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TOEPLITZ ALGEBRAS AND THE HEISENBERG GROUP

CLÉMENT CREN

Abstract. We show an isomorphism between an algebra which is naturally
constructed from the Toeplitz algebra generated by d-shifts, and an ideal of the
C∗-algebra of the (2d + 1)-dimensional Heisenberg group. This is a particular
case of a more general result for graded nilpotent Lie groups involving symbols
in the filtered calculus. The proof presented here however only involves basic
functional analysis while still showcasing the ideas of the proof in the general
setting.

1. Introduction

Two important algebraic structures in the mathematical formalism of quantum
mechanics are the Heisenberg groups and the Toeplitz algebras. The Heisenberg
groups appear when describing a quantum mechanical system. This system is
understood through the representations of the group. At the level of the Lie algebra,
these representation involve the so called creation and annihilation operators. One
can construct such a group from any symplectic vector space (i.e. from any classical
mechanical system). The collection of all representations, understood from the
group C∗-algebra, gives a quantization of the symplectic vector space.

On the other hand, Toeplitz algebras appear in the Berezin-Toeplitz quantiza-
tion. This is another approach to quantization which produces explicit operators
from classical observables. While this approach is equivalent to the representations
of the Heisenberg group (thanks to a theorem of Stone and von Neumann), it has
the advantage of being described only using bounded operators, the d-shifts1. These
shifts and their adjoints have a well known relation to the creation and annihila-
tion operators. In this article, we deepen this relation to define an isomorphism
between two C∗-algebras, one constructed from the Heisenberg group and another
one constructed from Toeplitz algebras.

More precisely, let d ∈ N and denote by Td the Toeplitz algebra with d-generators
and H2d+1 the Heisenberg group of dimension 2d + 1. Let C∗(H2d+1) be the cor-
responding group C∗-algebra and C∗

0 (H2d+1) ◁ C∗(H2d+1) the kernel of the trivial
representation. We define an action of the real numbers R y Td using the com-
plex powers of the so-called number operator. Recall that there is a quotient map
Td → C (S2d−1). We can use it to consider the fibered product of two Toeplitz
algebras Td

⊕
C (S2d−1)

Td on which R still acts. We show in Theorem 5.9 that there is

an isomorphism: Td

⊕
C (S2d−1)

Td

oR ∼−→ C∗
0 (H2d+1).

To construct this isomorphism, we use the structure of C∗
0 (H2d+1) as a continuous

field of C∗-algebras over R [18]. The technical part is then in the construction of the
map, to show that the shifts defining the Toeplitz algebra preserve the continuity
of these sections at 0. This specific part involves Heisenberg pseudodifferential

1Here d denotes the dimension of the mechanical system.
1
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operators. Since the rest of the proof and the techniques used are more standard
operator algebras constructions, we reserve these technicalities to a specific and
separate section 6. Indeed, we intend the rest of this paper to be readable with
only general knowledge in C∗-algebras. This is why we devote Sections 2 and 3
to the constructions of the Toeplitz algebras, the Heisenberg group C∗-algebras, as
well as their respective exact sequences.

We do a slight breach of this vow of simplicity and state our results for Heisenberg
groups of symplectic vector spaces. This has the advantage of showing that all our
constructions are canonical and of geometric nature. This geometric aspect allows
us in Section 7 to generalize our construction to contact manifolds. On these
manifolds we can construct a locally trivial bundle of Heisenberg groups. We show
that our construction carries on to this case. Our construction depends however
on a choice of a supplementary line bundle for the contact distribution (i.e. a Reeb
field). This leads to a discussion on the co-orientability of the contact structure
and its implications in the present work.

2. Toeplitz algebras and the symmetric Fock space

In this section we describe the construction of the symmetric Fock space and the
algebra of Toeplitz operators on it following [2].

Let V be a d-dimensional complex hermitian vector space. Denote by T (V ) =
+∞⊕
n=0

V ⊗n its tensor algebra with the natural hermitian metric obtained from the one

on V and F(V ) its completion for the corresponding norm. Denote by Sym(V ) =
+∞⊕
n=0

Symn(V ) ⊂ F(V ) the subspace of symmetric tensors and F+(V ) ⊂ F(V )

its closure called the symmetric Fock space. We denote by Sym: F(V ) → F(V )
the orthogonal projector onto F+(V ). For v ∈ V and n ∈ N we write vn :=
v ⊗ v ⊗ · · · ⊗ v ∈ Symn(V ). Notice that Symn(V ) = Span{vn, v ∈ V }. More
generally for vectors v1, · · · , vn ∈ V we write v1 · · · vn = Sym(v1 ⊗ · · · ⊗ vn).

Proposition 2.1. If e1, · · · , ed form an orthonormal basis of V then ei1 · · · ein
, 1 ≤

i1 ≤ · · · ≤ in ≤ d forms an orthogonal basis of Symn(V ). Equivalently we can

rearrange this product to get the basis eα1
1 · · · eαd

d ,

d∑
j=1

αj = n. Moreover we have:

‖eα1
1 · · · eαd

d ‖2 = 1
n!

d∏
j=1

αj !.

Denote by |α1, · · · , αd〉 the corresponding normalized vectors.

Proof. The orthogonality is clear from the construction of the metric. To compute
the norm, one needs to compute the inner product of eα1

1 ⊗ · · · ⊗ eαd

d against any
any pure tensor obtained from permuting the term. This inner product is non zero
(and equal to 1) if and only if the permutation only swaps each ek with another ek.
Taking the sum over all the permutations and averaging, we get the result. □

Consider for 1 ≤ j ≤ d the shift operator:
Sj := Sym(ej ⊗ ·) : F+(V ) → F+(V ).

Lemma 2.2. For 1 ≤ j ≤ d and y1, · · · , yn ∈ V we have:

S∗
j (y1 · · · yn) = 1

n

n∑
k=1

〈yk, ej〉y1 · · · ŷk · · · yn.
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Here ŷk means we omit this term in the tensor.

Proposition 2.3. Let 1 ≤ j ≤ d and α ∈ Nd. We have the formulas:

Sj |α1, · · · , αd〉 =

√
αj + 1
|α| + 1

|α1, · · · , αj + 1, · · · , αd〉

S∗
j |α1, · · · , αd〉 =

√
αj

|α|
|α1, · · · , αj − 1, · · · , αd〉.

In the second line, we mean in particular that if αj = 0, then Sj |α〉 = 0. In
particular the operators Sj are injective and the S∗

j surjective.

Proof. For α ∈ Nd, we have Sj(eα) = eα1
1 · · · e

αj+1
j · · · eαd

d . Normalizing on both
sides gives the result. □

Definition 2.4. The d-dimensional Toeplitz algebra T (V ) is the C∗-algebra of
bounded operators on F+(V ) generated by the Sj , 1 ≤ j ≤ d.

In fact the Toeplitz algebra contains all the shift operators. Indeed if v ∈ V then

we can write v =
d∑

j=1
λjej and then Sv = Sym(v ⊗ ·) =

d∑
j=1

λjSj . Therefore the

definition of T (V ) does not depend on the choice of the basis.
Moreover, T (V ) is unital. We indeed have the relation

d∑
j=1

S∗
j Sj |α〉 = d + |α|

1 + |α|
|α〉, α ∈ Nd,

from which we can recover Id using continuous functional calculus. We have Id =

f

 d∑
j=1

S∗
j Sj

 with f : x 7→ d − x

x − 1
. Notice that for d = 1, we directly have S∗

1S1 =

Id.

Proposition 2.5. If U : V → W is a unitary isomorphism. We can extend U to
a map Ũ : F+(V ) → F+(W ). This map is a unitary isomorphism and intertwines
the algebras T (V ) and T (W ). More precisely if v ∈ V then Ũ ◦ Sv = SU(v) ◦ Ũ . In
particular we get a unitary isomorphism Ad(Ũ) : T (V ) ∼−→ T (W ).

Proof. Let U be such an unitary map, Uej = fj , 1 ≤ j ≤ d, (fj)1≤j≤d being
an orthonormal basis of a complex hermitian vector space W . Let Ũ : F+(V ) →
F+(W ) be the map defined by

∀v1, · · · , vn ∈ V, Ũ(v1 · · · vn) = (Uv1) · · · (Uvn).

This process applies to any linear map from V to W and preserves the composition.
We also have Ũ∗ = Ũ∗ and so Ũ is unitary. If Sj , S′

j denote the shift operators
for the bases (e1, · · · , ed) and (f1, · · · , fd) respectively then we have ∀1 ≤ j ≤
d, ŨSjŨ∗ = S′

j . □

Lemma 2.6. We have the inclusion K(F+(V )) ⊂ T (V ).

Proof. We fix a basis e1, · · · , ed ∈ V and let S1, · · · , Sd be the corresponding shifts
operators. For 1 ≤ i, j ≤ d we then have the relations:

[Sj , Si] = 0, [S∗
j , Si] = (1 + N)−1(δi,j − SiS

∗
j ).
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Here N denotes the number operator. It is an unbounded operator which in the
orthonormal basis (|α〉)α∈Nd reads:

∀α ∈ Nd, N |α〉 =

 d∑
j=1

αj

 |α〉.

We have the relation
d∑

j=1
S∗

j Sj = (d + N)(1 + N)−1 so N can be recovered from the

shifts using functional calculus. Since N is diagonal we clearly see that (1 + N)−1

is compact. Now since compact operators form a 2-sided closed ideal we get that
[T (V ), T (V )] = K(F+(V )) ⊂ T (V ). □

Proposition 2.7. There is an exact sequence:

0 // K(F+(V )) // T (V ) // C0(S∗V ) // 0.

Proof. From the previous proof we have [T (V ), T (V )] = K(F+(V )). Therefore
T (V )�K(F+(V )) is an abelian C∗-algebra so by Gelfand duality it is an algebra of
the type C (X) for some compact Hausdorff space X (T (V ) is unital, which implies
compactness of the spectrum). Let us take an orthonormal basis e1, · · · , ed ∈ V and
denote by S1, · · · , Sd the corresponding shift operators. The quotient is generated
by the images S1, · · · , Sd. These operators are mutually commuting and normal,
so X is their joint spectrum. As such, we can see X as a subset of Cd. Moreover,
we have the relation

d∑
j=1

S∗
j Sj = 1 + (d − 1)(1 + N)−1 = 1,

so X ⊂ S2d−1. Now this subset has to be non-empty. Let us show that the
(transitive) action U(d) y S2d−1 preserves X. If U ∈ U(d) then from our choice of
basis corresponds a unitary U1 ∈ U(V ). By the above functoriality results we get a
unitary isomorphim Ũ1 of F+(V ) which preserves T (V ). Now if U = (ui,j)1≤i,j≤d

then we have:

Ad(Ũ1)Si =
d∑

j=1
uj,iSj .

Therefore X is stable under the action U(d) y S2d−1 and since it is non-empty and
the action transitive we have X = S2d−1. The identification S2d−1 ∼= S∗V is also
done through the choice of basis. □

Remark 2.8. Let v ∈ V and denote by Sv the image of Sv ∈ T (V ) in the quo-
tient algebra. To v we associate a function on V ∗ using duality. This function
is linear and in particular homogeneous of degree 1. As such, it factors to a
function ṽ ∈ C (S∗V ). The reasoning in the proof defines a unitary isomorphism
T (V )�K(F+(V ))

∼−→ C (S∗V ) by sending Sv to ṽ. Through this isomorphism the
operator S∗

v is sent to ṽ, the pointwise complex conjugate of the function ṽ.

3. Heisenberg groups and their C∗−algebras

Let (V, ω) be a real symplectic vector space of dimension 2d. Define its corre-
sponding Heisenberg Lie algebra heis(V, ω) as the vector space V ⊕R endowed with
Lie bracket given by [v, w] = ω(v, w)Z, where Z is a basis of R. If (ej , fj)1≤j≤d is
a symplectic basis for (V, ω) then we have [ej , fk] = δj,kZ and the other brackets
vanish. We denote by Heis(V, ω) the corresponding connected, simply connected
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Lie group. Since heis(V, ω) is nilpotent, we can use it as the underlying space for the
group as well and the product is defined through the Baker-Campbell-Haussdorff
formula.

To understand the structure of its C∗-algebra we need to understand the uni-
tary irreducible representations of the group. Equivalently they correspond to
representations of the Lie algebra heis(V, ω) on a complex Hilbert space by anti-
self-adjoint unbounded operators. We first have the characters, parameterized by
V ∗, which correspond to the representations π ∈ ̂Heis(V, ω) with π(Z) = 0. Now
if π(Z) 6= 0, a theorem of Stone and von Neumann states that we necessarily have
π(Z) = iλ Id, λ ∈ R and for a given λ there is only one such unitary irreducible
reprensentation up to conjugation (moreover the underlying Hilbert space is nec-
essarily infinite dimensional), we denote it by πλ (indifferently for the group, the
Lie algebra or the group C∗-algebra). We give an explicit construction of this
representation using the symmetric Fock space.

Let J : V → V be a compatible complex structure, i.e. J2 = − Id, ω(J ·, ·)
is positive definite and ω(J ·, J ·) = ω. In a symplectic basis as before, a choice
of compatible complex structure would be Jej = −fj , Jfj = ej . Consider the
complexified vector space V ⊗ C and V 1,0, V 0,1 the eigenspaces of J for i and −i
respectively. We endow V 1,0 with the Hermitian metric 〈·, ·〉 = iω(·, ·̄) restricts to
a hermitian metric on V 1,0. From this we get the symmetric Fock space F+(V 1,0)
as in the previous section. Now let W1, · · · , Wd be an orthonormal basis for V 1,0.
We have heis(V, ω) ⊗ C = V 1,0 ⊕ V 0,1 ⊕ CZ. It is spanned as a vector space by
Wj , W̄j , Z, 1 ≤ j ≤ d and we have the relations [Wj , W̄j ] = −iZ, the other Lie
brackets being equal to 0. To construct πλ, λ > 0 we just need to construct π = π1
and then set πλ(Wj) =

√
λπ(Wj), πλ(W̄j) =

√
λπ(W̄j), 1 ≤ j ≤ d. This indeed

ensures that πλ(Z) = iλ Id as long as the relation is satisfied for λ = 1. Likewise
we can obtain every πλ with λ < 0 from π−1. The later can itself be obtained from
π1 for the group Heis(V, −ω). This manipulation reverses the orientation of the
symplectic vector space, and in particular reverses the roles of V 1,0 and V 0,1, we
would then be acting on F+(V 0,1).

Now for the representation π, the operators π(Wj), π(W̄j) satisfy the canonical
commutation relations: [π(Wj), π(W̄j)] = π(−iZ) = Id. They are thus related to
the so called creation and annihilation operators. Denote by Aj the annihilation
operator with 1 ≤ j ≤ d. Since for every 1 ≤ j ≤ d we need the relations π(Wj) =
−π(Wj)∗ then we set π(Wj) = iAj and π(Wj) = iA∗

j . The creation and annihilation
operators are defined as follows:

Aj |α〉 = √
αj |α1, · · · , αj − 1, · · · , αd〉

A∗
j |α〉 =

√
αj + 1|α1, · · · , αj + 1, · · · , αd〉

One can check that we indeed have the canonical commutation relations:

∀1 ≤ j, k ≤ d, [Aj , A∗
k] = δj,k Id .

To understand the previous equations it is interesting to compare our model of
the symmetric Fock space with the Bargmann space. Remember that F+(V 1,0) is
the completion of the algebraic sum

⊕
k∈N

Symk(Cd). The later can be seen as the

space of polynomial functions on V 0,1 ∼=
(
V 1,0)∗. The symmetric Fock space then

becomes a space of weighted-L2 holomorphic functions on the space V 0,1 with the
hermitian product defined for f, g ∈ Hol(V 0,1) as:

〈f, g〉 := 1
(2π)d

∫
V 0,1

f(z)g(z) dz.
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An orthogonal basis for this space is given by the monomials, once normalized it
becomes: (

1√
α1! · · · αd!

zα1
1 · · · zαd

d

)
α∈Nd

.

We will use the multi-index notations α! =
d∏

j=1
αj ! and zα =

d∏
j=1

z
αj

j for α ∈ Nd

and z ∈ V 0,1. On this space of holomorphic functions2, the respective creation and
annihilation operators are Ãj , Ã∗

j , 1 ≤ j ≤ d defined by:

∀1 ≤ j ≤ d, Ãj = i ∂

∂zj
, Ã∗

j = izj .

Now there is a unitary isomorphism between the symmetric Fock space and the
Bargmann space on V 1,0, namely the one sending |α〉 to 1√

α!
zα for all α ∈ Nd. If

we denote this unitary isomorphism by T : F+(V 1,0) → Hol(V 0,1) (the Bargmann
transform) then we have:

∀α ∈ Nd, T (eα1
1 · · · eαd

d ) = 1√
|α|!

zα1
1 · · · zαd

d , α ∈ Nd,

and thus
∀1 ≤ j ≤ d, T ÃjT ∗ = Aj .

Remark 3.1. The model of the Bargmann space has seen extensive use in complex
geometry and geometric quantization. The Berezin-Toeplitz quantization can be
performed this way on any compact Kähler manifold, see [17].

We have thus far obtained a representation of the Lie algebra heis(V, ω) by
(closed) unbounded anti-hermitian operators. It lifts as a representation:

π : Heis(V, ω) → U(F+(V 1,0)).

Proposition 3.2. π(C∗(Heis(V, ω))) = K(F+(V 1,0)).
Up to this point we have described the unitary dual of the Heisenberg group as

a set. We have identified:
̂Heis(V, ω) = V ∗ t R∗.

Here the V ∗ component corresponds to the characters and the R∗ component cor-
responds to the infinite dimensional representations. To describe the group C∗-
algebra we also need to understand the topology of the spectrum. This can be
done using Kirillov theory [16]. Kirillov shows that, for a simply connected nilpo-
tent Lie group, there is a homeomorphism between the unitary dual (with the
hull-kernel/Fell topology) and the space of coadjoint orbits (with the quotient of
the euclidean topology):

Ĝ ∼= g�Ad∗(G).
The explicit description of this homeomorphism does not matter for our purpose.
We can however compute the space of coadjoint orbits for Heis(V, ω). We have
heis(V, ω) = V ∗ ⊕RZ∗ and the orbits are given by the hyperplanes {Z∗ = λ}, λ 6= 0
and the points {(η, 0)}, η ∈ V ∗. Through Kirillov homeomorphism the hyperplane
{Z∗ = λ}, λ 6= 0 corresponds to the representation infinite dimensional representa-
tion πλ described above and the point {(η, 0)}, η ∈ V ∗ to the character with same
element η.

2Notice that we dont get all the entire functions on V 0,1. Write an entire function f as a power
series f(z) =

∑
α∈Nd

cα

α!
zα. Then f belongs to the Bargmann space if and only if (cα)α∈Nd ∈ ℓ2(Nd).
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The topology of the unitary dual is now clear from Kirillov’s homeomorphism.
The subsets V ∗ and R∗ are endowed with their usual topology and the later is
open. Moreover a sequence of points (or a net) in R∗ converging to 0 for the usual
topology converges in ̂Heis(V, ω) to every point in the subset V ∗. In particular we
have an open map ̂Heis(V, ω) → R sending the whole V ∗ to 0. A theorem of Lee
[18] implies the following structure for the group C∗-algebra:
Proposition 3.3. C∗(Heis(V, ω)) is a continuous field of C∗-algebras over R. The
fiber at λ > 0 is given by K(F+(V 1,0)), for λ < 0 it is given by K(F+(V 0,1)) and
for λ = 0 by C0(V ∗). In particular, by restricting a section to the 0-fiber, we obtain
the exact sequence:

0 // C0(R∗
+, K(F+(V 1,0)) ⊕ K(F+(V 0,1))) // C∗(Heis(V, ω)) // C0(V ∗) // 0 .

Remark 3.4. A more algebraic way of seeing the fibers of the C∗-algebra can be
done using twisted convolution C∗-algebras. The 2-form ω provides a 2-cocycle on
the abelian group V and we can identify the algebra πλ(C∗(V, ω)), λ 6= 0 with the
twisted convolution algebra C∗(V, λω). This identification still holds for λ = 0, on
the one hand, we obtain the zero-fiber of C∗(Heis(V, ω)) seen as a continuous field
C∗-algebra. On the other hand, the cocycle vanishes and we get the non-twisted
convolution algebra which we can identify, since V is abelian, to C0(V ∗). This
description also highlights the change of orientation of the symplectic vector space
when going from positively indexed representations to the negatively indexed ones.

On the Heisenberg group there is a natural group of automorphisms : the in-
homogeneous dilations. These morphisms are defined at the level of Lie algebra
by

∀λ > 0, ∀(v, t) ∈ heis(V, ω) = V ⊕ R, δλ(v, t) = (λv, λ2t).
These linear maps are compatible with the Lie bracket and can thus be lifted to Lie
algebra automorphisms of Heis(V, ω) (still denoted by δλ, λ > 0). We thus obtain by
precomposition an action R∗

+ y ̂Heis(V, ω). Through Kirillov’s homeomorphism,
this map corresponds to the quotient of the dual action given by the tδλ, λ > 0
on heis(V, ω)∗. The action of a λ > 0 is thus the multiplication by λ2 on R∗ ⊂

̂Heis(V, ω) and the multiplication by λ on V ∗ ⊂ ̂Heis(V, ω). In particular the
trivial representation is the only fixed point. If we consider the kernel of the trivial
representation C∗

0 (Heis(V, ω)) ◁ C∗(Heis(V, ω)), we get a new C∗-algebra, stable
under the action δ and whose corresponding action on the spectrum is free. One
would like to have C∗

0 (Heis(V, ω)) = AoR so that C∗
0 (Heis(V, ω))oδ R∗ ∼= AoRo

R∗ ∼= A ⊗ K(L2(R)). We propose to construct this algebra A using the Toeplitz
algebras. Notice first that C∗

0 (Heis(V, ω)) sits in the following exact sequence:

0 // C0(R∗
+, K(F+(V 1,0)) ⊕ K(F+(V 0,1))) // C∗

0 (Heis(V, ω)) // C0(V ∗ \ {0}) // 0

From this exact sequence, we can decompose the C∗-algebra C∗
0 (Heis(V, ω)) into

two parts I±(V, ω) defined respectively as the sections over R± (they are quotients
of C∗

0 (Heis(V, ω)). The algebra is then isomorphic to the fibered sum:

C∗
0 (Heis(V, ω)) = I+(V, ω)

⊕
C0(V ∗\{0})

I−(V, ω).

These ideals are still stable under the δ action. Moreover, both ideals still sit into
similar exact sequences3:

0 // C0(R∗
+, K(F+(V 1,0))) // I+(V, ω) // C0(V ∗ \ {0}) // 0 .

3The one for I−(V, ω) is similar, we just have to replace V 1,0 with V 0,1, which corresponds
again to a change of orientation (we replace ω by −ω).
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4. Isomorphism for d=1

We first explain the isomorphism for d = 1. The construction of the crossed
product is exactly the same but to get the isomorphism, we can use some nice
arguments that only work for d = 1 so we treat this case separately. Indeed, for
d = 1, the Toeplitz algebra T := C∗(S) = T1 has the following universal property:

Theorem 4.1 ([6]). Let A be a C∗-algebra and v ∈ A a partial isometry. Then
there exists a unique ∗-homomorphism φ : T → A sending S to v.

We wish to find an action R y T and a ∗-homomorphisms T oR → I±(R2, ωst)
in a way that preserves the exact sequences and show that these morphisms are
isomorphisms.

We first define the action. We have F+(C) = ℓ2(N). Consider the number
operator N : ℓ2(N) → ℓ2(N) by N(en) = nen, n ∈ N. The operator N + 1 is self
adjoint and positive, we can consider its complex powers (N + 1)it, t ∈ R using
functional calculus. Let α : R → Aut(T ) be the family of automorphisms such that
αt sends S to St = Ad((N + 1)it/2)(S). It is not clear yet that αt are indeed
automorphisms of T . Let us show each αt acts trivially on the ideal and the
quotient. We begin with the following lemma:

Lemma 4.2. ∀t ∈ R, St ≡ S mod K

The lemma implies that the action is well defined and that it is trivial on the
quotient.

Proof. Notice first that the action t 7→ Ad((N + 1)it/2) automatically preserves the
ideal of compact operators. Let us compute what happens with the action on finite
rank operators. For n, m ∈ N, let Pn,m be the rank one operator sending en to em.
The operator αt(Pn,m) is still of rank one and sends Cen to Cem. More precisely:

αt(Pn,m)(en) = Sm
t P0,0S∗n

t en

= (N + 1)it/2SmP0,0S∗n(N + 1)−it/2en

=
(

m + 1
n + 1

)it/2

em.

We now prove the lemma. Define Ψt = St − S and it’s finite rank truncations:

Ψ(n)
t : ek 7→

{
Ψt(ek) if k ≤ n

0 otherwise.

The Ψ(n)
t are of course compact operators so we now show that:

lim
n→+∞

Ψ(n)
t = Ψt

in the operator norm topology. Let Φ(n)
t = Ψt − Ψ(n)

t we have:

‖Φ(n)
t ‖2 = ‖Φ(n)∗

t Φ(n)
t ‖ = ρ(Φ(n)∗

t Φ(n)
t ),

where ρ is the spectral radius. We can compute the eigenvalues explicitly:

Φ(n)∗
t Φ(n)

t (ek) =


∣∣∣∣∣
(

k + 2
k + 1

)it/2

− 1

∣∣∣∣∣
2

ek if k > n

0 otherwise.
Therefore we have

‖Ψ(n)
t − Ψt‖ = sup

k≥n

∣∣∣∣∣
(

k + 2
k + 1

)it/2

− 1

∣∣∣∣∣ .
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We then get the approximation:∣∣∣∣∣
(

k + 2
k + 1

)it/2

− 1

∣∣∣∣∣ =
∣∣∣∣exp

(
it
2

[
ln
(

1 + 2
k

)
− ln

(
1 + 1

k

)])
− 1
∣∣∣∣

=
∣∣∣∣exp

(
it
2k

+ o

(
1
k

))
− 1
∣∣∣∣

= O
(

1
k

)
.

Here the o and O can be taken uniformly on t in any compact subset of R. Hence
we get the convergence:

lim
n→+∞

Ψ(n)
t = Ψt,

in the norm operator topology (uniformly for t in any compact subset of R). Thus
the operators Ψt are compact and we have proven the lemma. □

Corollary 4.2.1. The R action on T is well defined and trivial on the quotient
C (S1).

Lemma 4.3. The crossed product K oα R is trivial i.e. isomorphic to the tensor
product K ⊗ C0(R∗

+).

Proof. We have αt = Ad((N + 1)it/2) and the (N + 1)it/2 are multipliers of K so
we can define the map :

K ⊗alg Cc(R) → Cc(R, K)
f ⊗ T 7→ (s 7→ f(s)T (N + 1)−is/2)

which is an algebra morphism (the later is considered with the product twisted by
α) extends to an isomorphism between K ⊗ C0(R∗

+) and K oα R □

Remark 4.4. We used the fact that R is amenable hence we did not make any
difference between the maximal and reduced crossed products by R and tensor
products by C∗(R). We also used the Pontryagin duality:

C∗(R) ∼= C0(R∗
+).

Corollary 4.4.1. Let A := T
⊕

C (S1)

T . We have the exact sequence

(1) 0 // C0(R∗
+, K ⊕ K) // A oα R // C0(R2 \ 0) // 0.

Proof. We use the exactness of the maximal crossed product (we can also use the
reduced tensor product which is exact since R is amenable). We have already
identified the ideal in the previous lemma. The action on the quotient being trivial
we have

C (S1) oα R ∼= C (S1) ⊗ C0(R∗
+) ∼= C0(S1 × R∗

+) ∼= C0(R2 \ 0).

Therefore the exact sequence (1) derives from 2.7. □

Remark 4.5. Looking at α acting on T we also get the exact sequence:

(2) 0 // C0(R∗
+, K) // T oα R // C0(R2 \ 0) // 0.

We still have A oR ∼= (T oα R) ⊕C0(R2\0) (T oα R).



10 CLÉMENT CREN

We now want to relate this exact sequence to the respective ones of I± =
I±(R2, ωst). We define maps T o R → I+, show that they preserve the respec-
tive exact sequences and are isomorphisms. For that we need two morphisms:
φ± : T → M(I±) and β : R → Mu(I±) (M(·) denotes the multiplier algebra and
Mu(·) the unitary elements of this algebra). Those morphisms have to satisfy the
relation:

(3) ∀t ∈ R, φ ◦ αt = Ad(β(t)) ◦ φ.

We only give the idea behind such maps. Proving that they are well defined
will actually require the same tools as those developed for the general case in the
Sections 5 and 6.

Let W = 1
i
√

2
(X +iY ) ∈ h3 ⊗C. We can consider it as a differential operator on

the Heisenberg group, i.e. a map on C ∞
c (H3). We still call W the restriction of W

to an unbounded operator on I+. Consider the polar decomposition W := u|W |.
We claim that u ∈ M(I+) and that it is an isometry. In particular using Coburn’s
theorem we get the map φ+.

The intuition behind this choice can be understood in the irreducible represen-
tations of I+. Remember that I+ is a continuous field of C∗-algebras over R+.
Let π be the representation corresponding to the fiber over 1 (we get all the other
positive ones using the dilations). Then π(W ) = A∗ is the creation operator. In
particular its polar decomposition is A∗ = S(N + 1)−1/2, therefore the mapping
u 7→ S at least makes sense in each infinite dimensional irreducible representation.
The remaining thing to show is that this has a continuous limit when the parameter
of the representation tends to 0. This is a particular instance of Theorem 5.7 whose
proof will require the tools of Section 6.

The construction of the R-group of unitary multipliers is similar. We use the
complex powers of the operator W ∗W . In all the irreducible representations of I+
this corresponds to N +1. We claim that W ∗W is strictly positive as an unbounded
multiplier of I+ so that these complex powers make sense.

We can do the same thing on I− by replacing W by W̄ . The desired relations 3
are then easily satisfied.

Remark 4.6. We did not have to necessarily use conjugation by N + 1 to define the
R action. We could have for instance replaced N + 1 by the quantum Harmonic
oscillator H = N + 1

2
which can also be realized as a differential operator on the

Heisenberg group (which we then use to define the family of unitary multipliers).
Which operators can be chosen will be more apparent in Section 6.

5. Isomorphism for d arbitrary

5.1. The R-action on the Toeplitz algebra. We now consider an arbitrary sym-
plectic vector space (V, ω) of dimension 2d for which we fix a compatible complex
structure J . We want to define an isomorphism:T (V 1,0)

⊕
C (S∗V )

T (V 0,1)

oR ∼−→ C∗
0 (Heis(V, ω)).

Here we understand the identifications C (S∗V ) ∼= C (S∗V 1,0) through V ∼= V 1,0

with V 1,0 = ker(J − i) = {X − iJX, X ∈ V }. We get a similar identification
for V 0,1. To get the desired isomorphism we can reduce ourselves to show an
isomorphism:

T (V 1,0) oR ∼−→ I+(V, ω).
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Remark 5.1 (On the choice of compatible complex structure). Let J, J ′ be two
compatible complex structures on (V, ω). We can find an element φ ∈ Sp(V, ω)
such that φJφ−1 = J ′. On the complexified spaces, φ preserves the eigenvalue
decompositions and becomes a unitary operator between them, i.e. φ = φ1,0 + φ0,1

with φ1,0 : V 1,0;J ∼−→ V 1,0;J′
and φ0,1 : V 0,1;J ∼−→ V 0,1;J′

both unitary. Lifting
both these operators to the symmetric Fock spaces we get unitary isomorphisms
Ad(φ̃1,0) : T (V 1,0;J) ∼−→ T (V 1,0;J′

) and Ad(φ̃0,1) : T (V 0,1;J) ∼−→ T (V 0,1;J′
). More-

over if we take another ϕ ∈ Sp(V, ω) intertwining both complex structures then
φ−1ϕ preserves J and the same goes for φϕ−1 and J ′. We then have the commu-
tative diagram:

T (V 1,0;J)
Ad(φ̃1,0)//

Ad( ˜(ϕ−1φ)1,0)
��

T (V 1,0;J′)

Id
��

T (V 1,0;J)
Ad(ϕ̃1,0)// T (V 1,0;J′).

And a similar diagram for the (0, 1)-components. Therefore the algebras T (V 1,0)
and T (V 0,1) are unique up to unique isomorphism and depend only on the sym-
plectic structure.

Remark 5.2 (Opposite structures). The space V 0,1 is obtained from V 1,0 being its
complex conjugate. At the level of Toeplitz algebras this gives an isomorphism:
T (V 1,0) ∼= T (V 0,1)op.

Now, V 0,1 can also be seen as the +i eigenspace for the complex structure −J .
This new complex structure is not compatible with ω but with −ω. Therefore, if
we replace ω by −ω we swap the roles of V 1,0 and V 0,1 and thus switch the algebras
T (V 1,0) and T (V 0,1).

At the level of the Heisenberg group we have Heis(V, −ω) ∼= Heis(V, ω)op (and
similarly for the corresponding C∗-algebras). Combining this with the isomorphism
between the Toeplitz algebras with opposite complex structure we see that our
isomorphism behaves well when taking the opposite symplectic structure.

Before defining our isomorphism, let us first define the R-action on the Toeplitz
algebra. Let W be a complex vector space. We once again consider the number
operator N and we add 1 to get the injective N + 1. It is an unbounded self-
adjoint operator. On the component Symk(W ) ⊂ F+(W ) it restricts to (k + 1) Id.
In particular we can define the operator (N + 1)it/2 for t ∈ R using functional
calculus. We have (N + 1)it/2 ∈ B(F+(W )), t ∈ R (and continuity in t for the
strong operator topology). Since K(F+(W )) is a 2-sided ideal it is preserved by
each Ad((N + 1)it/2). Now we want to prove that it preserves the whole Toeplitz
algebra.

Lemma 5.3. For w ∈ W we have Ad((N +1)it/2)(Sw) ≡ Sw mod K(F+(W )). In
particular t 7→ Ad((N + 1)it/2) defines an action R y T (W ).

Proof. The proof is similar to Lemma 4.2. It is enough to prove the result for
S1, · · · , Sd given an orthonormal basis e1, · · · , ed of W . Let us fix 1 ≤ j ≤ d and set

Ψt = Ad((N + 1)it/2)(Sj) − Sj . We have Ψ∗
t Ψt(|α〉) =

((
|α| + 2
|α| + 1

)it/2

− 1

)
Sj |α〉.

Let N ∈ N and set:

Ψ(N)
t : |α〉 7→

{
Ψt(|α〉) if |α| ≤ N

0 otherwise.
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The operator Ψ(N)
t is compact and as in the one dimensional case we have:

‖Ψ(N)
t − Ψt‖ = sup

|α|>N

sup
1≤j≤d

∣∣∣∣∣
(

|α| + 2
|α| + 1

)it/2

− 1

∣∣∣∣∣
(

αj + 1
|α| + 1

)1/2

= sup
|α|>N

∣∣∣∣∣
(

|α| + 2
|α| + 1

)it/2

− 1

∣∣∣∣∣
= sup

k>N

∣∣∣∣∣
(

k + 2
k + 1

)it/2

− 1

∣∣∣∣∣
The end of the proof is then identical to the one of Lemma 4.2. We obtain, as
before, that lim

N→∞
Ψ(N)

t = Ψt in norm. The operator Ψt is thus compact, which
proves the lemma. □

Corollary 5.3.1. We have the exact sequence:

0 // C0(R∗
+, K(F+(W ))) // T (W ) oR // C0(W ∗ \ {0}) // 0.

Proof. Similar as the one dimensional case. The crossed product preserves the exact
sequence. The action is trivial on the quotient and the crossed product is trivial
on the ideal of compact operators. □

5.2. The number operator (plus one) on the Heisenberg group. Let (V, ω)
be a symplectic vector space of dimension 2d. As before, we choose a compatible
complex structure J ∈ End(V ). Let X1, · · · , Xd, Y1, · · · , Yd a Darboux basis. We
get a basis of heis(V, ω) with X1, · · · , Xd, Y1, · · · , Yd, Z. We say the Darboux basis
is compatible with the complex structure J if ∀1 ≤ j ≤ d, JXj = −Yj , JYj = Xj .
This is equivalent to Wj = 1√

2
(Xj + iYj), 1 ≤ j ≤ d forming an orthonormal basis

of V 1,0 for the hermitian structure given by iω(·, ·).
Let us consider the following (left-invariant) differential operators on Heis(V, ω):

∆± := −1
2

d∑
j=1

X2
j + Y 2

j ∓ i
(

1 − d

2

)
Z.

We can rewrite it in terms of the complex vectors Wj , 1 ≤ j ≤ d. We have:

∆+ = −
d∑

j=1
WjWj − i(d + 1)Z = −

d∑
j=1

WjWj − iZ,

∆− = −
d∑

j=1
WjWj + iZ = −

d∑
j=1

WjWj + i(d + 1)Z.

We have a graduation on heis(V, ω) where V is the first stratum and RZ the
second one. This is compatible with the Lie bracket so we obtain a graduation on
the universal envelopping algebra U(heis(V, ω) ⊗C). The later is isomorphic (as an
algebra) to the algebra of (left-invariant) differential operators on Heis(V, ω). We
thus transport the graduation to the algebra of differential operators, giving a new
notion of order. With this notion of order ∆± are still of order 2, but now all of its
summands have order exactly 2.

Proposition 5.4. Given two Darboux bases for V : X1, · · · , Xd, Y1, · · · , Yd and
X ′

1, · · · , X ′
d, Y ′

1 , · · · , Y ′
d, let us denote by ∆±, ∆′

± the respective operators. If the
two bases are compatible with the same complex structure then ∆± = ∆′

±.
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Lemma 5.5. Let M ∈ M2d(R). If M is a symplectic matrix and commutes with

the matrix
(

0 Id

−Id 0

)
then it is of the form:

M =
(

A B
−B A

)
, tAA + tBB = Id, tAB = tBA.

These conditions are equivalent to A − iB ∈ Ud(C).

Proof. The commutation with the complex structure gives M =
(

A B
−B A

)
for

some A, B ∈ Md(R) and the compatibility with the symplectic structure gives the
two conditions on A and B. □

Proof of the proposition. Consider two Darboux basis compatible with the same
structure J . The transition matrix then satisfies the condition of the lemma. The
transition matrix from the basis W1, · · · , Wd to W ′

1, · · · , W ′
d is given by A − iB

which is unitary. From this unitarity we easily see that
d∑

j=1
WjWj =

d∑
j=1

W ′
jW ′

j

thus ∆± = ∆′
±. □

These differential operators can be considered as (one plus) the number operator
on the Heisenberg group. Indeed, let λ > 0 and consider the representation on the
symmetric Fock space πλ ∈ ̂Heis(V, ω). We see πλ at the level of the Lie algebra
(so a representation with anti-self-adjoint, unbounded operators) and extend it
to the universal envelopping algebra. Remember that for 1 ≤ j ≤ d we have
π(Wj) = i

√
λA∗

j where the A∗
j are the creation operators. We thus have:

πλ(∆+) = λ(N + 1).

Similarly for λ < 0:
πλ(∆−) = −λ(N + 1).

Remark 5.6. Although ∆± had degree 2 we get here a homogeneity of degree 1 in
λ. This is explained by the fact that scaling the representation by a factor λ > 0
scales the images of elements of V (i.e. operators of order 1) by a factor

√
λ as

shown in Section 3.

We can also compute the image of ∆± in the other irreducible representations.
For µ ∈ V ∗ we have:

πµ(∆±) = 1
2

|µ|2.

We unfortunately have to use these two operators instead of just one (until
Section 6 where we will glue the two). The problem is that they both have a bad
behavior on the representations of the opposite sign. If λ < 0 we have:

πλ(∆+) = −λ(N − d − 1),

and similarly for ∆− in the positive representations. In particular they are not pos-
itive anymore and have a kernel (π−1(∆+) vanishes on Symd(V 0,1)). We therefore
need to consider these operators not on the whole Heisenberg C∗-algebra but on
its quotients I±(V, ω).
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5.3. Construction of the crossed product and isomorphism. We will use
the following results, whose proofs are postponed until Section 6 as they would
disrupt the spirit of the rest of the proof, and need different tools that we have not
introduced yet. As before, we fix a compatible complex structure J : V → V , and
an orthonormal basis W1, · · · , Wd ∈ V 1,0.

Theorem 5.7. The operators −iWj∆−1/2
+ are densely defined on I+(V, ω) and

extend continuously to elements of M(I+(V, ω)). The same result applies to I−(V, ω)
with the operators −iWj∆−1/2

− .
Equivalently, given a v ∈ V 1,0 and an element f ∈ I+(V, ω), the continuous

map λ > 0 7→ Svπλ(f) extends to an element of I+(V, ω). The continuous map on
V ∗ \ {0} ∼= S∗V ×R∗

+ obtained at λ = 0 is given by (ṽ ⊗ 1)π0(f) where ṽ ∈ C (S∗V )
is the map described in Remark 2.8.

Theorem 5.8. The complex powers ∆it/2
+ , t ∈ R are densely defined on I+(V, ω) and

extend to unitary multipliers of I+(V, ω). The resulting group of unitary multipliers
is strongly continuous. The same result applies on I−(V, ω) with ∆it/2

− , t ∈ R.
Equivalently, given a section f ∈ I+(V, ω), the continuous map λ > 0 7→

λit/2(N + 1)it/2πλ(f) extends to an element of I+(V, ω). The continuous map
on V ∗ \ {0} ∼= S∗V × R∗

+ obtained at λ = 0 is given by µ 7→ 1
2it/2 |µ|itπ0(f)(µ),

where | · | is the norm on V ∗ dual to the one induced by the ω and J on V .

With these two theorems, we can construct the desired map from the crossed
product of the Toeplitz algebras to I±(V, ω) and get the desires isomorphism. Re-
member that there is an action δ of the postitive real numbers on the Heisenberg
group by inhomogeneous dilations. This action restricts to both I±(V, ω). We also
want the map T (V 1,0) o R → I+(V, ω) to be R∗

+-equivariant for the dual action
on the left and the inhomogeneous dilations on the right. Let us state the main
theorem of this paper.

Theorem 5.9. Let (V, ω) be a symplectic vector space, endowed with a compatible
complex structure. There are canonical ∗-homomorphisms:

T (V 1,0) oR → I+(V, ω), T (V 0,1) oR → I−(V, ω),
that are isomorphisms of C∗-algebras. Moreover they are R∗

+-equivariant for the
dual action on the left side and the action induced by the inhomogeneous dilations
(δλ)λ>0 on the right side.

Proof. Let φ : T (V 1,0) → M(I+(V, ω)) be defined by φ(Sj) = −iWj∆−1/2
+ . Let us

show that this map is indeed well defined. We have:

∀λ > 0, πλ(−iWj∆−1/2
+ ) = A∗

j (N + 1)−1/2 = Sj .

Therefore φ is well defined on the (non-commutative) polynomials in Sj , S∗
k , 1 ≤

j, k ≤ d. These are dense in T (V 1,0). Now from the relation ‖x‖I+(V,ω) =
sup
t>0

‖xt‖, s ∈ I+(V, ω), we see that the densely defined φ is isometric and thus

extends continuously to an isometry φ : T (V 1,0) → M(I+(V, ω)). Now for x ∈
T (V 1,0) we have the relation:

∀t ∈ R, Ad(∆it/2
+ )φ(x) = φ(Ad((N + 1)it/2)x).

From this relation we get a ∗-homomorphism Φ: T (V 1,0) o R → I+(V, ω). In a
similar way we obtain a ∗-homomorphism T (V 0,1) oR → I−(V, ω).

The map Φ does not depend on the choice of orthonormal basis of V 1,0. First,
note that the operators ∆± do not depend on the choice of basis as discussed in
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the previous subsection. Now, if v ∈ V 1,0, then Sv ∈ T (V 1,0) is mapped by φ

to −iv∆−1/2
+ , this operator being understood in the same way as in Theorem 5.7.

Thus φ and hence Φ do not depend on any choice of basis for V 1,0.
Let us show that Φ is an isomorphism. From Theorem 5.7 we see that commu-

tators are mapped to 0 at t = 0. In particular we get the commutative diagram:

0 // C0(R∗
+, K) //

��

T (V 1,0) oR //

Φ
��

C0(V ∗ \ {0}) //

��

0

0 // C0(R∗
+, K) // I+(V, ω) // C0(V ∗ \ {0}) // 0.

The vertical arrows on the ideals and quotients are the identity (again using
Theorem 5.7), in particular they are isomorphism. The rows are exact sequences
so by the five lemma, Φ is an isomorphism.

We now check for the equivariance. In order to get it, we need the multipliers
obtained from elements of the Toeplitz algebras to be invariant, which is the case.
Indeed, we get constant sections of shift operators at non-zero time and the function
obtained at t = 0 is invariant under rescaling. We also need the relation:

∀λ > 0, ∀t ∈ R, δλ(∆it/2
± ) = λit.

This condition is also satisfied4, so Φ is R∗
+-equivariant. □

Corollary 5.9.1. Let (V, ω) be a symplectic real vector space, endowed with a
compatible complex structure. There is a canonical isomorphism:T (V 1,0)

⊕
C (S∗V )

T (V 0,1)

oR → C∗
0 (Heis(V, ω)).

This isomorphism is R∗
+-equivariant for the dual action on the source space and the

inhomogeneous dilations on the target space.

Proof. First, since the actions on the Toeplitz algebras agree on the respective
quotients, we get an isomorphism:T (V 1,0)

⊕
C (S∗V )

T (V 0,1)

oR ∼=
(
T (V 1,0) oR

) ⊕
C0(V ∗\{0})

(
T (V 0,1) oR

)
.

Let us denote by T(V, ω) this algebra. We can project from T(V, ω) on each
component. We get the commutative diagram:

T (V 1,0) oR // I+(V, ω)

''NN
NNN

NNN
NNN

T(V, ω)

88qqqqqqqqqqq

&&MM
MMM

MMM
MM

C0(V ∗ \ {0}).

T (V 0,1) oR // I−(V, ω)

77ppppppppppp

We therefore get the desired isomorphism by property of the fibered product. □

4This condition was the reason for us to consider the conjugation by ∆it/2
± and not with power

it. This is only a matter of normalization of the duality between R and R∗
+.
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Corollary 5.9.2. There is a canonical Morita equivalence

T (V 1,0)
⊕

C (S∗V )

T (V 0,1) ∼ C∗
0 (Heis(V, ω)) oδ R∗

+.

Proof. Using Takai duality we get isomorphisms

C∗
0 (Heis(V, ω)) oδ R∗

+
∼=

T (V 1,0)
⊕

C (S∗V )

T (V 0,1)

oRoR∗
+

∼=

T (V 1,0)
⊕

C (S∗V )

T (V 0,1)

⊗ K(L2(R)).

The last line gives stable isomorphism hence Morita equivalence. □

Remark 5.10. As mentioned in Remark 4.6, we could have chosen a different op-
erator for the action and the group of multipliers, namely the quantum harmonic
oscillator. As a left invariant differential operator on the Heisenberg group, it is

defined as −1
2

d∑
i=1

X2
j + Y 2

j . On each representation πλ, λ 6= 0 it is mapped to the

operator |λ|(N + d

2
). On the 1-dimensional representation πµ, µ ∈ V ∗, it is mapped

to 1
2

|µ|2. As an unbounded multiplier of C∗
0 (Heis(V, ω)), it is positive. This is

slightly better than the ∆±, that do not individually have this property, which
will force us to treat each of them on a restricted subset of representations and
them glue back the result (see Section 6). In any case, we need to understand the
operators ∆± to construct the image of the shifts in the multipliers of I±(V, ω).
Therefore, using them for the conjugation as well limits the number of operators
to handle at the same time.

6. Symbols in the Heisenberg calculus and Weyl operators

In this section, we give a meaning to the fractional and complex powers of some
operators appearing in Section 5. This uses Heisenberg pseudodifferential oper-
ators. This class of operators was introduced by Folland and Stein [12, 11] when
studying the ∂b-complex on complex manifolds with boundaries. One can construct
a Hodge-like laplacian for this complex, it will however fail to be elliptic. The new
pseudodifferential calculus allows to bypass this problem and find parametrices and
estimates for this operator. It was later generalized in [4] and subsequently by many
other authors (e.g. [8], see also [21] for a more recent approach using the tangent
groupoid).

The idea for our operators is that ∆± are not elliptic. Indeed, they are operators
of order 2 and their principal symbol at the identity of the group is then equal to:

V ∗ × R 3 (µ, t) 7→ 1
2

|µ|2.

In particular, the symbol vanishes in the direction conormal to V . To better un-
derstand these operators we need to consider Z as a differential operator of order 2.
This makes sense because it is equal to X1Y1 − Y1X1 in the universal envelopping
algebra. We thus consider a new filtration on differential operators. This filtration
is compatible with the sum and product. Homogeneity now corresponds to the
inhomogeneous dilations (δλ)λ∈R∗

+
.

To construct parametrices in this calculus, we need to construct a bigger class
of operators: the pseudodiffrential operators. For what follows we only need to
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understand their symbols. The reader interrested in more generalities can look at
the monographs [4, 8] or the survey [9].

Remark 6.1. Here we only consider operators on Heis(V, ω) that are left-invariant.
In particular the symbols need only to be defined on heis(V, ω)∗ instead of the
whole cotangent bundle T ∗ Heis(V, ω). The generalization to any Heisenberg (e.g.
contact) manifold would however prove useful to better understand what happens
in Section 7. For the sake of simplicity, we limit our exposition to the case of
Heis(V, ω). The only thing to keep in mind is that this serves as a local model for
any contact manifold and that the operations we do here could be done locally and
patched up on a contact manifold.

We also consider only principal symbols. This means that all our functions are
homogeneous on the nose (and defined away from 0). One can study a larger class of
symbols by taking smooth functions satisfying some estimates at infinity and having
an asymptotic expansion in terms of δ-homogeneous functions. The principal part
of such symbol is then the highest degree part in such expansion.

6.1. From Heisenberg symbols to Weyl operators. A principal symbol of
order m ∈ C is a smooth function a ∈ C ∞ (heis(V, ω)∗ \ {0}) which is homogeneous
of degree m for the inhomogeneous dilations (δλ)λ>0. This means:

∀λ > 0, ∀(µ, t) ∈ (V ∗ × R) \ {0}, a(λµ, λ2t) = λma(µ, t).
We denote by Σm(Heis(V, ω)) the space space of such functions. One can com-
pose such symbols using the convolution product of the Heisenberg group5. Since
the dilations are group homomorphisms, the composition of symbols gives product
maps:

Σm1(Heis(V, ω)) × Σm2(Heis(V, ω)) → Σm1+m2(Heis(V, ω)), m1, m2 ∈ C.

Example 6.2. We can understand ∆± as operators of order 2. Their principal
symbol become respectively:

V ∗ × R 3 (µ, t) 7→ 1
2

|µ|2 ± t

(
1 − d

2

)
.

Given the homogeneity of the symbols, we can restrict their studies to the fol-
lowing hyperplanes: V ∗ × {±1} and V ∗ × {0}. On the last the product of principal
symbols is given by pointwise product. On the two others it is given by the Weyl
products #±:

∀f, g ∈ C ∞(V ∗), f#±g(v) :=
∫

(x,y)∈V ∗
e±2iω∗(x,y)f(v + x)g(v + y) dx dy.

Here to write the product we used the symplectic form ω∗ on V ∗ obtained by
duality. We also have splitted V ∗ into complementary lagrangian subspaces (whence
the (x, y) coordinates). The product however does not depend on the choice of
splitting.

The symbols obtained on V ∗ ×{±1} behave themselves like operators. To under-
stand that, we split V ∗ = L ⊕ L′ as a pair of complementary lagrangian subspaces.
Consider then for a smooth function a ∈ C ∞(V ∗) (with appropriate decay condi-
tions) the Weyl quantization [19, 20]:

OpW (a) : S (L) → S (L)

f 7→
(

x 7→ 1
(2π)d

∫ ∫
eiω∗(x−y,ξ)a

(
x + y

2
, ξ

)
f(y) dy dξ

)
5So one needs to consider the inverse Fourier transform of two symbols and take their convo-

lution product and take the Fourier transform of the result. This product is noncommutative.



18 CLÉMENT CREN

This operator makes sense and is continuous for smooth functions a having a
1-step polyhomogeneous asymptotic expansion in terms homogeneous functions on
V ∗:

a ∼
+∞∑
k=0

am−k, am−k(λµ) = λm−kam−k(µ), k ≥ 0, λ > 0, µ ∈ V ∗.

For a precise definition this expansion we refer to [14, 19, 8, 9, 13]. The number
m appearing in the expansion is the order of the symbol (or of the corresponding
operator). We denote by Wm(V ∗, ω∗) the set of such Weyl operators obtained from
symbols of order m using the Weyl quantization. We obtain a pseudodifferential
calculus:

• operators in Wz(V ∗, ω∗) with <(z) ≤ 0 are bounded on L2(L),
• operators in Wz(V ∗, ω∗) with <(z) < 0 are compact on L2(L),
• if OpW (a) ∈ Wz1(V ∗, ω∗), OpW (b) ∈ Wz2(V ∗, ω∗) then we have

OpW (a) OpW (b) = OpW (a#+b) ∈ Wz1+z2(V ∗, ω∗),

• if OpW (a) ∈ Wz(V ∗, ω∗) then we have OpW (a)T = OpW (ā) ∈ W z̄(V ∗, ω∗),
• if k ∈ Z, H ∈ Wk(V ∗, ω∗) is a positive operator then its complex powers
defined through functional calculus are also Weyl operators (with some
holomorphic dependence, see [14]):

Hz ∈ Wkz(V ∗, ω∗).

So far we have seen that we had maps:

Σm(Heis(V, ω)) → Wm(V ∗, ω∗) ⊕ Wm(V ∗, −ω∗), m ∈ C,

compatible with the products on both sides. This map cannot be surjective since
the two symbols have to be glued on V ∗ × {0} ⊂ heis(V, ω)∗. If a ∈ Σm(Heis(V, ω))
for m ∈ C then its image is a pair of Weyl symbols (a+, a−) ∈ Wm(V ∗, ω∗) ⊕
Wm(V ∗, −ω∗) for which we have 2-step polyhomogeneous expansions:

a+(v) ∼
+∞∑
k=0

am−2k‖v‖m−2j , a−(v) ∼
+∞∑
k=0

(−1)kam−2k‖v‖m−2j .

Indeed, the two functions a±, considered as functions on the inhomogeneous sphere,
intersected with V ∗ × R∗

± respectively, have to glue back on the equator (i.e. the
intersection of the sphere with V ∗ × {0}). This condition implies in particular that
both Taylor expansions at any point of the equator have to agree. The equality of
such Taylor expansions gives the polyhomogeneous expansions above.

Remark 6.3. This condition is however not enough. Indeed, the polyhomogeneous
expansion above is not enough to recover the symbols a±. We can only recover
them up to Schwartz functions on V ∗.

6.2. C∗-algebraic completions. Since order 0 Weyl operators are bounded on
L2(L) (L ⊂ V ∗ being a fixed lagrangian subspace as before). We denote by
W 0(V ∗, ω∗) ⊂ B(L2(L)) the closure of Wm(V ∗, ω∗). This closure does not de-
pend on the choice of L. Given a Weyl operator A ∈ Wm(V ∗, ω∗), we can write
it as A = OpW (a). Keeping the leading term in the polyhomogeneous expansion
of a, we obtain a homogeneous function of order m, i.e. a function on the sphere.
This defines maps:

σm : Wm(V ∗, ω∗) → C ∞(S∗V ),
which are compatible with the products (the non-commutativity of symbols only
appears with higher order terms).
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For m = 0 (or more generally <(m) ≤ 0), this map extends continuously to the
∗-homomorphism:

σ0 : W 0(V ∗, ω∗) → C (S∗V ).
For Heisenberg symbols, we can make them act by convolution (the one com-

ing from the group law) on S0(Heis(V, ω)), the space of smooth functions on
heis(V, ω)∗ \ {0} that have a Schwartz-type decay both at infinity and 0. This
space is a Fréchet space, and for any σ ∈ Σm(Heis(V, ω)), m ∈ C, the map:

σ∗ : S0(Heis(V, ω)) → S0(Heis(V, ω))
is continuous. The space S0(Heis(V, ω)) can be seen as a subspace of C∗

0 (Heis(V, ω))
using Fourier transform. It is then a dense subspace. For <(m) = 0, the previous
convolution map extends continuously to:

σ∗ : C∗
0 (Heis(V, ω)) → C∗

0 (Heis(V, ω)).
The same convolution can be considered on the right and we obtain that Heisenberg
principal symbols of order 0 extend to multipliers of C∗

0 (Heis(V, ω)). Denote by
Σ(Heis(V, ω)) ⊂ M(C∗

0 (Heis(V, ω))) the closure of the space of order 0 principal
symbols in the multiplier algebra.

Remark 6.4. Notice that taking <(m) = 0 above is optimal. Indeed, if <(m) > 0
we have a decay problem at infinity as usual. If <(m) < 0 however, we get a decay
problem near 0 ∈ heis(V ∗, ω∗).

The following result is the key point that will help us prove Theorems 5.7 and
5.8.

Theorem 6.5 ([8]). The map Σ0(Heis(V, ω)) → W0(V ∗, ω∗) ⊕ W0(V ∗, −ω∗) ex-
tends to an isomorphism of C∗-algebras:

Σ(Heis(V, ω)) → W 0(V ∗, ω∗)
⊕

C (SV ∗)

W 0(V ∗, −ω∗).

Corollary 6.5.1. If we take (Q+, Q−) ∈ W 0(V ∗, ω∗)
⊕

C (SV ∗)

W 0(V ∗, −ω∗) and f =

(ft)t∈R ∈ C∗
0 (Heis(V, ω)). Then, the sections (Q±f±t)t>0 extend continuously at

t = 0 to elements of I±(V, ω) respectively. Their extension at t = 0 coincide and
are equal to σ0(Q±)f0 (here the product is the commutative product of functions).

Corollary 6.5.2. If Q ∈ W 0(V ∗, ω∗) and f = (ft)t≥0 ∈ I+(V, ω) then (Qft)t>0
extends to a unique element of I+(V, ω)) with value at 0 equal to σ0(Q)f0. A similar
statement holds for W 0(V ∗, −ω∗) and I−(V, ω). Similar results hold for operators
of order it, t ∈ R.

These results define *-homomorphisms W 0(V ∗, ±ω∗) → M (I±(V, ω)).

Proof. We can just consider (Q, Q) ∈ Σ0(Heis(V, ω)) and the aforementioned map
Σ0(Heis(V, ω)) → M(C∗

0 (Heis(V, ω))). One can then see that this action restricts
to I+(V, ω). □
6.3. The shifts as Heisenberg operators. We now prove Theorems 5.7 and 5.8.
The proof goes as follows: we realize the operators mentioned in both theorems as
symbols in the Heisenberg calculus, of order 0 for the images of d-shifts, or order it
for the unitary multipliers. Using the continuity of such operators on C∗

0 (Heis(V, ω))
we get the result.

Once again we fix a compatible complex structure on (V, ω) and fix an orthonor-
mal basis W1, · · · , Wd ∈ V 1,0. From this we get the left-invariant differential op-
erators ∆± on Heis(V, ω). Write ∆+,+, ∆−,+ ∈ W2(V ∗, ω∗) their restrictions on
the upper hemisphere and ∆+,−, ∆−,− on the lower hemisphere. The operators
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∆+,+, ∆−,− are elliptic, their principal symbol is µ 7→ 1
2

|µ|2. As operators they
are positive (so more than elliptic, they are even invertible). Indeed by construc-
tion, they are both mapped to the number operator plus 1 in the Bargmann-Fock
representation. We can thus consider their complex powers.

On the one hand, we get order −1 Weyl operators ∆−1/2
+,+ , ∆−1/2

−,− . We then get
the operators −iWj∆−1/2

+,+ ∈ W0(V ∗, ω∗) and −iWj∆−1/2
−,− ∈ W0(V ∗, −ω∗). These

act continuously on I+(V, ω) and I−(V, ω) as multipliers. This proves Theorem 5.7.
On the other hand, we can take the complex powers ∆it/2

+,+ and ∆it/2
−,−. They act

as a continuous unitary multipliers of C∗
0 (Heis(V, ω)). This proves Theorem 5.8.

These considerations allow us to reinterpret some previous results.

Proposition 6.6. Let (V, ω) be a symplectic vector space with a compatible complex
structure. We have natural isomorphisms of C∗-algebras:

T (V 1,0) ∼−→ W 0(V ∗, ω∗)
T (V 0,1) ∼−→ W 0(V ∗, −ω∗).

Combining the two we obtain:

T (V 1,0)
⊕

C0(S∗V )

T (V 0,1) ∼−→ Σ(Heis(V, ω)).

Proof. The map T (V 1,0) ∼−→ W 0(V ∗, ω∗) is constructed by mapping the shifts Sj

to −iWj∆−1/2
+,+ for 1 ≤ j ≤ d. This map extends to polynomial expressions in the

Sj , S∗
k , 1 ≤ j, k ≤ d and is an isometry. Indeed if we compose the map W 0(V ∗, ω∗)

with the representation corresponding to the fiber at t = 1 of I+(V, ω) we see that
Sj is mapped to itself. Therefore the map defined on polynomials in the Sj , S∗

k

extends to a *-homomorphism.
Now the morphism preserves the respective exact sequences. This means that

the map T (V 1,0) → C (S∗V 1,0) corresponds to σ0 for W 0(V ∗, ω∗). This is under the
identification of complex vector spaces (V, J) ∼= V 1,0 yielding S∗V 1,0 ∼= S∗V . If we
look at the map between the respective exact sequences, we have an isomorphism
on the ideal and the quotient, thus in the middle as well.

The same goes for T (V 0,1) with the small adjustment that now V 0,1 ∼= (V, −J) =
(V, J).

Using these identifications we can build the algebra

T (V 1,0)
⊕

C0(S∗V )

T (V 0,1).

Using the two previous morphisms, this algebra is isomorphic to

W 0(V ∗, ω∗)
⊕

C (SV ∗)

W 0(V ∗, −ω∗),

hence to Σ(Heis(V, ω)) using Theorem 6.5. □

We can give a non-commutative geometric interpretation of this result. The
Toeplitz algebra T (V 1,0) can be seen as a quantized/non-commutative analog of
the closed unit ball in V 1,0. Indeed, its spectrum is a quotient of the that ball, where
all the points in the open ball are all equivalent and any point on the boundary
remains untouched.

Similarly, we can see Σ(Heis(V, ω)) as a non-commutative analog of the sphere
in Heis(V, ω) for the inhomogeneous dilations.
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The isomorphism T (V 1,0)
⊕

C0(S∗V )

T (V 0,1) ∼−→ Σ(Heis(V, ω)) is then the non-

commutative analog of the fact that a sphere can be obtained by gluing two closed
balls along their boundary.

The isomorphism

T (V 1,0)
⊕

C (S∗V )

T (V 0,1)

oR → C∗
0 (Heis(V, ω)) can then be

seen as the non-commutative analog of the fact that taking the quotient by dilations
of a vector space minus its 0 element gives the sphere of that space.

6.4. A more general result. Theorem 5.9 is actually a reformulation, using
Toeplitz operators, of a more general result on graded nilpotent groups.

A graded (nilpotent) Lie algebra is a (real or complex) Lie algebra g that de-
composes as a finite sum of vector subspaces g = g1 ⊕ · · · ⊕ gr with the property:

∀1 ≤ i, j ≤ r, [gi, gj ] ⊂ gi+j ,

with the convention gj = 0 for any j > r. Such a Lie algebra is automatically
nilpotent (with step at most r).

A graded Lie group is a Lie group whose Lie algebra is graded. Here we will
consider G, a connected, simply connected, graded Lie group.

Example 6.7. Abelian groups are graded with g1 = g, r = 1.
The Heisenberg group Heis(V, ω) is graded with g1 = V, g2 = R, r = 2.

On the Lie algebra, we can define a family of inhomegeneous dilations (δλ)λ>0
by taking λj Id on gj . These maps preserve the Lie algebra structure so we can lift
them to group homomorphisms.

We can use these functions to define spaces of homogeneous distributions Σm(G),
m ∈ C as we did for the Heisenberg group. Since the dilations preserve the group
structure, they are compatible with the group convolution and thus we get compo-
sition maps:

Σm(G) × Σn(G) → Σm+n(G), m, n ∈ C.

Elements of the universal envelopping algebra U(g) correspond to the differential
operators for that calculus (i.e. certain distributions of integer order). We can
endow this algebra with a grading using the one on g. The algebras Σm(G) only
involve homogeneous elements so these correspond to elements in U(g) of pure
degree.

These spaces of distributions satisfy similar properties as the ones described for
G = Heis(V, ω), see [5].

Most importantly, elements of Σit(G), t ∈ R act as multipliers of C∗
0 (G). In

particular we can consider the C∗-algebra Σ(G) obtained by taking the closure of
order 0 symbols in the multiplier algebra. We can then phrase a generalization of
Theorem 5.9.

Theorem 6.8 ([10, 7]). Let G be a connected, simply connected, graded group. Let
∆ ∈ U(g) be an element of pure degree seen as a positive element in Σm(G) for
some m ∈ N. Consider the conjugation action by the ∆it/m, t ∈ R on Σ(G). Then
there is an isomorphism of C∗-algebras:

Σ(G) oR ∼−→ C∗
0 (G).

This isomorphism is equivariant for the dual action on the left hand side and the
action of the inhomogeneous dilations on the right hand side.

For the Heisenberg group, we were thus able to decompose the symbol algebra
Σ(G) into two copies of algebras easier to understand. I do not know if a similar
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splitting is possible for more general graded groups (with an easy understanding of
the summands).

The algebra Σ(G) can also be seen as a non-commutative analog of functions
on the sphere of G for the inhomogeneous dilations. The last theorem is then a
generalization of the interpretation we made for the Heisenberg group, that the
quotient by dilations of a vector space (minus 0) is the sphere. What we are asking
for now is a potential Toeplitz-like model for the ”hemispheres” of Σ(G).

7. Continuous version on contact manifolds

7.1. Continuous field of Toeplitz algebras. Let (M, H) be a contact manifold.
We assume that the contact structure is co-oriented, i.e. the bundle TM�H is
oriented. We can therefore choose a contact form θ ∈ Ω1(M) such that ker(θ) = H
and dθ|H is a symplectic form on each fiber.

Let J : H → H be an almost complex structure compatible with the symplectic
structure on H. Let H1,0 ⊕ H0,1 = H ⊗ C be the corresponding decomposition of
the complexified bundle.

From this we build a bundle of Toeplitz algebras T (M, H) over M . To do so we
consider the Hilbert bundle F+(H1,0) over M as previously.

Locally, over some trivializing U ⊂ M , we can fix an orthonormal frame bundle
W1, · · · , Wn ∈ Γ(U, H1,0). From these sections, we get shift operators on each

fiber S1, · · · , Sd. Now if X ∈ Γ(U, H1,0) we can write it as X =
d∑

j=1
fjWj with

fj ∈ C ∞(U). Then the shift operator by X,

SX := Sym(X ⊗ ·) : Γ(U, F+(H1,0)) → Γ(U, F+(H1,0)),

becomes SX =
d∑

j=1
fjSj . Therefore the Toeplitz algebra over U does not depend on

the choice of local frame bundle. Now if X ∈ X(M), the operator SX is bounded
on each fiber but the operator norm might blow up at infinity in M if M is not
compact. However if X is compactly supported then SX extends to a bounded
operator on L2(M, F+(H1,0)) with norm:

‖SX‖ = sup
m∈M

‖SX(m)‖B(F+(H1,0
m )).

We can then set:
T (H1,0) = C∗(SX , X ∈ Xc(M)) ⊂ B(L2(M, F+(H1,0))).

Example 7.1. If X ∈ Γ(M, H1,0) goes to 0 at infinity then SX ∈ T (H1,0).

Proposition 7.2. T (H1,0) is the algebra of continuous sections vanishing at in-
finity of the bundle of Toeplitz algebras

(
T (H1,0

m )
)

m∈M
, the bundle structure being

described above.

Proof. This follows from the fact that we can cover M by Darboux coordinate
charts where all the bundles involved are trivialized and that if X ∈ Γc(M, H1,0)
then ‖SX‖ = ‖X‖ so necessarily the sections have to vanish at infinity. □

Corollary 7.2.1. We have the exact sequence:

0 // C0(M) ⊗ K // T (H1,0) // C0(S∗H) // 0 .

Likewise, we can take the opposite complex structure and consider the algebra
T (H0,1).
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Remark 7.3 (The non-co-oriented case). Assume now that the contact structure is
possibly not-co-oriented. We can construct a 2-sheet cover π : M̃ → M such that
H̃ := π∗H is a co-oriented contact structure (this cover is trivial if and only if H
is already co-oriented). Let us choose a contact form θ ∈ Ω1(M̃) and a complex
structure on H̃ compatible with the symplectic structure induced by θ. We get a
bundle of Toeplitz algebras T (H̃1,0). Now Z2 acts on M̃ by deck transformations. If
γ denotes its non-trivial element then γ∗H̃ = H̃, however the symplectic structures
induced by γ∗ dθ and dθ are opposite to one another, i.e. they have opposite
orientation. Therefore at the level of the Toeplitz algebras we have

γ∗T (H̃1,0) = T (H̃0,1) = T (H̃1,0)op,

so we cannot obtain a bundle of Toeplitz algebras on M because of this orientation
ambiguity. We will see however that the fibered pair of Toeplitz algebras still make
sense in the non-co-oriented case.

As in Section 5, we can consider the number operator, this time on each fiber.
Write N for the diagonal operator on sections of F+(H1,0) equal to k Id on the
subspace of sections of Symk(H1,0). The operator N + 1 is then unbounded and
positive, we can consider its complex powers.

The action Ad((N + 1)it/2) is again well defined on B(L2(M, F+(H1,0))) and
preserves T (H1,0). This is true fiberwise and if the norm of a section goes to 0 at
infinity then this is still the case for its conjugation by (N + 1)it/2.

We can thus take the crossed product by the R-action and again have an exact
sequence:

0 // C0(M × R∗
+, K) // T (H1,0) oR // C0(H∗ \ M) // 0,

with M ⊂ H∗ being seen as the zero section.
We can also take the opposite algebra and fiber both over their common quotient.

As before we get:

0 // C0(M × R∗, K) //
(

T (H1,0)
⊕

C0(S∗H) T (H0,1)
)
oR // C0(H∗ \ M) // 0.

7.2. Continous field of Heisenberg groups and isomorphism. We can thus
construct a bundle of Heisenberg Lie algebras on M the following way: write tHM =
H ⊕ R and define a Lie bracket on each fiber by:

∀X, Y ∈ Hx, [X, Y ] = dxθ(X, Y ).

This defines a bundle of Lie algebras that we can integrate using the Baker-
Campbell-Hausdorff formula on each fiber. We obtain a locally trivial (e.g. in
Darboux coordinates) bundle of groups denoted by THM , with fiber at x ∈ M
given by Heis(Hx, dxθ). The (groupoid) C∗-algebra of THM is then the algebra
of sections, vanishing at infinity, of a locally trivial bundle of C∗-algebras over M ,
with fiber over a point x ∈ M equal to the group C∗-algebra C∗(Heis(Hx, dxθ)). We
can see it as a completion of the algebra of compactly supported smooth sections
Γc(M, THM) with the convolution defined fiberwise using the Heisenberg group
structure.

Like in the group case, we can take on each fiber the kernel of the trivial rep-
resentation of the fiber. Denote by C∗

0 (THM) the corresponding ideal (it is still a
locally trivial bundle of C∗-algebras over M). We have the exact sequence:

0 // C0(M) ⊗ C0(R∗, K) // C∗
0 (THM) // C0(H∗ \ M) // 0.
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Remark 7.4. Here we used the 1-form θ to define the bundle of Heisenberg groups.
We actually don’t need it. We can equivalently set tHM = H ⊕ TM�H and define
the Lie bracket of sections as:

∀X, Y ∈ Γ(M, H), [X, Y ]tH M := [X, Y ] mod Γ(H).

This defines a Lie algebroid structure on tHM (with trivial anchor). This struc-
ture localizes on each fiber, i.e. tHM is a smooth family of Lie algebras over M .
Trivializing the line bundle TM�H gives an isomorphism with the other tHM as
defined previously. In particular this new definition is still valid when the contact
structure is not co-oriented.

We can extend the notion of inhomogeneous dilations to this case. On the vector
bundle H ⊕ R they are of the form δλ = λ ⊕ λ2, λ > 0. These maps preserve the
Lie algebra structure on each fiber and thus lift to maps on THM preserving the
fiberwise group structure (i.e. groupoid automorphisms).

In the co-oriented case, we can globally differentiate between positively indexed
and negatively indexed representations in the spectrum by using the image of the
Reeb field. The Reeb field is the unique vector field Z ∈ X(M) such that θ(X) =
1 and dθ(Z, ·) = 0. This vector field corresponds in each fiber to the element
(0, 1) ∈ Hx × R. If π is one of the infinite dimensional representations of the fiber
Heis(Hx, dxθ) then dπ(Z) = iλ Id, λ 6= 0. We can thus globally distinguish between
positive and negative representations in each fiber by looking at the image of the
Reeb field.

Using this distinction we can again split the C∗-algebra into two parts:

C∗
0 (THM) = I+(H, dθ)

⊕
C0(H∗\M)

I−(H, dθ).

The algebra I±(H, dθ) is the algebra of continuous sections vanishing at infinity of
the field (I±(Hx, dxθ))x∈M . Both of these algebras are stable under the action of
the inhomogeneous dilations.

7.3. Isomorphism on compact contact manifolds. Assume that (M, H) is co-
oriented, and fix a θ ∈ Ω1(M) with ker(θ) = H and dθ symplectic on H. We
also choose a compatible complex structure on (H, dθ) As before we get Toeplitz
algebras T (H1,0), T (H0,1).

We can define the symbols spaces Σm(THM) of Section 6 in a similar way (see
e.g. [9, 21]). They are the smooth sections of the bundles (Σm(Heis(Hx, dxθ)))x∈M

with compact support. Taking the completion Σ(THM) for m = 0 thus gives an
algebra of sections vanishing at infinity.

Even though the constructions in Sections 5 and 6 could be made fiberwise, in
order to get an isomorphism, they would need to be globally defined. In particular,
one would need to work with a global version of the operators ∆± and understand
their behaviour at infinity. To avoid these technicalities, we now restrict ourselves
to M compact.

Remark 7.5. In the non-compact case, write Σb(THM) for the bounded sections of
the bundle (Σ(Heis(Hx, dxθ)))x∈M . This is exactly the multiplier algebra of the al-
gebra Σ(THM) of sections vanishing at infinity of the same bundle. Locally we can
send sections over some open subset U to a section of multipliers of C∗

0 (THM)|U .
One could use this fact get the desired isomorphism in the non-compact case. How-
ever, the images of the shifts were produced using the inverse square-root of ∆±.
It is then not clear that there is a choice of ∆± for which these square-root inverses
would be bounded at infinity.



25

In local Darboux coordinates over a trivializing set U ⊂ M we get a C ∞(U)-
basis of sections of H|U , X1, · · · , Xd, Y1, · · · , Yd. We can moreover choose such
coordinates so that ∀1 ≤ j ≤ d, JXj = Yj . We then have

∀1 ≤ j, k ≤ d, [Xj , Yk] = δj,kZ,

where Z is the globally defined Reeb field (it is globally defined because the contact
structure is co-oriented). On the other hand, the Xj ’s commute between them and
so do the Yj ’s. With these vector fields, we can construct, locally, operators ∆±
with the same formula as on the Heisenberg group. Operators ∆± ∈ Σ2(THM) are
then constructed using partitions of unity.

Remark 7.6. We can view this local construction of ∆± in another way. Choosing
Darboux coordinates is the same thing as choosing a local contactomorphism with
an open subset of the Heisenberg group. We can then take the operators ∆± defined
on the Heisenberg group and pull them back to our coordinate chart.

The same constructions as in Section 6 carry on in this new setting. If X ∈
Γ(M, H1,0) then −iX(∆+)−1/2 ∈ M(I+(H, dθ)). Likewise we have a strongly con-
tinuous family ∆it/2

+ ∈ Mu(I+(H, dθ)) like in Theorem 5.8.
From this, we obtain a map T (H1,0) o R → I+(H, dθ), which restricts over

each point of M to the map defined in Theorem 5.7 between the respective fibers.
Similar arguments give a map T (H0,1) o R → I−(H, dθ). We thus get the same
conclusions as in Section 5 using the fact that these maps realise an isomorphism
fiberwise.

Theorem 7.7. Let M be a compact manifold with contact structure H co-oriented
by θ ∈ Ω1(M) and a fixed complex structure J ∈ End(H) compatible with dθ. Then
there are isomorphisms of C∗-algebras:

T (H1,0) oR ∼−→ I+(H, dθ), T (H0,1) oR ∼−→ I−(H, dθ).

These maps glue to an isomorphism of C∗-algebras:T (H1,0)
⊕

C (S∗H)

T (H0,1)

oR ∼−→ C∗
0 (THM).

All these isomorphisms are R∗
+-equivariant for the dual action on the left hand side

and the inhomogeneous dilations on the right hand side.

Corollary 7.7.1. There is a Morita equivalence:

T (H1,0)
⊕

C (S∗H)

T (H0,1) ∼ C∗
0 (THM) oR∗

+.

Assume now that the contact manifold M is still compact but the contact struc-
ture is not co-oriented. As in Remark 7.3, we can consider a 2-sheet covering
p : M̃ → M such that the pullback H̃ = p∗H on M̃ is co-oriented. Then, we have
a R∗

+-equivariant isomorphism:

C∗
0
(
TH̃M̃

) ∼=

T
(
H̃1,0) ⊕

C (S∗H̃)

T
(
H̃0,1)oR.

Now we have TH̃M̃ ∼= p∗THM , and the action of Z�2Z on M̃ by deck transfor-
mations preserves C∗

0
(
TH̃M̃

)
. The non-trivial deck transformation exchanges the

roles of H̃1,0 and H̃0,1. It also sends the Reeb field to its opposite, hence sends ∆+
to ∆−. Therefore we get:
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Theorem 7.8. Let M be a compact contact manifold with contact structure H.
Let H̃ be the co-oriented contact structure on the 2-sheet covering of M as above.
We fix a contact 1-form θ ∈ Ω1(M) and a compatible complex structure J on H̃.
There is a R∗

+-equivariant isomorphism of C∗-algebras:

C∗
0 (THM) ∼=

T
(
H̃1,0) ⊕

C (S∗H̃)

T
(
H̃0,1)oR

Z�2Z

∼=

T
(
H̃1,0) ⊕

C (S∗H̃)

T
(
H̃0,1)Z�2Z

oR

If the contact structure is co-oriented we can push forward J, θ to M and we recover
the isomorphism of Theorem 7.7. We also get the Morita equivalence:

C∗
0 (THM) oR∗

+ ∼

T
(
H̃1,0) ⊕

C (S∗H̃)

T
(
H̃0,1)Z�2Z
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