P¥ given FB#mP" wwe obtain for all s € [t,T] and r € [s,T],

Yntgat EP [Ynt&at‘i’/ f u, P t&at 7Xi’£’at;ﬂi’at>du
/ / ((U22 (@) = v (0)) A (da)du| FE#F]. (B.1)

Noting that for v € V™ we have 0 < v < n and thus n(U™H&%), — pU™H6% > 0, we see that [(B.1)
shows that for all v € V", s € [t,T] and r € [s,T],

Yn € ay > EIP’ [Yn € ay + / f ]:5:,@" , ijg’at,Ii’at)d“‘ff’”’@y} :

t
u
and hence

Ay v, B, TP DY
st,t@at > ess iup DL [Y" € o +/ f u, P Z:g . X57£7at7[57at)du’f53,uip’ }
veyn

For the other direction, we define for each ¢ € (0, 1] the randomised control v™¢ € V" via
vt (a) = nligpese@zoy TE et @<oy o O [T X Ar
° 1 ,on [0,t) x Ar.

Correspondingly, we define the probability measures P*"° ~ P via dﬁ’;@’ ‘ Foae =Ly forallu € [0,T1],

see|(4.6)l Thus from |[(B.1){ we obtain for all s € [¢,T] and r € [s,T],

TLEfB[,L].P

ypison < EF [Y"ff 4+ / A S XL Lo dul FERE]
+E / / (UmHE (a)) )\u(da)du’ FomE"]
< esssup £ [Y"’t’5 O +/ f(u, P p g o 7Xi,&at7Ii,at)du’}-fwﬁ"’}

veyn

4 eEP // (Unta (g ))\u(da)du‘ff’“’@vw]. (B.2)

Therefore the desired result follows by letting ¢ | 0, if we can show that the last term vanishes in the
limit. To estimate the last term, we observe that since by construction 0 < v™¢ < v™! for all € € (0,1],

we have that for all s € [t,T],

Ll/n V"’ ns
0< LZ’” T = exp /[T]/ 2 wu(dr, da) / / v (o) — f’l(oz)))\r(doz)dr)
HV" lloo
/ / »(da) dr =:C < o0.
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This allows us to bound the last term in |(B.2)| as follows

{/T/A (Uﬁt,&o‘f(oz))f/\u(da)du’]_-sg%@wn,a]

Lun,s r A
an € / / (U»g’t»fqat (Oé))fAu(da)du’f&B”uﬁ[P’}
Ly o Ja,

. Ll/"’l r .
< CEF |7 / /A (U2 (@) - Ao (da)du| FEF]

:E@[

=CcE" | / / (U (@) - Aa(da)du| FE-E ]
s Ay
This term is now L(BP*"" )-integrable, and due to P*""" ~ P also P-a.s. finite, since

S A I CHE ST |

< <1E@[|L;""1|2]E@ [(/ /Au(UZJ’t*E*“f(a))Au(da)dU)QD 2

< (E@[|L;"’l|2]1a@ [/ /A |U;"t’5’at(a)|2)\u(da)du}/ )\u(Au)du>2 < oo,

since U600 € L3, (FB-#Fy and Ly € L2(Q), F2+, P, R) by Lemma 4.3

(iii) Finally, let us turn to|(5.3)l By taking the expectation with respect to B i (B.2)| for s =t,
we obtain hat for all r € [¢,7] and ¢ € (0, 1],

L me L ne ye FB.uBY e
EIP’ [Y;n,t@,at] < EIP’ [Yn RANH + / f e ft o , ij&at , IZ’at)du}
e / / (UntE () )\u(da)du}.
Since by construction d@;;E | poune = LY"" =1, we see that o [Yt"’t’g’at] = E@[Yt"’t’g’at], and thus
t

E@[}Qﬂ,t,g,at] — ]Efp”’ ’ [}/tn,t,f,at] S SH\E) E[@" |:Ynt§ No' +/ f u, P tg o ,X’Z,f,at,li,at)du}
Ve n

e /t /Au(UZ]’t’g’a‘(a))_)\u(da)du}.

Finally, by letting € | 0, we obtain |(5.3)} recalling that we have already shown in [Part (ii)| that the last
term will vanish.
O

C Proof of [Theorem 5.2

Proof. (i) We will start by proving the existence and uniqueness of such a minimal solution to [(5.4)|
using [31, Theorem 2.1], which tells us that this unique minimal solution to should be the increasing
limit of the solutions to the penalised BSDEs obtained from [Lemma 5.3l For this we view
and the penalised versions as a BSDEs on [0, T] with the driver F(s,&) = 1 7)(s)Hs— (@), where

N ~ . =B.,uP o
H, =B [f(r,B" he. at,Xfé ar Ttae)| FBP] and the terminal value G = EF [g(X 45, P e oy )| FRmE]

Then we note that [31, Assumption (HO)] holds: (ii) and (iii) are naturally satisfied as the generator F
does not depend on Y, Z, U, and (i) holds since £ € L*(Q, GV F}V, P; R?) together withAssumption B|and

show that

T T -
P oy woF A]:SB’“’P ot g
B [l6P + [ 1F(ePas] < B [loxh LR + [ 1 B xeeen 1] < e
t :
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We remark that [31, Assumption (H1)] is only needed to show the following estimate

supE@[ sup |Y/h&e 2| < oo (C.1)
n s€[t,T]

Thus, instead of verifying [31I, Assumption (H1)], we will directly show that [[C.1)| holds. For this, we
note that following the same arguments as [23, Lemma 4.9], from the representation |(5.2)|in [Lemma 5.11
together with and [B] we can show that

sup [Yuber|? < C’(l +EP [ sup |X§’§’O‘t|2‘ff’“’PD, P-a.s.,
selt,T] SE[tT]

for a constant C independent of n, which together with |(4.7)| implies|(C.1)l Thus by [3I, Theorem 2.1],
the BSDE |(5.4)| has a unique minimal solution

(Yhoae zboa ghtar gheot) ¢ S[QO,T] (FB’#’A) X LW 0, T]( Fo #’@) x Li,[O,T] (FB’#P) X K[QO,T] (FB’#’@)a

when viewed as BSDE on the whole time interval [0,7], and which satisfies Y068 4 YE& for all
€ [t,T], P-a.s. and in L?(ds @ ). Therefore, as a last step we need to show that also Kf’g’at =0

and thus K& ¢ IC[t 7) (IFB’“’@), which we will postpone to [Part (iii)| of the proof as it will follow from

t
Y; Eiov s

showing that is P-a.s. constant.

(ii) Regarding the representation [(5.5)] we first note that by [Lemma 5.1] we have the formula [(5.2)]
for Y48 for all n € N. Thus, using that V, € V,.1 C V and Unen Vn = V, we conclude from

yrtear 4 yhéer for all s € [t,T], P-a.s., by monotone convergence that [(5.5)| holds for Y&,

(iii) Next we will prove that Y8 is Poa.s. constant, and with it that K7©* = 0 and hence
Kt&ae ¢ K2 7] (FB:#F) | which also completes the construction in For this, we will show that
Ytt5 = V(t,m), P-a.s.

First, we note that together with implies that

v F

}/tt,g,at = esss\tjlpEPV {Q(I@’X’t?at ’ tEat / f 5, ]P) t&at 7X£,£,at7Igat)ds‘ffwypu}7 ]fD_a_s_ (02)
ve T

Next, we observe that by [Proposition 3.5 we can decompose cach v € V into an F2* @ Pred(FB'+") @
(AT) measurable process T with 0 < mf[o TIxOxaxAr L < Supp, T]xOxOx Ar T < oo such that v(@) =

T(@,&), foralld € . In particular, we have Y(&, -) € V; for every & € Q. Now recalling that X% and

Itee are - independent of f P , we can apply the freezing lemma, see e.g. [3] Lemma 4.1], to rewrite
the conditional expectation in |(C.2)|as follows,

A B,u,PY B

PY Vs T t E « t,&,a t,a

B o7 e 4 [ BT e s
T

B, p,BY
F }

» [ L7 o FEom « L « at P
— P {L_ZV“ (g(]P’ {,g,at?X;g, t) +/ f s, ]P) Stg at’Xt ,§an It S) ‘]:tB»H,IP’}
_ EIF’ L% ]fpf Xt €5 Ott Xt &, It at)ds
- {F(g( tgat? f tgat? ) )i|
t v="(@,)
P v A}-?’“’P tfat t,&,ar Tt,at
=B |13 (9P, XE s BT XUSee T ds )
T v="(@,")
_ 1R
=J (tﬂgaatav)‘v (@, )’ a.S.,

since for every & € € we have v = T(®,-) € V; and thus i—% is P-independent of ]-"tB’“’@ together with
t
E¥[LY] = 1 and LY being FP*"-measurable. Therefore by using [(C.2)| together with
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and [Theorem 4.8 we obtain one the one hand

V(tvm) = Ssup JR(tagvatvy)

veV:
- B,u,PY Y S
. pr A, F, tga t,& 00 T B, p,P” t.&,a
= sup B [g(B770, X / Pl BTEl X phenas| FPRE] < ypee
VGVt T

and on the other hand also

Voo = sup JR(L, €, o, 0))
vey

< sup ‘]R(tvga A, U) = V(tvm)

v=T(@) vEVy

This shows that Y;"$* = V(t,m), P-a.s., and in particular that Y;"*** is P-a.s. constant. Finally, we
note that this also implies K5 = 0, wh1ch shows that K& ¢ IC2 (IFB o IED)

(iv) Finally, let us prove the representation |(5.6)f From the BSDE |(5.4)} by taking the conditional
expectation under PV, we obtain for all » € [t,T] and v € V,

B
Yt& oy > EIP’ [Yt£ ozt] > EIP’ [Ytﬁat +/ f U ]P)VZ:g a't Xi,ﬁaat’[i@t)du}’

since U4 is nonnegative and K%t is nondecreasing, and Ytt’g’o“ is P-a.s. constant. Taking the
supremum over all v € V then shows that

th“t>supEP tho‘t—i-/ flu t‘gat ,Xi’ﬁ’o‘f,li’at)du]
vey

For the other direction, we recall that by [Lemma 5.1 we have the upper estimate for Yb&ar,
for all n € N. Thus, using that V,, € V,,y1 €V and {J,,cy Vo = V, we deduce from yrb&ar 4 yhéer for

all s € [t,T], P-a.s., by monotone convergence that, for all r € [t, T,

Yoo B[] < supBP [yeee 4 / FuBETEl X0 1 dul.
vey
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