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QUANTIZATION ON FILTERED MANIFOLDS
CLOTILDE FERMANIAN-KAMMERER, VERONIQUE FISCHER AND STEVEN FLYNN

ABSTRACT. In this article, we develop a pseudodifferential calculus on a general filtered
manifold M. The symbols are fields of operators o(z, ) parametrised by x € M and the
unitary dual éxM of the osculating Lie group G, M. We define classes of symbols and a lo-
cal quantization formula associated to a local frame adapted to the filtration. We prove that
the collection of operators on M coinciding locally with the quantization of symbols enjoys
the essential properties of a pseudodifferential calculus: composition, adjoint, parametri-
ces, continuity on adapted Sobolev spaces. Moreover, we show that the polyhomogeneous
subcalculus coincides with the calculus constructed by van Erp and Yuncken via groupoids.

CONTENTS

1. Introduction
1.1.  Symbolic pseudodifferential calculus and applications
1.2.  Strategy of the construction
1.3. Important technical ingredients of the proofs
1.4. Organisation of the paper
2. Symbols classes on graded Lie groups
2.1.  Definitions for graded Lie groups and algebras
2.2.  Group Fourier transform on a nilpotent Lie group
2.3. Rockland operators and Sobolev spaces
2.4. Invariant symbol classes
2.5.  Smoothing symbols
2.6. Homogeneous and polyhomogeneous symbol classes
2.7. Difference operators and Leibniz property
2.8. Transformation of symbols by morphisms
3. Filtered manifolds
3.1. Filtered manifolds and their osculating bundles
3.2. Local frames adapted to the filtration
3.3. Geometric exponentiation
3.4. Homogeneous order and principal part of a differential operator
3.5.  Group exponentiation and BCH formula
4. Action of geometric maps on the osculating group
4.1. Higher order terms on graded spaces

1991 Mathematics Subject Classification. 47G30, 43A85, 53C30, 58J40, 35H20, 35A27.

o 0~ O Ot NN

13
16
19
24
26
28
30
31
31
33
35
37
39
41
41

Key words and phrases. Pseudodifferential theory, filtered manifolds and subelliptic operators, microlocal

analysis.
1



4.2. Higher order remainders on filtered manifolds 44

4.3. Composition of geometric exponential mappings 48
5. Symbols classes on filtered manifolds 52
5.1.  The symbols and their convolution kernels 52
5.2. The classes of symbols S™(GM) 59
5.3. Operations on symbols 61
5.4. Spectral multipliers of Rockland symbols 66
5.5.  Homogeneous and polyhomogeneous symbols 71
6. Kernel estimates and related results 76
6.1. Kernel estimates 7
6.2. Kernel estimates and higher order terms 78
6.3. Kernel estimates and perturbed convolution 85
7. The local quantization 86
7.1. Local quantization 86
7.2.  L? boundedness for the local quantization 88
7.3. Independence of the local quantization in the cut-off and the frame 91
8. Symbolic calculus for the local quantization 94
8.1. Amplitudes 94
8.2. Local quantization of amplitudes 101
8.3. The adjoints of locally quantized operators 104
8.4. The composition of locally quantized operators 107
9. Pseudodifferential calculus on M 109
9.1. Pseudodifferential operators on M 109
9.2. Properly supported pseudodifferential operators and composition 114
9.3. Principal Symbol 118
9.4. Parametrices 123
9.5. Local Sobolev spaces 126
9.6. The classical H-calculus 132
9.7.  H-calculus and tangent groupoid 135
Appendix A.  Combinatoric 142
Appendix B. Functional spaces on a vector bundle 144
B.1. Vertical densities on E 144
B.2. Schwartz functions and vertical tempered densities on E 145
B.3. Vertical Schwartz densities 146
References 146

1. INTRODUCTION

1.1. Symbolic pseudodifferential calculus and applications. Starting from about 1960,
the seminal works of Hérmander [47, 48] provided a flexible framework for studying elliptic

operators through pseudodifferential calculi, along with remarkable characterisations and
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properties for hypoellipticity. For the former, many other contemporaneous contributions
also played a significant role in this development, see e.g. [51, 56]. The latter was the mo-
tivation behind the research programme led by Folland and Stein and their collaborators
in the 70’s and 80’s (see eg [39, 40, 60]) on subelliptic operators modelled via nilpotent Lie
groups. Nowadays, the geometric contexts for these ideas are called subRiemannian. The
main method revolved around the construction of parametrices of these operators, and more
generally of algebras of operators adapted to these settings. Usually, the pseudodifferential
calculi constructed then were in effect much closer to algebras of singular integral operators
described via their integral kernels (in a similar spirit, see Melin’s unpublished preprint [53]
and Street’s monographs [62, 63]); indeed, these calculi didn’t use notions of symbols as
in the Riemannian or Euclidean settings for elliptic operators. Furthermore, they were set
on contact manifolds and their generalisations (e.g. Heisenberg manifolds) [7, 28, 53] or on
nilpotent Lie groups [15]. These ideas and methods were further deployed in the 90’s in the
studies of spectral or functional problems of operators such as subLaplacians on stratified
nilpotent Lie groups in harmonic analysis (see the seminal paper [54]).

In the past twenty years, a pseudodifferential theory based on Alain Connes idea of tangent
groupoid [20] emerged from works by Ponge [58] and by van Erp [66] on Heisenberg and
contact manifolds. It was then realised that the context to generalise these considerations
were manifolds equipped with filtrations of the tangent bundle, i.e. filtered manifolds, see
the works of Choi and Ponge [12, 13, 14] and of van Erp and Yuncken [67, 68]. Van Erp and
Yuncken’s results can be considered as the development in the context of filtered manifolds
of Debord and Skandalis” works [24, 25] which provided the first abstract characterisation of
the classical pseudodifferential operators in terms of actions on Connes’ tangent groupoid.
While the class of filtered manifolds contains equiregular subRiemannian manifolds, recent
progress suggests that these ideas can be further generalised to manifolds whose space of
vector fields admits a filtration [3], encompassing also singular subRiemannian manifolds and
quasi-subRiemannian settings. It is worth noting that the latter calculi constructed within
the tangent groupoid framework are included in the more general construction developed by
Street [62, 63].

The pseudodifferential theory via groupoids was devised by Alain Connes around 1990
as a framework to show index theorems. Since then, it has become an efficient tool to
study hypoellipticity and Fredholmness in many contexts. However, at the time of writing,
it does not show the same breadth and depth of applications to PDE’s as Hormander’s
calculus. One reason is that Hormander’s pseudodifferential operators enjoy an explicit
symbolic calculus related to the symplectic structure of the cotangent bundle with an explicit
quantization procedure; this make it flexible to deal with solutions of PDEs and quantum
dynamical problems via classical dynamics. Moreover, Héormander’s calculus allows for (p, 0)-
generalisations and semiclassical calculus including symbolic smoothing operators [35] which
aren’t yet developed with the groupoid approach.

One motivation for this work is to construct a noncommutative counterpart of Hormanders

symbolic pseudodifferential calculus on filtered manifolds, formulated in terms of the natural
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noncommutative cotangent bundle. We show in Section 9.7 that, upon restriction to the
polyhomogeneous subcalculus, it agrees with the construction of van Erp and Yuncken [67,
68]. Moreover, we believe that this approach is as flexible as Hormanders calculus, allowing
for the incorporation of (p, d)-type generalizations and the development of a corresponding
semiclassical pseudodifferential calculus.

In the mean time, the last decades have seen a rising interest of the PDE community for
subelliptic operators [4, 8, 11, 17, 19, 52, 59]. The methods underlying these works have
involved mainly Riemannian tools based on Hormander’s calculus. These tools are very
powerful and are the basis for microlocal and semiclassical analysis with various domains of
applications, see for instance the seminal papers in control theory [6], spectral geometry [16,
69], homogeneisation [42, 64]. However, recent works [4, 17, 59] suggest that they can be
fruitful for subelliptic or subRiemannian problems only in the context of very low-dimensional
contact manifolds. Beyond this, the non-commutativity inherent to subRiemannian and
filtered settings seems to make any semiclassical or microlocal question rapidly intractable
when using the traditional (Riemannian) Hérmander calculus. However, other approaches
for instance via groupoids have recently given impressive results such as the proof in full
generality of the Helffer-Nourrigat conjecture [45, 3]. This reinforces the motivation for the
construction of an adapted symbolic pseudodifferential calculus, with the goal of providing
the tools for dealing with questions from PDEs in subRiemannian and subelliptic contexts.

A notable exception to the literature of the non-symbolic subelliptic pseudodifferential
calculi of the late twentieth century is Taylor’s monograph [65]: he proposed to define pseu-
dodifferential operators symbolically using the operator-valued group Fourier transform, fo-
cusing mainly on the Heisenberg group (see also [5]). Using also this group Fourier transform
together with many tools and methods from harmonic analysis (singular integral theory and
spectral properties of subLaplacians), the recent monograph [37] laid the foundations of a
symbolic and global pseudodifferential calculus on any graded nilpotent Lie group. We call
these pseudodifferential calculi noncommutative because, unlike Hormander’s, their symbols
do not commute.

The pseudodifferential calculus in [37] has allowed for results similar to the problems
mentioned above in the Euclidean or Riemannian settings. For instance, the article [30]
proves a div-curl Lemma in the context of nilpotent graded Lie groups, in the same spirit
as the Euclidean work [42]. The article [32] emphasises invariance properties of quantum
limits while [33] deals with spectral geometry for subLaplacians on 2-step nilmanifolds. The
article [34] is a control result. These applications underscore the relevance of the non-
commutative analogue of the cotangent bundle arising from the group Fourier transform.
It also highlights the necessity of incorporating smoothing symbols when high-frequency
phenomena appear and semiclassical analysis becomes essential. Motivated by these consid-
erations, we follow the framework developed in [37] to construct a noncommutative symbolic
pseudodifferential calculus in the more geometric context of filtered manifolds. Our study

further establishes the construction of parametrices for symbols which are invertible at high
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frequency (Rockland-type conditions). We also introduce corresponding Sobolev spaces of
arbitrary real order.

1.2. Strategy of the construction. Let us sketch now our strategy - the rigorous defini-
tions of the objects involved and their subsequent analysis will be done later in the core of
the paper. The readers will find in Section 1.4 information about where to find definitions
and statements about each of the items mentioned here.

To the filtered manifold M, we associate its osculating Lie group GM and osculating Lie
algebra bundles gM. The symbols we introduce are fields of operators

o={o(@n): xeM, e G,M}

with o(z,7) densely defined on the space of the representation 7. The noncommutative
analogue to the cotangent bundle

GM = {(x,m): x€ M, € @M},

parametrises our symbols. We define symbol classes, as well as a local quantization asso-
ciating an operator to one of these symbols. This local quantization uses the geometric
exponentiation of vector fields and allows for the identification of a point y near z € M as
Y= exp?rg v, v € R™, once a convenient frame X has been chosen and T, M identified with R".
This exponential map has to be considered in contrast with the exponential map Exp’: of
the group G,M. The upper index X recalls that all these objects depend on a chosen frame,
and the identifications it induces.

More technically, we associate to a symbol ¢ an operator defined via the following local
quantization. Given a local frame X on an open set U adapted to the filtration of M and a
cut-off function y, the operator acts on f € C°(M) by

(1.1) Op™X(o) f(z) :== /eR" K (V) (Xof)(expi(—v)dv, z € U.

In this definition, the distribution x* is called the convolution kernel associated with o in the
X-coordinates and corresponds to the group Fourier transform inverse of ¢ in the following
sense:

olx,m) = /n K2 (v)m(BExpiv)*dv.

We define symbol classes Sm(éM ), m € R, on which the local quantization process (1.1)
makes sense. Moreover, the resulting operators enjoy symbolic properties for composition
and adjoint amongst others. Ensuring that these objects are rigorously and intrinsically
defined poses many regularity questions. In particular, the convolution kernels % (v) display
singularity in v = 0 and the operator in (1.1) is of Calderon-Zygmund’s type. This is the
main difficulty of the work and it highly relies on previous works on nilpotent Lie groups of
the second author [37].

The passage from the local quantization in (1.1) to a global calculus follows classical lines
[46, 70]. We define pseudodifferential operators as being locally described by the local quanti-

zation defined above. We show that they are described equivalently by a global quantization
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on M of our symbols via adapted atlases up to smoothing operators. To sum-up, we obtain
classes of operators

U (M) := U, ¥"(M),
which forms a pseudodifferential calculus in the sense that it satisfies:

(1) The continuous inclusions W™ (M) C W™ (M) hold for any m < m'.

(2) U*°(M) is an algebra of operators. Furthermore if 7} € V"™ (M), T, € V™ (M),
then TyTy, € W™ ™2()[) and the composition is continuous as a map ¥ (M) x
Um2(M) — wmatm2 (M),

(3) (M) is stable under taking the adjoint. Furthermore if 7" € U™ (M) then T €
U™(M), and taking the adjoint is continuous as a map V™ (M) — W™ (M).

The calculus also makes it possible to construct parametrices and to introduce local Sobolev
spaces L2, (M), s € R, on which the pseudodifferential operators act in the following

s,loc

way: if T € W™(M), then T € L(LZ,,,1,.(M), L, (M)). We will also show that its
polyhomogeneous subcalculus coincides with the calculus developed by van Erp and Yuncken
(67, 68].

The construction of this pseudodifferential calculus paves the way for new approaches to
the study of PDEs on filtered manifolds. These include the analysis of the propagation
of singularities and the investigation of compactness defects for square-integrable families
on M, among other applications. A development in this direction is presented in [10], where
the calculus introduced therein provides an alternative proof of the quantum ergodicity
result established on three-dimensional contact manifolds in [17], while also extending it to
higher-dimensional contact manifolds endowed with a compatible complex structure. The
overarching motivation of our work lies in spectral geometry on filtered manifolds, including
contact, quasi-contact, and Engel manifolds, with particular emphasis on conditions ensuring
the quantum ergodicity of sub-Laplacians or more general subelliptic operators, and on the
geometric interpretation of the coefficients appearing in the Weyl trace formula.

1.3. Important technical ingredients of the proofs. The strategies behind the proofs
of properties such as L?-boundedness, composition and adjoint follow established lines in
pseudodifferential theory, see e.g. [2, 37, 61]. However, their implementations in the case of
filtered manifolds are technically highly challenging.

In the Riemannian case, pseudodifferential operators on manifolds are defined as being
described through coordinates patches as pseudodifferential operators on R™. This cannot
be the case on a filtered manifold, as natural coordinates do not exist - although privileged
ones have been studied [1, 9, 13, 14] since the inception of subRiemannian geometry. This
is a fundamental obstacle that we overcome with the method of moving frames: the time-1
flow of vector fields allows us to define the exponential map exp® with respect to a given
local frame X. This map can be compared with the bisubmersions of [3].

A crucial milestone in this paper is the analysis of the composition of the exponential map
exp® with respect to a local frame X adapted to the filtration. As expected from ideas dating

back from the work of Nagel, Stein and Wainger in [55], we show that this composition is
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connected to the osculating group structure. However, in order to describe precisely this
connection, we introduce a new technical concept of algebraic nature, namely terms that we
call higher order. This concept is also useful in other situations, for instance to compare
the product laws of two osculating groups G, M and G,M above two points x,y € M close
enough, or to describe the effect of changing adapted frames in exponential maps.

As can be anticipated from the group case [37], our proofs of the calculus properties rely
fundamentally on the analysis of the integral kernels of the operators through the convolution
kernels xk* of their symbols. Introducing the notion of amplitudes corresponding to our
symbols separates steps in the proofs for composition and adjoint. It is remarkable that our
analysis of the impact of the geometric setting then boils down to understanding the two
following situations:

(1) perturbing the variable of a convolution kernel x* with a term of higher order,
(2) perturbing the group convolution of two convolution kernels with another function.

1.4. Organisation of the paper. The paper is structured linearly. In Section 2, we recall
results about symbol classes on graded Lie groups that will be useful for constructing the
symbol classes Sm(G\M ), m € M. In particular, we revisit standard estimates in this setting
with a special concern with the constants. Indeed, the symbol o(z,-) will be related with
the nilpotent graded group @:CM , which depends on z € M. It is thus important to analyse
how constants depend on the gradation of the group, the filtration of the Lie algebra g, M
above each point x € M, and on its Lie structure, i.e. the norm of the Lie bracket [-, |4, u,
viewed as a bilinear form on g, M.

Section 3 recalls definitions about filtered manifolds and Section 4 focuses on the second
crucial tool of our analysis, namely the geometric exponential map exp®. It is here that we
use the notion of higher order to study the composition of exponential map.

With all these tools in hands, we define the symbol classes Sm(@M ), m € R, in Sec-
tion 5, we study their properties and give examples. A special attention is devoted to kernel
estimates in Section 6 and to the analysis of convolution kernels obtained by the two per-
turbations mentioned at the end of Section 1.3. The results in Section 6 are used when
quantizing the symbols for studying their actions on smooth functions on M, or on elements
of L?(M) (for symbols of non-positive order), and for proving properties of symbolic calculus.

The local quantization is presented in Section 7, where we also study the boundedness
on L?(M) of local pseudodifferential operators of order 0 and the dependence of the local
quantization with respect to the frame X and the cut-off function y. Theorems establishing
the symbolic calculus are proved in Section 8: determination of the symbol of the adjoint
of a pseudodifferential operator, and of the composition of two pseudodifferential operators.
These results are obtained by an approach based on amplitudes, in a classical manner for
pseudodifferential calculus, adapted to filtered manifolds.

The concept of local quantization allows us to define a pseudodifferential calculus on
the manifold M in Section 9. It comprises operators that are locally given as the local

quantization of a symbol, or that are smoothing (i.e. have a smooth integral kernel). In this
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section, we also analyse the characterisation of these pseudodifferential operators in terms
of atlases, and introduce the adapted hierarchy of local Sobolev spaces. Finally, we conclude
our study with the analysis of the links between the calculus we have constructed and van
Erp and Yuncken’s [67, 68].
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remarks and comments during the preparation of this text. They are also grateful to the
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2. SYMBOLS CLASSES ON GRADED LIE GROUPS

In this section, we recall the definitions for the objects appearing in the analysis on graded
Lie groups and the natural symbol classes in this context. This gives us the opportunities
to introduce the notation used throughout the paper. In addition, we present their main
properties, paying a special attention to how estimates depend on the group structure and
the gradation. The material essentially follows [37], see also [39, 41] and [29].

2.1. Definitions for graded Lie groups and algebras. Here we recall some definitions

and set some notation for the rest of the paper. References for this material include [37] and
[41].

2.1.1. Graded Lie algebra.

Definition 2.1. The (finite dimensional real) vector space V admits the gradation by the
sequence of vector subspaces V;, j €N, when V=V, @& ... & V; D ...

In the above definition, as V) is finite dimensional, all but a finite number of the V;’s
are {0}. Continuing with the setting of this definition, we define the linear map

A: V=YV via A(w)=jv, veV;and j €N,

and the linear maps

=1
d, = Exp((lnr)A ZH ((Inr)A r >0,
k=0

or, in other words, the linear maps given via §,v = v, v € V; and r > 0.

Definition 2.2. Let V = &32,V; be a graded finite dimensional space.

(1) The maps 6,, r > 0, defined above are called the dilations of the graded vector

space V.
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(2) The eigenvalues of the map A defined above are called the weights of the dilations;
they are the integers j € N such that V; # {0}. A basis of V made up of eigenvectors
for A is called an adapted basis.

By convention, if V is an adapted basis, we will always assume that they are
indexed so that the weights are increasing, that is, V.= (V4,...,V},) satisfies

AV, =v;V;, i=1,...,n=dimV, with 0< v <...<w,.

(3) The number of distinct v;, j > 1, is called the step of the gradation.
(4) The homogeneous dimension of the gradation is given by

Q=) jdimV;=v;+... 4 v,
j=1

(5) A function f : ¥V — C is m-homogeneous with respect to the J,-dilations when
f(6,v) =r™f(v) for all v € ¥V and r > 0. This extends to measurable functions and
distributions on V. A differential operator 7" on V is m-homogeneous with respect
to the d,-dilations when T'(f 0 6,.) = r™(T'f) o 6, for all f € C°(V) and r > 0. This
also extends to more general linear operators, e.g. T : S(V) — S'(V) etc.

(6) A quasinorm on V is a continuous map |- | : V — [0, +00) that is symmetric, definite
and 1-homogeneous with respect to the d,-dilations, i.e. we have for any v € ¥V and
r>0:

| —vl=[20, |o|=0=0v=0 [6v]=rlv]

Ezample 2.3. If V. = (V4,...,V,) is an adapted basis of the graded vector space V, then
fixing a > 0, the following defines a quasinorm.

n 1/a n
ol = (Zmra/vi> R
=1

=1

Remark 2.4. Any two quasinorms |- | and |-|" on the same graded space V are equivalent in
the sense that
C >0, Ywe, C | < o] < Cvl.

Definition 2.5. A (real and finite dimensional) Lie algebra g is graded when the vector
space g admits a gradation g = ®32,g; satisfying

[9i,9,] C gir; foralli,j € Ny,
with the convention that gy = {0} is trivial.

We readily check that a Lie algebra admitting a gradation is graded if and only if the
dilations d,., r > 0, are morphisms of the Lie algebra g.

Remark 2.6. If a Lie algebra is graded, then it is nilpotent and the step of the Lie algebra,
i.e. its degree of nilpotency for the Lie bracket, is less or equal to the step of the gradation,

(the number of distinct v;).
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The dilations extend naturally to its universal enveloping Lie algebra % (g). Keeping the
same notation for the resulting maps

ot U (9) — % (g), r>0,

these maps are morphisms of the algebra % (g). They allow us to define a notion of homo-
geneity in the universal enveloping Lie algebra: an element 7' € % (g) is homogeneous of
degree v when 6,7 = rT for any r > 0.

Notation 2.7. The subspace of % (g) comprised of elements of homogeneous degree equal to
v is denoted by %, (g).

IfV=(Vy,...,V,) is an adapted basis of g, then %y consists of all the linear combination
of

Ve =V v, a=(a,...,a,) € Ny,
with [a] = N, where
[a] == ajv1 + ... + aUy.

Above, we have adopted the convention V° = 1 for o = 0.

2.1.2. Graded Lie groups. Recall that there is a one-to-one correspondence between nilpotent
Lie algebras and connected simply connected nilpotent Lie groups. This leads to the following
definition:

Definition 2.8. A connected simply connected Lie group is graded when its Lie algebra is
graded.

Any graded Lie group is therefore nilpotent. By convention, in this paper, all the nilpotent
Lie groups are assumed to be connected and simply connected. The exponential mapping

Exps:9— G

of a nilpotent Lie group GG with Lie algebra g is a bijection and furthermore a global diffeo-
morphism. This allows us to define the dilations on a graded Lie group:

Definition 2.9. The dilations of a graded Lie group G are the mappings defined via
o : G — G, 0, ExpsV = Exps(6,V), Veg, r>0.

The dilations of a graded Lie group are morphisms of the Lie group. With the exponential
mapping Exp, and a choice of adapted basis on the graded Lie algebra g, it is possible to
identify the spaces of functions on G with spaces of functions on the vector space underlying g.
The dilations then lead naturally to the notion of homogeneity of a function on G and
operators acting on functional spaces on G as in Definition 2.2.

Ezample 2.10. If V. = (V4,...,V,) is an adapted basis of the graded Lie algebra g, then
identifying elements of g with left-invariant vector fields, the differential operators Vj, j =
1,...,n, and more generally the differential operators V¢ = V|*' ... V% are homogeneous

for the dilations d,, » > 0, with respective degrees v; and [a]. We can also consider the
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right-invariant vector fields Vj, J = 1,...,n, associated with V, and more generally the
corresponding right-invariant differential operator V¢, which will also be [a]-homogeneous.

Notation 2.11. If T € % (g), we may use the same notation for the corresponding left-
invariant differential operator, and we denote by T the corresponding right-invariant differ-
ential operator. We will use this notation throughout this article.

In all this section, we are concerned with the dependence of constants with respect to the
structure of the graded group, in particular its gradation and its Lie structure. We consider
the structural constant ||[,]||v defined as follows: If T': ¥V x V — V is a map and V a basis
of V, we set

1<i,5,k<

ITlly = max |Tgsl  where  T(Vi,Vy) = Tosuli
k=1

This defines a norm on the space of bilinear maps V x V — V. And ||[-, -|4||v denotes taking
this norm for the Lie bracket [-,-|; of g which is a bilinear map V x V — V. Most of the
constants we will see below depends on the Lie structure only via this structural constant

1T 1l

2.1.3. Baker-Campbel-Hausdorff formula. We will describe the law of the group in coordi-
nates via the Baker-Campbel-Hausdorff formula, abbreviated here to BCH, the exponential
mapping Exp and a choice of a basis V = (Vj,...,V,) of g adapted to the gradation.

The BCH formal writes: if a and b are two non-commutative indeterminates, we have in
the sense of formal power series of a and b that e®e’ = e¢ where

(2.1) c= iﬂ !

————— (ada)™ (ad b)ﬂl ... (ada)™ (ad b)ﬁfrl b.
k=1 @ +Bi#0 a!flla+ f

When £, = 0, the term should be modified so that the last factor is (ad a)o"“_l a. Above, ada
denotes the commutator with a, i.e. ada(f) = af — fa, and similarly for b. In particular,
BCH describes, on the one hand, the group product of a nilpotent Lie group (aka Dynkin
formula, via the group exponential after a choice of a basis of the Lie algebra) and, on the
other hand, the composition of flows of vector fields (see the appendix of [55]). We will use
the BCH formula in various ways later on for Theorem 4.13.

Notation 2.12. The truncated BCH formula with a sum with |a| + || < N is denoted by:

BCHy(a,b)

_y U ! da)™ (adb)™ ... (ada)™ (adb)™ b

_;7 Z m(a a) (a, ) (a a,) (a ) .
= i +B:i#0, |al+|BI<N

Various noncommutative setting may be used for the BCH formula, and we may write

BCHy (a, b;ad) to specify which commutator structure ad is used.
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2.1.4. Quasinorms and Taylor formula. Quasinorms were defined on graded vector space
in Definition 2.2, and in particular on graded Lie algebra. Using the exponential mapping
Expg, we may identify the quasinorms on a graded group G' and on its Lie algebra g. Then
a quasinorm | - | on G satisfies the triangle inequality up to a constant:

(2.2) IC>0  VryeG |yl < O]+ |yl).

Ezample 2.13. We define |z|y = |Expg' - |o.v with V an adapted basis, | - |,y defined in
Example 2.3 and a = 2M, where M, is a common multiple of the weights vy,...,v,, the
least one to fix the idea. Then |- |y is a quasinorm defined on G.

Notation 2.14. We call the quasinorm ||y of Example 2.13 the standard quasinorm associated
to V. Tt is smooth away from 0 and | - |5 is smooth, even at 0. We will use this notation

all along the article.

Remark 2.15. In the triangle inequality (2.2) for the quasinorm |- |y associated to V of
Example 2.13, we can choose the constant C' so that it is an increasing function of ||[,]4|v
depending on the gradation of g and on the choice of adapted basis V, but otherwise not
on the Lie structure, i.e. the full description of the Lie bracket [-,:]; : g x g — g (up to
isomorphism of Lie algebras).

Using the exponential mapping Exp, and a fixed basis V = (V,...,V,) of g adapted to
the gradation, we will often identify a point « in G with the coordinates of Expg'z in g with
respect to V. As already mentioned, having fixed an adapted basis V, we set

r = Expg(t;Vi + ...+ 2,V,) € G.

A function on G can then be realized as a function of the variables (zq,---,x,) € R™. For
example, the monomials with respect to V are defined as follows:

Example 2.16. Having fixed an adapted basis V, we set

=t atn r=Expg(t:Vi+...+2,V,) € G, a=(ag,...,a,) €Ny.

n

The functions 2%, o € Njj are called the monomials with respect to X. The monomial ¢ is
[a]-homogeneous for the dilations d,, r > 0.

Our analysis will require Taylor estimates adapted to graded groups and due to Folland
and Stein [41], see also Theorem 3.1.51 in [37].

Theorem 2.17. Let G be a graded Lie group. We fiz a basis V of g adapted to the gradation
and a quasinorm | - | on G.

(1) Mean value theorem. There exists Cy > 0 and n > 1 such that for any f € CY(G)
we have

Voy € G, |fxy) = f@)] <Co Yyl Sup [(Vif)(zz)].
j=1 z|<nly
12



(2) Taylor estimate. More generally, with the constant n of point (1), for any N € Ny,
there exists Cy > 0 such that for any f € C™NI(G) we have

Vo,y € G, [f(ay) —Paran@)| <Cyv > [yl sup  [(VOf)(az)].
la|<[N]+1 2| <nNI+1]y|
[a]>N
Above, [N| denotes max{|a| : o € Nj with [a] < N} and Pg . n denotes the
Taylor polynomial of f at x of order N for the graded group G, i.e. the unique linear
combination of monomials of homogeneous degree < N satisfying VPPg . n(0) =

VA f(x) for any B € NI with [B] < N.

Remark 2.18. If we choose the quasinorm |- | = |- |y associated with V of Example 2.13, the
constants 7 and C'y can be chosen so that they are increasing functions of ||[, |||v depending
on the gradation of g and on the choice of adapted basis V, but otherwise not on the Lie
structure.

In the sequel it will be useful to describe the differentiation of the composition of functions.
We denote by *¢ the law of the group G and, once given a basis V of g adapted to the
gradation, we identify G with R™.

Lemma 2.19. Let G,G" be two graded Lie groups. We fix a basis V (resp. V') of g (resp.
of ¢') adapted to the gradation. If f : G’ — R and g : G — G’ are smooth, then with the
convention above,

dim G’

Vi(fog)(v)= Y he(v) V/f(g(v)), where ho(v) := = [(—9(v)) *cr g(v %G te;)], -

Above (e, ..., eqma) denotes the canonical basis of RY™E  and [v'], the coefficient of V' €
RdimG"

Proof of Lemma 2.19. This follows readily from writing

Vi(f o g)(v) = Oi=o (f(9(v *c tej)))
= Oi—of (9(v) *ar ((—g(v)) *cr g(v *c te;)))

= 3" 90 [(—9(v) *er 9(v *a te;)], Viflg(v)),
]

2.2. Group Fourier transform on a nilpotent Lie group. Let G be a nilpotent Lie
group. Any representation (7, H,) of G we consider in this paper is assumed to be unitary,

strongly continuous and its Hilbert space H, separable. We follow [26, 37].
13



2.2.1. Definition on L'(G). We fix a Haar measure dx on G. The group Fourier transform
of a function xk € L'(G) at a representation 7 of G is the operator

/ k(z)m(x)*dx € £ (H,),
G

denoted by

Fok(m) = kK(m) = (k)
Note that if m; and 7y are equivalent, i.e. Um; = moU for some unitary map U between their
Hilbert spaces, then UFgr(m) = Fak(ma)U. Therefore, we may consider the group Fourier
transform of k € L'(G) at the equivalence class of the representation 7 of G.

The wunitary dual G is the set of irreducible representations of G modulo equivalence
equipped with the hull kernel topology. It is a standard Borel set and the group Fourier
transform of x € L'(G) may be viewed as the measurable field of equivalence classes of
bounded operators

Faor = {r(k) € L(H,), 7 € G}.
We denote by 15 (the class of) the trivial representation of G.
Note that

23)  Foll)oFolo) = Flove ) axa = [ o) ey = [ glar™) 1wy
G
2.2.2. Eaxtension to L*(G). There exists a measure p5 on @G such that

vf e LY(G) N L*(G), /Glf($)|2dfv = /@ 17 () rs e A (7).

where ||-|| gs(x.,) denotes the Hilbert-Schmidt norm on H; the measure p5 is unique once the
Haar measure dr = pg has been fixed. The measure 5 and the above formula are called the
Plancherel measure and the Plancherel formula (see [21, 50] or [26, 27] for abstract version
of Plancherel theorem in a general context).

We denote by L2(@) the Hilbert space of measurable fields of Hilbert-Schmidt operators
{o(r) : Hr — H, Hilbert-Schmidt} (up to pg-a.e. equivalence and unitary equivalence)

such that the following quantity is finite

o]l 2@ = \//a o 1530,y A ().

This allows for a unitary extension of the group Fourier transform Fg : L2(G) — L*(G).

2.2.3. FEaxtension to distributions, the set of bounded invariant symbols. We start with defin-
ing the set of bounded invariant symbols L>(G):

Definition 2.20. A bounded invariant symbol of G is a measurable field of equivalence
classes of bounded operators 0 = {o(7) € Z(H,) : @ € G} on G such that the following
quantity is finite

o]l e (&) = sup [lo(7) L2(tr)-

TelG
14



The supremum above is understood as the essential supremum with respect to the Plancherel
measure /5 and the notion of measurable fields of bounded operators is up to pgz-a.e. equiv-
alence and unitary equivalence. The space of bounded invariant symbols of G is denoted by

L>(G).

Note that differing from [37] and related papers, the symbols ¢ in this section are invariant
in the sense that they do not depend on x € G.

We check readily
Ve € ING), T8l @) < I8l so Fa(L'(G)) € L®(G).

However, there are many other bounded invariant symbols. In fact, it follows from Dixmier’s

full Plancherel theorem [26, §18] that L>(G) is a von Neumann algebra (sometimes called
the von Neumann algebra of the group) isomorphic to the subspace

Z(L%(G))"

of bounded operators on L?(G) that commutes with left-translation of the group. Indeed,
if 0 € Loo(é), then it is straightforward to check that the Fourier multiplier defined via
[ Fi'(of) is in Z(L*(G))Y and its symbol is 0. Conversely, if T € Z(L*(G))C, there
exists a unique bounded invariant symbol T € L*(G) such that Fg(Tf) = Tf for any
f € L*(G). Moreover ||T| (g = 1Tl 2(z2(c))-

From the Schwartz kernel theorem, it follows that if T' € £ (L*(G))Y, there exists a unique
distribution xk € §'(G) such that T'f = fxg k for any f € S(G). The distribution & is called
the (right) convolution kernel of T'. We set Fgk = T and we check easily that this extends

the group Fourier transform to

K(G):={k €S (Q): (f— fxar) € L(L*(Q))},

~

and that Fg : K — L*(G) is injective, hence bijective. We readily check the following
property:

Lemma 2.21. Let 6 be an automorphism of the nilpotent Lie group G. We keep the same
notation for the corresponding automorphism of its Lie algebra g. The Jacobian determinant

of 0 on G is then constant and equal to detf. For any T € L (L*(G))Y, the operator Ty
defined by

Tyf = (T(fo07")) o0
is in L (L*(G)) with
1Tl 222c)) = 1Tl 2(12(6))-
Moreover, denoting by k and o the convolution kernel and symbol of T, the convolution kernel
and symbol of Ty are given by
ko = (det@) ko and O.0(r)=0c(rob "), weq,

with [|6x0| oo @y = o1l oo @)-
15



2.2.4. Invariant symbols.

Definition 2.22. An invariant symbol o on G is a measurable field of operators o = {o(7) :
HI>® — H_>®° : 1 € G} over G. Here, H > and H_ > denote the spaces of smooth and
distributional vectors in H.,.

We identify the Lie algebra g of G with the space of real left-invariant vector fields on G
and the universal enveloping Lie algebra % (g) with the space of left-invariant differential
operators on GG. If 7 is a representation of GG, we keep the same notation for the corresponding
representations of g and % (g).

Ezample 2.23. For any T € % (g), T = {n(T),m € @} is an invariant symbol. In fact, each
7(T) acts on HI > and, by duality, on H_*.

Remark 2.24. With this general definition, two invariant symbols may not be composable,
although an invariant symbol can always be composed (on the right and on the left) with T,

Teu(g).

In Section 2.4 below, we will restrict ourselves to smaller subspaces of invariant symbols
which will contain {7 (T), 7 € G}, T € % (g). To define these subspaces, we will consider
the Sobolev spaces on G whose definition is recalled in Section 2.3.1 below. This relies on
the notion of Rockland operator recalled in Section 2.3 and on the graded Lie structure of
the group G while the theory recalled above in Sections 2.2.1, 2.2.2 and 2.2.3 only requires
G to be a locally compact unimodular group G of type 1.

2.3. Rockland operators and Sobolev spaces. As in [37], we adopt the following con-
ventions:

Definition 2.25. A left-invariant differential operator R € % (g) on G is Rockland when it
is homogeneous and for any 7 € G'\ {15}, 7(R) is injective on HZ°.
It is positive when

Ve S(G), /(;Rf(x)mdxzo.

Ezxample 2.26. A positive Rockland operator always exists, for instance

My

M, —=0
(2.4) R=S -1V, 7,
J
having fixed a basis V = (V4,...,V,) adapted to the gradation and a multiple M, of the
resulting weights vq,...,v,. Its homogeneous degree is 2M,. For M, the least common
multiple of the weights v, ..., v,, we denote by Ry the resulting positive Rockland operator.

The Helffer-Nourrigat theorem [44] states that a Rockland operator is hypoelliptic (this
result valid on graded groups was further investigated on manifolds by the same authors in
[45] in the 80’s, leading to the Helffer-Nourrigat conjecture proved recently in [3]). Moreover,

if R is symmetric, then R and 7(R) for any 7 € G are essentially self-adjoint on S(G) C
16



L*(G) and H® C H, respectively; we keep the same notation for their self-adjoint extensions.
Denoting by Er and Er(z) the spectral resolutions of R and 7(R),

(2.5) ie. R = / AdER(N) and 7(R)= / ANdEr)(N),
R R

then for any interval I C R, we have
Fa(Er(I)) = {Exry(I), 7 € G},

or in other words
VfeS(G), Fa(Er(I)f) = Exry(I)Faf.

The spectral resolutions of R and 7(R) allows us to consider spectral multipliers in these
operators.

If in addition of being Rockland, R is positive then m(R) is also positive. In fact, there
is an equivalence between R being positive and 7(R) positive for any 7 € G. In this case,
for each 7 € G \ {15}, the operator m(R) has a discrete spectrum in (0,+o00) and each
eigenvalue has finite multiplicity [49].

2.3.1. Inhomogeneous Sobolev spaces L?(G) on G. For any s € R and R a positive Rockland
operator of homogeneous degree v, the domain of the spectral multiplier (I + R)® contains
S(G), and 7(1+ R)*, ™ € G, acts on Hy* and on H,; . We denote by L2 (G) on G the
closure of S(G) in §'(G) for the norm

1llz2@)= = 1T+ R fllzc)-

Proposition 2.27. The spaces LiR(G) enjoy the following properties:

(1) Each L2 x(G) is a Hilbert space and for s =0, L§ r(G) = L*(G).
(2) For any s1 > s,, we have the continuous inclusions L2 (G) C L2, »(G).
(3) The following interpolation property holds

17122 ) < 1152 @ IF11E", )

forte (s,u) with s <u andt=60s+ (1 —0)u, 6 € (0,1).

(4) The spaces L? 5 (G) and L* _5(G) are dual to each other.

(5) If V is a basis of g adapted to the gradation and s € N is a common multiple of the
weights of the gradation, then L?(G) is the space of f € L*(G) such that V*f €
L*(GQ) for any multi-inder o with [o] = s. Furthermore, a norm equivalent to the
norm || - ||L2(e),= 5 given by

f = f ez + Y IV il

[a]=s

(6) If Ry and Ry are two positive Rockland operators, then for any s € R,

1C = Cs,G,R1,R2 > 0, Vf € S(G)7 ||f||L§(G)7R1 < CHf”LE(G),Rz'
17



(7) Sobolev embedding. For s > Q/2 the inclusion L2 C Cy(G) is continuous; here
Cy(G) is the Banach space of continuous bounded function on G equipped with the
norm || - || e (c)-

It follows from Proposition 2.27 that for each s € R, the space L2 (G) is independent
of R or V, and all the norms || f||z2(¢) & for various R are equivalent. Moreover, L? (G)
depends only on s € R and on the connected simply connected nilpotent Lie group G. We
then omit the index R to denote the space by L?(G). This space is called the Sobolev space
on G.

We can be more precise about the constant in Proposition 2.27 (6):

Remark 2.28. Assume that the gradation of the vector space underlying g as well as an
adapted basis V are fixed. Then, the constant C' may be chosen as

C = C(max(s, ||[, Jgllv, Cv(R1), Cv(R2))),

where C : [0,00) — (0, 00) is an increasing function, and the constants Cy(R;), i = 1,2, are
defined as follows: let R be a positive Rockland operator on GG, then it can be written as R =
2 (a)=v CaV* (here v is the homogeneous degree of R), and we set Cy(R) := max(a)= [cal.

2.3.2. Further extensions of the group Fourier transform. We set
Kap(G) :i=1{r € S'"(Q),(f = fxcr) € L(LA(Q), L}(G))}.

Fixing a positive Rockland operator R of homogeneous degree v, if o is an invariant symbol,
then so is the symbol

I+ R o1+ R)~ = {(I+ x(R)" o(x)1+7(R))" : 7 e G}.
We then define the following subspace of invariant symbols
o€ L2%(G) if and only if (I+R)""o (I+R)™" € L®(G).
Equipped with the norm
(2.6) HU”Lg?b(é),R = I+ ﬁ)b/ya I+ 7/é)ia/VHLoo(@)y

it is a Banach space, isomorphic and isometric to the subspace of left-invariant operators
in Z(L%(G),L}(G)). The properties of Rockland operators (see Proposition 2.27) imply
that Lzob(é') is independent of the choice of a positive Rockland operator R. Moreover, the
Schwartz kernel theorem allows us to extend the group Fourier transform into a bijection

Fa i Kap(G) — L35(G) (see Proposition 5.1.29 in [37]).

2.3.3. Homogeneous Sobolev spaces. For any s € R and any positive Rockland operator R
of homogeneous degree v, the map

F= IR flla == 1l iz
defines a norm on S(G)Ndom(R*/¥). Moreover (see [37, Section 4.4]), if R; and R, are two

positive Rockland operators, we obtain as in Proposition 2.27 (6),

0 =Cigrir, >0, VFESG),  |fllizer < Cllfllize R,
18



with a similar remark as in Remark 2.28 regarding the constant C' above. Therefore, the
subspace of tempered distributions obtained as the completion of S(G) N dom(R**) for
the norm || - [|;2) % is independent of a choice of a positive Rockland operator R. It is

called the homogeneous Sobolev subspace L2(G). Moreover [37, Section 4.4], the inclusion
L2(G) c 8'(G) is continuous. In the case when s € N is a common multiple of the weights
of the gradation, fixing a basis V of g adapted to the gradation, L2(G) contains S(G) and is
the closure of S(G) in S'(G) for f =37, [V*fllr2c)-

2.4. Invariant symbol classes.
2.4.1. Definitions. We start with the definition of difference operators:

Definition 2.29. Let ¢ € C*°(G) and let o be an invariant symbol on G. We say that o
is A,-differentiable when o € L5(G) and ¢F;'o € K. q(G) for some a,b,c,d € R. In this
case, we set

Ao = FalqFglo).
We can now define our classes of symbols.

Definition 2.30. An invariant symbol ¢ on G is of order m if o € Lgf’_m(@) and moreover,

~

JAWNL S LS?—m—i—[a](G) for any indices a € N .

In the above definition, the x*’s are the monomials defined with respect to a basis V
adapted to the gradation (see Example 2.16). It is independent of the choice of adapted
basis V.

Notation 2.31. We denote by Sm(é) the space of invariant symbols on G of order m.

~

The space S™(G) is naturally equipped with a Fréchet structure given by the semi-norms

(2.7) ||U”sm(é),N,V,R = ||<7H5m(é),1v,72 = [g]l(g)]f, ||A5E°‘O-||L8?7m+[a](@),72

[a]—m
Z[g]l‘;t;@H(HR) v Dgeo || e

with N € Ny, having fixed a positive Rockland operator R on G (of homogeneous order v)
and the Haar measure induced by V. With a Haar measure fixed, the distribution s :=
Fglo € 8'(G) is called the convolution kernel of .

Ezample 2.32. If V is an adapted basis of g, then for any o € N, the symbol
V* = {r(V)*, 7 € G}
is in S1(G).

We have the continuous inclusions:

(2.8) mi < me = S™(G) C §™2(G).
Moreover, the properties of interpolation of Sobolev spaces imply natural properties of in-

terpolation for the space S™(G).
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2.4.2. Symbolic properties. At the symbolic level, the symbol classes form a x-algebra:

Theorem 2.33. Assume that an adapted basis V of g has been fixed.

~

(1) If o € S™(G), then Ageo € LT 11, for any a € Nj and v € R. Moreover, the

~

following map is a continuous semi-norm on S™(G):
o +— max ||Ageo]; . N eN cR.
[a]<N 12 ||Lm—m+[a1+~y(G)7R’ 0, 7

(2) The composition and adjoint maps

Sm(G) x S™2(G) —  Smtme (@) nd Sm(G) — S™(G)
(01,02) —> 0109 o — oF

Y

are continuous. Moreover, denoting by k1, ko the convolution kernels of o1, 09, their
convolution product ko xg k1 makes sense and is the convolution kernel of o109. De-
noting by k the convolution kernel of o, then the convolution kernel of o* is given by
v k().

The proof of Theorem 2.33 may be found in [37], see Theorems 5.2.20 and 5.5.22 therein
(with the difference that the symbols in [37] also depend on z € G).

Remark 2.34. The proof of Theorem 2.33 implies in particular that the constants describing
the continuity of the linear map for the adjoint and the bilinear map for the composition
depend on the Lie structure only via ||[-,-]||v after a choice of a basis V adapted to the
gradation. Let us explain what this means for the continuity of the adjoint. We fix a basis V
adapted to the gradation. Then for any N € Ny and m € R, there exist C' > 0 and N’ € N
such that

~

Vo € S™(G), ”U*HSm(é),N,RV < CHUHSW(@),N’,RV'
We could have taken any positive Rockland operator but we choose Ry the one associated
with V (see Example 2.26) to make the constant structural. The constants C' and N’ can
be written as increasing functions of ||[-,-]||v. Naturally, these increasing functions depend
on what has been fixed, that is, beside m and N, on the gradation of the vector space
underlying g and the adapted basis V.

2.4.3. Asymptotic sums of symbol.

~

Definition 2.35. Let 0 € S™(G) and o, j € Ny, be a sequence of symbols such that

~

oj € S™(G) with mg = m and m; strictly decreasing to —oo. We say that >, o; is an
asymptotic expansion for ¢ and we write

Y
J
when we have for any N € N,

N
o— Zaj e SN+ (@),
=0

20



~

Given a sequence (0;)jen, as in Definition 2.35, we can construct a symbol o € S™(G)
following the classical ideas due to Borel (see e.g. [37, Section 5.5.1]), that will satisfy
o ~ ;0. Moreover, o is unique up to S=°(G).

2.4.4. Kernel estimates. The convolution kernel associated with a symbol in some Sm(é)
will be Schwartz away from the origin 0, but may have a singularity at 0 [37, Theorem 5.4.1]

Theorem 2.36. Let 0 € S’m(é) and denote its convolution kernel by k = F;'o. Then k is
smooth away from the origin. Moreover, fizing a quasinorm |- | on G, we have the following
kernel estimates:

(1) The convolution kernel k decays faster than any polynomial away from the origin:
VNeNy, IC=C,n>0: Vyed,
lyl > 1= [s(y)| < Cly|™".
(2) If Q@ +m < 0 then k is continuous and bounded on G':
3C =C, > 0, sup |k(y)| < C.

yeG

(3) If Q+m >0, then
C=C,>0: Vel  0<y<1=|u(y)|<Cly| @™,
(4) If Q + m =0, then
1C=C,>0: Vyegd, 0< |yl <1/2 = |k(y)] < —Clnly|.
In all the estimates above, the constant C' = C, may be chosen of the form
C = Cillollsm@) vz

where R is a positive Rockland operator; the constant Cy and the semi-norm || - |[gm @) v
are independent of .

Remark 2.37. (1) We can be even more precise. Having fixed a basis V, consider the
associated quasinorm | - |y of Example 2.13 and the positive Rockland operator Ry
of Example 2.26. The constant ) in each item of Theorem 2.36 is an increasing
function of ||[-,]||v. Furthermore, these increasing functions depend on m and, in
Part (1), also on N, as well as the gradation of the underlying subspace of the Lie
algebra g and on the adapted basis V, but not on the Lie structure.

(2) Note that if & € S'(G) is the convolution kernel of o € 5™(G), then z°VA VA2 is
the convolution kernel of the symbol A« VPV which is in Sl BI+E](G) by
Theorem 2.33. Recall that the left-invariant differential operators V* (resp. right-
invariant \N’O‘) have been introduced in Example 2.10.

Corollary 2.38. Assume that we have fized a basis V of g adapted to the gradation and the

~

corresponding Haar measure. Let o € S™(G) with m € R.
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(1) If a € N, B € Ng, p € [1,00] withm — [a] + [B] < Q(; — 1) (with the convention
% = 0), then the quantity
lollap := 12°V 6l o), 0 = For

~

is finite. Moreover, the map o — ||0||a,3,p S a continuous semi-norm on S™(G).

(2) If N,M; € Ny such that —m + N < M; with M; € Ny a common multiple of the

dilations’ weights, then there exists a constant C' > 0 such that

O\l amiA < O max A IPYA:Y
“ ||s (G),NR = (/4 [B<N+ My ” ||a,,3 e

~

for any o € S™(G) such that the right-hand side is finite.

3) Let o € S™(G). Its convolution kernel k = F'o is a distribution smooth away from
G

the origin. At the origin, its order is less than or equal to the integer

po = max{|a|: a € Ny, [a] < s}

where s' is the smallest non-negative integer multiple of the dilation weights such that

s > Q)2+ m. Moreover, we have for any compact neighbourhood Cy of 0 in R",

/ w()p(v)dv

Above, C may be chosen of the form

30 >0, Vo e C=(Cy),

< C max [|0°¢|| Lo (cy)-
|| <po

¢ = ClHUHSm(é)’N,’Ra
with C1 > 0, N € Ny.

Proof. (1) The first part follows readily from the kernel estimates in Theorem 2.36 and the
second point in Remark 2.37. Indeed, only the singularity in 0 has to be considered when

~ ~

m — [a] + [f] > —Q. Observing that S™(G) C S™"(G) for all € > 0, we deduce from

Theorem 2.36 (3):
0<lyl <1, [ylVi(y)| < Cly|~ @l e 12(G) for p(Q +m+e o] +[6]) > Q.

Note that it is possible to find such an € as soon as p(Q +m —[a]+[5]) > @, which concludes

the proof.
(2) For the second part, the properties of Sobolev spaces (see [38] or Proposition 2.27)

—m+[o]

(L+R)" v ol

||O‘||Sm(a)’N’R = 3}]\([ ”Ax"‘O-HLgf’_m+ (AR

[a]<
Then since —m + [a] < My < 0 and by boundedness of (I +R)™/" for a > 0, we have

ax ||
[@] [a]<N

—m-+[a]

~ S5\ M v
II+R) ™ 0l SIT+R) 7ol S D 1VPA0| ey

[Bl<M;y

Finally it is easy to see that

VP Ageo]| oo @y S max [[ofla.s.

whence the result.
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(3) If m < —@Q, then by Theorem 2.36, « is a continuous bounded function on G, so it is
a distribution of order 0. Assume m > —(@). For any ¢ € C°(G), we have by the Sobolev
embeddings (see Proposition 2.27 (7)) with s > /2

16 Kll () S 1T+ R (6 % k)12

above R denotes the right-invariant operator corresponding to a fixed Rockland operator R
of homogeneous degree v. The properties of the convolution yield:

I+R)(pxk)=(1+R)7¢)xr=(1+R)

so by the Plancherel formula,

s+m

7 ¢)x (L+R) ™ vk),

s+

IT+R) (@ * m)ll12) < [T+ R)™7 0l ooy T+ R) ™ @l 126
The properties of the Sobolev spaces (see Proposition 2.27) imply

~ s+m oo Q
1T+ R) ¥ llziey S D 1Xlzey S D 0%l

[o]<s’ || <po

having chosen s very close to /2 and s" and p, as in the statement, with the last implicit
constant depending on the support of ¢. This shows Part (3) for m > —Q. O

Remark 2.39. The proof of Corollary 2.38 implies in particular that the constant C' and the
constants describing the continuity of o +— ||o||a,3, depend on the Lie structure only via
Il[-, -]|lv after a choice of a basis V adapted to the gradation and the choice of the Rockland
operator R = Ry, beside m, a, 3, p for the first part and m, N, M; for the second.

~

The semi-norms |- || s, defined in Corollary 2.38 may not generate the topology on S™(G),
but they have the advantage of being homogeneous in the following sense. If ¢ = Fgk then
o(r-m) = For with K (z) = r~?k(r~'z) and we have

Q(;—1)~[Bl+a

lo(r)lasp =7 Nollasp-

Moreover, the inequality in the second part of Corollary 2.38 together with judicious expan-

~

sions are often used to recover the membership to S™(G) as well as other properties.

2.4.5. Spectral multipliers. Another important example of classes of symbols are given by
the multipliers in the symbols of a positive Rockland operator.

Notation 2.40. Let G™(R) be the space of smooth functions ¢ : R — C growing at rate
m € R in the sense that

VkeNy, 3C=Crs,  VIER, |O¥d(N)| < C(1 + [A)™F.
The set G"™(R) is a Fréchet space when equipped with the semi-norms given by

[¢llgmn := max_sup(L+[A)""*FG(N)], N € No.
k=0,...N \eR
Many spectral multipliers in positive Rockland operators are in our symbol classes [37,

Proposition 5.3.4]:
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Theorem 2.41. Let ¢ € G™(R) and let R be a positive Rockland operator on G. Then

A~ ~

?(R) € S™(G) where v is the homogeneous degree of R. Moreover, the map
G"(R) 3 ¢ — §(R) € S™(C)
18 continuous.

Remark 2.42. Again, the proof of the theorem shows that the constants describing the
continuity of the linear map G"(R) 5 ¢ — ¢(R) € S™(G) depend on the Lie structure only
via ||[+, -]||v after a choice of a basis V adapted to the gradation.

2.5. Smoothing symbols.

Definition 2.43. The class of smoothing symbols
S™(G) = NierS™(G).
is equipped with the induced topology of projective limit.

The topology is well defined thanks to the continuous inclusions (2.8).
Then, the results recalled above, or equivalently [37, Lemme 5.4.13 and Theorem 5.4.9],
imply the following:

Proposition 2.44. The group Fourier transform is an isomorphism between the topological
vector spaces S(G) and S™(G).

Remark 2.45. Again, the proof of Proposition 2.44 shows that the constants describing the

continuity of the linear maps Fg : S(G) — S™°°(G) depend on the Lie structure only via
Ill-, ]llv after a choice of a basis V adapted to the gradation.

In many circumstances, it will be useful to handle the convolution kernels of symbols as
if they were smooth functions and not distributions. The following property will allow us to
do so.

We fix a positive Rockland operator R and a function y € D(R) valued in [0, 1] and with
x =1 on [0,1]. We define the symbols

(2.9) o =0x(("'R), (eN.

By Theorem 2.41, the symbols X(é_lﬁ) are smoothing, and so is o, by the algebraic symbolic
properties of Theorem 2.33 (2).

~

Proposition 2.46. Let 0 € S™(G) with m € R. The sequence of smoothing symbols
(00)een C S™°(G) defined in (2.9) satisfies the following properties:

(1) For any my > m, we have the convergence

o~

lim oy =0 in S™(G).
{—o00

In other words, the space S‘“(@) equipped with the Sml(@)-topology is dense in

S™(G).
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2) For any semi-norm || - || gma v of S™ G , there exist a constant C' >0 and N’ > N
Sm(G),N
such that

Consequently,
Vvl e N, ”O-EHSm(@)JV <(1+ C)HUHSW(G),N"

(3) Denoting by k and Kk, the convolution kernels of o and o, respectively, we have the
convergences limy_, o kg = Kk in S'(G) and in C*(U) for any open subset U C G\{0}.
(4) We have the following relation between S™(G)-semi-norms:

. . - > ~ .
hglgglf ||O-€”Sm(G),N = ||U||Sm(G),N

Proof of Proposition 2.46. Parts 1 and 2. By the symbolic properties of symbols in Theorem
2.33 (2), given a semi-norm || - [[gm, & y- there exist C'> 0 and N”, N’ > N such that

lo = odlsm@y = [l =R < Cllollsni@ w0 = Rl g -
If m; > m, by Theorem 2.41, we have for some N; € N
10 =0 Rl gmm@yan S 11 =20(E)

my—m 5

lymm

and we check
1 m—my
VEEN, () S0
This shows Part (1) and the first estimate in Part (2), the second being obtained by the
triangle inequality.

Part 3. The kernel estimates in Theorem 2.36 and the estimate of the S™ (@)—semi—norm
of o —o, for my > m gives the convergence in C*°(U) for any open subset U of G\ {0}. Recall
that F~15™ (G) C K, 0 and that the inclusion I, C S'(G) is continuous [37, Proposition
5.1.17(3)]. This and Part (1) imply the convergence k;, — « in S'(G).

Part 4. To prove Part (4), we observe that by functional analysis, we have
1T+ R)™7 0l @) = 1T+ R) " o x((T'R)|l e
>sup  sup (T4 7(R))™ ¥ o(m)vln,,

€@ v€l g(m(R))
[V, =1

mi—m
v

S0,
(2.10) }Hglo II+R)"¥o X(é_lR)”LOO(@) = [I(T+ R)_%U”Lw(@)'
For |a| = 1, the Leibniz property implies
ANoor = (Do) X(EIR) + 0 (Aax(£7R)),

SO
m=[a]

1T+ R)™ " Auoill ooy > Er — En,
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where

m—|[«a]

“(Da)X ('R e
m—[a] 15
70 (AaX (TR ey

_l

S llollsm i IXC R) sty v, Soxc €7

E = |0+R)"
Ey:=||(I+R)”

for some integers N;’s, having used the symbolic properties for composition and for spectral
multipliers (see Theorems 2.33 and 2.41). Applying (2.10) to E;, we obtain,

m—[a] ~ m—[a]

v AMHW@)EH(HR)’ v (AaU)”Loo(éy

liminf ||(I+R)~
{—00

for |a| = 1. The same ideas and method yield inductively the case of any index «, proving
Part (4). O

Remark 2.47. Again, the proof of Proposition 2.46 shows that the constants involved in the
statement depend on the Lie structure only via ||[-,]||v after a choice of a basis V adapted
to the gradation.

2.6. Homogeneous and polyhomogeneous symbol classes.

2.6.1. Homogeneous classes of symbols. Recall that the dilations act on G via
(2.11) rom(z)=n(rz), 7€G, zeq, r>0.

Definition 2.48. An invariant symbol ¢ on G is m-homogeneous when o(r - 7) = r™o ()
for almost all 7 € G and r > 0.

Example 2.49. Let R be a positive Rockland operator. We denote by v its homogeneous
degree. For any s € R, the properties of homogeneous Sobolev spaces (Section 2.3.3) imply
that the field of spectrally defined operators R™/" = {r(R)™" : & € (A?} is a well-defined
invariant symbol, and we check readily that it is m-homogeneous.

We define the following subspace of invariant symbols

= Lzob(é) if and only if 0, = RYvG RV LOO(@);

by this, we mean that there exists a unique element o, of L>°(G) that is composable on the
left and the right by R~%" and R¥" respectively such that ¢ = R~ ”aa,bR“/ Y. Equipped
with the norm

||0||Lg?b(§),7z = |R""o R_Q/VHLOO(G),

the space Lgob(@) becomes a Banach space.
Since the inclusion L2(G) € 8'(G) is continuous for any s € R, by the Schwartz kernel
theorem, any symbol in Lg% (G) has a convolution kernel; more generally, if My € Nj is a

~

multiple of the dilation’s weights, any symbol in L3  (G) has a convolution kernel. We can
therefore apply at least formally a difference operator to these symbols. This allows us to

consider the following definition:
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Definition 2.50. An m-homogeneous symbol o is said to be regular when o € Lg?,m(é)

and furthermore A co € Lgf’;m +[a](a) for all & € Njj. We denote by Sm(@) the space of

m-homogeneous regular symbols.

The space Sm(@) is Fréchet when equipped with the semi-norms given by

(2.12) I/l gm(@y N = max 1Azeollzee @
having fixed a positive Rockland operator R.

In [29], we proved the following property. We shall say that a function ¢ : R — R satisfies
1 =1 on a neighbourhood of +o00 when there exists A > 0 such that ¢» = 1 on (A, +00).

Proposition 2.51. Let o be a m-homogeneous invariant symbol on G. The following prop-
erties are equivalent:

(1) For all « € NI, Agao € L (@)

0,—m+|[a]
(2) For ally € R and a € N§, Agoo € LY 11, (G).
(3) For one (and then any) ¢» € C*°(R) with 1» = 0 on a neighbourhood of 0 and ¢ = 1
on a neighbourhood of +00 and for one (and then any) positive Rockland operator R,

W(R)o € S™G) and o (R) € S™(G).

In this case, the following map

o— Moo,  SUG) — L (@),

77_m+[a]+77’\/

is continuous for each v € R and o € Nij. And in the case m = 0, the maps
o— Y(R)o, and o+— ah(R),
are also continuous S°(G) — S°(G) and injective.

Remark 2.52. (1) An improved presentation of the proof showing that the property in
Proposition 2.51 (3) is independent of a choice of a positive Rockland operator R
and a function 1 is obtained by considering the proof in Section 5.5.2.
(2) The constants describing the continuity properties in Proposition 2.51 depend on the
Lie structure only via ||[-,]||v after a choice of a basis V adapted to the gradation.

In [29], we also showed that the classes of regular homogeneous symbols enjoy the al-
gebraic properties for composition and adjoint as described for the inhomogeneous case in
Theorem 2.33. Furthermore, a remark regarding constants similar to Remark 2.34 is true.

Ezample 2.53. If V is an adapted basis of g, then for any a € Nfj, the symbol

A~

Ve = {x(V)*, 7 € G}

is in S1(G).
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2.6.2. Polyhomogeneous expansion and symbol classes.

Definition 2.54. A symbol o € Sm(é) admits the polyhomogeneous expansion
g ~p Z Om—j
=0

when each o,,_; is homogeneous and in Sm(@), and o admits the inhomogeneous expansion
(in the sense of Definition 2.35)

o~ Z Um_jw(ﬁ,),
=0

for some positive Rockland operator R and ¢ € C*°(R) with ¢» = 0 on a neighbourhood of
0 and v = 1 on a neighbourhood of +ooc.

By the symbolic calculus on groups, this definition is independent of the choice of the
Rockland operator R (see [29, Proposition 4.6 | or Proposition 2.51 above) and we have an
equivalent definition considering > 72 w(’//é)am_j.

Unlike the expansion of a general symbol of order m (in the sense of Definition 2.35) that
may be perturbed by any term of lower order, if o € Sm(é) admits a polyhomogeneous
expansion o ~ Z;io am_j@Z)(ﬁ), then the homogenenous symbols o,,—;, j = 0,1,2,... are
unique. This follows readily from the injectivity of the maps mentioned in Proposition 2.51.

~

Definition 2.55. The polyhomogeneous symbol classes of order m € R is the space S}; (G)

~

of symbols o € S™(G) admitting a polyhomogeneous expansion.

The properties of the homogeneous and inhomogeneous symbol classes imply that the
product of a symbol in S73'(G) with a symbol in S;*(G) is in Sy, ™™2(G). Similarly, the

~ ~

adjoint of a symbol in S} (G) is in S} (G).

Ezxample 2.56. For any positive Rockland operator R, we have (I+ 7/?\,)’”/ Ve S;’,‘l(@) where v
is the homogeneous degree of R. Indeed, if ¢ € C*°(R) satisfies ©» = 0 on a neighbourhood
of 0 and ¢ = 1 on a neighbourhood of 400, by spectral calculus

I+ R)™P(R) = (I+ R™)™p(R)YR™"
~ ﬁm/uw(ﬁ) I %ﬁ_Hm/"lﬁ(ﬁ) o

having used the Taylor series of (1 4 z)™/".

2.7. Difference operators and Leibniz property. An important property of the dif-
ference operator A,a introduced in Definition 2.29 is that they satisfy a form of Leibniz
property which is a direct consequence of properties regarding monomials:

Lemma 2.57. Let G be a graded Lie group and V an adapted basis.
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(1) For any a € N§, we have the following relations between V-monomials:
(y) = Y ety
[a1]+[az]=[a]

for unique coefficients c,(f{)m € R satisfying

(@) _{1 if o =

1,0 0 otherwise

(@) _{ 1 ifas =aq,

d
an 0 0 otherwise

Moreover, the coefficients cgﬁ)m are universal polynomaial expressions in the structural

constants of G for V, i.e. in the constant c; ;. defined via [V;, Vi] = >, ¢ijiVi.
(2) For any 01,09 € S™°(G),

Aga(0109) = Z cfg)m Agor101 Agez0s.
[a1]+[az]=[a]

Proof. Part (1) follows from [37, Proposition 5.2.3 (4)]. For Part (2), the convolution kernel
of 0109 is Ko * kK1 Where k; is the convolution kernel of o;, i = 1,2. We have

2y ¥ iy (1) = /G (y(y™"0))" ray)a (™) ly

-y, / YRy (y™'2) ks (y ) dy
G

[a1]+[az]=[0]

The conclusion follows by taking the group Fourier transform. O

From the definition of the symbol classes, it follows that A,« is a continuous operator
S™(G) — S™lel(G) for any m € RU {—o0} and any o € NZ. But we can also show the
continuity of any difference operator as defined in Definition 2.29:

( )

Proposition 2.58. Let ¢ € CX(G). Then A, is a continuous operator 5™(G)
for any m € RU{—o0}. Moreover, writing the Taylor series of q at 0 as Toq(x) ~
the map

%
D aC
or— Ajo — Capao
[a]<N
is continuous S™(G) — S~ N+V(G) for any N € Ny.
Proof of Proposition 2.58. By Corollary 2.38, it suffices to prove that for any m € R, for any

multi-indices oy, By € Njj, there exists Ny € Ny such that for any N € Ny with N > Ny, we
have

Vo € SiOO(G)v HAQU - Z caAwaUHOloﬁo,l <C ,N,ao,ﬂoHUHSM(@),N/,RW
[a]<N
for some (large) integer N' € Ny depending on N and other constants but not o. Moreover,
by modifying o and m, it suffices to show the case ag = Sy = 0. Hence, we are led to analyse
1800 = 3 calheeollons = llan = 3 sl

[al<N [a]<N
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We fix a function y € C2°(G) such that x = 1 on a neighbourhood of supp ¢ and of 0. Let
k € §(G). We may write

gr — Z CaTK = p1 + p2, where pi:=kx(q—Pogon), p2:=(x—1)rPggon-
[e]<N
As k is Schwartz away from 0 (see Theorem 2.36), the L'-norm of p, is finite. When
choosing Ny large enough, this is also the case for p; from the kernel estimates near 0 (see
Theorem 2.36) together with Taylor’s estimate (see Theorem 2.17). Moreover, quantitatively,
each ||pillL1(e), @ = 1,2, is bounded up to a constant by an 5™ (G)-semi-norm in o. The
conclusion follows. d

Remark 2.59. Again, the proof of Proposition 2.58 shows that the constants describing the
continuity of the linear map above depend on the Lie structure only via ||[-, -]||v after a choice
of a basis V adapted to the gradation.

A direct consequence of Proposition 2.58 is the following asymptotic expansion:

Ayo ~ Z CalDgao.

[a]<N

2.8. Transformation of symbols by morphisms. By a morphism 0 of the graded nilpo-
tent Lie group, we mean a morphism of the nilpotent Lie group whose associated Lie algebra
morphism (for which we keep the same notation) respects the gradation of the Lie algebra
in the sense that it maps each g; on itself. Using the notation of Lemma 2.21, we have:

PropOSItlon 2.60. Let 6 be an automorphzsm of the graded mlpotent Lie group G. If
o € S™(Q), then 0,0 € S™(G) while if o € S™(G), then 6,0 € S™(G) Moreover, the map
o 6.0 1san automorphzsm of the topological vector space Sm(G) and also of the topological
vector space Sm(G)

As a consequence of the continuity of o — 6,0 , once we have chosen a Rockland operator R
and N € N, there exists a constant C' > 0 such that for all o € S™(G),

0. JHSm LNR = < C”U“sm (G),NR"
The proof below will show that the constant C' depends on various quantities of the group.

Remark 2.61. Assume as in Remark 2.28 that the gradation of the vector space underlying g
as well as an adapted basis V are fixed. Then, the constant C' may be chosen as

C = 5(max(8, Il Jallv, Cv(R), 10| 2(q)))

where C : [0,00) — (0,00) is an increasing function of the structural constant ||[,]|}v, of the
constant Cy(R) introduced in Remark 2.28, and of the norm of € as a linear map of g.

Proof. We keep the same notation 6 for the automorphism of the graded nilpotent Lie
group G, and the corresponding automorphisms of the Lie algebra g and of its envelop-

ing algebra % (g). We observe that if R is a Rockland operator viewed as an element of
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% (g), then Ry := 0(R) is also a Rockland operator since m(Ry) = m(R) with 1 = w06
for any 7w € G. For instance, if R is as in Example 2.26,

My oMo Mg oMo

R = Z(-Uv_fvj Y, then Ryp=» (—1)% (6(V;) ™.

If in addition of being Rockland, R is also positive, then m(Ry) = m1(R) is positive for any
m € G, so Ry is also positive. We check readily

16.01 o @y = ol @rm, 81d A(6.0) = 6.(Agep10).

As ;007! is a linear combination of z;’s of the same degree as z;, we have

1A%6.01| o &) 2 = [ﬁ;] 180 | 1 ),

We deduce the relation about the semi-norms in the inhomogeneous case. The homogeneous
case is similar. 4

3. FILTERED MANIFOLDS

In this section, we recall properties of filtered manifolds, and discuss their frames, geo-
metric exponential maps, differential operators, and group exponentiation.

3.1. Filtered manifolds and their osculating bundles.

Definition 3.1. A filtered manifold is a smooth manifold M whose tangent bundles admits
a nested sequence of sub-bundles {0} = H* C H' C ... C H" = TM that respects the Lie
bracket of vector fields:

[C(HY),D(H7)] CT(H™), 0<4,5<r
with the convention H® = H” whenever ¢ > r.

By convention, in this paper, a smooth manifold is also assumed to be second countable,
paracompact Hausdorff.

Example 3.2. A fundamental example consists in a manifold M equipped with a distribution
D generating T'M in the sense that any vector field may be obtained by iterated commutator
brackets of elements of I'(H;) and that the filtration is obtained as follows. We set H; := D,
and for each j > 1, H; the subspace of 7'M such that I'(H;) is the C*°(M )-module generated
by Vi, [Vay..., [Ve,...].. ]}, with V4, ..., V, e ['(H;), £ =2,...,j. When the rank dim H; of
the vector bundle H; is constant for each j, M is a filtered manifold. When H,; generates
TM,r =2and dim Hy = 1, the manifold is contact. When H; generates T'M and is equipped
with a metric g, M is an equireqular subRiemannian manifold (M, Hy,g) (references about

subRiemannian manifold include [1] for example).
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From now on, we fix a filtered manifold M as in Definition 3.1. We set
n = dim M.
For each = € M, the vector space
gr(TeM) = @i (Hy/Hy ')

is naturally graded and the gradation of the underlying vector space is independent of x € M.
Its weights (see Definition 2.2) are denoted by

O<U1§...§Un,
counted with multiplicity, and, when counted without multiplicity,
O<vy=w <...<ws =1y,

where we denote by s the step of the gradation (s < r). These weights, counted with
multiplicity or not, are constant functions on M. We denote the dimension of each of these
subspaces in the decomposition gr(T, M) = &3_,HY /HY~1 by

d; -= dim H"Y /H" ", 1=1,...,s;
these are independent of x € M.

For each # € M, the direct sum of vector spaces gr(T,M) = @, (H./H:") is naturally
equipped with a Lie bracket that we denote [-, |5, p. Indeed, take U,V € gr(7,M) and
consider X € I'(H"™#) such that U = X () mod HY" and Y € I'(H") such that V =Y (z)
mod H,”. Then

U, Vl]gom = [X,Y], mod HY* "
is independent of the choice of representatives X and Y of U,V € gr(T,M)M.
When gr(7T, M) is equipped with this Lie bracket, we denote the resulting Lie algebra

9. M = (gr(TrM)v ['7 ]GIM) :

It is naturally graded, and the gradation of the underlying vector space is independent of
x e M.

For each x € M, we denote by G, M the corresponding nilpotent Lie group, by % (g.M)
the corresponding universal enveloping Lie algebra to g, M. The unions

GM = Upen G M and oM = Uzepg. M

are naturally equipped with a structure of smooth vector bundles; they are called the bundles
of osculating groups and Lie algebras over M. Moreover, the group bundle exponential map

Exp:gM — GM, Exp, := Expg,ar @ 9.M — G M,
1s smooth and bijective. We also denote by
U (gM) = Upent % (9. M)
the bundle of universal enveloping Lie algebras over M, and by

%N(QM) = UxEM%N<gzM)7 and %SN(QM) = UxEM%§N<gxM>7
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the linear sub-bundles of % (g) of elements of homogeneous degree equal to N and of linear
combination of elements of homogeneous degree at most equal to N respectively. They can
be described in terms of adapted local frames, as we will see in the next section. This yields
a natural smooth structure for the vector bundles %n(gM) and U<n(gM) of finite rank.
Moreover, the natural inclusions

U<, (9M) = U<n, (M), Ny < No,
are smooth bundle morphisms. Hence, their direct limit

% (6M) = liy Uex (M)

inherits a structure of smooth vector bundle (of infinite rank).
3.2. Local frames adapted to the filtration.

3.2.1. Generalities. Recall that a frame X := (X,...,X,,) on an open subset U of a mani-
fold M yields a local trivialization of the tangent space on U set via the linear map

R* — TM, v= (v, - ,v,)— ZviXi.
i=1

Local frames exist on open neighbourhoods of any points of the manifold M. Although M
can always be covered by such open sets equipped with frames, M may not admit global
frames.

If X and Y are two frames on the same open subset U C M, then we may write

Xi(x) = Y Thi(@)Yi(x), 1<i<n,
1<k<n
for uniquely defined smooth maps x — Ty ;(z) on U, 1 < k,7 < n. These define the change
of frame matrix 7' = T"* = (T} ,)1<ij<n as a smooth map U — GL(n,R). Viewing X
and Y as column matrices, we have X = T'Y. If Z is another adapted frame on U, then
TZX — TEYTYX

3.2.2. Frames adapted to the filtration. When the manifold M is filtered, a frame X :=
(X1,...,X,) of an open subset U C M is said to be adapted to the filtration H when for
every v € U, X14,...,Xq4, . 15 a basis of H¥', Xi ,,..., X4 +dp.2 18 @ basis of H?, and so
on. In this case, we say that X = (X3,...,X,,) is a local adapted frame or an adapted frame
on U. Such local frames exist in neighbourhoods of any points of the manifold M. Thus,

every smooth manifold M has a covering by open sets equipped with adapted frames.

We also associate to an adapted frame a basis of the osculating Lie algebras. More pre-
cisely, if X is an adapted frame on U, we set for each x € U,

(X3)p = Xi(x) mod H*™', i=1,...,dy,
(X3)e = Xi(x) mod H*>™ ' i=d;+1,...,d, +dy, etc.

Note that each (X;), has weight v; in the graded Lie algbera g, M, i.e. §,(X;), = r(X}),.

In other words, the basis (X1)., ..., (X,). is adapted to the gradation of g, M, as defined in
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Definition 2.2. Moreover, each (X;) € I'(%,,(gM|v)) is a smooth section over the bundle of
osculating universal Lie algebras. More generally,

(X)* = (X)) .. (X)), a=(a,...,q,) € Ny,
defines an element of I'(%4,(gM|U)) where
[a] == vi0q + ... + vy,

The element of I'(%(gM|U)) corresponding to a@ = 0 is (X)* = 1. Any element in
I'(% (gM|U)) may be written in a unique way as a finite linear combination over C'*°(U)
of (X)®. In other words, (X)®, a € N{, is a free basis of the C*°(U)-module I'(% (gM|U)).
Furthermore, I'(%Zx(gM|U)) is a submodule with basis (X)*, [a] = N.

3.2.3. Transition between two adapted frames. Let BU(dy,...,ds) be the group of invertible
real block-upper-triangular matrices for which the jth diagonal block has size d; x d;.

Lemma 3.3. Let X and Y be two adapted frames on an open subset U C M.
(1) The transition matriz T = T"* (see Section 3.2.1) is valued in BU(dy, .. .dy).
(2) We have
(X), = diag(T,)" (Y).,
where diag(T},) is the block-diagonal part of T, € BU(dy, .. .ds).
(3) We may write (X) as:

(X)*= > T.s(Y)’, Top € C™(U).
[8]=lol]

Then the coefficients Ty 5 are determined via

(diag(Ty)v)* = Z Top(z)v® 2€U, veR",
(B]=[q]

where v = vt ..

Qn

Lo

Proof of Lemma 3.3. For each i = 1,...,n, let j € {1,...,s} be the level of the gradation
for which d;_; <7 <dj, i.e. for which w; = v;, then

(3.1) Xi(x) = Z Ty.i(x)Yk(z), or in other words X;(z Z Ty.i(x
1Sk§d] ’Uk<'Ul
We deduce the structure of the matrix 7', and Part (1) follows.
Quotienting (3.1) by HYi-! gives

<Xz>z = Z Tkz Z Tkl k n gM|U7

dj_1<de V=0

so (X), = diag(7,)*(Y),. This is Part (2). Part (3) is an easy consequence of Part (2). [
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3.3. Geometric exponentiation. In this section, we recall the definition of geometric ex-
ponentiation for any local frame on any smooth manifold M as well as some of its properties.
This notion does not require the manifold M to be filtered or the local frame to be adapted
to the filtration, and the results hold in this general context.

3.3.1. Definitions of exp and exp*. The exponential map is defined as follows. If X is a
vector field on a smooth manifold M and x € M, then exp, X is the time-one flow, when
defined, of the vector field X, that is, the solution at time 1 of the Ordinary Differential
Equation (ODE) defined by X and starting from z:

() =X(v(), (0) ==z,  exp, X :=7(1).
Given a local frame (X, U) on a manifold, we set

exp™(x,v) := expi(v) := exp, Zvaj, zeU, veR",
J

when defined. This yields a geometric exponential map exp® associated with the frame
(X,U). It is defined on a subset of U x R". In fact, there exists an open neighbourhood
Ux C U x R™ of the zero section U x {0} on which the map

(32) eXpX'{ Ux — MxM

T,v) —> (:1:, expig(v))

is a C*>°-diffeomorphism onto its image in U x U.

Without restriction, we may assume that Uy is such that for any (z,v) € U, there exists
a neighbourhood I of [0, 1] such that (z,tv) € Ux for t € I. We will always assume so for
technical reasons that will become apparent below.

3.3.2. Some fundamental properties. The theory of ODESs has the following two implications.
Firstly, for any z,y € M such that lnf y and lnzg T exist, we have

(3.3) In®y = —lnffa:,
and also that for any x € U, we have:

8Ujexp§1) =X;, j=1,...,n.

In particular jac, exp® = 1 = jac, lnff when we take the volume form obtained by the pullback
of dv from R™ to U C M.
Secondly, the definition of the geometric exponential implies

(3.4) %f(expf tv) = (z v Xif) (exp™ tv), fec=), (z,v) € Ux,

for any ¢ in a neighbourhood of [0, 1].
35



3.3.3. Some Taylor estimates. Using inductively the derivation in (3.4) will allow us to obtain
the following (Euclidean) Taylor estimates:

Lemma 3.4. Let X be a frame on an open set U C M. Let f € C*(U) and N € N. For
any (z,v) € Ux, we have:

‘f(expx - .sz i }_ N+ sup‘( sz ; )exp§tv)‘.

k<N D icio,)

Proof of Lemma 3.4. Set F(t) := f(expXtv) for t in a neighbourhood of [0, 1]. We have

for Kk =1 by (3.4), and inductively for any £ € N. We conclude with Taylor’s estimate for F’
at order N fromt=0tot=1. O

Using again (3.4), we can also obtain Taylor expansions related to changes of frames:

Lemma 3.5. Let X and Y be two frames on an open subset U C M. Let Uxy be an open
neighbourhood of U x {0} in Ux N Uy C U x R™ such that for any (z,v) € Uxy, the points
(z,tv) lie in Uxy for t in some neighbourhood of [0,1]. Consider the function u = u**
defined via

(z,u(z,v)) = In (exp®(z, v)), (z,v) € Uxy.

Then the map u = u¥* : Uxy — R™ is smooth and given via

(3.5) u(z,v) = uy(v) = In) oexp:(v), (z,v) € Uxy.
It satisfies
d
u:(0) =0 and Dyu,(v) = —| wu.(tv) =T,v,
dt|,_,

where T is their change of frame matrix as in Section 3.2.1. Moreover, the Taylor series at
v~ 0 of u.(v) is given by

TU+Zk|(ZUJ )

k>2

Proof of Lemma 3.5. We check readily that the map u is smooth, given by (3.5) and that it
satisfies u,(0) = 0. Below, we will show that for any (z,v) € Uxy and ¢ in a neighbourhood
of [0, 1], we have:

k-1
dk -

(3.6) %ux(tv) = (Z vajJ) T.v
j=1

From this, we can obtain the Taylor series of u,(tv) at t ~ 0, and deduce the Taylor series

of u,(v) at v ~ 0; hence, showing (3.6) will conclude the proof.
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On the one hand, we have the equality in (3.4) and on the other, since expXtv =
exp” u(x,tv), the left-hand side in (3.4) is also equal to

c;if (expl u(z,tv)) = <zk: <%u(m,tv))k¥'k> flexplu(z, tv)).

We have . v;X; =3, (Tv)Y) in (3.4), and these equalities are valid for any f € C*(U).
It allows us to identify the first ¢t-derivative of u,(tv) and we obtain (3.6) for £k = 1. We then
obtain (3.6) inductively on k = 1,2, ... O

3.4. Homogeneous order and principal part of a differential operator. A differential
operator on a manifold M is a uniformly finite linear combination over C*°(M) of products
of vector fields and the identity. If X = (X1,...,X,,) is a frame over an open subset U of a
manifold M, then any differential operator P on U may be written as a non-commutative
1<
i1, .. .,1 < n. This writing is not unique. We say that P is of degree at most d 1f P coincides
on U with a linear combination of X;, X;, ... X;, with 1 < 4y,...,4 < n and ¢ < d. The
smallest of these d over all the local frames (X, U) of M defines the degree of P.

We now go back to the case of a filtered manifold M and an adapted frame (X,U). We
can express the differential operators in terms of the ordered products

Xa::Xill.”Xgn, a:(al,...,an)GNg,

polynomial in the X,’s, that is, as a linear combination over C*(U) of X; X,, ... X;,,

with the convention X° = I for o = 0 as in the preceding section. Moreover, this writing will
have the advantage of being unique:

Lemma 3.6. Let X be an adapted frame on the open subset U C M. Then any differential
operator on M may be uniquely written on U as a finite linear combination over C*°(U) of
XY aeNg, onU.

Proof of Lemma 3.6. We observe that given iy, ...,i, € {1,...,n}, we can define the associ-
ated multi-index o = (a1, ..., a,) with a; = [{j : ¢; = k}| and we have
XiXiy . Xiy =X+ Y X’ ¢ge CF(U),
18]<|al

This is trivially true for the length ¢ = 1. For the length ¢ = 2, this is a consequence of
the frame X being adapted to the filtration since X;X; = X;X; + [X;, X|| and [X;, X|]| €
['(HY*"i|;) may be written as a linear combination of Xy, k < dim H""*%. We then obtain
the property inductively over the length ¢. This implies that any differential operator may
be written as a finite linear combination over C*(U) of X%, a € Nj.

The uniqueness of the writing is equivalent to the property that if such a finite linear
combination coincides with the zero operator, then all the coefficients are equal to zero. For
this, it suffices to construct for each xy € U and each o € Nj a smooth function f, ., in a
neighbourhood of z( satisfying

_ {0 i[5 < o] with B #a,
Xﬁf‘wo(‘7”0)_{11f/3:a.
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The natural choices are fy,, =1 for & = 0 and
fiowo = [lnifo x]jo for |a| = 1.
We check inductively on [a] that the functions

fa,xo = 1Oj£1£0"' :,Z:m Oz=(0z1,...,ozn)€N0,
satisfy the properties described above. O

Lemma 3.6 allows us to define the notion of homogeneous order at most N for differential
operator (N € N).

Definition 3.7. A differential operator on M is of homogeneous order at most N when it
can be written as a linear combination over C*°(U) of X, [a] < N, with respect to any
adapted frame (X, U).

The following statement shows that if a differential operator is written as a C*°(U)-linear
combination of X% [a] < N, with respect to one frame (X, U), then it will be so for any
frame Y on U.

Lemma 3.8. Let X and Y be two adapted frames on the same open subset U C M.
(1) For any non-zero multi-index o € Nij, we have for any x € U
Xg= Y TapY’+ ) ra(@)Y’,
[81=[] (B1<[a]

where the coefficients T3, [8] = N, were defined in Lemma 3.3, and rz € C®(U)
are some functions also depending on .

(2) Consider a differential operator on P written as P =3 .y & (2)X with respect to
the frame X. Then P is written as P = Z[ﬂ]SN cg(az)Yﬁ with respect to the frame Y
for some unique coefficients cg, and we have above any x € U

Y A@X) =Y @) (Y)s in Un(g.M).
[a]=N [B]=N
Proof. Let T be the transition matrix as in Lemma 3.3. We have X = T'Y, so
XO = [TPY] ... [T'Y]o".
Part (1) follows by the Leibniz property of vector fields and Lemma 3.3 (3). Part (2) follows
by linearity. dJ

We denote by DO(M) the space of differential operators on M, and by DO=" (M) the
subspace of differential operators of homogeneous order at most N. Lemma 3.6 and 3.8 show
that if (X, U) is an adapted frame, then the set of monomials X% « € N, is a basis of the
C*(U)-module DO(U) while the set of monomials X%, [a] < N, is a basis of the submodule
DO=N(U).

Let us open a brief parenthesis for the case of H; generating T'M as in Example 3.2:
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Corollary 3.9. Assume that H, generates TM. Let X be an adapted frame on the open
subset U C M. Then DO(U) is the C*°(U)-module generated by

Xi oo X

73
Moreover, DOSN(U) is the C*°(U)-module generated by X, ... Xi,, 1 < d1,...,4 < dy,
0=0,....N.

1§i1,...,ig§d1:dimH1, EENO

In other words, any differential operator of degree < N may be written on U as a com-
bination over C*(U) of X;, ... X;,, 1 <'iy,...,ip < dy, L = 0,...,N; however, this writing
may not be unique.

Proof of Corollary 3.9. The first claim of the statement follows readily from Lemma 3.6 and
any X, j > d; being obtained as a C'°°(U)-combination of nested bracket of X;, i =1,...,d;.

As H; generates TM (see Example 3.2), each X, j = 1,...,n may be written as a C>-
combination of X; ... X;, with £ < v;. This allows us to prove the rest of the statement
inductively on N by writing for every a € Ny \ {0}, X* = X;X¢ for some j = 1,...,n and
o’ € N{ uniquely determined by « and satisfying [a] = v; + [¢/]. O

If P € DOSN(M) and (X,U) is an adapted frame, then for each 2 € U, we define the
element of %y (g.M)

(3.7) Princy o (P) = Y ca(z)(X)S,
[a]=N

where the coefficients ¢, come from the unique expression P = Z[a]g N CaXY on U. By
Lemma 3.8 (2), this defines an element of %x(g,M) that does not depend on the choice of
the adapted frame X and that is smooth in z. This allows us to define the principal part of
a differential operator of homogeneous order at most N as the morphism of C*°(M)-module:

Princy : DOSN (M) — T'(%y(gM)).

We may say that P € DOV (M) is of homogeneous order N when its principal part
Princy (P) is non-zero in I'(%y(gM)). Note that the degree of P as a differential operator
is less or equal to its homogeneous order N; it is usually much smaller than N.

3.5. Group exponentiation and BCH formula. If an adapted frame (X, U) is fixed, we
use the adapted basis (X), to write the group exponentiation:

(3.8) Exp®(v) := Exp, (Z v,-(Xi)x) e G, M.

This yields the smooth mapping
X { UxR" — GM|U
Exp® : n
(z,v) — Exp, (3 i vi{Xi)e)
with inverse

Ln* := (Exp®)™ : Exp®(U x R") — U x R".
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This allows us to extend the definition of the dilations 4, to U x R™. Moreover, the Lebesgue
density |dv| on R" gives us a frame-dependent choice of volume density on 7'M |y and a Haar
system for GM |y by pushing forward through the trivialization.

The next lemma explains what happens when the adapted frame is changed:

Lemma 3.10. Let X and Y be two adapted frames X and Y on an open subset U C M,
and T the matrixz of change of frame as in Lemma 3.3. Then, the filtration preserving map
diag(7T,) satisfies

V(z,v) e U x R" Ln) o ExpZ(v) = diag(T}).

Proof of Lemma 3.10. Since (X), = diag(7} )t(Y)w, we have

sz< i/x sz Z Tk:z >ac = Z(dlag(Tx)v)k<Y;c>xa

i Vi =Vg k

so ExpXv = Exp! (diag(T,)v). O

The basis (X1),,. .., (Xn). together with the group exponential map Exp’ allows for a
precise group isomorphism between the group fiber G, M with R™.

Remark 3.11. We have already given natural examples of quasinorms on graded groups
associated with an adapted basis, see Example 2.13. With the above isomorphism in mind,
it is natural to consider the quasinorm on R" given by

n 1/a
[l = (lela/”i> . v= ()i €RY,

i=1
a = 2M, where M, is a common multiple of the weights vy, ..., v,, the least one to fix the
idea. We will use this quasinorm throughout the rest of the work.

To describe more precisely the group law inherited by R"™, we introduce the map given at
every point x by the adjoint map adg, s in the (X)-coordinates:

Definition 3.12. Let X be an adapted frame on an open set U of the filtered manifold M.
For each z € U, and for any v,w € R", we denote by adX(v)(w) the vector in R” whose
coordinates (uq, ..., u,) satisfy

Zuk (Xk)e Z’uz Zm,Z:wj<X
=1

This defines a skew-symmetric map adfﬂg : R" x R® — R"™ we call the adjoint map in the
(X)-coordinates.

ga M

This equips R™ with a graded Lie algebra structure isomorphic to the one of g, M, the
isomorphism being given by the choice of basis (X),. Moreover, the map

ad® : z+—— adt, U — C®(U, Z(R")),

is smooth. It describes the group law of G, M in exponential coordinates (3.8):
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Lemma 3.13. Let X be an adapted frame on an open set U of the filtered manifold M. For
any r € U and v,w € R", we have:

Expy (v) Bxpy (w) = Exp; (2(z;0,w)) = Exp, (2 zi(w; v, w)<Xi>I)

where z(xz;v,w) = (z(z;v,w))E_, is given by
z(x;v,w) = BCHg, (v, w; adf), xreU v,weR",

where sg > s, s being the step of every g, M. For each k = 1,... n, the function zx(z;v,w)
is polynomial in v,w with coefficients depending smoothly on x € U. Moreover, zx(z;v,w)
is v-homogeneous, in the sense that z(6,v, 0,w; ) = rY% z;(z; v, w).

Recall that that the step of the graded spaces g, M was defined in Section 3.1 and that
BCH,, has been introduced in Notation 2.12.
We denote by

(3.9) v, w = L (Exp}(v) Exp; (w)) v,w € R"

T

the law of the group R™ isomorphic to G, M via the group exponential map Exp, and the
choice of the basis (X),. By Lemma 3.13 (and with its notation), we have

v*Ew = z(x;v,w) = BCH,, (v, w; ad’),

so that

Exp; (v +; w) = Exp; (v) Expy (w).
If the adapted frame X is fixed, we will allow ourselves to use the shorthand *% = x,. The
reader should keep in mind that star-notation is used in various ways in this paper: =,
gives the product law of the group G, M after suitable identifications while the convolution
product on a group G will be denoted by ¢, in accordance with (2.3).

4. ACTION OF GEOMETRIC MAPS ON THE OSCULATING GROUP

In this section we analyse the composition of geometric exponential maps. After defining
the notion of higher order maps between graded vector spaces in Section 4.1, we use this
notion on filtered manifolds to describe various algebraic properties in Section 4.2, and
eventually the composition of geometric exponential mappings in Section 4.3.

The notion of terms of higher order is crucial in this analysis. It is also present in vari-
ous forms in many papers studying the composition of geometric exponential on filtered or
subRiemannian manifolds, for instance in [13, 14].

4.1. Higher order terms on graded spaces. Here, we define what higher order means
for maps between graded vector spaces. This notion will be at the core of the comparison of
the commutator brackets of vector fields at x with the structure of the Lie algebra g,, and
in various other places.

In this section, we consider two graded vector spaces V; and V, and denote by 4, , and

9y, for r > 0 the associated dilations (see Definition 2.2).
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Definition 4.1. A function f : V; — Vs is homogeneous of degree m (for the dilations
O10, 02,7 > 0) when f(61,v) = do,m f(v) for any » > 0 and v € V. In the case m = 1, we
say that f is homogeneous.

Example 4.2. If G is a graded Lie group with a fixed adapted basis V for its Lie algebra,
then the group law expressed as a map (v, w) — v *xg w, R x R" — R" is a homogeneous
map.

We fix bases (V1, ..., Vaimy, ) and (W1, ..., Waimy,) for V; and Vs adapted to the gradation,
and we denote by v, the weight of W;, j =1,...,dim V,. It is easy to check that a function
f V1 — Vs is homogeneous if and only if, for each 7 = 1,...,dim V,, the j-components
fi Vi = Rof f is an vj-homogeneous map. This motivates the following definition:

Definition 4.3. (1) We say that a polynomial map r : Vi — Vy is higher order (for
the gradations) when the degrees of homogeneity (for the dilations on V;) of the
monomials occurring in its j-component r; are > v;. The notion of higher order
extends to formal power series.

(2) We say that a smooth function 7 defined on a neighbourood of 0 in V; and valued
in Vs is higher order when its Taylor series at 0 is a higher order power series.

It is not difficult to construct higher order polynomial maps from homogeneous ones:

Ezxample 4.4. Let q : Vi — Vs and r : V; — V, be polynomial maps that are respectively

homogeneous and higher order.
(1) If p: V; — C is a polynomial satisfying p(0) = 0, then pg and pr are higher order
polynomial maps.
(2) This first example can be generalised as follow. We fix a basis (Wi,..., Waimy,)
adapted to the gradation of Vy, so that we may write ¢ = (g){" "2 and r = (r;)05
in the corresponding coordinates. Given any family of polynomials p; : V; — C,

k = 1,...,dim)s, then the polynomial maps (pkrk)zi:”iw are higher order. If in

addition pi(0) = 0 for every k = 1,...,dim V;, then the polynomial maps (prgs)i="”

are higher order.

The following properties characterise the higher order maps. In particular, the charac-
terisations (2) or (3) imply that the notion of higher order does not depend on the chosen
graded bases.

Proposition 4.5. Letr : Vi — Vs be a smooth map. The following properties are equivalent:
(1) The function r is higher order.
(2) For one (and then any) neighbourhood Vy of 0, we have for any v € V;

21_1)1(1) de—17(6ev) = 0.

(3) There exists a unique smooth map R : R x Vy — Vs satisfying .-17(5.v) = eR(e, v).

If an adapted basis of Vo has been chosen, then it is also equivalent to:
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(4) For j =1,...,dim Vs, we have 05r;(0) = 0, [a] < v;; equivalently, this means that
the Taylor series of r; about 0 is
75 (V) ~pmo Z 0%r;(0)v*.
[a]>v;

Proof. As above, we fix bases (Vi, ..., Vaimy,) and (Wy, ..., Waimy,) for Vi and V, adapted
to the gradation, with v; the weight of W;. We denote by r; the jth component of r. By
definition, r is higher order if and only if Property (4) holds.

Whether 7 is higher order or not, we may write,

ri(v) = Y 8°r;(0)v” + R;(v),
(o] <v;

with R; € C*°(V,). Fixing a quasinorm | - |y on V;, by the Taylor estimate due to Folland
and Stein at order v; (see [41] or Theorem 2.17), for any compact neighbourhood W of 0 in
V), there exists a constant C; > 0 such that

VoeW,  |R;(v)] < Gyl

If Property (1) holds, that is, if the Taylor series of r at 0 is higher order, then for any

j=1...,dimV,
|levir;(6.0)| = |e R;(8.0)| < e Vil = Celo] ™ — .0 0,

so Property (2) hold.

If Property (2) holds, or equivalently if for any j =1,--- ,dimV, and v € V;

— lime Y, — 1 —vj+[a] g, @ “ViR.
0= }:1_{%8 ri(ev) = ll_I)I(ll[]; € 0°r;(0)v™ + e R;(6v),

then 0°r;(0) = 0, [a] < v; and Property (1) holds. Moreover, the smoothness of the r;’s
implies

ri(v) = Z 0%r;(0)v™ + Z vYpja(v), with pj, € C*(V).

|a|§N0 |Oc|=N0+1
Choosing Ny = max{|a| : o € Ny, [a] < v,}, since 0%7;(0) = 0, [a] < v;, we obtain

e ri(dv) = Z e~vtlelger (0)v® 4 Z evitlely . (6.0),
|a| <No,[a]<vj |a|=No+1
implying Property (3). We have obtained (1) <= (2) = (3). Clearly, (3) = (2). The
proof is complete. O

Let us present two corollaries of Proposition 4.5 and its proof. The first one gives estimates
of a higher order function:

Corollary 4.6. Let r : Vi — Vs be a smooth map of higher order. Having fixed quasinorms
|- |1 and |- |2 on Vi and Vs, for any bounded neighbourhood W of 0 in Vy, there exists C' > 0
such that

1+=
YoeW, |r(v)|s <Clv|; ™.
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Note that in the isotropic case, i.e. when v; = ... = v, = 1, we recover the Euclidean
or Riemannian exponent 1 + UL = 1+ 1 = 2. However, this is not generally the case; for
instance, it won’t be the case for a regular subRiemannian manifold as in Example 3.2.

Proof of Corollary 4.6. Keeping the notation in the proof of Proposition 4.5, the estimates
therein show that when 7 is higher order, we have for any v € W

Irj(0)] = |R; (v)] < Gyl
SO

1 1 1+-L 1+-L
max [r;(v)|vs < max C;7vlp 7 S (vfp
j=1,...,dim Vs j=1,..dimVv, 7
As u — max;j—i,_dimw, |u|1/ Yi is a quasinorm on Vs and all the quasinorms are equivalent,
the statement is proved. O

In the second corollary, we consider higher order functions depending continuously and
smoothly on a parameter:

Corollary 4.7. (1) Let A be a topological vector space and (a,v) — r(a,v) be a continu-
ous map AxXVy — Vs such that for everya € A, r(a, -) is a smooth function on V), that
is higher order. Then there exists a unique continuous function R: AXR XV, — Vs
such that for every a € A, R(a, -, -) satisfies Property (3) of Proposition 4.5, that is,
R(a, -, -) is a smooth function R x Vi — Vs satisfying

Ve,v e R\ {0} xV d.-17r(a,6.v) = eR(a, e,v).

(2) Let (t,v) — r(t,v) be a smooth map I x Vi — Vs, I an interval of R. Assume that
for every t € I, r is higher order in v. Then O;—or(t,v) is higher order.

Proof. We use the notation in the proof of Proposition 4.5 and consider bases for V; and
V, that are adapted to the gradation where r has coordinates r;. Part (1) follows from
Property (4). For Part (2), by Proposition 4.5, 957;(¢,0) = 0 for any ¢ € I and for any «
with [a] < vj, so it is also the case for 0,—gr(t,v) by smoothness and 0,—or(t,v) is higher
order. g

4.2. Higher order remainders on filtered manifolds. The notion of higher order term
defined above allows us to now investigate the algebraic structure of a filtered manifold:
up to remainder terms of higher order, it will be given by homogeneous polynomials or
series. Following Corollary 4.7 (1), we extend the notion of higher order to maps depending
smoothly on a point z of the manifold and we will say that such a x-dependent polynomial or
a r-dependent remainder are homogeneous or higher order above some open subset U C M
of interest, when they are thus for all x € U.

4.2.1. Nested commutator brackets on filtered manifolds. The notion of higher order map
defined above together with the map ad® (see Definition 3.12) allow for the description of

the commutator bracket on M modulo higher order terms:
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Proposition 4.8. Let X be an adapted frame on an open set U of the filtered manifold M.
The commutator brackets of vector fields may be written as:

n

ad (Z UiXi) (Z ijj> (@) =D (g5(z30,w) + (30, w))X;

j=1
where the q;(z;v,w)’s and rj(x;v,w)’s are polynomials in v,w with smooth coefficents in
x € U; the q;’s are v;-homogeneous and described by

(Qj (:1:7 U, w))?:l = adi‘{(v)(w),

"_, 18 higher order in v,w.

and r(z;v,w) = (T’j(l";%w))j:l

Before entering into the proof of Proposition 4.8, let us state some structural properties
of the commutator brackets for X. We denote by ¢; x(x) the structural constants of the
commutator brackets for X, that is,

n

ad(X,)(X;)(x) = [ X5, Xj)(2) = D cijn() Xu(2);
k=1

the ¢; jx(x) are smooth functions of z € U. As X is adapted to the filtration, we see:
(a) ¢k =0 when v, > v; + v,
(b) when vy = v; + vj, the ¢; j,(z)’s are the structural constants of [, ]y, for (X),:
[(X)ar (Xi)aly, = D Cijn(@)(Xi)a,
’Uk:’Ui-i-’Uj

or in other words, using the map ad: : R® x R” — R (see Definition 3.12) and
denoting the canonical basis of R" by (eq,...,e,),

ad®(e;, e;) = Z Ci j kCk
’L}kI’Ui-i—’Uj
(c) the polynomial (¢; jx(z)v;w;)p_, from the components of
D k(@i Xe(e) = v w X (@) = Y cigul)viw; Xa(),
Uk <U;+; VE=V;i 1V
are higher order.

Proof. Using the structural constants c; jx, we can write

n n

ZviXi, ijXj] (x) = Z vw;c; k(1) Xp(x) = Z(qk(x;v,w) + (250, w)) Xi (),

=1 vitv; <y, k=1
where
ar(T;v,w) = Z Ci gk (T)V3W;.
VE=vi+V;
Hence the maps q(z;v,w) = (qx(z;v,w))}_; and r(z;v,w) = (ri(z;v,w))}_; are poly-

nomials in v,w with smooth coefficients in x € U. From the observation in (b) above,
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q(z;v,w) = ad®(v)(w) is homogeneous in v, w, while from the observation in (c), 7(z;v, w)
is higher order in v, w. 0

Proposition 4.8 implies inductively the following property of nested commutator brackets:

Corollary 4.9. Let X be an adapted frame on an open set U of the filtered manifold M. Let
(eNy, a=(a,...,a0) €ENj and 8= (Bi,...,3) € N5. We can write

(adiUiXi)al (adi’szz adZvZ o adZwZ

Z (z;v,w) +rkﬂ(x;v,w))Xk(x),

with q,(j”B(x; v, w) and r,(:’ (x;v,w) polynomials in v, w with smooth coefficients in x € U; the
polynomial map q(z;v,w) = (¢ (z;v,w))7_, is ([o] + [8])-homogeneous and is defined via

qo"ﬁ(x;v,w) = (adigv)al(adfw))ﬁl (adfv)af(adfw)ﬁ‘ (x)

oe,,B(

while the polynomial map r*P(z;v,w) = (1" (x;v,w))R_, is higher order.

Proof. The proof follows by induction from Proposition 4.8, together with the observations
from Examples 4.4 and the fact that if ¢(x;v,w) and r(z;v,w) are polynomial maps that
are respectively homogeneous and higher order, then so are their z-derivatives Xyq(x;v, w)
and Xyr(x;v,w), £ =1,---n (for the latter, see Corollary 4.7 (2)). O

4.2.2. Ezxamples and further properties of higher order remainders. In this section, we give
two further examples and some general properties of higher order remainders.

The first example concerns the laws of the osculating groups, or rather the law ** of the
isomoprhic group R” (see (3.9)). Later on, we will need the following property:

Lemma 4.10. Let (X,U) be an adapted frame on a filtered manifold M.
(1) The map (z;v,w) — v¥<w is a homogeneous polynomial map in v, w with coefficients
depending smoothly in x € U, and so are the maps (z;v,w) — X2 (v +X w).
(2) The maps defined by

(0, w) = w S v —w ke v

Pl
ra(wyv,w) = (—(w 5 v)) %5 (w *§xp§v v)

are smooth on an open neighbourhood of the zero section of U x R™ x R™. They are
higher order in v, w.

Proof. Part (1) follows from Lemma 3.13 and the homogeneity of the group law (see Exam-
ple 4.2). For Part (2) and r;, we have by the homogeneity of the group law

-1 . _ X
65 7’1(53, 66U766w) =w >kexpxé v

= BCH;, (v, w; adepr5 ,) — BCH,, (v, w; adX);
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this last expression tends to 0 as € — 0 since BCH,, (v, w; adig) is a polynomial expression in

ad®v and ad*w and lim._ad® = ad*. For ry, we see

expX dev
67 (25 0.0, 0cw) = (—(w 5 v)) *5 (w *§Xp§§65v U) — 0 0.
We conclude with Proposition 4.5. O

Before giving the second example, let us show some properties of higher order remainders:

Lemma 4.11. Let (X,U) be an adapted frame on a filtered manifold M. Letr : U x R™ x
R™ — R™ be a smooth higher order map. Then, the maps

(v, w) = 74 (v *2 W, v), (V, W) = Texpx (v, W), (v,w) = (—v) %= (v + rp(v,w)),
are also smooth and higher order.

Note that this lemma extends to functions r, depending only on the variable v.
The proof relies on the characterizations of higher order functions in Proposition 4.5, and
its extensions to functions depending on a parameter in Corollary 4.7.

Proof. For analyzing the function, (v,w) + 7,(v X w,v), we observe that by the properties

of dilation with respect to the group law, for v, w € R",
67 4 (0.0 %% Sow, 5.0) = 67y (0. (v %2 w), 6.v).

Therefore

lim 6717, (6.0 2 5w, 0.v) = 0,
e—0

and (v, w) = r,(v *X w,v) is higher order by Proposition 4.5.

Regarding the function (v, w) + reqpx, (v, w), consider the function R = R(z,v,w, ) such
that 6_'r(z, d.v, 6.w) = eR(x,v,w,e). By Corollary 4.7 (1), R is continuous in z, v, w, e and
we have

. _ X . X
ll_r% 6= r(exp? 6.v, 8.0, 0.w) = ll_I}(l) eR(exp;, d.v,v,w) =0,

showing that (v,w) + regx, (v, w) is higher order by Proposition 4.5.
Consider now (v,w) — (—v) *X (v + r.(v,w)) =: T,(v,w). By homogeneity of the group
laws, we have:

6.1 (020, 6w) = (—) %0 (v + 62 'ra(0.0, 6w)) = BCHyy (—0,0 + 07 (020, 6.), ad)
As r is higher order, by Proposition 4.5,

li_I)T(l) 6 e (80, 0.w) =0 so ll_I)I(l) 61000, 0.w) = (—v) x, v =0,
and 7, is higher order. O

The second example of higher order remainders we will use later on occurs when consid-

ering changes of adapted frames:
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Proposition 4.12. We consider two local frames X and Y as in Lemma 3.5 (whose notation
we keep), with the additional assumption that they are adapted to the filtration of M. The
map r = r(z,v) =r.(v) defined via

(41) - diag(Tx)_luﬂc(_v) =0 *§ T(:Ca U)v (.T, U) € UX,Y

is smooth on Uxy and higher order.

Proof. By Lemma 3.5, the Taylor series of u,(v) — diag(7,)v about v ~ 0 is given by
1 k-1
u, (v) — ding(T,)o ~ (T, — diag(T2) v+ ( 3 vaj) Ty,
E>2 j

Since (T, — diag(7}))v and each term of the series ), _, are higher order in v, u,(v) —
diag(7T,)v is higher order. Hence, the function

’Fz(v) = _diag(Tx)_lux(_U) -v
is smooth on Uxy and higher order. By Lemma 4.11, r,(v) = (—v) %, (v + 7,(v)) is higher
order. 4

4.3. Composition of geometric exponential mappings. In this section, we study the
composition of geometric exponential mappings, comparing it with the law of the osculating
group. Then, we derive technical properties that we shall use later.

4.3.1. Relation with the law group. The core of this section is the next result which is ex-
pressed using the notion of higher order developed in Section 4.1 and the structure of the
osculating groups via the group law *X defined in (3.9):

Theorem 4.13. Let X be an adapted frame on an open set U C M. Then InX(expX , (v))

expX w
may be written in the form:

(4.2) I (expl e, (v) = w v+ (e, w);

the map r(z;v,w) is smooth on an open neighbourhood of the 0-section of U x R™ x R™,
valued in R™ and higher order in v, w.

Proof of Theorem /.13. By [55, Appendix], for any f € C°(U), we have the following equal-
ity between Taylor series for v, w ~ 0:

(4.3) F(exPepr 1 (v)) ~ flexp, Z(v, w)),
where exp, Z denotes the 1-time flow of a vector field Z on U with initial data x (see
Section 3.3) and Z(v,w) formally given by the BCH formula in (2.1) at z; in the BCH, the

adjoint operation ad refers to the commutator bracket between vector fields, a = ). w; X;
and b =) . v;X;. The meaning of (4.3) is that for any N € Ny, we have:

Flexpip, wv) = flexp,(Z™ (v,w)) + O(Ju]¥ ! + w] YY),

(4.4) =3 L (2w, w)) £ () + O] + [w]¥+1),
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where Z(™) (v, w) denotes the truncation in (v,w) at order N of the formal series defining
Z(v,w), i.e. with Notation 2.12:

ASE (v,w) = BCHN(Z w; X, Z v; X, ad).

Note that Z™) (v, w) is indeed a vector field on U, and its X-coordinates, i.e.

n

Mo, 20w ) =3 @, w)X (@)

Z(N) ('IL.’ U? w) = (Z =D J

J
J=1

are polynomial in v, w and smooth in x € U. Because of this dependence in z, in general,
we expect that exp® (z(")(x;v,w)) be different from exp,(Z™) (v, w)).

We will need the following two observations.

(i) Firstly, Corollary 4.9 implies that
2O (a5, w) = 29 (350, 0) + 7O (250, ),

where ™) and ZV) are N-truncated power series in v, w with smooth coefficients in
z € U with r™) of higher order and Z") given by BCH for ad®. By Proposition 4.8,
if N > s where s is the step of the gradation, we have

ZMN) .= BCHy(w, v;ad?) = w += v.

(ii) Secondly, omitting the writing of the dependence in v, w, we have

N N
(ZM)2 = Z (ZJ(1 )lezj(‘2 )Xj2>

JisJ2
N N N N
= Z ZJ(-1 )ZJ(-2 )leXj2 + ZZJ(-I ) (leZ]( ))X]
J1,J2 J1 J

We write X; := X, ... X;, for any multi-index I = (iy,...,4) € {1,...,n}"* of length
|I| = k. Then, inductively, we can write for k = 2,3, ...

N N
(4.5) (ZMyk = Yo (XA (X AKX,
(J1yeensd) =T, 11 50,11

where the sum is over the multi-indices I, I, . .., I, with at least one of the Iy,..., I}
empty but I # (), and such that their concatenation [I,I,..., I;] = (j1,...,Jjx) is in
{1,...,n}* with j; & I, and (ji, ..., Jx) Tuns over {1,...,n}*. This relation is proved
in the Appendix A.

We can apply the formula in (4.4) to functions f that are valued in a finite dimensional vec-
tor space. We choose f as lnig locally. Proceeding for instance as in the proof of Lemma 3.4,
we see that for f = In®, we have f(z) = 0 and for any u € R®

(4.6) Z u; X f(x) =u= Z uj€;,
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with (eq,...,e,) denoting the canonical basis of R". Moreover, for k& > 1,

(4.7) (Z%’Xa) flz) = Z wjy - Uy (X, - X ) (2) = 0.

(4.8) Z Ujy - U5, Ko ge)

vanishes when applied to f = In® at z if £ > 1. Hence, we focus in identifying such
expressions in (4.5). For this we will use the third following observation:

(iii) Reorganising the terms of (Z™)¥ in terms of the cardinal of the indices I in equa-
tion (4.5), and writing

(4.9) (ZME=>" Y wX,

=1 I=(j1, ,Je)

the terms Zl:(jlw- iy @rX[ is the sum of terms that have the property (4.8) for £ > 1.
This is proved in the Appendix A.

In view of (iii) and of (4.7), when applying (Z™))* written as in (4.9) to the function

f =In¥ at z, the -th term vanishes when ¢ > 1. Hence, we are left with the sum over the
I’s with only 1 element:

(2 f(z) = Z > (Xnz5,) - (Xp2) X f ()

(jl ~~~~ ]k)e[{]}71171lk}
= z Z (Xhzjl)"’(xszjk)ej‘
Jj=1 (Jl 7777 ]k)e[{]}rllvvlk}
If £ > 1, each term in the sum above is a product of k£ z-derivatives of the higher order
polynomials z;, (x;v,w)’s in (v,w); so (Z™))*f(z) is of higher order.

Therefore, using f(z) = 0 and equation (4.6), we obtain for any N > s

N
¥ (exp e (0)) = 2 (a5 0,0) + 30 - (20 (0, w) ) (@) + O(Jo ¥+ + [l V1),
E = k!

with 2™ (z;v,w) = Z(z;v,w) + r™)(z;v,w), the polynomial Z(z;v,w) = w *X v being
homogeneous while r™¥)(z; v, w) and every ((Z®™(v,w))*f) (z), k > 1, are of higher order.
The conclusion follows. 0

4.3.2. Consequences of Theorem 4.13. We will use Theorem 4.13 via the following statement
which will bring key arguments while proving the main properties of the pseudodifferential
calculus. This section can be skipped at first reading. We recall that when a frame (X, U)

has been fixed, for z € U, = describes the law of the group G, M. We use the shorthand

*% = x, in this section.
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Corollary 4.14. We continue with the setting of Theorem 4.183.
(1) We may write

X

— lnexp;xgv expif(v kg (—w)) = w *, T(x;0,W);

above, T is a smooth function on a 0-section of M x R™ x R™ where (z,v,w)
- lnffxp;gv expX (v x, (—w)) is defined and smooth. Moreover, 7(x;v,w) is higher order
in (v,w) and vanishes at v =0 and at w = 0, so we have locally

[F(z;v,w)lx = O(lvlx), O(wlx), O (vl + [w])*or .
(2) We may write
—In¥* eXpeXXp§ L0y (—w)) = w k, T30, w);
above T is a smooth function on a 0-section of M x R"™ x R™ where (z,v,w)

—In¥* expiﬁ(px _((=w) *, v) is defined and smooth. Moreover, 7(x;v,w) is higher

order in (v,w) and vanishes at v =0 and at w = 0, so we have locally
(25 0,w)|x = O(Jvlx), O(lwlx), O ([vlx + |w]x)" o .

Above, we have used the quasinorm | - |x defined in Remark 3.11.
Before entering into the proof of Corollary 4.14, let us explain what is meant by ‘locally’
in the statement. Actually, the function 7 above is simply defined as

(4.10) r(x;v,w) = (—w) *, (— lnfxpﬁv expi (v %, (—w))> )
and the fact that the inequality above holds locally means that for any compact subset IC
of Ux satisfying
Vo e U, w,v €R", (z,w),(z,v) € K => (exp. v, expi (v *, (—w))) € exp™(Ux),
there exists C' > 0 such that for any 2 € U, v,w € R" with (z,w) and (z,v) lying in K we
have
|?($;’U,’LU)|X < C|’U|X7 |7’1($;’U,’LU)|X < C|w|X7
- 1
(750, w) [ < O (olx + [wlx) "o

the constant C' depends on N, K, X, M, while the hypotheses on C, besides its compactness,
ensures that the left-hand side of the inequality above makes sense. The meaning of the
local estimates in Part 2 of Corollary 4.14 is similar to the one of Part 1.

Proof of Corollary 4.14 . By Theorem 4.13 (and using its notation), we may write:

X

Ingpi, expi (v *, (—w)) = r(exp, v;v %, (—w), —v) — w,

with 7 higher order. The function 7 defined via (4.10) is smooth and also higher order by
Lemmata 4.10 and 4.11. We also have

(e — InX X —
r(@;v,0) = Ingx, exp, v =0,

r(x;0,w) = (—w) *, (lnff expff w) = (—w) *, w = 0.
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The first two local estimates follow from applying the Mean Value Theorem of [41] (see
Theorem 2.17 (1) and Remark 2.18). For the third local estimate, we apply Corollary 4.6
to V; = R" x R™ and V, = R", with | - |x the quasinorm on Vs, and (v, w) — |v| + |w| the
quasinorm on Vj; the estimate is indeed locally uniform by Corollary 4.7 (1) and the proof
of Corollary 4.6. This shows Part 1.

For Part 2, we proceed as for Part 1 having observed the two following formulae:

7(z;0,w) = (—w) *, (— In* expffxpig LUy (—w)) ,

In® expfxpx LU (—w) = —w+ (250 %, (—w), —v).

5. SYMBOLS CLASSES ON FILTERED MANIFOLDS

In this section, we introduce the notion of symbols on filtered manifolds in Section 5.1 and
define symbol classes in Section 5.2. We study their algebraic properties in Section 5.3 and
focus on two important types of symbols: on the one hand, spectral multipliers in Section 5.4
and, on the other hand, polyhomogeneous symbols in Section 5.5. The quantization process
of these symbols will be described in Section 7, after studying their convolution kernels in
Section 6.

5.1. The symbols and their convolution kernels.

5.1.1. Definitions.

Definition 5.1. A symbol o on M is a collection of invariant symbols
o(z) ={o(x,7) : HI® > H ®:7€ @xM}
on @zM parametrised by x € M.

Alternatively, we will see a symbol as a collection of fields of operators
o={o(z,m):HI® > H®:2e M, 7€ G, M}.

The operators are defined up to the unitary equivalence of representation (see Section 2.2)
and are parametrised by

GM = {(z,7):x € M, 7 € G,M}.

Our definition of convolution kernels relies on smooth Haar systems whose definition we
now recall:

Definition 5.2. A smooth Haar system p = {1, }.en for GM is a choice of Haar measure
1, for each of the group fibers G,M such that the map = — szM f(z,v)dp,(v) is smooth
on M for any f € C*(GM).

Remark 5.3. Alternatively, a smooth Haar system p is the image under the group bundle
exponential mapping Exp : gM — G M of a positive 1-density of the vector bundle gM, i.e.

= Exp,w, w e |QF(gM) (see Appendix B.1 for these notions).
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Definition 5.4. Let {{t;}.en be a smooth Haar system. Let o be a symbol on M. If for
every x € M, the following makes sense

(51) ﬁﬁ,z = .F_jM“uzO'(.’E),

where Fg, ar,, denotes the Fourier transform on G, M with respect to the Haar measure i,
then we say that o admits a convolution kernel. The distribution x£ , € S'(G,M) is called
the convolution kernel of o at € M with respect to pu.

Ezxample 5.5. If o is a symbol such that for any x € M, we have o(z) € Lgf’b(@xM) for some
a,b € R (possibly depending on x), then ¢ admits a convolution kernel. For instance, this is
the case for a symbol such that o(z) is in S™(G,M) for every x € M.

Let ¢/ = {p)}zem be another smooth Haar system. Then p is another Haar measure
for G, M, which is therefore equal to u, up to a constant ¢(xz) > 0. This defines a positive
smooth function ¢ € C*(M) satisfying

(5.2) poy = () o

Hence, if 0 admits a convolution kernel with respect to one smooth Haar system u, then
it admits a convolution kernel with respect to any smooth Haar system p’. Moreover, even
though x% . depends on the choice of such a Haar system, its existence is independent of
which Haar system is chosen and we have:

(5.3) Kb, = c(x)k?,, x€ M.

o,

5.1.2. Convolution kernels in an adapted frame. If X is an adapted frame on an open set
U C M, this induces a smooth Haar system p* = {u*},cy on U given by

' = (Bxp™).dv, ie. fdi= [ f(Expyv)dv,
G M R”

where dv is the Lebesgue measure on R".

Let 0 be a symbol on M admitting a convolution kernel. We consider the convolution
kernel ngfi = k" € 8'(G,M) at x € U corresponding to the induced Haar measure 1%, or,
equivalently, its composition with the group exponential mapping:

(5.4) K (v) = l{gx (ExpZv).

x

Note that
KE(v)dv = (Exp™) (k! dp),

and at least formally:
o(x,m) = / K (v)m(BExpt — v)dv,

in the sense that o(z,-) is the group Fourier transform of x** € S'(G,M) for the Haar
measure u*.

Definition 5.6. We call the map x** € 8'(G,M) or k¥ € §'(R") (as in (5.4)) the convolution
kernel in the X-coordinates at x, depending on whether we see this object as a distribution

on G,M or on R".
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The relation between the convolution kernels in two different frames is explained in the
following statement.

Lemma 5.7. Let X and Y be two adapted frames on an open subset U of M. Let o be a
symbol admitting a convolution kernel. Then, using the notation of Lemma 3.3, we have:

Fg o (v) = det(6,) ko, (0,v),  where 6, := diag .

o,z

In other words, considering the notation of Lemma 2.21 and the isomorphism 6, = diag T,
of the Lie group G, we have

(em)*szM(Hiz ) Lnif) = ‘FGIM(KE{J o an;{)

Proof. The formula follows from

U(:E,ﬂ'):/ /fff’x(v)ﬂ(Eprfv)dv:/ /f},(@(vl)ﬂ(Expi{vl)dvl,

n

and Lemma 3.10. O

5.1.3. First examples. Let us describe some examples that we will be develop along this
section.

Ezxample 5.8. A function f € C*°(M) defines the symbol
1= {f (@), (x,7) € GM},

with convolution kernel x% := f(x)dp in any X-coordinates.
The following example follows readily from Example 2.32:
Ezxample 5.9. The symbol

(X;) = {n((X;)e) :z € Uz € G, M}

admits /i& = avj 0o as convolution kernel in the X-coordinates.

(X5)

In order to generalise this example to higher order, we introduce the following notation:
Notation 5.10. We denote by L x
left and right-invariant vector fields associated with (X;), € g,M on the Lie group G,M:
for p € S(R™)

Ly jatp(v) = (X5)(p o Ln®)) (Expzv) and R jap(v) = ((X;)( 0 Ln®)) (Expyv).
We shall use the short-hand:

B . Th Bn 2 S de 'l Tn
L<X>z = L<x1>, o L(an R(X) = L<x1>z o L<Xn>z.

FExample 5.11. Revisiting Example 5.9, we observe that the symbol
X) = {n((X)%) sz € U, € G, M)}

and Ry, the vector fields of R" corresponding to the

T

admits &%a = L?X>z50 as convolution kernel in the X-coordinates.
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5.1.4. Smooth symbols and their derivatives.

Definition 5.12. Let ¢ be a symbol on M admitting a convolution kernel. The symbol o
or its convolution kernel is smooth in the variable x (or just smooth) when for any adapted
frame (X, U), the convolution kernel in the X-coordinates is smooth in x in the sense that

K € C™(U,S'(R™)).

A symbol admitting a convolution kernel is smooth in the variable x on a open subset
U C M small enough (to admit adapted frames) if there is one adapted frame X on U
where k% € C°°(U, S'(R")). This notion is invariantly defined since Lemma 5.7 implies that
kY € C°(U,S'(R")) for any other adapted frame Y on U. We will give it an invariant
meaning in Section 5.1.5 below.

We observe that the space of smooth symbols is a module over C*(M).

Notation 5.13. For any smooth symbol o and any multi-index 8 € Njj, we adopt the notation
Dga

for the symbol (when it exists) whose convolution kernel in the X-coordinates is X?x* at any
x e U. If || =1, that is, if § = e, is the index which is 0 everywhere except at the jth entry
where it is 1, we may write Dy, instead of Dsﬁg. As we shall see later (see Remark 5.26), the
derivation Dx satisfies Leibniz rules.

5.1.5. Invariant meaning of convolution kernels. Here, we discuss the invariant definition of
convolution kernels as distributional densities. This viewpoint is not required in practice in
our subsequent analysis. However, it sheds a geometric light on the above considerations. We
will use the language of vector bundles and of their functional spaces recalled in Appendix B.
We will apply it to the vector bundle gM comprised of the osculating Lie algebras.

We observe that an adapted frame (X, U) yields a local trivialisation of the vector bundle
gM , that is,

(5.5) dx:UXR" = gM,  dx(2,0) = (2, ) vi(X;)e).

Conversely, given a local trivialisation of the vector bundle gM, we may operate a linear
change of coordinates and assume that it comes from an adapted frame. The properties of
the change of frames in Lemma 5.7 together with (5.3) may be summarised in the following
statement:

Lemma 5.14. If o is a smooth symbol on M, then there exists a unique tempered verti-
cal density k in S'(gM, |Q(gM)) such that ¢%k(z,v) = kX(v)|dv| for any trivialisation ¢x
induced by an adapted frame (X,U) as in (5.5).

It is more natural for our future analysis to consider objects on the group bundle GM

rather than on the algebra bundle gM. This was already the case for smooth Haar systems.
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Indeed, we preferred them over 1-densities on gM, although the two notions are in one-
to-one correspondence via the group bundle exponential mapping Exp : gM — GM (see
Remark 5.3):

{1 smooth Haar system} = Exp*|Q|(gM).

For this reason, we define the convolution kernel of a smooth symbol in the following way:

Definition 5.15. The convolution kernel density (or convolution kernel for short) of a
smooth symbol o on M is k& := Exp*k with k as in Lemma 5.14.

We have
(Exp})sfi (v) = (Lng) "Ry (v) = w5 (v)|dv],
and at least formally,
o(z,m) = / Ro(w) m(w)*.
G M
We define the space
S'(GM; |Q(GM)) := Exp*S'(gM; [Q[(gM)) = {Exp™r, s € S'(gM; [Q[(gM))},

and call it the space of convolution kernel densities.

Definition 5.16. Let m € R. An element & € S'(GM; |Q|(GM)) is m-homogeneous when
k=Ln"k € §'(gM;|Q(gM)) is m-homogeneous (as defined via Lemma B.6).

Given a smooth Haar system p, we denote by x% € S'(G,.M) the distribution corre-
sponding to k = Ln*% and Ln*u € |Q|(gM) via Lemma B.5. In the case of a convolution
kernel densities associated with a smooth kernel, this coincides with the notation defined in
Section 5.1.1.

We check that & € S'(GM;|Q(GM)) is m-homogeneous when the distribution k% €
S'(G,M) is m-homogeneous.

It will be handy to consider Schwartz convolution kernels densities:

(5.6)  S(GM;[QUGM)) := Exp"S(gM; [Q[(gM)) = {r o Exp, x € S(gM;[Q|(gM))}.

Both S'(GM;|Q|(GM)) and S(GM;|Q|(GM))) are naturally equipped with structures of
topological vector spaces, with S(GM; [Q2[(GM)) a dense subspace of S'(GM;|Q(GM)).

5.1.6. Semi-norms and difference operators. In Example 5.5, we have considered symbols
belonging in S™(G,M) associated with each € M. By (5.3), the membership of o(z,-)
in Sm(@mM ) is a property that holds independently of the choice of a smooth Haar system
. However, its Sm(@mM )-semi-norms require fixing a graded basis of the Lie algebra and a
Rockland operator on G, M. We can now consider semi-norms of Sm(éxM ) defined in (2.7)
using adapted frames:

Lemma 5.17. Let X and Y be two adapted frames on an open subset U of M. For any
xr €U, any N € N and any Rockland operator R on G,M, there exists a constant C' such
that for any symbol o admitting a convolution kernel, we have

lo(z, ')HSm(@zM),N,(Y)z,R < Cllo(z, ')HSm(@zM),N,(X)z,’R‘
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In the inequalities above, the semi-norms may not exist in the sense that they are infinite.
The meaning of the estimates above is that if the right-hand side is finite, then so is the
left-hand side and the inequality holds. This will be so for all the lemmata in this section.

Proof. The result follows from Lemmata 3.10 and 5.7 and Proposition 2.60. OJ

In Lemma 5.17, we have used implicitly the difference operators defined in each group
G.M. We can extend the definition of the difference operators in the following way.

Definition 5.18. Let X be an adapted frame on an open subset U C M and let o be a
symbol on U admitting a convolution kernel. If o(z,-) € S™(G,M) for some m € RU{—oo}
and any « € U, then for any a € Nj, A§o is the symbol on U whose convolution kernel in
the X-coordinates is u®x , (u).

5.1.7. Rockland operators over GM . The following definition will allow us to choose a posi-
tive Rockland operator above each group fiber G, M depending smoothly in z € M:

Definition 5.19. An element R € I'(% (gM)) is Rockland on GM, resp. positive Rockland
on GM, when each R, is so on the fiber % (g, M ). Denoting by v its degree of homogeneity,
we then call Rockland symbol and denote by 7(R) the collection

m(R,) € SY(G,M), x € M, m € G, M.

It follows from Section 3.2 that any Rockland operator on GM may be written with
respect to any adapted frame (X,U) as R = 3, _, ca(X)®. The homogeneous degree v is
independent of the frame X.

We will often use in this text the positive Rockland element on GM |y given by

My Mgy
(5.7) Rx =Y (=1)7 (X;),
J
where Mj is a (fixed) multiple of vy, . .., v, that we will generally choose as the least common
multiple of vy, ..., v,. The resulting Rockland symbol is

Rx = {7(Rx.), (z,7) € GM|y}.
From this, we can readily construct a positive Rockland element on GM, see Remark 9.36.

Remark 5.20. Although we will not consider the particular case of an equiregular subRie-
mannian manifold in detail in this paper, let us mention that the more natural and global
positive Rockland operator is given by the subLaplacian symbol in that setting. Indeed,
recall that a regular subRiemannian manifold (M, D, g) is naturally a filtered manifold with,
furthermore, H; = D equipped with a metric g (see Example 3.2). The subLaplacian symbol
Zis then globally defined as follows: on any open set U C M equipped with an adapted
frame X = (X3,...,X,), it is given by

d1
—~ So
Zlv=-3 X2,
j=1
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with X ,,..., X4+ a g,-orthonormal basis of H;(z) (if this is not so, a Graham-Schmidt
procedure allows us to assume so). We check readily that it defines a global object that is
the symbol of a positive Rockland operator on GM.

The next lemma shows that the semi-norms involved in the definition of the symbol classes
S™(G,M) are uniform in z, once chosen a Rockland operator on M, in the sense of Defini-
tion 5.18. This point will be important below (see Section 5.2) for defining global symbol
classes on M.

Lemma 5.21. Let X and Y be two adapted frames on an open subset U of M. Let R and S
be two positive Rockland elements on GM|y. For any x € U and any N € N, there exists a
constant C' such that for any symbol o admitting a convolution kernel, we have

lo (@, Mgm@,an.v.meme < Clo(@s )sm@,an v.x@..s.
Moreover, the constant C' depends locally uniformly on x € U, that is, it is uniform when x

remains in a compact subset C of U.

Proof. This follows from the properties of Rockland operators, see Proposition 2.27 (6). The
fact that the constant depends only locally uniformly in z is a consequence of Remarks 2.28
and 2.61 following Propositions 2.27 and 2.60 respectively. U

5.1.8. Deriwatives and S™(G M )-membership. The existence of the z-derivatives of a symbol
in S™(G,M) is independent of a choice of frame in the following sense:

Lemma 5.22. Let X and Y be two adapted frames on an open subset U of M. Ifa s a
smooth symbol such that Dx,o makes sense for any j = 1,...,n with Dx,o(x,-) € Sm(G M)

for any x € U, then Dy,o also makes sense for any € = 1,... . n with Dy,0(z,-) € S™G,M)
for any x € U. Moreover, fixing a Rockland element R on GM |y, we have

| Dy, 0 (z, ')HSm(ézM) N(X) e, Re

< C(Ilo(@, Vsm @, a0t 2. D ILILES PRV k)’

where N’ € Ny and the constant C' > 0 are independent of o, N' is independent of v € U
while C' depends on x € U locally uniformly.

Proof. As in the proof of Lemma 3.3 (see (3.1)), we may write
Z Cij, Cj € OOO(U)
Jwj<vg
Therefore, by Lemma 5.7,
n,wﬁ}r{,m = Z Cj (x)Xj,fﬁg,x = Z Cj(m)Xj,l‘(det 0:;1 Iiim © 0;1)7

J J
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and we compute
Xjo(det 0" k5,00,

(ijdetﬁz )/iff 00" +det 0,1 (Xjakn,) 00, +det 0" X4 ok, 00"

x 1

For the last expression, vector calculus in R™ yields
Xarma K (02, (0) = Y (X520, (0))i( 0k, (07, (v)).
i=1
Now, recall that 6, : R™ — R" is linear and block diagonal for every z € U, so (X .0, (v));
is a polynomial in v that is homogeneous of degree v; and smooth in z € U. Furthermore,
using [41, Proposition 1.26] or [37, Section 3.1.5], we have

8’i - L(Xz)gc + Z pi,i’(m7U)L(Xi/)x>

7/ . .
1y <vg

where p; #(x,v) is a polynomial in v that is (v; — vy) homogeneous for the graded struc-
ture, and smooth in z. We recall that the vector fields Lx,), have been introduced in
Notation 5.10. Hence, we obtain

Xjarma W (0710)) = D (X7 )i (Lo + D2 prarl@,v) L, ) (07 (0)

i iy <v;
=) g, v) (Lix, ki) (051 (V).
k=1

with ¢; ,(z,v) being a polynomial in v that is homogeneous for the graded structure of degree
at least vg, smooth in 2. We set G x(z,v) = g;x(z,0;v); it is a polynomial in v smooth in z
with the same properties as g;x(z,v). Denoting by p;x the symbol with convolution kernel
in the X-coordinates given by §;x(x,-)(L(x,), k%), the properties of Sm(G M) imply that
for any NV € Ny,

Hpj,k(x? ')“Sm(@zM),N,(X)z,R < C||0(37> ')HSm(@zM),N/,(X)z,R?
where N’ € Ny and the constant C' are independent of o while N’ is independent of x € U

and C' depends on it locally uniformly. This remains so even if we replace a fixed Rockland
operator R, on G, M with a Rockland element on GM |y as in Lemma 5.21. Since we have

Dro(e, ) = 3 es(0) P2 (0,).0(a, ) + ¢(a)(6.). (Dx, 0, )

+ ()Y (0z)upinl, ),

we conclude as in the proofs of Lemmata 5.17 and 5.21. 0

5.2. The classes of symbols Sm(@M ). We now have set the notation required for defining

symbol classes on the filtered manifold M.
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5.2.1. Definition of the class Sm(@M)

Definition 5.23. A symbol o is of order m on M when

(1) o(x,-) € S™(G,M) for each z € M and ¢ is smooth in the variable z € M,

(2) for any adapted frame U on an open subset U C M and for any multi-index g € Nf,
the symbol Do exists with Dio(x,-) € S™(G,M) for any z € U,

(3) for any local adapted frame X on U C M, for any compact subset C C U, for
any positive Rockland element R on GM |y, and for any N € Ny and 5 € Nj, the
following quantity is finite:

S‘élg ||D§U($a ‘)||sm(ézM),N,<x>z,7zz < 0.
xX

We denote by S™(GM) the space of symbols of order m on M.

In Property (3), we use the semi-norms defined in (2.7) on the group G, M for the choice
of graded basis (X),, and we do so for each z € U. Property (1) implies that o admits a con-
volution kernel and is smooth. By Lemmata 5.17 and 5.21, and, inductively, by Lemma 5.22,
if Property (2) holds for one adapted frame X on an open subset U C M, it will hold for any
other adapted frame Y on U. This will be also true for Property (3) for any other choice of
positive Rockland operator S on GM |y and we have

sulca ||D§10(:v, ‘)HSm(ézM),N,(Yﬁ,Sx < OSUCP Z ||D§U($7 ')||sm(éxM),N,(x>$,Rx’
xE S |[3|§|51|

with a constant C' dependent on M, H, N,X,Y,R,S,C, 3 but not on o.

We equip Sm(éM ) with the topology generated by the semi-norms given in Property (3)
of Definition 5.23. This topology is in fact Fréchet as we assume that the manifold M is
second countable. Indeed, if X is an adapted frame on an open set U C M and if C is a
compact of U, we set

. 3
(5:8) I llsm@an.cone.n = ﬁ%i‘ég||DXU($")”Sm(@M),Nxxn,Rz? N € N,

where R, = Rx_ is the positive Rockland operator given in € U by (5.7). We now fix a
countable sequence of compact subsets Cx, k = 0,1,2,... covering M = UC; and such that
each compact is included in a bounded open subset Uy on which an adapted frame X, exists.
The continuous semi-norms given by

(5.9) ||U||sm(§M),N = %Lagf ”UHS’"(@M),(Xk,Uk),Ck,N’ N € N,

form a countable fundamental basis for the topology of Sm(@M ), yielding the Fréchet topol-

ogy.
The properties of symbol classes on groups imply readily the continuous inclusions:

(5.10) my < my = S™(GM) C S™(GM),
and the natural properties of interpolation for the spaces Sm(é), m € R.
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5.2.2. Ezxamples from Section 5.1.3. If f € C*°(M) as in Example 5.8, then the symbol
f1={f(x) idy,, (z,7) € GMY} satisfies D3 (1) = (XPf)I for all 8 and fI € SO(GM).

Similarly, the symbol (3(7) ={r((Xj),) :x € Um € G,M} introduced in Example 5.9
satisfies DS (X;) = 0 for all 3, and {7((X,)s), 7 € (A}’} € S“j(@zM) for any x € U. Conse-
quently, (X;) € SYi (GM|y).

5.2.3. Smoothing symbols.

Definition 5.24. The class of smoothing symbols
S™(GM) = NperS™(GM)

is equipped with the induced topology of projective limit.

This topology makes sense thanks to the continuous inclusions in (5.10).

The advantage of smoothing symbols is that their convolution kernels are given by Schwartz
densities. Indeed, the convolution kernel £, (v) of a smoothing symbol o € S —(GM) in
the coordinates of an adapted frame (X, U) is Schwartz in v and depends smoothly in z € U.
Therefore, using the notation in (5.6),

ko € S(GM, |Q|(GM)).

5.3. Operations on symbols. We analyse the different operations that we can perform
on symbols on filtered manifolds and that preserve their membership to the symbol classes
defined above. This section relies on the analogue results for symbols and kernels on groups
stated in Section 2. Indeed, by definition of our symbol classes on M, for any o € Sm(@M ),
any smooth system of Haar measure o = {u,, z € G} and any = € G, the symbol o(x) is in
S™(G,M) with convolution kernel % .

5.3.1. Symbolic algebraic properties. From the Leibniz property of vector fields and Theo-
rem 2.33 together with Remark 2.34, it follows readily:

Proposition 5.25. For any my,ms, m € RU{—oc}, the composition and adjoint operations

Sm(GM) x S™2(GM) —» Sm™tm2(GM) nd S™(GM) —s S™(GM)
o — oF

(01,00) —— 0109
are continuous maps. Moreover, for any smooth Haar system p = {piz}zenr, the convolution
kernels of o109 and o* are formally given by
B1)  Rhnal0) = Rt W al0) = [ 00™) ) 0),

(512) Hﬁ*,x(v) = Rg,z(v_1)7

where xg, ., denotes the convolution product on G M with respect to the Haar measure fi,.
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Note that the convolution kernel £ ,, . in (5.11) is the convolution product of two tem-
pered distributions on G,M for the Haar measure p,. Moreover, it makes sense on the
group G,M as each distribution can be written as the sum of a Schwartz function with a

distribution with compact support, see Theorem 2.36.

Proof of Proposition 5.25. Consider a smooth Haar system p = {pz}zen and = € M. The
properties of composition and taking the adjoint of symbols on groups imply that the symbol
o1(x)oa(x) on the group G,M is in S™*™2(G, M) with convolution kernel given by the
convolution product k%, . %G, u, Kb, ., see Theorem 2.33.

If ¢/ = {4, } vens is another smooth Haar system, it differs from p = {1, } e by a positive
constant ¢(x), see (5.2), and so do the convolution kernels of symbols, see (5.3). As we check
readily

’ ’

2 2 — I 1%
’%0'2 x *GzM“uz Kal,:r - C(SL’) H2,x *GzM,M; Hl,x’
“w
o

the convolution kernels of the symbols o105 and ¢* are well defined as densities independently
of the choice of a smooth Haar system. This shows that these symbols satisfy Part (1) of
Definition 5.23.

Once a frame X is fixed on an open subset U C M, then equation (5.11) reads for v € R”
at x € U,

(.13 ral0) = [ 00 ()
Routine checks using the Leibniz properties of vector fields and Theorem 2.33 imply that o*
and o109 satisfy Parts (2) and (3) of Definition 5.23. O

Remark 5.26. Note that the proof of Proposition 5.25 (namely equation (5.13)) shows that
the derivation Dy satisfies Leibniz rules in the sense that for (o1, 09) € S™ (GM)x S™(GM)
and 8 € N with |3] = 1,

DQ(O}O’Q) = (Dgo‘l)dz + O'1(D§O’2).

Recall that a smooth function f € C*°(M) gives rise to a symbol fI € SO(M), see
Example 5.8. For any o € Sm(@M ), the symbol fo may be viewed as the composition
of f1 € S9%(M) with o € S™(GM). Hence it is also in S™(GM) by Proposition 5.25. In
other words, Sm(@M ) is stable under multiplication by C'*(M). It is clearly stable under
addition, hence S™(GM) is a C°°(M)-module. By Proposition 5.25, S™(GM) is also stable
under taking the adjoint and the space of symbols UmeRSm(@M ) is an *-algebra over the
ring C*°(M).

In Example 5.9, we showed that given an adapted frame X on an open subset U C M, the
symbol ( X;) is in S (GM |v). We can describe more precisely the composition with (X ).

Lemma 5.27. Let X be an adapted frame on an L open subset UCM. Let m € RU{—o0}.

Ifo € S™(GM|y) and j = d;_1+1,...,d;, then ( j)o and 0’< X;) are in S (GM|y) with
62



respective convolution kernels in the X-coordinates:

L(Xj>z/€§x and R(Xj>z Hf’x.

Proof. This follows readily from the group case, see Remark 2.37 (2). O

The composition property allows us to generalise Examples 5.8 and 5.11 with the following
two further sets of examples:

Ezample 5.28. Any element in T'(H®i /H"~1) is in S*(GM), i = 1,2,.... Indeed, it can
be written in some X-coordinates as a C'°°(M)-combination of (Xj), j = d;—1 + 1,...,d,,
or equivalently, as a sum of products of symbols fI € S°(GM) (as in Example 5.8) with

symbols (3(; € S¥(GM) (as in Examples 5.9 and 5.11).
Example 5.29. If X is an adapted frame on an open subset U C M, for any a € Ny, the

symbol (X>a is in S)(GM|y) and admits

X _J« n — Ja

—

as convolution kernel in the X-coordinates. In particular, I = (X) with a = 0 is an element
of I'(% (gM)) of zero-th order, with convolution kernel in the X-coordinates given by .

This may be generalised in the following observation:

Lemma 5.30. Let T € I'<,, (% (gM)). If X is an adapted frame on an open subset U C M,
then any element T' of T'<,,,(% (gM)) can be written uniquely as

T=> c(X)"  ca€C™U).

[a]<m

The symbol associated to T then is
T=3 clX) €5™(@My),

[a]<m

and the convolution kernel of T is given in the X-coordinates by K. = L1,00, where Ly, =
Z[a] <m ca(:v)L‘Z‘X> 18 the differential operator on R™ identified with the left-invariant operator

corresponding to the element T, € % (§.M), once G M is identified with R" via Expf.

Proof. The writing of T' is explained in Section 3.2.2. The rest of the statement follows
readily from the property of composition of symbols (Proposition 5.25) and Examples 5.8
and 5.29. O

5.3.2. Difference operators. The definition of the difference operators performed in Sec-
tion 5.1.6 extends naturally in the following way. For any adapted frame X on an open
subset U C M and any o € S™(GM|y) where m € RU {—oc}, for any a € NZ, we denote
by Ago the symbol on U whose convolution kernel in the X-coordinates is u®x} ,(u). We

check readily:
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Lemma 5.31. Let X be an adapted frame on an open subset U C M. For any o € Nij and
m € RU{—o0}, the following map is continuous

Sm(GM) —s S l(GM|y)
o — A§o
If follows from the group case (see Lemma 2.57) that the difference operators A§ satisfy

a Leibniz property:

Corollary 5.32. Let X be an adapted frame on an open subset U of M. There exist smooth
functions c(aoi),az € C=(U), a,a1,as € Ny satisfying
Voi,00 € S™(GM), A§(0109) = Z c(aoi)’az AY' oy A os.
[a1]+[az]=[e]

If also follows from the group case (see Proposition 2.58 and Remark 2.59) that locally
compactly supported functions on GM (in the following sense) yields continuous generalised
difference operators:

Definition 5.33. A function yo, € C®(M x R™) is M-locally compactly supported in R™
when for any compact subset C C M, there exists a compact neighbourhood V' C R™ of
v = 0 such that xo(z,v) =0 for (z,v) ¢ C x V.

Corollary 5.34. Let X be an adapted frame on an open subset U of M. Let g € C*(U xR")
be U-locally compactly supported. Then the operation A, defined via

AQU(I7 7T) = szM,uX (q(x7 Lnf,)ﬁgx% 0= -FGIM,#X’{;X
is a continuous operator Sm(@M) — Sm(@M) for anym € RU{—o0}. Moreover, fizing an

adapted frame X on an open subset U of M and writing the Taylor series of q(x,-) at 0 as
Tog(z,v) ~ >, ca(z)v®, produces smooth functions c, € C°(U), o € Ni, and the map

o— Ao — caA50
[a]<N
is continuous S™(GM|y) — Sm~N+)(GM|y) for any N € Ny.
We may summarise parts of Corollary 5.34 as

Ao~ NS  in S™(GM]|y),
aeNy

having used the following natural notion of expansion of a symbol:
Definition 5.35. A symbol o € S™(GM) admits the (inhomogeneous) expansion

o~ Zam,j in S™(GM)

J=0

N
when for all N € Ny, o0 — Zam,j e S™NHGM).
=0
64



Given a sequence (o;) as in Definition 5.35, we can construct a symbol o € S™(GM)
following the classical ideas due to Borel (see e.g. [37, Section 5.5.1]), that will satisfy
o ~ ;0. Moreover, o is unique up to S=°(GM).

We will often apply Corollary 5.34 with functions ¢ whose first terms in their Taylor series
is zero. To describe this precisely, we adapt the notion of functions vanishing at a certain
order at 0 to the anisotropic setting:

Definition 5.36. Let f be a (scalar-valued) function defined on an open subset of R™ con-
taining 0. Here, R™ is equipped with the dilations 6,. We say that f vanishes at homogeneous
order N € Ny when f(v) = O(|v|¥*!) for one (and then any) homogeneous quasinorm | - |
on R™.

We abuse the vocabulary for the case N = —1 where f(v) = O(1).

We readily adapt the usual properties of functions vanishing at a certain order by using
the Taylor expansion due to Folland and Stein [41] (see also Theorem 2.17).

Lemma 5.37. Let f be a (scalar-valued) function defined and smooth on an open subset V
of R™ containing 0. Let N € Ny. The following properties are equivalent:

(1) f vanishes at homogeneous order N.
(2) 0“f(0) =0 for any o € Ny, [a] < N.
(3) for any fired v € V, we have f(5.v) = O(eN*) for § € R.

If it is the case, then for any oy € Nii, 0 f vanishes at homogeneous order max(N —[ap], —1).

We observe that in our context, Property (2) is equivalent to

(2)" L, f(0) =0 for any a € Ny, [a] < N.
In any case, Property (2) allows to detect when the first coefficients ¢, in the asymptotics
given by Corollary 5.34 vanish.

5.3.3. Differentiation of symbols. The differentiation of symbols introduced in Notation 5.13
preserves the symbol classes.

Lemma 5.38. Let X be an adapted frame on an open subset U C M. For any € N} and
m € RU{—o0}, the following map is continuous
S™(GM) —s S™GM|y)
o — Dio

Proof. The convolution kernel of Do in X-coordinates is X’x% _(u). For every ' € N" there
are functions 055' € C*(U) such that X#'X# = > HI<[8+181] 05'8'59. Then we have

B
||Dx‘7||sm(6:M),c,N,R < C”UHSm(@M),C,NHﬁ]’R
where C' < Z[”Y]S[,B]+[Bl] SUP;cc |C€’B, ($)| -

To sum-up the elements of this section and the previous one, we can generalise easily this

property.
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Corollary 5.39. Let X be an adapted frame on an open subset U C M. For any o, 3,3, €

—~ ,/\B —
NI and m € RU {—oc}, if 0 € S™(GM), then the symbol A$DS (X) U(X>7 belongs to the
symbol class ST FHBIHDI(G M |y) with convolution kernel in the X-coordinates

(=) X7 Ly Ry g0 ().
Moreover, the following map is continuous:

Sm(GM) — Sm-lHBHL(GM )
) =B —
o — MDY (X) o(X)
5.4. Spectral multipliers of Rockland symbols. A fundamental example of symbols
consists in the spectral multipliers of positive Rockland symbols. Here, we will generalise the
properties of spectral multipliers obtained in Theorem 2.41 on groups and show that it holds
on filtered manifolds:

Proposition 5.40. Let ¢ € G™(R) with m € R (see Notation 2.40), and let R be a positive
Rockland element on GM . Then the symbol

B(R) = {6(n(R.)) : (v, 7) € GM}
S in S"“’(@M) where v is the homogeneous degree of R. Moreover, the map
6 0(R),  G"(R) — S™(GM),
1S continuous.

This section will be mainly devoted to the proof of Proposition 5.40, which follows the
arguments in [36, Sections 4.7 & 4.8] and [37, Section 5.3]. The strategy is to decompose the
multiplier function ¢ in dyadic pieces 1;(277-), having shown beforehand enough properties
for spectral multipliers of the form ¢(t7€) with ¢ € (0,1] and ¥ € C®(R). The analysis
of ¥(tR) may be obtained with two different methods: in [37, Section 5.3] via heat kernel
properties, and in [36, Sections 4.7 & 4.8] via the Helffer-Sjostrand formula. Only the latter
analysis lends itself readily to a generalisation on manifolds. Hence, we will start with
recalling the Helffer-Sjostrand formula [23, 43].

After presenting the proof we will observe that essentially the same arguments will allow
for the multiplier function to depend on x and also that Proposition 5.40 implies the density
of smoothing symbols.

5.4.1. The Helffer-Sjostrand formula. If T is a self-adjoint operator densely defined on a
separable Hilbert space H, and if ¢y € C°(R), then the spectrally defined operator ¥ (T') €
Z (M) coincides with

1
o

(5.14) o(T) /C GO(2) (T — =)' L(d=).

Here, ¢ is any almost analytic extension of 1 such that Je 100(2)||Im z| ' L(dz) is finite, and

L(dz) = dzdy, z = x + iy, is the Lebesgue measure on C. Recall that an almost analytic
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extension of a function ¢ € C*°(R) is any function ¢ € C*°(C) satisfying
- . 1
w}R =) and 8¢|R =0, where 0 = 5(835 +10,).

This can be extended to smooth functions 1) not necessarily with compact support but with
enough decay at infinity [36, Appendix]:

Lemma 5.41. Let ¢ € G™(R) withm < —1. Then, there exists an almost analytic extension
1 € C(C) to 1 for which the Helffer-Sjostrand formula in (5.14) holds for any self-adjoint
operator T'. Moreover, we have for all N € Ny,

L1661 (i 'Z')Nudz) < Cxllllgn wes,

|Im z|

with the constant Cy > 0 depending on N and m, but not on .

5.4.2. Properties of the resolvent. In order to use the Helffer-Sjostrand formula, we show
some properties for the resolvent of R:

Lemma 5.42. Let R be a positive Rockland element on GM .
(1) For any N € Z, the symbol 1+R)N = {(I1+7(R.))N : (x,7) € GMY} is in SNY(GM)
where v is the homogeneous degree of R.
(2) For any z € C\ R, the symbol
(R—2)"'={(x(R.) —2)': (z,7) € GM}

is in S™(GM). Moreover, for any seminorm || - | s—v @), cns there exist C >0
and p € Ny such that

=~ —1 1+ |z Y
Vze C\R, (R — 2) ||S,,,((3M)7(X’U)767N <(C|(1+ .

|Imz|

Proof of Lemma 5.42. For Part (1), the case of N = 1 by Lemma 5.30 and the properties of
composition of symbols (Proposition 5.25) imply that it suffices to show the case N = —1.
By Theorem 2.41, (I+ R,)"! € S~*(G,M) for every x € M, and from Remark 2.42, we
obtain that the 0-seminorm defined in (5.8), i.e.

5 V-1
max 1T+ Re)™ M s—v@mn),xo.co < ©

is finite; we could also obtain this fact from the analysis of the Bessel kernels in [37, Section
4.3] without resorting to Theorem 2.41 and Remark 2.42.
Differentiating with respect to x, we obtain

(5.15) Dy, 1+ R,)™ = 1+ R,) " (Dx,R)(1+R,)™

in a local adapted frame (X, U) (at first formally in terms of convolution kernels). Inductively,
we obtain an expression for DQ(I + 7/?\,)*1, B € Ny, as a linear combination of products of
(I+R,) ! and DR, # € Nz. By Lemma 5.30, R € S*(GM), so DY R € S*(GM). This
yields suitable seminorm bounds for D% (I1+R)™, showing that (I+R)~* € S~*(GM). This

concludes the proof of Part (1).
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Let us show Part (2). By [36, Proposition 4.33] and its proof, (R, — z)™' € S~(G,M)
for any x € M with for any 7 € G, M

I+ 7(R.)) 5 (7(Re) = 2) M1+ 7(Re)) % [z = [|(1(Re) = 2) 7 (T4 7(R)) | 201
1+ A 1+ |2|

1
A—z i [Imz| ’

< sup
A>0

by functional analysis. Using (5.15) in a local adapted frame (X, U) and arguing inductively,
we obtain an expression for DgA%(R —2)7, B, € Ny, with suitable seminorm bounds by
proceeding as above (see the proof of [36, Proposition 4.33]). This concludes the proof of
Part (2). O

5.4.3. Proof of Proposition 5.40. The main step in the proof of Proposition 5.40 is the fol-
lowing statement:

Lemma 5.43. Let R be a positive Rockland operator on GM. We denote by v its homoge-
neous degree.

(1) For any v € G™(R) with m < —1, the symbol {(R) is in S™(GM). Moreover, for
any seminorm || -l s—v @ .0y cno there exist C > 0 and a seminorm || - [|gm n+ such
that

Vi € gm(R), vt e (07 1]7 ||¢(tR)||s—v(§M),(x,U),c,N < Ct_IHdJHQm,N’-
(2) If ¥ € S(R), then ¥(R) € S~°(GM). Moreover, the map 1 — ¥(R) is continuous
S(R) = S==(GM).
(3) For any m € R and any seminorm || - || gmv@ar x.0y.c.n0 there ezist C >0 and k € N
such that for any ¢ € Cgo(%, 2),

vt € (0,1], ”w(tR)”Sm'/(@M),(X,U),C,N <t e i‘elgw) TN

Proof of Lemma 5.43. Let us prove (1). Let v € G™(R), m < —1. We consider the almost
analytical extension v constructed as in Lemma 5.41. By Lemma 5.42 (2) and the formula
n (5.14), we have

1 . .
9 s-vi@n cenen < 7 [ PR = 2 s an e en ()
-~ 1 p
< [1951 (14 ol ) 1) 5 Il

This provides the estimate for ¢ = 1. To obtain the estimate for any ¢ € (0, 1], it suffices to
observe

YR /6111 (tR — 2)"'L(dz) /6¢ t12) L(dz),

and to proceed as above (see the proof of [36, Corollary 4.37]). This shows Part (1).
Let us sketch the proof of Parts (2) and (3) which follows the argument of the proof

of [36, Lemma 4.38]. For (2), we consider ¢ € S(R). As R > 0, we may assume that
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YP(A) = 0 for A < —1/2. Then for any N € Ny, ¥n(A) := (1 + X\)V9p(\) defines a function
¥y € S(R). Applying Part (1) to ¢y and using the properties of composition of symbols
(Proposition 5.25) to

Y(R) = 1+R) Nn(R),

thanks to Lemma 5.42 (1), imply Part (2).
Finally, let ¢ € C2°(3,2). The case m = —1 follows from Part (1). Then, for m =

N — 1 with N € N, one applies Part (1) to ¢nx(N) := A™V9()\) and uses the properties of
composition of symbols (Proposition 5.25) on

$(R) = RYon(R),
together with RN € SN”(@M). Writing ¢ = 1y with y € C’(?o(}l,él) such that y = 1 on
(1/2,2) and using the properties of composition of symbols (Proposition 5.25) on

$(R) = Y(R)X(R),
yields the case of m = —2. Inductively, we obtain the case m = —2, —3, ... Part (3) follows
by interpolation. 0

We can now show Proposition 5.40. Our proof will follow closely [36, Section 4.8].

Proof of Proposition 5.40. We only require to prove the result for m < —1. Indeed, for
¢ € G™(R), with m > —1, choosing N € Ny such that N > m+1, one can find ¢ € g™V (R)
such that for all A € [0, 4+00), ¢(A) = (1 + A\)V¢)()). The result follows by the properties of
symbols with respect to product (see Proposition 5.25) and Lemma 5.42 (1). Thus we focus
on m < —1. By Lemma 5.43 (2), we may assume that ¢ is supported on [1,00). Let (n;) be
a dyadic decomposition of [1,400), that is, no € C°(5,2) with

C

(5.16) Y ni(A)=1forall A>1, where 75;(\):=10(277N).

J=0

We may write for any A > 0
o) =D m(Ne(N) = D2 ;(277N),  where  hy(p) = 27" $(2 w)ino ).
=0 =0

We observe that
1
Y;€C2(5,2)  and  sup [P (N)] Sp [[6llgm
2 A>0

for any k € Ny with an implicit constant independent of j. Let (X, U) be an adapted frame,
let o, 8 € Njj, x € M and 7™ € G,. For each j € Ny, let us consider the operator

—mu+[a]+y
1%

Tj(a, B,y 2, m) = T; := 2™ (1 + 7(Ra)) AFDZY; (27T (R,)) (L + m(Ry)) v
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The properties of composition and adjoint for symbols in Proposition 5.25 imply

[o]+~

IT; Till ey = 2™ (L4 7(Ra)) ™ A Dgths(2 7' (Ra)) L+ m(Ra)) 7 X
2mu+ [a]+y o _
< (I+7(Ra)) AGDp; (277 (Ra) L+ 7(Re)) ™ |2t
5 2(i+j)m||¢i(2_i7r(721))||sO(ézM),[a],[ﬁ],JWj(z_ ﬂ'( m))||S2mu(ézM),[a],[3],c7

for some ¢ > 0. Lemma 5.43 (3) yields that for some k € Ny, we have

177 Tl 200 S 2077277 max sup\w Y] max sup [ (V)]
=0,..., k'=0,....k A>0

< 207919 Gon .,
and similarly for || T;T}|| (3, By the Cotlar-Stein Lemma [61, §VIL2], 3. T; converges

in the strong operator topology to a bounded operator on H, with norm < ||¢|/gm k. the
implicit constant being independent of (z,7) € G x G. This implies that

—mytal+y o _a
sup [T+ 7(Rs)) AGDZH(m(Re)) 1+ m(Re)) % | 2) S Dl
(z,m)eEGM
for some k£ € N. As this holds for any «, 3, (X, U), the conclusion follows. 0

5.4.4. Multipliers depending on x. We observe that the proof above is robust enough to allow
a dependence of the multiplier function ¢ in x. More precisely, we can consider multiplier
functions in the space

g™ (M xR) = C*(M) @ G"(R),

equipped with the tensor topology; equivalently, this is the Fréchet space of smooth functions
¢ : M xR — C generated by the semi-norms given by

pllgm v := max — sup (14 |A)7""H[Xgdo(x, N,
kg le]<N (g 2)eC, xR

where a countable sequence of compact subsets Cx, £ = 0,1,2,... covering M = UiCy has
been fixed, with each compact C, included in a bounded open subset U, on which an adapted
frame X, exists.

Adapting the proof above, we readily obtain:

Corollary 5.44. Let ¢ € G™(M x R) with m € R, and let R be a positive Rockland element
on GM. Then the symbol

9(R) = {(.7(R,)) : (a,7) € GM}
5 in S"“’(@M) where v is the homogeneous degree of R. Moreover, the map
¢ ¢(R),  G™(M x R) — S™(GM),

1S continuous.
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5.4.5. Density of smoothing symbols. The proofs of Propositions 2.44 and 2.46, with Re-
marks 2.45 and 2.47, can be readily adapted to the manifold case by using Proposition 5.40.
We obtain the following result:

Proposition 5.45. (1) The fiberwise group Fourier transform is an isomorphism from
the topological vector space of the vertical Schwartz densities S(GM;|Q(GM)) onto
S™(GM).

(2) Let o € S™(GM) with m € R. We can construct a sequence of smoothing symbols
(00)een C S™°(GM) satisfying the following properties:
(a) For any my > m, we have the convergence
lim o, =0 in S™(GM).
{—00
In other words, the space S—°°(§M) equipped with the Sml(aM)-topology is
dense in S™(GM).
(b) For any semi-norm || - || gm(@) .oy en of S™(G), there exist a constant C > 0
and N' > N such that

YVl e N, ||0'€ - U“Sm(@),(X,U),C,N < C||U||Sm(§),(X,U),C,N"
Consequently,
Yl e N, HJfHSm(@),(X,U),C,N < (1 + C()”J“Sm(é),(X,U),C,N’‘

(c) Denoting respectively by k* and ki the convolution kernels of o and oy in the
X-coordinates, we have the convergences
lim ky =k~ in T(S'(R™)) and in T(C*(U))),
{—00
for any open subset of Uy C G\ {0}.
(d) Moreover, liminfe,o [|0¢l|sm@nry,x0y.en = N0l sm@nn, cx.oyen-

Remark 5.46. The above result will be useful in many proofs. Indeed, it will allow us to
assume that symbols are smoothing, and hence have Schwartz convolution kernels.

For instance, instead of manipulating distributions in the composition of symbols in Propo-
sition 5.25, we can instead consider Schwartz functions by considering smoothing symbols
and applying the result of density in Proposition 5.45. Indeed, if 01,0, and o are smooth-
ing, given a smooth Haar measure y and fixing x € M, the formulae for ¥ , . and s}.
in Proposition 5.25 make sense as Schwartz functions on G,M. We check as above that
these define Schwartz densities independently of a choice of a smooth Haar measure. The
estimates with respect to suitable seminorms of symbol classes are checked using the results

on G,M, z € M. And we can conclude by density (Proposition 5.45).

5.5. Homogeneous and polyhomogeneous symbols.
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5.5.1. Homogeneous symbols. We define the class Sm(éM ) of homogeneous symbol of or-
der m by replacing Sm(@mM) with Sm(ézM) in Definition 5.23 (see Section 2.6.1 for the
definition of homogeneous symbols on a group). As Lemmata 5.17, 5.21 and 5.22 can easily
be adapted to hold for Sm(ézM )-semi-norms, this notion is intrinsically defined. We denote
by Sm(@M ) the space of homogeneous symbols of order m on M. If X is an adapted frame
on an open set U C M and C a compact subset of U, we define the associated seminorm
| gm@an).cx0.c.n s in (5.8) by replacing the 5™ (G, M )-semi-norm with the corresponding
one on Sm(@xM ) (see (2.12)). It is a Fréchet space for the countable family of semi-norms
analogous to (5.9).

—

Ezample 5.47. Adapting Example 5.11, the symbol (X) := {x((X)®):z € U,m € G,M} is
in SEI(GM).

Example 5.48. Extending Example 2.56 to the manifold setting, for any positive Rockland
operator R, we have (I +R)™" € Spi(GM) where v is the homogeneous degree of R, and

(I + ﬁ)m/l/ ~h rfém/u + @ﬁfqum/u + ...
1%

By construction, every symbol o € Sm(@M ) admits a convolution kernel density that is
m-homogeneous in the sense of Definition 5.16.

Adapting the proof for the inhomogeneous symbol classes, we obtain that the homogeneous
classes Sm(@M ) enjoy the algebraic properties for composition and adjoint as described in
Proposition 5.25 for the inhomogeneous case.

5.5.2. Links between homogeneous and inhomogeneous symbol classes.

Proposition 5.49. Let R be a positive Rockland element of % (gM). Let 1y € C°(M x R)
be such that o(x,\) = 0 for XA in a neighbourhood of (—o0,0] and ¥y(z,A) = 1 on a
netghbourhood of +o0o, these two A-neighbourhoods depending locally uniformly on x € M.
Then for any o € Sml(@M) and ¥ € G™(R), the symbols

o W0)(R) = {o(x,m) (Yho)(x,7(Ry)) : « € M, m € G M)}
and R R
(Vo) (R) o = {(¢o)(x, m(Ra))o(x,7) : 2 € M, m € G M}
are in S™FM2Y(GM) where v is the homogeneous degree of R. Moreover, the maps
(0.0) — (W) (R)o and (0,9) = o (1) (R),
are continuous 8™ (GM) x G™2(R) — S™+m2v(GM).
Below, we will use Proposition 5.49 with ¢ = 1, that is, o¢(R) € S™(GM) if o €

S (@M ). In the proof of Proposition 5.49 and in the remainder of this section, we will use
the notation
av = (@zM\{l})
zeM

and write éxM* for the fibers of GM*.
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Proof of Proposition 5.49. From the group case (see Section 2.6.1 and Proposition 4.6 in [29]),
we see that for any x € M, the symbols o(x, -) (Y1) (z, ﬁz) and (Yg)(z, ﬁw)a(x, -) are in
S™(G,M). Moreover, setting m := my + mav, the S™(G, M )-semi-norms of these symbols
are bounded by some ™ (G, M)-semi-norms of o and G™2(RR)-semi-norms in ¢ up to a con-
stant locally uniformly in # € M. The main issue is the z-derivatives. Let X be an adapted
frame on an open subset U of M. By the Leibniz rule in x, we have at least formally with

8] =1
DY (o (o) (R)) = Dyo (viho)(R) + o Di(4b1ho)(R).

By construction, Djo € Sm(@M |v) and therefore the first term may be analysed fiberwise
as above. For the second term, we can not in general claim that D2 (1t,)(R) vanishes
identically for low frequencies. To deal with this issue, we modify the dyadic decompo-
sition (5.16) into a dyadic decomposition on [0, +00): we fix 79 € C*([—1,1],[0,1]) and
m € C=([3,3],[0,1]) such that

1= Z%’(A) for any A >0, with n;(\) := m(277'N).
§=0
We then write

sup o, ™) Dy (1) (Ra) (1 + 7(Ra)) ™% |2y < Co+ Cus > Ej,

(z,ﬂ')EéM* j=1

where

Co:=sup |lo(z,m)mo(r(Ra)) DE(o)(Ra) T+ 7(Ra) ™ | 20),

(z,7)eGM*

Ej:= sup |o(z,m)n;(m(Ra))|2 ),
(z,m)EGM*

Cypp:= sup [|DZ(¢or))(Ra) 1+ 7(Ra))™ ¥ [l 2(aen)-
(z,m)eGM*

The constant Cj is finite since we have Cy < Col|o||gm, Gar) o With the constant

Co:= sup |Ra’ mo(m(Re))(I+7(Re))™ || i)

(z,m)eGM*

X [T+ 7(Ra)) % Dy (¥3h0) (Re) (T4 71(Re)) ™ [l a4,

being finite and in fact bounded by the product of a S°(GM)-semi-norm in 75(R) with a

Sm2v(GM)-semi-norm in (1) (R) up to a constant.
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By Corollary 5.44, Cy, 5 is a finite constant since D§(¢O¢) = —Dg(l — o) and 1 —gtp €
C>®(M) ® C*(R). Regarding the Ej-s, we write

Ej= sup lo(z, m)m (2 7 (Ra)) |l 2 en)
(z,m)eGM*
i
= sup oo, mm2 7Rl
(z,m)eGM*

_i=1
= sup o, 277 -7 ) (7' (Rao)l2o,0)
(z,m")eGM*

j—1
S s o M (R
(z,7")eGM*

where we have used the homogeneity of 0. We obtain

iy izt mL
By <27 ||U||Sm1(GM),0§1ilg(1+)‘) (A

by functional analysis; alternatively, we can estimate S~ (GM)-seminorms of 7, (7'(R,))
by supyoo A |71(A)] using Lemma 5.43. Hence for my > 0, >, Ej is finite.

If m; < 0, we modify the analysis of the second term by considering o; := oRM and
1 (A) := AN for N; large enough. Indeed, as o; will be in SmitNy e will choose
Ny > —my /v and we will still have o¢)(R) = o111 (R).

Adapting the reasoning above to any derivative X?, 3 € N#, and A%, a € NI, we obtain
that the quantity ||O'(w01,b)(7€)||5m(@M)7N is finite for any N € Ny, and therefore o (1)) (R) €

Sm(éM ). The continuity follows from tracking the constant in the above estimates. The

~

result for the symbol (¢y?))(R)o is proved in a similar manner. O

The following statement shows that modulo smoothing symbols, the precise choices of the
positive Rockland element R or the cut-off )y for the low frequencies in Proposition 5.49 are
irrelevant:

Lemma 5.50. Let 1,19 be two smooth functions on M xR satisfying fori = 1,2, ¥;(x,\) =
0 for X in a neighbourhood of (—o0,0] and ¥;(x,\) = 1 on a neighbourhood of +oo, these

two A-neighbourhoods depending locally uniformly on x € M. Let R and S be two positive
Rockland elements on GM.

(1) The symbol 1p1(R) — 12(S) is smoothing:
1(R) = 12(S) € S7(GM),
(2) More generally, for any o € Sm(@M), the symbols
o1(R) — o2(S)  and  P1(R)o — h(S)o
are smoothing, that is, in S‘“(@M).

Proof of Lemma 5.50. By Corollary 5.44 and Proposition 5.49, we may assume ¢, = 1)y =

1. Part (1) is a consequence of Part (2) with o = I. Let us prove Part (2). We consider
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a dyadic decomposition on [0, +00) as introduced in the proof of Proposition 5.49: we fix

no € C=([—1,1],[0,1]) and n; € C([3,3],[0,1]) such that

1= an(A) for any A >0, with n;(\) := . (2771N).

For each j € Ny, the symbol o 7;(R R) (wg( ) — wo(g)) is smoothing by Proposition 5.49 and

the properties of composition of symbols stated in Proposition 5.25. The properties of the
supports of 1y and 79,7, imply the existence of j, € N such that for all j > jo, 7,90 = 7.
Hence, for 5 > jo,

mi(R) (Vo(R) = vo(8)) = 0 (R) = ni(R)(8) = 0 (R) (1 = ) (S).

For any semi-norm || - |[g-~, &) n,» We have

,N2?

|on; (R )(1 = %0)(S) |l s-m (GM),N, < ||J77j(R)||smfv(@M),Né”(1 - ¢0)(S)||s—N1—m+V(éM),Né'7

for some Nj, NJ € Ny, where v is the homogeneous degree of R. By Proposition 5.40,

(1 — @DO)(S\)HS,NﬁV(@M)’Né, is finite since 1 — ¢)y € C°(R), while we have by Lemma 5.43
(3):
lon; (R sm-v@nn,ng S Nollsm@nn,m I (R ls-v@an vy S Imillg-1m S 277,

for some N, N}, N3 € Ny.. Hence, the sum

> (R) (40(R) = 60(8)) g @anxe

Jzjo
is finite for any semi-norm | - |[g-~, @) n,- This concludes the proof for 091 (R) — 012(S).
The case of 1 (R)o — 19(S)o may be dealt with in a similar manner. O

The following statement shows that modulo smoothing symbols, cutting the low frequen-
cies on the left or on the right makes no difference:

Lemma 5.51. Let ¢ be a smooth function on M x R satisfying o(z,A) = 0 for X in
a neighbourhood of (—o00,0] and Yy(z,\) = 1 on a neighbourhood of +oo, these two \-
netghbourhoods depending locally uniformly on x € M LetR be a positive Rockland element
on GM. For any o € S™(GM), the symbol oipo(R) — vo(R)o is smoothing, that is, in
5=°(GM).

Proof. Let 11 be a smooth function on M xR satisfying ¢4 (z, A) = 0 for A in a neighbourhood
of (=00, 0] (locally uniformly in x € M) and 11 = 1 on the support of 1)y. We may compute
modulo smoothing symbols by Corollary 5.44 and Proposition 5.49

7to(R) — to(R)o = tn(R) (atio(R) - to(R)or ) + S~(GM)
= 01(R)o (v — )(R) = 1(shg — 1)(R) 0 + §~(GM)
€ S“”(GM),

concluding the proof. O
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5.5.3. Polyhomogeneous expansion and symbols. We extend to filtered manifolds the notion
of polyhomogeneous expansion of symbols (see Section 2.6.2 for the groups case).

Definition 5.52. A symbol o € Sm(@M ) admits the polyhomogeneous expansion
0 ~p Zam_j, Om—j € Sm_j(@M),
j=0

if for a function ¢ € C*°(M x R) satisfying ¥ (z, A) = 0 for A in a neighbourhood of (—o0, 0]
and 1(A) = 1 on a neighbourhood of +oco, these two A-neighbourhoods depending locally
uniformly on x € M, and for a positive Rockland element R, the symbol o admits the
following expansion in S™(GM) (in the sense of Definition 5.35):

N
g~ Z w(ﬁ)am_j.
=0

By Lemma 5.50, if the property in Definition 5.52 holds for one such function ¢ and one
positive Rockland element R then it holds for any of them. By Lemma 5.51, the property
above is also equivalent to

N
0= $(R)om_; € SN HGM).
=0
Definition 5.53. A symbol is polyhomogeneous of order m € R when it is a symbol in
S™(GM) admitting a polyhomogeneous expansion. We denote by g}l(CAJM ) the classes of
polyhomogeneous symbols of order m € R.

By construction, if o € ;;,g(éM), then o(x,-) € I’}}l(@mM) for every x € M. Conse-
quently, the polyhomogeneous expansion on GM , when it exists, is unique as it is unique in
the group case (Section 2.6.2).

The properties of the homogeneous and inhomogeneous symbol classes imply that the
polyhomogeneous symbol classes enjoy the following algebraic properties of composition and
adjoint:

(a) the product of a symbol in S)}! (A@M) with a syrAnbol in S} (GM) is in S;’,‘;er? (GM),
(b) the adjoint of a symbol in Sy} (GM) is in S} (GM).

6. KERNEL ESTIMATES AND RELATED RESULTS

As for operators of Calderon-Zygmund’s type, a deep analysis of the kernel will be at the
roots of the analysis of the operators obtained by quantization of the symbols in UmeRSm(éM ).
In this section, we first present in Section 6.1 kernel estimates that are really similar to those
of the group case. Then, in the next two sections, we develop consequences of kernels es-
timates regarding kernel functions that will appear when developing a pseudodifferential
calculus in the rest of the article. Such terms do not appear in the group case. They are

mainly due to the fact that the coordinates provided by the exponential map on the manifold
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do not coincide exactly with the variables of the osculating group. This difficulty will be
overcome by identifying terms of higher order, that we will be able to treat. In Section 6.2,
we derive technical lemma that we will use in Sections 7 to analyse the invariance for the
change of frame. In Section 6.3, we focus on identifying convolution structure up to higher
order terms. This section can be skipped at first reading.

Notation 6.1. If an adapted frame X has been fixed on an open subset U C M, then we
consider the family (go(,v))aeny consisting in the homogeneous polynomials g, (7,v) =
¢zo(v) on R™ that form a basis dual to (Lth)geNg. We also consider the quasinorm | - |x
defined in Remark 3.11.

6.1. Kernel estimates. As a consequence of Theorem 2.36 and Remark 2.37, we have
estimates on the convolution kernel of a symbol.

Theorem 6.2. Let X be an adapted frame on an open set U C M. Let o € Sm(éM)
and m € R. Then for each x € U, the distribution r= is Schwartz away from the origin.
Moreover, if C is a fixed compact subset of U, we have the following kernel estimates:

(1) For any N € Ny , there exists C' > 0 such that for all x € C and v € R™, we have:
vlx >1 = s (v)] < Clolg™.
(2) If @ + m < 0 then kX is continuous on G and bounded: there exists C > 0 such that

sup  |ka(v)] < C.
(z,v)ECxR™

(3) If @ + m > 0, then there exists C > 0 such that for all z € C and v € R™, we have
0<vlx <1 = |KE(v)] < Clofg ™.
(4) If m = —Q, then there exists C' > 0 such that for all x € C and v € R", we have
0<|vjx £1/2 = |sZ(W)| < —Cln|v|x.
In all the estimates above, the constant C' may be chosen of the form
¢= ClHUHSm(éM),(x,U),c,N'
with C; > 0, N" € Ny.

Corollaries 5.39 and Theorem 6.2 yield also estimates for (—u)“LfX> R?X>X£' Ko p(u). They,
together with Corollary 2.38, and its subsequent remarks, also yield the following notion of
homogeneous semi-norms. Recall that the definition of the semi-norms is in (5.8).

Corollary 6.3. Let o € Sm(éM) withm € R, a, 5,8 € Ny, p € [1,00]. If m — [a] + [B] <
Q(;, — 1) then the quantity

(6.1) lollxv).cas.ep = Hilélg [0 Ly X 5|
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is finite. Moreover, the map o — ||o||(x,v).c.0.8,8p 5 @ continuous semi-norm on S™(GM)

while if m < — My with My € Ng a common multiple of the dilations’ weight, we have for all
N eN

O\l gma <C max o y
|| ”s (GM),(X,U),C,N = [a]+[ﬁ]§N+Mo” ||(X,U),C,a,ﬁ,ﬂ 1

IB'|<N
From the kernel estimate above via Corollary 2.38 (3), we also obtain an estimate for the
order of the distribution xX. We will need the following quantification of this property:

Corollary 6.4. Let o € Sm(éM) Let X be an adapted frame on an open set U C M. For
any x € U, the distribution k% is smooth away from the origin. At the origin, its order is
the integer

po = max{|a| : a € Ny, [a] < s’}
where s' is the smallest non-negative integer such that s > @Q/2 + m. Moreover, for any
compact C C U, we have for any compact neighbourhood Cy of 0 in R™,

3C >0, V¢ € CF(Cy), YV eC, / Ky (V)p(v)dv| < C max [|0%¢|| L (co)-

|| <po

Above, C' may be chosen of the form

C= Cl||U||sm(éM),(x,U),co,N"
with 01 > 0, N e NO'

Finally, the next corollary identifies the neighbourhood of 0 as the singular part of the
kernel of a symbol, in terms of smoothing symbols. We obtain it here as a consequence of
the kernel estimates, although we can also deduce it from Proposition 5.45 (1).

Corollary 6.5. Let o € S™(GM) for some m € R.

(1) Ifits convolution kernel k% in an adapted frame (X,U) is a smooth function on U x R™
then the restriction of o to U is smoothing, i.e. o|ly € S‘W(@M|U).

(2) If o is smoothing, i.e. o € S‘w(@M), then its convolution kernel in any adapted
frame (X, U) is a smooth function on U x R™.

(3) If ¢ € C*°(GM) is such that ¢ = 0 in a neighbourhood of M x {0}, then Ao €

5=°(GM).
Proof. Part (1) follows from Corollary 6.3. Part (3) follows from Part (1). Part (2) follows
from the kernel estimates in Theorem 6.2 together with Corollary 5.39. U

6.2. Kernel estimates and higher order terms. We first analyse convolution kernels of

the form (x,v) — KX (v *X r(z,v)) with r of higher order. We introduce the notation:

Definition 6.6. For m € Ny, we define
|m|min = min{|a| : a € N", [a] = m}.

For a € Ny with [a] = m, we write || min = |M|min-
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Ezample 6.7. (1) In the case of a stratification, which implies {vy,...,v,} = {1,...,s}
with s the gradation step, we compute readily: |1|,,;, = 1, and more generally

[7lmin =1 for j <'s, |7|min = 14+ Int[j/(s +1)] for j €N,

above, Int[z] denotes the largest integer less or equal to z > 0.
(2) Let us consider R? with the gradation with weights (2,3,5). We compute:

Hence, in the graded but not stratified case, the map M + |M|,,;, may not be
increasing.

Definition 6.6 is motivated by the following observations:

Lemma 6.8. Let g be a homogeneous polynomial on R™ that is m-homogeneous for 6,.

(1) Then for any fized v € R™, we have for the isotropic dilations:
q(ev) = O(glmlmin),

(2) If r is a smooth higher order map on R™, then p = q o r vanishes at homogeneous
order m + |m|min — 1 (in the sense of Definition 5.36).

Proof. Part (1). Writing ¢(v) = > _(,_,, Cav®, we have

q(ev) = Z Colev)® = Z caelv®.
[a]=m [a]=m
This proves Part (1).
Part (2). By Proposition 4.5, we may write . 'r(d.v) = eR(v,e), with R smooth. Hence,
we have

p(0:0) = q(8.6; 'r(0.0)) = e™q(8. 'r(6.0)) = e™q(eR(v, e)) = O(emHmmin),
by Part (1). We conclude the proof of Part (2) with Lemma 5.37. O

In our analysis of the local calculus on M, we will often consider a symbol ¢ modified
into a symbol 7 formally given by its convolution kernel /{fg_,m DU /i?f,z(v *X r(x,v)) with 7
higher order. The following statement gives an approximation of 7 by an asymptotic sum of
symbols related to o:

Proposition 6.9. Let o € Sm(@M). Let X be an adapted frame on an open set U C M.
Letr € C*(U x R™) be higher order. Let x € C*(U x R™) be a function U-locally compactly
supported in R™. We also assume that x = 1 on a neighbourhood of {(z,0),x € U}. For
every a € Ny, with Notation 6.1 for q., we set

Pol(z,0) = qo(x,r(x,v)), x€UnveR"

The following holds:
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o~

(1) For each a € Ny, the symbol A, (X)aa is in Smlelmin(GM|y), and the map

—

o — Ay (X) o, S™(GM) —s §™lelmin (GM|y),

18 continuous.
(2) The symbol

7= grX)
given by its convolution kernel in the X-coordinates

(6.2) ke (v) == x(@,v)KE (v r(z,0)), veRY,

X o,T

is in S™(GM|y). Moreover, it admits the asymptotic expansion in S™(GM)

(6.3) T~ m mE Y MG X) o € SmI(EM|y),
7

J=lalmin

and, for each N € Ny, the map
N A~ A~
o1 7, S™GM)— SN GM|y),
§=0

18 continuous.

When the filtered manifold M is equiregular subRiemannian as in Example 3.2, the grada-
tion is in fact a stratification so the indices ||, are computed in Example 6.7 (1). However,
if the gradation is not a stratification (for instance as in Example 6.7 (2)), there may be
terms with very large [a] contributing to the S™~! term in the asymptotic expansion (6.3)
in that case.

Note however that the sum defining 7; in (6.3) is finite. Indeed, for j € N fixed, the set
A; = {a € N"; j = |a|mmn} cannot contain a sequence of multi-indices (a'9) ey such that
|9 =41 o +00. Indeed, if it would, then we could find N such that for £ > N, we have
[@®] > |a®| > (j + 1)v,. Choosing then 3 such that [5] = [a¥)] and |3| = |a|min = j, We
have simultaneously [3] < v,|8| = v,j, and [8] = [aD] > (j+ 1)v,, which is a contradiction.

The proof of Proposition 6.9 relies on a structural property that we now state. For
various choices of symbols o and cut-off x, we use the notation 7(o, x) to denote the symbol
determined by its kernel in the X-coordinates given formally by (6.2).

Lemma 6.10. Let o € S"n(@M). Let X be an adapted frame on an open set U C M. Let
r € C®(U x R™) be higher order. Let x € C®(U x R") be a function U-locally compactly
supported in R™. We assume that x(z,v) vanishes at order Ny in v for any x € U, and we
consider the symbol T = 7(0, x) determined by its kernel in the X-coordinates given formally
by (6.2). We can construct functions

Xﬂﬂﬂxlﬂ’,ﬁi,ﬁé S COO(U X Rn)v /Baﬁla/Bhﬁiaﬁ; S Nga |61| S |6|a |/81| + |/Bé| S |ﬁ/|7
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vanishing at homogeneous order max(No+ 1] —[8], —1) and max(No+[f5], —1) respectively,
and such that

— B
B ._
Ly, Kr(ox0. Z Korg .t where 15 =7((X)s 0, x84 )
EAE]
8 o / L B8 v P2 /
Xy Er(on)e = Z HTlli’,B’l,,Bé’m where Ty g1 g = 7(DY (X)), "o, Xﬁ’ﬁiﬁé)'
1B11+1851<18'|

Remark 6.11. The numerology above is explained by the following observation: if there was
no terms in r, that is if » = 0, it is then straightforward that 7 € S™(GM|U). Moreover,
the function L . r(o), 15 the kernel associated with a symbol of order m — No + [5] (by

Corollary 5.34) and so is any 73,,. Similarly, XA Kr(o,x),z 18 a kernel associated with a symbol
of order m — Ny and so are 7/ BB The result of Lemma 6.10 consists in proving that these
properties still holds with a non zero term in r, when r is higher order. Indeed, the order of
the vanishing of the functions x5, and xg s s, is exactly compensating the loss of regularity
of the kernel when it is differentiated in v.

The proof of Lemma 6.10 relies on Lemma 2.19 reformulated in the context of the groups
G.M for x € M as follows: if f: R" — R and ¢ : R* — R™ are smooth, then

(6.4) Lixj). fog(v Zhe Lxp. )(g(v)),

where hy(v) == 0o [(—g(v)) *% g(v & tej)]e.
Proof of Lemma 6.10. Thanks to the Leibniz property of vector fields, inductively, it suffices
to show the result for |3| = 3’| = 1, that is for Lx,y, and for X .

jlx
Let us analyse the L x,,-derivative, which means that we choose 3 such that [3] = vj.
We have

Lixjyatims (V) = Lixy X (2, 0) Ky (0 5 7(2,0) + x(2,0) Lix,y, (ko0 (v 5 7(2,0)))

As Lx;),x(v,v) vanishes at homogeneous order max(Ng — v;, —1), the first term is of the
correct form. By (6.4), the second writes

Lix;)., (/<aX (v *2 (2, 0) ng z,v) (Lix,). ffw) (v *2 7r(z,v)),

where

Fol@, v) 1= Do [(—= (v 45 7(w,0))) 55 v te 5 7(x, 055 teg)]

In the sum above, the terms for which v, < v; are already of the correct form. Indeed, the
derivatives L x,), induces loss of regularities smaller or equal to v; = [3]. It is not the case
for the other terms. However, we can conclude for them once we prove that for v, > v;, the
function f, vanishes at homogeneous order v, — v;. Let us do so. By homogeneity, we have:

eV fy(w,v) = O [0 ((— (v 5 r(,0))) %5 vy e¥ite; w5 (v %, €%tey))]
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(6.5) eVt fy(,6.0) = Oy [(—(v *f s0(€)) #5 v *f te; *ig st(e))h ,

x

where s,(¢) := d-'r(z,5.(v #X te;)); here, we have fixed (z,v). As r is smooth and higher
order, by Proposition 4.5, (t,&) — s;(¢) is smooth on R x R and vanishes at ¢ = 0 for any ¢.
The RHS in (6.5) is smooth in ¢ and taken as ¢ = 0, it is equal to

Or—ol(—v) x5 v x5 tejle = Dolte;]e = [ej]e = 0j—e.

We have obtained
Vj# L, lir% eVt fy(x, 6.0) = 0.
e—

Consequently, f, vanishes at homogeneous order v; — v, when v; < vy. We can now conclude
that Lx,),kx, is of the correct form.

We now analyse the X ,-derivatives. We have

Xjahiza(V) = XjaX(2,0) g o (v 55 7(2,0)) + x(2,0) (Xjh5,) (v 5 7(2,v))

+ X(.’E, U)Xj,m:ﬂﬂ (H§,x(v *igl T(l’, U))) + X(QZ, U)Xj,m:x (Kf,l(v *ig r(xl’ U))) .

The first two terms are already in the correct form. Let us analyse the third term. We first
transform it in order to highlight higher order terms:

Xjar=a (Kga( 55, 7(2,0))) = Xjoymati (v 5 7(2,0) 5 5(2,21,0))

n

=D [Xjo=a5(2, 21, 0)]e(Lix), Kipa) (v 5 (@, 0)),

(=1

where

s(z,21,v) == (—=(v 2 r(z,v))) *, (v *fl r(z,v)).

We observe that

67 s(x, 1, 0.0) = (—(v s 67 (2, 0.0))) %4 (v, 671 7(2,6.0)) —20 0,

Tr1 €&
since lim. o 0;'r(z,d.v))) = 0 by Proposition 4.5, r being higher order. Using again Propo-
sition 4.5 implies that s is higher order in v. By Corollary 4.7, so is X 5, —,s(z, z1,v). Hence,
[ X 21=28(x, 21, )], vanishes at homogeneous order v,, implying that the third term is of the
correct form.
Let us analyse the fourth term. As before, we start by exhibiting higher order terms:

Xj,$1=$ (nf,x(v *ig 7’(1‘1, U))) = Xj,11=$’£§,x(v *ig T’(:L‘, ’U) *ig (—r(x, ’U)) *f 7‘(1131, ’U))
= [Xj,m:ﬂﬁg(x?xlav)]g L<Xe)z'%§,w(v *ig T’(:E,U)),

=1
where
§(z,21,v) = (=r(z,v)) = r(z, ).
We observe that

615 (w, 21, 0.0) = (=0 (2, 6.0)) %2 67 (21, 6.0) —20 0,
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since lim. o 8- 'r(x,d.v)) = 0 by Proposition 4.5, r being higher order. Using again Proposi-
tion 4.5 implies that § is higher order in v. By Corollary 4.7, so is X ;,—,5(z, z1,v). Hence,
(X 2,=25(x, £1,v)]p vanishes at homogeneous order vy, implying that the fourth term is of
the correct form. We conclude that X %, is of the correct form. O

We can now present the proof of Proposition 6.9.

Proof of Proposition 6.9. By Lemma 6.8 (2), v — p,(z,v) vanishes at order [a] + |a|mim — 1.
Part (1) then follows from Corollaries 5.34 and 5.39. Let us now prove Point (2). We may
assume that on the support of x, there exists a constant Cy > 0 such that

V(z,v) €U x By, Yw R, |w|x < |r(z,v)|x = v+ w|x > Co|vlx.

We now apply the Taylor estimates due to Folland and Stein [41] on the group G, M and
recalled in Theorem 2.17 (2) (see also Remark 2.18 for the local uniformity in z). Using the
notation [N | and n of Theorem 2.17, we have for any r € R”

(6.6) 65 (0 T) = Y qalr) Ly, w5 (v)]
[@]<N
<C Y0 I sw (LD (v w)
o <[N]+1 [wlx<nNI+|rlx

[a]>N

with a constant C' = Cn, depending locally uniformly in # € U; we may assume 1 > 1. We
set

(6.7) KN oxa(V) = kna(v) = Y x(@,0)qa(x,r(z,0)) L #i,(v),
[a] <N

and, by Part 1, the kernels (z,v) — x(z,v)qq(z, (2, v))L?X>I/<;X (v) are convolution kernels

in the X-coordinates of symbols in §™I@lmin (GM|y)).
Let us now analyse k.. We choose IV large enough so that

m~+ egN > —(Q with €0 = 1/vy,.

For |v|x < 1, we have by Corollary 4.6 and the kernel estimates from Theorem 6.2:

[ira(v) = hna(0) <C Y (@) sup (L, kz) (055 w)]
la|<[N]+1 \w\xSWrNH”T(%U)IX
[a]>N
al(1+e m—|a
S Z v |[ o) sup |U* "U‘XQ . HUHSm(éM),(x,U),c,N'
la|<[N]+1 [wlx <nNI+1|r(z,)lx
[a]>N

N — —
Sl Q“UHSm(éM),(X,U),c,N"

More precisely, we have obtained the existence of a constant C' > 0 depending locally uni-
formly in x € U such that for |v|x <1,

(6.8)  |hra(v) — kna(0)] < Clo[gV 9™ max  sup [/ LE wE(0).
loe I[S]fNJ{;rl o' €R™\{0}
o>
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As the supports of both k,.(v) and kx.(v) are included in the support of the function
X(x,v), the kernel estimates from Theorem 6.2 imply that there exist C; > 0 and N’ € Ny
such that

T — Z Axpa U|| X,U),C,0,0,0,00 < Cl||0||5m(GM) (X,U),C,N'
[e]<N

for the semi-norm defined in (6.1), as soon as N > (Q + m)/e.

We now introduce derivatives in x and v. By Lemma 6.10,

—— (1 /
B ’ _ - B
L(X>IX£ KT(U,X),I(U) = E E Korg, 81 «(v), where 781,81 *= T((X)s Dy'o, Xﬂl,ﬂ’l)7
1B11<I8] |B11<18|
and we can perform the same analysis as above on each Fory e Extending the notation
1

n (6.7), we obtain:

|li7—ﬂ1,5/1 ,x(U) B K/N,(gﬁ-)\zﬁl Dgio,xﬁl’ﬁi ,x(v)|

<C eoN—Q—m max sup v —Q—m—[a]La LBl Xﬂi /iig A,
vl II[S]fNJJV+1U16Rn\{O}” lx X2 L(x), (v)]
>

In particular, we have
/ eoN—-Q—m—
(6.9) L2 X2 (10 (0) = Ko@) | S ol 01,

with an implicit constant depending on a seminorm of o € Sm(aM ), thereby finishing the
proof, once we show

/ eoN—-Q—m—
(6.10) L, X kvona(v) = Do D0 w @] SPMTET
1B11<181 161 1<15'| . LA

again with an implicit constant depending on seminorms of o € Sm(@M ). This will fol-
low from the fact that the Taylor polynomials at order Ny < e N — Q — m — [f] of

8 8 .
Lty X2 5 oxa(v) a0d Ty <101 Doy <191 5y 51 588, ” ,(v) coincide:
9. 1 b

LB IXQIHNI X>z O'XB B/ T
(6.11) P => > P (v).

1811181 181 1<187]
Indeed, in this case, (6.10) follows readily from the Taylor estimates due to Folland-Stein at
ﬁ /
OI‘deI‘ N]_ fOI‘ L<X>1Xg K/N,G,X,z( ) and Z|51|<|5| Z|,31|<|,8/ < " DBI ,Xﬂl 5/ ,x(v).

It remains to show (6.11). We start by observing that the analys&s above implies that

B1

the (Folland-Stein) Taylor polynomial for &, ,(v) and for Ky ,(x) coincide up to order Ny <
coN—Q—m: Py*(v) = Py (v). This implies that the (z,v)-derivatives of these polynomials
also coincide:

L<ﬁx>1X£ Py (v) = L?x)mXQ Py (v),
for any 3, 4’. From the general properties of Taylor polynomials, we have for Ny > []

R X l/ir,x ' RN, X ’iNz
X3 P, (v) = IP)N(QX> 18] (v), L?X) X2 Py () =P <X)[] (v).
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Hence, we have for Ny < egN — Q —m — [f]

By Lemma 6.10, the LHS is equal to

Z Z IP’ /316’“” Z Z IP’ Blﬁ’xﬁlﬂ' (v),

1B1I<I81 1811<18'| 1B11<I8] 181 1<I5|

—_

Bi_ g
having applied the above result to og, g = (X), ngla with xg, g. This shows (6.11) and
concludes the proof. O

6.3. Kernel estimates and perturbed convolution. The following technical result anal-
yses an integral expression given by the perturbation of the convolution of a kernel with a
function.

Lemma 6.12. Let X be an adapted frame on an open set U C M. Let J € C*(U xR" x R")
be U-locally compactly supported inR"xXR". Let 0 € S™(GM) and denote its integral kernel
in the X coordinates by kX. For any f € S(R™), we define in the distributional sense:

(6.12) f«;fif)J,x(v) = / f@ff’x(w) v (—w)) J(z,v,w)dw, reU, veR"
We define the coefficients c,(x,v) described via the Taylor expansion about w =0

J(x,v,w) ~ Z Colz,v)Ww™.

(%

The following convolution makes sense in the sense of distribution as the convolution of a
distribution with a Schwartz function f:

F o (K5 (0) = / wRE (W) fw (~w) dw, zel, veR™

For any p € [1,00] and any N € Ny with N > m + Q/p, for any compact subset C C U,
there exist C' > 0 and Ny € Ny (independent of f, o) such that the following inequality holds
uniformly in x € C:

(613) H"%if,J,x - Z Ca($, ’ ) f*gmM( “ X )”LP(R" < C”a”‘gm(GM) (X,U) CNleHLP(R"
[a]<N

Recall that the notation x¢, s has been introduced in (2.3). The mention of the frame X
is added in order to settle the choice of coordinates.

Proof. We fix x1, x2 € C®°(U x R™) valued in [0, 1] and U-locally compactly supported such
that x1(z,v) = 1 = xao(z,w) on the support of J(z;v,w). We can insert xi(x;v)xz2(z,w) in

the integral expression (6.12) of k; fz( v). Moreover, the kernel estimates and the properties
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% o(w) with x1(z, v)x2(2, w)kE ,(w) in the

desired inequality (6.13). Hence, we are now analysing:

K (0) = K5, (0) = D (xaca)(@,0) fogoa (“xal@, ), (v)
[o]<Ny

— /n li'?m(w) fv** (—w))Ry, (2, v, w)dw,

of the convolution on groups allow us to replace k

where
Ry, (z,v,w) := J(z,v,w) — Z (X1€a)(z, v)w X2 (2, w).
[a]<N:
By the Taylor estimates due to Folland and Stein (see Theorem 2.17 and Remark 2.18), we

have

| R, (2, 0,w)] S xa, o) fwlz ™,
with an implicit constant depending locally uniformly on x € U. Hence, by Holder’s inequal-
ity, with 1 =1 + 1,

682 (0] < (v (= lzon 1656 Bv (@0, )] 2o ey
N
S I lzoemyxa (@, v) 155 lwlg ™l 2 oy

We can now conclude with the kernel estimates of Theorem 6.2. O

7. THE LOCAL QUANTIZATION

This section is devoted to the local quantization of the classes of symbols Sm((/}\M ) defined
in Section 5. After its definition in Section 7.1, we discuss its L?-boundedness for symbols
of order 0 and its dependence on local items in Sections 7.2 and 7.3 respectively.

7.1. Local quantization.

7.1.1. Definition. We consider a frame X on an open set U C M and a X-cut-off x in the
following sense (with the notation of Section 3.3):

Definition 7.1. Let (X,U) be a local adapted frame. A cut-off for expX, or a cut-off for
the frame (X,U), is a smooth function x € C*°(U x U) valued in [0, 1], properly supported
in expX(Ux) C U x U for some Uy, and identically equal to 1 on a neighbourhood of the
diagonal of U x U.

Equivalently, a function x € C*(U x U) is a cut-off for (X, U) when

Xo(z,v) = x(z,exp, v),
defines a function yo € C*(U x R™) that satisfies yo = 1 on a neighbourhood of U x {0}
and that is U-locally compactly supported in the sense of Definition 5.33. Given a cut-off x
for exp®, we will often use the shorthand:

Xe(y) == x(z,9).
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For a symbol o € S™(G M) with associated convolution kernel density x € S'(GM; |Q(GM)),
we define the operator Op™X(¢) at any function f € C®(U) via

(7.1) Op™X(0) f(x) :== /EG y K (W) (Xxf)(expff(—Lnfw)), xeU,

with an integration in the density sense. When we consider a smooth Haar system p =
{1tz }zev on U, this formula becomes

O (o)fe) = | ) (o exp(~Lacfu) dis o).
weGL M
In particular, for the Haar system induced by X, we obtain
O (@) @) = [ W) (b —v) do,
vER™

in terms of the convolution kernel x* of ¢ in the X-coordinates.

From now on, we assume that we have fixed a positive 1-density, that is, a smooth positive
measure on M denoted by dz whenever x is the integrated variable on M; this means that dx
is a positive Borel measure such that the image of dx in any local coordinates has a smooth
Radon-Nykodym derivative with respect to the Lebesgue measure.

Performing the change of variable y = exp®(—wv), or more accurately, considering the
pullback of dv via expX —v, the quantization formula is also given by

(7.2) Op™ () f(x) = /M (= In%y) (xaf)(y) jac,(I0%) dy;

dIn®
dy

The latter formula shows that the integral kernel of Op™X(o) is formally given by the map

here jacy(lnf) is the (smooth) Radon-Nykodym derivative of (exp® —v)*dv against dy.

(z,y) — Ky (—InF y) xa(y) jac,(In).
7.1.2. Action on smooth compactly supported functions.

Lemma 7.2. Let (X,U) be an adapted local frame and x a cut-off function for (X,U). Let
m € R and o € S™(GM|y), then Op™X(c) acts continuously on C=(U). Moreover, o +
Op™X(o) is a continuous morphism of topological vector spaces S™(GM|y) — ZL(C=(U)).

Proof. The quantization formula may be rephrased for f € C*(U), z € U, as

(7.3) Op™X(0) f(x) = (K3, 9)p/&m) 0o (rm), With g(v) == (xaf)(expy —v).
Note that ¢ = g,y € C®(R") and that the maps z — k% and = + g, ; are smooth

U — D'(R") and U — CX(R") respectively. Hence, the function z +— Op™X(c)f(x) is
smooth in x € U.
Let C be a compact subset of U with non-empty interior. Let § € C°(U) with # = 1 on
a neighbourhood of C and supp x(z,-), € C. Then for any f € C°(U) supported in C, we
have
Op™X(0)f = 0 Op™(0)0f = Op™(0)0 f.
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Hence, Op™X(0)f € C>®(U).

It follows readily from (7.3) and Corollary 6.4 that the map f — Op™X(o)f is continuous
C*(U) — C°(U). Moreover, the estimates obtained from the application of Corollary 6.4
also imply that the map o — Op™X(¢) is continuous S™(GM|y) — L(C=(U)). O

We will extend the action of the operators Op™X(o), o € S’m(éM ), to distributions in
Corollary 8.10.

7.1.3. Differential operators as pseudodifferential operators. With the preceding definitions,
we obtain the differential calculus as the quantization of symbols given by elements of
I'(% (gM)):

Proposition 7.3. Let (X,U) be an adapted frame. Let T' € T'(% (gM)). With the notation
of Lemma 5.30, writing T' = 3,1, Ca (X)* in T(% (gM|y)), we have for any f € C®(U)

Op™X(T)f(x) = L, (f 0 exp,)(0) = D cal®) Ly, (f © exp,)(0).

[a]<m
In particular, if T =1, then Op™X(I) = 1.

Proof of Proposition 7.3. The convolution kernel of T in the X-coordinates is Lt 69, so the
quantization formula yields:

O (D)f(w) = [ Lo (xaf e —o)do

= LY (Xaf)(exp® —v)|ymo = Lz, (f 0 exp,)(0)

It follows from Proposition 7.3 that

VI €D(%(g)), YaeNo,  Op™ T)Op™ (X)) = Op™ (T (X)").
However, as in the Euclidean setting, this will not be the case for the composition of two
symbols in general.

7.2. L? boundedness for the local quantization. In this section, we show the L*-
boundedness of the operators with symbols in S’O(éM ), the action of the operators with
symbols of orders m # 0 being discussed later in Section 8. Actually, we will consider the
local L? space defined on M as

(7.4) LL.(M)={feD M) : 0f € L*(M) for any § € C>(M)}.

loc

We recall that L?

loc
structure given by the seminorms

(M) is a topological vector space naturally equipped with a Fréchet

fr— max 10 fll 221 N €N,

having fixed a sequence (6;) ey in C°(M) valued in [0, 1] such that M = Ujen{6; = 1}.
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Theorem 7.4. Let X be an adapted frame on U and x a cut-off for X. Let o € SO(GM).
Then Op™X(c) is continuous on L3 (U) and the linear map o — Op™X(c) is continuous
SUGM) — Z(Li,.(U)).

Slightly more precisely, we will show that for any y; € C*(U) and o € SO(@M ), the
operator y;Op~X(c) is bounded on L?(U), and furthermore that there exist C' > 0 and
N € N (both independent of o) such that

va e SO(GM)7 ”XlOpX,X(O-)Hn%(LQ(U)) S CHUHSO(aM)7(X,U),supr1,N N

The rest of this section is devoted to the proof of Theorem 7.4. The proof relies on
the kernel estimates stated in Theorem 6.2 which show that the operators Op™(o) have
singularities a la Calderén-Zygmund. It is inspired by Stein’s argument in [61, ch.VI §2] (see
also [37, Section 5.4.4)),

Proof of Theorem 7.4. If o € Sm(@M) with m < —Q@, then using the Cauchy-Schwartz
inequality, we have:

X109 () fl| 220y < X (@)]? | () [Pduy | (X ) (expy —us)[* duy da
)
eU u1 ER™ ug ER™

xT

S/ ||a||25m(@M),(X,U),C1,N’||f||%2(U)7

by the kernel estimates in Theorem 6.2 (1). Hence, the linear map ¢ +— Op™X(c) is contin-
nous S™(GM) — L(L2 (U)).

The proof will use several U-locally compactly supported functions, and we will assume
that their supports are small enough so that the expression involving the geometric ex-
ponential makes sense. For instance, we fix a U-locally compactly supported function
X2 € C®(U x R") valued in [0,1] such that exp,(—v) exists where xa(z,v) # 0, and
X2(z,v) = 1 when x(z,exp,(—v)) # 0.

By Corollary 5.34, Ay_y,0 € S~(GM), so Op*X(A;_,,0) is bounded on L2 _(U) by the
result for m < —(@ above. Hence, we now focus on o¢ := A,,0. We denote by ﬁ%ﬁx its
convolution kernel in the X-coordinates. Let x; € C°(U). Up to decomposing y; into a
finite sum of functions with smaller supports and modifying y», we may assume that

X1(@)x2 (2, u)xe (expy —u) = x1(z)xa(z, u).

We then have with C; := supp x1,
Iy = HX1OPX’X(0'0)fH2L2(U)

< / ha(@)P sup / KE, () flexp® —u) du
zeU z1€C1 | JueRn

S 2 Laer]

la|<14n/2

2

dx

2

dxydz,

[ e, ) et —u) du
u€eR™
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having used the Sobolev inequality on a compact manifold of dimension n:
lglFeny <C Y IIXll7-.
|a|<14n/2

Swapping the integral over z and x;, we obtain

Iy S

~Y

|a|<14n/2

sup Io(z1),
x1€Cy

where
2
dzx.

[ s, ) flest —u) du
u€eR”

Tu(z) = / )P

The integrals I,,(z1) are compactly supported in 2 and u and we now transform them with
changes of variables. The first one aims at identifying all the points of the integral in terms
of the base point x; and the map expigl. In the variable x, we set x = expffl v, which gives

2
. X
jac, expy, dv,

I,(zy) = / [x1(exp}, v)|? / X Ko wl(u) f(expigxp§ , —u)du
veER”? u€R™ 1
and in the variable u, we make the substitution
U =, (u) = Inl, expii(lo§1 , —U,

and obtain:

L(a)) = / ha(exp® o)

2
- X
jac, expy, dv.

/ Xe k5, (o7 () f(exp?, o) jacypy dd

We now introduce a convolution structure via the change of variables u' — w = (—u/) %X v.

x1
We write
=1/, 1\ __ X X 1 _ X X X _ X
o, () =— lnexp;gl o XDy U = — lrlexp§1 0 €XDy, U Ky, (—w) = w kg, 7oy (v, W),

with 7, (v,w) = ri(z1,v,w) as in Corollary 4.14 (1). At the end, we are left with
2

I,(zq) = / X2, Ko Il(w *fl Ty (U, W)) f(v *f (—w))J (x1;v,w)dw| jac, exp§§1 dv,

Rn
where
f(’U) = fiﬂl (U) = f(expfl 'U)X3(.’E1,'U),
J(z1;v,w) = xa(x; 0, w)jacv*zl(_w)(pgljacv expi,
and x3 € C°(U xR"™), x4 € C°(U x R™ x R") are U-locally compactly supported functions
satisfying y3 = 1 on a neighbourhood of supp x2 and x4 = 1 on a neighbourhood of the

support of (z1,v,w) — xa(z1,w *iﬂ T, (U, 0))x3(21, v %5 (—w)).
Using the notation of Proposition 6.9, we observe

D G m(w kpy Ty (U, W) = /{?DQO’)(‘F"’Xﬁ,l’l
90



with 7,(z,w) = r.(v,w) at v fixed. Therefore, using the analysis in the proof of Proposi-
tion 6.9, more precisely the inequality (6.8), we obtain v-uniform estimates leading to:

Ia(l‘l) S Z Ia,a’(xl) + CO'R

[']<N

where

2
/n Xgng;)wmgﬁm (w) f(v 5 (—w)) Jo (230, w)dw| jac, exp,, dv,

Ia,a’ = /

[ 1 oo w)ldu

2

R := jac, exp,, dv

for N with v, N — @ > 0, with a constant C, given by kernel estimates uniformly in v and
locally uniformly in z; € U, and with

Jo (T30,0) = qo (z, 7(2;0,w))J (250, W),
having used Notation 6.1. We readily check

RS fllzewy S I llzzwy,
and we have

< n
Ia,o/ ~ ||/€D§<§§Ealﬂ,f,Ja/r1||L2(R )

with the notation of Lemma 6.12. Applying this lemma, we obtain:

1%

Do o ZOPS D O x i XS Ly k12 ) 2@e + Coll fll 2@,
X z ) adal o

with C? a constant depending on some seminorm in o € SO(CA?M ); above the sum is over o
such that [o/] < [@] < Q/2 when o/ # 0 and [@'] < /2 when o/ = 0. For the terms in this
sum over o/, we notice (see Section 2.2.3 for the Fourier transform of distributions)

1F o ar (XS Ly i 2y < 1A% DY, (@1, ) e, any I 2.

Gathering the estimates above yields with N; € Ny large enough

Tale1) S 10120 a0 s, 1 ncany

This concludes the proof. O

7.3. Independence of the local quantization in the cut-off and the frame. In this
section, we use the kernel estimates to analyse the consequences of a change of cut-off or of

frames in the local quantization process.
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7.3.1. Independence in the cut-off. The local quantization is independent in the cut-off mod-
ulo smoothing symbols in the following sense:

Proposition 7.5. Let X be an adapted frame on an open subset U C M. Let x1 and xo be
two cut-offs for X. Then for any o € S™(GM), m € RU{—o0}, there exists p € S™°(GM)
such that

Op™X () = Op™*2(a) + Op™**(p).

Moreover, we can construct p such that the map o — p is continuous Sm(éM) — S_OO(GM).
This proposition is a consequence of the following more technical lemma:

Lemma 7.6. Let X be an adapted frame on an open subset U C M. Let m € R.

(1) Let x1 and xa be X-cut-offs such that x1 is supported in the interior of {x2 = 1}.
For any o € S™(GM), defining the symbol T € S™(GM |y ) via its convolution kernel
in the X-coordinates:

H‘r,r(u) = Hig,av(U’)Xl,ﬂc(expfng —U),
we have
Op™Xig = Op™X2r,
Moreover, the map o — 7 is continuous S™(GM) — S™(GM|y).
(2) Let x,x,X be three X-cut-offs such that x is supported in the interior of {x = 1} and
X is supported in the interior of {x = 1}. For any o € Sm(éM), defining the symbol
p € S™(GM]|y) via its convolution kernel in the X-coordinates:

Ko (0) = K] (u) (Xa — X, ) (expy —u),

we have
Op™Xo = Op*Xg + Op™Xp.
Moreover, the map o — p is continuous Sm(éM) — S*OO(@M|U).

The proof of Lemma 7.6 follows from the kernel estimates in Corollary 6.3 and Proposi-
tion 5.45 (1), keeping in mind that the map x — expX u defined in (3.2) is smooth.

Then, the proof of Proposition 7.5 follows from Lemma 7.6 together with constructing
two X-cut-offs x,X that, having been given the two X-cut-offs x; and x» in the statement,
are such that x is supported in the interior of {x; = 1} U {x2 = 1} and suppy: U suppxz is
included in the interior of {} = 1},

7.3.2. Independence in the frame. The independence of the local quantization in the frame
only holds up to lower order terms. It is also the case when working on Riemanian manifolds
with the standard pseudodifferential calculus via change of charts (see e.g. [70]).

Proposition 7.7 (Independence in the adapted frames). Let X and Y be two adapted

frames on the same open subset U C M. Let x1 and x2,x be cut-off functions for exp®
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and exp” respectively. Then for any o € Sm(@M), m € RU {—o0}, there exist a symbol
p € S"YGM]|y), such that

Op™*2(g) = Op™* (a) + Op™X(p).
Moreover, we can construct p such that the map
o—p, Sm(éM|U) o Sm_l(@M|U),

is continuous. Furthermore, we can also construct a sequence of symbols p; € Sm_l_j(@M|U),
J € Ny, such that p admats the asymptotic expansion p ~ Z]ENO p; and the following maps
are continuous

N
o—p=Y pi  S™GM) — STWVEN(GEM|y), N e N
j=0

Proof. 1t suffices to consider the case of a finite order m € R. By Proposition 7.5, we may
assume Y = x1 = 2. We adopt the notation of Lemma 3.5: with the two frames X and Y
on the open subset U C M is associated an open neighbourhood Uxy C Ux NUy C U x R"
such that for any (z,v) € Uxy, the point (x,tv) lie in Uxy for ¢ in some neighbourhood of
[0, 1], and we consider the function u := u"* defined via

(z,u(z,v)) = In¥ (exp™(z, v)), (xz,v) € Uxy.

We fix a function y € C°(U x R") U-locally compactly supported such that y(z, —v) =1
on a zero section of U x R™ containing the support of (z,v) + x(z, Expiv).
We set
Ko (V) 1= X(2,0) (kg (—ua(—v)) jac_, (u;") = Kz (v))
We check readily that miim(v) is well defined. Moreover, the formula between operators
given in the statement holds formally after the change of variable given by u, since x* and
kY correspond to the same convolution kernel s viewed in the coordinates for X and Y

respectively. It remains to check that the symbol p associated with /ifix(v) is well defined in

Sm=1(GM) and depends continuously on o.
By Lemma 3.10, we have

Ky (v) = ki (diag(T,)'v) | det Tm|_1,

T

and therefore,

’ix (U) = )_(2<27, U) (Hig (_diag<Tw)_1ux(_v)) jac_v(uz)| det T:v|_1 - ’iig(v)) :

P,x
We set
f-a;fix(v) = )Z(x,v)fiif (—diag(Tx)_luw(—v))
= X(z,v)r; (v (2, v)),
by Proposition 4.12, and using its notation. By Proposition 6.9, this is the convolution kernel
in the X-coordinates of a symbol 7 € S™(GM]|y). We can now write

p= A7 — Ago,
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where ¢ € C*°(U x R") is the function U-locally compactly supported given by:
q(z,v) ;== x(x,v)jac_, (u,)| det T,| .

By Proposition 6.9 and Corollary 5.34, since ¢(z,0) = 1 and x*(z,0) = 1, both A,7 and
As20 admit asymptotic expansions whose first terms are 0. The properties of continuity
follow from the ones in Proposition 6.9 and Corollary 5.34. U

8. SYMBOLIC CALCULUS FOR THE LOCAL QUANTIZATION

In this section, we prove that the operators obtained by the local quantization on M enjoy
a symbolic calculus. The proof relies on the notion of amplitudes that notably simplify the
arguments and is presented in Section 8.1 while Section 8.2 is devoted to their quantiza-
tion and main asymptotic properties. Then, we analyse the adjoints of pseudodifferential
operators in Section 8.3, and their compositions in Section 8.4.

8.1. Amplitudes. In this section, we define the notion of amplitudes and give important
examples.

8.1.1. Definition.
Definition 8.1. An amplitude T of order m is a smooth map
Y — Ty, M—)Sm(@M)
We denote by 7™(GM) the Fréchet space of amplitudes of order m.

The topology on ’Tm(@M ) is given by the family of seminorms

8.1) I7llrman, e = s SO ISy s @ oo e

where N € Ny, X is an adapted frame on an open set U C M and C is a compact subset
of U; the seminorms on S™(GM) are defined in (5.8). We will often view an amplitude
T € T™(GM) as being given by a family of symbols

7(z,y) = {r(z,y,7), 7 € G,M} € S™(G, M)

smoothly parametrised by x,y € M.
If p is a smooth Haar system over M, the corresponding convolution kernels are the
distributions
S(GoM) 3k, = Foi,T(@,y,), z,y € M.
As in Section 5.1, if 4/ is another smooth Haar system, then p’ = cu for a positive function
c € C*°(M) and we have

/
F#,x,y = C<x)’€¢,x,y7

x,y € M.

This allows us to define the convolution kernel of 7 independently of any Haar system as
distributional vertical densities smoothly parametrised by y € M:

Kr iy +—> ke, in C%(M,S(GM;|Q(GM))).
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If X is an adapted frame on an open set U C M, the distributions
kE, . €S (RY), KX () = K" (ExpZv), z,y € M,

oy oy Ty
define a map
KX € C(U x M,S'(R")),
called the convolution kernel of T in the X-coordinates. At least formally, we have
T(2,y,7) = Fo,mux H§I7y(ﬂ), r,ye U, we G, M.

The following properties are easily checked using the relations of symbols and amplitudes
with their convolution kernels:

Lemma 8.2. (1) If T € ’Tm(aM) then the symbol o = o, given by
o(x,m)=71(x,z,m), €M, € @IM,

18 1 Sm(@M) with convolution kernel in the X-coordinates given by Ky = Krgpo-
Moreover, the map T +— o, is continuous Tm(@M) — Sm(éM).

(2) Let X be an adapted frame on an open set U C M. If T € Tm(@M) and o, B € Ny,
then the amplitude 7(%?) defined via

7@ (g y,m) = AiDgny(x, Y, ) z,ye U me G, M,
is in Tm_[a](@M lr) with convolution kernel in the X-coordinates formally given by
Kop(ou) 4.4 (V) = v"XglfT,Ly(v), z,y € U, veR"
Moreover, the map T — 7@ is continuous T™(GM) — T™ N (GM|y).
8.1.2. Some examples of amplitudes.
Lemma 8.3. Let oy € S™ (GM) and o5 € S™(GM). Then the amplitude Toy .00 defined via

To1,02 ({E, y) = al(x)a2(y)
makes sense and is in T™*+m2(GM). Moreover, the map
(01,00) = Tor s S™(GM) x S™(GM) — T™*™2(GM)
18 continuous.

Continuing with the setting of Lemma 8.3, let k1, k2 and k., denote the convolution kernels
densities of 01,09, T respectively. For any smooth Haar system p = {j,}zenr, we have for
any x,y € M,

K#,a:,y = K’g,y *G o M, iz K’iz’
that is, with v € G, M

K () = / Kl () (w0)dps () = / (o™l (w)dpig ().
" GZM7 ’ G M ’ ’

The meaning of this convolution is similar to the one for the product of symbols, see the

proof of Proposition 5.25: this is a convolution between distributions which are sums of a
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Schwartz function and a compactly supported distribution. Alternatively, this can be defined
first for Schwartz kernels s ., x4 ,, i.e. for smoothing symbols o1, 03, and then extended to

any symbols in some symbol classes S" (éM ), 7 = 1,2, by density (see Remark 5.46).
We now generalise Lemma 8.3 with an amplitude described by the perturbation of the

convolution of convolution kernels. Without details, we straightforwardly extend the notion
of asymptotic expansion stated for symbols in Definition 5.35 to the case of amplitudes.

Proposition 8.4. Let o1 € S™(GM) and o5 € S™(GM) with convolution kernels r, and
ko respectively. Let (X,U) a local frame and (x,y;v,w) — J(x,y;v,w) a U x U-locally
compactly supported function in C°(U x U x R™ x R™). Then, the convolution kernel

TZ,Y

o) = [ R0 (0 ()i, iy €U, veER,

defines an amplitude
(8.2) T =1(01,09,J) € T™+™(GM)
admitting the asymptotics

T ~ Z T, with 7; = 7j(01,02,J) € Tml’LmQ—j(@M), j € Np.

Moreover, we may choose 1y := J(x,y;0,0)01(x)o2(y), and more generally

(@ y) = Y Canan(@ y)AF 01(2) AT 0o (y).

[a1]+[az]=]

Above, the coefficients Co, oy (T,y) come from the Taylor expansion at (v,w) ~ 0 of

J(z,y;0,w) = J(x, y;0 %> w, w), J(z,y;v,w) ~ anl’azxyv w®

1,02

With these choices, the following maps are continuous:
(01,00) —> 7(01,00,J),  S™(GM) x S™(GM) — T™+m2(GM),

(01,00) — 7;(01,00,J),  S™(GM) x S™2(GM) —s T™+m2=3(GM),
N
(01,00) — 7= 75, S™(GM) x §™(GM) — T Hm= N (GA),

J=0

Strategy of the proof of Proposition 8.4. By Lemma 8.3 and the properties of AX as stated
in Lemma 5.31, the amplitude 7; = 7;(01, 02) defined in the statement is in Smitma=i(GM).
Moreover, the map (o1, 02) — 7j(071, 02) is continuous from S™ ((A?M) X SmQ(@M) to the set
Trtme=i(GM).

We may assume that o, and oy are smoothing, so that fim ,(v) is a Schwartz function in v
depending smoothly in z,y. Then, we will extend the result to any symbols with the density
property of smoothing symbols (see Proposition 5.45) as well as by proving the continuities
of the maps (01,09) — 7 and (01, 09) — 7 — Z;‘V:o Tj.
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The strategy is to prove kernel estimates using Lemma 6.12 together with the properties
of 7(01,09,J) obtained in Lemma 8.5 below. We postpone the development of this proof
after stating and proving Lemma 8.5. 0

We first prove some algebraic properties for the amplitude 7 defined in Proposition 8.4:

Lemma 8.5. We continue with the setting and notation of Proposition 8.4 and consider an
amplitude T given by (8.2) with 01,09 € S™°(GM).
(1) For any a € N§,
A§T = Z cgj)m T(AS 01, AP 0a, J)
1] +[e2]=[e]
where the functions c&oj)m are the same as in Corollary 5.52.
(2) Foranyj=1,...,n,
Xy =17(01, Dx,;00,J) + 7(01, 09, X, J ).

(3) Foranyj=1,...,n,

(4) For any j=1,...,n,

Dx, 7= T(DXjUI7U27 J)+1(01,09,X;.J) + 27(01, (X;)o2, 9¢),
=1
where go(x;v,w) is a polynomial in v, w with smooth coefficients in x € U vanishing
in (v,w) at order max(v, — v;, —1).
(5) Let R be a symmetric positive Rockland operator on GM of homogenenous degree v
(see Definition 5.19).

— ~
r= 3 rof®)T 14 w(Ra) Non r e K5,
[oa]+[az]=vN
where the functions cg a0, € C°(U) come from

T+R)M (1 xg2) = Y. Rara(@X91 x X205, g1,00 € C(R).

[o1]+[a2]=vN

Recall that the notation R, denotes the right-invariant operator corresponding to R, (see
Notation 2.11).

Proof of Lemma 8.5. Part (1) follows from a modification of the proof of Corollary 5.32
which relies on Lemma 2.57. Part (2) is a consequence of the Leibniz property of vector
fields For Part (3), we write

nf’x,y(v) = / lff’z(w) F(z,y;v *f (—w),w) dw, reU, veR",
where

F(z,y; v w) := Koy (V) J(z,y; 0" 5w, w).
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Let us recall the following general property valid for any smooth function ¢ : G — C:

Lix,y, (9(v 5 (—w))) = Ormop(v #; tej #; (—w))

= Oimop(v 5 (—(w 5 —te;)))
= —Lx). (p(v 55 (—0))).
Hence, with an integration by parts, this leads to

Lix)ewhiray(v) = / K1 p(0) Lixyy,w (Fx,y;0 %5 (—w), w)) dw

n

— [ L0 Floyio o (—u), w)du

This shows Part (3).
Let us show Part (4). We have

Xyatiay0) = [ X ) 15, (0% (<) T,y v, w)do
—l—/ méﬁz(w) m§y(v *f (—w)) X;.J(x,y;v,w)dw.

+ /n fffm(w) Xz (/%g,y(v *ig (—w))) J(z,y; v, w)dw.

We recognise the first and second term as the convolution kernels of 7(Dx;01,02,J) and
7(01, 092, X ,J) respectively. It remains to analyse the third. We write for any function ¢:

X (9((—0) #2 v)) = Orm0P(V Hepz 4, (—10))

=37 im0, w)(Rixy, ) (v 5 (—w)

=1
with
(ge(x30,w))i_y = gwyv,w) = O (W x5 (—0)) *5 (VHgxpe, (—w)).
The BCH formula implies that g,(z;v,w) is a polynomial in v, w with smooth coefficients in
x € U. We also observe

e g(a;0-(v,w)) = gla;v,w),  &>0,
so that

vj—vg

lir%e ge(x;0:(v,w)) =0 for v, > vj.
e—

This shows that the third term is as stated, and concludes the proof of Part (4).

Let us show Part (5). We use the notation from Definition 5.19 and identify R, with a
differential operator on R™ ~ G, M satisfying R, = R,. Then, for any ¢ € S(R"), we have
I+ Rw)N(I + Rw)iNSO =

SO

p(vsy (—w) = (T+ 7~%)|f§9(8(1 +Ra) V) (g (—w)).



Ky 0) = [ i) (G RO (U R0, (04 (—)) a3 0, )

= /n(I + 7~3x)N (h:ig’x(w) J(x,y;v, w)) ((I + Rx)_Nn§y) (v *if (—w))dw,
after integrating by parts. Developing the differential operator (I + 7~€x)N and using the
Leibniz properties of vector fields, yield the result. O
Let us now show Proposition 8.4.

Proof of Proposition 8.4. Let mi,my € R. It suffices to show that for any compact subset
C C U, given ay, Py, B}, By € Nj, there exists Ny € Ny such that for any N > Ny, there exist
C >0, N{, N € N for which the following holds

\Wﬁww—émwﬁ

< C”Ul“Sml(@M),(X,U),C,N{ HU?||Sm2(@M),(X,U),C,N§7

for any o1, 05 € S~(GM).
We observe that the properties described in Lemma 8.5 hold for 7 but also for each 7;;

(X,U),C,a0,B0,8%,00

indeed, the latter can be viewed as a finite sum of particular cases for J(z,y,v,w) =
Con W™ (v %2 (—w))*2 for which the results in Lemma 8.5 hold with a proof identical to
the one given for this lemma. Furthermore, Parts (1), (2), (3) and (4) of Lemma 8.5 imply
that we may assume «g = By = ) = ) = 0 while Part (5) and the symbolic properties of the

calculus (see Proposition 5.45 as well as Theorem 2.33) imply that it suffices to consider the

case of my as negative as we want. The case of ms < —Q and oy = fy = [ = 5 = 0 follows
from Lemma 6.12 and the kernel estimates (see Theorem 6.2), concluding the proof. O

8.1.3. Some deformations of amplitudes. In Lemma 6.12, we analysed some deformation of
the symbol obtained by convolution of two convolution kernels. In our proof of composition
(Proposition 8.13), we will also need to consider further deformations of amplitudes. They
will be covered by the following lemma:

Lemma 8.6. Let m € R. Let vy — 7(v1) be a smooth map R" — Tm(é\M) We assume
that 7, ,(v1) is compactly supported in v, € R™ locally in (x,y) € M x M. Let (X,U) be a
local frame. Consider the amplitude 1y given via

ke (v) = nf(vl)’x’y(vﬂm:v, z,y e U, veR"

T0,T,Y
(1) The amplitude 7o is in T™(GM|y) and admits the asymptotics
T~ YD ALy Tl in TM(GM]y),
i [ad=i

with q, as in Notation 6.1.
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(2) For each j' € Ny, we consider a sequence of smooth maps
V1 —— Ty (’Ul), R™ — Tmi]l(éM),
with Tj 4, (v1) compactly supported in vy € R™ locally in (z,y) € M x M. We assume
that the asymptotics 7(v1) ~ >, 7j/(v1) holds in T™(GM) for each vi € R", and
furthermore that for each N' € Ny, the maps vy — T(v1) — Z;'\'ﬂ:o 7y (v1) are smooth
R" — Tm=W+D(GM). Then 7y admits the asymptotics
0~ Y Y ApLiyw i (0)|n=o  in T™(GM|y).
353 [e]=j
Proof. Before starting the proof, let us observe that the asymptotics make sense since
Do Lty o, T(01) =0 € T UG M]p).

We apply the Taylor estimates due to Folland and Stein [41] on the group G, M, and recalled
in Theorem 2.17 (2) (see also Remark 2.18 for the local uniformity in ). We will use the
notation [N | and n of Theorem 2.17. We have

’K'rx(v),a:,y<v) o Z qa(”)L?X)z,vlﬁ’ig(vl)z,y(v)|Ul=0’

[a]<N

< C Z |,U‘£?} sup (L?X)z,vl Kz{(vl)x,y(v> )

la]<[N]+1 forlx<nM+ ol
[a]>N

with a constant C' = C'y, depending locally uniformly in € U. Using the kernel estimates
from Theorem 6.2 and the uniformity with respect to v; € R", we obtain for any compact
subset C C U and any N sufficiently large,

To — Z AQQL?X),’UlT(/U]-N'Ul:O

[a]<N

<O sup |05 T(0)lgm@nny, vy en

(X,0),C,0,80,8),00 v1ER™ o/ | <N/

for ag = By = By = B = 0; above, N’ is an integer depending on N and the structural
constant of M while C’ > 0 is constant depending on NN, on the structural constant of M
on C. This also holds for any given multi-indices ay, By, 37, 55 € Ni by applying the above
estimate to Ag°(X)P Dg?wDi?yTz,y(vl) which satisfy similar hypotheses to 7(vy). This proves
Part (1).

Under the hypotheses of Part (2) we observe

|HT(U Z Z qa X)z,v1 T/(vl)a:,y( )|U1=0|
J<N' [a]<N
< |H;T(U a:y(v) - Z QCY(,U)L?X)Z,vlHig(vl)x,y(v)|U1:0|
[o]<N
N/
X X

T Z qa zﬂ)l( Kr(v 1)1‘,y(v) - ‘%T]-/(vl)x,y(v)> 10
[a]<N j'= 1=
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Using the estimate from the proof of Part (1) for the first term, and the kernel estimates

’

together with the smoothness of v; — 7(vy) —Z;Yzo 7;(v1), we can conclude as for Part 1. [

8.2. Local quantization of amplitudes. The local quantization of amplitudes is defined
as follows. Let X be a frame on an open set U C M and let x be a X-cut-off. For an
amplitude 7 € T™(GM), we define the operator AOp™X(7) at any function f € C>®(M) and
any point z € U via

AOP*X(7) f(z) := /M KE,(— I y) (xef)(y) jac,(In%) dy
— [ o) () e (-u) dus

as before, jacy(lnx) is the (smooth) Radon-Nykodym derivative diny of (exp® —u)*du against
the measure dy that we have fixed on M. In other words, the 1ntegral kernel of the operator
AOp™X(7) is given by

(8.3) (,9) = K7y (= I y) e (y)jac, ().
The local quantizations for amplitudes and symbols are related by the following asympotic

property:

Proposition 8.7. Let X be an adapted frame on an open set U C M and x an adapted
cut-off. Let 7 € T™(GM]|y) be an amplitude. Then there exists a symbol o € S™(GM|y)
such that the quantizations for amplitudes and symbols are related by

AOp™X(r) = Op™*(0),

ien, 05 for some o € Sm=i(GM]|y) holds. Moreover,
the first symbol oo(x,-) coincides with 7(x,x,-), and for each N € N, the map

and the asymptotic expansion o ~

T—0— Zaj, T(GM) — S™N(GM|y)

18 continuous.
Proposition 8.7 is a consequence of the following more technical property and its proof:

Lemma 8.8. We continue with the setting of Proposition 8.7. We fix an X-cut-off function x
such that X = 1 on the support of x and we assume that the support of x and X are sufficiently
close to the diagonal. The symbol o in Proposition 8.7 may be constructed via its convolution
kernel in the X-coordinates which is given by:

’{ig,x(u) = Kfiz,expi{(—u) (U) %(:Ev epr(—u)), YIS U7 u e R™.

In this case, the o;’s are given by the following finite sum over the indices o, 3
oir,m)= Y capl®)AZDg, T(z,@,m),

[a]=3, 18I<]a
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where the coefficients co3 € C*(U), a, f € Ny, are determined by

(Z _uiXi,y)k = Z Ca,ﬁ(y)uaxg;
=1

lo|=k,|B|<k

in particular, cop =1, and cog = 0 for B # 0.

Proof of Lemma 8.8. At least formally, the quantization for the amplitudes, especially (8.3),
shows that AOp™X(7) = Op™X(o), with ¢ as in Lemma 8.8. We will prove that o is a
well-defined symbol in S™(GM|y) that satisfies the properties stated in Lemma 8.8 and
Proposition 8.7. The hypothesis in Lemma 8.8 on the cut-offs imposes no restriction on the
proof of Proposition 8.7 because of the independence of the quantization in the cut-off, see
Proposition 7.5. In particular, we may assume that the function

Xo(x,u) = X(z,exp, —u), x €U, ueR",

has U-local compact support where exp® is defined and such that that if (x,v) is in supp xo
then so is (z, tv) for any ¢ € [—1, 1]. Moreover, by Lemma 8.2, each o, is a well defined symbol
in S™I(GM). As the distribution 7, (u) is U-locally compactly supported on supp xo and

oj € Sm_j(aM ), Lemma 8.8 and Proposition 8.7 will be proved once we have shown the
following estimates: for any 3,5’ € Ny, there exist Ny, Njj € Ny such that for any compact
subsets C,Cy C U with C being a neighbourhood of Cy, for any N > Ny, there exist C' > 0
and N; € Ny for which we have for z € Cy and v € V¢,:

Ly, X2 ( Z’% . )

above V¢, is the neighbourhood VCO := Ugec,supp Xo(z,-) of 0 in R™ and | - |x is the fixed
quasinorm associated with the gradation of R", see Notation 6.1.

Let us start by showing (8.4) for § = ' = 0. Lemma 3.4 yields the following Taylor
expansion in v ~ 0 (for g, ug fixed)

/ifizo,expigo (’U) <u0> 0 Z kl Z Ul 7y TI07y(u0)

and we define the corresponding (Euclidean) Taylor polynomial at order N

PN(T To; Ug, V) : Z sz ,y Tgcg,y<u0>

k<N'z1

—Z ST cas@)(—0) X iE, (uo),

i M e

(8.4) < C|u|X O||T||Tm(éM),(x,U),c,N15

)
Y=o

Y=o

with the notation of the statement. With C,Cy, V¢, as above, the same lemma gives the
following (Euclidean) estimate for the remainder for any = € Cy, v € V¢,
X ) N+1 (X
(85) |'L€T,zo,exp§0(v)<u’0) - ]PN(T7 Zo; U, U )| ~N,C,Co |U| " |ar|n%)j_1 S;ég X; T,Z0 y(uo) ’
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where |v] is the Euclidean norm of v. This implies for any N > Q +m, z € Cy and u € V¢,
N
e (1) = D i o (W] < X0 WK g pi (- (1) = Pov (7, 05w, )|
=0

]' e
= xo)(@w)l D rleas@)u Xy wE, , (u)]

!
la| <N, |B|<] e
1
+ |X0(.’13, U)| Z wka,ﬂ(x)uaxgzzﬁfix,y(u)‘
[a]>N,|a|<N,|8|<|af
- +m,0
Svavae ([N Jul Y ) uly ™ Oz aan ceoyemn

for some N; € Ny obtained from using the kernel estimates (see Theorem 6.2). Since |u| <
|ulx for w in a bounded neighbourhood of 0, this yields (8.4) in the case § = /' = 0.

To consider the general case, we first prove that an estimate similar to (8.5) holds after
derivation in xg, v, ug. By the properties (especially uniqueness) of Taylor polynomials, such
a Taylor estimate holds, however with a bound for which we know nothing of its dependence
in 7. This is not sufficient for our proof: it is essential to know that the constant is given by
a kernel estimate for 7. To obtain this dependence, we observe the following properties:

L KX v () = K5 U
<X>z7u T,z,expr('u)( ) (X>ZBT,m,eXp§('U)( )’
B X - / X
XY ez (W) = D g (@ IR0 et
1B11+1851<187| v
Y X — X
R(X)I,UKT,z,expﬁ(v) (U’) - Z Cym (QL‘, U)szl 7,2,expx (v) (’U,),
[v1|<[]

for some families of functions c’ﬁ, 813, Crm € C>(U xR™) that we can construct by induction.

Consequently, denoting by IP’{V (v) the (Euclidean) Taylor polynomial at order N of a smooth
function f in v ~ 0, the (Euclidean) Taylor polynomial at order N in v ~ 0 of

Y BB X = ! £
R(X)m,yxx L(X)m,umﬂx,expi{(v) (U’) - Z (C,B’,ﬁi,ﬁéc’)’ﬁl)(x7 ,U)H 1 1B Bh e B X (U),
1B, +1831<18' Ko Dy ™ K)o T exp(v)
1 21
[v1|<[]

is
) 3 NN o el e P
]PNl (U) PN2 (Xy DXmeQ <X>.’E ,a}‘; ’U/’ 'U)7
181 ||+||ﬁéI§|IB’| N1+Na=N
7<)y

- R&h,vxg L(BX>x,uPN+|7| (1,75 u,v),

by uniqueness of Taylor polynomials; furthermore, by the preceding step of the proof, its
remainder for x € Cy and v € V is estimated by

<

<newv |U’N+1

max max sup|XeXA LA kX ()l
BI<IB lal<N t1 41 yep | v 5F 0 ray(¥)
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This gives the generalisation of (8.5) for derivatives. This allows us to estimate

N
1 X (@sm(u) oy <>)
=0

N
< ot 185, 22 (s 0= D000
=0
I Bi Lﬂ1 Xﬁ{ LﬁQ Xﬂé X
+ Z 8 B (X)z mXO(x>u) (X)zuz ’%T,x,expi‘—u(u) :

B1+B2=p

B +By=8"

B1+87>0

For the first term on the RHS, we proceed as in the case f = 3/ = 0 above using the
generalisation of (8.5) for derivatives we just obtained. Due to the derivatives on xq, the
second term is supported on a U-locally compact neighbourhood of 0 and away from a smaller
U-locally compact neighbourhood of 0. The kernel estimates (see Theorem 6.2) allow us to
obtain (8.4) for any (3, 5’. This concludes the proof. O

8.3. The adjoints of locally quantized operators. This section is devoted to showing
the following property for the local quantization:

Proposition 8.9. Let X be an adapted frame on an open subset U C M. If o € Sm(@M),
then there exists a unique symbol o) € S™(GM|y) such that

Op™*(0)* = Op™X(a™).
Moreover, the following map is continuous
or— o™, SMGM) — S™MGM|y),
and o) admits an asymptotic expansion
o~
Jj=0

such that po = o* and for each N € Ny, the following map is continuous
N

o— o™ —ij, S™MGM) — S™N-HGM).
=0

Before discussing the proof of Proposition 8.9, we observe that it implies together with the
properties of the adjoint and the continuous action of Op™X(¢), o € U,,S™(G), on C=(U)
(see Lemma 7.2) that the action of these operators can be extended to distributions:

Corollary 8.10. Let (X,U) be an adapted local frame and x a cut-off function for (X,U).
Let m € R. If o € S™(GM|y), the operator Op™X(c) acts continuously on C®(U) and
D'(U). Furthermore, the map o — Op™X(c) is an injective morphism of topological spaces

S™(GM|y) — ZL(C=U)) and S™MGM|y) — L(D'(U)).
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Proof. If f € D'(U), the distribution Op™X (o) f is defined by

(Op™X(0)f,9) = (f,0p"X(¢™))g), g € D(M) := CZ*(M).

Here (-, -) denotes the duality bracket in distributions. Hence the statement follows by duality
and Lemma 7.2. O

The proof of Proposition 8.9 follows from the properties of invariance by change of cut-off
functions (see Proposition 7.5) and the following lemma:

Lemma 8.11. Let X be an adapted frame on an open subset U C M, and x be a X-cut-off
and we have:

(1) The function x* given by

X(z,y) =x(y,2), wxyel,
is also a cut-off for X and if o € Sm(@M) then
Op“X(a)* = Op™* (o)),
where o) € Sm(@M|U) 15 the symbol whose convolution kernel in the X-coordinates
s given by:
jac, (In¥

expX —u )

lnx )

X _
R _(« U) =K _ —U
o ),m( ) o.expX —u ( jacexpz _u(

(2) If o € S™(GM), then
o™ ~ Z Z dayg(:r)Afi‘Dga
JEN [a]=5,8

where the coefficients d, g are obtained from the coefficients co g of Lemma 8.8:
jac, (In) ,

Cap(1)XE_, (L ) Y dap(@)X? f(z), zeU, feC™U).
jac, (1) 181<l6l

Moreover, for each N € N, the following map is continuous

o0 =" 3" dys(x)AEDLe",  ST(GM) «— STNHGM ).

J<N [a]=j,8

Proof of Lemma 8.11. Part (1). For any f € C*(U) and z € M
05" ()" ) = [ 5k, (= ) (32 ) e, )y
Therefore, the convolution kernel /@ig(*) ,, of the operator Op™Xx (0)* satisfies for x,y € M

: X

X X —X x ,Jac,(Iny)

Ky o(— I y) =Ry (—Iny @) — .

oz T Y Y Jacy(lnf)
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The change of variable u = — lnf Y gives

B jac,(InX )
Ef(*),x(u) = ’%c}r{,expi& —u( lnexp —u x)JaC p(lnu)
exps —u\Mg
We then conclude by observing that
lnexpx Lt =InFexpt —u = —u.

Part (2). By Part (1), we can write at least formally Op™X(c)* = AOp™X(7) where 7 is
the amplitude given by the convolution kernel in the X-coordinates:

. jac, (In)
kX () =RE (—v)———2, x,y e U
‘r,a;,y( ) a,y( )JaC (IHX) Yy
We check readily that 7 € 7™(GM|y) with
Cap(T )AXDgy _,T(xy,m Z do g (x)AEDEo*(x,7), 2z €U, m e G,M,
18'I1<I8
by Lemma 8.2. We then conclude with Proposition 8.7. 0

—

Usually, o is different from o*. However, the symbols (X;) have special properties:

Lemma 8.12. Let X be an adapted frame on an open subset U C M, and x be a cut-off
for X. Then

O™ X((X;))" = —Op™*({X))).
In other words, 6(;)(*) = (3(?)* = —(3(?)
Proof of Lemma 8.12. Let f,g € C2°(U). Proposition 7.3 implies
OV () f.0) ) = 0] g [ Flesp o)t
=0, ‘v o/ fly expy —v)jac, expy( v)dy
/ FW)0;],_,(expy —v) dy,
since jac, expy 0=1 and 83} _jJac, expy( v) = 0 because we have

D,—D, expif(—v) = DyD,— expfj(—v) =—-D,(I)=0.
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8.4. The composition of locally quantized operators. This section is devoted to show-
ing properties regarding composition for the local quantization:

Proposition 8.13. Let X be an adagted frame on an open subset U C M and let x be a
cut-off function for X. If oy € S™(GM) and oy € S™(GM), then there exists a unique
symbol

0100y = 010x 402 € Sm1+m2(@M|U)
such that

OPX’X(01<>02) = OPX’X(U1)OPX’X(U2)-
Moreover, the following properties hold:

1) The following map is continuous
(1) g map
(01,00) — 01O, S™(GM) x S™(GM) —s S™™(GM|y).
(2) The symbol o1y admits an asymptotic expansion
o1Oas ~ > py i S™FM(GM|y),
Jj=0

satisfying po = o109 and such that for each N € N, the following map is continuous

N
(01,00) — 0100 — Y _pj, S™(GM) x S™(GM) — S™Fm=N=YGD).
§=0
Let us first explain the strategy of the proof of Proposition 8.13 (which follows from
standard ideas developed in the Euclidean case). By Proposition 8.9, there exists a symbol
o such that
Op™X(02) = (Op™(2)")" = Op™(e3”)"
Therefore, it is enough to be able to prove that for all symbol o3 € Sm(@M ), the operator
Op™X(o1) Op™X(o3)* is pseudodifferential in the sense that it has a symbol in a suitable class,
and that this symbol can be written as an asymptotic sum of symbols with suitable continuity
properties. The advantage of considering this new problem is that a simple amplitude is
associated with the operator Op™X(a;) Op™X(a3)*. Then Proposition 8.7 will allow us to
conclude and to identify the first term of the asymptotic expansion.
With this strategy in mind, Proposition 8.13 will derive from the following lemma:

Lemma 8.14. We continue with the setting and notation of Proposition 8.13. The symbol
alo(aé*)) admits an asymptotic expansion

a1 ( 02 ij in Sm1+m2(GM|U)

3>0

satisfying po = o105 and such that for each J € N, the following map is continuous

(01,09) — 01(05” Z pi,  S™(GM) x §™(GM) —s S™FIH(GM).
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Moreover, there exist two families of smooth functions (Cay ,asm s )or.as,my0enn 0 C(U) and
(Pas )agenn in C°(U x R™) such that

_ a1+m az+y2 B _*
Pj = E E Cm,azm,’m(x)Apag (X) Ay oAy Dyos.
[a1]+[ee]l+Has|min=7 11+r2=as, |BI<|y2l

Proof of Lemma 8.14. By density of smoothing symbols (see Proposition 5.45), and, since
we will prove estimates for continuous seminorms, we may assume that the symbols o1, o9
are smoothing; this justifies the manipulations below.

The integral kernel of the operator Op™X(a;)Op™X(ay)* is given by

(2,) / RE(— I 2)RE (— In¥ 2)jac, (n¥)jac, (I0%) xa (=), (2)dz
M

- 5{(37, y) / H§x<_v)ﬁ§y(_ lnff (expig v))jacexp§v(ln§) (XLL’Yy) (expig U)d’l),

where Y is an X-cut-off function with ¥ = 1 on a neighbourhood of U,cysupp(x(-, 2)x(+, 2))-
Consequently,
Op™X(a1) Op™(02)" = Op™X(0) = AOP™X(r),

where 7 is the amplitude whose convolution kernel in the X-coordinates is given by

X X —X X X jacexva(lnzg) — X
K’T,x,y(u) = / Hl,az(_v)"{Q,y(_ lnexpggg —u(expaz U))z—x(Xny)(eXpw U)dU.
n Ja’cy(lnw )
After the change of variable
W= @pu(v) =Injx,(expiv),  v=g () =InFexpl: ,w,

we obtain:

Ja’cexpX X w(lnfj)
ealt) = [ (b () ey ) — o L,
n v jac, (In3)

where k3, ,(u) := Ry, (—u) is the convolution kernel of the symbol o3 in the X-coordinates.
We then make the substitution w = u *, (—w,), and define as in Corollary 4.14 (2)

Pz u, wy) = (—wy) %, (—Ind expfxpig L Uk (—wy)),

to obtain

’iir,y (W) = Krur),ay(w) ‘ul:u’

where

H%(uﬂ,z,y(“’) = / X(JZ', Uy, wl)'%slg,z(wl *z f((E, Uy, wl))ﬁég*,y(u *z (_wl)) J(.’E, Yy u, wl)dwl'

Above, we adopted the short-hand

: X
.]acexpX X Wk (—wi) (lny )
exp¥ —u -1

u*w(—wl)(px,u?

J(.’I?, ysu, wl) = (Xr%y)(expigxpgﬁ —u U *g (_wl)) jac
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for the expression involving the cut-off functions and the Jacobians; we also inserted a
suitable U-locally compactly supported function x; € C*°(U x R™ x R™). Hence, with the
notation of Lemma 8.6, we have

T=1 where T(up) := T(JY“I’XL“I), a5, J),

having used the notation of Propositions 8.4 and 6.9, and set
Fug (T3w1) = P2 un,w1), X (@3w1) i= Xa (2501, wr).

These statements, together with the link between amplitudes and symbols (see Proposi-
tion 8.7) and the continuity of taking the adjoint of symbols (see Proposition 5.25), allow us
to conclude the proof. O

9. PSEUDODIFFERENTIAL CALCULUS ON M

In this section we define a pseudodifferential calculus on filtered manifolds. In Section 9.1
we introduce a passage from the local quantization to the definition of operators defined
on the whole manifold M. It follows classical lines and is inspired by the construction of
quantization on manifolds presented in [70, 46]. Then, we verify that the operators we
have introduced satisfy the expected properties: composition rules when they are properly
supported (Section 9.2), a notion of principal symbol (Section 9.3), and the existence of
parametrices when the symbols satisfy adequate conditions (Section 9.4). As usual, asso-
ciated with this set of pseudodifferential calculus comes a notion of (local) Sobolev spaces
that we describe in Section 9.5, and on which pseudodifferential operators act continuously.
Finally, in Section 9.6, we discuss what is the classical pseudodifferential calculus deriving
from our construction and prove in Section 9.7 that it coincides with the abstract class of
pseudodifferential operators constructed by van Erp and Yuncken calculus in [67, 68] via
groupoids.

9.1. Pseudodifferential operators on M. We recall that the smooth manifold M is as-
sumed second countable, paracompact Hausdorff, and that we have fixed a measure dz on M.

9.1.1. Definition.
Definition 9.1. Let M be a filtered manifold. Let m € R. A linear operator
P:CX(M)— C*(M)

is a pseudodifferential operator of order m on the filtered manifold M when

(1) for any adapted frame X on an open set U C M, for any X-cut-off x, there exists a
symbol o € S™(GM|y) such that

@P(1hf) = eOp™X (o) (¥ f),

for any f € C°(M) and @, € C*(U),
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(2) there exists a smooth function K € C®°(M x M\ D)) defined away from the diagonal
Dy :={(z,z): x € M} such that

p1P(p2) () = sol(w)/AJK(x’y)wz(y)dy, €M,

for any ¢1, 2 € C°(M) with disjoint supports (i.e. supp 1 Nsupp ps = 0).

The properties in the definition above and those of the local quantization (especially
Lemma 7.2) imply that P is a continuous operator C>°(M) — D'(M). By the Schwartz
kernel theorem, it admits an integral kernel Ky, € D'(M x M). Part (2) above says that
Ky coincides with a smooth function on M x M \ Dy, i.e. away from the diagonal. When
this integral kernel is smooth on M x M, we will follow the traditional convention (as well
as in coherence with what we have done in the preceding sections) of calling the operator
smoothing:

Definition 9.2. Let M be a smooth manifold. An operator P on M is smoothing when it
admits a smooth integral kernel, that is, there exists K € C*°(M x M) such that

Pf(z) = /M fWK (@ y)dy, e M.

We denote by W™ (M) the space of pseudodifferential operators of order m € R on M and
by W=>°(M) the space of smoothing operators on M. We check readily for m, m;,my € R
with m; < my

V(M) C¥"™(M) and Y™ (M) C V™ (M).
We also denote by
(M) = Uy U (M)
the space of pseudodifferential operators (of any order) on M.
From Definitions 9.1 and 9.2 together with the properties of the local quantization, we

check readily that W™ (M) for each m € RU {—o0} is a vector space and furthermore a left
and right C'*°(M)-module:

Vo, € C*°(M), YPeYv™(M) Py € V™ (M).
Moreover, it is stable under the formal adjoint:
Lemma 9.3. If P € Y™ (M) with m € RU {—o0}, then its formal adjoint P*, that is, the
operator defined via
Vg€ Cr(M) (P*f,9) 2y = (fs Pg)r2(arys
is a well defined operator in W™ (M).

Proof. We observe that if P is an operator C°(M) — C*°(M) with integral kernel K €
D'(M x M), then P* is also an operator C°(M) — D'(M) with integral kernel K* € D'(M x

M) given by K*(z,y) = K(y,z). This observation implies the statement for smoothing

operators (i.e. the case m = —o0) as well as the second part in Definition 9.1 for the formal
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adjoint P* of an operator P € W™ (M) with m € R. The first part in Definition 9.1 for P*
is a consequence of Proposition 8.9. This concludes the proof. 0

From Definition 9.1 and the properties of the local quantization (especially Lemma 7.2
and Corollary 8.10), we check readily that a pseudodifferential operator on M acts linearly
continuously C°(M) — C*(M) and also &"(M) — D'(M) by Lemma 9.3; here &'(M)
stands for the space of distributions with compact support. Note that the space W=>°(M)
may be described equivalently as the space of continuous linear operators & (M) — C*(M),
as well as

U™ (M) = Nper¥Y™ (M).

9.1.2. Fxamples. Here, we give some examples of pseudodifferential operators. Our first
class of examples results from the local quantizations defined in Section 7.1.1:

Lemma 9.4. Let m € RU{—o0}. Let (X,U) be an adapted frame with X-cut-off x.
(1) If o € S™(GM|y), then Op™X (o) € v™(U).
(2) Moreover, if ¢ € Unperui-o}S™ (GM|yy) satisfies Op™X(c) € ¥™(U), then o €
S™(GM|y).

Proof. The characterisation of smoothing symbols (see Proposition 5.45 (1), see also Corol-
lary 6.5) implies the case m = —oo. We now prove the case m € R.

Let o € S™(GM). The kernel estimates (see Theorem 6.2) imply that the Schwartz kernel
K(z,y) of Op™X(¢) is smooth away from the diagonal when m € R. Hence, Part (2) of
Definition 9.1 holds.

Let Y be another adapted frame on an open set V' C U, with Y-cut-off Y. Then by
Propositions 7.5 and 7.7, there exists & € S™(GM|y) such that Op™X(s) = OpYX(5). This
shows that Part (1) of Definition 9.1 holds. Therefore Op™X(c) € U™(U).

Let m' € R and 0 € S™(GM|y). We assume Op©X(¢) € U™(U). We may assume
m/ < m. By Part (1) of Definition 9.1, there exists & € S™ (GM]|y) such that

Vo, € CX(U)  9Op™X(0)y = pOp™X(3)y.
This readily implies that k% —xZ%, is smooth on U xR", so 0 —7 € S _“(@M ) by Corollary 6.5.

0—/

This shows Part (2). O

We will often identify a function with compact support in U C M with a function trivially
extended to M. And conversely, if a function on M is supported in U, we may view it as a
function on U. With these conventions in mind, Lemma 9.4 and its proof imply readily:

Corollary 9.5. Let m € RU{—o0}. Let (X,U) be an adapted frame with X-cut-off x. For
any o € S™(GM|y) and ¢ € C°(U), the operator given by

fr=0p™X(0)(f),  CZ(M) — C=(M).
is in W™ (M). That is,

Y € C2(U),  Op™X(o)yp € I™(M).
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Moreover, if o € Um/eRU{_oo}Sm/(@Mw) satisfies Op™X (o) € W(M) for any 1 € C*(U),
then o € S™(GM]|y).

Remark 9.6. Lemma 9.4 and its proof imply that if the property described in Part (1) of
Definition 9.1 holds for a family of open subsets (U, ), of M, each U, being equipped with
an adapted frame X, and a X,-cut-off, with the family of open subsets covering M, then
Part (1) of Definition 9.1 holds for any (X, U).

Our second class of examples comprises differential operators:

Lemma 9.7. Any differential operator is pseudodifferential, and its integral kernel is sup-
ported on the diagonal. Moreover, if P is a differential operator, then P € W™ (M) with N
being its homogeneous order.

The homogeneous order was defined in Definition 3.7. This statement implies:
DO(M) c W(M), and more precisely, DO=YN (M) c ¥V (M).

Proof. A differential operator P is a linear operator P : C°(M) — C°°(M) with integral
kernel supported on the diagonal. It remains to check Part (1) of Definition 9.1. We denote
by N the homogeneous order of P and by on € I'(Zxn(gM)) its principal part in the sense
of Section 3.4.

Let X be an adapted frame on an open set U C M and let y be a X-cut-off. The oper-
ator Op™X(oy) is differential by Proposition 7.3 and in W™ (M) by Lemma 9.4. Moreover,
Proposition 7.3 implies that Py — Op™X(oy) is a differential operator on U of homogeneous
order < N — 1. Inductively, we construct a finite sequence of symbols

ONs ON—1,..., 0o respectively in I'(%y(gM)), I'(%n-1(gM)), ..., D'(%(gM)),

such that the differential operator P coincides on U with Op™X(oy + on_1 + ...+ 0p). This
implies Part (2) of Definition 9.1 and concludes the proof. O

9.1.3. Characterisation via atlases. Remark 9.6 above leads us to adapt the notion of atlas
to the setting of filtered manifold in the following way:

Definition 9.8. The collection A = (U,, X4, Xa, Ya)aca is an atlas of the filtered manifold M
when it consists in

(a) acountable family of open subsets U,, providing a locally finite covering of M = U,Ul,,
and
(b) for each @ € A, an adapted frame X, on U,, a X,-cut-off x, and a function v, €
C>®(U, : [0,1]) such that the functions (z,y) +— 1. (x)1a(y) are supported in the
interior of the set {x.(z,y) = 1}, and satisfying Z Y2 =1.
It is possible to construct such atlases via routine arguments ommited here.
This notion of atlas on M allows us to characterise the pseudodifferential operators on M

in the following way:
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Proposition 9.9. Let P be a continuous linear operator C°(M) — D'(M). Then P €
U™(M) if and only if there exists one (and then any) atlas A = (Uy, Xa, Xas Va)aca for the
filtered manifold M, a family of symbols (0a)aca with oo € S™(GM|y,) and a smoothing
operator R € W=°(M) such that

(9.1) P=R+ 1 Op**(04) tha

The equality in (9.1) above means that for any f € C°(M) and x € M, we have:
Pf(z) = Rf(2) + Y _ ta(2)0p™ " () (taf ) ().

We will see in Corollary 9.25 that we can in fact consider one symbol ¢ instead of a family
(0a)aca- In any case, the family of symbols (0,)aca and the smoothing operator R depend
on the atlas A. However, even if we fix the atlas A, they are not unique. Indeed, we may
modify a symbol o, in (9.1) with a smoothing symbol on U,. Moreover, we observe that
the integral kernel of v, OpX“’X"‘(Ua) 1, is supported near the diagonal, more precisely in
SuppXa Nsupp ((z,y) — ¥a(2)1a(y)). As the integral kernel of P may not be supported near
the diagonal, the presence of the smoothing operator R is essential for the characterisation
of (M) in terms of the local quantization.

Proof of Proposition 9.9. If P is of the form (9.1), then P € ¥ (M) by Lemma 9.4. Let us
prove the converse. Let P € ¥™(M). We denote by o, the symbol in S™(GM|y,) obtained
from Part (1) of Definition 9.1 for the open set U,. We start the analysis with writing P as

P=Y 4aPv;=) vuPpu + Ri

with
Riz= 3 WOLPL,  and  pwi= Y Wh € CX(M).

, a:UaNU 1 #0
UaﬂUa/Z(D

Part (2) of Definition 9.1 implies that R; is smoothing. We now write the sum over o’ as
Y VR Pow =Y Vi PYLw + Ry
where R is the smoothing operator given by:
Ry:=> ¥2P(1—92)pu.
We check readily that the symbol
O =Y Var (Oar 0%, 50 YaPar)

a,a!

is in S™(GM]|y.) and that we have
Z Yo Op™e'Xe! (01, ) hoy = Z Y2 Op™eXo! (g0) Y2 por = Z V2 P2,
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concluding the proof. O

This characterisation together with the properties of the local quantization imply that

pseudodifferential operators of non-negative order act continuously on L7, (M):

Corollary 9.10. If P € Y™(M) with m € (—o0,0] U {—o0}, then P acts continuously on
the space L, (M) (see (7.4) for a precise definition).

loc

Proof. Consider the case of P € W~°°(M) smoothing. This means that its integral kernel
K (x,y) is a smooth function in z,y € M. This implies that P acts continuously on L (M)
for instance by the Cauchy-Schwartz inequality. The case of m € (—oo, 0] follows from the

characterisation in Proposition 9.9 together with the L?-boundedness (see Theorem 7.4). [

9.2. Properly supported pseudodifferential operators and composition. Already in
the traditional case of a trivial filtration on a manifold M, two pseudodifferential operators
may not be composable as they are maps between functional spaces which are not compatible
with composition; for instance, one of them is an operator C2°(M) — C°°(M) while the other
is &' (M) — D'(M). The same technical obstruction appears here, and we adapt the usual
line of approach to solve this issue by considering properly supported pseudodifferential
operators.

9.2.1. Properly supported pseudodifferential operators.

Definition 9.11. A pseudodifferential operator P is said to be properly supported when its
integral kernel K € D'(M x M) is properly supported or, in other words, when the two
projection maps supp K — M are proper (i.e. preimages of compact sets are compact).

With Definition 9.11 in mind together with Lemma 9.3, it follows readily that a properly
supported pseudodifferential operator on M acts on C°(M):

Lemma 9.12. If P is a properly supported pseudodifferential operator on M, then P is a
linear continuous operator C2°(M) — C*(M), D'(M) — D' (M) and &' (M) — &' (M). If P
is moreover smoothing, then P is also a linear continuous operator &' (M) — C°(M).

Consequently, properly supported pseudodifferential operators on M are composable with
other pseudifferential operators, and we will study their composition soon. However, one
drawback of considering properly supported pseudodifferential operators is that, by defini-
tion, their integral kernels are supported close to the diagonal. Hence, unless the manifold
is compact, they comprise a strictly smaller subspace of the space of pseudodifferential op-
erators.

Here are some fundamental examples of properly supported pseudodifferential operators:

Example 9.13. (1) If the manifold M is compact, then any pseudodifferential operator is
properly supported.
(2) If P e ¥™(M) and if ¢, € C°(M), then Py € W™ (M) is properly supported.
(3) Whether M is compact or not, any differential operator is a properly supported

pseudodifferential operator by Lemma 9.7.
114



(4) Considering an atlas A = (Uy, X4, Xa, Ya)aca for the filtered manifold M and a family
of symbols (04)aca With o, € S™(GM|y,), then the pseudodifferential operator

D a Op™ ¥ (0,) o € U™(M)

is properly supported.

As a consequence of the last example and the characterisation of pseudodifferential oper-
ators on M in Proposition 9.9, any pseudodifferential operator on M is properly supported
modulo a smoothing operator:

Lemma 9.14. For any P € V™(M), there exists a properly supported pseudodifferential
operator P' € W™(M) and a smoothing operator R € W=°°(M) such that P = P' + R.

9.2.2. Composition of pseudodifferential operators. We can now consider the composition of
pseudodifferential operators on the filtered manifold M:

Theorem 9.15. Let my,my € RU{—00}. Let P, € V™ (M) and P, € V™*(M). If one of
them is properly supported then their composition Py Py makes sense and is a pseudodiffer-
ential operator Py Py € W™ ™M2( M), If they are both properly supported then so is P Ps.

In particular, on a compact filtered manifold M, W™ (M) o W™2(M) C W™ +72( M),
The proof will use the following observations.

Lemma 9.16. (1) If P € W"™(M) with m € RU {—oo} is properly supported, then
P* € U"™(M) is also properly supported.
(2) Let P € W™(M) with

P=R+Y 0 Op**(0,) 1)

for R € U=°(M), an atlas A = (Uy, Xa, Xa, Ya)aca and a family of symbols (04)aca
with o, € S™(GM|y,). If P is properly supported, so it is for R.

Proof of Lemma 9.16. Part (1) follows readily from Lemma 9.3 and its proof, while Part (2)
comes from Example 9.13 (2). O

Proof of Theorem 9.15. Lemmata 9.3 and 9.16 (1) allow us to assume P, properly supported.
Then P, P, makes sense and is a continuous linear operator C2°(M) — C*°(M). Denoting
by K, Ky, Ky the integral kernels of P,P;, P, and P,, we have in the sense of distribution:

(9.2) K(a:,y):/MKl(x,z)Kg(z,y)dz.

Lemma 9.16 (2) and the vector space structure of ¥(M) imply that it suffices to consider
the three following cases:
(a) P, € U=°(M) (i.e. Ky smooth),
(b) P, € ¥=°(M) (i.e. K; smooth) and P, given by a local quantization, i.e. of the form

P, = 4 Op™X(0) ¥, and
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(c) when both P, and P are properly supported pseudodifferential operators and given
by a local quantization.
Let us analyse these three cases.

(a) If P, is also smoothing (in addition of being properly supported), then K5 is smooth
and properly supported, and for fixed y € M, K is the image of the compactly supported
function z — K(z,y) by P;, and thus smooth since P is a pseudodifferential operator. In
this case, we obtain PP, € U~°(M).

(b) If P, € U=>°(M) and

Py = 1) Op™X(0) ¥,
where X is an adapted frame on an open subset U C M, x is a X-cut-off, ¢ € C°(U) and
o€ Sm(@M |v). Denoting by K» the integral kernel of Op™X(o), we have in the sense of
distribution
Ka(z,y) = ¥(2) Ka(z, y)v(y).
Hence, the expression in (9.2) shows that K is smooth. In this case, again, Py P, € U=>°(M).
(c) We now consider the case of my, my finite and Py, P, given for j = 1,2 by

(9-3) P; = 4; Op™™ (0;) 5,
where X is an adapted frame on an open subset U; C M, x; is a X;-cut-off, ¢; € C(U;)
and o; € S™(GM]|y,). If ¢11py = 0, then PP, = 0. Hence, we may assume 11y # 0 and we

fix a function 1 € C*(Uy NUs) such that ¥ =1 on a neighbourhood of supp (119).
Let us show that we can write

(9.4) P10p™ X (01)9? = 1h,Op™* (o )Y + Y1Op™>*2(p)ih,

for some p € Sml‘l(éM ). By the symbolic properties of the local quantization (see Propo-
sition 8.13), there exists p; € S™~H(GM)

O™ ()2 = 1, Op™ X! (Poy + 1 )1

By the properties of invariance of the local quantization for the frame and the cut-off (see
Propositions 7.7 and 7.5), there exists pj € S™~1(GM) such that

O™ (P01 )ih = 1 Op™ 2 (Yhoy + ph )i,
This implies (9.4).
Using (9.4) in the expression for PP, we obtain

PPy =1 Opxl’x1 (01) 752?#11?2 OPXQ’XQ(%) o
= (O™ (W) + Y10P™ ()3 ) vy OP % (Yirs) vy
= 1 Op™ % ((1h01) 0%y x5 (V1202)) o + Y1 OP™>X2 (0 01, , Y112p) Y.

By the properties of composition in Proposition 8.13 and Lemma 9.4, the first term in
the sum of the right-hand side is in W™ +™2(M) while the second is in W™ +m2=1(M[). This
implies the case of two operators Py, P, of the form (9.3).

The case where they are both properly supported follows readily from (9.2). 0
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9.2.3. The global quantization Op™.

Lemma 9.17. We fiz an atlas A = (U, Xa, Xa, Va)aca for the filtered manifold M. The
operators defined via

(9.5) Op™(0) ==Y e O™ (0) o, 0 € Uperif—oeyS™(GM),

are properly supported pseudodifferential. More precisely, we have for any m € RU{—oc},
Vo € S™(GM),  Op“(c) € U™(M).
Moreover, it satisfies the following two properties:
(1) If o € Um/eRU{_oo}Sm'(CA;M) satisfies Op™(c) € U™(M), then o € S™(GM).
(2) If o and o’ are two symbols in S™(GM) such that Op™(c) = OpA(d’), then o — o’ €
S=*(GM) is smoothing.

Proof. From Example 9.13 (4), it follows readily that Op*(c) € ¥™(M) for any o €
S™(GM). Part (1) is proved by proceeding as in the proof of Lemma 9.4 (2). Part (2)
follows. 0

The class of operators OpA(Sm(aM )), m € R, enjoy a symbolic calculus modulo lower
order terms as a consequence of the proof of Theorem 9.15 and the consideration on the
adjoint.

Corollary 9.18. Let A = (Us, Xa, Xa, Ua)aca be an atlas for M and let Op™ be its associated
global quantization given via (9.5). Let my,ma,m € RU{—o0}.

(1) If 0 € S™(GM) then
(Op™(0))" = Op*(s"")) = Op™(0*) + R,

where R € U™ 1(M).
(2) If o1 € S™(GM) and oo € S™(GM), then

Op™(01)Op™(02) = Op*(0102) + S,
where S € Wm™tm2=1(7f).

Proof of Corollary 9.18. We check readily the properties of the adjoint. For the composi-
tion, we first observe that continuing with the proof of Theorem 9.15 Case (c), we have in
grmitma (GM|U2)

(V01) 0%y xo (V110202) = Pirhaoi0 + p,
for some p’ € Sm1+m2_1(@M |t,). Therefore, we have obtained:
1 Op™ X () 1h11y O™ (09) Yy = by OP™> 2 (7010 )b + Ry,
where Ry, 4, € U™ +m271(M]) is given by

Ry gy = P10D™X2 (p)ahy + by Op™ X2 (0 0x, 1, Y102p) Vo
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Performing this for every v, , ¥a,, we have

OpA(Ul)OpA(Ul) = Z ,‘7/1041 Opxal’xal (U) woqd}az ()pXOQ’XO(2 (U) Qpaz

1,02

=Y ¥a, 00 (V2 0102)tha, + S,

2,01
with Op™(oy05) for the first term since > o, V4, = 1, and for the second term,

S = Z R¢a1’¢a2.

Q1,02

We check readily S € ™ *m2=1(M) and this concludes the proof. O

9.3. Principal Symbol. We start by defining a local notion of principal symbol, attached
to open sets small enough to be included into open sets endowed with a local frame. Then,
in a second step, we will define a global notion of principal symbol.

9.3.1. Local principal symbol. We introduce the following notation:

Definition 9.19. Let m € R, let P € V™(M) and let V be an open subset of M small
enough to be included in an open set equipped with adapted frames. Then we denote by

Symb,,,(P) € S™(GM]v,)/S"(GM|y,)
the class of symbols modulo S™ (G M|y,) of oly,:

Symb,, v, (P) := oy, mod Sm’l(éM]VO),

where oy, € S™(GM]|y,) is the restriction to V; of a symbol o € S™(GM) satisfying

(9.6) ¢Pp = Op™X(¢0)o,

for some adapted frame X on an open set U with V5 C U € M, X-cut-off x and function
¢ € C°(U) with ¢ = 1 on a neighbourhood of Vj.

For P € U™ (M), the existence of symbols ¢ as in Definition 9.19 is guaranteed by (1) of
Definition 9.1. The fact that it leads to a well-defined and unique class of symbol follows
from the following property:

Lemma 9.20. Let m € R and P € V™(M). Let V be an open subset of an open set
U C M admitting adapted frames. Let ¢,¢" € C°(U) be two functions such that ¢ = ¢' =1
on V, let X, X' be two adapted frames on U, let x,X' be two cut-offs for X and X'. If o
and o' are symbols in Sm(aM) satisfying (9.6) for ¢, X, x and ¢, X', x’ respectively, then
(¢'¢)* (0 — 0') € S™HGM).

The proof of Lemma 9.20 relies mainly on the invariances of the local quantization stated

in Section 7.3.
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Proof of Lemma 9.20. We keep the notation of the statement and we have
0= ¢'oPp¢' — 66/ P¢/6 = &/'¢ Op™ (o) 66/ — 6’ Op™ ¥ (o) ¢'0.
By invariance of the local quantization in frames and cut-offs (see Section 7.3), we have
Op™ X (a”) = Op™(o" + p),
for some p € S™1(GM|y). The equality above implies
Op™ (¢ (0 — o' = p)) oxx (6¢)) =0,
so by Lemma 9.4 (2) applied to the smoothing operator 0,
(06 (0 — o' = p)) oxx (60) € S™(GM|v).

Therefore,
0= (¢'p(0c =0 —p))ox,y (¢¢") mod S™YGM|y)
= (¢/¢)* (0 — 0’ — p) mod S™H(GM|y)
= (¢/¢)* (0 — ¢’) mod Sm_l(@th),
by the symbolic properties of the local quantization. This concludes the proof. 0

The local principal symbol enjoys the following properties:

Lemma 9.21. Let V be an open subset of M small enough to be included in an open set
equipped with adapted frames.

(1) Let m € R. The map
Symb,, v, : P+~ Symb,, . (P), U™(M) — S™(GM|y,)/S™ (GM|y,),

is linear and vanishes on W™ 1(M).
(2) Let 0 € S™(GM) with m € R. Let X be an adapted frame on an open set U C M,
let x be a X-cut-off and let 1 € CX(U). Then

Symb,, v, (0p™(0) ) = (o), mod 5™ (GM|y,).
(3) For any P € W(M), we have
Symb,, v, (P*) = (Symb,, 1, (P))" .
Proof of Lemma 9.21. By construction, Parts (1) and (3) hold and we have for Part (2),
Symb,,,y, (Op™(0)4) = 0 & ]y, mod 8™ (GM[y,).
By the symbolic calculus, we have
oo = 1o mod S™ 1 (GM|y).

Part (2) follows. O
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9.3.2. Principal symbol. We can now define the notion of principal symbol.

Theorem 9.22. Let m € R. Let P € Y™ (M). There exists a unique element
Princ,,(P) € S™(GM)/S™  (GM)

such that for any open subset Vi of M small enough to be included in an open set equipped with
adapted frames, Symb,, . (P) is the class obtained by restriction to Vy of any representative

of Princ,,(P), i.e.
(9.7)  Symb,, v, (P) = oy, mod S™ (G M|y,)
for any o € Sm(@M) satisfying o mod Sm_l(@M) = Princ,,(P).
This defines a linear map
Princ,, : U™(M) — S™(GM)/S™ Y (GM)
with the following properties:
(1) The map Princ,, is surjective.
(2) ker Princ,,, = "1 (M). R R
(3) The adjoint is naturally defined on S™(GM)/S™ *(GM) and we have
VP € ¥ (M), Princ,,(P*) = (Princ,,(P))".

(4) When m = N € Ny, the restriction of Princ,, to the space DOSYN of differential
operators of homogeneous order at most N coincides with the map also denoted by
Princy and defined in Section 3.4:

Princy|po<v = Princy : DOSN — I'(%y(gM))

Definition 9.23. Let P € W™ (M). The class of symbols Princ,,(P) is called the principal
symbol of P at order m.

The proof relies on the characterisation of pseudodifferential operators stated in Proposi-
tion 9.9 and the properties of Symb,, v, (P) given in Lemma 9.21.

Proof of Theorem 9.22. We fix an atlas A = (Ua, X4, Xas Ya)aca on M. Let P € W™ (M).
By Proposition 9.9, there exist a family of symbols (04)aca with o € S™(GM]|y, ), and a
smoothing operator R € ¥~>°(M) such that (9.1) holds. We check readily that the symbol

given via
o 2
op = E V.0a
«

is well defined and in S™(GM). Moreover, by Lemma 9.21 (1) and (2), it satisfies for any
open subset Vy C M small enough,

Symb,, 1 (P) = op|y, mod S™ 1 (GM]|y,).

m,Vo
Consequently, op represents a class satisfying (9.7) for P.
By definition, any two symbols in S™(GM) satisfying (9.7) for P must coincide modulo

Sm_l(éM lv,) on any open subset Vy C M small enough; this shows the uniqueness of the
120



class satisfying (9.7). Hence Princ,, is a well defined map. Lemma 9.21 also implies that it
is linear, with kernel containing W™~!(M) and respecting the adjoint, i.e. Part (3) holds.
Recall that for the above family (04 )aca, 0o may be obtained in the proof of Proposition 9.9
from Part (1) of Definition 9.1 for the open set U,. Hence, if P € ker Princ,,, then by (9.7),
0o € S™HGM|y,), and (9.1) implies P € W™=L(M). This shows ker Princ,, = ¥™=1(M),
i.e. Part (2) holds.
If ¢ € S™(GM), we check readily that

Princ,, (Op™(c)) = o mod S (GM)

where Op™(c) € U™ (M) is defined via (9.5). This shows the surjectivity of Princ,y,, i.e. Part
(1) holds.

Let us prove Part (4). Let P be a differential operator on M. Denote by N its homogeneous
degree. Choose a symbol o representing the class in SV (@M ) for the principal part of P in
the sense of Section 3.4. The considerations in that section (in fact, the very definition of
principal part in Section 3.4, see also the proof of Lemma 9.7) imply for any open subset
Vo € M small enough

Symby 1, (P) = oy, mod S¥H(GM|y,).

Consequently,
Princy P = ¢ mod SY~HGM).
This shows Part (4), and concludes the proof of Theorem 9.22. O

Theorem 9.22 and its proof imply readily the following relation between principal symbols
and global quantization (see Section 9.2.3 for the latter):

Corollary 9.24. We fiz an atlas A = (Uy, Xa, Xas Ya)aca for M. For any P € V™ (M), if
o€ S™(GM) is a representative of Princ,,(P), then

P = Op™(0) mod U™ 1(M).

Hence, when considering principal symbols, that is, when working mod ¥™~1(M), we may
assume that the pseudodifferential operators are given by the global quantization Op™(o) of
a symbol o € S™(GM) on M.

When considering pseudodifferential operators modulo smoothing operators, we may as-
sume that the pseudodifferential operators are given by the global quantization:

Corollary 9.25. We fiz an atlas A = (Us, Xa, Xa, Ya)aca for M. Let m € R. For any
P € U™(M), there exist a symbol o € S™(GM) and a smoothing operator R € U=°(M)
such that

P =0p*(0) + R.
Moreover, the symbol o € Sm(@M) is unique modulo S=>(GM).

Proof. Using Corollary 9.24, we construct inductively og, ..., oy in Sm(éM), e Sm_N(éM)
such that

P —Opi(og+...+oy) € " N1(M),
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with oy € S™ WV “)(@M ) being the representative of the principal symbol of the above
operator. Let o € Sm(@M) be a symbol with asymptotic og+...+0ox+. ... By construction,
P — Op*(0) € U=>°(M). The uniqueness of the symbol modulo smoothing symbols follows
from Lemma 9.17 (2). O

9.3.3. Examples of principal symbols. Our main examples of pseudodifferential operators in
Section 9.1.2 were differential operators and operators obtained via local quantization (see
Corollary 9.5). The principal parts of the former are described in Part (4) above. For the
latter, we have:

Corollary 9.26. For any X on an open subset U C M and X-cut-off x, we have for any
m € R and o € S™(GM), and for any ¢ € C°(U),

Princ,, (Op™“X(0) ¢) = 1o mod S™YGM).

Proof. This follows from Lemma 9.21 (2) and Theorem 9.22. O

9.3.4. Principal symbols and composition. The next proposition states that principal symbols
respect composition of operators and symbols modulo lower order terms. The sense of the
composition of symbols modulo lower order terms comes from the following observation:
the properties of composition between symbols (Proposition 5.25) implies readily that the
following map

(01 mod S™~ 1(GM) o9 mod §™271 GM ) — 0109 mod Sm1+m2_1(éM),

is well defined and continuous

Sm1(GM) smz(é M) Smi+ma (GM) .
Sml_l(éM) gmo— 1( M) Sm1+m2_1(éM)' We have:

Proposition 9.27. Let my, ms € R. For any two pseudodifferential operators P, € W™ (M)
and Py € U™2(M), at least one of them being properly supported, we have

Princ,,, +m, (P1 Py) = Princ,,, (P;) Princ,,, (FP2).

Proof. By Corollary 9.24, the property of composition of pseudodifferential operators (The-
orem 9.15), and the properties of Princ,, in Theorem 9.22, it suffices to consider Case (c) in
the proof of Theorem 9.15. With its setting, we have

PrinCm1+m2 (P1P2) = Princm1+m2 (wl OpX17X1 (0'1 & (7/)1’@020'2)) 7702)
= 1o (Ul <o (¢1¢202)) mod Sm1+m2_1(éM)

by Corollary 9.26. By the properties of the symbolic calculus (Proposition 8.13), we have

U1y (01 0 (P11P202)) = w%wgalfh mod Sm1+m2_1(@M)>

concluding the proof. O
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9.4. Parametrices. In this section, we discuss left parametrices, following mainly the pre-
sentation in [36]. First let us recall the notion of left parametrix:

Definition 9.28. An operator () admits a left parametriz in W™ (M) when @ € W™ (M) and
there exists P € W™ (M) properly supported such that PQ =1 mod W~>*(M).

The existence of a left parametrix for an operator A is an important quality as it readily
implies for instance hypoellipticity and subelliptic estimates in terms of the Sobolev spaces
defined below. We will show below that we are able to construct left parametrices when
principal symbols are invertible in a sense we now define. First, let us recall the notion of
invertibility for high frequencies on a fixed graded nilpotent Lie group (see [36, Section 4.6]):

~

Definition 9.29. Let G be a graded nilpotent Lie group. A symbol o € S™(G) is invertible
for the frequencies of a positive Rockland symbol R higher than A € R (or just invertible for
high frequencies) when for any v € R and almost-every 7 € GG, we have

X yt+m
(9.8) VoeHrra I+ 7(R))Yo(m)oll, = Cyl(T+7(R)) ™ vll,
with C, = C, ,¢ > 0 a constant independent of 7. Above, v is the homogeneous degree
of R and H, . is the subspace H,ra := Er[A,00)H, of H, where E, is the spectral
decomposition of 7(R) = [, AddEx()\) as in (2.5).

Remark 9.30. (1) The definition seems to require a Plancherel measure to have been fixed
on G. However, the choice of a Plancherel measure is in one-to-one correspondence
with the choice of a Haar measure, and two choices would differ by a constant.
Hence, if a symbol is invertible for the high frequency of a Rockland operator for one
Plancherel measure, it is so for any.

(2) Another way of formulating the condition in (9.8) is the fact that the operator

_ytm

(14 7(R))> o (m)Ex[A, 00) (I + 7(R)) ™"+

is invertible with a bounded inverse whose H,-operator norm is < C’; L In other
words, with the notation in (2.6)

1EA[A, 00)o () 1=, (G) < O

(3) As explained in [36, Section 4.6], Definition 9.29 is the same notion but for invari-
ant symbols as [37, Definition 5.8.1], that was called ellipticity there. However, we
prefer to use the vocabulary regarding ellipticity for polyhomogeneous symbols, as
is customary in the traditional case of a trivially filtered manifold. In any case, the
properties explained in [37, Section 8.1] hold. For instance, in Definition 9.29, it suf-
fices to prove the estimate for a sequence of v = v, ¢ € Z, with limy_, ., v, = F00.
From the examples given in [37, Section 5.8], if R is a positive Rockland symbol of
homogeneous degree v, then R € S”(@) and (I+7€)m/” € Sm(@), are operators with
invertible symbols for the high frequencies of R.

(4) Finally, let us point out that the invertibility we discuss here could be improved by

localisation along ‘directions’ of the set GM. Following [29], these directions are
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defined via the equivalence relation given by the dilations: for x € M, w1, m € G, M,
m ~ my if and only if there exists » > 0 such that for all w € G,M we have
m(6,w) = ma(w). Refined microlocalisations in conical neighbourhoods of the phase
space GM could be pursued with these ideas in mind, at least on concrete examples.

We can now define the invertibility of a symbol on a filtered manifold.

Definition 9.31. A symbol ¢ € Sm(@M) is invertible for the high frequencies of a positive
Rockland symbol R (see Definition 5.19) when at every z € M, the symbol o(z) € S™(G, M)
is invertible for frequencies higher than A, € R of the Rockland symbol ﬁx, with both A,
and the constant C, in (9.8) depending locally uniformly in € M (for one and then any
smooth Haar system p = {ptz }renr)-

Example 9.32. Let R be a posmve Rockland symbol We denote its homogeneous degree v.
For any m € R, the symbol (I+R)™" € S™(GM) is invertible for all the frequencies of R.

We can now adapt the traditional construction of parametrices to our context under the
following hypothesis:

Theorem 9.33. Let Q € U™ (M) and o € S™(GM) such that Princ,,Q = o mod S™*(GM).
If o is invertible for the high frequencies of a positive Rockland symbol, then @) admits a left
parametriz.

The proof of Theorem 9.33 is classical and relies on the following statement:

Lemma 9.34. Let o € Sm(éM) be invertible for the high frequencies of a positive Rockland
symbol R. Let us fixp € C°(M x R™) be such that for every x € R, we have with 1,(\) :=
elz, A),
e . (\) =1 on a neighbourhood of o0,
e . (\) =0 on a neighbourhood of [0, A,] for some A, as in Definition 9.31.
The symbol
w(ﬁ)a_l = {o(n(Re)) o(z, 7)o €M, 7€ @xM}

makes sense and is in S~™(GM). Moreover, it satisfies
VR)o ™ o =pR)=1+p, withp:=(1—-1p(R)) e SGM).

Proof of Lemma 9.3/. By Corollary 5.44, @D(ﬁ) € S%GM) and (1 — @D)(ﬁ) € S(GM).
Moreover, for any adapted frame (X, U) and any 5 € Ny with g # 0, Dgw(ﬁ) = —D§(1 —
P)(R) € S~ (GM|U) By [36, Theorem 4.28] (see also [37, Theorem 5.8.7]), for each
x e M, @Z)x( 2)o(z)~! makes sense as a symbol in S‘m(éxM). It remains to analyse its
x-derivatives. For this, we sketch the adaptation of the argument explained in the proof
of [37, Theorem 5.8.7] to take into account our manifold setting and the presence of the
smoothing terms Dgz/)(?/é).

We consider an open set U C M small enough so that the symbol o(z) € S™(G,M) is
invertible for frequencies higher than A of the Rockland symbol ﬁx, for some A € R and C,

independent of x € U (see equation (9.8)). Moreover, we also assume that 1,(\) = 1 on
124



(A — 1,+00) and that U is equipped with an adapted frame X. By the Leibniz properties
(see Remark 5.26), we have (at first in a distributional sense for the z-derivatives on the
X-convolution kernels) with || =1

DZ($(R)o~") o = DZ((R)) = w(R)o™" Dyo:
multiplying both side by E[A,+00) and using the invertibility of o F[A, +00), we obtain
DYw(R)o™") = (DLW(R)) — $(R)o ' Do) E[A, +oc)o .
By Remark 9.30 (2), we obtain
IDSR) @,

< (IDZ R e, @onn + I10I=C D0 e @an)

More generally, by induction on |a| and |3], we write A%Dg(w(ﬁ)a_l) as as sum of terms
involving AY D2'4p(R) and AL D (1h(R)o 1) with |as| < |al, |2 < |8] and |as|+|Bs| # 0.
A similar analysis as above implies then that A%Dg(w(ﬁ)a_l) €Ly, (G, M) for every
zeU.

We have obtained w(ﬁ)a_l S S‘m(@M ) and the rest of the statement follows by the
symbolic calculus. O

al+y

Proof of Theorem 9.33. We keep the notation of the statement and fix an atlas A on M. By
Corollary 9.24; we can write

Q = Op*(0) + 5,
for some S € ¥~ 1(M). The construction of a function 1 as in Lemma 9.34 follows routine
arguments. By Lemma 9.34, ¥(R)oc~! € ST (GM) and we have by the symbolic property
of the global quantization (see Corollary 9.18)
Op*((R)o™1)Q = Op*(4(R)o~")Op™ (o) + Op™ (¥ (R)o )
= Op™(I) + R_1,

for some R_; € W~'(M). Note that Op*(I) = I. By Corollary 9.24, we may write R_; in
the form

R_y = Op™(p_1) + S_1,

where p_; € S‘l(@M) is a symbol representing Princ_;R_; and S_; € U=2(M). We will
then have

Op™ ((1 — p-1) w(ﬁ)a‘l) Q=1+ R_,,

for some R_y € W~2(M). Inductively, we construct p_y, . .., p_y in STHGM), ..., S N(GM)
and R_q,...R_n_1 in U"HGM),..., U"N"1GM) respectively, such that

Op* ((1 ). (1= ply) w(ﬁ)a-l) Q=1+R_n_..
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We observe that the formal expansion of the product (1 — p_y)...(1 — p_1) $h(R)o~" as
N — oo provides an asymptotic in S~ (GM), and we consider a symbol 7 € S™™(GM)
with this asymptotic. By construction, we have for any N € N

r=0=p_n)...(1=p_1) o ' mod ST N GM).
This implies with P = Op™(7),
PQ =1 mod U~""N"1(M),
for any N € N, concluding the proof. 0

The proof above shows how to construct parametrices locally or globally for the invertible
symbol in Example 9.32:

Corollary 9.35. Let m € R,

(1) For any atlas A on M and for any positive Rockland symbol R on GM , there exists
a symbol T € ST (GM) such that we have:

Op™ (1) Op™ ((1 + ﬁ)m/V) e v (M),

where v denotes the homogeneous degree of R.

(2) For any adapted frame X on an open subset U C M, for any X-cut-off, for any
positive Rockland symbol R on GM|y, there exists a symbol T € S~™(GM|y) such
that we have:

Op™ (7) Op™ ((1+R)™") — 1€ w™(U),
where v denotes its homogeneous degree.

Proof. We consider 7 obtained from the proof of Theorem 9.33 for ¢ = (I + R)™" and
S =0. O

Remark 9.36. For Part (2) above, the existence of such positive Rockland symbol R on
GM|y is given by Rx constructed in Example 5.7. For Part (1) (with its notation), we can
construct such a positive Rockland symbol by writing

7/—\;, = Z lpa(I)?ﬁxa.

On a regular subRiemannian manifold, the natural global positive Rockland symbol is the
subLaplacian symbol, see Remark 5.20.

9.5. Local Sobolev spaces. Following the now classical ideas developed on nilpotent Lie
groups [38, 39], we introduce Sobolev-type spaces that take into account the filtration of the
manifold M. Naturally, the spaces we define here will be local in nature, unless the manifold

M is compact. An alternative construction was introduced in [22].
126



9.5.1. Definition and first properties.

Definition 9.37 (Local Sobolev spaces). Let r € R. We denote by LZ,,.(M) the space of
distributions f € D'(M) satisfying

VP e U (M), VOeC>(M), P(0f) € L}, .(M).
We call it the local Sobolev space of order r on the filtered manifold M.

This definition makes sense since pseudodifferential operators map &'(M) to D'(M), and
(M) is a subspace of D'(M) (see its definition in (7.4)). The properties of W(M) then
imply readily:

L2

loc

Proposition 9.38. (1) For any r € R, the vector space L%, (M) is a C*°(M)-module:

loc,r

if f €L}, (M) and g€ C®(M) then fg € L3,..(M).

loc,r loc,r

(2) We have Lj,. (M) = Lj,.(M) and the inclusion

loc

r>ry = L., (M)C L, (M).

loc,rq

(3) Let r,m € R. We have
YPEWN(M), Vf €2, (M), W0eCEOM),  P(Of) € L2, (M)

r,loc
(4) We have for any r € R
COO(M) - LIQOC,T’(M)’
and for P € W=>°(M),
Vfe L%, (M), VO € C°(M), P(Of) € C®(M).

r,loc

Proof. Part (1) follows from W™ (M) being a vector space and a C°°(M)-module. If r = 0,
taking P = I in Definition 9.37 implies Lj,. (M) C Lj,.(M), while the reverse inclusion
follows from Corollary 9.10. The inclusion in Part (2) follows from U™ (M) C U™ (M).
Part (3) follows from the properties of properly supported and of pseudodifferential operators
and of their composition (see Lemma 9.14 and Theorem 9.15). Part (4) follows from the

basic properties of pseudodifferential operators, see Section 9.1.1. O

9.5.2. Characterisation of local Sobolev spaces. Local Sobolev spaces may be characterised
by the action of local or global pseudodifferential operators, or by the action of the local or
global quantization of powers of positive Rockland operators:

Theorem 9.39. Let r € R and let f € D'(M). The following are equivalent:

(1) f € Lg,loc(M)'
(ii) For any adapted frame X on an open subset U C M, for any X-cut-off x, we have

Vo € S"(GM), YOeC®U),  Op™X(o)f) e LAU).
(iii) For one (and then any) atlas A for M, we have

Vo € S(GM), VO e Cx(M),  Op™(o)(0f) € L*(M).
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(iv) For one (and then any) positive Rockland symbol R on GM, v being its homogeneous
degree, for any adapted frame X on an open subset U C M and any X-cut-off x, we
have

Vo e C®(U),  Op*x ((1 + ﬁ)%) (0f) € L2(U),

(v) For one (and then any) atlas A for M, for one (and then any) positive Rockland
symbol R on GM , v being its homogeneous degree,

Vo e C(M),  OpA ((1 + ﬁ)%) (0f) € L*(M).
(vi) For any adapted frame X on an open subset U C M, for any X-cut-off x, we have
v e CEU),  Op™ ((I+Ry)?) (0f) € LA(U),

for one (and then any) positive Rockland operator Ry on GM |y, v being its homo-
geneous degree.

The local and global existence of positive Rockland symbols has been discussed in Re-
mark 9.36.

Proof. The implication (i) = (ii) follows from Corollary 9.5, and the converse by Proposi-
tion 9.9. Similarly, (i) = (iii) follows from Corollary 9.5, and the converse from Corollary 9.24
and the inclusion in Proposition 9.38 (2).

The implication (iii) = (v) is easy. For the converse, we observe that, using the setting
and notation of Corollary 9.35 and writing:

Qm = Op™ ((T+ R)m/”) and P_,, = Op™* (1),

the operator R := P_,,Q,, — 1 € ¥=°°(M) is smoothing and properly supported. Hence, we
may write any P € U (M) as

P =PP.,Q, — PR, with PP, € W(M)and PR € U—(M).

This readily implies that if f € D'(M) is as in (v), then P(6f) € L3 (M) for any 6 €
C(M) by Corollary 9.10. We conclude that the equivalence (iii) < (v) holds. Finally, the
equivalence (ii) < (iv) is proved in a similar way.

Let us show that the property in (vi) is indeed independent of the positive Rockland
operator Ry on GM|y. This will readily imply the equivalence (iv) < (vi) because of the
equivalence (ii) < (iv) that is already proved. If R; and R, are two positive Rockland
operators on GM |y of homogeneous degree vy and v, then by Corollary 9.35, there exists

T E S‘T(@M|U) and Ry € ¥~°°(U) such that
Op™X(r;) Op™X ((I + 721)’“/”1) =1+ Ry,

SO

Op™ ((I+R,)"**) = P, Op™ (I1+Ry)"/"" + R,
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with
Py := Op™* (T4 Ry)"/") Op™X(ry) € ¥O(U)
R = —R,Op™ ((I+ Ry)"/*2) € U=(U).

This together with Proposition 9.38 (3) and (4) imply readily that for any f € D'(M) and
0 € CX(U), if 0f satisfies the property in (vi) for Ry, then it will also do so for R,. This
complete the proof of Theorem 9.39. O

In the case of an integer that is also a multiple of the dilation’s weights, we obtain a further
characterisation:

Theorem 9.40. Let r € N be a common multiple of the dilation’s weights. Let f € D'(M).
The following are equivalent:

(i) f € L3 10e(M).

r,loc

(vii) Pf € L} (M) for any P € DO="(M).

loc

(viii) For any adapted frame X on an open subset U C M, we have X*f € L2 (U) for any
a € Ny with [a] <.

Proof. Let r € N be a common multiple of the dilation’s weights. Proposition 9.38 (2) & (3)

and Definition 9.37 imply readily (i) = (vii) and (viii). We now prove the converses.
Let f € D'(M) be such that (vii) holds. Choosing P = T in (vii), we have f € L2 (M). We

loc

consider an adapted frame X on a subset U C M and 0 € C°(U), and the Rockland symbol
Rx € S?"(GM) given in Example 5.7. We have by the properties of the local quantization
(Propositions 8.9 and 8.13),

(0p™ (14 R)/2) ) Op™ ((1+ R)'/2) = Op™ (14 Rx) + Op™(p),
with p € S2=1(GM|y), and by Corollary 9.35 (2),
Op™X (1) Op™X (I + ﬁx) =1+ R,
with 7 € S=2"(GM|y) and R € U=(U), so
(0p™ ((1+Rx)"2) ) Op™ (14 Re)'2) = POP™ (1+Rx) + R,
with
P’ = 1+ Op™(p)Op™(r) € V().
R":= —Op™X(p)R € ¥~>(U),
by the properties of the calculus. Therefore, for any 6 € C°(U),
JOp™ (14 Rx)/2) (0£) 22009
= ((0p™ ((1+R)"2) ) 0™ ((1+ R2)'2) (01), 61))
= (PO ™ (14 Rx) (01). (0))
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As Op®X (I —{—ﬁx) is a differential operator (see Lemma 9.7), the hypothesis on f and

Proposition 9.38 (3) imply that the first term on the right hand-side is finite. Moreover,
Proposition 9.38 (4) and f € L? (M) imply that the second term in the right hand side

loc

is finite. We have thus obtained Op™X <(I + ﬁx)1/2> (0f) € L*(U). By Theorem 9.39 (vi),
f €Ly, (M) Wehave proved (vii) = (i).

loc,r
With Lemma 3.6, the same arguments as above show (viii) = (i). This concludes the

proof. O

The same proof as above readily implies the following characterisation in the case of H,
generating T'M (for instance on a regular subRiemannian manifolds, see Example 3.2 and
Corollary 3.9).

Corollary 9.41. Assume that Hy generates TM. Then for any v € N, Lj,. (M) is the
C®(M)-module of distributions f € D'(M) such that for any adapted frame X on an open
subset U C M, we have X;, ... X; ,f € L2 (U) for any 1 < iy,...,i» < dy = dim H; and

loc
r <.

For a general filtered manifold, Theorem 9.40 implies readily
vre MyN,  C*(M)C L, (M),
where M is a common multiple of the dilation’s weights, and furthermore,
Cx(M) = () L, (M),
r€MoN

The inclusion in Proposition 9.38 (2) then yields
vreR,  C®(M)cC L2, (M),

loc,r
and
Co(M) = ] Lipe, (M).
reR
Remark 9.42. Note that, in this special case where H; generates T'M, one can use Corol-
lary 9.41 for defining Sobolev spaces in terms of adapted frames.

2
loc,r

9.5.3. Topology. We equip L
the map

(M) with the smallest topology ensuring the continuity of

f — P(ef)7 leoc,r(M) — L?OC(M)7
for every P € W"(M) and 6 € C°(M). The arguments in the proofs of Proposition 9.38 and

Theorems 9.39 and 9.40 routinely imply the following properties:
Lemma 9.43. (1) The topological vector space L2 . (M) is Fréchet. Firing an atlas A

loc,r
for M, a positive Rockland symbol R on GM, v denoting its homogeneous degree,
and a sequence (0;);en in CX(M :[0,1]) such that M = Ujen{0; = 1}, a generating

family of seminorms is given by

fr— rjnS%HOpA ((I + 73)5> (9jf)‘
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(2) The inclusion Ly, (M) C L., (M) with vy > ry is continuous.

(3) Let r,m € R. Any P € W"™(M) maps L?;,.(M) to L2_,, ,,.(M) continuously.

(4) Assume that r € N is a common multiple of the dilation’s weights. Let (6;);en be a
sequence of functions in C°(M) valued in [0, 1] such that supp; is included in an
open set U; equipped with an adapted frame X; and such that M = U,en{0; = 1}.
Then the maps

fr—= X0 N0y, JEN, [of <7,

are continuous on the Fréchet Ly, (M), and provide a countable family of seminorms
generating its topology.
When H, generates T M, we may consider any integer r € N with the family of

SEemMinoTrms
f|—> ||X11X1r/(9]f)‘|L2(M)7 ]ENa 1§’I;17"'77;T" Sdb TIST'

Corollary 9.44. (1) The natural topology of C*°(M) coincides with the one obtained as
the inductive limit of

C*(M) = () Ly, (M).

reR
(2) For any v € R, the inclusions C*(M) C L, (M) and C*(M) C L, (M) are
continuous. Moreover, C*(M) and C*(M) are dense subspaces of L, .(M).

Proof. Let My be the least common multiple of the dilation’s weights. Part (2) when r €
MyN, follows readily from Lemma 9.43 (4). This also shows that the topology of C*°(M)
coincides with the inductive limit of ()¢, n Lipe,(M). This together with the continuous

inclusions in Lemma 9.43 (2) imply Part (1) with the intersection over r € R and Part (2)
for any r € R. O

9.5.4. Duality. If f € L3 . .(M) for some r’ € R, then it is a distribution, meaning that the

loc,r’

map ¢ — (f, )pxce formally given by the distributional duality

(f. ) prce = /M f(@) plz) de, g€ CX(M),

is a well defined linear functional C°(M) — C that is continuous. The following statement

allows us to identify the topological dual of L, ,.(M) with L7, _.(M):
(Ll200,7"<M))I = L%oc,fr(M)’

via the natural extension of the distributional duality.

Lemma 9.45. Let r € R.
(1) If f € L}, (M), then the linear functional p — (f, p)prxcee extends uniquely to a

loc,—r

. . . 2
continuous linear functional on Li,, .(M).

(2) Conversely, given a continuous linear functional £ on L
distribution f € LE,_ (M) such that

loc,—r

Yo € CX(M) é(lw) = (f, ¢)pxcee-

2

iver (M), there exists a unique



Proof. Part (1) follows from Corollary 9.44 (2). Conversely, let ¢ be a continuous linear
functional on L7, .(M). If " € Nis a multiple of the dilation’s weights such that > 7, then ¢
restrict to a continuous linear functional on L7, ., (M) by Lemma 9.43 (2), and the seminorms
in Lemma 9.43 (3) shows that ¢ also restrict to a continuous linear functional on C°(M).
Therefore, there exists f € D'(M) such that ((p) = (f, ¢)pxce for any ¢ € C°(M). Let
0 € C>(M). We fix an atlas A. We have 0f € &' (M), so Op(0)0f € &' (M) for any

o€ S (GM), with
(Op™(0)0f, ©)prxce = (f,00p™(0)* @) prxcee = £ (HOpA(a)*sO) :

We now use the seminorms for L?OC’T(M ) described in Lemma 9.43 (1) with its notation. The

continuity of £ : Lj,. (M) — C imply the existence of C' > 0 and N € N such that
€ (600" (0)°0'¢) | < Cmax | Py () 2

where
P; = 6;0p* ((1 + R)%) 00p(0)*.

By the properties of the global quantization, especially for composition and adjoint (see
Corollary 9.18), P; € W°(M) is a properly supported pseudodifferential operator of order 0.
Therefore,

max || B (D)2 < Cllell 2,

for some C’ > 0 independent of . This implies that Op™(0)8f € L*(M). By Theorem 9.39,
this shows that f € L2 . (M). This concludes the proof of Part (2). O

loc,—r

9.6. The classical H-calculus. In this section, we adapt to the setting of the filtered
manifold M the traditional lines of approach regarding polyhomogneous pseudodifferential
operators (Section 9.6.1) and classical calculus (Section 9.6.2). We discuss the link with van
Erp and Yuncken calculus [67, 68] in Section 9.7.

9.6.1. Polyhomogeneous operators.

Definition 9.46. A pseudodifferential P € W™(M) of order m € R on M is polyhomo-
geneous when the symbol in Part (1) of Definition 9.1 is polyhomogeneous in the sense of
Definition 5.53, that is, for any adapted frame X on an open set U C M, for any X-cut-off y,
there exists o € S} (GM|y) such that ¢ Py = © Op™X(0) ¢ for any @, € C=(U).

We denote by \I/g,z(M ) the space of polyhomogneous pseudodifferential operators of order
m € R.

Ezxample 9.47. (1) Any differential operator is polyhomogeneous with a finite asymptotic,
see the proof of Lemma 9.7: DO=" c Wl (M).

(2) Let m € R. Let (X,U) be an adapted frame with X-cut-off x. If o0 € S;’}l(éM\U),

then Op™X(o) € W7 (U) by the proof of Lemma 9.4 while ¢ € C2*(U), Op™*(0) ¢ €

W (M) for any o € C°(U) by the proof of Corollary 9.5.
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The characterisations via atlases of polyhomogeneous pseudodifferential operators together
with the notion of homogeneous principal symbol are obtained by modifying the ones in
Proposition 9.9 and Corollary 9.25 by considering polyhomogeneous symbols:

Proposition 9.48. Let P be a continuous linear operator C°(M) — D'(M). The following
are equivalent.
(i) P e wm(M).
(ii) For one (and then any) atlas A = (Ua, Xa, Xa, Va)aca for the filtered manifold M,
there exists a family of polyhomogeneous symbols (04)aca with o, € S;’}L(CA;M|UQ) and
a smoothing operator R € W=>°(M) such that

P =R+ thOp* ¥ (04) tha

(iii) For one (and then any) atlas A on M, there exists a polyhomogeneous symbol o €
(GM) and a smoothing operator R € W=°(M) such that P = R + Op™(o).

Moreover in this case, there exists a unique symbol Om € Sm(GM) such that Princ,,(P) =
om®d(R ) for some positive Rockland symbol R on GM and for some function ¢ € C°(M xR)
satisfying ¢(x, ) = 0 for X in a neighbourhood of (—o00,0) and ¢(x,\) =1 on a neighbour-
hood of 400, these two A-neighbourhoods depending locally uniformly on x € M.
Recall that by Corollary 5.44, the symbol ¢(7€) = {o(z,7(R,)) : (x,m) € @M} is in
SY(GM) while (1 — ¢)(R) € S™™(GM).
Beginning of the proof of Proposition 9.48. For the equivalence (i)<=> (ii), we readily mod-
ify the proof of Proposition 9.9. O
For the equivalence (i) <= (iii), the modification in the proof of Corollary 9.25 requires

to refine the notion of principal symbols which we start here. By Definitions 9.46 and 9.19,
for open subset Vo C M small enough, we have for some o € S77 (GM):

Symb,,, v, = oy, mod S™HGMy,)
= am,Vo¢(R)|VO mod Sm_l(GM|V0)
where o,, v, is the first term in the expansion of o with ¢, R as in the statement. Moreover,
by the uniqueness of a polyhomogeneous asymptotic expansion (see Section 5.5.3), 0,y is

uniquely determined on Vj. Proceeding as in the first part of the proof of Theorem 9.22; this
allows us to construct o, € S™(GM) such that o,,|vy = Om.vi|ve-

Definition 9.49. For P € V7 (M), the unique symbol o, € S™(GM) as in (the above
proof of) Proposition 9.48 is denoted by

om =: Princ,, n(P).
It is called the homogeneous principal symbol of P.

Ezample 9.50. If A is an atlas and if o € SZ’]}Z(@M) with o ~p 350 Om—j, then

Princ,, (OpA(U)) = 0.
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From Theorem 9.22 and its proof together with Example 9.50, we obtain readily that the
map
Princ,, ;, : W3, (M) — S™(GM)
is surjective, with kernel \I/Z,‘l_l(M ). Furthermore,
VP e U,,(M), Princ,, ,(P*) = (Princ,, ,(P))",
and for any P, € W))1 (M), P, € W};*(M) one of them being properly supported,
PP, € U2 (M) with  Princy, 5(P1P) = Princy, 4 (Py)Princ,, 5 (Ps).

When m = N € Ny, the restriction of Princ,,, to the space DO=" of differential operators
of homogeneous order at most N coincides with the map also denoted by Princy and defined
in Section 3.4 and in Theorem 9.22.

End of the proof of Proposition 9.48. From Example 9.50 and the properties of Princ,, j, we
obtain the equivalence (i)<=- (iii). O
We also obtain the uniqueness of the polyhomogeneous expansion:

Corollary 9.51. Let P € V7 (M). We fix an atlas A, a positive Rockland symbol R on
GM and a function ¢ € C®°(M x R) as in Proposition 9.48. Then the polyhomogeneous
expansion of o € S5 (GM) in Proposition 9.48 (3) is unique.
Proof. By Example 9.50, Princ,, (P — Op*(0md(R))) = 0, so P, = P — Op™(o,md(R)) €
\I/;’}l_l(M ) and we set 0,,_1 = Princ,,,_1 ,(P;). Inductively, we construct
Oy oy Oy in S™(GM), ..., S™N(GM),

such that

P—O0p* (0 + ..+ omx) (R)) € WMV (),
This concludes the proof of Proposition 9.48. If P is smoothing, then every o,,_; is zero, and
this shows the uniqueness of the polyhomogeneous expansion in Proposition 9.48 (3). O

We conclude this paragraph with the notion of homogeneous elliptic symbol.

Definition 9.52. (1) A m-homogeneous symbol o is elliptic when for one (and then any)
positive Rockland symbol R and for any v € R, x € M and almost-every m € G, the
inverse of m(R,)+ oz, m)m(Ry)~ "+ exists as a bounded operator on 7 with

B _ytm 1
sup | (7(Ra)Pole, M)m(Re) 5 ) L2 < o0
(z,m)eGM

(2) An operator P € W7} (M) is elliptic when its homogeneous principal symbol is elliptic.
Proposition 9.53. Any elliptic operator Q € Vi, (M) admits a left parametriz P € W ;™ (M).

Proof. Let @ € V7, (M) be elliptic and set 0, = Princ,, »,(Q) € Sm(éM) We fix ¢ and R
as in Proposition 9.48. We check readily that amqﬁ(ﬁ) is invertible for the high frequencies

of R. We construct a parametrix as in the proof of Theorem 9.33, and we check that it is

polyhomogeneous. 0
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9.6.2. Definition and properties of the classical H-calculus. We denote by U7} (M) the space
of properly supported polyhomogeneous operator of order m, and by V(M) = U,V (M)
the space of properly supported polyhomogeneous operators of any order. Clearly, W7 (M) is
a left and right C'°°(M)-module. Moreover, the space V(M) is a classical pseudodifferential
calculus in the following sense:

(1) It is stable under composition and taking the formal adjoint. More precisely, we have:
VP € UIN(M), P, € UI2(M), PP, € W™ (M) and Py € VI (M).

(2) Tt contains the differential calculus: DO(M) C W4(M). More precisely, DO=Y C
UN(M) for any N € N.

(3) It acts on the adapted local Sobolev spaces, and the loss of Sobolev derivatives is
bounded by the order. More precisely, any P € W7 (M) acts continuously L*(M) —
L? (M) for any m,s € R.

(4) The smoothing operators in the classical H-calculus are the operators with smooth
integral kernels that are properly supported. Denoting this space by

Wy (M) = Wm=(M) N Wy (M),

cl

it may be equivalently described as

U (M) = NmerViy (M).

cl

(5) Any elliptic operator admits a left parametrix. More precisely, if @ € V7 (M) is
elliptic, then we can construct P € W_™ (M) such that PQ —1 € W_*(M).

Ezample 9.54. Considering Example 5.48, an example of elliptic operator is Op™ ((I + ﬁ)m/ ”) ,

where R is a positive Rockland symbol on GM , v its homogeneous degree and A an atlas
for M. By Proposition 9.53, it admits a left parametrix in the classical H-calculus.

9.7. H-calculus and tangent groupoid.

9.7.1. The tangent groupoid and H-pseudodifferential kernels. Before briefly presenting the
tangent groupoid adapted to the filtered manifold M as constructed by Van Erp and Yuncken
in [67, 68], let us explain what they mean by a pseudodifferential calculus. We will allow
ourselves to identify densities and functions as we have fixed a measure dz on M.

Van Erp and Yuncken blur the distinction between a linear continuous operator P :
C>®(M) — D'(M) and its integral kernel given by the distribution Kp. Moreover, they
consider pseudodifferential operators modulo smoothing operators, that is, modulo opera-
tors with smooth integral kernels:

P mod ¥™°(M) <— Kp mod C*(M x M).

Hence, instead of describing classes of operators, they describe classes of properly supported
integral kernels.
Let us now recall some elements of their construction, the references to their works being

(67, 68]. The H-tangent groupoid (the letter H refers to the filtration M is equipped with) is
135



the union of the osculating group bundle GM with M x M together with a dilation parameter
TuM = GM x {0} | J (M x M) x R},

where R% = R, \ {0}. Van Erp and Yuncken prove in [67] that Ty M may be equipped
with a natural smooth structure that makes it a Lie groupoid. The description of this
smooth structure on Ty M is in terms of exponential maps associated with connections. It is
equivalent (and perhaps simpler) to express it in terms of geometric exponential associated
with an adapted frame.

On Ty M is defined the set of r-fibred distribution, &' (T M), which is the set of continuous
C®(M xRy )-linear maps C*°(Ty M) — C°(M xR,). This space is naturally equipped with
a convolution product law (with the standard precautions about the fact that the involved
distributions are properly supported), and it is called the convolution algebra of Ty M.

The zoom action « of R% on TyxM is defined according to

ax(z,y,t) = (z,y,\7't) if (x,y) € M x M and t # 0,
ax(z,v,0) = (x,0\v,0) if z€ M and v € g, M.

The zoom action induces a one-parameter family of automorphisms ay., A € R’ on the
convolution algebra & (T M), and preserves the ideal Cp°(GM;(2,.) of properly supported
smooth densities.

Van Erp and Yuncken then define the following two notions [68, Definitions 18 & 19]:

Definition 9.55. (1) A properly supported r-fibred distribution P € &/(Ty M) is called
essentially homogeneous of weight m € R if

VAERY, ayP — NP e C(TyM; Q).

(2) A H-pseudodifferential kernel of order < m is a distribution K € &/(M x M) sat-
isfying K' = P|;—; for some properly supported r-fibred distribution P € &/(TyM)
which is essentially homogeneous of weight m € R.

(3) We denote by ¥ (M) the space of properly supported operators P : C®(M) —
C>°(M) whose integral kernels are H-pseudodifferential of order < m.

Let us show that van Erp and Yuncken’s construction coincides with W7(M) in the fol-
lowing sense:

Theorem 9.56. For any m € R, U} (M) = Uy (M).

In other words, our classical calculus W, (M) and the pseudodifferential calculus con-
structed via groupoid coincide in exactly the same way that the Hormander classical calculus
on a manifold corresponds to the abstract operator classes defined via the groupoid approach
(see Section 11 in [68], see also Debord and Skandalis [24]).

The rest of the section is devoted to the proof of Theorem 9.56, that is, for the two
inclusions of the two pseudodifferential calculi. We start with the observation that both

calculi may be viewed modulo smoothing operators as:
136



Remark 9.57. As in the case of W (M), the set (), cg Viky (M) coincides with the space of
smoothing properly supported operators [68, Corollary 53]:

() Wy (M) = 5= (M),

meR

9.7.2. The proof of the inclusion V7 (M) C Wiy (M). The main idea behind the proof of
the inclusion W7 (M) C W,y (M) is the construction of an r-fibred distribution associated
with a classical symbol, and this will use the following lemma:

Lemma 9.58. Let o € ;’,EL(GM)

(1) For any t > 0, the density Kk, 0 Oy — t"Ky is smooth.

(2) Write the polyhomogeneous expansion of o as o ~y o + Opm_1 + ... Then, for any
adapted frame (X,U), for every x € U, we have the convergence in the sense of
distribution

e X (5tv) — 50 K;ff z(v)

Furthermore, this convergence holds for any x-derivatives locally uniformly in x.

Proof of Lemma 9.58. We start the proof with some preliminary analysis. For a symbol 7
in UpyerS™ (GM), we denote by 7 o 6,1 the symbol obtained using the dilations in (2.11):

V(z,7) € GM, Vt>0, To06-1(x,m)=r7(x,m068-1).
We check readily that the convolution kernels satisfy
Kros, y = "k, o Ot A>0,
as densities. If a smooth Haar system p = {pt; }.ens has been fixed, then this becomes:

K _ m'+Q u
KToﬁt_l,x =t Kz © 6t‘

We fix R and ¢ as in Proposition 9.48, that is, R is a positive Rockland symbol on GM and
¢ € C*(M x R) satisfies ¢(x, A) = 0 for A in a neighbourhood of (—o0, 0] and ¢(A) =1 on a
neighbourhood of 400, these two A-neighbourhoods depending locally uniformly on z € M.
We denote by v the homogeneous degree of R. Then

H(R) 061 = d(t™'R).
If now 7 € Sm/((A}’) is m’-homogeneous for some m’ € R, then
7 (1(R)) 0 -1 = T(t"R) = TO(R) + pr
where p,, is the symbol given by
(9.9) pra =7 (0(tR) = 6(R)).

Since A — ¢(t 7" A) — ¢(A) is compactly supported, Corollary 5.44 implies that p,; is smooth-

ing for all t > 0.
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Let us now prove (1). We consider o € S;’}Z(GM ). Writing its homogeneous expansion

O ~p O+ Om_1+..., it admits the inhomogeneous expansion o ~ amqﬁ(ﬁ) —i—am,l(b(ﬁ) +
By the kernels estimates of Theorem 6.2, the function

Riv( o H;O'E ZK/UWL ]¢

is continuous in v when m — (N + 1) < —@Q for each x € M. In fact, Theorem 6.2 also
shows that it is in L?(G,M) for any s € R such that 2(s +m — (N +1) + Q) < Q, i.e. for
s < —Q/2—m+ (N + 1). With these properties, we have
N
1% 00 =t hge = (t K oy © 0t —1"h, ¢<7€>,w) + tYRN 06, — t™RY
=0

N N Q pN __ym pN
H(Umquﬁ(R))O(;t—l’z*tmgmfj¢(73) + t RI 06t t Rl‘

17 107-

<
Il
o

Phpy, uw + 19RY 00 —t"RY,

using the notation (9.9). By the preliminary analysis, the kernel Z e ot K poy_ s 19 smooth-
ing. Moreover, the kernel t9RY o §, — t™RY is in L}(G,M) for all s such that s +m <
—Q/2+ (N +1). The properties of Sobolev spaces on groups imply that %k, , 0 §; — t" Ky,
isin C" on G, M with r = —m —Q + N, and this for all N € N, thus smooth. One concludes
the proof by applying this to Dga for any 5 € Ny, which shows (1).

Taking ¢t — 0 shows the convergence at every x € U. Again, applying this to Dga for any
p € Nj shows (2). O

Proof of the inclusion V7 (M) C U7\ (M) in Theorem 9.56. We fix an atlas A on M. Let
P € U™ (M). By Proposition 9.48, we may assume P = Op™(c) for some o € S (GM). Tt
follows from our construction that its integral kernel Kp is given by

=3 W~ y) Yalo)daly)jac, i), z,y € M.

It is natural to deform this convolution kernel into the following family of distributions on
M x M parametrised by ¢t > 0:

P(x,y,t) Z 7 rEe (=6 s y) Ya(@)ba (explhe (6 Inf> y)) JAC ey (5, e y)(lnff“).
acA

We observe for any v € R,

Dy e (5, e y)(lnfa)(v) = Qs In* exple (0 In exnga (sv))
= ;04— In’= expff" (sv)
= 6:D, In’ (v),
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SO

. Xy ) X..
Jacexpigo‘ (6¢ 1n§a ) (lnx ) = tQJ aCy ].Ilz,

Therefore, we have

(9.10) P(z,y,t) = > "9 (=6 k" y) Ja(z,y.t),
a€cA

where

(9.11) Jo(2,9,t) := Ya ()0 (expi (6 Inf*y)) jacy(lnif“).

Hence, we are lead to extend P to Ty M via

P(x,v,0) Zwa 2§;z (v).

acA

By Lemma 9.58 (2), the equations 9.10 and 9.11 define a distribution P € &/(TyzM). It
remains to show that P is essentially homogeneous of weight m € R.
We already have for t =0

aP(z,v,0) = X" TCP(z, v,0).
We now consider for ¢, A > 0

aP(z,y,t) = /\Q]P’(a: Y, A’lt)
= A" 9T (—6x-a I y) o (2, y, A,

a€cA

We have

(Oé/\*P - )‘mIP)) (:B? Y, t)
(9.12)
= R(z,y,t,\) + \" Z t@+m (Ko (=0x-1 Infe g) — Koo (=6 Iy y)) Jo(z,y, A7),
a€cA

with

R(z,y,t,\) = X" > 7@ e (5, ke y) (Ja(,y, A7) = Ja(z,0,1)) -

a€cA

Moreover, the sum over @ € A in (9.12) is smooth by Lemma 9.58 (1). We are left with
showing the smoothness of R(x,y,t). Recall that k,, is smooth away from 0. Since
Jo(z,y, \71t) — Jo(z,y,t) = 0 indentically when x,y are near the diagonal, R is smooth

on M x M x R} x R?. We deduce that ay,P — AP is smooth on M x M. O
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9.7.3. The reverse inclusion. For the proof of the reverse inclusion, we need to discuss the
notion of co-principal symbol in the sense of van Erp and Yuncken [68, Section 6]: for any m €
R, the co-principal symbol of an H-pseudodifferential kernel K € &'(M x M) of order < m
may be represented uniquely by a vertical distributional density k € S'(GM; |Q|(GM)) that
is m-homogeneous in the sense of Definition 5.16; in this paper, & is called the homogeneous
co-principal symbol of K. This follows from choosing an essentially homogeneous distribution
P e & (TyM) of weight 0 satisfying K = P|,—; and that is homogeneous on the nose outside
of (—1,1) [68, Proposition 42], and then applying [68, Proposition 43]. Moreover, & is smooth
away from the 0-section of GM.

The main point of the proof of the reverse inclusion of Theorem 9.56 is the natural
correspondence between the 0-homogeneous co-principal symbols in W, gy (M) and the 0-
homogeneous symbols in W (M):

Lemma 9.59. If k € S'(GM;|Q(GM)) is 0-homogeneous and is smooth away from the
0-section of GM, then it is the convolution kernel of a symbol o € SO(GM).

We will not need the converse, which is true, and follows from the properties of symbols
in $O(GM): if the symbol o is in S°(GM), then its convolution kernel x is 0-homogeneous
and is smooth away from the O-section of GM. The proof of both implications follow from
the study of the group case in [29].

Proof of Lemma 9.59. Let k € S'(GM; |Q|(GM)) be a 0-homogeneous distribution density
that is smooth away from the 0-section of GM. It follows from Lemma 2.25 and Corollary 5.4
in [29] that we may define a symbol oy on M with convolution kernel x such that og(x,-) €
SO((A?IM ) with seminorms depending locally uniformly in z € M. We then check that, for
any adapted frame (X, U) and 8 € N2, the distribution XPx* € S'(GM|y; |Q(GM|y)) is still
0-homogeneous and smooth away from the origin, so by uniqueness of the Fourier transform,
above each z € M, it is the convolution kernel of Dioo(z,-) € S°(G,M). This implies
o e SUGM). O

The properties of W (M) and the inclusion V(M) C ¥, gy (M) then imply:

Corollary 9.60. We fix an atlas A on M, and R and ¢ as in Proposition 9.48. Let m € R
and let P € U (M). Then there exists a symbol o,, € S™(GM) such that

P — Op™(0m6(R)) € WL (M).

The proof of Corollary 9.60 follows from Lemma 9.59 and standard manipulations of
pseudodifferential theory. Before giving it, let us conclude the proof of Theorem 9.56.

End of the proof of Theorem 9.56. It remains to show the inclusion ¥, (M) C W7 (M) for
any m € R. Let P = P, € ¥"...(M). Let 0, as in Corollary 9.60. Inductively, we construct
a sequence of symbols o,,_; € S™7J, j € Ny, such that

Poj+1) = Pn—j — OPA(%—M(@) e wr Yt (),



By construction, we have for any N € N,
N ~
P =7 0p*(0m-j#(R)) + Pu-(+y)
§=0

Consider a symbol ¢ € S™(GM) with asymptotic expansion o ~ O am_jcé(’//i). Then
o€ Sg}z(@M) and for any N € N, the operator

P — Op <Zom J¢ 0) + Po—(v+1),
is in \IJUEYNH)(M) since Z;V:O am_j¢(72) — o € S"(NF)(GM). By Remark 9.57, this
implies that P — Op™(c) € U, (M). O
It remains to show Corollary 9.60. The case m = 0 is essentially a consequence of
Lemma 9.59:

Proof of Corollary 9.60 when m = 0. Let k € S'(GM;|Q2|(GM)) be the homogeneous prin-
cipal co-symbol of the integral kernel Kp of P. As we are in the case m = 0, by Lemma
9.59, k is the convolution of a symbol oy € SO(@M ). We now observe that the proof of
the implication (2) = (1) in Theorem 9.56 above shows Op™(ce¢(R)) € U™, (M), and
moreover that the homogeneous co-principal symbol of its integral kernel is k,, = Kk €
S'(GM; |Q(GM )) This implies that the homogeneous co-principal symbol of the integral
kernel of P — Op™(c9p(R )) is zero. Therefore, by [68, Corollary 38], P — Op*(ced(R ))

U, gy (M). O

Traditional manipulations in pseudodifferential theory allow us to pass from the case m = 0
to the case of general m.

Proof of Corollary 9.60 for any m € R. As we have proved 7' (M) C W7 (M) for any
m' € R, Op*((I+R)"™") € U - (M). By the composition properties of the calculus built
by van Erp and Yuncken [68, Corollary 49], Op((I+ R))™™*)P € W% (M). Denoting &,
the corresponding symbol as in the case m = 0, we have

OpA((1+R)) ™) — Op(306(R)) € Wohy (M).
Applying Corollary 9.35 to —m, we obtain a symbol 7 & ;’}1(@]\4 ) satisfying
OpA (r)OpA((L+ R) ™) — 1 € Wz (M).
Moreover, an inspection of the construction shows that Princ,, »(7) = Rm/v. Hence, we have
Princy, (opf‘<7)opf‘<ao¢<7€))) = Princy,, (Op™(r)) Princy, (opA(aoqs(ﬁ))) = R,
Consequently,

Op™(1)Op*(Gog(R)) = Op™(R™o¢(R)) mod U7~} (M).
141



The inclusion W% (M) C W7 (M) for any m’ € R together with the properties of the
calculus built by van Erp and Yuncken, especially its composition [68, Corollary 49] and for
the smoothing operators (see Remark 9.57), imply

P = Op*(m)Op*((1+R)™™")P mod ¥>(M)
= Op™(7)0p™(God(R)) mod Wit (M)
— Op(R™"5yp(R)) mod W1 (M),

which terminates the proof. OJ

APPENDIX A. COMBINATORIC

In this section we prove equation (4.5) and analyse the form of the terms after reorgan-
isation by the number of elements in the set I, in order to obtain (4.9) with the afferent
properties.

The proof of (4.5) is done by induction. The formula (4.5) holds for £ = 1 since, in that
case, there is only n configuration of indices sets that satisfy the assumptions: I = {j},
I, = (), which gives the term z;X;, for j = 1,--- ,n. It also holds for k = 2 with the sets of
indices:

I ={j,j2}, I =1, =0, whence the term z;z;,X;X,,,
I = {jl}’ I = {j2}> I = Q)v whence (XjQZjl)Zj2le’

with j1, j» describing 1,--- ,n. The configuration I = {ji}, I =0, I, = {j2} is forbidden.

Assume now that the formula (4.5) holds for some k& > 1, let us prove that the result also
holds for k£ + 1. We derive

k+1 Z Z (zj(Xhzjl) . (Xlkzjk)x[{j},l]

=1 (1eesdi) =L I1 e Ik

+ Z Zj(Xllzjl) s (X[{j}:fp]sz) s (Xlkzjk)>‘

1<p<k

Denoting by jr.1 the new index, we obtain

(Z(N))]H—l = Z Z ( Xhzjl Xlkzjk)zjk+1x[{jk+l}vl]

(jl ..... ) [[Il ..... Ik]]k+1 1

+ Z (Xp2j,) X[{]k+1} Ip]ZJp) (X ij)zjk-HXI)'

1<p<k
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We then observe the equality of the set of indices (ji,...,Jk+1) = [, 1, .-, Ixs1] (equipped
with the associated constraints), with the disjoint union

{61 i) = [}, I s 1,01

J=1

k n
U UU{(jla”'ajk—i—l): []7117" P 17[{]1:-1—1} I] p+1""7lk7®]}'

p=1j=1

This concludes the proof.

Let us now reorganise the terms of (Z¥))* in terms of the cardinal of the indices set I
and write

(A1) ZM)k Z > a

£=1 I=(j1, ,je)

Our aim is to prove that for all £ > 1, the term »_,_ agg)XI writes as the sum of

(J1,+ 5de)

terms having the property (4.8), that is such that there exists vfe}, e ,vé{é} such that a§’“’) =
J(f) . -vj(f) for I = (j1,---,je), 1 <€ < k. We argue by a recursion and starts by observing
that the result holds when £ = 1. Let us now assume that the property holds for k£ € N,

with

.G, = U](-f) .. .U](-f), 1<?¢<E.
We want to prove that the same property holds for (Z"))*¥*+1 It is enough to apply ZV) to
one of the terms of the sum and to prove that it has the desired structure. We write

z™ Z a'X; | =L+ 1

I:(jlf"’jf)
= Z Z zj(,N)agf)X({j}J) and Iy = Z (Z(N)agg))XI
J:]- I:(j1,~.4,j[) I:(jl,"‘,jg)

where I contains derivatives of length ¢ 4+ 1 and I, derivatives of length ¢.
The term I; writes

L= Y Vdxixi+. +:MaX.x)= Y oV
I=(j1,+ .je) I'=(j1, Je+1)
where the coefficients a3,+ ) are constructed as follows: let I’ = (ji, ..., jes1), I' = ({ k1)
then OL%H) = v](fﬂ)...vj(-fjll) with v; “1) = z; and ’U(Z—H) = (E) Jforp =2, 0+ 1.

Therefore, I; has the property (4.8).
Let us now consider the term I5. It is the sum of ¢ terms of the form

Z (g)...(Z(N)vj(-ﬁ))...vj(-f)XI, 1<p<UL.

Vi
I=(j1,+ ,je)
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We observe

2 ¢ {41, 041,
S (M) X = 3 W

I:(jl’.” ’] ) IZ(jl"”’je)

(Z—i—l D)

Wlthv = (+1,p) = 7ZW)y )

v;, . Therefore, I, is the sum of £ terms with

]( ? if p’ # p and v,
the property (4 8) which concludes the proof.

APPENDIX B. FUNCTIONAL SPACES ON A VECTOR BUNDLE

Here, we recall the definitions of spaces of Schwartz functions and tempered distributions
associated with a (smooth, real, finite dimensional) vector bundle E over a (smooth) man-
ifold M. We denote by d = dim F the dimension of (the fiber of) the vector bundle FE.
The functional spaces we want to introduce will use the concept of vertical densities we first
recall.

B.1. Vertical densities on E. We denote by |Q2|(F) the space of 1-densities on E whose
definition we recall:

Definition B.1. o A I-density on R? is a map w : (RY)? — C satisfying
Yoi,...,vg € RY VA € GLy(R), w(Avy, ..., Avg) = |det A|w(vy, ..., v4).

e A I-density on E is map w : E*¢ — C such that ¢*w(z,-) is a 1-density on R? for
every trivialising chart ¢ : U x R? — E and every z € U.

A 1-density on F is sometimes called a vertical density as it yields above each x € M a
density on the vector space E,.

Ezample B.2. (1) If 7 € is an n-form on M with n = dim M, then |7| € |Q(TM) is a
density on the tangent bundle £ = TM.

(2) More generally, for any vector bundle E, any 7 € (A% E) yields the 1-density
|7] € |Q|(E) on E.

The space |Q|(E) is a line bundle over M. Moreover, if w € |Q2|(E) never vanishes, then
any other 1-density w’ € |Q|(F) differs by a smooth function ¢ € C*°(M):

(B.1) V(z,v) € E  W'(z,v) = c(x)w(z,v).

We denote by |2|T(E) the set of positive 1-densities on E, i.e. the set of w € |Q|(FE)
with w(z,v) > 0 for any (x,v) € E. We can readily construct positive 1-densities using local
trivialising charts and subordinated covering of the manifold. As Example B.2 suggests, a
positive 1-density on £ may be viewed as an element of volume |dv| of the fiber E, depending
smoothly on = € M. In the case of two positive 1-densities, the smooth function ¢ € C*°(M)

they differ from in (B.1) is positive: ¢(z) > 0 for all x € M.
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B.2. Schwartz functions and vertical tempered densities on F.

Definition B.3. A Schwartz function f on FE is a smooth function f : E — C such that for
every trivialising chart ¢ : U x R? — E, ¢* f may be written as ¢* f(z,v) = f4(z,v) with

(B.2) fs€C®UxRY  and x> ¢"f(z,-) € C°(U;S(RY)).

We denote by S(E) the set of Schwartz functions on E. It is naturally equipped with a
structure of topological vector space.

Definition B.4. A vertical tempered density on E is a continuous map S(E) — C*(M)
that is C°°(M)-linear.

A vertical tempered density & is described in any trivialising chart ¢ : U x R? — E by
¢*k(x,v) = Ky(x,v)|dv| with
kg € D'(U x RY) and  x+— Kg(z,-) € C=(U,S'(RY)).
We denote by S'(FE;|Q|(F)) the set of vertical tempered densities on E. It is naturally
equipped with a structure of topological vector space. By definition, the map

S(E) x §'(E; |Q(E)) — C*(M),  (p,r) — (x> [ESO(WJ)/‘&(%U)),
is continuous and C'*°(M)-bilinear.

Lemma B.5. We assume that a positive 1-density w € |QT(F) has been fixed on E.

(1) A wertical tempered density k € S'(E; |Q(FE)) is described above every x € M by a
unique distribution k¥ € S'(E,) satisfying

Vi € S(E) /E o, v)k(w,v) = / o, 0 () deoy (v).

x

(2) Moreover, if W' € Q1 (E) is another positive 1-density on E, then
K = c(2)r? € S'(E,),
where ¢ is the function defined via (B.1).

Proof. The distribution % € §'(F,) is defined invariantly via trivialisation charts, showing
Part (1). Part (2) follows by uniqueness. O

The following statement is readily checked and defines the notion of m-homogeneous ver-
tical distributional density.

Lemma B.6. Here, we assume that the vector bundle E is graded, i.e. each fiber E, admits
a gradation in the sense of Definition 2.1, and the corresponding dilations dg, yield a map
d: E — E that is smooth (and hence is a morphism of the vector bundle E).

Let m € R. The following properties of a vertical tempered density k € S'(E;|Q(E)) are
equivalent:

(1) For one (and then any) positive 1-density w € |QT(E) on E, for every x € M, the

distribution k% € S(E,) is m-homogeneous for the dilations 0, .
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(2) For every trivialising chart ¢ : U x RY — E and ever x € M, the distribution r4(z, -)
1s m-homogeneous for the dilations for ¢*op,

B.3. Vertical Schwartz densities.

Definition B.7. A Schwartz vertical density on E is a smooth section f € C*(E;|Q|(F))
such that for every trivialising chart ¢ : U x R? — E, we may write ¢* f(z,v) := f, ( v)|dv|
with f; as in (B.2).

The set S(E; |2|(F)) of Schwartz vertical densities on E is naturally equipped with a struc-
ture of topological vector space and may be viewed naturally as a subspace of S'(E}; |Q2|(E)).
In fact, it is dense in S'(E}; [Q|(E)).
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