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THE WEIL REPRESENTATION FOR A FINITE FIELD OF
CHARACTERISTIC TWO

AURELIE PAULL

ABSTRACT. We study the Weil representations associated to a finite field F of character-
istic two. Starting from a non-degenerate symplectic form on a finite-dimensional vector
space W over F, we consider any associated bilinear form B on W and the corresponding
Heisenberg group H(B). The pseudo-symplectic group Ps(B) acts on H(B) by automor-
phisms leaving its center fixed. Let W = X @Y be a complete polarization and let Y be
a character of the abelian subgroup X x I of H(B) having non-trivial restriction x to F.
From this data, we construct the projective Weil representation of Ps(B). We linearize
this representation and define the Weil representation of a two-fold covering Ps(B)% of
Ps(B). All the formulas we obtain are explicit. In particular, we exhibit explicit formulas
for the projective cocycle and the character of the Weil representation. Finally, we use
our results to give the complete description of the two-dimensional case W ~ [F3.
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INTRODUCTION

The Weil representation has been studied in various settings and has numerous appli-
cations in mathematics and physics. In his pioneering work, Weil studies algebraic
groups over local fields and adelic rings. He defines a Heisenberg group H associated to a
fixed bilinear form over a finite-dimensional vector space and then the pseudo-symplectic
group Ps, which is a subgroup of the automorphism group of H acting trivially on its
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center. He then obtains a unitary projective representation of Ps which he lifts to a cen-
tral extension of Ps by the unit circle. In characteristic different from two and if the field
is not that of complex numbers, Ps is isomorphic to the symplectic group Sp and the
extension can be reduced to an extension of Sp by two elements, i.e. a two-fold covering
of Sp. This is the metaplectic extension, and the linear representation obtained this way
is called the oscillator, metaplectic or Weil representation.

In his article, Weil said that a possible extension of his work to the case of a finite field
would have been interesting. This was done using different methods in odd characteristic
for example by Gérardin 7], Teruji [26], |27] and Aubert-Przebinda [2]. In this case, the
projective Weil representation appears to be a linear representation of Sp, no coverings
needed. However the situation is completely different in characteristic two: Ps is not
isomorphic to Sp, the symplectic group does not act on the Heisenberg group anymore
and Ps does not even project onto Sp but only onto the orthogonal group O, which is a
proper subgroup of Sp (with only one exception; see Proposition below). The work
of Blasco [3] shows that the metaplectic extension does not split and is a two-fold covering
of Ps.

In this article, we study the Weil representations associated to a finite field F of char-
acteristic two. We consider a finite-dimensional vector space W over F equipped with a
non-degenerate symplectic form (-,-) (i.e. alternating). We fix a bilinear form B on W
such that

<w1,w2) = B(wl,wQ) — B(wQ,wl)

for all wy,ws € W and consider the quadratic form @ associated to B, i.e. Q(w) =
B(w,w). This leads to the definition of the symplectic group Sp(IW) and the orthogonal
group O(Q) in Definition [I.6] We point out that Weil fixes a particular form B whereas
the results we obtain in the sequel (like Blasco’s results) can be applied to any bilinear
form B satisfying the equality above. We start by defining a Heisenberg group H(B) in
this setting in Definition [I.1 Notice that non-equivalent bilinear forms can lead to non-
isomorphic Heisenberg groups, which is a major difference from the odd characteristic
case, for which there is only one Heisenberg group to consider (cf. Proposition . If
F = Ty, the situation is completely clear: H(B) is an extraspecial 2-group and there
are only two different Heisenberg groups up to isomorphism (see Proposition and the
appendix for the definition and structure of extraspecial groups). For arbitrary F, we
define the pseudo-symplectic group Ps(B) associated with B in Proposition and we
describe its structure in Proposition [I.11]

The Weil representation arises from an intrinsic property of the Heisenberg group H(B),
namely the Stone-von Neumann theorem, of which we give a short proof in our setting in
Theorem [2.9, This theorem states that, up to isomorphism, H(B) has a unique unitary
irreducible representation acting on its center ' as a fixed non-trivial character y. For
every non-trivial character xy of ' and extension Y of y to the abelian subgroup X x F
of H(B), we give in Lemma a realization pg of this representation. However, we
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will point out in Remark that this theorem is in fact not necessary to obtain the
intertwining operators we need to construct the Weil representation. Then, we deduce the
results of Blasco but in a different manner. In fact, we were inspired at the beginning by
Glasby’s article [§] for F = F, since it treats extraspecial 2-groups, and then we extended
the formulas we obtained to every finite field F of characteristic two. In particular, we
give explicit formulas for the projective Weil representation of Ps(B) in Proposition .
(Notice that Blasco treats simultaneously the local and the finite case, and gives a formula
for the finite case which does not apply to all elements of Ps(B).) We also compute the

associated cocycle in Corollary|3.4/and define the two-fold covering Ps(B); of Ps(B). This
definition provides possibly several non-isomorphic coverings, but we prove in Proposition
3.8 and Proposition that there are conditions to ensure that the isomorphism class of
this extension does not depend on the character x we choose and on the choices we make
to define the intertwining operitgr/s in Proposition [3.2l We obtain thus explicit formulas

for the Weil representation of PS(B)% and its character in Corollary [3.10]and Proposition
3.11) respectively. Here we highlight that the Weil representation is unitary, faithful and
irreducible.

Finally, we investigate in detail the case of the smallest dimension for W, i.e. W = 2.
In this case, there are two different Heisenberg groups which can arise from the different

—~——

possibilities for B. If H(B) ~ D, then the two-fold covering Ps(B);, is either isomor-
phic to the dihedral group Dg or to the semi-dihedral group SDig (see section . If
H(B) ~ Qg then, as mentioned in Proposition [1.12} the situation is very exceptional since

O(Q) = Sp(W). Here the two-fold covering Ps(B); is either isomorphic to the conformal
special unitary group CSUs(FF3) or to the general linear group GLy(F3) (see section [4.2]
and [29] for more details on these finite groups). Observe that this last example is the
only one which enables us to provide a Weil representation which is directly related to
the entire symplectic group Sp(W), and not only to O(Q). The construction of the Weil
representation of a metaplectic group related to the entire symplectic group over F = Fy
will be described in a forthcoming article.

Aknowledgements: This article is the result of part of my thesis work, supervised
by Angela Pasquale (Université de Lorraine) and Tomasz Przebinda (University of Okla-
homa). I would like to thank them for their careful reading, and more generally for their
guidance and support during my PhD.

1. THE HEISENBERG GROUP H(B) AND THE PSEUDO-SYMPLECTIC GROUP Ps(B)

Let F be a finite field of characteristic two and let W be a finite dimensional F-vector
space of dimension 2n. Since the Weil representation arises from the Heisenberg group,
we first have to properly define the Heisenberg group in these settings. In fact, this group
is in general defined from a non-degenerate symplectic form over W and this requires
a division by two. Since this definition is not available here, we use a bilinear form B
(related to the non-degenerate symplectic form by ) to define the Heisenberg group.
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In particular, there are different bilinear forms B that can be used to define this group.
If F = IFy, there are only two different Heisenberg groups to consider up to isomorphism

(cf. Proposition [L.5]).
Definition 1.1. Let B be a non-zero bilinear form defined on W with values in F. We

define the Heisenberg group associated to B, denoted by H(B), as the set W x F endowed
with the following product:

(wy,t1)(we, ta) = (w1 + wa, t1 + t2 + B(wy, ws)) (1)

for all wy,ws € W and t1,ty € F. In particular, the identity element of H(B) is (0,0) and
the inverse of (w,t) € H(B) is (—w, —t + B(w, w)).

Example 1.2. Let X be a finite dimensional vector space over F with dual space X*.
Set W = X x X* and define a non-degenerate symplectic form on W by (w;,ws) =
xy(x1) — xf(22) for all wy = (z1,27), we = (x2,23) € X x X*. We denote by H(Bwei) the
Heisenberg group associated to the bilinear form By defined by

Bweil(wr, wa) = z3(21).
(We call it Bwe since it is the bilinear form used by Weil in [28].)

We denote by Q(W) the set of quadratic forms defined on W with values in I, i.e. the
set of maps f: W — F such that

(wy,we) = f(wy +ws) — f(wy) — f(wy) is a bilinear form, and (2)
f(tw) = t*f(w)forallt € Fand w e W. (3)

We also denote by Q,(W) the subset of Q(W) consisting of the quadratic forms which
are additive.

Remark 1.3. If F = Fy then the condition is automatically satisfied by any map
from W to Fy which satisfies .

The quadratic form associated to the bilinear form B is defined by Q(w) = B(w,w)
for all w € W. Two quadratic forms () and @' are said to be equivalent if there exists an
isomorphism o of W such that Q' = Qoo. Let Q € Q(W) and let V' be a vector subspace
of W. Then V is said to be singular if @y = 0. Following [5, §16], we denote by v the
(Witt) index of the quadratic form @), i.e. the maximal dimension of a singular subspace V'
of W. We also recall the definition of the Arf invariant of a quadratic form on W (we refer
to [1], [20], [5, p. 34], [4, p.197-199] and [11, Theorem 12.9] for the original definitions

and more general results). If the bilinear form (wq,ws) — Qw1 + wy) — Q(wy) — Q(ws2)
2n

is non-degenerate, then there exists a basis {v; }1<i<2, of W such that for all w = > A\,
i=1

Q(w) = MAng1 + Adnga + -+ Autdon 1 + (EX] + Audan +6X3,),
where € = 0 or ¢ is such that the polynomial £X?+ X +¢ is irreducible in F. Then the Arf
invariant of @ is defined by Arf(Q) = £2. Two quadratic forms Q and Q' are equivalent

if and only if Arf(Q) — Arf(Q’) = u* + u for some u € F, or equivalently, if and only if
v(Q) = v(Q'). In particular, if F = Fy, we obtain Arf(Q) =& € {0, 1}.
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Proposition 1.4. Let B and B’ be two non-zero bilinear forms from W to F. Let @ and
@' be the quadratic forms associated to B and B’, respectively.

1.

Proof.

The product defines a group H(B) and a central extension 0 - F — H(B) —
W — 0. Moreover, if the alternating form

(w1, wa) = B(wy, ws) — B(ws, wq)

is non-degenerate then the center of H(B) is isomorphic to F.

. Bis a cocycle and the cohomology class of B in H*(W,F) is the one associated to

the isomorphism class of the central extension defined by H(B).

. The central extensions

0F—-HB)-W-—=0 and O0—=F—->HB)—>W-—=0

are isomorphic if and only if B and B’ are cohomologous. In particular, if these
extensions are isomorphic then B — B’ is alternating, i.e. Q = Q.

. The groups H(B) and H(B’) are isomorphic if and only if there exists a map

f W — [, an automorphism of abelian groups ¢ : W — W and an automorphism
of additive abelian groups g : F — F such that for all (wy,ws) € W:

flwi +ws) = fwr) = f(wz) = B'(o(w1),0(w2)) = g(B(wi, ws)). (4)
In this case, the isomorphism is given by
O(0,1,9 - H(B) — H(B')
(w,t) = (o(w), f(w) + g(t)).
Any isomorphism between H(B) and H(B’) is of this form.

1. The two group homomorphisms ¢ : F — H(B) and ¢ : H(B) — W are such

t— (0,1) (w,t) = w
that ¢ is injective, 1 is surjective and Ker(y)) = Im(¢). Moreover, for every t € F,
the element (0,¢) is in the center of H(B) by ({I). Let (w’,#') be in the center of
H(B). Then, for every (w,t) € H(B),

(w,t) = (W', ) (w,t)(w, ) = (W +w,t' +t+ Bw,w))(—w, —t + Bw' w))

2.

= (w,t + B(w',w) + B(w',w") — B(w' + w,w"))

= (w,t + B(w',w) — B(w,w")).
This implies that B(w',w) — B(w,w’) = 0 for all w € W. Hence w' = 0 if
(wq, we) — B(wy, ws) — B(ws, wy) is non-degenerate.

B is a cocycle because B is a bilinear form: for every wy, ws, ws € W, B(wy,0) =
B(0,w;) =0 and

B(wl,wg) + B(w1 + wg,wg) = B(wg,w3) + B(wl,wg + ’wg).
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Now, define the section 7 : w +— (w,0) of the homomorphism 1 : (w,t) — w.
Then for every wq,wy € W,

7(w1) 7 (W) T(wy 4+ wa) "t = (wy, 0)(wg, 0)(—wy — wy, B(w; + wa, wy + wy))

= (0, B(U}l,’wg) + B(U}1 + Wa, W1 + w2) — B(w1 + Wy, W1 + ’LUQ))
= ¢(B(w1, w2)).

This shows that B is a cocycle that can be associated to the central extension
defined by H(B). Thus the cohomology class of B in H*(W,TF) is the one associated
to the isomorphism class of the central extension defined by H(B).

3. If the extensions defined by H(B) and H(B’) are isomorphic then B and B’ are
cohomologous by the preceding point. Hence, there exists a map 0 : W — F' such
that for every wq,ws € F,

B(wl,wg) — B/(wl,wQ) = 5(11)1) + 5(11)2) — 5(11)1 + ’UJQ).
In particular, B(wy,w,) — B'(wy,w1) = 2§(wy) — §(2wy) = 0, ie. B — B is
alternating. This implies that Q(w;) = B(wy,w;) = B'(wy,w;) = Q' (w), hence
Q=qQ.
4. Suppose that there exists a map f : W — [, an automorphism of abelian groups

o: W — W and an automorphism of additive abelian groups ¢ : F + I such that
is satisfied. Then, for every (wy, 1), (wa,ty) € H(B),

D (5, 1,0) (W1, 1) Do, 1,9) (W2, L)

= (o(w1), f(w1) + g(t1))(o(w2), f(ws) + g(t2))

= (o(w1) + o(w2), f(wr) + f(ws) + g(t1) + g(t2) + B'(o(w1), o(w2)))

P(,1,9) (w1, 1) (w2, t2))

= O 1.g) (W1 + Wa, ty + to + B(wy, wo))

= (o(wy +wa), f(w1 + ws) + g(t + t2 + B(wy, wy)))

= (o(w1) + o(ws), f(wr) + f(w2) + g(t1) + g(t2) + B'(o(w1), o(ws))) by ({@).

Hence @, 7.0)((w1,t1)(wa,t2)) = P(o,1.9) (w1, 1) Lo, 1,9 (w2, 2), which proves that
P (s,7,9) is @ group homomorphism. Moreover, for every (w’,t') € H(B'), since o is
bijective, there exists a unique w € W such that o(w) = w'. Since g is bijective,
there exists a unique t € F such that g(¢) = f(w) + ¢’. Thus, we obtain a unique
element (w,t) € H(B) such that @ fq)(w,t) = (o(w), f(w) + g(t)) = (', 1).
Therefore @, f 4y is an isomorphism.

Conversely, suppose that s : H(B) — H(B’) is a group isomorphism. Then we
can decompose s as follows: s: (w,t) — (s1(w, 1), s2(w,t)), where s : H(B) — W
and sy : H(B) — F. Hence, for every (w,t) € H(B),

s(w,t) = s((w,0)(0,t)) = s(w,0)s(0,t) = (s1(w,0), so(w, 0))(0, s2(0, 1))
= (s1(w,0), s2(w,0) + s2(0, 1)),
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where we used the fact that s1(0,¢) = 0 because s maps the center of H(B) to
the center of H(B'). Thus sy(w,t) = s1(w,0), i.e. s; depends only on W, and
So(w,t) = so(w,0) + s2(0,t). We can set s;(w,t) = o(w), s2(w,0) = f(w) and
$9(0,t) = g(t) witho : W - W, f: W — F and g : F — F. Then s acts on H(B)
by s(w,t) = (o(w), f(w) + ¢(t)). Moreover,
e f(0) =52(0,0) =0 and ¢g(0) = s2(0,0) = 0 because s(0,0) = 0.
e 0 is an abelian group homomorphism and is satisfied. In fact, for every
wy,ws € W, the fact that s is a group homomorphism implies the equality of
the following two elements of H(B'):

s((wy,0)(ws,0)) = s(wy + we, B(wy, ws)) = (o(wy + ws), f(wy + wa) + g(B(wy,ws)))
s(w1,0)s(ws, 0) = (o(wr), f(w1))(o(ws), f(w2))
= (o(w1) + o(wa), f(w1) + f(ws) + B'(o(w1), 0(wy))).

e ¢ is an abelian group homomorphism. In fact, for every ¢, t5 € F, the equality
s((0,1)(0,t2)) = s(0,t1)s(0,t2) implies that

(0(0), £(0) + g(t1 + £2)) = (2(0), f(0) + g(t1))(0(0), f(0) + g(t2))

Le. (0,9(t1 +12)) = (0, 9(t1) + g(t2)).

e 0 and g are bijective. In fact, let us consider s~! and write it under the form
sH (!, ) — (o' (W), f/(w')+g'(t')), where o’ : W — W is an abelian group
homomorphism and f': W — F and ¢’ : F — F satisfy f/(0) = ¢'(0) = 0.
Then for every (w,t) € H(B),

(w,t) = (ss7 ) (w,t) = s(o"(w), f'(w) + ¢'(t)) = (00" (w)), f(o"(w)) + g(f'(w) + ¢'()))-

Hence w = o(o’(w)), i.e. o is bijective and o/ = o~'. Moreover, choosing

w = 0, we obtain ¢t = f(0) + g(f'(0) + ¢'(t)) = g(¢'(t)), i.e. g is bijective and
-1 /
g =9
Therefore, any isomorphism s : H(B) — H(B') is of the form s = ®(, 7, given in
the statement.

O

From now on, we suppose that the bilinear form
(w1, w2) = (w1, wa) = Bw,wa) — B(wg, wr) (5)

is non-degenerate. This endows W with a symplectic vector space structure. We denote

this space by (W, (-,-)).

Let B and B’ be two non-zero bilinear forms on . By Proposition , if H(B) and
H(B'’) are isomorphic, then there exists f, o and ¢ such that is satisfied. Let () and
@' denote the quadratic forms associated to B and B’, respectively. Then @Q'(c(w)) =
B'(o(w),o(w)) = g(B(w,w)) = g(Q(w)) for all w € W, ie. Q' oo = go(. In particular,
if F = Fy, then the only possibility for g is the identity. Therefore )’ o 0 = Q, which
implies that @@ and @’ are equivalent. In fact, for F = F,, we can state a more precise
result in Proposition [I.5 In this case, the Heisenberg group appears to be what is called
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an extraspecial 2-group. This implies that H(B) and H(B’) are isomorphic groups if and
only if @ and @’ are equivalent, and thus there are only two different Heisenberg groups.
We refer to the appendix for the definition and structure of extraspecial 2-groups, the
link with the Heisenberg group H(B) and a proof of Proposition [1.5]

Proposition 1.5. Suppose that F = F5. Let B be a non-zero bilinear form on W and
@ be its associated quadratic form. Then H(B) is an extraspecial 2-group. In particular,
there are two Heisenberg groups up to isomorphism, depending whether v(Q)) = n (or
equivalently Arf(Q) = 0) or v(Q) =n — 1 (or equivalently Arf(Q)) = 1). This means that
for two bilinear forms B and B’, the groups H(B) and H(B’) are isomorphic if and only
if Q and Q' are equivalent.

Proof. Cf. Proposition [A.11] O

Now that the Heisenberg group H(B) has been defined, we are able to study its automor-
phisms. We write Aut(H(B)) for the group of automorphisms of H(B) and Aut’(H(B))
for the subgroup of Aut(H(B)) consisting of the automorphisms of H(B) acting trivially
on the center of H(B).

Definition 1.6. A vector space automorphism o : W — W is said to be symplectic if it
preserves the non-degenerate symplectic form (-, ), i.e. for all wy,ws € W,

B(o(wy),0(ws)) — B(wy,ws) = B(o(ws),o(wy)) — B(wsg, wy).

The set of symplectic automorphisms is a group, which we denote by Sp(W/).
A vector space automorphism o : W — W is said to be orthogonal if it preserves the
quadratic form @ : w — Q(w) = B(w,w), i.e. for all w € W,

Qo(w)) = Blo(w), o(w)) = B(w, w) = Q(w).
The set of orthogonal automorphisms is a group, which we denote by O(Q).

Proposition 1.7. Aut’(H(B)) is the set of elements s = (o, f), where o € Sp(W) and
f: W — F are such that for all wy,wy € W,

flwr +w2) = f(wr) = f(wz) = B(o(w), 0(w2)) — Blwi, wa). (6)
The element s = (o, f) acts on H(B) by (o, f)(w,t) = (o(w), f(w) + t). The product of
two elements of Aut’(H(B)) is given by
(0, /)", f') = (00", f'+ foo), where (f'+ foo')(w)= f(w)+ f(o'(w)).
In particular, the inverse of s = (o, f) is s7' = (¢7!, —foo™!).
Proof. Let s € Aut’(H(B)). Since s is an automorphism of H(B), by Proposition ,
there exists a map f : W — F, an automorphism of abelian groups ¢ : W — W and an

automorphism of additive abelian groups g : F — FF such that s = ®(, ¢,4). In particular,
s: (w,t) — (o(w), f(w) 4+ g(t)), and for all (wy,wy) € W,

flwr +ws) — f(w1) — f(wa) = B(o(wy), o(w2)) — g(B(w1, ws)).
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Since s fixes the center of H(B), (0,t) = s(0,t) = (0,¢(t)) for all ¢t € F, i.e. g is the
identity and @ is satisfied. Since the left-hand side of @ is symmetric, o is symplectic
provided we prove that o is F-linear.

Let B = {e1,...,en,e_1,...,e_,} be a symplectic basis of W i.e. a basis such that
(eiej) = 0;_; for all 1 < 4,5 < n. Then Fe; = {e1,...,en, 6 9,...,6_,}*, where we
take the orthogonal complement with respect to (-,-). Set w; = o7 '(e;). For every
J # —1, we have that (wy,07'(¢e;)) = (o' (e1),07 (e;)) = (e1,¢;) = 0. Hence Fw, C
{o7(e1),...,07en), 07 (e 3),...,07e_,)}*. This implies that o(Fw;) C Fe;. Then,
by definition of wy, we obtain o(Fw;) C Fo(w;). In a similar way, if we set w_; =
o~ e_y), then o(Fw_;) C Fo(w_;). Thus for every a € F, there exist \;(a) € F and
A_1(a) € F such that o(aw;) = A (a)o(w;) and o(aw_;) = A_1(a)o(w_1). Now, let a € F.
Then

{awy,w_1) = (wy, aw_1) = a{wy, w_q).
Hence
(o(awn), o0(w-1)) = (o(wr), o(aw-1)) = alo(wi), o(w-1)),
(@0 (w2), 0w 1)) = (o), A1 (@) (w_1)) = alo(w), o(w_1)).
Since (o(wy),0(w-1)) = (e1,e—1) = 1, we conclude that

A(a) =A_q(a) = a.

This proves that, for every a € F, o(aw;) = ac(w;) and o(aw_1) = ac(w_1). This reason-

ing applies with w; = 07 !(e;) and w_; = o7 *(e_;) forall j € {1,...,n}. Hence o(awy;) =
ao(wy;). Since (w;, w;j) = 0;_; for all 1 <4, j < n, the set {wy,...,w,,w_q,...,w_p,} is
a basis of W. Thus o(tw) = to(w) for all t € F and w € W. O

Definition-Proposition 1.8. Let Ps(B) be the set of elements (o, f) € Sp(W) x Q(W)
such that for all wy,wy € W,

f(wi +w2) = f(w1) = f(ws) = B(o(w1), 0(ws)) — B(wy,ws), ie. (0) is satisfied.

Then Ps(B) is a subgroup of Aut’(H(B)), which we call the pseudo-symplectic group
associated to B.

Remark 1.9. The only difference between Aut’(H(B)) and Ps(B) is that an element
s = (o, f) in the pseudo-symplectic group is such that f satisfies the supplementary
condition (3)). In particular, Remark [1.3| implies that Ps(B) = Aut’(H(B)) if F = F».

Proposition 1.10. [3| 1.3, Proposition b] The group Ps(B) defines a short exact sequence:
0— Q,(W)— Ps(B) — 0O(Q) — 1.
It splits if and only if either dimp(WW) = 2 or F = Fy and dimg, (W) = 4.
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Proposition 1.11 (The structure of Ps(B)). 1. There are |W| = |F|** additive
quadratic forms on W. More precisely, if we choose a basis B = {vy,...,v9,} of
W, then
W)y ={f:: > Ny > Xlzuv), z€ W}
1<j<2n 1<j<2n
If F = Fy, then f, = (z,-) for all z € W. Hence Q,(W) is the set of linear forms

(z,), z€ W.
2. Let x be a character of (IF, +). Then the maps x o f,, where z € W, are precisely
all the characters of W.
3. Let s = (0, f) be in Ps(B). Then:
a. o belongs to the orthogonal group O(Q).
b. For any choice of basis B = {vy,...,vs,} of W, we can define a quadratic
form on W associated to o by

FoU D2 M= > AN Bo(vi, ), (7)

1<i<2n 1<i<j<2n

where (3, is the bilinear form on W defined by

By (w1, wy) = B(o(wy),o(ws)) — B(wy, ws). (8)

Then (o, f,) is an element of Ps(B).
c. s can be uniquely written in the form (o, f, + f.), where f, : W — F is an
additive quadratic form.
4. Every element o of the orthogonal group O(Q) leads to exactly |W| = |F|*" ele-
ments of Ps(B). These elements can be written explicitly as {(o, fo+ f>), 2 € W}.
5. Let Ps,(B) be the set of elements of Ps(B) of the form (1, f). Then Ps,(B) is an
abelian subgroup of Ps(B) and

Ps.(B) = {(L, f2), z € W}. (9)

Proof. 1. If F = Fy, we already mentioned in Remark that the only condition
for a function f : W — Iy to be quadratic is that (wi,ws) — f(w; + wy) —
f(wy) — f(ws) is bilinear. Hence, if f is supposed to be quadratic and additive, it
is automatically linear on Fy. Conversely, any linear form on W is also additive
and thus quadratic. Moreover, the map which sends z € W to the linear form
(z,-) on W is an isomorphism because the symplectic form is non-degenerate.
Thus Q, (W) is exactly the set of linear forms (z,-), where z € W.

Suppose now that [F is an arbitrary finite field of characteristic two. Let B =
{v1,...,v2,} be a basis of W. For every z € W, define f, : W — F by

Z PHER for all w = Z Ajvj.
1<5<2n 1<5<2n

Then f, is an additive quadratic form. Moreover, f, # f.. for all z # 2/ € W.
In fact, if f, = f., then in particular (z,v;) = (2/,v;) for all 1 < k < 2n. This
implies that the linear forms (z,-) and (z/,-) coincide on the basis B of W and
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thus are equal. Since (-, -) is non-degenerate, this implies the equality z = 2’. In
this way, we defined |W| additive quadratic forms.

Conversely, every additive quadratic form f is entirely determined by its images
2n

on the basis elements: for all w =" \v;,
i=1

Flw) =3 Xif(w).

For all ¢ € {1,...,2n} there are |F| possible values for f(v;). This means that

there are exactly |F|** = |[W| additive quadratic forms on 1. This is enough to
conclude that Q,(W) = {f.,z € W}.

2. Let B={vy,...,va,} be a basis of W. Recall from |l| that Q,(W) = {f.,z € W}.
For every z € W, x o f, is a character of W because f, is additive and yx is a
character of F. Moreover, x o f, = x o f. implies that the image of the additive
quadratic form f, — f.. is contained in the kernel of y. If we set u = z — 2/, then
fo— fo = fu. If fu, # 0, there exists wy € W such that f,(wy) = a € F*. Fix
any A € F. Since F = F? (Lemma [2.1)), we can set o = 3% and A = p2. Hence
fu(nB twg) = p2B72 fu(wo) = X. This shows that the image of f, is equal to F.
Since x is non-trivial, the only possibility is f, = f. — f.» = 0, i.e. z = 2’ by
. Thus the maps x o f, define |W| distinct characters of W, i.e. they describe
exactly the set of characters of W.

3. Let s = (o, f) be in Ps(B).

a. Recall that, by definition of Ps(B), for all wy,wy € W,

f(wy +wz) — f(wr) — f(ws) = Blo(w:),0(ws)) — B(wy, wy).

If we take wy = we, this gives 0 = B(o(w),o(w)) — B(w,w), i.e. o preserves
the quadratic form Q).

2n
b. Let B = {vy,...,v9,} be a basis of W over F. For all w; = > A\jv; and

=1

2n
Wo = Z HiVi,
i=1

Bolwi,wa) = > NpiBo(vivg) = Y (Nt + Agpts) B (03, 05),

1<i,j<2n 1<i<j<2n

where the last equality is due to the fact that 3, is alternating (because o €

0O(@)), and thus symmetric in characteristic two. Now, forallw = > A\uw;,
1<i<2n
and for all t € F,

fg(tw) = Z t)\itAjﬁa(’Uia 'Uj) = t2 Z )\i)\jﬂa(vi, Uj) = thU(’UJ).

1<i<j<2n 1<i<j<2n
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Moreover
folwr +wa) — fo(wr) — fo(wo)
= > NN )Ba(viv) = Y Ao ) = D g Bo(vi, ;)

1<i<j<2n 1<i<j<2n 1<i<j<2n
= > ay + ) Bo (v, ;)

1<i<j<2n
- /60 (w17 w2>‘

Thus f, is a quadratic form on W such that (o, f,) belongs to Ps(B).
c. Since s = (o, f) and (o, f,) both belong to Ps(B), then for all wy,wy € W,

f(wr +wa) = f(wr) = f(w) = By (w1, ws) = fo(wi +ws) — fo(wr) — fows),

Le. (f = fo)(witwz) = (f = fo)(w1) = (f = fo)(w2) = 0. This means that f— f,
is an additive quadratic form on W, which we can denote by f, = f — f,.
Hence the choice of a basis B leads to a unique expression of any element
of Ps(B) in the form (o, f) = (o, fs + f.) where f, is defined in and
fo =1 =o€ Qu(W).

4. If we choose a basis B = {vy,...,v9,} of W then Q,(W) = {f.,z € W}. We can
thus conclude thanks to the preceding points that any element o in O(Q) leads to
exactly |WW| = |F|*" elements of Ps(B), namely the elements (o, f, + f.), 2 € W.

5. Let s; = (1, f1) and s = (1, f3) be in Ps,(B). Observe first that fi, fo € Q. (W)
by @ Moreover,

8182_1 = (lvfl)( _fQ) = (Lfl - f2) = (17 _f2)(17f1) = 52_131'

Since f1 — fo € Q,(W), this shows that Ps,(B) is an abelian subgroup of Ps(B).

Then [1| yields @
OJ

The next proposition describes the relation between the symplectic and the orthogonal
groups in characteristic two.

Proposition 1.12 (Relation between Sp(W) and O(Q)). We denote by ¢ the order
of the field F (¢ is a power of the prime number 2).

1. The orders of the symplectic and orthogonal groups are given by:

1Sp(W)| =" [](¢* - 1)
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2. The orthogonal group is contained in the symplectic group, i.e. O(Q) C Sp(W).
This inclusion is strict unless ¢ = 2 (i.e. F =Fy), n =1 (i.e. dimp, (W) =2) and
v=n—1=0.

Proof. 1. Cf. |4, p. 94 and p. 206].
2. Let 0 € O(Q). Then for all wy,ws € Sp(W),
0= Q(c(w; +ws)) — Q(wy + ws)
= Q(o(w1)) + Qo (wz)) 4 (o (w1), o(w2)) — Q(wr) — Q(wz) — (wy, wy)
= (o(wy), 0(ws)) — (wy, ws).
This proves that o belongs to Sp(W). Suppose now that n = 1. By[l]
So V) =g ~1)  and  [0(Q)] = {jﬁj R

Hence if ¢ = 2 then

2 ifr=1
Sp(W)| =6 d O =
[Sp(W)| and  O(Q) {6 o

ie. O(Q) =Sp(W) if v = 0. If ¢ > 2 then
1 .
mmwnz{ﬁ%lzm if v =1

@I | *Pz6 ifv=o,
which shows in particular that O(Q) is strictly contained in Sp(W). In the same
way, if n > 2:
[Sp(W)| _ {qui’{m =@ >0 ifv=n o0
0@\ gty = CFPC>6 ifv=n-1,

i.e. O(Q) is again strictly contained in Sp(WV).
U

Remark 1.13. Comparing the orders of the groups O(Q) and Sp(W) in (10]), we realize
that, in general, the pseudo-symplectic group is really far from being sufficient to define
a Weil representation related to the symplectic group, since Ps(B) only surjects to the
orthogonal group O(Q). The construction of a metaplectic group related to the entire
symplectic group over F = [y will be described in a forthcoming article. The only case
for which the construction of the Weil representation in the present article can be related
to the entire symplectic group is treated in section 4.2

2. THE STONE-VON NEUMANN THEOREM AND THE PROJECTIVE WEIL
REPRESENTATION

Recall that F is a finite field of characteristic two. We denote the Pontryagin dual
of (F,+) by F. We fix a non-trivial character x of F. As before, we consider a finite
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dimensional F-vector space W of dimension 2n equipped with a non-degenerate symplectic
form (-, -). We also fix a complete polarisation of W i.e. two totally isotropic subspaces X
and Y of W (which means that X C X+ and Y C Y+, where the orthogonal complement
is relative to the non-degenerate symplectic form (-,-)) of maximal dimension such that
W = X &Y. In this setup, the non-degenerate symplectic form on W is given by

(wy,we) = (w1 + Y1, T2 + Yo) = (x1,Y2) — (T2, Y1),

for all wy = 21 + y; and wy = x5 + yo in W, with z1, 29 € X and y;,y2 € Y. Moreover,
the map which sends y € Y to the linear form (y,-) on X, defines an isomorphism from
Y to X*. This enables us to identify W with X x X*, fix a bilinear form B such that

<U}1,’LU2> = B(wl,wg) — B(wg,wl)

for all wy, w, € W, and define the Heisenberg group H(B) from section [I] For example,
the expression of the bilinear form used by Weil is in this setting:

BWeﬂ(wth) = <$1,y2>.

An important feature of the Heisenberg group is the fact that it has, up to isomorphism,
a unique irreducible unitary representation acting as x on its center. In our setting (finite
dimensional vector spaces over a finite field of characteristic two), we can give an easy
proof of this result, which is known as the Stone-von Neumann theorem. This proof is
based on counting the irreducible representations of H(B). We begin by associating to
each non-trivial character of F a unitary irreducible representation of H(B).

Lemma 2.1. 1. Every element of F is a square in F.

2. Every character of I takes its values in {£1} and can uniquely be written in the
form x, : t — x(at), where a € F. In particular there are |F| — 1 non-trivial
characters of F.

3. x can be extended to the commutative subgroup X x F of H(B) in |F|™ different
ways. Let X be such an extension. Then X takes its values in {£1,+i}. More
precisely, X takes the values £ if and only if X is not a singular space, i.e. Qx # 0.

Proof. Suppose that the order of F is equal to ¢ = 2™ with m > 1, i.e. F = Fon.

1. Let a,b € F be such that a*> = b%. Then (a+b)*> = a®>+* = 0. Hence a = b, which
implies that the map a — a? is injective. Since F is finite, this map is bijective.
2. Let ¢ be a character of F. Then v takes its values in {£1} because for all t € F,

1= $(0) = (26) = ¥(1)".

The fact that F — F (where x, : t — x(at)) is an isomorphism follows from the

a+— Xa
fundamental theorem for finitely generated abelian groups: (Fam,+) is isomorphic

to (Z/2Z)™ and Z//\QZ ~ 7./27. Hence F ~ (mm ~ (Z//\QZ)m ~ (Z/2Z)™ ~ TF.
3. Since F = Fom, F is a Fy-vector space of dimension m. Let {t1,...,t,} be a
basis of ' over Fy and let {z1,...,2z,} be a basis of X over F. Suppose that
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X is an extension of x to X x F. Observe that for every integer N > 2 and
wi,...,wy € W, we have

(Zwkﬁ) (0 - Z Z B(w;, w ) H(wk,()) (11)

J=11=j+1 k=1
in H(B).
Now let (x,t) be an element of the commutative subgroup X x F of H(B).
Then there exists p; € Fy and A\ = > ity € F such that (z,t) = (D A, t).
k=1

=1
Applying towy = > pritizk, where 1 < k < n, we obtain:

1<i<m
(Z Z ukyltlxk, O) = (O, T) H (Z /Lk’ltlmk, 0) (12)
k=1 1=1 k=1 \lIl=1

where

n—1 n n—1 n m m

T=-— Z Z B(Zu]rt Ty, Z,ulst 2171) = - Z Z (Zﬂj,rtr) (Z“lvsts)ﬁj’l

j=11=j+1 r=1 j=11=j+1 r=1 s=1

and
5j,l = B($j, QSZ).

Applying to v, = pg by, where 1 <1 <m and k is fixed, we obtain

(Z [t Ty, 0) = (0, T) [ [(anatien, 0), (13)
=1 =1

where
m—1 m m
T, = — Z Z Bk ptr g, fih,stsTh) (Z Lk, r) < Z Mk,sts)ﬁk,k-
r=1 s=r+1 s=r+1
Thus:

= x(t)x ( Z Mk tiTy, 0>

1<k<n, 1<I<m

@ D)% (ﬁ (i eitite, ))
ﬁX(iﬂk,ltlImO)

k =1

=1
(1) [T x(@o) TT XCewatis, 0).

k=1 =1
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Since py; € Fo, the character Y is entirely determined by the images X(¢;zj) for
all 1 <k <nand1<I[<m, via the formula

X(x,t) HX Ty) HX tixg, 0)F*L, (14)

Now let 1 <k <nand1 <1< m. Slnce (tiwg, 0)(t1z, 0) = (0,¢Bkx), the
value of X(t;zx) depends entirely on S = Q(zx). In fact, if Brx = 0 then the
order of (t;xy,0) in X x F is 2, and thus Y (t,2x) € {£1}, whereas if 5;x # 0 then
the order of (t;x),0) in X x F is 4, and thus Xx(;zx) € {£i}. In any case, there
are two possibilities for X(t;x;). This leads to at most 2™ possibilities for the
extension Y. Conversely, any choice of Y (t;z;) in {£1} if By = 0, or in {£i} if
Brr # 0, for all 1 <k <nand 1 <[ < m, defines by a character of X x F
which extends x. Therefore, there are exactly 2" = ¢ = |F|* extensions of x
to X x FF, which can be explicitly computed thanks to the formula above.
We have also shown that any such extension Y takes its values in {£1, +i}, and
more precisely the values +i are taken if and only if there exists z € X such that
Q(z) = B(z,x) # 0, i.e. if and only if X is not Q-singular.

O

Now we fix the counting measures of Y and }A/, respectively, by

and

1
Ly = dy o = —F— d¢.
v P>

Since Y is finite, the set L?(Y) of square-integrable functions ¢ : Y — C coincides with
the set of all functions ¢ : Y — C. We denote by By = {J,, y € Y’} the natural basis of
L2(Y). Hence dimc(L%(Y)) = |Y| = |F|". Moreover, we can define a scalar product (-, ),
on L2(Y) by:

¢w2—/¢ D) duy (v),

for all ¢,v € L2(Y'). We also define the Fourier transform F over L?(Y") and its inverse:

/¢ y) duy (y)

_ /?f(@(é)f(—y) s (€),

for all ¢ € L2(Y), y € Y and € € Y. In this way, the Plancherel theorem states that
| F(d)]]2 = ||@]|2 for all ¢ € L*(Y). Finally we define the adjoint of an operator U &
Endc(L?(Y)) as the operator U* which satisfies for all ¢, ¢ € L*(Y):

Now we define the Schrédinger model of the Heisenberg representation of the group H(B).
Then, in Lemma , we prove that it is a unitary irreducible representation of H(B) and
present its realization on L?(Y).
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Definition 2.2 (Schrédinger model of the Heisenberg representation). Let X be
an extension of x to the abelian subgroup X x F of H(B). We denote by H (X, ) the
C-vector space of functions ¢ : H(B) — C such that for all (z,f) € X x F and for all
h € H(B),

o(h(x, 1) = X, 1) L H(h).
Let py : H(B) — Endc(H(X, X)) be the map defined by px(g9)é(h) = ¢(g7h).

Lemma 2.3. H(X,X) is isomorphic to L?(Y") by restriction to Y. As a representation of
H(B) on the Hilbert space LQ(Y), px Is unitary, irreducible and acts as x on the center.
It is given by the following formula: for all g = (z + y,t) € H(B), for all p € L*(Y) and
for all y/ € Y,

ps(z+y. )ely) = X(z,t = Qy) + (z,y) — Blz + 1/, )y —v). (15)
The character of py is given by

x| ifr=y=0

. (16)
0 otherwise,

ﬂmd@@+y¢»:{
and does not depend on the choice of extension Y. In particular, another choice of exten-
sion x* gives a representation py¢ which is equivalent to pg.

Remark 2.4. The fact that py is a representation of H(B) implies in particular that for
all w,w" € W,

px(w)pz(w') = px(w + ', B(w,w')) = x(B(w, w')) pg(w + w'). (17)
Remark 2.5. We can wonder why we need to extend the character y of F to the abelian
subgroup X X F of H(B). In fact, we could want to extend trivially x to X xF, and define
the space H (X, x) as the set of functions ¢ : H(B) — C such that for all (z,¢) € X x F
and for all h € H(B),

d(h(z,1)) = x(t)""o(h).

However, this is only possible if Bjx.x = 0. In fact, suppose that X extends x trivially.
Then for all (z1,t1), (x2,t2) € X X T,

X(w1,t)X (2, t2) = x(t1)x(t2) = x(t1 + t2)
X((x1,t1) (2, t2)) = X(21 + @, t1 + to + B(x1,22)) = x(t1 + ta + B(xy, z2)).

Since Y is a character, implies that x(B(z1,22)) = 1 for all 1, xy € X. If Bjx.x is
non-zero then its image is F. This means that ' C Ker(y), which is impossible since x
is non-trivial by hypothesis. Hence B|x,x = 0. This happens for example if B is Byi.
Consequently, if B|x,x is non-zero then the trivial extension of x is not a character of
X xF. This is why, following [3], we consider arbitrary characters Y of X x F that restrict
to x on F in Definition [2.2] in order to get a realization of the Heisenberg representation
which is valid for any bilinear form B.

Proof of Lemma[2.3 First we show that pg is a representation of H(B) on H(X, X) acting
as x on the center. For all g, ¢, h € H(B), for all (z,t) € X x F and for all ¢ € H(X, X),

(18)
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9)o(h(x,t)) = ¢(g~ h(z,1)) = X(2,t) " d(g7 h) = X(z,t) " pz(g)d(h). Hence
g)ﬁ is in the space H(X X)-

. px( ,0)¢(h) = ¢((0,0)7*h) = ¢(h) and
pz(99)(h) = 6((g99')"'h) = &g g~ h) = px(g")d(g~"h) = (pz(9)px(9))d(h).
o px(0,1)¢(h) = ¢((0,8)7"h) = ¢((0, —t)h) = ¢(h(0, —1)) = x(=t) " d(h) = x(t)d(h),
so px(0,t) = x(t )IdH (X,5)-
To show that pg is unitary and irreducible, we first prove the vector space isomorphism

between H (X, Y) and L?(Y'), and then we use the realization of p; on L*(Y).
Consider the linear map H(X,X) — L*(Y), where ¢y (y) = ¢(y,0) for all y € Y.

o= Py
o If ¢ € H(X, X) satisfies ¢y = 0, then for all h = (x +y,t) € H(B),
Hence the map ¢ — ¢y is injective.

e Let ¢ € L*(Y). For all (z+y,t) € H(B), set ¢,(x+y,t) = X(z, t—B(y,x)) to(y).
Then

o px(
px(

$(y,0) = x(B(y,0))e(y) = ¢(y),
ie. ¢yy =, and for all h = (2’ +¢/,t") € H(B),
bp(h(w,t)) = ¢p(a’ +y + 2z, t' +t+ B + ¢, x))
=X(@+2 t+t+ B +y,2)— B,z +2")) o)
= X((«,t' = B(y',2"))(x, 1)) 'o(y)
= X(z,)7'X(@", ' = B(y',2") ' o(y)
= X(2,1) " d(h).
Hence ¢, € H(X, X) and the map ¢ — ¢y is surjective.

Thus the map ¢ — ¢y defines an isomorphism between H(X,Y) and L*(Y), allowing us
to realize p; on L*(Y). For every ¢ € L(Y), for every (z + y,t) € H(B) and for every
y ey,

px( +y, )p(y) = px(z +y,1) (Y, 0)
= ¢p((z +y,1) "' (¥, 0))
= ¢p((—z —y,~t+ Bz +y, 2 +y))(y,0))
=¢,(—r—y+y,~t+ Blx+yz+y) - Bl +y,y))
=X(—z,~t+ B +y,x+y—y)—Bly—y,z) "oy —y)
=X(z,t = Q@) —(z,y =) — Bly,x —y') — Qy) + Q())p(y — v)
=X(z,t = Qy) + (z,y") — B(z,y) — B(y,y)e(y' —y)
=X(2,t = Qy) + (z,9) — Bz + v, )y — v).
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Suppose now that ¥V C L*(Y) is a pg-invariant non-zero vector subspace, i.e. V # 0
and pg(h)V CV for all h € H(B). If V # L*(Y) then there exists a non-zero ¢y € V such
that pz(H(B))po # L*(Y). Thus the subspace orthogonal to pz(H(B))epo is different from
{0}, i.e. there exists a non-zero 1y € L2(Y') such that

(px(h)po,o)2 =0 for all h € H(B). (19)
For all functions ¢, € L*(Y) and for all w € W we define:
Awb(w) = <P>?(wa O)QO, ¢>27

ie. forw=ux+y, wherez € X and y € Y

Apy(r+y) = /Y px(z +y)eW V() dy

/Y Xz, —Qy) + (2,y) — Bz +.9)ely — 9)i(y) dy

— X5, ~Qy) — Blx.y)) / (o) — B o)l — )00 dyf

Y

— X5, ~Qy) — Blx.y)) /Y ) oy ()

where fopy 0 Y — xX(=BW,v)e(y — y)¥(y') is an element of L*(Y) and &, : ¢y —
x({z,y’)) is a character of Y. Thus:

Myl +9) = X, ~Q(y) = Bl ) F(fyw) ().
Hence
8osli= [ [ Ipsla o) dy do
~ [ | R~ = B 1P ()€ dy o
— [ ] 1€ dy do

= /A / \F(fouwy) () dy € because x +— &, is a group isomorphism between
vJy ~
X and Y

— [ 17 el
Y
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Applying Plancherel’s formula, we obtain:

8l = [ 1l
Y
=/ IX(=B(,y)e(y + v ) (y)|* dy dy
Y XY

—/Y ety + ) PRIGAI dy dy

/ oy |dy" / D dy

= llllz %1l3.
Thus

119)
lool2 103 = 1A oo 2 = /X /Y (Ao (249 2 dy dix = /X /Y s (e4+1) 00, vo)al? dy dz @ 0.

This contradicts the fact that ¢y and 1 are non-zero. Hence V = L?(Y), and thus py is
irreducible.
Now, we prove that pg is unitary. Let h = (z +y,t) € H(B) and ¢ € L*(Y), then

los()ell2 = /Y sl + v, ()P dyf

/Y X(z,t — Q(y) + (z,y/) — Bz + v, y) oy —y)* dy

=/ lp(y' —y)* dy’
Y
:/ ‘@(y”MQ dy”

Y

= [lell3-

This shows that the operator p;(h) preserves the norm, and thus is unitary.

The last point to prove is that if ¥ and y* are two different extensions of y to X x F
then the representations py and p,: are equivalent. To this extent, we first determine the
character of the representation py in the basis By = {d,, z € Y} of L2(Y). By (15)), for
every x € X, y,y,z€ Y and t € F,

px(x +y,1)0.(y') = X(2,t = Q(y) + (2, ¢') = B(x + ', ¥))0.(y' — v)
=X(z,t = Qy) + (z,2 +y) — Bz + 2+ 4,9))0244(y)
=X(7,t = Qy) + (z,2) = B(z +y,y) — B(y,7))0.44(y')
= X(7,t —2Q(y) + (v,2) — By, ¥ + 2)) 014 (¥/)

i.e.
pz(x +y, 1), = X(x,t + (x,2) — B(y, T + 2)) 054y (20)
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Hence by Schur’s orthogonality relations, py(x +y,t)d, contributes to the trace of p(x +
y,t) with value x(x,t + (z, 2)) if y = 0, and 0 otherwise. Thus:

2 X(@, b+ (,2)) = X(, 1) > x({z,2)) ify=0

Trace(py(z + y,t)) = § €Y 2€Y
0 otherwise.
The character x({(z,-)) is trivial on Y if and only if x = 0. Hence follows. O

Remark 2.6. In the proof of Lemma , the irreducibility of py can also be proven
using Lemma below. In fact, if V C L*(Y) is a pg-invariant vector subspace, then V
is invariant under the operator py(w) for every w € W, hence V is invariant under all the
operators of Endc(L?(Y)). Then V = L*(Y). A third proof can be given using Schur’s
orthogonality relations. We compute first and then write:

> [ Tracelpg ) = oz 30 WOFIY oo (.0
1

(%) = 177
PPV T THB) 42 )

Yo IYP

(0,t)eH(B)

~ [H(B)|

_[EYR
H(B)

_ —

Corollary 2.7. The character of p; is a function supported on the center of H(B). For
h = (w,t) € H(B), it is given by

Trace(pg (1w, 1)) = x(O]Y [do(w).

Proof. This is exactly the proof of in Lemma above. 0
Lemma 2.8. {pgz(w), w € W} is a basis of Endc(L*(Y)).

Proof. Suppose that for every w = x +y € W, there exists A(w) = A(z,y) € C such that

> Mw)px(w) =0.

weW
Then for every y' € Y, by (20):

0= Aw)pg(w)dy = > Mw)X(z, (z,y') = Bly, =+ )3y,

=> X(=B(u,¥)) > _ Mz, y)X(@, (z.y) — B(y,7))0y+y.
Since {0, 4y, y € Y} is a basis of L*(Y),
> A, y)X(x, (2,y) = Bly,x)) = 0 (21)

rzeX
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for all y,v/ € Y. Since X and Y are finite and have the same cardinality N = |Y| = |F|",
we can define the following matrices:

A= (ay2)yevzex € Mn(C) by ay . = x((7,v"))
B = (bx,y)xEXyGY € MN<(C) by bw,y = )\(:L',y))?(:z:, —B(y,.flf))

Then, writing for every y,9y/ € Y is equivalent to writing AB = 0. Now, for all
(y,y) €Y?,

(AAT)yy = x(z y)x (s 2) = D x((@,y' —v)) = [X[6,(y),
zeX z€X
where the last equality is justified by Schur’s orthogonality relations. This proves that A
is invertible, its inverse being | X |71 AT. In particular, AB = 0 implies that B = 0. Hence,
for every x € X and y € Y, A(z,y)x(z, —B(y,x)) = 0. Since X is a character, it takes
its values in U(1). Thus A(w) = 0 for all w € W. This proves that {pz(w),w € W} is
a family of [W| = Y| = N? linearly independent operators of End¢(L?(Y')), which is of
dimension dime(L2(Y))? = |Y|2 = N2. This is enough to conclude that {pg(w),w € W}
is a basis of End¢(L*(Y)). O

The usual approach for constructing the metaplectic representation of a covering of the
pseudo-symplectic group is based on the Stone-von Neumann Theorem. As we shall see
below, we shall not use it in our construction. However, for the sake of completeness, we
now state and give a simple proof of this theorem.

Theorem 2.9 (Stone-von Neumann). The Heisenberg group H(B) has, up to isomor-
phism, a unique unitary irreducible representation acting as x on its center, which will
be called the Heisenberg representation. For every non-trivial character x of F and ex-
tension x of x to X x F, the map pg defined by is a realization of the Heisenberg
representation on L?(Y), which is therefore of dimension |Y| = |F|".

Proof. We begin by listing the irreducible representations of H(B). Notice first that for
all w,w" € W and t,t' € F,
(w, )(w', ) (w, 1) (w', )
= (w+uw,t+t'+ Blw,w'))(—w—w',—t —t' + Q(w) + Q(w') + B(w,w"))
= (0,Q(w) + Q(w) + 2B(w, w') = B(w + w',w + w'))
= (0, B(w,w") — B(w',w))
— (0, w, w)),

Hence the commutator subgroup [H(B), H(B)] of H(B) is exactly the center of H(B), and
is isomorphic to F. The quotient H(B)/[H(B),H(B)] is thus isomorphic to W, which
is an abelian group and has |[W| = |Y|?> one-dimensional representations. This leads to
|Y'|? one-dimensional representations of H(B). Moreover, for every non-trivial character ¥,
extending x to X xIF and using Lemma 2.3, we provide a unitary irreducible representation
of H(B) acting as x on its center. This implies in particular that if x and v are two distinct
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characters of H(B), then pg and p; are not equivalent. This leads to [F| — 1 additional
inequivalent irreducible representations of H(B) of dimension |Y| (cf. Lemma [2.1)). If we
sum their dimensions squared, we obtain

Y+ (IF] = DY = [Y]*[F| = |H(B)],

which shows (as a consequence of Schur’s orthogonality relations) that we found all the
pairwise inequivalent irreducible representations of H(B). In particular, for every non-
trivial character x of IF, py is up to isomorphism the unique unitary irreducible represen-
tation of H(B) acting as x on its center. O

The Stone-von Neumann theorem enables us to define a projective representation of
Ps(B). In fact, for every s € Ps(B), we define the map p% : H(B) — Endc(L*(Y)) by
p5(9) = px(s(g)). Then pf is a unitary irreducible representation of H(B) which acts as
x on the center. Therefore, the Stone-von Neumann theorem implies that pg and pf are
equivalent, i.e. there exists wg(s) € U(L*(Y')) such that

p3(h) = wy(s)px(h)ws(s)~"  for all h € H(B). (22)
Schur’s lemma also implies that wy(s) is unique up to multiplication by an element of

U(1).

Remark 2.10. Notice that proving the existence of the intertwining operators in ([22))
does not require the Stone-von Neumann theorem. Indeed, since the representations we
consider are all finite-dimensional, it is enough to use Corollary : for every s € Ps(B),
px and pi have the same character. Since these representations are irreducible, they are
equivalent. Thus the existence of the intertwining operator ws(s) € U(L*(Y)) satisfying

follows.

Lemma 2.11. The map s — wg(s) defines a projective representation of Ps(B) on L*(Y).
Proof. By definition of wg(s) in (22)), if s = (1,0) then for every h € H(B),

px(h) = wx(1,0)pz(h)w(1,0) 7.
Hence wg(1,0) intertwines py with itself. By Schur’s lemma, there exists zy € U(1) such
that wg(1,0) = 2o Idiz(yy. In particular, wg(1,0) belongs to the center of GL(L*(Y)) and
we can choose zg = 1.
Now let s1, s, € Ps(B). Then for every h € H(B), by (22),

P52 (hwg(s1)wy(s2) = pF (s2(h))wy(s1)ws(s2)
wg (1) px(s2(h))wg(s2)
= wy(s1)pF (h)wx(s2)
wy(s1)wg(s2)psg(h).
Hence wg(s152) and wg(s1)wg(sz2) both intertwine pg and p3**. Thus there exists cg(s1, s2) €
U(1) such that

wx

wg(s1)ws(s2) = cx(s1, 82)wx(s152). (23)
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This proves that s — wy(s) is a projective representation of Ps(B). 0J

Remark 2.12. The fact that s — wg(s) is a projective representation implies that the
map cg : Ps(B) x Ps(B) — U(1) defined in is a cocycle.

3. LIFTING THE PROJECTIVE WEIL REPRESENTATION TO A TWO-FOLD COVERING
Ps(B); oF Ps(B)

The next step is to see if the projective representation wy defined in Lemma can
be lifted to a linear representation, either of Ps(B) or of a finite central extension of this
group. To answer this question, we first construct an explicit section of wg. This allows
us to give an explicit formula for the cocycle c¢y. Then we prove that the best result we

can obtain is to lift wg to a non-split extension Ps(B); of Ps(B) by us(C) = {1}, i.e. a
two-fold covering of Ps(B).

Lemma 3.1. Let s = (o, f) be in Ps(B). Set K(0) = Ker(1 — 0) and I(0) = Im(1 — o).

1. K(o) and I(o) are orthogonal subspaces of W with respect to the non-degenerate
symplectic form (-, -).

2. The restriction fijk() of f to K(o) is additive and there exists w, € W such that

X © fik(e) = X © (Ws, )| K(o)- (24)

In particular, if F = F, then fik@) = (ws, )|k (0)-
. wh € W satisfies if and only if w’ — wg belongs to I(o).
. If s € Ps,(B) then the element w; satisfying is unique. More precisely,
L4 W(1,0) = 0.
e If F =T, then w; is the unique element v such that s = (1, (v, -)).
e If F is arbitrary and s = (1, f,), then wy is the unique element v such that
xo fo=x0((v,-)).
5. For every s; = (01, f1) and sy = (09, f2) in Ps(B), and for all choices of ws, ,ws,
and wy, s, satisfying for s1, so and sys9, respectively:
L] K(O’l) N K(O'Q) - K(O’lO'Q) and 1(0'10'2) - I(O’l) + I(O’Q).
e There exists wy, 5, € I(01) + I(02) such that wg,s, — ws, — Ws, = Wy, 5, -

=~ W

Proof. 1. For every u = (1 — o)(w) € I(0) and w' € K(o),
(u, w') = ((1 = o) (w), w') = (w,w) = {o(w), w')
= (w,w') = {w,0" ("))

= (w,w') — (w,w’)
=0

This shows that I(0) C K(o)*. Since (-, -) is non-degenerate,
dim(K(o)*) = dim W — dim(K(¢)) = dim(I(c)).
Thus K(o)* = 1(0).
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2. Recall from that we defined f3, : (w1, ws) — B(o(wy),o(ws)) — B(wy,ws). If
wy and wy belong to K(o), then f(w; + wy) — f(wy) — f(wa) = B (wy,wy) = 0.
Hence f is additive on K(o). We can extend fik(,) to W by taking any vector
subspace V,, such that W = K(o) @&V, and setting F'(w) = F(z+v) = f(2) for all
w=2z+v € K(o)@®V,. We obtain in this way an additive quadratic form on W.
If F = Fy, we can apply Proposition and deduce that there exists w, € W
such that F' = (wj,-), which implies that fixw) = (ws,)|k@). Now if F is any
finite field of characteristic two, then the fact that fk() is additive implies that
x o F is a character of W. By Proposition [[.11][2 there exists ws; € W such that
x o F'=x o (ws,-). In particular, x(f(w)) = x((ws, w)) for all w € K(o).

3. Suppose that w!, € W satisfies the same property as ws. Then for all w €
K(o),

X((wl — wy, w)) = x(f(w) = f(w)) = 1.

Hence the image of the linear form (w! — wy,-) defined on K(o) is contained in
the kernel of y. If this linear form were not identically zero then we would have
F C Ker(x), which is impossible since y is non-trivial by hypothesis. Hence
(wl, — ws,w) = 0 for all w € K(o), which is equivalent to the fact that w) —ws €
K(o)t =1(0).

Conversely, if w!, — w, € I(0) = K(o)*, then (w!, — w,,w) = 0 for all w € K(o).
Hence x({w), w)) = x({ws,w)) = x(f(w)) for all w € K(o), i.e. w/ satisfies ([24)).

4. Suppose that s = (1, f) € Psy(B). Then K(o) = W, I(0) = {0} and f € Q,(W)
by (6). By [3 w satisfies if and only if w! — ws € I(0), i.e. w, = w,. This
shows that the element wy satisfying is unique. If s = (1,0) then is
written

1 = x({(ws,w)) forall we W.

Since (ws,-) is a linear form, its image is either {0} or F. Since y is non-trivial,
this implies that (ws, ) =0, i.e. ws = 0 because (-, -) is non-degenerate. Suppose
now that F = F,. By Propositions and [[.TT][5] there exists a unique element
z € W such that f = (z,-). Hence is written

x((z,w)) = x({(w,,w)) for all w € W,

and we can conclude in the same way that wy, — 2 = 0, i.e. ws; = 2. Finally,
suppose that F is arbitrary. Then there exists a unique z € W such that f = f,
by Propositions and [L.IIJF] Since the maps x o f,, w € W, describe
completely the set of characters of W by Proposition [[.11][2] there exists a unique
v € W such that y o f, = x o ((v,-)). Then (24]) is written:

X({(ws, w)) = x(f.(w)) = x((v,w)) for all we W.

Hence ws = v, which concludes the proof of 4]

5. Let S1 = (0'1, f1> and So = (O'Q,fg) be in PS(B)
e Let w € W such that oy(w) = o9(w) = w, then (0109)(w) = oy(w) = w.
Hence K(o1) N K(oz2) € K(o109). Taking the orthogonal complement with
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respect to (-, -), we obtain K(oy02)t C (K(ay) NK(02))?, ie.
1(0'10'2) g I((O'l)L + I((O'Q)l = 1(0'1) + I(O'Q).
e By definition of wy,, ws, and ws,,, for every w € K(oy) N K(og) C K(o109),

X((f2 + fioo2)(w)) = X((ws, 55, w))

X(fo(w))x(fi(w)) = x({ws, s, w))
w) )
w)

X ((ws,, w)) X ((ws,, X ((Wsy55, W)

X(<w8182 — Wy — Wsy, W L.

)
)
)

This implies that (ws,s, — ws, — ws,, w) = 0 for all w € K(o1) N K(o3), since
otherwise x would be trivial. Thus wy,,, — w,, — ws, € (K(o1) NK(09))+ =
I(01) + I(02), and we can set ws, 5, = Wg, 5, — W, — W, € L(01) + 1(03).

0

Definition-Proposition 3.2 (Projective Weil representation of Ps(B)). For every
s = (o, f) € Ps(B) and for every wy € W satistying (24), we define:

wi(s,w,) = K@) (o) Y pxls(w)) ™ px(ws)px(w) (25)

where 7(c) is a complex number such that |y(0)|?> = 274m1) and (1) = 1. Then
wy (s, w,) satisfies the following properties:

1. For every h € H(B),

pz(s(h)) = wi(s, ws)pz(h)ws(s,ws) . (26)
2. For every u € I(0), choose any w € W such that v = (1 — o)(w). Then
wils,ws) =v(0) D x(f(w) + (wy, w) + Blu,w + wy)) pg(u + wy). (27)
u€l(o)

. wi(s,ws) € ULA(Y)).
. If we make another choice of element w’, satisfying then wy (s, ws) and wy (s, w?)
can only differ by a sign. More precisely:
wy(s,wy) = X(=f(v) + (v, ws) + B(wg — ws, v — ws))wg (s, ws) (28)
where v is any element such that w!, —ws = (1 — o)(v).
Thus for each choice {w, satisfying (24)), s € Ps(B)}, the map s — wg(s, w,) is an explicit
section of the projective Weil representation on L?(Y).

Proof. 1. Let s = (0, f) € Ps(B), ws € W satisfying and h = (v,t) € H(B).
Then:

pr(s(h))wx(s,ws) = |K(0)| ' 9(e) Y px(s(h))px(s(w)) ™ px(ws) px(w)

weWw

= [K(0)| (o) Y px(s(h)s(w)  waw).

weWw

=~ W
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Setting w’ = w — v, we see that

s(h)s(w)  wsw

= (0(v), f(v) + t)(=o(w), = f(w) + Qo (w)))wsw

= (o(v —w), f(v) = f(w) + 1+ Qo(w)) = B(o(v), o(w)))ws
= (o(v (

v),o(w' +v)))wsw

w'), —f(w') + B(w',v) +t+ Q(c(w')) + (o(w'), o (v)

B(w',v) +t + Q(c(w)))ws(w + v)
Q(U(w’)))(o, B(w',v) + t)wsw' (v, —B(

pr(s(h))ws(s, w,) = | K(o)|7'y(0) > pls(h)s(

weW

= |K(0)|'y(0) Y pxls(w)

w'eWw
= wy(s,ws)px(h).

w

—w),—f(w—v) = B(o(w—v),0(v)) + Blw —v,v) +t + Q(o(w)) — B(
= (—o(w'), —f(w') — B(o(w"),c(v)) + B(w',v) +t + Q(c(w'

)+ {o(v), o

w',v))

w)  wew)

/ _1w5w/h)

2. Let s = (0, f) € Ps(B) and w, € W satisfying ([24)). Then:

wy(s,ws) = (0) Y pxls(w)  waw)
where
w = (—o(w), —f(w) + Qo(w)))(ws + w, B(ws, w))
= ((1 = o)(w) + ws, — f(w) + Qo(w)) + Bws, w) —
= ((1 = o)(w) + ws, = f(w) + Qo(w)) — Q(w) +(
= ((1 = o)(w) + ws, f(w) + (ws, w) + B((1 = 0)(w), ws + w))

since 0 = f(2w) = 2f(w) + Q(o(w)) — Q(w) = Qo(w)) — Q(w)

p(s(w)

) +Qo(v)) +

(o(w),o(v))

)) —2B(o(v), 0

B(o(w), ws +w))

by @ Hence

“waw) = x(f(w) + (ws, w) + B((1 = 0)(w), ws + w))pz((1 = o) (w) +ws). (29)

o(v),o(w)))wsw

ws, w) + B((1 = o)(w), ws + w))
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Now for every v € K(o), by (129 .

pi(s(w +v) " w,(w + v))

= X(f(w +v) + (w5, w +v) + B(1 = 0)(w +v), ws +w +0))px((1 = o) (w +v) + w;)
X(f(w) + f(v) + B(a(w),0(v)) = B(w, v) + (ws, w) + (ws, v) + B((1 = 0)(w), ws + w)
+ B((1 = o) (w),v))pz((1 = o) (w) + w)

= X(f(w) + J(0) + (we, w) + (w,,0) + B((L — o)(w), w, + w))pg((L - 0)(w) + w,) since 2B = 0
= X(F(0) + (e )X (f(w) + (we,w) + B((L — o)(w),w, + w)))ps((1 — 0)(w) + w,)
= X(F(0) + (w0 pls(w) M),

pr(s(w + v) ™ w, (w + v)) = pr(s(w) M ww).

This shows that pg(s(w) 'wsw) does not depend on the left coset of w modulo
K(o). This together with enables us to write:

wr(s,w,) = K@) (o) Y pyls(w) twaw)

weWw

= K@) ") Y K(@)lpx(s(w)  waw)

w+K(o)eW/K(o)

=700) Y. X(f(w) + (wew) + B((1 = o) (w), w, + w))px((1 = o) (w) + w,)

w+K(0)eW/K(o)

= (o) Y x(f(w) + (ws, w) + B(u, w +w))px(u+ wy),

u€l(o)

where w € W is any element such that v = (1—0)(w), and we use the isomorphism
between W/ K(o) and I(o).

3. Because of the intertwining property and Schur’s lemma, in order to verify
that wg(s,wy) is invertible, it is enough to show that it is not the zero operator.
The expression of wg(s, ws) implies that wg(s, w;) has coefficients equal to £1
in the basis {pz(w),w € W} of Endc(L*(Y)) (cf. Lemmas 2.1]2] and 2.8). Thus
wy (s, w,) cannot be the zero operator. Furthermore, using the unitarity of pg, we
can write

wy(s, wws(s, ws)" = | K(o 0)* Y pxls(w)  ww) Y pyls(u’) wgw)’

weWw w'eW

= K@)y (o) Y prls(w)  waw)pg(w ™ w s(w')).

w,w' eW
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To compute the expression on the right-hand side, observe first that by :
s(w) rwawwrw; ts(w')
= (1 = o)(w) + ws, f(w) + (ws, w) + B((1 — o) (w), ws + w))
(=1 = o)(w') —ws, = f(w') = (ws, w') = B((1 — o) (w'), ws + w') + Q((1 — o) (w') + wy))
= (1 = o)(w =), f(w) = f(w') + (ws,w — ') + B((1 — 0)(w), ws + w)
— B((1 —o)(w'),ws + ') + Q((1 — o) (w') + ws) — B((1 — o) (w) + ws, (1 — o) (w') + wy))
=((1-o0)(w—w),T(w,w, w,)),
where, if we set z = w — w/’,
T(w,w', wy)
= f(w—w")+ B(o(w —w'),o(w") — Blw — w',w') + (ws,w — w"y + B((1 — ¢)(w), ws + w)
— B((1 - o)(w'),ws + ') + Q((1 — o) (w') + ws) — B((1 — o) (w) + ws, (1 — o) (w') + ws)
= f(2) + B(o(2), o(w) — B(z, w') + (ws, 2) + B((1 — 0)(z + w'), ws + 2z + )
— B((1 —o)(w'),ws + ') + Q((1 — o) (w') + w;) —
= [(2) + Q(2) + (ws, 2) — B(o(2), 2) + (2, (1 — o) (w)).
Thus, by ,
ws(s, wy)wz(s, we)* = | K(a)|2|y(0)? Z ps(s(w) Mwaw) py(w' ™t w; s(w'))

w,w' eW

2@ Y x(f 2) + (ws, 2) = B(o(2),2))

zeW

Y Xz (1= o) (w)))px((1 = 0)(2))

w' eW

2|7 | Z + (ws,z> - B(O’(Z),Z))

zeW

D XU =7 (=), w)px((1 = 0)(2))

w'eW
= |K(a)|?Iy(o)* > [Wlpx(0)
z€K(o)
= |K (o) (o)W Tdra(y,
— 9~ dimK(o)fdimI(cr)zdimK( )+d1mI Id

= IdL2 Y)»

where the three last equalities are justified by the fact that w’ — x({(1—o71)(2),w’))
is a character of W which is trivial if and only if z € K(o), Schur’s orthogonality
relations, and the isomorphism between W/ K(o) and I(o). Therefore wg(s,wy) is
a unitary operator of L(Y).

B((1—0)(z+w') +ws, (1 — o) (w') + w,)
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4. Let w, € W be such that is satisfied, i.e. x o fik@) = X © (W}, )| k(). Then
Lemma implies that w, —ws € I(0). Hence we can set w’, — wS =(1—-o0)(v)
for some v € W. Then

wy(s,wl) = [K(0)|y(0) Y pxls(w)  wiw),
weW
where, by and if we set z = w + v,
s(w)  ww = (1= o)(w) + wj, flw) + (W}, w) + B((1 = ) (w), w, + w))
((1 —o)(w) +ws + (1 —0)(v), f(w) + (ws + (1 = 0)(v), w)
B((1 = o)(w),ws + (1 = 0)(v) + w))
(2) + ws, f(z =) + {ws + (1 = 0)(v), 2 — v)
1—0)(z—v),ws+ (1 —0)(v)+2z—0))

(( )
(
)(2) + ws, f(2) + (ws, 2) + B((1 = 0)(2), ws + 2) = [(v) = (w5, )
)

1—0
B(
((1—0
(1 =0)(v), ws —v))

ws, z) + B((1 — 0)(2),ws + 2))

— W,V — W))

= (1 =0)(2) +ws, f(z )+
(0, = f(v) = (ws,v) +

' s(2) Twsz(0, — f(v) — (ws, v) + Bw,, — ws, v — wy))

Thus if we apply the change of variables z = w + v in the sum, this leads to

wi(s,wl) = K@) 7'9(0) Y x(=f(0) + (v, ws) + Blw, — ws, v —w,))pg(s(z) " ws2)

= xX(—f(v) + (v,ws) + B(w], — ws, v — wy) )wg (s, ws).

{
B(wy

I

O

Notation 3.3. In Proposition 3.2 we defined an operator wy (s, w;) for all s = (o, f) €
Ps(B) and for all w; satisfying (24). From now on, to simplify the notation, if it is clear
that a choice of w, has been made, then we will write indifferently wg(s, ws) or wg(s).

Corollary 3.4 (Computation of the metaplectic cocycle). We keep the same no-
tations as in Lemma and Proposition and we assume that a choice of w, € W
satisfying has been made for all s € Ps(B). The cocycle ¢5 associated to the pro-
jective Weil representation wg will be called the metaplectic cocycle. It is given by the
following formula. For every s; = (o1, f1) and sq = (09, f2) in Ps(B),

cz(81,82)=C1 Z X (f1(wi)+(ws,, wi)+B(ur, witws, )+ fo(we) +{ws,, wa))
u1€l(1),uz€l(02) X (B(uz, wotws, )+ B(u+ws, , us+ws, ))

U1+ U2=Ws 1,59
(30)
where C1 2 = v(01)7(02)7(0102) 7!, Wy, 5y = W5, — W, — Wy, and w; is any element such
that (1 — o)(w;) = w; for i € {1,2}. In particular, the cocycle c¢; does not depend on the
choice of the extension Y of x: we can denote it by ¢, instead of cy.
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Remark 3.5. The fact that ¢, is a cocycle implies that for every s = (o, f) € Ps(B),

(5. (1,0)) = ¢,((1,0),5) = 1,
This can also be recovered directly from since (1) = 1.
Proof of Corollary[3.4 Let sy = (01, f1) and sa = (02, f2) be in Ps(B). The fact that wy
is a projective representation implies that cy satisfies
wi(s1)wy(s2) = cx(s1, s2)wx(s152), (31)

where we recall from Remark that wg(s1) = wy(s1,ws,) and wy(se) = wg(s2, ws,).
Now we compute separately wyg(s1)wy(s2) and wy(s152), using the expression found

in Proposition and :

wg(s1)wg(s2)

= y(o1)7(02) Y x(fi(wr) + (wey,w1) + Bluy, wy +ws,) + fo(ws) + (ws,, wa))
wellen) X (B(ug, wy +ws, ) px(ur + ws, ) px(us + ws,)

u2€l(02)

=Y(o)v(02) D X(fi(wr) + (we, wi) + Blug, wy +wy,) + fo(ws) + (ws,, wa))
wello) X (B(ug, wa + Ws,) + Blur + Wy, s + Ws,)) pr(un + ws, + g + W)

UQEI(O'Q)
and
wi(s182) = ¥(0102) Y X((fat fro02) (W) + (Weyay, W)+ Blu, w+we,s,)) px (v 4 ws, s,)-
uEI(Uloz)

Now, using the fact that the operators pz(w), w € W, form a basis of End¢(L*(Y)) (cf.
Lemma [2.8) and identifying the coefficients of wg(s1)ws(s2) and wx(s1s2) in this basis, we
obtain for all u € I(0y05):

C?(‘Sl? 52)7(010’2)X((f2 + fl © 02)(w> + <w81827 w) + B(“? w+ wslsz))
= (01)7(02)
Z X(fl(wl) + <w517 w1> + B(ulv wy + wsl) + fQ(w2> + <w827 w2>)
ulEI(O’l),UQEI(O’Q) X(B(u27 Wo + wSQ) + B(U]_ + w817u2 + wsz))'

UL FU2+Ws ) T Wsg =UFWs sy
Taking u = 0 and replacing w,,s, — Wy, — Wy, by Wy, 4, (defined in Lemma B.1]F) in the
previous equation, we finally obtain:
cx(51,52) = (01)y(02)7(0102) 7

> X(fi(wr) + (ws,, wi) + Bluy, wr + wy,) + fa(w2) + (ws,, w2))
w€l(o1),u2€l(o2) N (B(ug, wy + ws,) + Bluy + wg,, us + ws, )).

UL FU2=Ws1 59

In particular, this expression does not depend on the choice of the extension y of y, so
we can write ¢, instead of cg. O
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Now that we have determined an explicit formula for the metaplectic cocycle, the next
goal is to know its range in order to construct the smallest possible extension of Ps(B).
In fact, the range of ¢, will depend on the choice made for v(¢) in the definition of
the operator wyg(s, w;), for every s = (o, f) € Ps(B). Recall from Proposition [3.2) that the
only conditions on v(o) are that |y(c)? = 2-4mU9) 0 ensure that wg(s,ws) is a unitary
operator, and (1) = 1, to have wg((1,0),0) = Idiz2(y). This means that we can set

(o) = i e where f(c) €R and #(1)=0 mod 2. (32)

Corollary 3.6 (Range of the metaplectic cocycle). The cocycle ¢, takes its values
in U(1). Furthermore, ¢, takes its values in po(C) = {£1} if and only if

O(o1) + 0(03) — O(0109) =0 mod 7 for all 01,09 € O(Q), (33)
where the map o — 6(c) is defined by (32). In particular, this is the case if y(c) € R for

all o € O(Q), for example if y(o) = 9=

Proof. Equation (31]), together with the unitarity of the operators wg(s) for all s € Ps(B),
implies that ¢, takes its values in U(1). Since x takes its values in p9(C), formula (30))
implies that ¢, takes its values in R if and only if Cy 5 = v(01)7v(02)v(0102) 7" is real for

all 01,05 € O(Q). By (32),
Ci2 €R — (i(0(01)+0(02)~b(102)) < R
= 0(o1) +0(02) — 0(0102) =0 mod 7.
O

Remark 3.7. Recall that we want to extend the projective Weil representation of Ps(B)
defined in Proposition [3.2]to a linear representation of either Ps(B) or a smallest possible
extension of Ps(B). The range of ¢, will therefore play a crucial role, since it determines
the size of the extension we construct. If the cocycle were a coboundary, then it would be
symmetric on Ps,(B) (defined in Proposition [L.11][5)), which we are going to prove to be
false in Proposition [3.82} Since the cocycle ¢, is not a coboundary, the projective Weil
representation is not a linear representation of Ps(B). Thus the best we can obtain is to
lift the projective representation s +— wyg(s) to an extension of Ps(B) by two elements.
By Corollary , this is possible if and only if is satisfied.

Now that we know that the best we can do is to lift the projective Weil representation
to a two-fold covering of Ps(B), we define such a covering in the following result.

Definition-Proposition 3.8 (Two-fold covering of Ps(B)). We keep the notations
and assumptions from Lemma [3.1] and Proposition [3.2] In particular, we suppose that a
choice of w; satisfying has been made for all s € Ps(B). We fix also (o) defined in

Proposition such that and are satisfied. Set

e~

Ps(B); = {(s, (—=1)*wy(s)), s € Ps(B), k € Z}. (34)
Then:



B

THE WEIL REPRESENTATION FOR A FINITE FIELD OF CHARACTERISTIC TWO 33

. Ps(B);, is a subgroup of Ps(B) x U(L*(Y)).

. Ps(B); is a two-fold covering of Ps(B), i.e. it defines a non-split central exact

sequence

=~ e~

1 — 12(C) -5 Ps(B), — Ps(B) —> 1.

—_——

Moreover, Ps(B); is a stem extension of Ps(B) and ¢, is a cocycle which can be
associated to this extension.
Different choices of {ws, s € Ps(B)} lead to isomorphic extensions of Ps(B).

. Different choices of extensions Y of x lead to isomorphic extensions of Ps(B).
. Let {#/(0), 0 € O(Q)} be another set of elements satisfying and (33)). If

0'(c) =0(c) mod 7 for all o € O(Q) (35)

—_— —_~—
then the extensions Ps(B); and Ps(B); (associated to the choices (o) and (o),
respectively) are isomorphic. In particular, this is the case if v(¢) and /(o) are
chosen to be real for all ¢ € O(Q).

—_—~—

. Let Ps(B); be the two-fold covering of Ps(B) defined with the extension X of x

and the choices {ws, s € Ps(B)} and {7(0), 0 € O(Q)} such that (24), and

—_

(33) are satisfied. Define similarly PS(B)Xn with the extension y* of xy and the

choices {w!, s € Ps(B)} and {v'(0), 0 € O(Q)} such that (24)), and are
satisfied. If is satisfied then

—_ N

7 :Ps(B)y — Ps(B)
(3, (=1 wg(s, w5, 7(0))) = (5, (=1)"w(s) @)y (0) " wys (5, w5, 7'(0)))

(36)

is an isomorphism of central extensions, where v is defined by . This means
that the following diagram is commutative:

~ e~ — ~

1 —— pp(C) —— Ps(B); —— Ps(B) —— 1

l I ) l (D)

~ P
/

1 —— 1p(C) =2 Ps(B) . —2 Ps(B) — 1
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1. Let 51 = (s1,(—1)"wg(s1)) and s = (s2,(—1)"ws(s2)) be in PS(B) :
Then, by definition, §; and Sy belong to Ps(B) x U(L%*(Y)). Moreover,

s1, (—1)Pws(s1)) (537, (=1)wg(s2) ™)

515217(_1)k1 wi(s1)wz(s2)” 1)

~~—1

5182 =

—~ o~ o~~~

= (s155 " (1) 72 (2,55 1) " wy(s1)wy(s3 1)) by (31)
818217(_1)k1 CX(82782 1) ! (81782 I)WQ(SISQ_I)) by ‘

Since is satisfied, Corollary |3.6{ implies that (—1)k17*2¢ (sq,55") 7 e, (51,85 ")
belongs to pio(C) = {£1}. Hence 515, " € Ps(B);, and thus Ps(B)y is a subgroup
of Ps(B) x U(L3(Y)).

P

. Define ® : ,ug((C) — Ps(B); and U : Ps(B); — Ps(B). Then ®

— ((1,0), 2 gz (5. (~1)wg(s)) = 8
and U are group homomorphlsms such that:

o if &(z) = ((1,0), Idi2(yy) then z = 1 by definition of ®, and thus  is injective.
e For every s € Ps(B), we proved in Proposmon E that wx(s) is a unitary

operator on L*(Y). Hence (s,wg(s)) € PS(B)%. Moreover, (s, wy(s)) = s,
which implies that U is surjective.

o If U(s, (—1)fwg(s)) = (1,0) then s = (1,0). Thus (s, (—1)*wg(s)) € Im(P)
by definition of ®, ¥ and wy. Conversely, it is clear that Im(®) C Ker(T).
Therefore Im(®) = Ker(¥).

This shows that 1 — ps(C) N Ps(B); N Ps(B) — 1 is a central extension.
Now we want to show that this extension does not split. First we remark that c,
is a cocycle associated to this extension. In fact, define 7(s) = (s,wg(s)) for all

s € Ps(B). Then 7 is a section of U, which satisfies for every s, sy € Ps(B):

T(51)7(52) = (s1,wx(51)) (82, wx(s2)) = (5152, Wx(s1)wx(s2)) = (s152, ¢\ (51, S2)wx(5182))

= B(cy (51, 82))7(5152).

Suppose that this extension splits. Then ¢, is a coboundary, i.e. there exists
v : Ps(B) — p2(C) such that for all s1,s0 € Ps(B),

cy(s1,89) = v(s1)v(s9)v(s182) 7" (37)

Recall from Proposition [L.11][5| that Ps,(B) denotes the abelian subgroup of Ps(B)
consisting of the elements of the form (1, f). In particular, has to be satisfied
for all elements of Ps,(B). We therefore have for every s; = (1, f;) and s2 = (1, f2)
in Ps,(B):

(59, 81) = v(s9)v(s1)v(s251) " = v(s1)v(s2)v(5182) " = ¢y (51, 82).
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This means that the cocycle ¢, is symmetric on Ps,(B). Now let w; and ws in
W be such that x({(w;,ws)) # 1. Such a choice is possible. For example, if we
pick an arbitrary w; in W\{0}, then (wy,-) is a linear form on W with image F.
Hence there exists wy such that y((w;,ws)) # 1 because x is non-trivial. In turn,
X({wy,wy)) # 1 is equivalent to have x(B(wy,ws)) # x(B(ws,w;)). Moreover,
x((wi,-)) and x({ws,-)) are two distinct characters of W. By Proposition [L.11][2]
there exists f,, and f,, in Q,(W) such that x({(wi,-)) = xo f., x({wa,-)) = xo [,
and z; # z9. Define now s; = (1, f,,) and sy = (1, f,,), which are in Ps,(B) by
definition. Then by Lemma[3.1][4] the two elements wy, and wy, satisfying for
s1 and sq, respectively, are such that ws, = w; and wg, = ws. Thus if we compute
the cocycle with the formula found in Corollary , we obtain

ey (51, 82) = X(B(ws,, ws,)) = x(B(wy, ws))
and

cy (82, 81) = X(B(ws,, ws,)) = X (B(w, wr)).
In particular, ¢,(s1,52) # ¢, (s2,51) since we supposed that x((wy,ws)) # 1.
Therefore, ¢, is not symmetric on Ps,(B) and the extension P/szjg)% does not
split.

—_——

Finally, it remains to prove that Ps(B); is a stem extension, i.e. that (1) is

e~

in the commutator subgroup [PS(B)%, PS(B)%]. As in the last paragraph above,
let wy,wy € W be such that x({wy,ws)) # 1. Consider again s; = (1, f.,) and
sy = (1, f2,) in Ps,(B). Set 51 = (s1,wx(s1,w1)) and 3 = (S2, wg(S2, wa)). Then
by ([27), s1 and $; are two elements of Ps(B); such that

~~~~~~~

515251 ‘5! (513231182l,wx(sl,wl)wX(SQ,wQ)wx( wy) ws(s9,w9) )

= ((1,0), pg(w1) pz(wa) ps(w1) " ps(we) ") since Ps,(B) is commutative
1,0), px(wi) ps(wa) px(—wr, Q(wn)) pg( w2, Q(ws)))
), px(0, B(wy, w2) + Q(wi) + Qw2) + B(wi, we) — Q(wy + ws)))
); px(0, = (w1, w2)))
)7 X( <w1a UJ2>) IdL2 Y))
) # 1 and x takes its values in {£1} (see Lemma[2.1]]2)), we obtain
that 5155 '8 = ((1,0), — Idizyy) = ®(—1).
—_—
. Suppose that for every s € Ps(B), w/, also satisfies (24). Denote by Ps(B); the set
of elements {(s, (—1)fwg(s,w)),s € Ps(B),k € Z}. Then by in Proposition
3.2 for every s € Ps(B),
w;(s, w;) = X(_f(v) + <U ws> + B( — Ws, U — ws))c“')%(&ws)v

where v is any element such that w, — ws, = (1 — o)(v). Since x takes its values
in p2(C), the set of operators (—1)*wg(s,w’) is exactly the same as the set of

<A
=]
Q
&
=<
=
g
oy
g
5/
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—_~— —_—~—/

operators (—1)*ws (s, ws), where k € Z. Hence Ps(B); and Ps(B); are equal as
sets.
Let ¢} denote the cocycle associated to the projective representation s

P

wy (s, wy) (and then also associated to the extension Ps(B);). Then we can prove
that ¢, and ¢ are cohomologous. In fact, wg(s,w;) and wg(s,wy) satisfy the same
intertwining property: for every s € Ps(B) and h € H(B),

ps(s(h))wx(s) = wx(s)px(h).
Schur’s lemma then implies the existence of v : Ps(B) — U(1) such that wg(s, w)) =

v(s)wy(s, ws). We computed such a map v in Proposition ([28), since we proved
that

wy(s, w) = x(=f(v) + (v, ws) + Bw] — ws, v — ws))Jwy (s, ws),
where v is any element such that w’, —ws = (1 — 0)(v). Hence we obtained
v(s) = x(=f(v) + (v, w) + B(wg — ws, v —wy)) € {&1}. (38)
Thus for all sq, s € Ps(B),
wy(s1, W, Jwg(s2, wi,) = v(si)v(s2)ws(s1, s, Jwg(s2, W, )
(51, s2)wg(s182, W), ,,) = v(s1)v(82)cy (51, 52)wg (5182, We, o)
C/X(Sl, So)V(S182)wx (8152, Weys,) = V(S1)V(82)Cy (51, S2)wi (5152, Wey sy )-

Hence

¢ (s1,82)cy (51, 52) 7" = w(s1)v(s2)v(s1s2) " (39)

Since v takes its values in {£1}, this shows that ¢, and ¢

X
—_—~— —_—

Therefore, Ps(B); and Ps(B);, are extensions whose associated cocycles are coho-

P

mologous: they are isomorphic extensions. In particular, the groups PS(B)% and
/

Ps(B); are isomorphic.

are cohomologous.

. Formula found for the metaplectic cocycle in Corollary does not depend

on the choice of extension X of y. In particular, two different extensions Ps(B))z

—~—

and PS(B)Xﬁ corresponding to the extensions ¥ and x* of x, respectively, can be
associated to the same cocycle ¢,. This implies that the extensions (hence also

P

the groups) Ps(B); and Ps(B),; are isomorphic.

. Let {¥/(0), 0 € O(Q)} be another set of elements satisfying and (33). We

denote by wt(s) and ¢, the operators and the cocycle associated to this choice.
Then formula implies that for all s, s, € Ps(B),

/ 1 1

(s1,52) = 7 (01)7 (02)7 (0102) 'y (01) ' y(02) Y (0102) ey (51, 52),

1.e.

/

(51, 82)¢x (51, 82) 7 = 7' (01)v(01) 1y (02)7(02) T (7 (0102)7(000) 1) T (40)
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If 0'(0) =60(0) mod 7 for all o € O(Q), then

V(o) = DI ¢ (1),

which shows that the map o + 7/(0)y(0) ™" takes its values in {£1}. Thus cc;*'

—_~— —_—/
is a coboundary by (40). This implies that the extensions Ps(B) ¢ and Ps(B) ; are
isomorphic.

6. Denote by ¢, and | the cocycles associated to the extensions Ps(B); and Ps(B),;

defined in the statement, respectively. (Recall that y* does not appear in the
notation of these cocycles since the metaplectic cocycle does not depend on the
choice of extension of y by Corollary ) Let 81 = (s1, (—1)Mwg(s1, ws,, y(01)))

and 85 = (g, (—1)"wg(s2, ws,,7(02))) in Ps(B). Then

Z(51)Z(52) = (s1, (=) w(s1) " y(01)y (01)  wya (51, wh, 7' (01)))
(52, (1)1 (52) "1y(02)7 (02) "M (52, w0, 7' (02)))
= (s182, (=)0 (s1) "W (s2) " "y(01)7 (00) Y (02)7 (02) T (s1, W), Y (01))
wxﬁ(32»w;2a7'(02)))
= (s152, (= 1) 20(s1) " (s2) "1y (01)y (1) My (02)7 (02) T (51, 52)
wxﬁ(31527wélsg,’/(al@)))
Z(5152) = Z(s182, (= 1) 2w (51, w5y, Y(01))wx (52, sy, 7(02))
= I(s159, (—1)"T*2¢ (51, 59)ws (5152, We, sy, V(7102)))

= (5189, (=1)"14 2y (51, 52)0(5182) "' (0109)7 (0102) " Mwye (5189, W], 7' (0102))).
(41)
Hence 7 is a group homomorphism if and only if

v(s1) 7w (s2) T y(01)7 (01) T (02)7 (02) 71 (51, 82) = ey (s, 82)v(s182) T Y (0102)7 (0109) 7,
ie.

Y (a0)v(02) 71 (02)-

(42)

Denote by ¢ the cocycle associated to the two-fold covering of Ps(B) which

is defined with the extension X of x and the choices {w), s € Ps(B)} and

{7(0), 0 € O(Q)} such that ([24), and are satisfied. By (39),

(51, 82)Cy (51, 52) 7" = w(s1)v(s2)v(s1s2) " (43)

By , since is satisfied,

/ !

A (51,82)¢} (s1,89) 7" =7/ (00)7(01) 71 (02)7(02) 7 (7 (0202)v(0109) 1) 1, (44)

(51, 82)ex(s1,82) 7" = v(s1)v(s2)v(s152) " y(0102)7 (0102) 1y (01)
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Since C;(Sl,SQ)CX(Sl,SQ) = (51,32)02(31,32)’102(31,32)%(31,32)’1, and
imply (42). Let 5= (s, (—1)*wg(s,ws,7(0))) € Ker(Z). Then s = (1,0) and

Idizgyy = (=1)"v(s) ™7 (0)7'(0) Mwys (s, wy, 7' (0))
= (=1)*r(1,0)79(1)7' (1) wys ((1,0),0,7'(1))
= (—1)" Idpz(y) -
Hence k € 27Z. This enables us to conclude that (s,(—l)kw;(s,ws/,z(/a))) =
((1,0),wz((1,0),0,7(1))) = ((1,0),Idr2(y)), i.e. T is injective. Since Ps(B); and

P

Ps(B),; have the same order, Z is an isomorphism.

Now it only remains to prove that the diagram (D] - commutes. First we have
that

(IO 6)(_1) = I((1> 0)7 - IdLZ(Y)) - ((17 0)7 —U.)Xu<(1, 0)7 0, 7(1))) = ((17 O)? - Isz(Y))

In addition, let 5= (s, (—1)*ws(s, ws,y(0))) € lgs_(xB/)% Then

(W' 0 Z)(3) = W'(s, (=1)*u(s) (o)1 (0) Mwye(s, 0}, 7' (0))) = s = W(s).
This proves that the diagram (D;]) is commutative.
O

Remark 3.9. e We do not know if the converse of the statement of Proposition [3.8/[5]
holds in general, i.e. if the isomorphism of extensions implies that 6'(c) = 0(0)
mod 7 for all o € O(Q). There is a necessary condition for the extensions to be
isomorphic since we can construct non-isomorphic extensions (cf. [8], Theorem
5, or the two-dimensional case detailed in section . Proposition . shows in
particular that if we choose (o) and +/(0) to be real (consistent with the fact
that x is real) then the extensions obtained with these choices are isomorphic. If
W is two-dimensional, then we prove in Propositions [4.2] and [£.5] that the converse
of Proposition [3.8][5] holds.

e We can wonder whether we can obtain all the possible non-split stem extensions

of Ps(B) by two elements with all possible choices of {v(0), o € Ps(B)} satisfying

(33). This is false in general, as we shall see for the two-dimensional case (cf.

Remark. Nevertheless, we prove in this example that we obtain all the possible

non-split stem extensions of Ps(B) by two elements which contain a copy of the
Heisenberg group H(B).

Now we have everything we need to lift the projective Weil representation of Ps(B) to

—~—

a linear representation of Ps(B)s.

Corollary 3.10 (The Weil representation). 1. The projective Weil representa-

tion wy of Ps(B) can be lifted to a linear representation wy of Ps(B)s, which will
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be called the Weil representation. wy is defined by

—_—

05(3) = (—=DFwg(s) for all 5= (s, (—1)*wg(s)) € Ps(B)-. (45)

X

. Wy is unitary, faithful and irreducible.
. The image of wy contains all the operators pg(w), w € W (which form a basis of

Endc(L*(Y))). More precisely, for every w € W,

p%(w) = w%((la fz)7 U)), (46)
where f, € Q,(W) is such that x o f, = x({(w,-)).

Proof. Define the map wg by .

1.

D5 (8152) = Dg(s152, (1) wy(s1)(—1)2wy(s2)) = Dx(s152,

2.

Observe first that for s = (1,0), since ws = 0 by Lemma ., we obtain by
that

w)?((L 0)7 O) Z px px( ) IdLQ(Y) :
Then W5 ((1,0),wz((1,0),0)) = Isz . Moreover, for every 51 = (s1, (—1)"wg(s1))
and S = (s2, (—1)"wg(s2)) in Ps(B )X

D5 (81)0x(52) = (=1)"ws(s1)(=1) 2wz (s2) = ey (51, 59) (1) 2wz (s152)
and

(=12, (51, s2)wx(s152))

= ¢y (51, 32)(_1)k1+k2wg(3182).

e~

Thus Wy is a linear representation of PS(B)%, which lifts the projective Weil rep-
resentation of Ps(B).

Let s = (o, f) € Ps(B) and 5 = (s, (—1)fwg(s)) € Ps(B);. Suppose that Wg(s) =
Id;2(y), then (—1)*wg(s) = Idizy). Then by in Proposition ,

(=D*y(0) > X(f(w) + {w,w) + Blu,w + w,))pg(u + w,) = ldizery = px(0),

u€l(o)

where w € W is any element such that v = (1 — o)(w). The operators pg(w)
form a basis of Ende(L?(Y)) according to Lemma [2.8] and x takes its values in
{#£1}. Hence only one term py(u + w,) can appear in the sum, the one for which
u+ws = 0. Moreover, since u € (o), this means that I(o) is a vector space which
contains only one element in this case. Hence I(0) = {0} and ws = u = 0. This
implies that K(o) = W, i.e. ¢ = 1. In addition, ws, = 0 implies by that
Xo fike) = xof =xo(ws) =1,1e xof =1 If f # 0 then f(W) = F,
which implies that F C Ker(y). This is impossible because y is non-trivial by
hypothesis. Hence f = 0 and s = (1,0). In particular, wy(s) = Idg2(yy. Since
(—1)*wx(s) = Idrz(y) by hypothesis, this implies that k € 2Z, i.e. § = 1. Finally,
this proves that wy is faithful. We prove the irreducibility of wg in the next point.
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3. For every w € W, we proved in Proposition that there exists z € W and
s = (1, f.) € Psy(B) such that ws = w. Then, by in Proposition [3.2]

wx(s,w) = D X(fo(0) + (w,0) + Blu,v + w))py(u +w) = py(w)
uel(1)

where v is any element such that u = (1 —1)(v) = 0. This shows that wg(Ps(B);)
contains the operators pg(w) for all w € W. Now, if V C L*(Y) is a vector
subspace invariant by wy then, in particular, V is invariant under all the operators
pz(w), w € W. Since these operators form a basis of End¢(L?*(Y)) by Lemma ,
then either V = {0} or V = L*(Y), i.e. Wy is irreducible.

U

Proposition 3.11 (Character of the Weil representation). Let Oy be the character
of Wy. We suppose as before that a choice of {7y(c), 0 € O(Q)} and {ws, s € Ps(B)} has

——~——

been made. Then, for every 5 = (s, (—1)*ws(s, ws)) in Ps(B)y,

0z(5) = (=1 ()Y Ix(f (w) — Blws + w, wy)) i) (ws), (47)
where w € W is any element such that (0 — 1)(w) = w,. In particular, ©; does not

depend on the choice of extension x of x and we can denote it by ©,. Moreover, O,
satisfies the following properties:

1. The support of ©, is

—_—

supp(0,) = {5 = (s, (—1)*wz(s,w,)) € Ps(B)s, s = (0, f) with x o fix(@) = 1}.
Hence it does not depend on the choices of {y(0), o € O(Q)} and {ws, s € Ps(B)}.
2. For every o € O(Q), there exists 5 = (s, (—1)Fwg(s, wy)) € Pjs\(§)>Z such that the
projection of s on O(Q) is o and O,(s) # 0.
3. Let 0 € O(Q). Then the following assertions are equivalent:
e O,(5) # 0 for all 5 = (s, (=1)*wg(s, ws)) € Ps(B); such that the projection
of s on O(Q) is o.

e 1 — o is invertible.

—_—

Proof. 1. Let 5= (s, (—1)*wg(s)) € Ps(B);, where s = (0, f) € Ps(B). By definition
of Uy, Oz(5) = Trace(wg(3)) = (—1)" Trace(wg(s)). Recall the expression (27)
proved in Proposition [3.2}

wi(s) = 7(0) D X(f(w) + (w,w) + Blu,w + w,))psz(u +w,),
u€l(o)

where w € W is any element such that u = (1 — o)(w). We can first compute the
trace of every operator of the form py(w), w € W. In fact, this computation has
already been done in Lemma [2.3|in the basis By = {d,,y € Y} of L*(Y), and the
result is given by (16): for all wy € W,

Trace(pg (wo)) = Y[ (wo).
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Then we obtain

Trace(wi(s)) = (o) Z X (f(w) + (ws, w) + B(u, w + w;)) Trace(pg(u + wy))

u€l(o)

1(0) D X(f(w) + {ws,w) + Blu,w + w,))|Y[8o(u + w,)

u€l(o)
(@)Y [x(f(w) + (ws, w) — Bws, w + ws)) L) (ws)
Y)Y Ix(f(w) = Bws + w,ws)) L1 (ws),

where w € W is any element such that w, = (¢ — 1)(w). This proves ([47)). Now,
©,(5) is non-zero if and only if w, € I(0), which does not depend on the choice
made for (o). By Lemma [3.1][3} the fact that w, belongs to I(¢) is independent
of the choice of wg. Moreover, since K(o) and I(0) are orthogonal with respect to
the non-degenerate symplectic form (-,-) (Lemma [3.1)), w, € I(0) is equivalent to
have x o fik@) = 1 by .

2. Let o be an element of O(Q). Let {vy,...,v;} be a basis of K(0) and complete
it into a basis B = {vy,...,va,} of W. Then we can associate to ¢ an element
s, = (0, fs) € Ps(B) by Proposition , where f, and 8, are given by and
B

fo(w: Z )\wz‘)z Z )\Mjﬁa(vz‘,vj)y

1<i<2n 1<i<j<2n

and for every wy,wy € W,
By (w1, ws) = B(o(wy), 0(ws)) — Bwy, ws).

In particular, if w = ) A\v; belongs to K(o), then §,(v;,v;) =0 for all 1 <i <
1<i<l

j <1, and thus f,(w) = 0. Then is written
1= x(fo(w)) = x((ws,, w))

for all w € K(o). This implies that ws, belongs to I(c). In fact, this is au-
tomatically true if I(c) = W, and otherwise K(o) # {0} and the image F of
the linear map (w,,,-)|k() would be contained in the kernel of x. If we set

S0 = (85, wWz(80, ws,)) € Ps(B)g, then we obtain that ©,(s) # 0 by [@7).

Remark 3.12. This proof shows that, for every o € O(Q), there always exists a
basis of W such that f, k) = 0. However, it requires to fix a basis of K(o) and
then complete it into a basis of W. There is in fact an alternative solution if we
do not want to fix these bases. We can define f, from any basis of W with .
Then, since (o, f,) € Ps(B), we know that f, is additive on K(o) by (6)). Hence
there exists v € W such that x o f, = x o (v,-) on K(o) by Proposition . Set
s=(o,f=f,—(v,)). Then s € Ps(B) and x o f = 1 on K(o). This enables to
conclude by that wy € I(0), and we also obtain [2[in this way.
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3. Let 0 € O(Q). If 1 — o is invertible, then I(0) = W. Then every w; satisfying
belongs to I(o). By (47)), this implies that ©,(3) # 0 for all 5= (s, (—1)*wg(s)) €
PS(B)% such that the projection of s on O(Q) is 0. Conversely, suppose that 1 —o
has a non-trivial kernel K(o). Define first f, as in the proof of 2| above, i.e. with
a basis B = {v1,...,v9,} of W such that {vq,...,u} is a basis of K(¢), with
[ > 1. In particular, f, satisfies fy k() = 0. Since K(0)* = I(0), 1 — o is not
invertible and (-,-) is non-degenerate, then K(o)* # W. Hence there exists an
element wy ¢ K(0)* =I(0). In particular, the map (wy, -)|k(») is not identically
zero. Then the image of the linear form (wy, -) k() is equal to F. It follows that
X © (wo,)|k() 7# 1 since x is non-trivial by hypothesis. Now, by Proposition
[L.11]2] there exists z € W such that x o f, = x o (wp,-), where f, € Q,(W). Set
s = (0, fo + f.) € Ps(B). Then for all w € K(o):

X((wo, w)) = x(fx(w)) = x((fs + f2)(w)) = x(f(w)),

ie. wy satisfies for s = (o, f) with f = f, + f.. Thus, by Lemma [3.1][3]
ws — wy € (o), which implies that ws does not belong to I(¢). This shows that
O,(5) = 0 for 5 = (s,wg(s,ws)). Since the projection of s on O(Q) is o, this
completes the proof by contraposition.

O

Corollary 3.13. For every o € O(Q), choose (o) satisfying (32)) such that v(o) is real.
Then the Weil representation wy defined by is self-dual.

Proof. Let W% be the dual representation of wy and denote by ©} its character. Since Wy
is unitary, for every 3 = (s, (—1)*wy(s, w;)) € Ps(B)s,
6;(5) = Trace(@(5)7) = Trace((@(3))") = Trace(@;(3)) = Ox(5).

If v(0o) is real for all o € O(Q) then the character O, of the Weil representation wy is real
by . In particular, the character ©7 of the dual representation w is exactly equal to
the character ©, of the Weil representation wsg. U

Corollary 3.14. Let Y and x* be two extensions of x to X x F. For every o € O(Q),
choose v(o) and +/(o) satisfying (32)). For every s € Ps(B), choose w, and w/, satisfying
. Suppose that and are satisfied. Then the Weil representation wg, obtained
with X, {ws satisfying ([24), s € Ps(B)} and {v(0) satisfying (32), o € O(Q)}, is isomor-
phic to the Weil representation @,; o Z, obtained with x*, {w/ satisfying ([24), s € Ps(B)}
and {7/(0) satisfying (32), 0 € O(Q)}. In other terms, there exists an isomorphism 7' €
U(L?(Y)) such that the following diagram commutes:

—~——

0 (Z(3) =Towg(s)oT" forallse Ps(B);, ie T r (D2)
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where 7 is defined by .

Proof. Since is satisfied, by Proposition .@, the extensions Ps(B); and Ps(B),;

associated to the choices (Y, v(0), ws) and (x*,7'(0),w"), respectively, are isomorphic. An
explicit isomorphism Z is given by . Hence, 7 is also a group isomorphism between

—_—

Ps(B); and Ps(B),;. Now, we denote by ©, and ©) the characters of Wy and wys,
respectively. Then by definition of Z, ©, and ©/,, for every 5 = (s, (—1)*wg(s, ws, 7(0))) €

—_—

Ps(B)-

X?

Trace(w,:(Z(5)))
— Trace((—1) () (0)7 (o) wye (s, 0, ¥ ()
— (—1)*u(s) " (0)7 (0) 1O (5, e (5, w7 (@)
(1) (0)7 (0) "X (F(v) = (v, 15) — B(w, — 1wy, v — w,))y (0)]Y]
() = B(w, 4/, w))) L (w))
— ()M (@YX (f () = (v w) — B, = w,,0 —w,) + f(u) — Blut, +u',wl))
Lo (W),

where v is any element such that w), — ws = (1 — 0)(v) and v’ € W is any element such
that (o — 1)(w’) = w. By Lemma Li(oy(w}) = Loy (ws). Moreover,

f(v) = (v,w) = Bw, — ws, v —wy) + f(w') = Blw, +w', w))

= f(v+w') — B(o(v),o(w')) + B(v,w'") — B(v,ws) + B(ws,v) — B(w),v — w,) — B(w,, w;)
+ B(ws,v) — B(w, w}) — B(w', (1 — 0)(v) + ws)

= f(v +w) B(ws + v+ w',ws) — B(o(v),o(w")) + B(v,w') — B(w,,v — ws + w)

(
—o)(v
= f(v+ u/) B(w, + v+ w',ws) — B(o(v),o(w") + B(v,w') + B((c — 1)(w'), o(v))
' )
(
(ws

— B(w', (1 -0)(v))
= flv+w') — B(ws + v+, ws) — (o(v),o(w)) + (v,w')
= flv+w') = B(ws + v+ w' ws) since o € Sp(W).

Trace(@,: (Z(3))) = (=1)* (@)Y [x(f (v + w) = B(ws + v + 0, ws)) Lo (ws),

where (0 —1)(v+w') = w,. Therefore, by Proposition|3.11} we obtain Trace(w,:(Z(5))) =
O, (5). This proves that wy and @,: o Z are two irreducible representations with the same
character, hence they are isomorphic. O

—~—

We proved in Proposition 3. @ that the two-fold covering Ps(B); of Ps(B ) we construct

does not depend on the ch01ces made for the extension Y of X {ws satlsfylng , s € Ps(B)}
and {7(o) satisfying (32) and (33), o € O(Q)}, provided (35)) is satisfied. However this
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two-fold covering of Ps(B) depends a priori on the choice of non-trivial character x of F
that we fixed in the beginning of section [l In fact, we can prove that different choices of
characters lead to isomorphic extensions of Ps(B), provided is satisfied.

Proposition 3.15. Let 1) be a non-trivial character of F. We suppose that a choice of
w, satisfying for x has been made for all s € Ps(B). We fix also v(o) satisfying
for all ¢ € O(Q) and (33). Then:

1. There exists a = b* € F\{0} such that ¢ (¢) = x(at) for all t € F.
2. For all s = (o, f) € Ps(B), the element b~'w, satisfies for 1, i.e.

b o fike) =1 o (b ws, )| K(o)-
3. Let Ps(B); be the two-fold covering of Ps(B) obtained from the extension  of x

P
to X x F and the choices {ws, s € Ps(B)} and {7(0), 0 € O(Q)}. Let Ps(B); be

the two-fold covering of Ps(B) obtained from the extension J of ¥ to X x IF and
the choices {b~'wg, s € Ps(B)} mentioned in 2| and {7/(¢), ¢ € O(Q)}. If
—_— e

is satisfied then the extensions Ps(B); and Ps(B); are isomorphic.

—_— —_—

4. Let Ps(B); be the extension defined in . Let Ps(B); be the two-fold covering of

Ps(B) obtained from the extension 1 of ) to X xF and the choices {v,, s € Ps(B)}
and {d(0), o € O(Q)} such that (24), and are satisfied. If is satisfied
then the extensions Ps(B); and Ps(B); are isomorphic. An explicit isomorphism
of central extensions is

P e N

J : Ps(B); — Ps(B) (48)
(5, (=1 wg(s,ws,7(0))) = (s, (=1)*w(s) " 7(0)d(0) " wy (s, vs,0(0)))
where v relates the choices {b~'w;, s € Ps(B)} and {v,, s € Ps(B)} by (33), i.e.
v(s) = (= f(v) + (v, b7 w,) + B(vs — b ws, v — b~ twy)), (49)
where v is any element such that vy — b~ 'w, = (1 — ¢)(v). This means that the

following diagram is commutative:

1 —— u(C) N P/SE—B/%z v, Ps(B) —— 1

J» 7 J» (Ds)

1 —— 12(C) —* Ps(B); — Ps(B) —— 1

Proof. 1. This was proven in Lemma 2.1}
2. For every w € K(o), by [l] and the fact that f is quadratic,

D(f(w)) = x(af(w)) = x(f(bw)) = x({ws, bw)) = x(a{b™ ws, w)) = V(™ ws, w)),
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where the third equality comes from the fact that w, satisfies for x. This
proves that b~lw, satisfies (24)) for .
3. To show that the extensions Ps(B); (associated to {ws, s € Ps(B)} and {7(0), 0 €

P

O(Q)}) and Ps(B) (associated to {b~"w;, s € Ps(B)} and {7/(0), o € O(Q)}) are
isomorphic, it is enough to show that the cocycles ¢, and Céﬂ associated to these
extensions are cohomologous. Let s; = (o1, f1) and sy = (09, f2) be in Ps(B).

Then, by in Corollary ,

cx(s1,82) = Chg > X(f1(wr) + (wsy; wr) + Bluy, wy + ws,) + fo(ws))
u1€l(o1) uz€l(o) X((Wsy, w2) + Blug, we + ws,) + B(ur + ws,, ug + ws,))

u1tug =Wsq,s9

where C1 5 = y(01)y(02)y(0109) ", (1 — o) (w;) = u; for i € {1,2}, and w,, ,, =
Wey sy — Ws;, — Wy,. This implies that b wy, o, = b wg, s, — 0wy, — b tw,,. If we
set v, = b~ lu; and w] = b~ w;, then (1 — o) (w!) = u} and

Cx(s1,82) = Chp > X(f1(bwy) + (ws,, bwy) + B(bul, bu +ws,) + fa(buwh))
Zﬂ;fﬁ;gji@i X ((ws,, bwh) + B(buy, bwy + ws,) + B(buy + ws,, bub + wy,))
= C(1,2 Z X(afl(wll) + a<b_1w817 w,1> + CLB(U/l, w/1 + b_lwsl) + an(wé))
el Cl) \ (a (b~ w,,, wh) + aB(uh, wh + b wy,) + aB(u] + 5w uh + b7 Mw,,)
U TUG=0 "Wsy,s9
=Cia Y (A + 0w w) + Bluy,wh 0 wy) + fa(wh))
ulEI(Ul) u2€1 o2) w(<b Wsy s w?) + B(u2> U}2 + b~ w52> + B(ul + b Wsy 5 ’LL2 + b~ wsz))

u’ +u =b— wsl 59

= 3(01)7 (1) (02)7 (02) "'y (0102) 71 (0102) ) (51, 52),

-1 -1

Cx(81,82)¢ (51, 82) " = Y(01)7/ (1) Y (02)7 (02) Y (0102) "1 (010). (50)
Since o — ()7 (0) ™" takes its values in {£1} by (35)), cxc;j_1 is a coboundary.

e~ —

4. Consider again the extension Ps(B); defined in . Let {d(0), 0 € O(Q)} such that

——

(32) and are satisfied. Suppose also that is satisfied. Let Ps(B); be the
extension defined from ), {b_lws, s € Ps(B)} and {6(c), o € O(Q)}. Byﬂ the

—_

extensions Ps(B); and Ps(B); are isomorphic. Define now the extension Ps

from the extension 1 of 1) and the choices {v,, s € Ps(B)} and {§(0), o € Oii
"

—_—~—

Then the extensions Ps(B); and Ps(B); are isomorphic by Proposition 3

This is enough to conclude that the extensions PS(B) and PS(B ; are isomorphic.
More precisely, define J as in . We denote by and ¢y the cocycles associated

—— —_—

to Ps(B); and Ps(B), respectively. Let 51 = (s1, (—D*wg(s1, wsy, y(01))), 52 =
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(52, (= 1) wg(s9,ws,,7(02))) € Ps(B). As in Proposition E@ we prove that
T (51)T (52) = (s152, (= 1) 20 (s1) " w(s2) "y(01)d(01) " (02)8(02) ey (51, 52)

wJ(81827 Uslsza (0-10-2))

)
T (5182) = (s152, (=1)" 2y (51, 52)v(s182) 71 (0102)0(0102) T wi (182, Vsys0, 0(0102))).
(51)
Hence J is a group homomorphism if and only if

-1

cp(s1,52)cx (51, 82) 7 = v(s1)v(s2)v(5182) "y (0109)(0102) T y(01) T (01)v(00) T ().

(52)
By (39),
cy(S1, 52)022(31, 59) ! = 1/(31)1/(52)1/(3152)_1. (53)

By (B0),
Ciz/;(31, $2)Cx (51, 82) 7 = 8(01)7(01) "' 6(02)v(02) T (0(0102)v(0102) ) (54)

Since cy(s1, 52)cy(51,52) 7" = cy(s1,52) (51, 52) 7 (51, 52)cy (51, 52) 7, and
imply . The fact that J is an isomorphism such that the diagram (D3)
commutes can be proven exactly in the same way as for Z in Proposition [3.8][6]

O

Corollary 3.16. Let x and ¢ be two non-trivial characters of F (such that (t) =
x(at) for all t € F, where a = b?, cf. Lemma . Let X and {D/ be two exten-
sions of x and ¥ to X x F, respectively. For every o € O(Q), choose v(c) and §(0)
satisfying (32]) with x and v, respectively. For every s € Ps(B), choose ws and vy
satisfying (24]) with y and v, respectively. Suppose that and are satisfied.
Then the Weil representation Wy, obtained with X, {w, satisfying (24), s € Ps(B)} and
{7(0) satistying (32), o € O(Q)}, is isomorphic to the Weil representation wg o J, ob-
tained with v, {vs satisfying ([24), s € Ps(B)} and {0(0) satisfying (32), 0 € O(Q)}. In
other terms, there exists an isomorphism U € U(L?(Y")) such that the following diagram
commutes:

- L(y) 29 12y
wi(J(5)) =Uowg(s)o U™! forallse Ps(B);, e lU lU (Dy)
-G
L*(Y) —— L*(Y)

where J is defined by .

Proof. Since is satisfied, by Proposition 3.15., the extensions Ps(B); and Ps(B);

associated to the choices (Y, v(c),ws) and (¢, 6(c), vy), respectively, are isomorphic. An
explicit isomorphism 7 is given by . Hence, J is also a group isomorphism between

—_—

Ps(B); and Ps(B)j;. Now, we denote by ©, and ©, the characters of Wy and wg, re-
spectively. Then by definition of 7, ©, and O, for every 5 = (s, (—1)fws (s, ws,v(0))) €




THE WEIL REPRESENTATION FOR A FINITE FIELD OF CHARACTERISTIC TWO 47

—~——

Ps(B);, we have that
Trace(35(7 ()

)
U(f(w) — B(vs +w, vs)) L1 (vs)
= (=D (@)Y | (f(v) = (v,b  w,) — B(vs — b wy, v — b w,) + f(w) — B(vs + w, v,))
Li(o)(vs),

where v is any element such that v, — b~ 'w, = (1 —o)(v) and w € W is any element such
that (0 — 1)(w) = vs. As in Corollary [3.14] we can prove that

fw) = (0,07 ) = Bug = b wg, v — b wg) + f(w) — Blvg + w, vy)
= f(v+w) — B w, +v+w, b w,).
Hence

Trace(G5(J(3)))

(=D ()Y T (f (v +w) = B ws + v+ w, b7 wy)) i) (ws)
(=D)* (@)Y Ix(af(v+w) — aBO™ ws + v+ w, b~ w;)) L) (ws)
(=1 ()Y [x(f(bv + bw) — B(ws + bv + bw, ws)) Lig) (ws),

where (0 — 1)(bv + bw) = ws — bvs + bvys = ws. Therefore, by Proposition we
obtain Trace(w;(J(5))) = ©(s). This proves that wy and w; o J are two irreducible
representations Wlth the same character, hence they are isomorphic. O

4. THE TWO-DIMENSIONAL CASE FOR F =y, I.LE. W ~ ]F%

In this section, we apply the results of the previous three sections in order to describe
explicitly the groups involved and the Weil representation when W is a symplectic Fa-
vector space of dimension two. Most of the groups are found explicitly thanks to the
database “GroupNames” [29]. We keep the notations used in the preceding sections and
we use them with n = 1. In particular, W is a Fa-vector space of dimension 2, endowed
with a non-degenerate and alternating form (-,-). Then W is isomorphic to F2, and we
can set W = X @Y with X = Vect{(1,0)} and ¥ = Vect{(0,1)}. This means that
W ={(0,0),(1,0),(0,1),(1,1)}, where 0,1 € Fy. We will write an element w € W either
asw=z+ywither € X andy € Y, or as w = (z,y). With respect to the fixed complete
polarization W = X @Y, the non-degenerate symplectic form is given by

(T1+ Y1, 22 + 1y2) = T1Y2 — Y172
for all w; = x; +y; € W, i.e. its matrix is 2 = (_01 (1)) Since W is a two-dimensional

vector space over Fy, the space Y is one-dimensional and hence dime(L?*(Y)) = 2. Thus
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all the operators we obtain in this example are two-by-two matrices.

The first step is to determine the Heisenberg groups H(B) in this example, which
amounts to determine all the possible bilinear forms B such that for every w; = x; +vy; €
W,ie{1,2},

(T1+ Y1, 12 + yo) = B(w, w2) — Blwa, w).
In addition, since H(B) is an extraspecial 2-group (see Proposition and appendix), it
is enough by Proposition to find two bilinear forms B whose associated quadratic
forms @ have different Witt index/Arf invariant.
Bii P
Ba1 Baz

In terms of matrices, we are looking for B = ( ) such that for every 14y, € W

and z9 +yp € W,

w2 (52) = (1) = w2 (7).

i.e. ﬁLQ(SElyQ — yll’g) — 6271<I1y2 — ’ylﬂfz) = T1Y2 — Y1X2. Thus BLQ — 5271 = 1. This leads
to eight possibilities for B:

01 11 0 1 11
Bl— (0 O>7BQ_ (0 0)7 B3_ (0 1)7 B4_ (0 1>7

00 10 0 0 10
so= (1 0) (3 0) 2= (0 1) 2= (000):

These bilinear forms are given in coordinates by:

o Bi(wy,wa) = T1Y2, i.e. By = Bweil o Bs(wi,ws) = 122

o Bo(wi,wy) = 21Y2 + T122 o Bg(wy, wz) = Y172 + 1172

o Bs(wy,wz) = T1y2 + Y192 o Br(wy,wz) = Y172 + Y192

o By(wy,wy) = o1y + 2172 + Y132 o Bg(wy, wy) = y1Z2 + 2122 + Y1Y2.

Thus the corresponding quadratic forms are written as follows:

o Qi(w) =y * Q5(w) =y

° gggw; = xy+xz ° 8%1{)3 = xy+xz

o Qs(w) =y +y o Qr(w) =y +y

° Qi(w) =qy + 2% +9? ° Q;(w) =gy + 2% +9?

In particular, the quadratic forms of Witt index 1 (Arf invariant 0) are Q1 = Q@s,
Q2 = Q¢ and Q3 = @7, whereas the Witt index of Q4 = Qg is 0 (Arf invariant 1).
Therefore, to study all the possibilities for the Heisenberg groups, it is enough to consider
By = Bwej and By4. Before separating the two cases depending on the index of @), we
can give some details about the additive maps and the symplectic group involved in this

example. We will identify any linear map o : W — W with its matrix (?; g) in the
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basis B = {(1,0), (0,1)} of W and, similarly, any linear map 7 : L*(Y) — L3(Y") with its
matrix in the basis By = {d, 1} of L*(Y).

Proposition 4.1. 1. The set Q,(WW) of additive quadratic forms on W is given by
the set of linear forms (z,y) — 0, (x,y) — z, (z,y) — y and (x,y) — = + y.
2. The symplectic group of W is

1 0 0 1 0 1 10 11 1 1
so07) = { (o 1)+ (3 0)- (1 1) 96 1) (o)}
i.e. Sp(W) = GLy(FFy) = SLy(FF3), and in particular
Sp(W) ~ S3 = {a,b | a® =b* =1, bab = a™ "),

0 1 0 1
where for example a = (1 1) and b = (1 0).

Proof. 1. The additive quadratic forms on W with values in Fy are just the linear
maps f : W — Fy. Such a map f is entirely determined by f(1,0) and f(0,1).
There are two possibilities for each of them, so this gives four possibilities for f:
f(x,y) = If(l, 0) + yf((): 1)'
2.0 = (¢ ?) is symplectic if and only if o7 _01 é o= (_01 é), which is
equivalent to ad — v =1, i.e. 0 € GLy(Fy) = SLy(FFy).
OJ

4.1. The case Arf(Q) = 0. In this part, we suppose that the bilinear form B is such
that @ has Arf invariant 0, or equivalently (Witt) index 1. In particular, we can consider
the bilinear form B = By which appears in Weil’s article, i.e. B(wy,ws) = z1ys for all
w; = x; +y; € W, i € {1,2}. Hence the matrix of B in the basis {(1,0),(0,1)} of W is
(8 é), and Q(w) = zy for all w = x +y € W. In this case, H(B) is the set of elements
(z,y,t) € F3 with product

(1,91, 01) (22, Y2, t2) = (1 + T2, y1 + Yo, 01 + t2 + 21Y2).

In particular, H(B) is isomorphic to the dihedral group Dy = {(a,b | a* =b* =1, bab = a™'),
where for example a = (1,1,0) and b = (1,0, 0).

We need to fix an extension X of the unique non-trivial character y of Fy to X x Fy.
This extension is entirely determined by X(1,0,0), which can take the values £1 because
X is @Q-singular (cf. Lemma [2.1]). Set

£=7%(1,0,0) € {£1}. (55)

The first groups we compute explicitly are the orthogonal group O(Q) and the pseudo-
symplectic group Ps(B). Then, in order to obtain all the possible two-fold coverings
defined in Proposition [3.§82]

~ —~——

1 — 12(C) -5 Ps(B), % Ps(B) — 1,
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we consider all the possible choices of {v(c) satisfying and (33), 0 € O(Q)}. We will
see in that, up to isomorphism, there are only two different coverings.

Proposition 4.2. 1. The orthogonal group is O(Q) = {((1) (1)) , <(1) é) } If we

set 7 = ((1) (1)) then O(Q) ={1,7} =< 7 >.

2. The pseudo-symplectic group is

o[G0 (69 (690
(@ (03 o) (¢ ) (6 e

We will denote these elements in the same order by {si, Sa, 3, S4,71,72,73, T4}
In particular, Ps(B) is isomorphic to the dihedral group of order eight Dy =
{(a,b] a* =b* =1, bab = a™'), an isomorphism being for example given by a = 75
and b = so. _

3. The different choices of {y(c) = 9- 5 e??) o € O(Q)} satisfying and
lead to two non-isomorphic pseudo-symplectic extensions

1 — us(C) o, PTSK(I?%z v, Ps(B) — 1.

More precisely,
e If (1) =0 mod 7 then the pseudo-symplectic covering

—_——

Ps(B); = {(s, (—1)'ws(s)), s € Ps(B), l € Z}

is given by

(s ) o2 ) (o
i () () ()
(D) ) |

—_—

where € = Y(1,0,0) is as in . In particular, P (B)>Z is isomorphic to the
dihedral group Dg = {(a,b | a® =0? =1, bab = a™'), an isomorphism being

given for example by a = (7"2, \/Lﬁ (é _1€)> and b — (52, ((1) é))

e If (1) =% mod 7 then the pseudo-symplectic covering

™
VR
O =
=)
—_
~
~

/

—_—

Ps(B). = {(s, (—1)'wz(s)), s € Ps(B), | € Z}

X
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is given by
10 0 1 ~(1 0 )
(w6 ) (o () (s 1))
B ~(0 —1 (-4 (2 1 (-4 (1 -¢F
S = 9 (S4a(_1)€(1 0)),(7’1,7 1 —F » | T2, \/§ g 1 )
(S () (5 (G )
T3, ~ y | T4y ~
L V2 —c 1 V2 -1 —= J
where £ = X(1,0,0) is as in (55). In particular, P/(\B/)>z is isomorphic to the
semi-dihedral group SDig = ( a,b | a® =b? =1, bab = a?®), an isomorphism
: . , (1 —€ B 01
being given for example by a = (rg, 7 (g ;)) and b = (52, (1 0))
01 T 0 1\ (=x
. . . T o
1. o is orthogonal if and only if (a: y) o (O 0) o (y) = (az y) (O O) (y)

for all z,y € TFs.

. According to Proposition|l.11} the elements of Ps(B) are given by (o, f,+ f), where

o€ 0(Q) and f € Q,(W). This gives f; = 0 and f,(x,y) = xy. Proposition
gives all the eight elements of Ps(B) listed above.

. First we make a choice of w; satisfying for all s = (0, f) € Ps(B). If s = s;

then ¢ = 1 and K(o0) = W. Hence there is only one choice of w; satisfying
fix@) = f = (ws,-), namely w,, =0, ws, = (0,1), ws, = (1,0) and w,, = (1,1).
If s =r; then 0 = 7 and K(o) = {0, (1,1)}. Hence there are two choices of w; for
each s, namely w,, € {(1,0),(0,1)}, w,, € {0,(1,1)}, w,, € {0,(1,1)} and w,, €
{(1,0),(0,1)}. Since Ps(B); does not depend of the choice of {w;, s € Ps(B)},
we can choose for example w,, = w,, = (1,0) and w,, = w,, = 0. This enables us
to compute the operators wy(s) for all s € Ps(B) thanks to Proposition [3.2}

wils) =7(0) Y x(f(w) + (we,w) + Blu,w + wy))pg(u +w,),

u€l(o)
where w € W is any element such that u = (1 — o)(w) and (o) satisfies and
(33). This formula together with with t = 0 gives:
wg(s1) = px(ws,) = pg(0) = I

wy(s2) = pg(ws,) = pz(0,1) = ((1) (1)>

wy(s3) = py(ws,) = pg(1,0) = ((8) —OE)
wi(sa) = px(ws,) = px(1,1) = <g“ _og>

0(T)

e e10(7) g 1
) = 28 55(1,0) + 0. = 25 (5 1)




52 AURELIE PAULL

6(T)

° w;((m) = e\/g (PQ(O) + /))Z(l, 1)) - e’:’/(; (; _:lg)

0 (1)

o wilrs) = S (px(0) — px(1,1) = 7 ( - ’51“)

£i0(7) gon (€ —1
® wy(ry) = W(P;(LO) - px(0,1)) = V2 (_1 ~)-

—&

Moreover, since 72 = 1, (33)) implies that
O(r)+6(r) —6(1) =0 mod .

Since §(1) = 0 mod 27 by (B2), we obtain that #(7) =0 mod 2. Hence there are
four possibilities for ("), but these choices lead to at most two non-isomorphic
extensions by Proposition corresponding to the choices 6(7) = 0 mod 7

and 0(7) = § mod 7, respectively. Then Proposition leads to the list of all

elements of Ps(B))z given in the statement above. Finally, we want to identify

—_

the two groups PS(B)>z defined in this way in the database [29]. We know by

P

that Ps(B) is isomorphic to Dy and we know by Proposition that Ps(B); is
a non-split stem extension of Ps(B) by two elements. According to [29], there are

only three possibilities for PS(B);(, namely the groups Dg, SDig and (156. These
groups have different numbers of elements of order two. Since we have already

e~

computed all the elements of the groups PS(B)%, we can easily obtain the orders
of these elements and then deduce the following group isomorphisms:

ESTE) _ JDs if (1) =0 mod 7
X SD16 if 0(7’) =I mod .

X =T
- 2

(56)

O

Remark 4.3 (related to Remark . The result obtained in proves that in general,
we cannot obtain all the non-split stem extensions of Ps(B) by two elements with all
possible choices of {y(¢), ¢ € O(Q)} satisfying and (33). In fact, the number
of central extensions of Ps(B) ~ Dy by two elements can be found with the universal
coefficient theorem, which provides the following short split exact sequence:

0 — Exty(H,(Dy,Z), Z/27Z) — H*(Dy, Z/27) — Homg(Hy(Dy, Z), Z/27) — 0.

The Schur multiplier of Dy is Ho(Dy, Z) = Z/27Z (see |17, p. 278]). Moreover, Hy(Dy, Z) ~
Dy /[Dy,D4] ~ (Z/27)% and thus Ext}(H,(D4,Z),Z/27) = Exty((Z/272)? 7./27) =
(Z/27Z). Hence |H*(Dy,Z/27)| = 8, which means that there are eight non-isomorphic
extensions of Ps(B) ~ Dy by two elements. The database [29] gives six possible groups
associated to these extensions, three of them being associated to non-split stem exten-

sions: Ds, SD16 and Q4. However, by (56]), there is no choice of {(c), o € O(Q)} which

enables us to obtain a group Ps(B) % which is isomorphic to the generalised quaternionic
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group Q4. Nevertheless, PS(B))~< contains a copy of the Heisenberg group H(B), which is
isomorphic to Dy in this example, and ;4 does not contain D,. Therefore, we obtain in

fact all the possible groups Ps(B); associated to non-split stem extensmns of Ps(B) by
two elements which contain the Helsenberg group H(B). Moreover, shows also that
is an equivalence in this case.

Remark 4.4. We give a short proof of the fact that the extension defined by the pseudo-
symplectic group splits when dim(W) = 2 and F = Fy; see Proposition [1.10l Recall that
Ps(B) defines a short exact sequence:

0— Q. (W) -2 Ps(B) -5 0(Q) — 1

where @ : f, = (2,-) — (1, f.) and ¥ : (o, f) — 0. Recall also that we defined a section
o — f, of U in Proposition [L.11] If we consider the basis B = {(1,0), (0,1)} of W, then
for every o € O(Q) and (z,y) € W,

0 if o=1

Hence

(fi+ fiol)(z,y)
(fi+ frol)(z,y) =2y = fra
(fr + fioo)(x,y) =2y = fis
(frtfrom)(my) =ay+yr=0=fo=f.
This shows that o +— f, is a group homomorphism, which implies that the extension

splits. This proof can also be easily adapted to the case of a F-vector space of dimension
2, where F is an arbitrary finite field of characteristic two.

4.2. The case Arf(Q) = 1. In this part, we suppose that the bilinear form B is such that
@ has Arf invariant 1, or equivalently (Witt) index 0. In particular, we can consider the
bilinear form B given by B(wy,ws) = z1ya+x122+y1ye for all w; = z;+y; € Wi € {1,2}.

Thus the matrix of B in the basis {(1,0), (0,1)} of W is ((1) }) and Q(w) = xy+ 2?4+ y?

for all w = x+y € W. In this case, H(B) is the set of elements (z,y,t) € Fs with product
(21,91, t1) (@2, Y2, t2) = (1 + T2, Y1 + Yo, b1 + Lo + T1y2 + 2102 + Y1Y2).
In particular, H(B) is isomorphic to the quaternionic group
Qg = {a,b|a*=1,0*=a% bab™' =a "),

where for example a = (1,0,0) and b = (0, 1,0).
We need to fix an extension Y of the unique non-trivial character y of Fy to X x Fs.
This extension is entirely determined by X(1,0,0), which can take the values +i since
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B((1,0),(1,0)) =1 (cf. Lemmal[2.1)). Set

€ =%(1,0,0) € {£i}. (57)

As in the previous subsection, we compute first the groups O(Q) and Ps(B). Then we
consider all the possible choices of {v(c) satisfying and (33), o € O(Q)} in order to
obtain all the possible two-fold coverings

—_——

® v
1 — ua(C) — Ps(B); — Ps(B) — 1
defined in Proposition [3.8/2l As in Proposition , we will find in two different

coverings up to isomorphism.

Let v € W. We denote by o, the transvection in Sp(WW) defined by o, (w) = w+ (w, v)v,
for every w € W.

Proposition 4.5. 1. The orthogonal group is O(Q) = GLy(Fy) = SLy(Fy), i.e

o@=1(o 1) (o) (1) (1) 6 1) G o)

In particular, this is the only case for which O(Q) = Sp(W) (cf Proposition [1.12)).
2. The pseudo-symplectic group is

(0 9)0)- (6 2))-(6 ) 2)- (6 5)=+0) |
o) 1) ([ o) vee) (1) o) ((15) e )
)0 (G 1)) (G1) ) () ).
)=1)
)#1)

(

=

)

8

)

_ == O =

o) - (1 2) 20 =)o (G3) ) (G3) e v)
o):((o 1) 7ve2)-((0 2) w0) (o 1) e o)
(G o)) (o)) (G ) ) (G o) o) ,

In particular, Ps(B) is isomorphic to the symmetric group

Si=(abec,d|a®=bV=c=d*=1, cac’' =dad = ab = ba, cbc™* = a, bd = db, ded = ¢ ),

an isomorphism being for example given by a = (1,z), b = (1,y), c = ((0 1) ,O>

11
11
anddz((o 1>,xy—|—:1:+y).
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3. The different choices of {y(c) = 2~ e 5 € 0(Q)} satisfying and
lead to two non-isomorphic pseudo-symplectic extensions

dim I(o)
2

—~—

1 — 12(C) -5 Ps(B), 5 Ps(B) —> 1.

More precisely,
o If0(o

(1,0)) = 0 mod 7 then the pseudo-symplectic covering is

e~ —

Ps(B); = {(s. (1)

where the set of operators (—1)'wg(s) is given by (in the same order as the
elements of Ps(B) above, and where ¢ is as in (57))):

wx(s)), s € Ps(B), l € Z},

In particular, Ps(B) 718 isomorphic to the conformal special unitary group

CSUy(F3) = (a,b,c,d | a* =c* =1,V =d* = a* bab™* = dbd™' = a™ ', cac™' = ab,

dad™' = a®b, cbc™ = a, ded™' = ¢ 1),

an isomorphism being given for example by

o= ((1,@, ((1) _01>), b= ((1,@;)7 (é
. ((G’ i) ,(I+y)5_i<g)> 7—% (_11__i¢
(GGG =)

( 1 € 0 0 ¢

S O G R R REH (H

(D' (e -1\ (D' (1 &) =)' (1 €\ D' [eg 1
ﬂ1—8’2£1’ﬂ—€1’ﬂ—1—5’

(D' f1-¢€ 1-€\ (D' (1-¢ -1+¢€) (D' [1+€ —1-¢\ (=)' [ 1+ 1+¢
2 \-1-¢ 14¢)7 2 \1+¢ 146 ) 2 \1-€ 1-€) 2 \-14€ 1-¢)°
(D' (1 -1\ (=D 11y (D11 (D1 -1

A0 )T G) S ) S D),

(- f1—-¢ o0 (-t 0 —1-¢\ (- [14+¢ (—1)! —1+4¢
V2 0o 1+¢&)v2 \i—¢ o )72 01—’\@ 1+§ 0o )’
D148 —148) D' (1= 1+g) (CD(1-€ —1-8) (D (148 1-¢
|2 1+¢ 1-¢ ) 2 \-14¢ 14¢)" 2 \1-¢ 1+¢ 2 \-1-¢ 1-¢ /
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o If (0(1,0)) = 5 mod 7 then the pseudo-symplectic covering is

Ps(B); = {(s.(—=1)'wz(s)), s € Ps(B), | € Z},
where the set of operators (—1)lwx(s) is exactly as the previous one, only

replacing every factor —1) by . In particular, PS(B))z is isomorphic to

the general linear group
GLy(F3) = (a,b,c,d |a* = =d* =1, b* = a?, bab™' = dbd = a™ ", cac™' = ab,
dad = a®b, cbc™ = a, ded = ¢ ),

an isomorphism being given for example by

) WA
() A D)
= (((1 5) o+ @rna@). ).

Proof. 1. o is orthogonal if and only if (z y) o7 (é 1) o (Z) < > < )
+f
1
0

!

for all z,y € Fs.
2. According to Proposition [L.11] the elements of Ps(B) are given by (o, f, ),
1
1

where 0 € O(Q) and f € Q,(W). This gives f, =0if o € {IQ, 11

. 0 1 10 11 .. .
and fy(z,y) = zy if o € {(1 0) , (1 1) , (O 1) } Proposition gives all

the 24 elements of Ps(B) listed in the statement above.
3. Before computing the operators wg(s, w;) for every s € Ps(B) with the formula
([25), we are going to study the different possibilities for the choices of {y(o) =

2_%1(@62.9(0)’ o € O(Q)} satisfying and (33). Let v € W and let o, be the
transvection in Sp(W) defined by o,(w) = w + (w,v)v, for every w € W. Then
the group O = Sp(W) is given by

(@)
10 0 1 0 1 1 0
Sp(W) = {0’(070) = (0 1> 70-(1,1) - <1 O) 70-(1,0)0-(0,1) - (1 1) 70-(0,1) = (1 1) y
1 1 1 1
0(1,0) = 0 1 » 0(0,1)0(1,0) = 1 0 .

By , 0(c0,0) =0 mod 27. Moreover, 0(2170) = 0(2071) = 0(2171) =1, so by ,

0 1

0(o,) =0 mod g for every v # 0. (58)
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Observe now that 0(1,000(0,1) = 0(0,1)9(1,1) = 0(1,1)0(1,0)- By , this lmphes that

0(ca,0) +0(0@1y) mod
O(eanoon) = 0oon) +0(oan) modw
0(o1)) +60(ca,e) mod .

Hence
0(0‘(170)) = 9(0‘(071)) = 6(0-(1,1)) mod . (59)

Now by and , there are two possibilities:
e If 0(0(1,0)) = 0 mod 7 then by (B9), 6(c(01)) = 6(cay) =0 m
(33)), we also have 6(o(1,0)0(01)) = 0 mod 7 and (o(o1y001,0)) =
Finally, this proves that

O(c) =0 mod m for every o € Sp(WW). (60)
In particular, by Proposition , any other choice {7/(c) = Z_mmTl(g)ewl(”), S
Sp(W)} satisfying (32)),(33) and such that ¢'(o(10)) =0 mod 7, will lead to
an extension which is isomorphic to this one.

o If (0(1,0)) = 5 mod m then by (B9), 0(c(0,1)) = 0(oa))

)
particular, by Proposition ., any other choice {¥(o) =2"" 2z () 5 ¢
Sp(W)} satisfying (32),(33) and such that 6'(c(1,0)) = 7 mod 7, will lead to
an extension which is isomorphic to this one.
This shows that, up to isomorphism, the different choices {y(c) = Q_dlmTl(a)eia(”), o€
Sp(W)} satisfying and lead to at most two pseudo-symplectic extensions.
Now, we can compute explicitly the operator wg(s, w;) for every s € Ps(B) with

Proposition [3.2}

w)?(‘gaws) = 7(0) Z X(f(w) + <ws>w> + B<u7w + ws))pi(u + ws)v (61>

u€l(o)

where w € W is any element such that u = (1 —o)(w), and (o) satisfies and
. We give the details of the computations only for s = (0(1,0)0(071) = ((1) }) , 0) ,
the other ones being obtained in a similar way. First we make a choice of w; sat-

—~—

isfying (the isomorphism class of the extension defined by Ps(B); does not
depend on this choice according to Proposition. Here we have K(O’(L())O'(Q,l)) =

Ker G (1)) = {0}, so any w, € W satisfies (24), and we can choose for example
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ws = 0. By ,
wx(s,0) =v(o@0owo.1) Z X(B(u, w))pz(u)

u€l(o)

€i9(0(1,0)0(0,1))

= ——5—(px(0) + x(B((1,0), (0,1))pz(1,0) + x(B((0,1), (1,1))px(0, 1)

+x(B((1,1),(1,0))pz(1,1))
ei9(0(1,0)0(0,1))

= ——5(px(0) = px(1,0) = p(0,1) — p(1,1))

_eiG(U(l,o)U(oJ)) 1 0 g 0 0 —1 0 5
i e— (0 1)_ 0 —¢€ _<1 0)_ £0))

i.e.
i0(0(1,0)9(0,1)) _c _
wy(s,0) = (A mE LmE)
2 “1-& 1+4¢

where e(Ca.00.n) = £1 since 6(0(10)0(0,1)) =0 mod  for any choice of 6(c (1 p)).

This enables us to establish the two lists of elements of the groups Ps(B) 5 given in
the above statement. Now, it only remains to identify the groups and extensions

defined by the two possible choices of 6((10)). We know that Ps(B); is a non-split

—_——

stem central extension of Ps(B) ~ S, by two elements. Hence, by [29], Ps(B);, is
isomorphic to one of the following groups: CSUg(F3) or GLy(F3). These groups
having different numbers of elements of order two, we can immediately deduce
from the lists of elements given above the following group isomorphisms:

—— {CSUQ(Fg) if 0(c(10) =0 mod 7

Ps(B). ~ 62
s(B) GLy(F3) if 0(0u) =5 mod 7. (62)

0

Remark 4.6 (related to Remarks and [4.3)). The result obtained in proves that
in this case, we obtain all the non-split stem extensions of Ps(B) by two elements with
all possible choices of {y(0), ¢ € O(Q)}. In fact, the number of central extensions of
Ps(B) ~ S4 by two elements can be found with the universal coefficient theorem, which
provides the following short split exact sequence:

0 — Exty,(H1(S4,Z), Z/27Z) — H*(S4,Z/27) — Homgy(Hy(Sy, Z), Z./27) — 0.

The Schur multiplier of Sy is Ho(S4,Z) = Z/27 (see [17, p. 279]). Moreover, H(S4,Z) ~
S4/[S4,S4] = Sa/ Ay ~ Z/27Z, and thus Exty(H,(S4,Z), Z/27) = Exty(Z/27,7./27) =
7./27.. Hence | H*(S4,Z/27)| = 4, which means that there are four non-isomorphic exten-
sions of Ps(B) ~ Sy by two elements. The database [29] gives exactly four possible asso-
ciated groups, only two of them being associated to non-split stem extensions: CSUs(FF3)
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and GLy(F3). Moreover, Ps(B); contains a copy of the Heisenberg group H(B), which is
isomorphic to Qg in this example, and the groups CSUy(F3) and GLy(F3) are also the only
ones containing Qg among the central extensions of S, by two elements. Therefore, in this

e~

case, we obtain all the possible groups Ps(B) % associated to non-split stem extensions of
Ps(B) by two elements, and this set of extensions coincides with the extensions of Ps(B)
by two elements which contain the Heisenberg group H(B). Moreover, shows also
that Proposition is an equivalence in this case.

Recall from Proposition that O(Q) € Sp(W). The case dimp, (W) = 2 and
Arf(Q) = 1 is the only one when O(Q) = Sp(W). The fact that O(Q) = Sp(W) im-
plies that the pseudo-symplectic covering, hence the Weil representation, is here directly
related to the entire symplectic group.

APPENDIX A. EXTRASPECIAL 2-GROUPS

Let p be a prime number. Unless otherwise stated, all the groups in the following are
supposed to be finite. We denote by ®(G) the Frattini subgroup of a finite group G,
which is the intersection of all (proper) maximal subgroups of G. The aim of this section
is to describe the structure of extraspecial 2-groups in order to prove Proposition [1.5

Definition A.1. Let G be a p-group. Then G is said to be extraspecial if ®(G) has order
p and ®(G) = [G,G] = Z(G).

Remark A.2. This definition of extraspecial group is given for instance in [9], [14] and
[19]. Glasby uses in [§] another definition: G is extraspecial if it is a p-group such that
|G, G] = Z(G) has order p and G/Z(G) is elementary abelian (i.e. all elements different
from the trivial one have the same order). These definitions are equivalent. In fact, let
G be a p-group. Suppose that [G,G] = Z(G) has order p and G/Z(G) is elementary
abelian. Then Z(G) = [G,G]N Z(G) C ®(G) by |14, I11.3.12]. Since ®(G) is the smallest
normal subgroup N of G such that G/N is elementary abelian (cf. |14} I11.3.14.a)]), one
has ®(G) C Z(G), and thus &(G) = Z(G). Conversely, if G satisfies Definition then
G/Z(G) = G/®(G) and G/P(G) is elementary abelian, again by [14, I11.3.14.a)] .

In order to understand the structure of extraspecial groups, we first need to recall the
central product of two groups.

Definition A.3. (cf. |19, 2.2.6])

e A group G is the internal central product of two subgroups H and K if [H, K| = 1,
G=HK and HN K = Z(G).

e A group G is the external central product of two groups H and K if there exists
an isomorphism 6 : Z(H) — Z(K) such that G = (H x K)/N, where

N ={(h,k) € Z(H) x Z(K) | (h) = k'}.
We shall denote G by H oy K.
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Notation A.4. The structure of a central product H oy K defined in Definition
depends on the isomorphism 6, i.e. on the way to identify the elements of the center of
H with the elements of the center of K. If 6 is implicit for the groups H and K which
are studied, or if 6 is unique, then we simply denote the central product of H and K by
G = H o K. We point out that constructing the central product of a finite number of
groups is a commutative and associative operation.

From now on, unless otherwise stated, since we are only interested in 2-groups, we
suppose that p = 2. However, the reader interested in p odd can find the results and
proofs for general p in |14} III], |9, Chapter 5|, [25, Chapter 4, 4] and [19, 2.2]. Now, we
include the proof of a crucial result for the study of extraspecial 2-groups, which shows in
particular that the decomposition of a central product of two groups is not unique. We
recall the presentations of the dihedral and quaternionic groups of order eight:

Dy={a,b|a*=b>=1,babt =a ')
Q= (r,y|a' =1,y =2 yoy ' =a7).
Lemma A.5. The central products Dy oD, and Qg o Qg are isomorphic.

Proof. Since the centers of D, and Qg contain only two elements, there is only one way

to identify them and Notation applies. In particular there is no need to mention

6. Define two copies of Qg as Gy = (w1, y1 | 2f =1, v? = 22, yuvy; ' = 27") and Gy =

(w9, | 23 =1, y2 = 22, yowoy; = 25 "). The central product of these groups is written

G1oGy = (T1,y1, 72,92 | yf = IE% = y% = w% =z 2" =1, yﬂlyfl = $1_1» y2$292_1 = %_1,
BTy = Ty, Ty = Yo, YiTaYy = Lo, Y1Yayy = Ya),

where we identify the centers Z(G;) = (z? = y?) and the last four equalities come from
the fact that (G; centralizes G5 in the central product. In a similar way, if we set A; =
(ay, by | at =02 =1, biarby* = a;') and Ay = (ag,by | a3 = b2 =1, byasby ' = ay '), then
Aq and A, are two copies of D4 and their central product is written

2 _ 2 2 _ 12 _ 32 -1 —1 —1
Ay oAy = (a1, by a9,by | a7 = a5 =u, u” =by =b; =1, bja1b; " = ay ", baashy = a5y,
-1 -1 -1 -1
a1asay = Qo, albgal = bg, blagbl = Qgy, blb2b1 = b2>

Now set H; = {(x1,1179) € G1 0 Gy and Hy = {(x9,9071) € G1 0 Gy. Then (y25)* =
yiz3 = yi = 1 and (y122)z1 (1122) " = y1zom1y172 = yizyra3 = a7 'yiazd = z7'. This
shows that H; ~ D,, and similar computations show that Hy ~ D4. Moreover, H;
centralizes Hy because Gy centralizes Gy. Let ¢ : Ay o Ay — G o Gy be defined by
d(ar) = x1, ¢(b1) = Y122, dlas) = z2 and ¢(be) = yox1. Then ¢ can be extended to a
group homomorphism in the natural way. Moreover, ¢ is surjective because z; = ¢(ay),
y1 = ¢(biayt), xo = P(as) and yo = ¢(bea;'). Since A; o Ay and G o Gy have the same
number of elements, this is enough to conclude that these two groups are isomorphic. [J

The next technical result will be needed to give a symplectic structure to extraspecial
groups and relate them to the Heisenberg groups defined in section [T}



THE WEIL REPRESENTATION FOR A FINITE FIELD OF CHARACTERISTIC TWO 61

Lemma A.6. Let G be an extraspecial p-group, with p prime. Then:

1. G is nilpotent of step 2.

2. The exponent of G is either p or p?, and more precisely it equals 4 if p = 2.

3. G/Z(G) can be identified with a finite-dimensional [F,-vector space. More pre-
cisely, G/Z(G) can be endowed with a symplectic vector space structure by defin-
ing the non-degenerate symplectic form (xZ(G),yZ(G)) = I, where Z(G) = (z)
and [z,y] =2, 0<1<p—1.

4. Let n > 1 such that |G| = p?*"™!. Then every maximal abelian normal subgroup
of G has order p"*!.

Proof. 1. The lower central series of G is G> |G, G]>1 because G is non-abelian and
G, G],G] = [2(G),G] = 1.

2. For all z and y in G, 1 = [z,y]P = [2P,y] by [14, III.1.3] and the fact that
(G, G] = Z(G) has order p. Hence 27 € Z(G) and thus z° = 1 because Z(G) has
order p. This shows that the exponent of G is either p or p?. If we suppose that

= 2 and G has exponent 2 then G should be abelian since every element has
order two. This is impossible by definition of an extraspecial group, hence G has
exponent p? = 4.

3. Remark[A.2)implies that G/Z(G) is elementary abelian. Since G/Z(G) is also a p-
group, it follows from the fundamental theorem of abelian groups that there exists
m > 1 such that G/Z(G) ~ (Z/pZ)™, if we use an additive notation for G/Z(G).
Thus there exists a generating set {x1,...,z,} of G/Z(G), i.e. forall x € G/Z(G)
there exists \; € {0,...,p — 1} such that x = ) A\;. Since every element of

1<i<m
G/Z(G) is of order p, we can consider the \; as elements of F, = {0,...,p — 1}.
For A € F,, define A\-x = > A\;. In this way, G/Z(G) becomes an F,-vector
1<i<m

space of dimension m with basis {z1,...,2m}.

Now let 2 and y be in G. Since [G, G| = Z(G) is cyclic of order p, there exists
z € G such that [G,G] = Z(G) = (z). Hence there exists a unique element
0 <1< p—1suchthat [z,y] = 2!, i.e. (-,-) is well defined. Now let 0 < k <p—1
and z,y,u be in G such that [z,y] = 24 and [u,y] = 2. Then:

o [z,7] = land [y,z] = [z,y]*. Hence (xZ(G),2Z(G)) = 0and (yZ(G),2Z(G)) =
—h = —(2Z(G),y2(G)).

o [zu,y] = zuyutzly = zfu,ylyr~ly™t = [2,9][u,y] because [G,G] C
Z(@G). This implies that [zu*, y] = [z, y][u,y]*. Hence (zZ(G)(uZ(G))*,yZ(G)) =
(xu*Z(G),yZ(Q)) = I, + kls = (2 Z(G),yZ(G)) + k{uZ(Q),yZ(G)).

e Suppose that (xZ(G),vZ(G)) =0 f
le. x € Z(G).

This shows that (-, -) is an anti-symmetric, alternating and non-degenerate bilinear
form on G/Z(G), i.e. (G/Z(G),(-,-)) is a symplectic vector space. In particular,
the dimension of G/Z(G) is even.

4. The existence of n > 1 such that |G| = p>*! has been established in [3] Let
A be a maximal abelian normal subgroup of G. Then A contains the center of

or all v € G, then [z,v] =1 for all v € G,
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G. There is a bijective correspondence between subgroups of G containing Z(G)
and subgroups of G/Z(G), and G/Z(G) is identified with a symplectic vector
space. Therefore A/Z(G) is a vector subspace of G/Z(G) of maximal dimension,
which satisfies (a1 Z(G),asZ(G)) = 0 for all aj,a; € A. In other terms, A/Z(G)
is a maximal isotropic subspace of G/Z(G) and hence of dimension n. Then
Al = 14/2(@)|1Z(G)| = p"p = p™*. -

Lemma A.7. (cf. [9, Chapter 5, Lemma 4.6]) Let G be a p-group and H be an extraspe-
cial p-group, with p prime.
(1) Every automorphism of H acting trivially on H/Z(H) is an inner automorphism
of H.
(2) If H is a subgroup of G such that [G, H] C Z(H) then G = H o C(H).

Lemma A.8. (cf. |9, Chapter 5, Theorem 5.1]) Let G be a non-abelian group of order
23. Then G is extraspecial and more precisely G is isomorphic to either Dy or Qg.

Now we come to the central result of this section: up to isomorphism, there are exactly
two distinct extraspecial 2-groups of the same order and they can be described as central
products of extraspecial groups of order 23.

Proposition A.9. (cf. [9, Chapter 5, Theorem 5.2]) Let G be an extraspecial 2-group.
Then there exists n > 1 such that |G| = 2*"*! and G is isomorphic to either the central
product of n copies of the dihedral group Dy (which we denote by D" or 217") or the
central product of n — 1 copies of Dy and one copy of the quaternionic group Qg (which

we denote by QgoD" ™ or 21+2),

The last step before proving Proposition is to exhibit the link between extraspecial
2-groups and the Heisenberg group H(B) introduced in Definition [1.1} where the form

(-,) : (w1, wy) = B(wy,ws) — B(ws, wy)

is non-degenerate and F = [F5. Recall that this endows W with a symplectic vector space
structure (W, (-,-)) of dimension 2n over Fy. A priori the group H(B) depends on the
bilinear form chosen to define it, and there are many such bilinear forms. However, as we
are going to prove in Proposition [A.11] this group is very particular: H(B) is in fact an
extraspecial group of order 22"*!. This implies that, in spite of the multiple possibilities
for B, there are up to isomorphism only two different groups H(B), corresponding to
the two non-equivalent quadratic forms from W to Fy. Recall from the paragraph after
Remark the index v(Q) and the Arf invariant Arf(Q) of a quadratic form @ on W.
Then v(Q) = n corresponds to Arf(Q) = 0, and v(Q) = n— 1 corresponds to Arf(Q)) = 1.

Lemma A.10. To every extraspecial group GG, we can associate a symplectic structure
over G/Z(G). More precisely, if Z(G) = (z) then we can define a non-degenerate sym-
plectic form (-,-) and a quadratic form ) associated to (-,-) by:

(xZ(G),yZ(G)) =k, where [z,y] = 2", and Q(2Z(G)) =1, where2® = 2"
Moreover, if G' =~ 217" then v(Q) = n, whereas if G >~ 2'*?" then v(Q) = n — 1.
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Proof. The fact that (G/Z(G), (-, -)) is a symplectic vector space has already been proven
in Lemma A6 I Let x,y € G be such that [z,y] = zF. By Lemma ., we can also
write 22 = 21 and y? = _ 2 gince 2?, y* € Z(G). Hence Q is well defined. In addition:

(zy)? = 2yzy = [z, ylyz’y = 2*y*[x, y] = TR

which shows that Q(zZ(G)yZ(G)) — Q(zZ(G)) — QyZ(G)) = k = (Z(G),yZ(G)),
Le. (2Z(G),yZ(G)) = Q(zZ(G)yZ(G)) — Q(zZ(G)) — Q(yZ(G)) is bilinear. Thus @ is
quadratic.

Suppose now that G ~ 21++2" = D}", with presentation

4_ 32 PSS RN S
G={(ay,...,an,by,...,b, | a; =b; =1, ba;b, , a; = aj,

[ai, a;] = [ai, bj] = [biabj] = 1 for i # j).

Then every element z of G can be written as a product = afbl ... afrbln | where

TL n

0 <k <3and 0 <; <1. This enables us to compute the expression of Q(zZ(G)).
First, let 1 <7 < n. If we do not distinguish between 0 < k; < 3 and its projection in
Z/ZZ and if we use that [a, %] = [as, b;]*" (proven in Lemma m' then:

Qa*Z(G)b; Z(G)) = Q(ai* Z(G)) + Qi Z(G)) + (ai" Z(G), b Z(G)) = ki + kili.

Hence, since two copies of D4 commute in the central product, we have by induction that

n

= 3" QU Z(OM Z(G) = (ki + k).

=1

Applying the transformation (k;,l;) — (ki, k; + [;), we modify Q(zZ(G)) into > k;l;,

i=1
which implies that () has index n.

Finally we suppose that G ~ 22" = Qg0 Do(n_l), with presentation
G = (z1,41,02. .. ,an,b9...,b, |$1 L, yll‘ﬂh =zt a?:blea biaibi_lzai_17

xl = y1 = a2 = a , lai, a;] = lai, bj] = [b;, bj] = 1 for i # j).

Then every element z of G' can be written as a product z = 28yl a52bk - - afnbln | where
0<k;<3foralli, 0<1l; <3,and 0 <[; <1 for ¢« > 2. This enables us to compute the
expression of Q(xZ(G)). First, as above, for every 2 <i < n:

Qa; Z(GNF Z(G)) = Q(ai" Z(G)) + Q] Z(G)) + (4] Z(G), 07 Z(G)) = ki + kils,
and similarly,

Qa7 Z(G)yy 2(G)) = Q21" Z(G)) + Q" Z(G)) + (a7 Z(G), 4 Z(G)) = ka + 1y + kil

Hence

QzZ(G)) = Qz"z(G +ZQ (e ()):k1+l1+k1l1+zn:(ki+kili).

1=2
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Applying the transformation (k;, ;) — (ki k; + [;), we modify Q(zZ(G)) into ky + I +
k;l;, which implies that ) has index n — 1. ([l

=1
Proposition A.11. The Heisenberg group H(B) is extraspecial. In particular, H(B) is
isomorphic to 217" if v(Q) = n, or to 27" if v(Q) =n — 1.

Proof. Let hy = (wy,t1) and hy = (we,t3) be in H(B). Then:
[ha, he] = (w1 + wa, ty + b2 + B(wi, we)) (w1 — wa, =ty — ta + Q(w1) + Q(wa) + B(w1, wa))
= (0, —Q(U}l + U)g) + Q(wl) + Q(wg)) = (0, —<’LU1,U}2>).

This shows that [H(B),H(B)| ~ Fy, i.e. [H(B),H(B)] has order two and [H(B),H(B)| =
Z(H(B)). Moreover H(B)/Z(H(B)) ~ W is elementary abelian, since it is isomorphic to
F2". Therefore we can conclude that H(B) is extraspecial by Remark . In addition,
h* = (0,Q(w)) for every h = (w,t) € H(B). This implies that the quadratic form
associated to H(B) as an extraspecial group by Lemma is exactly the quadratic
form () associated to B. In this way, Lemma implies that H(B) is isomorphic to
2172 if 1(Q) = n, or to 257" if (Q) = n — 1. O
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