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QUANTIZATION ON FILTERED MANIFOLDS

CLOTILDE FERMANIAN-KAMMERER, VÉRONIQUE FISCHER AND STEVEN FLYNN

Abstract. In this article, we develop a pseudodifferential calculus on a general filtered

manifold M . The symbols are fields of operators σ(x,π) parametrised by x ∈ M and the

unitary dual 󰁥GxM of the osculating Lie group GxM . We define classes of symbols and a lo-

cal quantization formula associated to a local frame adapted to the filtration. We prove that

the collection of operators on M coinciding locally with the quantization of symbols enjoys

the essential properties of a pseudodifferential calculus: composition, adjoint, parametri-

ces, continuity on adapted Sobolev spaces. Moreover, we show that the polyhomogeneous

subcalculus coincides with the calculus constructed by van Erp and Yuncken via groupoids.
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1. Introduction

1.1. Symbolic pseudodifferential calculus and applications. Starting from about 1960,

the seminal works of Hörmander [47, 48] provided a flexible framework for studying elliptic

operators through pseudodifferential calculi, along with remarkable characterisations and
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properties for hypoellipticity. For the former, many other contemporaneous contributions

also played a significant role in this development, see e.g. [51, 56]. The latter was the mo-

tivation behind the research programme led by Folland and Stein and their collaborators

in the 70’s and 80’s (see eg [39, 40, 60]) on subelliptic operators modelled via nilpotent Lie

groups. Nowadays, the geometric contexts for these ideas are called subRiemannian. The

main method revolved around the construction of parametrices of these operators, and more

generally of algebras of operators adapted to these settings. Usually, the pseudodifferential

calculi constructed then were in effect much closer to algebras of singular integral operators

described via their integral kernels (in a similar spirit, see Melin’s unpublished preprint [53]

and Street’s monographs [62, 63]); indeed, these calculi didn’t use notions of symbols as

in the Riemannian or Euclidean settings for elliptic operators. Furthermore, they were set

on contact manifolds and their generalisations (e.g. Heisenberg manifolds) [7, 28, 53] or on

nilpotent Lie groups [15]. These ideas and methods were further deployed in the 90’s in the

studies of spectral or functional problems of operators such as subLaplacians on stratified

nilpotent Lie groups in harmonic analysis (see the seminal paper [54]).

In the past twenty years, a pseudodifferential theory based on Alain Connes idea of tangent

groupoid [20] emerged from works by Ponge [58] and by van Erp [66] on Heisenberg and

contact manifolds. It was then realised that the context to generalise these considerations

were manifolds equipped with filtrations of the tangent bundle, i.e. filtered manifolds, see

the works of Choi and Ponge [12, 13, 14] and of van Erp and Yuncken [67, 68]. Van Erp and

Yuncken’s results can be considered as the development in the context of filtered manifolds

of Debord and Skandalis’ works [24, 25] which provided the first abstract characterisation of

the classical pseudodifferential operators in terms of actions on Connes’ tangent groupoid.

While the class of filtered manifolds contains equiregular subRiemannian manifolds, recent

progress suggests that these ideas can be further generalised to manifolds whose space of

vector fields admits a filtration [3], encompassing also singular subRiemannian manifolds and

quasi-subRiemannian settings. It is worth noting that the latter calculi constructed within

the tangent groupoid framework are included in the more general construction developed by

Street [62, 63].

The pseudodifferential theory via groupoids was devised by Alain Connes around 1990

as a framework to show index theorems. Since then, it has become an efficient tool to

study hypoellipticity and Fredholmness in many contexts. However, at the time of writing,

it does not show the same breadth and depth of applications to PDE’s as Hörmander’s

calculus. One reason is that Hörmander’s pseudodifferential operators enjoy an explicit

symbolic calculus related to the symplectic structure of the cotangent bundle with an explicit

quantization procedure; this make it flexible to deal with solutions of PDEs and quantum

dynamical problems via classical dynamics. Moreover, Hörmander’s calculus allows for (ρ, δ)-

generalisations and semiclassical calculus including symbolic smoothing operators [35] which

aren’t yet developed with the groupoid approach.

One motivation for this work is to construct a noncommutative counterpart of Hörmanders

symbolic pseudodifferential calculus on filtered manifolds, formulated in terms of the natural
3



noncommutative cotangent bundle. We show in Section 9.7 that, upon restriction to the

polyhomogeneous subcalculus, it agrees with the construction of van Erp and Yuncken [67,

68]. Moreover, we believe that this approach is as flexible as Hörmanders calculus, allowing

for the incorporation of (ρ, δ)-type generalizations and the development of a corresponding

semiclassical pseudodifferential calculus.

In the mean time, the last decades have seen a rising interest of the PDE community for

subelliptic operators [4, 8, 11, 17, 19, 52, 59]. The methods underlying these works have

involved mainly Riemannian tools based on Hörmander’s calculus. These tools are very

powerful and are the basis for microlocal and semiclassical analysis with various domains of

applications, see for instance the seminal papers in control theory [6], spectral geometry [16,

69], homogeneisation [42, 64]. However, recent works [4, 17, 59] suggest that they can be

fruitful for subelliptic or subRiemannian problems only in the context of very low-dimensional

contact manifolds. Beyond this, the non-commutativity inherent to subRiemannian and

filtered settings seems to make any semiclassical or microlocal question rapidly intractable

when using the traditional (Riemannian) Hörmander calculus. However, other approaches

for instance via groupoids have recently given impressive results such as the proof in full

generality of the Helffer-Nourrigat conjecture [45, 3]. This reinforces the motivation for the

construction of an adapted symbolic pseudodifferential calculus, with the goal of providing

the tools for dealing with questions from PDEs in subRiemannian and subelliptic contexts.

A notable exception to the literature of the non-symbolic subelliptic pseudodifferential

calculi of the late twentieth century is Taylor’s monograph [65]: he proposed to define pseu-

dodifferential operators symbolically using the operator-valued group Fourier transform, fo-

cusing mainly on the Heisenberg group (see also [5]). Using also this group Fourier transform

together with many tools and methods from harmonic analysis (singular integral theory and

spectral properties of subLaplacians), the recent monograph [37] laid the foundations of a

symbolic and global pseudodifferential calculus on any graded nilpotent Lie group. We call

these pseudodifferential calculi noncommutative because, unlike Hörmander’s, their symbols

do not commute.

The pseudodifferential calculus in [37] has allowed for results similar to the problems

mentioned above in the Euclidean or Riemannian settings. For instance, the article [30]

proves a div-curl Lemma in the context of nilpotent graded Lie groups, in the same spirit

as the Euclidean work [42]. The article [32] emphasises invariance properties of quantum

limits while [33] deals with spectral geometry for subLaplacians on 2-step nilmanifolds. The

article [34] is a control result. These applications underscore the relevance of the non-

commutative analogue of the cotangent bundle arising from the group Fourier transform.

It also highlights the necessity of incorporating smoothing symbols when high-frequency

phenomena appear and semiclassical analysis becomes essential. Motivated by these consid-

erations, we follow the framework developed in [37] to construct a noncommutative symbolic

pseudodifferential calculus in the more geometric context of filtered manifolds. Our study

further establishes the construction of parametrices for symbols which are invertible at high
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frequency (Rockland-type conditions). We also introduce corresponding Sobolev spaces of

arbitrary real order.

1.2. Strategy of the construction. Let us sketch now our strategy - the rigorous defini-

tions of the objects involved and their subsequent analysis will be done later in the core of

the paper. The readers will find in Section 1.4 information about where to find definitions

and statements about each of the items mentioned here.

To the filtered manifold M , we associate its osculating Lie group GM and osculating Lie

algebra bundles gM . The symbols we introduce are fields of operators

σ = {σ(x, π) : x ∈ M, π ∈ 󰁥GxM}

with σ(x, π) densely defined on the space of the representation π. The noncommutative

analogue to the cotangent bundle

󰁥GM := {(x, π) : x ∈ M, π ∈ 󰁥GxM},

parametrises our symbols. We define symbol classes, as well as a local quantization asso-

ciating an operator to one of these symbols. This local quantization uses the geometric

exponentiation of vector fields and allows for the identification of a point y near x ∈ M as

y = expX
x v, v ∈ Rn, once a convenient frame X has been chosen and TxM identified with Rn.

This exponential map has to be considered in contrast with the exponential map ExpX
x of

the group GxM . The upper index X recalls that all these objects depend on a chosen frame,

and the identifications it induces.

More technically, we associate to a symbol σ an operator defined via the following local

quantization. Given a local frame X on an open set U adapted to the filtration of M and a

cut-off function χ, the operator acts on f ∈ C∞
c (M) by

(1.1) OpX,χ(σ)f(x) :=

󰁝

v∈Rn

κX
x (v) (χxf)(exp

X
x (−v)dv, x ∈ U.

In this definition, the distribution κX is called the convolution kernel associated with σ in the

X-coordinates and corresponds to the group Fourier transform inverse of σ in the following

sense:

σ(x, π) =

󰁝

Rn

κX
x (v)π(Exp

X
xv)

∗dv.

We define symbol classes Sm( 󰁥GM), m ∈ R, on which the local quantization process (1.1)

makes sense. Moreover, the resulting operators enjoy symbolic properties for composition

and adjoint amongst others. Ensuring that these objects are rigorously and intrinsically

defined poses many regularity questions. In particular, the convolution kernels κX
x (v) display

singularity in v = 0 and the operator in (1.1) is of Calderon-Zygmund’s type. This is the

main difficulty of the work and it highly relies on previous works on nilpotent Lie groups of

the second author [37].

The passage from the local quantization in (1.1) to a global calculus follows classical lines

[46, 70]. We define pseudodifferential operators as being locally described by the local quanti-

zation defined above. We show that they are described equivalently by a global quantization
5



on M of our symbols via adapted atlases up to smoothing operators. To sum-up, we obtain

classes of operators

Ψ∞(M) := ∪mΨ
m(M),

which forms a pseudodifferential calculus in the sense that it satisfies:

(1) The continuous inclusions Ψm(M) ⊂ Ψm′
(M) hold for any m ≤ m′.

(2) Ψ∞(M) is an algebra of operators. Furthermore if T1 ∈ Ψm1(M), T2 ∈ Ψm2(M),

then T1T2 ∈ Ψm1+m2(M), and the composition is continuous as a map Ψm1(M) ×
Ψm2(M) → Ψm1+m2(M).

(3) Ψ∞(M) is stable under taking the adjoint. Furthermore if T ∈ Ψm(M) then T ∗ ∈
Ψm(M), and taking the adjoint is continuous as a map Ψm(M) → Ψm(M).

The calculus also makes it possible to construct parametrices and to introduce local Sobolev

spaces L2
s,loc(M), s ∈ R, on which the pseudodifferential operators act in the following

way: if T ∈ Ψm(M), then T ∈ L(L2
s+m,loc(M), L2

s,loc(M)). We will also show that its

polyhomogeneous subcalculus coincides with the calculus developed by van Erp and Yuncken

[67, 68].

The construction of this pseudodifferential calculus paves the way for new approaches to

the study of PDEs on filtered manifolds. These include the analysis of the propagation

of singularities and the investigation of compactness defects for square-integrable families

on M , among other applications. A development in this direction is presented in [10], where

the calculus introduced therein provides an alternative proof of the quantum ergodicity

result established on three-dimensional contact manifolds in [17], while also extending it to

higher-dimensional contact manifolds endowed with a compatible complex structure. The

overarching motivation of our work lies in spectral geometry on filtered manifolds, including

contact, quasi-contact, and Engel manifolds, with particular emphasis on conditions ensuring

the quantum ergodicity of sub-Laplacians or more general subelliptic operators, and on the

geometric interpretation of the coefficients appearing in the Weyl trace formula.

1.3. Important technical ingredients of the proofs. The strategies behind the proofs

of properties such as L2-boundedness, composition and adjoint follow established lines in

pseudodifferential theory, see e.g. [2, 37, 61]. However, their implementations in the case of

filtered manifolds are technically highly challenging.

In the Riemannian case, pseudodifferential operators on manifolds are defined as being

described through coordinates patches as pseudodifferential operators on Rn. This cannot

be the case on a filtered manifold, as natural coordinates do not exist - although privileged

ones have been studied [1, 9, 13, 14] since the inception of subRiemannian geometry. This

is a fundamental obstacle that we overcome with the method of moving frames: the time-1

flow of vector fields allows us to define the exponential map expX with respect to a given

local frame X. This map can be compared with the bisubmersions of [3].

A crucial milestone in this paper is the analysis of the composition of the exponential map

expX with respect to a local frame X adapted to the filtration. As expected from ideas dating

back from the work of Nagel, Stein and Wainger in [55], we show that this composition is
6



connected to the osculating group structure. However, in order to describe precisely this

connection, we introduce a new technical concept of algebraic nature, namely terms that we

call higher order. This concept is also useful in other situations, for instance to compare

the product laws of two osculating groups GxM and GyM above two points x, y ∈ M close

enough, or to describe the effect of changing adapted frames in exponential maps.

As can be anticipated from the group case [37], our proofs of the calculus properties rely

fundamentally on the analysis of the integral kernels of the operators through the convolution

kernels κX of their symbols. Introducing the notion of amplitudes corresponding to our

symbols separates steps in the proofs for composition and adjoint. It is remarkable that our

analysis of the impact of the geometric setting then boils down to understanding the two

following situations:

(1) perturbing the variable of a convolution kernel κX with a term of higher order,

(2) perturbing the group convolution of two convolution kernels with another function.

1.4. Organisation of the paper. The paper is structured linearly. In Section 2, we recall

results about symbol classes on graded Lie groups that will be useful for constructing the

symbol classes Sm( 󰁥GM), m ∈ M . In particular, we revisit standard estimates in this setting

with a special concern with the constants. Indeed, the symbol σ(x, ·) will be related with

the nilpotent graded group 󰁥GxM , which depends on x ∈ M . It is thus important to analyse

how constants depend on the gradation of the group, the filtration of the Lie algebra gxM

above each point x ∈ M , and on its Lie structure, i.e. the norm of the Lie bracket [·, ·]gxM ,

viewed as a bilinear form on gxM .

Section 3 recalls definitions about filtered manifolds and Section 4 focuses on the second

crucial tool of our analysis, namely the geometric exponential map expX. It is here that we

use the notion of higher order to study the composition of exponential map.

With all these tools in hands, we define the symbol classes Sm( 󰁥GM), m ∈ R, in Sec-

tion 5, we study their properties and give examples. A special attention is devoted to kernel

estimates in Section 6 and to the analysis of convolution kernels obtained by the two per-

turbations mentioned at the end of Section 1.3. The results in Section 6 are used when

quantizing the symbols for studying their actions on smooth functions on M , or on elements

of L2(M) (for symbols of non-positive order), and for proving properties of symbolic calculus.

The local quantization is presented in Section 7, where we also study the boundedness

on L2(M) of local pseudodifferential operators of order 0 and the dependence of the local

quantization with respect to the frame X and the cut-off function χ. Theorems establishing

the symbolic calculus are proved in Section 8: determination of the symbol of the adjoint

of a pseudodifferential operator, and of the composition of two pseudodifferential operators.

These results are obtained by an approach based on amplitudes, in a classical manner for

pseudodifferential calculus, adapted to filtered manifolds.

The concept of local quantization allows us to define a pseudodifferential calculus on

the manifold M in Section 9. It comprises operators that are locally given as the local

quantization of a symbol, or that are smoothing (i.e. have a smooth integral kernel). In this
7



section, we also analyse the characterisation of these pseudodifferential operators in terms

of atlases, and introduce the adapted hierarchy of local Sobolev spaces. Finally, we conclude

our study with the analysis of the links between the calculus we have constructed and van

Erp and Yuncken’s [67, 68].
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2. Symbols classes on graded Lie groups

In this section, we recall the definitions for the objects appearing in the analysis on graded

Lie groups and the natural symbol classes in this context. This gives us the opportunities

to introduce the notation used throughout the paper. In addition, we present their main

properties, paying a special attention to how estimates depend on the group structure and

the gradation. The material essentially follows [37], see also [39, 41] and [29].

2.1. Definitions for graded Lie groups and algebras. Here we recall some definitions

and set some notation for the rest of the paper. References for this material include [37] and

[41].

2.1.1. Graded Lie algebra.

Definition 2.1. The (finite dimensional real) vector space V admits the gradation by the

sequence of vector subspaces Vj, j ∈ N, when V = V1 ⊕ . . .⊕ Vj ⊕ . . ..

In the above definition, as V is finite dimensional, all but a finite number of the Vj’s

are {0}. Continuing with the setting of this definition, we define the linear map

A : V → V via A(v) = jv, v ∈ Vj and j ∈ N,

and the linear maps

δr := Exp((ln r)A) =
∞󰁛

k=0

1

k!
((ln r)A)k, r > 0,

or, in other words, the linear maps given via δrv = rjv, v ∈ Vj and r > 0.

Definition 2.2. Let V = ⊕∞
j=1Vj be a graded finite dimensional space.

(1) The maps δr, r > 0, defined above are called the dilations of the graded vector

space V .
8



(2) The eigenvalues of the map A defined above are called the weights of the dilations;

they are the integers j ∈ N such that Vj ∕= {0}. A basis of V made up of eigenvectors

for A is called an adapted basis.

By convention, if V is an adapted basis, we will always assume that they are

indexed so that the weights are increasing, that is, V = (V1, . . . , Vn) satisfies

AVi = υiVi, i = 1, . . . , n = dimV , with 0 < υ1 ≤ . . . ≤ υn.

(3) The number of distinct υj, j ≥ 1, is called the step of the gradation.

(4) The homogeneous dimension of the gradation is given by

Q :=
∞󰁛

j=1

j dimVj = υ1 + . . .+ υn.

(5) A function f : V → C is m-homogeneous with respect to the δr-dilations when

f(δrv) = rmf(v) for all v ∈ V and r > 0. This extends to measurable functions and

distributions on V . A differential operator T on V is m-homogeneous with respect

to the δr-dilations when T (f ◦ δr) = rm(Tf) ◦ δr for all f ∈ C∞
c (V) and r > 0. This

also extends to more general linear operators, e.g. T : S(V) → S ′(V) etc.
(6) A quasinorm on V is a continuous map | · | : V → [0,+∞) that is symmetric, definite

and 1-homogeneous with respect to the δr-dilations, i.e. we have for any v ∈ V and

r > 0:

|− v| = |v| ≥ 0, |v| = 0 ⇐⇒ v = 0, |δrv| = r|v|.

Example 2.3. If V = (V1, . . . , Vn) is an adapted basis of the graded vector space V , then
fixing α > 0, the following defines a quasinorm.

|v|α,V =

󰀣
n󰁛

i=1

|vi|α/υi
󰀤1/α

, v =
n󰁛

i=1

viVi.

Remark 2.4. Any two quasinorms | · | and | · |′ on the same graded space V are equivalent in

the sense that

∃C > 0, ∀v ∈ V , C−1|v| ≤ |v|′ ≤ C|v|.

Definition 2.5. A (real and finite dimensional) Lie algebra g is graded when the vector

space g admits a gradation g = ⊕∞
j=1gj satisfying

[gi, gj] ⊂ gi+j for all i, j ∈ N0,

with the convention that g0 = {0} is trivial.

We readily check that a Lie algebra admitting a gradation is graded if and only if the

dilations δr, r > 0, are morphisms of the Lie algebra g.

Remark 2.6. If a Lie algebra is graded, then it is nilpotent and the step of the Lie algebra,

i.e. its degree of nilpotency for the Lie bracket, is less or equal to the step of the gradation,

(the number of distinct υj).
9



The dilations extend naturally to its universal enveloping Lie algebra U (g). Keeping the

same notation for the resulting maps

δr : U (g) → U (g), r > 0,

these maps are morphisms of the algebra U (g). They allow us to define a notion of homo-

geneity in the universal enveloping Lie algebra: an element T ∈ U (g) is homogeneous of

degree ν when δrT = rνT for any r > 0.

Notation 2.7. The subspace of U (g) comprised of elements of homogeneous degree equal to

ν is denoted by Uν(g).

If V = (V1, . . . , Vn) is an adapted basis of g, then UN consists of all the linear combination

of

Vα := V α1
1 . . . V αn

n , α = (α1, . . . ,αn) ∈ Nn
0 ,

with [α] = N , where

[α] := α1υ1 + . . .+ αnυn.

Above, we have adopted the convention V0 = 1 for α = 0.

2.1.2. Graded Lie groups. Recall that there is a one-to-one correspondence between nilpotent

Lie algebras and connected simply connected nilpotent Lie groups. This leads to the following

definition:

Definition 2.8. A connected simply connected Lie group is graded when its Lie algebra is

graded.

Any graded Lie group is therefore nilpotent. By convention, in this paper, all the nilpotent

Lie groups are assumed to be connected and simply connected. The exponential mapping

ExpG : g → G

of a nilpotent Lie group G with Lie algebra g is a bijection and furthermore a global diffeo-

morphism. This allows us to define the dilations on a graded Lie group:

Definition 2.9. The dilations of a graded Lie group G are the mappings defined via

δr : G → G, δrExpGV = ExpG(δrV ), V ∈ g, r > 0.

The dilations of a graded Lie group are morphisms of the Lie group. With the exponential

mapping ExpG and a choice of adapted basis on the graded Lie algebra g, it is possible to

identify the spaces of functions onG with spaces of functions on the vector space underlying g.

The dilations then lead naturally to the notion of homogeneity of a function on G and

operators acting on functional spaces on G as in Definition 2.2.

Example 2.10. If V = (V1, . . . , Vn) is an adapted basis of the graded Lie algebra g, then

identifying elements of g with left-invariant vector fields, the differential operators Vj, j =

1, . . . , n, and more generally the differential operators Vα = V α1
1 . . . V αn

n are homogeneous

for the dilations δr, r > 0, with respective degrees υj and [α]. We can also consider the
10



right-invariant vector fields 󰁨Vj, j = 1, . . . , n, associated with V, and more generally the

corresponding right-invariant differential operator 󰁨Vα, which will also be [α]-homogeneous.

Notation 2.11. If T ∈ U (g), we may use the same notation for the corresponding left-

invariant differential operator, and we denote by T̃ the corresponding right-invariant differ-

ential operator. We will use this notation throughout this article.

In all this section, we are concerned with the dependence of constants with respect to the

structure of the graded group, in particular its gradation and its Lie structure. We consider

the structural constant 󰀂[, ]󰀂V defined as follows: If T : V × V → V is a map and V a basis

of V , we set

󰀂T󰀂V := max
1≤i,j,k≤n

|Ti,j,k| where T (Vi, Vj) =
n󰁛

k=1

Ti,j,kVk.

This defines a norm on the space of bilinear maps V × V → V . And 󰀂[·, ·]g󰀂V denotes taking

this norm for the Lie bracket [·, ·]g of g which is a bilinear map V × V → V . Most of the

constants we will see below depends on the Lie structure only via this structural constant

󰀂[, ]󰀂V.

2.1.3. Baker-Campbel-Hausdorff formula. We will describe the law of the group in coordi-

nates via the Baker-Campbel-Hausdorff formula, abbreviated here to BCH, the exponential

mapping ExpG and a choice of a basis V = (V1, . . . , Vn) of g adapted to the gradation.

The BCH formal writes: if a and b are two non-commutative indeterminates, we have in

the sense of formal power series of a and b that eaeb = ec where

(2.1) c =
∞󰁛

k=1

(−1)k+1

k

󰁛

αi+βi ∕=0

1

α!β!|α + β| (ad a)
α1 (ad b)β1 . . . (ad a)αk (ad b)βk−1 b.

When βk = 0, the term should be modified so that the last factor is (ad a)αk−1 a. Above, ad a

denotes the commutator with a, i.e. ad a(f) = af − fa, and similarly for b. In particular,

BCH describes, on the one hand, the group product of a nilpotent Lie group (aka Dynkin

formula, via the group exponential after a choice of a basis of the Lie algebra) and, on the

other hand, the composition of flows of vector fields (see the appendix of [55]). We will use

the BCH formula in various ways later on for Theorem 4.13.

Notation 2.12. The truncated BCH formula with a sum with |α|+ |β| ≤ N is denoted by:

BCHN(a, b)

=
∞󰁛

k=1

(−1)k+1

k

󰁛

αi+βi ∕=0, |α|+|β|≤N

1

α!β!|α + β| (ad a)
α1 (ad b)β1 . . . (ad a)αk (ad b)βk−1 b.

Various noncommutative setting may be used for the BCH formula, and we may write

BCHN(a, b; ad) to specify which commutator structure ad is used.
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2.1.4. Quasinorms and Taylor formula. Quasinorms were defined on graded vector space

in Definition 2.2, and in particular on graded Lie algebra. Using the exponential mapping

ExpG, we may identify the quasinorms on a graded group G and on its Lie algebra g. Then

a quasinorm | · | on G satisfies the triangle inequality up to a constant:

(2.2) ∃C > 0 ∀x, y ∈ G |xy| ≤ C(|x|+ |y|).

Example 2.13. We define |x|V = |Exp−1
G · |α,V with V an adapted basis, | · |α,V defined in

Example 2.3 and α = 2M0 where M0 is a common multiple of the weights υ1, . . . , υn, the

least one to fix the idea. Then | · |V is a quasinorm defined on G.

Notation 2.14. We call the quasinorm |·|V of Example 2.13 the standard quasinorm associated

to V. It is smooth away from 0 and | · |2M0
V is smooth, even at 0. We will use this notation

all along the article.

Remark 2.15. In the triangle inequality (2.2) for the quasinorm | · |V associated to V of

Example 2.13, we can choose the constant C so that it is an increasing function of 󰀂[, ]g󰀂V
depending on the gradation of g and on the choice of adapted basis V, but otherwise not

on the Lie structure, i.e. the full description of the Lie bracket [·, ·]g : g × g → g (up to

isomorphism of Lie algebras).

Using the exponential mapping ExpG and a fixed basis V = (V1, . . . , Vn) of g adapted to

the gradation, we will often identify a point x in G with the coordinates of Exp−1
G x in g with

respect to V. As already mentioned, having fixed an adapted basis V, we set

x = ExpG(x1V1 + . . .+ xnVn) ∈ G.

A function on G can then be realized as a function of the variables (x1, · · · , xn) ∈ Rn. For

example, the monomials with respect to V are defined as follows:

Example 2.16. Having fixed an adapted basis V, we set

xα := xα1
1 . . . xαn

n , x = ExpG(x1V1 + . . .+ xnVn) ∈ G, α = (α1, . . . ,αn) ∈ Nn
0 .

The functions xα, α ∈ Nn
0 are called the monomials with respect to X. The monomial xα is

[α]-homogeneous for the dilations δr, r > 0.

Our analysis will require Taylor estimates adapted to graded groups and due to Folland

and Stein [41], see also Theorem 3.1.51 in [37].

Theorem 2.17. Let G be a graded Lie group. We fix a basis V of g adapted to the gradation

and a quasinorm | · | on G.

(1) Mean value theorem. There exists C0 > 0 and η > 1 such that for any f ∈ C1(G)

we have

∀x, y ∈ G, |f(xy)− f(x)| ≤ C0

n󰁛

j=1

|y|υj sup
|z|≤η|y|

|(Vjf)(xz)|.
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(2) Taylor estimate. More generally, with the constant η of point (1), for any N ∈ N0,

there exists CN > 0 such that for any f ∈ C⌈N⌋(G) we have

∀x, y ∈ G, |f(xy)− PG,f,x,N(y)| ≤ CN

󰁛

|α|≤⌈N⌋+1
[α]>N

|y|[α] sup
|z|≤η⌈N⌋+1|y|

|(Vαf)(xz)|.

Above, ⌈N⌋ denotes max{|α| : α ∈ Nn
0 with [α] ≤ N} and PG,f,x,N denotes the

Taylor polynomial of f at x of order N for the graded group G, i.e. the unique linear

combination of monomials of homogeneous degree ≤ N satisfying VβPG,f,x,N(0) =

Vβf(x) for any β ∈ Nn
0 with [β] ≤ N .

Remark 2.18. If we choose the quasinorm | · | = | · |V associated with V of Example 2.13, the

constants η and CN can be chosen so that they are increasing functions of 󰀂[, ]g󰀂V depending

on the gradation of g and on the choice of adapted basis V, but otherwise not on the Lie

structure.

In the sequel it will be useful to describe the differentiation of the composition of functions.

We denote by ∗G the law of the group G and, once given a basis V of g adapted to the

gradation, we identify G with Rn.

Lemma 2.19. Let G,G′ be two graded Lie groups. We fix a basis V (resp. V′) of g (resp.

of g′) adapted to the gradation. If f : G′ → R and g : G → G′ are smooth, then with the

convention above,

Vj(f ◦ g)(v) =
dimG′󰁛

ℓ=1

hℓ(v) V
′
ℓ f(g(v)), where hℓ(v) := ∂t=0 [(−g(v)) ∗G′ g(v ∗G tej)]ℓ .

Above (e1, . . . , edimG) denotes the canonical basis of RdimG, and [v′]ℓ the coefficient of v′ ∈
RdimG′

.

Proof of Lemma 2.19. This follows readily from writing

Vj(f ◦ g)(v) = ∂t=0 (f(g(v ∗G tej)))

= ∂t=0f
󰀃
g(v) ∗G′

󰀃
(−g(v)) ∗G′ g(v ∗G tej)

󰀄󰀄

=
dimG′󰁛

ℓ=1

∂t=0 [(−g(v)) ∗G′ g(v ∗G tej)]ℓ V ′
ℓ f(g(v)),

□

2.2. Group Fourier transform on a nilpotent Lie group. Let G be a nilpotent Lie

group. Any representation (π,Hπ) of G we consider in this paper is assumed to be unitary,

strongly continuous and its Hilbert space Hπ separable. We follow [26, 37].
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2.2.1. Definition on L1(G). We fix a Haar measure dx on G. The group Fourier transform

of a function κ ∈ L1(G) at a representation π of G is the operator
󰁝

G

κ(x)π(x)∗dx ∈ L (Hπ),

denoted by

FGκ(π) = 󰁥κ(π) = π(κ)

Note that if π1 and π2 are equivalent, i.e. Uπ1 = π2U for some unitary map U between their

Hilbert spaces, then UFGκ(π1) = FGκ(π2)U . Therefore, we may consider the group Fourier

transform of κ ∈ L1(G) at the equivalence class of the representation π of G.

The unitary dual 󰁥G is the set of irreducible representations of G modulo equivalence

equipped with the hull kernel topology. It is a standard Borel set and the group Fourier

transform of κ ∈ L1(G) may be viewed as the measurable field of equivalence classes of

bounded operators

FGκ = {π(κ) ∈ L (Hπ), π ∈ 󰁥G}.
We denote by 1 󰁥G (the class of) the trivial representation of G.

Note that

(2.3) FG(f) ◦ FG(g) = F(g 󰂏G f), g 󰂏G f =

󰁝

G

g(y)f(y−1x)dy =

󰁝

G

g(xy−1)f(y)dy.

2.2.2. Extension to L2(G). There exists a measure µ 󰁥G on 󰁥G such that

∀f ∈ L1(G) ∩ L2(G),

󰁝

G

|f(x)|2dx =

󰁝

󰁥G
󰀂π(f)󰀂2HS(Hπ)dµ 󰁥G(π),

where 󰀂·󰀂HS(Hπ) denotes the Hilbert-Schmidt norm onHπ; the measure µ 󰁥G is unique once the

Haar measure dx = µG has been fixed. The measure µ 󰁥G and the above formula are called the

Plancherel measure and the Plancherel formula (see [21, 50] or [26, 27] for abstract version

of Plancherel theorem in a general context).

We denote by L2( 󰁥G) the Hilbert space of measurable fields of Hilbert-Schmidt operators

{σ(π) : Hπ → Hπ Hilbert-Schmidt} (up to µ 󰁥G-a.e. equivalence and unitary equivalence)

such that the following quantity is finite

󰀂σ󰀂L2( 󰁥G) :=

󰁶󰁝

󰁥G
󰀂σ󰀂2HS(Hπ)

dµ 󰁥G(π).

This allows for a unitary extension of the group Fourier transform FG : L2(G) → L2( 󰁥G).

2.2.3. Extension to distributions, the set of bounded invariant symbols. We start with defin-

ing the set of bounded invariant symbols L∞( 󰁥G):

Definition 2.20. A bounded invariant symbol of G is a measurable field of equivalence

classes of bounded operators σ = {σ(π) ∈ L (Hπ) : π ∈ 󰁥G} on 󰁥G such that the following

quantity is finite

󰀂σ󰀂L∞( 󰁥G) := sup
π∈ 󰁥G

󰀂σ(π)󰀂L (Hπ).
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The supremum above is understood as the essential supremum with respect to the Plancherel

measure µ 󰁥G and the notion of measurable fields of bounded operators is up to µ 󰁥G-a.e. equiv-

alence and unitary equivalence. The space of bounded invariant symbols of G is denoted by

L∞( 󰁥G).

Note that differing from [37] and related papers, the symbols σ in this section are invariant

in the sense that they do not depend on x ∈ G.

We check readily

∀κ ∈ L1(G), 󰀂π(κ)󰀂L∞( 󰁥G) ≤ 󰀂κ󰀂L1(G), so FG(L
1(G)) ⊂ L∞( 󰁥G).

However, there are many other bounded invariant symbols. In fact, it follows from Dixmier’s

full Plancherel theorem [26, §18] that L∞( 󰁥G) is a von Neumann algebra (sometimes called

the von Neumann algebra of the group) isomorphic to the subspace

L (L2(G))G

of bounded operators on L2(G) that commutes with left-translation of the group. Indeed,

if σ ∈ L∞( 󰁥G), then it is straightforward to check that the Fourier multiplier defined via

f 󰀁→ F−1
G (σ 󰁥f) is in L (L2(G))G and its symbol is σ. Conversely, if T ∈ L (L2(G))G, there

exists a unique bounded invariant symbol 󰁥T ∈ L∞( 󰁥G) such that FG(Tf) = 󰁥T 󰁥f for any

f ∈ L2(G). Moreover 󰀂󰁥T󰀂L∞( 󰁥G) = 󰀂T󰀂L (L2(G)).

From the Schwartz kernel theorem, it follows that if T ∈ L (L2(G))G, there exists a unique

distribution κ ∈ S ′(G) such that Tf = f 󰂏G κ for any f ∈ S(G). The distribution κ is called

the (right) convolution kernel of T . We set FGκ := 󰁥T and we check easily that this extends

the group Fourier transform to

K(G) := {κ ∈ S ′(G) : (f 󰀁→ f 󰂏G κ) ∈ L (L2(G))},

and that FG : K → L∞( 󰁥G) is injective, hence bijective. We readily check the following

property:

Lemma 2.21. Let θ be an automorphism of the nilpotent Lie group G. We keep the same

notation for the corresponding automorphism of its Lie algebra g. The Jacobian determinant

of θ on G is then constant and equal to det θ. For any T ∈ L (L2(G))G, the operator Tθ

defined by

Tθf = (T (f ◦ θ−1)) ◦ θ
is in L (L2(G))G with

󰀂Tθ󰀂L (L2(G)) = 󰀂T󰀂L (L2(G)).

Moreover, denoting by κ and σ the convolution kernel and symbol of T , the convolution kernel

and symbol of Tθ are given by

κθ := (det θ)κ ◦ θ and θ∗σ(π) = σ(π ◦ θ−1), π ∈ 󰁥G,

with 󰀂θ∗σ󰀂L∞( 󰁥G) = 󰀂σ󰀂L∞( 󰁥G).
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2.2.4. Invariant symbols.

Definition 2.22. An invariant symbol σ on G is a measurable field of operators σ = {σ(π) :
H+∞

π → H−∞
π : π ∈ 󰁥G} over 󰁥G. Here, H+∞

π and H−∞
π denote the spaces of smooth and

distributional vectors in Hπ.

We identify the Lie algebra g of G with the space of real left-invariant vector fields on G

and the universal enveloping Lie algebra U (g) with the space of left-invariant differential

operators on G. If π is a representation of G, we keep the same notation for the corresponding

representations of g and U (g).

Example 2.23. For any T ∈ U (g), 󰁥T = {π(T ), π ∈ 󰁥G} is an invariant symbol. In fact, each

π(T ) acts on H+∞
π and, by duality, on H−∞

π .

Remark 2.24. With this general definition, two invariant symbols may not be composable,

although an invariant symbol can always be composed (on the right and on the left) with 󰁥T ,
T ∈ U (g).

In Section 2.4 below, we will restrict ourselves to smaller subspaces of invariant symbols

which will contain {π(T ), π ∈ 󰁥G}, T ∈ U (g). To define these subspaces, we will consider

the Sobolev spaces on G whose definition is recalled in Section 2.3.1 below. This relies on

the notion of Rockland operator recalled in Section 2.3 and on the graded Lie structure of

the group G while the theory recalled above in Sections 2.2.1, 2.2.2 and 2.2.3 only requires

G to be a locally compact unimodular group G of type 1.

2.3. Rockland operators and Sobolev spaces. As in [37], we adopt the following con-

ventions:

Definition 2.25. A left-invariant differential operator R ∈ U (g) on G is Rockland when it

is homogeneous and for any π ∈ 󰁥G \ {1 󰁥G}, π(R) is injective on H∞
π .

It is positive when

∀f ∈ S(G),

󰁝

G

Rf(x)f(x)dx ≥ 0.

Example 2.26. A positive Rockland operator always exists, for instance

(2.4) R =
󰁛

j

(−1)
M0
υj V

2
M0
υj

j ,

having fixed a basis V = (V1, . . . , Vn) adapted to the gradation and a multiple M0 of the

resulting weights υ1, . . . , υn. Its homogeneous degree is 2M0. For M0 the least common

multiple of the weights υ1, . . . , υn, we denote by RV the resulting positive Rockland operator.

The Helffer-Nourrigat theorem [44] states that a Rockland operator is hypoelliptic (this

result valid on graded groups was further investigated on manifolds by the same authors in

[45] in the 80’s, leading to the Helffer-Nourrigat conjecture proved recently in [3]). Moreover,

if R is symmetric, then R and π(R) for any π ∈ 󰁥G are essentially self-adjoint on S(G) ⊂
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L2(G) andH∞
π ⊂ Hπ respectively; we keep the same notation for their self-adjoint extensions.

Denoting by ER and Eπ(R) the spectral resolutions of R and π(R),

(2.5) i.e. R =

󰁝

R
λ dER(λ) and π(R) =

󰁝

R
λ dEπ(R)(λ),

then for any interval I ⊂ R, we have

FG(ER(I)) = {Eπ(R)(I), π ∈ 󰁥G},

or in other words

∀f ∈ S(G), FG(ER(I)f) = Eπ(R)(I)FGf.

The spectral resolutions of R and π(R) allows us to consider spectral multipliers in these

operators.

If in addition of being Rockland, R is positive then π(R) is also positive. In fact, there

is an equivalence between R being positive and π(R) positive for any π ∈ 󰁥G. In this case,

for each π ∈ 󰁥G \ {1 󰁥G}, the operator π(R) has a discrete spectrum in (0,+∞) and each

eigenvalue has finite multiplicity [49].

2.3.1. Inhomogeneous Sobolev spaces L2
s(G) on G. For any s ∈ R and R a positive Rockland

operator of homogeneous degree ν, the domain of the spectral multiplier (I +R)s contains

S(G), and π(I + R)s, π ∈ 󰁥G, acts on H∞
π and on H−∞

π . We denote by L2
s,R(G) on G the

closure of S(G) in S ′(G) for the norm

󰀂f󰀂L2
s(G),R := 󰀂(I +R)s/νf󰀂L2(G).

Proposition 2.27. The spaces L2
s,R(G) enjoy the following properties:

(1) Each L2
s,R(G) is a Hilbert space and for s = 0, L2

0,R(G) = L2(G).

(2) For any s1 ≥ s2, we have the continuous inclusions L2
s1,R(G) ⊆ L2

s2,R(G).

(3) The following interpolation property holds

󰀂f󰀂L2
t,R(G) ≤ 󰀂f󰀂θL2

s,R(G)󰀂f󰀂
1−θ
L2
u,R(G)

for t ∈ (s, u) with s < u and t = θs+ (1− θ)u, θ ∈ (0, 1).

(4) The spaces L2
s,R(G) and L2

−s,R̄(G) are dual to each other.

(5) If V is a basis of g adapted to the gradation and s ∈ N is a common multiple of the

weights of the gradation, then L2
s,R(G) is the space of f ∈ L2(G) such that Vαf ∈

L2(G) for any multi-index α with [α] = s. Furthermore, a norm equivalent to the

norm 󰀂 · 󰀂L2
s(G),R is given by

f 󰀁−→ 󰀂f󰀂L2(G) +
󰁛

[α]=s

󰀂Vαf󰀂L2(G).

(6) If R1 and R2 are two positive Rockland operators, then for any s ∈ R,

∃C = Cs,G,R1,R2 > 0, ∀f ∈ S(G), 󰀂f󰀂L2
s(G),R1

≤ C󰀂f󰀂L2
s(G),R2

.
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(7) Sobolev embedding. For s > Q/2 the inclusion L2
s,R ⊂ Cb(G) is continuous; here

Cb(G) is the Banach space of continuous bounded function on G equipped with the

norm 󰀂 · 󰀂L∞(G).

It follows from Proposition 2.27 that for each s ∈ R, the space L2
s,R(G) is independent

of R or V, and all the norms 󰀂f󰀂L2
s(G),R for various R are equivalent. Moreover, L2

s,R(G)

depends only on s ∈ R and on the connected simply connected nilpotent Lie group G. We

then omit the index R to denote the space by L2
s(G). This space is called the Sobolev space

on G.

We can be more precise about the constant in Proposition 2.27 (6):

Remark 2.28. Assume that the gradation of the vector space underlying g as well as an

adapted basis V are fixed. Then, the constant C may be chosen as

C = 󰁨C(max(s, 󰀂[·, ·]g󰀂V, CV(R1), CV(R2))),

where 󰁨C : [0,∞) → (0,∞) is an increasing function, and the constants CV(Ri), i = 1, 2, are

defined as follows: let R be a positive Rockland operator on G, then it can be written as R =󰁓
[α]=ν cαVα (here ν is the homogeneous degree of R), and we set CV(R) := max[α]=ν |cα|.

2.3.2. Further extensions of the group Fourier transform. We set

Ka,b(G) := {κ ∈ S ′(G), (f 󰀁→ f 󰂏G κ) ∈ L (L2
a(G), L2

b(G))}.
Fixing a positive Rockland operator R of homogeneous degree ν, if σ is an invariant symbol,

then so is the symbol

(I + 󰁥R)b/νσ(I + 󰁥R)−a/ν = {(I + π(R))b/νσ(π)(I + π(R))−a/ν : π ∈ 󰁥G}.
We then define the following subspace of invariant symbols

σ ∈ L∞
a,b( 󰁥G) if and only if (I + 󰁥R)b/νσ (I + 󰁥R)−a/ν ∈ L∞( 󰁥G).

Equipped with the norm

(2.6) 󰀂σ󰀂L∞
a,b(

󰁥G),R := 󰀂(I + 󰁥R)b/νσ (I + 󰁥R)−a/ν󰀂L∞( 󰁥G),

it is a Banach space, isomorphic and isometric to the subspace of left-invariant operators

in L (L2
a(G), L2

b(G)). The properties of Rockland operators (see Proposition 2.27) imply

that L∞
a,b(

󰁥G) is independent of the choice of a positive Rockland operator R. Moreover, the

Schwartz kernel theorem allows us to extend the group Fourier transform into a bijection

FG : Ka,b(G) → L∞
a,b(G) (see Proposition 5.1.29 in [37]).

2.3.3. Homogeneous Sobolev spaces. For any s ∈ R and any positive Rockland operator R
of homogeneous degree ν, the map

f 󰀁→ 󰀂Rs/νf󰀂L2(G) := 󰀂f󰀂L̇2
s(G),R

defines a norm on S(G)∩dom(Rs/ν). Moreover (see [37, Section 4.4]), if R1 and R2 are two

positive Rockland operators, we obtain as in Proposition 2.27 (6),

∃C = Cs,G,R1,R2 > 0, ∀f ∈ S(G), 󰀂f󰀂L̇2
s(G),R1

≤ C󰀂f󰀂L̇2
s(G),R2

.
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with a similar remark as in Remark 2.28 regarding the constant C above. Therefore, the

subspace of tempered distributions obtained as the completion of S(G) ∩ dom(Rs/ν) for

the norm 󰀂 · 󰀂L̇2
s(G),R is independent of a choice of a positive Rockland operator R. It is

called the homogeneous Sobolev subspace L̇2
s(G). Moreover [37, Section 4.4], the inclusion

L̇2
s(G) ⊂ S ′(G) is continuous. In the case when s ∈ N is a common multiple of the weights

of the gradation, fixing a basis V of g adapted to the gradation, L̇2
s(G) contains S(G) and is

the closure of S(G) in S ′(G) for f 󰀁→
󰁓

[α]=s 󰀂Vαf󰀂L2(G).

2.4. Invariant symbol classes.

2.4.1. Definitions. We start with the definition of difference operators:

Definition 2.29. Let q ∈ C∞(G) and let σ be an invariant symbol on 󰁥G. We say that σ

is ∆q-differentiable when σ ∈ L∞
a,b(

󰁥G) and qF−1
G σ ∈ Kc,d(G) for some a, b, c, d ∈ R. In this

case, we set

∆qσ = FG(qF−1
G σ).

We can now define our classes of symbols.

Definition 2.30. An invariant symbol σ on 󰁥G is of order m if σ ∈ L∞
0,−m( 󰁥G) and moreover,

∆xασ ∈ L∞
0,−m+[α](

󰁥G) for any indices α ∈ Nn
0 .

In the above definition, the xα’s are the monomials defined with respect to a basis V
adapted to the gradation (see Example 2.16). It is independent of the choice of adapted

basis V.

Notation 2.31. We denote by Sm( 󰁥G) the space of invariant symbols on 󰁥G of order m.

The space Sm( 󰁥G) is naturally equipped with a Fréchet structure given by the semi-norms

󰀂σ󰀂Sm( 󰁥G),N,V,R := 󰀂σ󰀂Sm( 󰁥G),N,R := max
[α]≤N

󰀂∆xασ󰀂L∞
0,−m+[α]

( 󰁥G),R(2.7)

= max
[α]≤N

󰀂(I +R)
[α]−m

ν ∆xασ󰀂L∞( 󰁥G)

with N ∈ N0, having fixed a positive Rockland operator R on G (of homogeneous order ν)

and the Haar measure induced by V. With a Haar measure fixed, the distribution κ :=

F−1
G σ ∈ S ′(G) is called the convolution kernel of σ.

Example 2.32. If V is an adapted basis of g, then for any α ∈ Nn
0 , the symbol

󰁥Vα = {π(V)α, π ∈ 󰁥G}

is in S[α]( 󰁥G).

We have the continuous inclusions:

(2.8) m1 ≤ m2 =⇒ Sm1( 󰁥G) ⊂ Sm2( 󰁥G).

Moreover, the properties of interpolation of Sobolev spaces imply natural properties of in-

terpolation for the space Sm( 󰁥G).
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2.4.2. Symbolic properties. At the symbolic level, the symbol classes form a ∗-algebra:

Theorem 2.33. Assume that an adapted basis V of g has been fixed.

(1) If σ ∈ Sm( 󰁥G), then ∆xασ ∈ L∞
γ,−m+[α]+γ for any α ∈ Nn

0 and γ ∈ R. Moreover, the

following map is a continuous semi-norm on Sm( 󰁥G):

σ 󰀁−→ max
[α]≤N

󰀂∆xασ󰀂L∞
γ,−m+[α]+γ

( 󰁥G),R, N ∈ N0, γ ∈ R.

(2) The composition and adjoint maps
󰀝

Sm1( 󰁥G)× Sm2( 󰁥G) −→ Sm1+m2( 󰁥G)

(σ1, σ2) 󰀁−→ σ1σ2

and

󰀝
Sm( 󰁥G) −→ Sm( 󰁥G)

σ 󰀁−→ σ∗ ,

are continuous. Moreover, denoting by κ1,κ2 the convolution kernels of σ1, σ2, their

convolution product κ2 󰂏G κ1 makes sense and is the convolution kernel of σ1σ2. De-

noting by κ the convolution kernel of σ, then the convolution kernel of σ∗ is given by

v 󰀁→ κ̄(v−1).

The proof of Theorem 2.33 may be found in [37], see Theorems 5.2.20 and 5.5.22 therein

(with the difference that the symbols in [37] also depend on x ∈ G).

Remark 2.34. The proof of Theorem 2.33 implies in particular that the constants describing

the continuity of the linear map for the adjoint and the bilinear map for the composition

depend on the Lie structure only via 󰀂[·, ·]󰀂V after a choice of a basis V adapted to the

gradation. Let us explain what this means for the continuity of the adjoint. We fix a basis V
adapted to the gradation. Then for any N ∈ N0 and m ∈ R, there exist C > 0 and N ′ ∈ N
such that

∀σ ∈ Sm( 󰁥G), 󰀂σ∗󰀂Sm( 󰁥G),N,RV
≤ C󰀂σ󰀂Sm( 󰁥G),N ′,RV

.

We could have taken any positive Rockland operator but we choose RV the one associated

with V (see Example 2.26) to make the constant structural. The constants C and N ′ can

be written as increasing functions of 󰀂[·, ·]󰀂V. Naturally, these increasing functions depend

on what has been fixed, that is, beside m and N , on the gradation of the vector space

underlying g and the adapted basis V.

2.4.3. Asymptotic sums of symbol.

Definition 2.35. Let σ ∈ Sm( 󰁥G) and σj, j ∈ N0, be a sequence of symbols such that

σj ∈ Smj( 󰁥G) with m0 = m and mj strictly decreasing to −∞. We say that
󰁓

j σj is an

asymptotic expansion for σ and we write

σ ∼
󰁛

j

σj,

when we have for any N ∈ N0,

σ −
N󰁛

j=0

σj ∈ SmN+1( 󰁥G).
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Given a sequence (σj)j∈N0 as in Definition 2.35, we can construct a symbol σ ∈ Sm0( 󰁥G)

following the classical ideas due to Borel (see e.g. [37, Section 5.5.1]), that will satisfy

σ ∼
󰁓

j σj. Moreover, σ is unique up to S−∞( 󰁥G).

2.4.4. Kernel estimates. The convolution kernel associated with a symbol in some Sm( 󰁥G)

will be Schwartz away from the origin 0, but may have a singularity at 0 [37, Theorem 5.4.1]

Theorem 2.36. Let σ ∈ Sm( 󰁥G) and denote its convolution kernel by κ = F−1
G σ. Then κ is

smooth away from the origin. Moreover, fixing a quasinorm | · | on G, we have the following

kernel estimates:

(1) The convolution kernel κ decays faster than any polynomial away from the origin:

∀N ∈ N0, ∃C = Cσ,N > 0 : ∀y ∈ G,

|y| ≥ 1 =⇒ |κ(y)| ≤ C|y|−N .

(2) If Q+m < 0 then κ is continuous and bounded on G:

∃C = Cσ > 0, sup
y∈G

|κ(y)| ≤ C.

(3) If Q+m > 0, then

∃C = Cσ > 0 : ∀y ∈ G, 0 < |y| ≤ 1 =⇒ |κ(y)| ≤ C|y|−(Q+m).

(4) If Q+m = 0, then

∃C = Cσ > 0 : ∀y ∈ G, 0 < |y| ≤ 1/2 =⇒ |κ(y)| ≤ −C ln |y|.

In all the estimates above, the constant C = Cσ may be chosen of the form

C = C1󰀂σ󰀂Sm( 󰁥G),N ′,R,

where R is a positive Rockland operator; the constant C1 and the semi-norm 󰀂 · 󰀂Sm( 󰁥G),N ′,R
are independent of σ.

Remark 2.37. (1) We can be even more precise. Having fixed a basis V, consider the

associated quasinorm | · |V of Example 2.13 and the positive Rockland operator RV

of Example 2.26. The constant C1 in each item of Theorem 2.36 is an increasing

function of 󰀂[·, ·]󰀂V. Furthermore, these increasing functions depend on m and, in

Part (1), also on N , as well as the gradation of the underlying subspace of the Lie

algebra g and on the adapted basis V, but not on the Lie structure.

(2) Note that if κ ∈ S ′(G) is the convolution kernel of σ ∈ Sm( 󰁥G), then xαVβ1 󰁨Vβ2κ is

the convolution kernel of the symbol ∆xα 󰁥Vβ1σ󰁥Vβ2 which is in Sm−[α]+[β1]+[β2]( 󰁥G) by

Theorem 2.33. Recall that the left-invariant differential operators Vα (resp. right-

invariant 󰁨Vα) have been introduced in Example 2.10.

Corollary 2.38. Assume that we have fixed a basis V of g adapted to the gradation and the

corresponding Haar measure. Let σ ∈ Sm( 󰁥G) with m ∈ R.
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(1) If α ∈ Nn
0 , β ∈ Nn

0 , p ∈ [1,∞] with m − [α] + [β] < Q(1
p
− 1) (with the convention

1
∞ = 0), then the quantity

󰀂σ󰀂α,β,p := 󰀂xαVβκ󰀂Lp(G), σ = FGκ

is finite. Moreover, the map σ 󰀁→ 󰀂σ󰀂α,β,p is a continuous semi-norm on Sm( 󰁥G).

(2) If N,M1 ∈ N0 such that −m + N ≤ M1 with M1 ∈ N0 a common multiple of the

dilations’ weights, then there exists a constant C > 0 such that

󰀂σ󰀂Sm( 󰁥G),N,R ≤ C max
[α′]+[β′]≤N+M1

󰀂σ󰀂α′,β′,1,

for any σ ∈ Sm( 󰁥G) such that the right-hand side is finite.

(3) Let σ ∈ Sm( 󰁥G). Its convolution kernel κ = F−1
G σ is a distribution smooth away from

the origin. At the origin, its order is less than or equal to the integer

pσ := max{|α| : α ∈ Nn
0 , [α] ≤ s′}

where s′ is the smallest non-negative integer multiple of the dilation weights such that

s′ > Q/2 +m. Moreover, we have for any compact neighbourhood C0 of 0 in Rn,

∃C > 0, ∀φ ∈ C∞
c (C0),

󰀏󰀏󰀏󰀏
󰁝

Rn

κ(v)φ(v)dv

󰀏󰀏󰀏󰀏 ≤ C max
|α|≤pσ

󰀂∂αφ󰀂L∞(C0).

Above, C may be chosen of the form

C = C1󰀂σ󰀂Sm( 󰁥G),N,R,

with C1 > 0, N ∈ N0.

Proof. (1) The first part follows readily from the kernel estimates in Theorem 2.36 and the

second point in Remark 2.37. Indeed, only the singularity in 0 has to be considered when

m − [α] + [β] ≥ −Q. Observing that Sm( 󰁥G) ⊂ Sm+󰂃( 󰁥G) for all 󰂃 > 0, we deduce from

Theorem 2.36 (3):

0 < |y| ≤ 1, |y|[α]Vβκ(y)| ≤ C|y|−(Q+m+󰂃−[α]+[β] ∈ Lp(G) for p(Q+m+ 󰂃− [α] + [β]) > Q.

Note that it is possible to find such an 󰂃 as soon as p(Q+m− [α]+[β]) > Q, which concludes

the proof.

(2) For the second part, the properties of Sobolev spaces (see [38] or Proposition 2.27)

󰀂σ󰀂Sm( 󰁥G),N,R = max
[α]≤N

󰀂∆xασ󰀂L∞
0,−m+[α]

( 󰁥G),R = max
[α]≤N

󰀂(I + 󰁥R)
−m+[α]

ν σ󰀂L∞( 󰁥G)

Then since −m+ [α] ≤ M1 < 0 and by boundedness of (I + 󰁥R)−a/ν for a > 0, we have

󰀂(I + 󰁥R)
−m+[α]

ν σ󰀂L∞( 󰁥G) ≲ 󰀂(I + 󰁥R)
M1
ν σ󰀂L∞( 󰁥G) ≲

󰁛

[β]≤M1

󰀂󰁥Vβ∆xασ󰀂L∞( 󰁥G).

Finally it is easy to see that

󰀂󰁥Vβ∆xασ󰀂L∞( 󰁥G) ≲ max
[α]≤N

󰀂σ󰀂α,β,1

whence the result.
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(3) If m < −Q, then by Theorem 2.36, κ is a continuous bounded function on G, so it is

a distribution of order 0. Assume m ≥ −Q. For any φ ∈ C∞
c (G), we have by the Sobolev

embeddings (see Proposition 2.27 (7)) with s > Q/2

󰀂φ ∗ κ󰀂L∞(G) ≲ 󰀂(I + R̃)s/ν(φ ∗ κ)󰀂L2(G);

above R̃ denotes the right-invariant operator corresponding to a fixed Rockland operator R
of homogeneous degree ν. The properties of the convolution yield:

(I + R̃)s/ν(φ ∗ κ) = ((I + R̃)
s
ν φ) ∗ κ = ((I + R̃)

s+m
ν φ) ∗ ((I +R)−

m
ν κ),

so by the Plancherel formula,

󰀂(I + R̃)s/ν(φ ∗ κ)󰀂L2(G) ≤ 󰀂(I + 󰁥R)−
m
ν σ󰀂L∞( 󰁥G)󰀂(I + R̃)

s+m
ν φ󰀂L2(G).

The properties of the Sobolev spaces (see Proposition 2.27) imply

󰀂(I + R̃)
s+m
ν φ󰀂L2(G) ≲

󰁛

[α]≤s′

󰀂X̃αφ󰀂L2(G) ≲
󰁛

|α|≤pσ

󰀂∂αφ󰀂L∞(G),

having chosen s very close to Q/2 and s′ and pσ as in the statement, with the last implicit

constant depending on the support of φ. This shows Part (3) for m ≥ −Q. □

Remark 2.39. The proof of Corollary 2.38 implies in particular that the constant C and the

constants describing the continuity of σ 󰀁→ 󰀂σ󰀂α,β,p depend on the Lie structure only via

󰀂[·, ·]󰀂V after a choice of a basis V adapted to the gradation and the choice of the Rockland

operator R = RV, beside m,α, β, p for the first part and m,N,M1 for the second.

The semi-norms 󰀂·󰀂α,β,p defined in Corollary 2.38 may not generate the topology on Sm( 󰁥G),

but they have the advantage of being homogeneous in the following sense. If σ = FGκ then

σ(r · π) = FGκ
(r) with κ(r)(x) = r−Qκ(r−1x) and we have

󰀂σ(r ·)󰀂α,β,p = rQ( 1
p
−1)−[β]+[α]󰀂σ󰀂α,β,p.

Moreover, the inequality in the second part of Corollary 2.38 together with judicious expan-

sions are often used to recover the membership to Sm( 󰁥G) as well as other properties.

2.4.5. Spectral multipliers. Another important example of classes of symbols are given by

the multipliers in the symbols of a positive Rockland operator.

Notation 2.40. Let Gm(R) be the space of smooth functions φ : R → C growing at rate

m ∈ R in the sense that

∀k ∈ N0, ∃C = Ck,φ, ∀λ ∈ R, |∂k
λφ(λ)| ≤ C(1 + |λ|)m−k.

The set Gm(R) is a Fréchet space when equipped with the semi-norms given by

󰀂φ󰀂Gm,N := max
k=0,...,N

sup
λ∈R

(1 + |λ|)−m+k|∂k
λφ(λ)|, N ∈ N0.

Many spectral multipliers in positive Rockland operators are in our symbol classes [37,

Proposition 5.3.4]:
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Theorem 2.41. Let φ ∈ Gm(R) and let R be a positive Rockland operator on G. Then

φ( 󰁥R) ∈ Smν( 󰁥G) where ν is the homogeneous degree of R. Moreover, the map

Gm(R) ∋ φ 󰀁→ φ( 󰁥R) ∈ Smν( 󰁥G)

is continuous.

Remark 2.42. Again, the proof of the theorem shows that the constants describing the

continuity of the linear map Gm(R) ∋ φ 󰀁→ φ( 󰁥R) ∈ Smν( 󰁥G) depend on the Lie structure only

via 󰀂[·, ·]󰀂V after a choice of a basis V adapted to the gradation.

2.5. Smoothing symbols.

Definition 2.43. The class of smoothing symbols

S−∞( 󰁥G) := ∩m∈RS
m( 󰁥G).

is equipped with the induced topology of projective limit.

The topology is well defined thanks to the continuous inclusions (2.8).

Then, the results recalled above, or equivalently [37, Lemme 5.4.13 and Theorem 5.4.9],

imply the following:

Proposition 2.44. The group Fourier transform is an isomorphism between the topological

vector spaces S(G) and S−∞( 󰁥G).

Remark 2.45. Again, the proof of Proposition 2.44 shows that the constants describing the

continuity of the linear maps FG : S(G) → S−∞( 󰁥G) depend on the Lie structure only via

󰀂[·, ·]󰀂V after a choice of a basis V adapted to the gradation.

In many circumstances, it will be useful to handle the convolution kernels of symbols as

if they were smooth functions and not distributions. The following property will allow us to

do so.

We fix a positive Rockland operator R and a function χ ∈ D(R) valued in [0, 1] and with

χ = 1 on [0, 1]. We define the symbols

(2.9) σℓ := σ χ(ℓ−1 󰁥R), ℓ ∈ N.

By Theorem 2.41, the symbols χ(ℓ−1 󰁥R) are smoothing, and so is σℓ by the algebraic symbolic

properties of Theorem 2.33 (2).

Proposition 2.46. Let σ ∈ Sm( 󰁥G) with m ∈ R. The sequence of smoothing symbols

(σℓ)ℓ∈N ⊂ S−∞( 󰁥G) defined in (2.9) satisfies the following properties:

(1) For any m1 > m, we have the convergence

lim
ℓ→∞

σℓ = σ in Sm1( 󰁥G).

In other words, the space S−∞( 󰁥G) equipped with the Sm1( 󰁥G)-topology is dense in

Sm( 󰁥G).
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(2) For any semi-norm 󰀂 · 󰀂Sm( 󰁥G),N of Sm( 󰁥G), there exist a constant C > 0 and N ′ ≥ N

such that

∀ℓ ∈ N, 󰀂σℓ − σ󰀂Sm( 󰁥G),N ≤ C󰀂σ󰀂Sm( 󰁥G),N ′ .

Consequently,

∀ℓ ∈ N, 󰀂σℓ󰀂Sm( 󰁥G),N ≤ (1 + C)󰀂σ󰀂Sm( 󰁥G),N ′ .

(3) Denoting by κ and κℓ the convolution kernels of σ and σℓ respectively, we have the

convergences limℓ→∞ κℓ = κ in S ′(G) and in C∞(U) for any open subset U ⊂ G\{0}.
(4) We have the following relation between Sm( 󰁥G)-semi-norms:

lim inf
ℓ→∞

󰀂σℓ󰀂Sm( 󰁥G),N ≥ 󰀂σ󰀂Sm( 󰁥G),N .

Proof of Proposition 2.46. Parts 1 and 2. By the symbolic properties of symbols in Theorem

2.33 (2), given a semi-norm 󰀂 · 󰀂Sm1 ( 󰁥G),N , there exist C > 0 and N ′′, N ′ ≥ N such that

󰀂σ − σℓ󰀂Sm1 ( 󰁥G),N =
󰀐󰀐󰀐σ (1− χ)(ℓ−1 󰁥R)

󰀐󰀐󰀐
Sm1 ( 󰁥G),N

≤ C󰀂σ󰀂Sm( 󰁥G),N ′󰀂(1− χ)(ℓ−1 󰁥R)󰀂Sm1−m( 󰁥G),N ′′ .

If m1 ≥ m, by Theorem 2.41, we have for some N1 ∈ N

󰀂(1− χ)(ℓ−1 󰁥R)󰀂Sm1−m( 󰁥G),N ′′ ≲ 󰀂(1− χ)(ℓ−1·)󰀂
G

m1−m
ν ,N1

,

and we check

∀ℓ ∈ N, 󰀂(1− χ)(ℓ−1·)󰀂
G

m1−m
ν ,N1

≲ ℓ
m−m1

ν .

This shows Part (1) and the first estimate in Part (2), the second being obtained by the

triangle inequality.

Part 3. The kernel estimates in Theorem 2.36 and the estimate of the Sm1( 󰁥G)-semi-norm

of σ−σℓ for m1 > m gives the convergence in C∞(U) for any open subset U of G\{0}. Recall
that F−1Sm1( 󰁥G) ⊂ Km1,0 and that the inclusion Ka,b ⊂ S ′(G) is continuous [37, Proposition

5.1.17(3)]. This and Part (1) imply the convergence κℓ → κ in S ′(G).

Part 4. To prove Part (4), we observe that by functional analysis, we have

󰀂(I + 󰁥R)−
m
ν σ󰀂L∞( 󰁥G) ≥ 󰀂(I + 󰁥R)−

m
ν σ χ(ℓ−1 󰁥R)󰀂L∞( 󰁥G)

≥ sup
π∈ 󰁥G

sup
v∈1[0,ℓ](π(R))

|v|Hπ=1

|(I + π(R))−
m
ν σ(π)v|Hπ ,

so,

(2.10) lim
ℓ→∞

󰀂(I + 󰁥R)−
m
ν σ χ(ℓ−1 󰁥R)󰀂L∞( 󰁥G) = 󰀂(I + 󰁥R)−

m
ν σ󰀂L∞( 󰁥G).

For |α| = 1, the Leibniz property implies

∆ασℓ = (∆ασ)χ(ℓ
−1 󰁥R) + σ(∆αχ(ℓ

−1 󰁥R)),

so

󰀂(I + 󰁥R)−
m−[α]

ν ∆ασℓ󰀂L∞( 󰁥G) ≥ E1 − E2,
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where

E1 := 󰀂(I + 󰁥R)−
m−[α]

ν (∆ασ)χ(ℓ
−1 󰁥R) 󰀂L∞( 󰁥G)

E2 := 󰀂(I + 󰁥R)−
m−[α]

ν σ (∆αχ(ℓ
−1 󰁥R))󰀂L∞( 󰁥G)

≲ 󰀂σ󰀂Sm,N1󰀂χ(ℓ−1 󰁥R)󰀂S[α]( 󰁥G),N2
≲σ,χ ℓ−

[α]
ν ,

for some integers Ni’s, having used the symbolic properties for composition and for spectral

multipliers (see Theorems 2.33 and 2.41). Applying (2.10) to E1, we obtain,

lim inf
ℓ→∞

󰀂(I + 󰁥R)−
m−[α]

ν ∆ασℓ󰀂L∞( 󰁥G) ≥ 󰀂(I + 󰁥R)−
m−[α]

ν (∆ασ)󰀂L∞( 󰁥G),

for |α| = 1. The same ideas and method yield inductively the case of any index α, proving

Part (4). □

Remark 2.47. Again, the proof of Proposition 2.46 shows that the constants involved in the

statement depend on the Lie structure only via 󰀂[·, ·]󰀂V after a choice of a basis V adapted

to the gradation.

2.6. Homogeneous and polyhomogeneous symbol classes.

2.6.1. Homogeneous classes of symbols. Recall that the dilations act on 󰁥G via

(2.11) r · π(x) = π(rx), π ∈ 󰁥G, x ∈ G, r > 0.

Definition 2.48. An invariant symbol σ on 󰁥G is m-homogeneous when σ(r · π) = rmσ(π)

for almost all π ∈ 󰁥G and r > 0.

Example 2.49. Let R be a positive Rockland operator. We denote by ν its homogeneous

degree. For any s ∈ R, the properties of homogeneous Sobolev spaces (Section 2.3.3) imply

that the field of spectrally defined operators 󰁥Rm/ν = {π(R)m/ν : π ∈ 󰁥G} is a well-defined

invariant symbol, and we check readily that it is m-homogeneous.

We define the following subspace of invariant symbols

σ ∈ L̇∞
a,b( 󰁥G) if and only if σa,b := 󰁥Rb/νσ 󰁥R−a/ν ∈ L∞( 󰁥G);

by this, we mean that there exists a unique element σa,b of L
∞( 󰁥G) that is composable on the

left and the right by 󰁥R−b/ν and 󰁥Ra/ν respectively such that σ = 󰁥R−b/νσa,bRa/ν . Equipped

with the norm

󰀂σ󰀂L∞
a,b(

󰁥G),R := 󰀂 󰁥Rb/νσ 󰁥R−a/ν󰀂L∞( 󰁥G),

the space L̇∞
a,b(

󰁥G) becomes a Banach space.

Since the inclusion L̇2
s(G) ⊂ S ′(G) is continuous for any s ∈ R, by the Schwartz kernel

theorem, any symbol in L∞
0,s( 󰁥G) has a convolution kernel; more generally, if M0 ∈ N0 is a

multiple of the dilation’s weights, any symbol in L∞
M0,s

( 󰁥G) has a convolution kernel. We can

therefore apply at least formally a difference operator to these symbols. This allows us to

consider the following definition:
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Definition 2.50. An m-homogeneous symbol σ is said to be regular when σ ∈ L̇∞
0,−m( 󰁥G)

and furthermore ∆xασ ∈ L̇∞
0,−m+[α](

󰁥G) for all α ∈ Nn
0 . We denote by Ṡm( 󰁥G) the space of

m-homogeneous regular symbols.

The space Ṡm( 󰁥G) is Fréchet when equipped with the semi-norms given by

(2.12) 󰀂σ󰀂Ṡm( 󰁥G),N,R := max
[α]≤N

󰀂∆xασ󰀂L̇∞
0,−m+[α]

( 󰁥G),R,

having fixed a positive Rockland operator R.

In [29], we proved the following property. We shall say that a function ψ : R → R satisfies

ψ ≡ 1 on a neighbourhood of +∞ when there exists Λ > 0 such that ψ ≡ 1 on (Λ,+∞).

Proposition 2.51. Let σ be a m-homogeneous invariant symbol on 󰁥G. The following prop-

erties are equivalent:

(1) For all α ∈ Nn
0 , ∆xασ ∈ L̇∞

0,−m+[α](
󰁥G).

(2) For all γ ∈ R and α ∈ Nn
0 , ∆xασ ∈ L̇∞

γ,−m+[α]+γ(
󰁥G).

(3) For one (and then any) ψ ∈ C∞(R) with ψ ≡ 0 on a neighbourhood of 0 and ψ ≡ 1

on a neighbourhood of +∞ and for one (and then any) positive Rockland operator R,

ψ( 󰁥R) σ ∈ Sm( 󰁥G) and σ ψ( 󰁥R) ∈ Sm( 󰁥G).

In this case, the following map

σ 󰀁−→ ∆xασ, Ṡ0( 󰁥G) −→ L̇∞
γ,−m+[α]+γ,γ( 󰁥G),

is continuous for each γ ∈ R and α ∈ Nn
0 . And in the case m = 0, the maps

σ 󰀁−→ ψ( 󰁥R)σ, and σ 󰀁−→ σψ( 󰁥R),

are also continuous Ṡ0( 󰁥G) → S0( 󰁥G) and injective.

Remark 2.52. (1) An improved presentation of the proof showing that the property in

Proposition 2.51 (3) is independent of a choice of a positive Rockland operator R
and a function ψ is obtained by considering the proof in Section 5.5.2.

(2) The constants describing the continuity properties in Proposition 2.51 depend on the

Lie structure only via 󰀂[·, ·]󰀂V after a choice of a basis V adapted to the gradation.

In [29], we also showed that the classes of regular homogeneous symbols enjoy the al-

gebraic properties for composition and adjoint as described for the inhomogeneous case in

Theorem 2.33. Furthermore, a remark regarding constants similar to Remark 2.34 is true.

Example 2.53. If V is an adapted basis of g, then for any α ∈ Nn
0 , the symbol

󰁥Vα = {π(V)α, π ∈ 󰁥G}

is in Ṡ[α]( 󰁥G).
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2.6.2. Polyhomogeneous expansion and symbol classes.

Definition 2.54. A symbol σ ∈ Sm( 󰁥G) admits the polyhomogeneous expansion

σ ∼h

∞󰁛

j=0

σm−j

when each σm−j is homogeneous and in Ṡm( 󰁥G), and σ admits the inhomogeneous expansion

(in the sense of Definition 2.35)

σ ∼
∞󰁛

j=0

σm−jψ( 󰁥R),

for some positive Rockland operator R and ψ ∈ C∞(R) with ψ ≡ 0 on a neighbourhood of

0 and ψ ≡ 1 on a neighbourhood of +∞.

By the symbolic calculus on groups, this definition is independent of the choice of the

Rockland operator R (see [29, Proposition 4.6 ] or Proposition 2.51 above) and we have an

equivalent definition considering
󰁓∞

j=0 ψ(
󰁥R)σm−j.

Unlike the expansion of a general symbol of order m (in the sense of Definition 2.35) that

may be perturbed by any term of lower order, if σ ∈ Sm( 󰁥G) admits a polyhomogeneous

expansion σ ∼
󰁓∞

j=0 σm−jψ( 󰁥R), then the homogenenous symbols σm−j, j = 0, 1, 2, . . . are

unique. This follows readily from the injectivity of the maps mentioned in Proposition 2.51.

Definition 2.55. The polyhomogeneous symbol classes of order m ∈ R is the space Sm
ph(

󰁥G)

of symbols σ ∈ Sm( 󰁥G) admitting a polyhomogeneous expansion.

The properties of the homogeneous and inhomogeneous symbol classes imply that the

product of a symbol in Sm1
ph ( 󰁥G) with a symbol in Sm2

ph ( 󰁥G) is in Sm1+m2
ph ( 󰁥G). Similarly, the

adjoint of a symbol in Sm
ph(

󰁥G) is in Sm
ph(

󰁥G).

Example 2.56. For any positive Rockland operator R, we have (I+ 󰁥R)m/ν ∈ Sm
ph(

󰁥G) where ν

is the homogeneous degree of R. Indeed, if ψ ∈ C∞(R) satisfies ψ ≡ 0 on a neighbourhood

of 0 and ψ ≡ 1 on a neighbourhood of +∞, by spectral calculus

(I + 󰁥R)m/νψ( 󰁥R) = (I + 󰁥R−1)m/νψ( 󰁥R) 󰁥Rm/ν

∼ 󰁥Rm/νψ( 󰁥R) +
m

ν
󰁥R−1+m/νψ( 󰁥R) + . . . ,

having used the Taylor series of (1 + x)m/ν .

2.7. Difference operators and Leibniz property. An important property of the dif-

ference operator ∆xα introduced in Definition 2.29 is that they satisfy a form of Leibniz

property which is a direct consequence of properties regarding monomials:

Lemma 2.57. Let G be a graded Lie group and V an adapted basis.
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(1) For any α ∈ Nn
0 , we have the following relations between V-monomials:

(xy)α =
󰁛

[α1]+[α2]=[α]

c(α)α1,α2
xα1yα2

for unique coefficients c
(α)
α1,α2 ∈ R satisfying

c
(α)
α1,0

=

󰀝
1 if α1 = α,

0 otherwise
and c

(α)
0,α2

=

󰀝
1 if α2 = α,

0 otherwise

Moreover, the coefficients c
(α)
α1,α2 are universal polynomial expressions in the structural

constants of G for V, i.e. in the constant ci,j,k defined via [Vi, Vk] =
󰁓

k ci,j,kVk.

(2) For any σ1, σ2 ∈ S−∞( 󰁥G),

∆xα(σ1σ2) =
󰁛

[α1]+[α2]=[α]

c(α)α1,α2
∆xα1σ1 ∆xα2σ2.

Proof. Part (1) follows from [37, Proposition 5.2.3 (4)]. For Part (2), the convolution kernel

of σ1σ2 is κ2 ∗ κ1 where κi is the convolution kernel of σi, i = 1, 2. We have

xακ2 ∗ κ1(x) =

󰁝

G

(y(y−1x))ακ2(y)κ1(y
−1x)dy

=
󰁛

[α1]+[α2]=[α]

c(α)α,α2

󰁝

G

yα1κ2(y) (y
−1x)α2κ1(y

−1x)dy

The conclusion follows by taking the group Fourier transform. □
From the definition of the symbol classes, it follows that ∆xα is a continuous operator

Sm( 󰁥G) → Sm−[α]( 󰁥G) for any m ∈ R ∪ {−∞} and any α ∈ Nn
0 . But we can also show the

continuity of any difference operator as defined in Definition 2.29:

Proposition 2.58. Let q ∈ C∞
c (G). Then ∆q is a continuous operator Sm( 󰁥G) → Sm( 󰁥G)

for any m ∈ R∪{−∞}. Moreover, writing the Taylor series of q at 0 as T0q(x) ∼
󰁓

α cαx
α,

the map

σ 󰀁−→ ∆qσ −
󰁛

[α]≤N

cα∆xασ

is continuous Sm( 󰁥G) → Sm−(N+1)( 󰁥G) for any N ∈ N0.

Proof of Proposition 2.58. By Corollary 2.38, it suffices to prove that for any m ∈ R, for any
multi-indices α0, β0 ∈ Nn

0 , there exists N0 ∈ N0 such that for any N ∈ N0 with N ≥ N0, we

have

∀σ ∈ S−∞( 󰁥G), 󰀂∆qσ −
󰁛

[α]≤N

cα∆xασ󰀂α0,β0,1 ≤ Cq,N,α0,β0󰀂σ󰀂Sm( 󰁥G),N ′,RV
,

for some (large) integer N ′ ∈ N0 depending on N and other constants but not σ. Moreover,

by modifying σ and m, it suffices to show the case α0 = β0 = 0. Hence, we are led to analyse

󰀂∆qσ −
󰁛

[α]≤N

cα∆xασ󰀂0,0,1 = 󰀂qκ−
󰁛

[α]≤N

cαx
ακ󰀂L1(G).
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We fix a function χ ∈ C∞
c (G) such that χ = 1 on a neighbourhood of supp q and of 0. Let

κ ∈ S(G). We may write

qκ−
󰁛

[α]≤N

cαx
ακ = ρ1 + ρ2, where ρ1 := κχ(q − PG,q,0,N), ρ2 := (χ− 1)κPG,q,0,N .

As κ is Schwartz away from 0 (see Theorem 2.36), the L1-norm of ρ2 is finite. When

choosing N0 large enough, this is also the case for ρ1 from the kernel estimates near 0 (see

Theorem 2.36) together with Taylor’s estimate (see Theorem 2.17). Moreover, quantitatively,

each 󰀂ρi󰀂L1(G), i = 1, 2, is bounded up to a constant by an Sm( 󰁥G)-semi-norm in σ. The

conclusion follows. □

Remark 2.59. Again, the proof of Proposition 2.58 shows that the constants describing the

continuity of the linear map above depend on the Lie structure only via 󰀂[·, ·]󰀂V after a choice

of a basis V adapted to the gradation.

A direct consequence of Proposition 2.58 is the following asymptotic expansion:

∆qσ ∼
󰁛

[α]≤N

cα∆xασ.

2.8. Transformation of symbols by morphisms. By a morphism θ of the graded nilpo-

tent Lie group, we mean a morphism of the nilpotent Lie group whose associated Lie algebra

morphism (for which we keep the same notation) respects the gradation of the Lie algebra

in the sense that it maps each gj on itself. Using the notation of Lemma 2.21, we have:

Proposition 2.60. Let θ be an automorphism of the graded nilpotent Lie group G. If

σ ∈ Sm( 󰁥G), then θ∗σ ∈ Sm( 󰁥G) while if σ ∈ Ṡm( 󰁥G), then θ∗σ ∈ Ṡm( 󰁥G) Moreover, the map

σ 󰀁→ θ∗σ is an automorphism of the topological vector space Sm( 󰁥G) and also of the topological

vector space Ṡm( 󰁥G).

As a consequence of the continuity of σ 󰀁→ θ∗σ , once we have chosen a Rockland operatorR
and N ∈ N, there exists a constant C > 0 such that for all σ ∈ Sm( 󰁥G),

󰀂θ∗σ󰀂Sm( 󰁥G),N,R ≤ C󰀂σ󰀂Sm( 󰁥G),N,R.

The proof below will show that the constant C depends on various quantities of the group.

Remark 2.61. Assume as in Remark 2.28 that the gradation of the vector space underlying g

as well as an adapted basis V are fixed. Then, the constant C may be chosen as

C = 󰁨C(max(s, 󰀂[·, ·]g󰀂V, CV(R), 󰀂θ󰀂L(g)))

where 󰁨C : [0,∞) → (0,∞) is an increasing function of the structural constant 󰀂[, ]󰀂V, of the
constant CV(R) introduced in Remark 2.28, and of the norm of θ as a linear map of g.

Proof. We keep the same notation θ for the automorphism of the graded nilpotent Lie

group G, and the corresponding automorphisms of the Lie algebra g and of its envelop-

ing algebra U (g). We observe that if R is a Rockland operator viewed as an element of
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U (g), then Rθ := θ(R) is also a Rockland operator since π(Rθ) = π1(R) with π1 = π ◦ θ

for any π ∈ 󰁥G. For instance, if R is as in Example 2.26,

R =
󰁛

j

(−1)
M0
υj V

2
M0
υj

j , then Rθ =
󰁛

j

(−1)
M0
υj (θ(Vj))

2
M0
υj .

If in addition of being Rockland, R is also positive, then π(Rθ) = π1(R) is positive for any

π ∈ 󰁥G, so Rθ is also positive. We check readily

󰀂θ∗σ󰀂L∞
a,b(

󰁥G),R = 󰀂σ󰀂L∞
a,b(

󰁥G),Rθ
and ∆q(θ∗σ) = θ∗(∆q◦θ−1σ).

As xj ◦ θ−1 is a linear combination of xk’s of the same degree as xj, we have

󰀂∆αθ∗σ󰀂L∞
a,b(

󰁥G),R ≍
󰁛

[β]=[α]

󰀂∆ασ󰀂L∞
a,b(

󰁥G),Rθ
.

We deduce the relation about the semi-norms in the inhomogeneous case. The homogeneous

case is similar. □

3. Filtered manifolds

In this section, we recall properties of filtered manifolds, and discuss their frames, geo-

metric exponential maps, differential operators, and group exponentiation.

3.1. Filtered manifolds and their osculating bundles.

Definition 3.1. A filtered manifold is a smooth manifold M whose tangent bundles admits

a nested sequence of sub-bundles {0} = H0 ⊆ H1 ⊆ . . . ⊆ Hr = TM that respects the Lie

bracket of vector fields:

[Γ(H i),Γ(Hj)] ⊆ Γ(H i+j), 0 ≤ i, j ≤ r,

with the convention Hℓ = Hr whenever ℓ ≥ r.

By convention, in this paper, a smooth manifold is also assumed to be second countable,

paracompact Hausdorff.

Example 3.2. A fundamental example consists in a manifold M equipped with a distribution

D generating TM in the sense that any vector field may be obtained by iterated commutator

brackets of elements of Γ(H1) and that the filtration is obtained as follows. We set H1 := D,

and for each j > 1, Hj the subspace of TM such that Γ(Hj) is the C
∞(M)-module generated

by [V1, [V2, . . . , [Vℓ, . . .] . . .]], with V1, . . . , Vℓ ∈ Γ(H1), ℓ = 2, . . . , j. When the rank dimHj of

the vector bundle Hj is constant for each j, M is a filtered manifold. When H1 generates

TM , r = 2 and dimH2 = 1, the manifold is contact. WhenH1 generates TM and is equipped

with a metric g, M is an equiregular subRiemannian manifold (M,H1, g) (references about

subRiemannian manifold include [1] for example).
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From now on, we fix a filtered manifold M as in Definition 3.1. We set

n = dimM.

For each x ∈ M , the vector space

gr(TxM) := ⊕i≥1

󰀃
H i

x/H
i−1
x

󰀄

is naturally graded and the gradation of the underlying vector space is independent of x ∈ M .

Its weights (see Definition 2.2) are denoted by

0 < υ1 ≤ . . . ≤ υn,

counted with multiplicity, and, when counted without multiplicity,

0 < υ1 = w1 < . . . < ws = υn,

where we denote by s the step of the gradation (s ≤ r). These weights, counted with

multiplicity or not, are constant functions on M . We denote the dimension of each of these

subspaces in the decomposition gr(TxM) = ⊕s
i=1H

wi/Hwi−1, by

di := dimHwi/Hwi−1, i = 1, . . . , s;

these are independent of x ∈ M .

For each x ∈ M , the direct sum of vector spaces gr(TxM) = ⊕i (H
i
x/H

i−1
x ) is naturally

equipped with a Lie bracket that we denote [·, ·]gxM . Indeed, take U, V ∈ gr(TxM) and

consider X ∈ Γ(Hwi) such that U = X(x) mod Hwi
x and Y ∈ Γ(Hwj) such that V = Y (x)

mod H
wj
x . Then

[U, V ]gxM := [X, Y ]x mod Hwi+wj
x

is independent of the choice of representatives X and Y of U, V ∈ gr(TxM)M .

When gr(TxM) is equipped with this Lie bracket, we denote the resulting Lie algebra

gxM = (gr(TxM), [·, ·]gxM) .

It is naturally graded, and the gradation of the underlying vector space is independent of

x ∈ M .

For each x ∈ M , we denote by GxM the corresponding nilpotent Lie group, by U (gxM)

the corresponding universal enveloping Lie algebra to gxM . The unions

GM := ∪x∈MGxM and gM := ∪x∈MgxM

are naturally equipped with a structure of smooth vector bundles; they are called the bundles

of osculating groups and Lie algebras over M . Moreover, the group bundle exponential map

Exp : gM → GM, Expx := ExpGxM : gxM → GxM,

is smooth and bijective. We also denote by

U (gM) := ∪x∈MU (gxM)

the bundle of universal enveloping Lie algebras over M , and by

UN(gM) := ∪x∈MUN(gxM), and U≤N(gM) := ∪x∈MU≤N(gxM),
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the linear sub-bundles of U (g) of elements of homogeneous degree equal to N and of linear

combination of elements of homogeneous degree at most equal to N respectively. They can

be described in terms of adapted local frames, as we will see in the next section. This yields

a natural smooth structure for the vector bundles UN(gM) and U≤N(gM) of finite rank.

Moreover, the natural inclusions

U≤N1(gM) ↩→ U≤N2(gM), N1 ≤ N2,

are smooth bundle morphisms. Hence, their direct limit

U (gM) = lim−→
N

U≤N(gM)

inherits a structure of smooth vector bundle (of infinite rank).

3.2. Local frames adapted to the filtration.

3.2.1. Generalities. Recall that a frame X := (X1, . . . , Xn) on an open subset U of a mani-

fold M yields a local trivialization of the tangent space on U set via the linear map

Rn −→ TM, v = (v1, · · · , vn) 󰀁−→
n󰁛

i=1

viXi.

Local frames exist on open neighbourhoods of any points of the manifold M . Although M

can always be covered by such open sets equipped with frames, M may not admit global

frames.

If X and Y are two frames on the same open subset U ⊂ M , then we may write

Xi(x) =
󰁛

1≤k≤n

Tk,i(x)Yk(x), 1 ≤ i ≤ n,

for uniquely defined smooth maps x 󰀁→ Tk,i(x) on U , 1 ≤ k, i ≤ n. These define the change

of frame matrix T = TY,X = (Ti,j)1≤i,j≤n as a smooth map U → GL(n,R). Viewing X
and Y as column matrices, we have X = T tY. If Z is another adapted frame on U , then

T Z,X
x = T Z,Y

x TY,X
x .

3.2.2. Frames adapted to the filtration. When the manifold M is filtered, a frame X :=

(X1, . . . , Xn) of an open subset U ⊂ M is said to be adapted to the filtration H when for

every x ∈ U , X1,x, . . . , Xd1,x is a basis of Hw1
x , X1,x, . . . , Xd1+d2,x is a basis of Hw2

x , and so

on. In this case, we say that X = (X1, . . . , Xn) is a local adapted frame or an adapted frame

on U . Such local frames exist in neighbourhoods of any points of the manifold M . Thus,

every smooth manifold M has a covering by open sets equipped with adapted frames.

We also associate to an adapted frame a basis of the osculating Lie algebras. More pre-

cisely, if X is an adapted frame on U , we set for each x ∈ U ,

〈Xi〉x := Xi(x) mod Hw1−1
x , i = 1, . . . , d1,

〈Xi〉x := Xi(x) mod Hw2−1
x , i = d1 + 1, . . . , d1 + d2, etc.

Note that each 〈Xi〉x has weight υi in the graded Lie algbera gxM , i.e. δr〈Xi〉x = rυi〈Xi〉x.
In other words, the basis 〈X1〉x, . . . , 〈Xn〉x is adapted to the gradation of gxM , as defined in
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Definition 2.2. Moreover, each 〈Xi〉 ∈ Γ(Uυi(gM |U)) is a smooth section over the bundle of

osculating universal Lie algebras. More generally,

〈X〉α := 〈X1〉α1 . . . 〈Xn〉αn , α = (α1, . . . ,αn) ∈ Nn
0 ,

defines an element of Γ(U[α](gM |U)) where

[α] := υ1α1 + . . .+ υnαn.

The element of Γ(U0(gM |U)) corresponding to α = 0 is 〈X〉α = 1. Any element in

Γ(U (gM |U)) may be written in a unique way as a finite linear combination over C∞(U)

of 〈X〉α. In other words, 〈X〉α, α ∈ Nn
0 , is a free basis of the C∞(U)-module Γ(U (gM |U)).

Furthermore, Γ(UN(gM |U)) is a submodule with basis 〈X〉α, [α] = N .

3.2.3. Transition between two adapted frames. Let BU(d1, . . . , ds) be the group of invertible

real block-upper-triangular matrices for which the jth diagonal block has size dj × dj.

Lemma 3.3. Let X and Y be two adapted frames on an open subset U ⊂ M .

(1) The transition matrix T = TY,X (see Section 3.2.1) is valued in BU(d1, . . . ds).

(2) We have

〈X〉x = diag(Tx)
t〈Y〉x,

where diag(Tx) is the block-diagonal part of Tx ∈ BU(d1, . . . ds).

(3) We may write 〈X〉α as:

〈X〉α =
󰁛

[β]=[α]

T̃α,β 〈Y〉β, T̃α,β ∈ C∞(U).

Then the coefficients T̃α,β are determined via

(diag(Tx)v)
α =

󰁛

[β]=[α]

T̃α,β(x)v
β x ∈ U, v ∈ Rn,

where vα = vα1
1 . . . vαn

n .

Proof of Lemma 3.3. For each i = 1, . . . , n, let j ∈ {1, . . . , s} be the level of the gradation

for which dj−1 < i ≤ dj, i.e. for which wj = υi, then

Xi(x) =
󰁛

1≤k≤dj

Tk,i(x)Yk(x), or in other words Xi(x) =
󰁛

υk≤υi

Tk,i(x)Yk(x).(3.1)

We deduce the structure of the matrix T , and Part (1) follows.

Quotienting (3.1) by Hwj−1 gives

〈Xi〉x =
󰁛

dj−1<k≤dj

Tk,i(x)〈Yk〉x =
󰁛

υk=υi

Tk,i(x)〈Yk〉x in gM |U ,

so 〈X〉x = diag(Tx)
t〈Y〉x. This is Part (2). Part (3) is an easy consequence of Part (2). □
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3.3. Geometric exponentiation. In this section, we recall the definition of geometric ex-

ponentiation for any local frame on any smooth manifold M as well as some of its properties.

This notion does not require the manifold M to be filtered or the local frame to be adapted

to the filtration, and the results hold in this general context.

3.3.1. Definitions of exp and expX. The exponential map is defined as follows. If X is a

vector field on a smooth manifold M and x ∈ M , then expx X is the time-one flow, when

defined, of the vector field X, that is, the solution at time 1 of the Ordinary Differential

Equation (ODE) defined by X and starting from x:

γ̇(t) = X(γ(t)), γ(0) = x, expx X := γ(1).

Given a local frame (X, U) on a manifold, we set

expX(x, v) := expX
x (v) := expx

󰁛

j

vjXj, x ∈ U, v ∈ Rn,

when defined. This yields a geometric exponential map expX associated with the frame

(X, U). It is defined on a subset of U × Rn. In fact, there exists an open neighbourhood

UX ⊂ U × Rn of the zero section U × {0} on which the map

(3.2) expX :

󰀝
UX −→ M ×M

(x, v) 󰀁−→
󰀃
x, expX

x (v)
󰀄

is a C∞-diffeomorphism onto its image in U × U .

Without restriction, we may assume that UX is such that for any (x, v) ∈ UX, there exists

a neighbourhood I of [0, 1] such that (x, tv) ∈ UX for t ∈ I. We will always assume so for

technical reasons that will become apparent below.

3.3.2. Some fundamental properties. The theory of ODEs has the following two implications.

Firstly, for any x, y ∈ M such that lnX
x y and lnX

y x exist, we have

(3.3) lnX
x y = − lnX

y x,

and also that for any x ∈ U , we have:

∂vj exp
X
x v

󰀏󰀏󰀏
v=0

= Xj, j = 1, . . . , n.

In particular jac0 exp
X
x = 1 = jacx ln

X
x when we take the volume form obtained by the pullback

of dv from Rn to U ⊂ M .

Secondly, the definition of the geometric exponential implies

(3.4)
d

dt
f(expX

x tv) =
󰀃󰁛

i

viXif
󰀄
(expX

x tv), f ∈ C∞(U), (x, v) ∈ UX,

for any t in a neighbourhood of [0, 1].
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3.3.3. Some Taylor estimates. Using inductively the derivation in (3.4) will allow us to obtain

the following (Euclidean) Taylor estimates:

Lemma 3.4. Let X be a frame on an open set U ⊂ M . Let f ∈ C∞(U) and N ∈ N. For

any (x, v) ∈ UX, we have:
󰀏󰀏󰀏f(expX

x v)−
󰁛

k≤N

1

k!

󰀃󰁛

i

viXi

󰀄k
f(x)

󰀏󰀏󰀏 ≤
1

(N + 1)!
sup
t∈[0,1]

󰀏󰀏󰀏
󰀓󰀃󰁛

i

viXi

󰀄N+1
f
󰀔
(expX

x tv)
󰀏󰀏󰀏.

Proof of Lemma 3.4. Set F (t) := f(expX
x tv) for t in a neighbourhood of [0, 1]. We have

F (k)(t) =
󰀓󰀃󰁛

i

viXi

󰀄k
f
󰀔
(expX

x tv),

for k = 1 by (3.4), and inductively for any k ∈ N. We conclude with Taylor’s estimate for F

at order N from t = 0 to t = 1. □

Using again (3.4), we can also obtain Taylor expansions related to changes of frames:

Lemma 3.5. Let X and Y be two frames on an open subset U ⊂ M . Let UX,Y be an open

neighbourhood of U × {0} in UX ∩ UY ⊂ U × Rn such that for any (x, v) ∈ UX,Y, the points

(x, tv) lie in UX,Y for t in some neighbourhood of [0, 1]. Consider the function u := uY,X

defined via

(x, u(x, v)) = lnY(expX(x, v)), (x, v) ∈ UX,Y.

Then the map u = uY,X : UX,Y → Rn is smooth and given via

(3.5) u(x, v) := ux(v) = lnY
x ◦ expX

x (v), (x, v) ∈ UX,Y.

It satisfies

ux(0) = 0 and D0ux(v) =
d

dt

󰀏󰀏󰀏󰀏
t=0

ux(tv) = Txv,

where T is their change of frame matrix as in Section 3.2.1. Moreover, the Taylor series at

v ∼ 0 of ux(v) is given by

ux(v) ∼ Txv +
󰁛

k≥2

1

k!

󰀓󰁛

j

vjXj

󰀔k−1

Txv.

Proof of Lemma 3.5. We check readily that the map u is smooth, given by (3.5) and that it

satisfies ux(0) = 0. Below, we will show that for any (x, v) ∈ UX,Y and t in a neighbourhood

of [0, 1], we have:

(3.6)
dk

dtk
ux(tv) =

󰀣
n󰁛

j=1

vjXj,z

󰀤k−1

Tzv

󰀏󰀏󰀏󰀏
z=expXx(tv)

k = 1, 2, 3 . . .

From this, we can obtain the Taylor series of ux(tv) at t ∼ 0, and deduce the Taylor series

of ux(v) at v ∼ 0; hence, showing (3.6) will conclude the proof.
36



On the one hand, we have the equality in (3.4) and on the other, since expX
x tv =

expY
x u(x, tv), the left-hand side in (3.4) is also equal to

d

dt
f(expY

x u(x, tv)) =

󰀣
󰁛

k

󰀕
d

dt
u(x, tv)

󰀖

k

Yk

󰀤
f(expY

x u(x, tv)).

We have
󰁓

j vjXj =
󰁓

k(Tv)kYk in (3.4), and these equalities are valid for any f ∈ C∞(U).

It allows us to identify the first t-derivative of ux(tv) and we obtain (3.6) for k = 1. We then

obtain (3.6) inductively on k = 1, 2, . . . □

3.4. Homogeneous order and principal part of a differential operator. A differential

operator on a manifold M is a uniformly finite linear combination over C∞(M) of products

of vector fields and the identity. If X = (X1, . . . , Xn) is a frame over an open subset U of a

manifold M , then any differential operator P on U may be written as a non-commutative

polynomial in the Xj’s, that is, as a linear combination over C∞(U) of Xi1Xi2 . . . Xiℓ , 1 ≤
i1, . . . , iℓ ≤ n. This writing is not unique. We say that P is of degree at most d, if P coincides

on U with a linear combination of Xi1Xi2 . . . Xiℓ with 1 ≤ i1, . . . , iℓ ≤ n and ℓ ≤ d. The

smallest of these d over all the local frames (X, U) of M defines the degree of P .

We now go back to the case of a filtered manifold M and an adapted frame (X, U). We

can express the differential operators in terms of the ordered products

Xα := Xα1
1 . . . Xαn

n , α = (α1, . . . ,αn) ∈ Nn
0 ,

with the convention X0 = I for α = 0 as in the preceding section. Moreover, this writing will

have the advantage of being unique:

Lemma 3.6. Let X be an adapted frame on the open subset U ⊂ M . Then any differential

operator on M may be uniquely written on U as a finite linear combination over C∞(U) of

Xα, α ∈ Nn
0 , on U .

Proof of Lemma 3.6. We observe that given i1, . . . , iℓ ∈ {1, . . . , n}, we can define the associ-

ated multi-index α = (α1, . . . ,αn) with αk = |{j : ij = k}| and we have

Xi1Xi2 . . . Xiℓ = Xα +
󰁛

|β|<|α|

cβXβ, cβ ∈ C∞(U),

This is trivially true for the length ℓ = 1. For the length ℓ = 2, this is a consequence of

the frame X being adapted to the filtration since XiXj = XjXi + [Xi, Xj] and [Xi, Xj] ∈
Γ(Hυi+υj |U) may be written as a linear combination of Xk, k ≤ dimHυi+υj . We then obtain

the property inductively over the length ℓ. This implies that any differential operator may

be written as a finite linear combination over C∞(U) of Xα, α ∈ Nn
0 .

The uniqueness of the writing is equivalent to the property that if such a finite linear

combination coincides with the zero operator, then all the coefficients are equal to zero. For

this, it suffices to construct for each x0 ∈ U and each α ∈ Nn
0 a smooth function fα,x0 in a

neighbourhood of x0 satisfying

Xβfα,x0(x0) =

󰀝
0 if [β] ≤ [α] with β ∕= α,

1 if β = α.
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The natural choices are f0,x0 = 1 for α = 0 and

fj0,x0 :=
󰀅
lnX

x0
x
󰀆
j0

for |α| = 1.

We check inductively on [α] that the functions

fα,x0 := fα1
1,x0

. . . fαn
n,x0

, α = (α1, . . . ,αn) ∈ N0,

satisfy the properties described above. □

Lemma 3.6 allows us to define the notion of homogeneous order at most N for differential

operator (N ∈ N).

Definition 3.7. A differential operator on M is of homogeneous order at most N when it

can be written as a linear combination over C∞(U) of Xα, [α] ≤ N , with respect to any

adapted frame (X, U).

The following statement shows that if a differential operator is written as a C∞(U)-linear

combination of Xα, [α] ≤ N , with respect to one frame (X, U), then it will be so for any

frame Y on U .

Lemma 3.8. Let X and Y be two adapted frames on the same open subset U ⊂ M .

(1) For any non-zero multi-index α ∈ Nn
0 , we have for any x ∈ U

Xα
x =

󰁛

[β]=[α]

T̃α,βYβ +
󰁛

[β]<[α]

rβ(x)Yβ,

where the coefficients T̃α,β, [β] = N , were defined in Lemma 3.3, and rβ ∈ C∞(U)

are some functions also depending on α.

(2) Consider a differential operator on P written as P =
󰁓

[α]≤N cXα(x)Xα with respect to

the frame X. Then P is written as P =
󰁓

[β]≤N cYβ (x)Yβ with respect to the frame Y
for some unique coefficients cYβ , and we have above any x ∈ U

󰁛

[α]=N

cXα(x)〈X〉αx =
󰁛

[β]=N

cYβ (x)〈Y〉αx in UN(gxM).

Proof. Let T be the transition matrix as in Lemma 3.3. We have X = T tY, so

Xα = [T tY]α1
1 . . . [T tY]αn

n .

Part (1) follows by the Leibniz property of vector fields and Lemma 3.3 (3). Part (2) follows

by linearity. □

We denote by DO(M) the space of differential operators on M , and by DO≤N(M) the

subspace of differential operators of homogeneous order at most N . Lemma 3.6 and 3.8 show

that if (X, U) is an adapted frame, then the set of monomials Xα, α ∈ Nn
0 , is a basis of the

C∞(U)-module DO(U) while the set of monomials Xα, [α] ≤ N , is a basis of the submodule

DO≤N(U).

Let us open a brief parenthesis for the case of H1 generating TM as in Example 3.2:
38



Corollary 3.9. Assume that H1 generates TM . Let X be an adapted frame on the open

subset U ⊂ M . Then DO(U) is the C∞(U)-module generated by

Xi1 . . . Xiℓ , 1 ≤ i1, . . . , iℓ ≤ d1 = dimH1, ℓ ∈ N0.

Moreover, DO≤N(U) is the C∞(U)-module generated by Xi1 . . . Xiℓ, 1 ≤ i1, . . . , iℓ ≤ d1,

ℓ = 0, . . . , N .

In other words, any differential operator of degree ≤ N may be written on U as a com-

bination over C∞(U) of Xi1 . . . Xiℓ , 1 ≤ i1, . . . , iℓ ≤ d1, ℓ = 0, . . . , N ; however, this writing

may not be unique.

Proof of Corollary 3.9. The first claim of the statement follows readily from Lemma 3.6 and

anyXj, j > d1 being obtained as a C∞(U)-combination of nested bracket ofXi, i = 1, . . . , d1.

As H1 generates TM (see Example 3.2), each Xj, j = 1, . . . , n may be written as a C∞-

combination of Xi1 . . . Xiℓ with ℓ ≤ υj. This allows us to prove the rest of the statement

inductively on N by writing for every α ∈ N0 \ {0}, Xα = XjXα′
for some j = 1, . . . , n and

α′ ∈ Nn
0 uniquely determined by α and satisfying [α] = υj + [α′]. □

If P ∈ DO≤N(M) and (X, U) is an adapted frame, then for each x ∈ U , we define the

element of UN(gxM)

(3.7) PrincN,x(P ) :=
󰁛

[α]=N

cα(x)〈X〉αx ,

where the coefficients cα come from the unique expression P =
󰁓

[α]≤N cαXα on U . By

Lemma 3.8 (2), this defines an element of UN(gxM) that does not depend on the choice of

the adapted frame X and that is smooth in x. This allows us to define the principal part of

a differential operator of homogeneous order at most N as the morphism of C∞(M)-module:

PrincN : DO≤N(M) → Γ(UN(gM)).

We may say that P ∈ DO≤N(M) is of homogeneous order N when its principal part

PrincN(P ) is non-zero in Γ(UN(gM)). Note that the degree of P as a differential operator

is less or equal to its homogeneous order N ; it is usually much smaller than N .

3.5. Group exponentiation and BCH formula. If an adapted frame (X, U) is fixed, we

use the adapted basis 〈X〉x to write the group exponentiation:

(3.8) ExpX
x (v) := Expx

󰀣
󰁛

i

vi〈Xi〉x

󰀤
∈ GxM.

This yields the smooth mapping

ExpX :

󰀝
U × Rn −→ GM |U
(x, v) 󰀁−→ Expx (

󰁓n
i=1 vi〈Xi〉x)

with inverse

LnX := (ExpX)−1 : ExpX(U × Rn) −→ U × Rn.
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This allows us to extend the definition of the dilations δr to U×Rn. Moreover, the Lebesgue

density |dv| on Rn gives us a frame-dependent choice of volume density on TM |U and a Haar

system for GM |U by pushing forward through the trivialization.

The next lemma explains what happens when the adapted frame is changed:

Lemma 3.10. Let X and Y be two adapted frames X and Y on an open subset U ⊂ M ,

and T the matrix of change of frame as in Lemma 3.3. Then, the filtration preserving map

diag(Tx) satisfies

∀(x, v) ∈ U × Rn LnY
x ◦ ExpX

x (v) = diag(Tx).

Proof of Lemma 3.10. Since 〈X〉x = diag(Tx)
t〈Y〉x, we have

󰁛

i

vi〈Xi〉x =
󰁛

i

vi
󰁛

υi=υk

Tki(x)〈Yk(x)〉x =
󰁛

k

(diag(Tx)v)k〈Yk〉x,

so ExpX
xv = ExpY

x (diag(Tx)v). □

The basis 〈X1〉x, . . . , 〈Xn〉x together with the group exponential map ExpX
x allows for a

precise group isomorphism between the group fiber GxM with Rn.

Remark 3.11. We have already given natural examples of quasinorms on graded groups

associated with an adapted basis, see Example 2.13. With the above isomorphism in mind,

it is natural to consider the quasinorm on Rn given by

|v|X =

󰀣
n󰁛

i=1

|vi|α/υi
󰀤1/α

, v = (vj)
n
i=1 ∈ Rn,

α = 2M0 where M0 is a common multiple of the weights υ1, . . . , υn, the least one to fix the

idea. We will use this quasinorm throughout the rest of the work.

To describe more precisely the group law inherited by Rn, we introduce the map given at

every point x by the adjoint map adgxM in the 〈X〉-coordinates:

Definition 3.12. Let X be an adapted frame on an open set U of the filtered manifold M .

For each x ∈ U , and for any v, w ∈ Rn, we denote by adX
x (v)(w) the vector in Rn whose

coordinates (u1, . . . , un) satisfy

n󰁛

k=1

uk〈Xk〉x :=

󰀥
n󰁛

i=1

vi〈Xi〉x ,
n󰁛

j=1

wj〈Xj〉x

󰀦

gxM

.

This defines a skew-symmetric map adX
x : Rn × Rn → Rn we call the adjoint map in the

〈X〉-coordinates.

This equips Rn with a graded Lie algebra structure isomorphic to the one of gxM , the

isomorphism being given by the choice of basis 〈X〉x. Moreover, the map

adX : x 󰀁−→ adX
x , U −→ C∞(U,L (Rn)),

is smooth. It describes the group law of GxM in exponential coordinates (3.8):
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Lemma 3.13. Let X be an adapted frame on an open set U of the filtered manifold M . For

any x ∈ U and v, w ∈ Rn, we have:

ExpX
x (v) Exp

X
x (w) = ExpX

x (z(x; v, w)) = Expx

󰀣
󰁛

i

zi(x; v, w)〈Xi〉x

󰀤

where z(x; v, w) = (zk(x; v, w))
n
k=1 is given by

z(x; v, w) = BCHs0(v, w; ad
X
x ), x ∈ U, v, w ∈ Rn,

where s0 ≥ s, s being the step of every gxM . For each k = 1, . . . , n, the function zk(x; v, w)

is polynomial in v, w with coefficients depending smoothly on x ∈ U . Moreover, zk(x; v, w)

is υk-homogeneous, in the sense that zk(δrv, δrw; x) = rυkzk(x; v, w).

Recall that that the step of the graded spaces gxM was defined in Section 3.1 and that

BCHs0 has been introduced in Notation 2.12.

We denote by

(3.9) v ∗Xx w := LnX
x

󰀃
ExpX

x (v) Exp
X
x (w)

󰀄
v, w ∈ Rn

the law of the group Rn isomorphic to GxM via the group exponential map Expx and the

choice of the basis 〈X〉x. By Lemma 3.13 (and with its notation), we have

v ∗Xx w = z(x; v, w) = BCHs0(v, w; ad
X
x ),

so that

ExpX
x (v ∗Xx w) = ExpX

x (v) Exp
X
x (w).

If the adapted frame X is fixed, we will allow ourselves to use the shorthand ∗Xx = ∗x. The

reader should keep in mind that star-notation is used in various ways in this paper: ∗x
gives the product law of the group GxM after suitable identifications while the convolution

product on a group G will be denoted by 󰂏G, in accordance with (2.3).

4. Action of geometric maps on the osculating group

In this section we analyse the composition of geometric exponential maps. After defining

the notion of higher order maps between graded vector spaces in Section 4.1, we use this

notion on filtered manifolds to describe various algebraic properties in Section 4.2, and

eventually the composition of geometric exponential mappings in Section 4.3.

The notion of terms of higher order is crucial in this analysis. It is also present in vari-

ous forms in many papers studying the composition of geometric exponential on filtered or

subRiemannian manifolds, for instance in [13, 14].

4.1. Higher order terms on graded spaces. Here, we define what higher order means

for maps between graded vector spaces. This notion will be at the core of the comparison of

the commutator brackets of vector fields at x with the structure of the Lie algebra gx, and

in various other places.

In this section, we consider two graded vector spaces V1 and V2 and denote by δ1,r and

δ2,r for r > 0 the associated dilations (see Definition 2.2).
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Definition 4.1. A function f : V1 → V2 is homogeneous of degree m (for the dilations

δ1,r, δ2,r, r > 0) when f(δ1,rv) = δ2,rmf(v) for any r > 0 and v ∈ V1. In the case m = 1, we

say that f is homogeneous.

Example 4.2. If G is a graded Lie group with a fixed adapted basis V for its Lie algebra,

then the group law expressed as a map (v, w) 󰀁→ v ∗G w, Rn × Rn → Rn is a homogeneous

map.

We fix bases (V1, . . . , VdimV1) and (W1, . . . ,WdimV2) for V1 and V2 adapted to the gradation,

and we denote by υj the weight of Wj, j = 1, . . . , dimV2. It is easy to check that a function

f : V1 → V2 is homogeneous if and only if, for each j = 1, . . . , dimV2, the j-components

fj : V1 → R of f is an υj-homogeneous map. This motivates the following definition:

Definition 4.3. (1) We say that a polynomial map r : V1 → V2 is higher order (for

the gradations) when the degrees of homogeneity (for the dilations on V1) of the

monomials occurring in its j-component rj are > υj. The notion of higher order

extends to formal power series.

(2) We say that a smooth function r defined on a neighbourood of 0 in V1 and valued

in V2 is higher order when its Taylor series at 0 is a higher order power series.

It is not difficult to construct higher order polynomial maps from homogeneous ones:

Example 4.4. Let q : V1 → V2 and r : V1 → V2 be polynomial maps that are respectively

homogeneous and higher order.

(1) If p : V1 → C is a polynomial satisfying p(0) = 0, then pq and pr are higher order

polynomial maps.

(2) This first example can be generalised as follow. We fix a basis (W1, . . . ,WdimV2)

adapted to the gradation of V1, so that we may write q = (qk)
dimV2
k=1 and r = (rk)

dimV2
k=1

in the corresponding coordinates. Given any family of polynomials pk : V1 → C,
k = 1, . . . , dimV2, then the polynomial maps (pkrk)

dimV2
k=1 are higher order. If in

addition pk(0) = 0 for every k = 1, . . . , dimV2, then the polynomial maps (pkqk)
dimV2
k=1

are higher order.

The following properties characterise the higher order maps. In particular, the charac-

terisations (2) or (3) imply that the notion of higher order does not depend on the chosen

graded bases.

Proposition 4.5. Let r : V1 → V2 be a smooth map. The following properties are equivalent:

(1) The function r is higher order.

(2) For one (and then any) neighbourhood V0 of 0, we have for any v ∈ V0

lim
ε→0

δε−1r(δεv) = 0.

(3) There exists a unique smooth map R : R× V1 → V2 satisfying δε−1r(δεv) = εR(ε, v).

If an adapted basis of V2 has been chosen, then it is also equivalent to:
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(4) For j = 1, . . . , dimV2, we have ∂α
v rj(0) = 0, [α] ≤ υj; equivalently, this means that

the Taylor series of rj about 0 is

rj(v) ∼v∼0

󰁛

[α]>υj

∂αrj(0)v
α.

Proof. As above, we fix bases (V1, . . . , VdimV1) and (W1, . . . ,WdimV2) for V1 and V2 adapted

to the gradation, with υj the weight of Wj. We denote by rj the jth component of r. By

definition, r is higher order if and only if Property (4) holds.

Whether r is higher order or not, we may write,

rj(v) =
󰁛

[α]≤υj

∂αrj(0)v
α +Rj(v),

with Rj ∈ C∞(V1). Fixing a quasinorm | · |1 on V1, by the Taylor estimate due to Folland

and Stein at order υj (see [41] or Theorem 2.17), for any compact neighbourhood W of 0 in

V1, there exists a constant Cj > 0 such that

∀v ∈ W, |Rj(v)| ≤ Cj|v|υj+1
1 .

If Property (1) holds, that is, if the Taylor series of r at 0 is higher order, then for any

j = 1, . . . , dimV2

|ε−υjrj(δεv)| = |ε−υjRj(δεv)| ≤ ε−υjC|δεv|υj+1
1 = Cε|v|υj+1

1 −→ε→0 0,

so Property (2) hold.

If Property (2) holds, or equivalently if for any j = 1, · · · , dimV2 and v ∈ V1

0 = lim
ε→0

ε−υjrj(εv) = lim
ε→0

󰁛

[α]≤υj

ε−υj+[α]∂αrj(0)v
α + ε−υjRj(δεv),

then ∂αrj(0) = 0, [α] ≤ υj and Property (1) holds. Moreover, the smoothness of the rj’s

implies

rj(v) =
󰁛

|α|≤N0

∂αrj(0)v
α +

󰁛

|α|=N0+1

vαρj,α(v), with ρj,α ∈ C∞(V1).

Choosing N0 = max{|α| : α ∈ N0, [α] ≤ υj}, since ∂αrj(0) = 0, [α] ≤ υj, we obtain

ε−υjrj(δεv) =
󰁛

|α|≤N0,[α]≤υj

ε−υj+[α]∂αrj(0)v
α +

󰁛

|α|=N0+1

ε−υj+[α]vαρj,α(δεv),

implying Property (3). We have obtained (1) ⇐⇒ (2) =⇒ (3). Clearly, (3) =⇒ (2). The

proof is complete. □

Let us present two corollaries of Proposition 4.5 and its proof. The first one gives estimates

of a higher order function:

Corollary 4.6. Let r : V1 → V2 be a smooth map of higher order. Having fixed quasinorms

| · |1 and | · |2 on V1 and V2, for any bounded neighbourhood W of 0 in V1, there exists C > 0

such that

∀v ∈ W, |r(v)|2 ≤ C|v|1+
1
υn

1 .
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Note that in the isotropic case, i.e. when υ1 = . . . = υn = 1, we recover the Euclidean

or Riemannian exponent 1 + 1
υn

= 1 + 1 = 2. However, this is not generally the case; for

instance, it won’t be the case for a regular subRiemannian manifold as in Example 3.2.

Proof of Corollary 4.6. Keeping the notation in the proof of Proposition 4.5, the estimates

therein show that when r is higher order, we have for any v ∈ W

|rj(v)| = |Rj(v)| ≤ Cj|v|υj+1
1 ,

so

max
j=1,...,dimV2

|rj(v)|
1
υ j ≤ max

j=1,...,dimV2

C
1
υ j

j |v|
1+ 1

υj

1 ≲ |v|1+
1
υn

1 .

As u 󰀁→ maxj=1,...,dimV2 |u|1/υj is a quasinorm on V2 and all the quasinorms are equivalent,

the statement is proved. □

In the second corollary, we consider higher order functions depending continuously and

smoothly on a parameter:

Corollary 4.7. (1) Let A be a topological vector space and (a, v) 󰀁→ r(a, v) be a continu-

ous map A×V1 → V2 such that for every a ∈ A, r(a, ·) is a smooth function on V1 that

is higher order. Then there exists a unique continuous function R : A×R×V1 → V2

such that for every a ∈ A, R(a, ·, ·) satisfies Property (3) of Proposition 4.5, that is,

R(a, ·, ·) is a smooth function R× V1 → V2 satisfying

∀ε, v ∈ R \ {0}× V δε−1r(a, δεv) = εR(a, ε, v).

(2) Let (t, v) 󰀁→ r(t, v) be a smooth map I × V1 → V2, I an interval of R. Assume that

for every t ∈ I, r is higher order in v. Then ∂t=0r(t, v) is higher order.

Proof. We use the notation in the proof of Proposition 4.5 and consider bases for V1 and

V2 that are adapted to the gradation where r has coordinates rj. Part (1) follows from

Property (4). For Part (2), by Proposition 4.5, ∂α
v rj(t, 0) = 0 for any t ∈ I and for any α

with [α] ≤ υj, so it is also the case for ∂t=0r(t, v) by smoothness and ∂t=0r(t, v) is higher

order. □

4.2. Higher order remainders on filtered manifolds. The notion of higher order term

defined above allows us to now investigate the algebraic structure of a filtered manifold:

up to remainder terms of higher order, it will be given by homogeneous polynomials or

series. Following Corollary 4.7 (1), we extend the notion of higher order to maps depending

smoothly on a point x of the manifold and we will say that such a x-dependent polynomial or

a x-dependent remainder are homogeneous or higher order above some open subset U ⊂ M

of interest, when they are thus for all x ∈ U .

4.2.1. Nested commutator brackets on filtered manifolds. The notion of higher order map

defined above together with the map adX
x (see Definition 3.12) allow for the description of

the commutator bracket on M modulo higher order terms:
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Proposition 4.8. Let X be an adapted frame on an open set U of the filtered manifold M .

The commutator brackets of vector fields may be written as:

ad

󰀣
n󰁛

i=1

viXi

󰀤󰀣
n󰁛

j=1

wjXj

󰀤
(x) =

n󰁛

j=1

(qj(x; v, w) + rj(x; v, w))Xj,

where the qj(x; v, w)’s and rj(x; v, w)’s are polynomials in v, w with smooth coefficents in

x ∈ U ; the qj’s are υj-homogeneous and described by

(qj(x; v, w))
n
j=1 = adX

x (v)(w),

and r(x; v, w) = (rj(x; v, w))
n
j=1 is higher order in v, w.

Before entering into the proof of Proposition 4.8, let us state some structural properties

of the commutator brackets for X. We denote by ci,j,k(x) the structural constants of the

commutator brackets for X, that is,

ad(Xi)(Xj)(x) = [Xi, Xj](x) =
n󰁛

k=1

ci,j,k(x)Xk(x);

the ci,j,k(x) are smooth functions of x ∈ U. As X is adapted to the filtration, we see:

(a) ci,j,k = 0 when υk > υi + υj,

(b) when υk = υi + υj, the ci,j,k(x)’s are the structural constants of [, ]gx for 〈X〉x:

[〈Xi〉x, 〈Xj〉x]gx =
󰁛

υk=υi+υj

ci,j,k(x)〈Xk〉x,

or in other words, using the map adX
x : Rn × Rn → Rn (see Definition 3.12) and

denoting the canonical basis of Rn by (e1, . . . , en),

adX
x (ei, ej) =

󰁛

υk=υi+υj

ci,j,kek

(c) the polynomial (ci,j,k(x)viwj)
n
k=1 from the components of

󰁛

υk<υi+υj

ci,j,k(x)viwjXk(x) = [viXi, wjXj](x)−
󰁛

υk=υi+υj

ci,j,k(x)viwjXk(x),

are higher order.

Proof. Using the structural constants ci,j,k, we can write
󰀥

n󰁛

i=1

viXi ,
n󰁛

j=1

wjXj

󰀦
(x) =

󰁛

υi+υj≤υk

viwjci,j,k(x)Xk(x) =
n󰁛

k=1

(qk(x; v, w) + rk(x; v, w))Xk(x),

where

qk(x; v, w) :=
󰁛

υk=υi+υj

ci,j,k(x)viwj.

Hence the maps q(x; v, w) := (qk(x; v, w))
n
k=1 and r(x; v, w) := (rk(x; v, w))

n
k=1 are poly-

nomials in v, w with smooth coefficients in x ∈ U . From the observation in (b) above,
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q(x; v, w) = adX
x (v)(w) is homogeneous in v, w, while from the observation in (c), r(x; v, w)

is higher order in v, w. □

Proposition 4.8 implies inductively the following property of nested commutator brackets:

Corollary 4.9. Let X be an adapted frame on an open set U of the filtered manifold M . Let

ℓ ∈ N0, α = (α1, . . . ,αℓ) ∈ Nℓ
0 and β = (β1, . . . , βℓ) ∈ Nℓ

0. We can write

(ad
n󰁛

i=1

viXi)
α1(ad

n󰁛

i=1

wiXi)
β1 . . . (ad

n󰁛

i=1

viXi)
αℓ(ad

n󰁛

i=1

wiXi)
βℓ (x)

=
n󰁛

k=1

(qα,βk (x; v, w) + rα,βk (x; v, w))Xk(x),

with qα,βk (x; v, w) and rα,βk (x; v, w) polynomials in v, w with smooth coefficients in x ∈ U ; the

polynomial map q(x; v, w) = (qα,βk (x; v, w))nk=1 is ([α] + [β])-homogeneous and is defined via

qα,β(x; v, w) := (adX
xv)

α1(adX
xw))

β1 . . . (adX
xv)

αℓ(adX
xw)

βℓ (x)

while the polynomial map rα,β(x; v, w) = (rα,βk (x; v, w))nk=1 is higher order.

Proof. The proof follows by induction from Proposition 4.8, together with the observations

from Examples 4.4 and the fact that if q(x; v, w) and r(x; v, w) are polynomial maps that

are respectively homogeneous and higher order, then so are their x-derivatives Xℓq(x; v, w)

and Xℓr(x; v, w), ℓ = 1, · · ·n (for the latter, see Corollary 4.7 (2)). □

4.2.2. Examples and further properties of higher order remainders. In this section, we give

two further examples and some general properties of higher order remainders.

The first example concerns the laws of the osculating groups, or rather the law ∗Xx of the

isomoprhic group Rn (see (3.9)). Later on, we will need the following property:

Lemma 4.10. Let (X, U) be an adapted frame on a filtered manifold M .

(1) The map (x; v, w) 󰀁→ v∗Xxw is a homogeneous polynomial map in v, w with coefficients

depending smoothly in x ∈ U , and so are the maps (x; v, w) 󰀁→ Xβ
x(v ∗Xx w).

(2) The maps defined by

r1(x; v, w) := w ∗XexpXx v v − w ∗Xx v

r2(x; v, w) :=
󰀃
−(w ∗Xx v)

󰀄
∗Xx

󰀓
w ∗XexpXx v v

󰀔

are smooth on an open neighbourhood of the zero section of U × Rn × Rn. They are

higher order in v, w.

Proof. Part (1) follows from Lemma 3.13 and the homogeneity of the group law (see Exam-

ple 4.2). For Part (2) and r1, we have by the homogeneity of the group law

δ−1
ε r1(x; δεv, δεw) = w ∗XexpXx δεv

v − w ∗x v

= BCHs0(v, w; ad
X
expXx δεv

)− BCHs0(v, w; ad
X
x );
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this last expression tends to 0 as ε → 0 since BCHs0(v, w; ad
X
x ) is a polynomial expression in

adX
xv and adX

xw and limε→0 ad
X
expXx δεv

= adX
x . For r2, we see

δ−1
ε r2(x; δεv, δεw) =

󰀃
−(w ∗Xx v)

󰀄
∗Xx

󰀓
w ∗XexpXx δεv

v
󰀔
−→ε→0 0.

We conclude with Proposition 4.5. □

Before giving the second example, let us show some properties of higher order remainders:

Lemma 4.11. Let (X, U) be an adapted frame on a filtered manifold M . Let r : U × Rn ×
Rn → Rn be a smooth higher order map. Then, the maps

(v, w) 󰀁→ rx(v ∗Xx w, v), (v, w) 󰀁→ rexpXx v(v, w), (v, w) 󰀁→ (−v) ∗Xx (v + rx(v, w)),

are also smooth and higher order.

Note that this lemma extends to functions rx depending only on the variable v.

The proof relies on the characterizations of higher order functions in Proposition 4.5, and

its extensions to functions depending on a parameter in Corollary 4.7.

Proof. For analyzing the function, (v, w) 󰀁→ rx(v ∗Xx w, v), we observe that by the properties

of dilation with respect to the group law, for v, w ∈ Rn,

δ−1
ε rx(δεv ∗Xx δεw, δεv) = δ−1

ε rx(δε(v ∗Xx w), δεv).

Therefore

lim
ε→0

δ−1
ε rx(δεv ∗Xx δεw, δεv) = 0,

and (v, w) 󰀁→ rx(v ∗Xx w, v) is higher order by Proposition 4.5.

Regarding the function (v, w) 󰀁→ rexpXx v(v, w), consider the function R = R(x, v, w, ε) such

that δ−1
ε r(x, δεv, δεw) = εR(x, v, w, ε). By Corollary 4.7 (1), R is continuous in x, v, w, ε and

we have

lim
ε→0

δ−1
ε r(expX

x δεv, δεv, δεw) = lim
ε→0

εR(expX
x δεv, v, w) = 0,

showing that (v, w) 󰀁→ rexpXx v(v, w) is higher order by Proposition 4.5.

Consider now (v, w) 󰀁→ (−v) ∗Xx (v + rx(v, w)) =: 󰁨rx(v, w). By homogeneity of the group

laws, we have:

δ−1
ε 󰁨rx(δεv, δεw) = (−v) ∗x (v + δ−1

ε rx(δεv, δεw)) = BCHs0(−v, v + δ−1
ε rx(δεv, δεw), ad

X
x )

As r is higher order, by Proposition 4.5,

lim
ε→0

δ−1
ε rx(δεv, δεw) = 0 so lim

ε→0
δ−1
ε 󰁨rx(δεv, δεw) = (−v) ∗x v = 0,

and 󰁨rx is higher order. □

The second example of higher order remainders we will use later on occurs when consid-

ering changes of adapted frames:
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Proposition 4.12. We consider two local frames X and Y as in Lemma 3.5 (whose notation

we keep), with the additional assumption that they are adapted to the filtration of M . The

map r = r(x, v) = rx(v) defined via

(4.1) − diag(Tx)
−1ux(−v) = v ∗Xx r(x, v), (x, v) ∈ UX,Y

is smooth on UX,Y and higher order.

Proof. By Lemma 3.5, the Taylor series of ux(v)− diag(Tx)v about v ∼ 0 is given by

ux(v)− diag(Tx)v ∼ (Tx − diag(Tx)) v +
󰁛

k≥2

1

k!

󰀓󰁛

j

vjXj

󰀔k−1

Txv.

Since (Tx − diag(Tx)) v and each term of the series
󰁓

k>2 are higher order in v, ux(v) −
diag(Tx)v is higher order. Hence, the function

󰁨rx(v) := −diag(Tx)
−1ux(−v)− v

is smooth on UX,Y and higher order. By Lemma 4.11, rx(v) = (−v) ∗x (v + 󰁨rx(v)) is higher
order. □

4.3. Composition of geometric exponential mappings. In this section, we study the

composition of geometric exponential mappings, comparing it with the law of the osculating

group. Then, we derive technical properties that we shall use later.

4.3.1. Relation with the law group. The core of this section is the next result which is ex-

pressed using the notion of higher order developed in Section 4.1 and the structure of the

osculating groups via the group law ∗Xx defined in (3.9):

Theorem 4.13. Let X be an adapted frame on an open set U ⊂ M . Then lnX
x (exp

X
expXx w(v))

may be written in the form:

(4.2) lnX
x (exp

X
expXx w(v)) = w ∗Xx v + r(x; v, w);

the map r(x; v, w) is smooth on an open neighbourhood of the 0-section of U × Rn × Rn,

valued in Rn and higher order in v, w.

Proof of Theorem 4.13. By [55, Appendix], for any f ∈ C∞
c (U), we have the following equal-

ity between Taylor series for v, w ∼ 0:

(4.3) f(expX
expXx w(v)) ∼ f(expx Z(v, w)),

where expx Z denotes the 1-time flow of a vector field Z on U with initial data x (see

Section 3.3) and Z(v, w) formally given by the BCH formula in (2.1) at x; in the BCH, the

adjoint operation ad refers to the commutator bracket between vector fields, a =
󰁓

i wiXi

and b =
󰁓

i viXi. The meaning of (4.3) is that for any N ∈ N0, we have:

f(expX
expx w v) = f(expx(Z

(N)(v, w)) +O(|v|N+1 + |w|N+1),

=
N󰁛

k=0

1

k!

󰀃
(Z(N)(v, w))kf

󰀄
(x) +O(|v|N+1 + |w|N+1),(4.4)
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where Z(N)(v, w) denotes the truncation in (v, w) at order N of the formal series defining

Z(v, w), i.e. with Notation 2.12:

Z(N)(v, w) = BCHN(
󰁛

i

wiXi,
󰁛

i

viXi, ad).

Note that Z(N)(v, w) is indeed a vector field on U , and its X-coordinates, i.e.

z(N)(x; v, w) = (z
(N)
j (x; v, w))nj=1, Z(N)(v, w)(x) =

n󰁛

j=1

z
(N)
j (x; v, w)Xj(x),

are polynomial in v, w and smooth in x ∈ U . Because of this dependence in x, in general,

we expect that expX
x (z

(N)(x; v, w)) be different from expx(Z
(N)(v, w)).

We will need the following two observations.

(i) Firstly, Corollary 4.9 implies that

z(N)(x; v, w) = 󰁨z(N)(x; v, w) + r(N)(x; v, w),

where r(N) and 󰁨z(N) are N -truncated power series in v, w with smooth coefficients in

x ∈ U with r(N) of higher order and 󰁨z(N) given by BCH for adX
x . By Proposition 4.8,

if N > s where s is the step of the gradation, we have

󰁨z(N) := BCHN(w, v; ad
X
x ) = w ∗Xx v.

(ii) Secondly, omitting the writing of the dependence in v, w, we have

(Z(N))2 =
󰁛

j1, j2

󰀓
z
(N)
j1

Xj1z
(N)
j2

Xj2

󰀔

=
󰁛

j1, j2

z
(N)
j1

z
(N)
j2

Xj1Xj2 +
󰁛

j1

z
(N)
j1

󰁛

j

(Xj1z
(N)
j )Xj.

We write XI := Xi1 . . . Xik for any multi-index I = (i1, . . . , ik) ∈ {1, . . . , n}k of length
|I| = k. Then, inductively, we can write for k = 2, 3, . . .

(4.5) (Z(N))k =
󰁛

(j1,...,jk)=[I,I1,...,Ik]

(XI1z
(N)
j1

) . . . (XIkz
(N)
jk

)XI ,

where the sum is over the multi-indices I, I1, . . . , Ik with at least one of the I1, . . . , Ik
empty but I ∕= ∅, and such that their concatenation [I, I1, . . . , Ik] = (j1, . . . , jk) is in

{1, . . . , n}k with ji ∕∈ Ii and (j1, . . . , jk) runs over {1, . . . , n}k. This relation is proved

in the Appendix A.

We can apply the formula in (4.4) to functions f that are valued in a finite dimensional vec-

tor space. We choose f as lnX
x locally. Proceeding for instance as in the proof of Lemma 3.4,

we see that for f = lnX
x , we have f(x) = 0 and for any u ∈ Rn

(4.6)
󰁛

j

ujXjf(x) = u =
󰁛

j

ujej,
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with (e1, . . . , en) denoting the canonical basis of Rn. Moreover, for k > 1,

(4.7)

󰀣
󰁛

j

ujXj

󰀤k

f(x) =
󰁛

j1,...,jk

uj1 . . . ujk(Xj1 . . . Xjkf)(x) = 0.

In other words, the (non-commutative) polynomial expression

(4.8)
󰁛

I=(j1,...,jℓ)

uj1 . . . ujℓX(j1,...,jℓ)

vanishes when applied to f = lnX
x at x if ℓ > 1. Hence, we focus in identifying such

expressions in (4.5). For this we will use the third following observation:

(iii) Reorganising the terms of (Z(N))k in terms of the cardinal of the indices I in equa-

tion (4.5), and writing

(4.9) (Z(N))k =
k󰁛

ℓ=1

󰁛

I=(j1,··· ,jℓ)

aIXI ,

the terms
󰁓

I=(j1,··· ,jℓ) aIXI is the sum of terms that have the property (4.8) for ℓ ≥ 1.

This is proved in the Appendix A.

In view of (iii) and of (4.7), when applying (Z(N))k written as in (4.9) to the function

f = lnX
x at x, the ℓ-th term vanishes when ℓ > 1. Hence, we are left with the sum over the

I’s with only 1 element:

(Z(N))kf(x) =
n󰁛

j=1

󰁛

(j1,...,jk)∈[{j},I1,··· ,Ik]

(XI1zj1) . . . (XIkzjk)Xjf(x)

=
n󰁛

j=1

󰁛

(j1,...,jk)∈[{j},I1,··· ,Ik]

(XI1zj1) . . . (XIkzjk)ej.

If k > 1, each term in the sum above is a product of k x-derivatives of the higher order

polynomials zji(x; v, w)’s in (v, w); so (Z(N))kf(x) is of higher order.

Therefore, using f(x) = 0 and equation (4.6), we obtain for any N > s

lnX
x (exp

X
expXx w(v)) = z(N)(x; v, w) +

N󰁛

k=2

1

k!

󰀃
Z(N)(v, w)kf

󰀄
(x) +O(|v|N+1 + |w|N+1),

with z(N)(x; v, w) = 󰁨z(x; v, w) + r(N)(x; v, w), the polynomial 󰁨z(x; v, w) = w ∗Xx v being

homogeneous while r(N)(x; v, w) and every
󰀃
(Z(N)(v, w))kf

󰀄
(x), k > 1, are of higher order.

The conclusion follows. □

4.3.2. Consequences of Theorem 4.13. We will use Theorem 4.13 via the following statement

which will bring key arguments while proving the main properties of the pseudodifferential

calculus. This section can be skipped at first reading. We recall that when a frame (X, U)

has been fixed, for x ∈ U , ∗Xx describes the law of the group GxM . We use the shorthand

∗Xx = ∗x in this section.
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Corollary 4.14. We continue with the setting of Theorem 4.13.

(1) We may write

− lnX
expXx v exp

X
x (v ∗x (−w)) = w ∗x 󰁨r(x; v, w);

above, 󰁨r is a smooth function on a 0-section of M × Rn × Rn where (x, v, w) 󰀁→
− lnX

expXx v exp
X
x (v ∗x (−w)) is defined and smooth. Moreover, 󰁨r(x; v, w) is higher order

in (v, w) and vanishes at v = 0 and at w = 0, so we have locally

|󰁨r(x; v, w)|X = O(|v|X), O(|w|X), O (|v|X + |w|X)1+
1
υn .

(2) We may write

− lnX
x exp

X
expXx −v(v ∗x (−w)) = w ∗x ř(x; v, w);

above ř is a smooth function on a 0-section of M × Rn × Rn where (x, v, w) 󰀁→
− lnX

x exp
X
expXx −v((−w) ∗x v) is defined and smooth. Moreover, ř(x; v, w) is higher

order in (v, w) and vanishes at v = 0 and at w = 0, so we have locally

|ř(x; v, w)|X = O(|v|X), O(|w|X), O (|v|X + |w|X)1+
1
υn .

Above, we have used the quasinorm | · |X defined in Remark 3.11.

Before entering into the proof of Corollary 4.14, let us explain what is meant by ‘locally’

in the statement. Actually, the function 󰁨r above is simply defined as

(4.10) 󰁨r(x; v, w) = (−w) ∗x
󰀓
− lnX

expXx v exp
X
x (v ∗x (−w))

󰀔
,

and the fact that the inequality above holds locally means that for any compact subset K
of UX satisfying

∀x ∈ U, w, v ∈ Rn, (x, w), (x, v) ∈ K =⇒ (expX
x v, exp

X
x (v ∗x (−w))) ∈ expX(UX),

there exists C > 0 such that for any x ∈ U , v, w ∈ Rn with (x, w) and (x, v) lying in K we

have

|󰁨r(x; v, w)|X ≤ C|v|X, |r1(x; v, w)|X ≤ C|w|X,

|󰁨r(x; v, w)|X ≤ C (|v|X + |w|X)1+
1
υn ,

the constant C depends on N,K,X,M , while the hypotheses on K, besides its compactness,

ensures that the left-hand side of the inequality above makes sense. The meaning of the

local estimates in Part 2 of Corollary 4.14 is similar to the one of Part 1.

Proof of Corollary 4.14 . By Theorem 4.13 (and using its notation), we may write:

lnX
expXx v exp

X
x (v ∗x (−w)) = r(expx v; v ∗x (−w),−v) − w,

with r higher order. The function r̃ defined via (4.10) is smooth and also higher order by

Lemmata 4.10 and 4.11. We also have

󰁨r(x; v, 0) = lnX
expXx v exp

X
x v = 0,

󰁨r(x; 0, w) = (−w) ∗x (lnX
x exp

X
x w) = (−w) ∗x w = 0.
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The first two local estimates follow from applying the Mean Value Theorem of [41] (see

Theorem 2.17 (1) and Remark 2.18). For the third local estimate, we apply Corollary 4.6

to V1 = Rn × Rn and V2 = Rn, with | · |X the quasinorm on V2, and (v, w) 󰀁→ |v| + |w| the
quasinorm on V1; the estimate is indeed locally uniform by Corollary 4.7 (1) and the proof

of Corollary 4.6. This shows Part 1.

For Part 2, we proceed as for Part 1 having observed the two following formulae:

ř(x; v, w) = (−w) ∗x
󰀓
− lnX

x exp
X
expXx −v v ∗x (−w)

󰀔
,

lnX
x exp

X
expXx −v v ∗x (−w) = −w + r(x; v ∗x (−w),−v).

□

5. Symbols classes on filtered manifolds

In this section, we introduce the notion of symbols on filtered manifolds in Section 5.1 and

define symbol classes in Section 5.2. We study their algebraic properties in Section 5.3 and

focus on two important types of symbols: on the one hand, spectral multipliers in Section 5.4

and, on the other hand, polyhomogeneous symbols in Section 5.5. The quantization process

of these symbols will be described in Section 7, after studying their convolution kernels in

Section 6.

5.1. The symbols and their convolution kernels.

5.1.1. Definitions.

Definition 5.1. A symbol σ on M is a collection of invariant symbols

σ(x) = {σ(x, π) : H+∞
π → H−∞

π : π ∈ 󰁥GxM}

on 󰁥GxM parametrised by x ∈ M .

Alternatively, we will see a symbol as a collection of fields of operators

σ = {σ(x, π) : H+∞
π → H−∞

π : x ∈ M, π ∈ 󰁥GxM}.

The operators are defined up to the unitary equivalence of representation (see Section 2.2)

and are parametrised by

󰁥GM := {(x, π) : x ∈ M, π ∈ 󰁥GxM}.

Our definition of convolution kernels relies on smooth Haar systems whose definition we

now recall:

Definition 5.2. A smooth Haar system µ = {µx}x∈M for GM is a choice of Haar measure

µx for each of the group fibers GxM such that the map x 󰀁→
󰁕
GxM

f(x, v)dµx(v) is smooth

on M for any f ∈ C∞
c (GM).

Remark 5.3. Alternatively, a smooth Haar system µ is the image under the group bundle

exponential mapping Exp : gM → GM of a positive 1-density of the vector bundle gM , i.e.

µ = Exp∗w, w ∈ |Ω|+(gM) (see Appendix B.1 for these notions).
52



Definition 5.4. Let {µx}x∈M be a smooth Haar system. Let σ be a symbol on M . If for

every x ∈ M , the following makes sense

(5.1) κµ
σ,x = F−1

GxM,µx
σ(x),

where FGxM,µx denotes the Fourier transform on GxM with respect to the Haar measure µx,

then we say that σ admits a convolution kernel. The distribution κµ
σ,x ∈ S ′(GxM) is called

the convolution kernel of σ at x ∈ M with respect to µ.

Example 5.5. If σ is a symbol such that for any x ∈ M , we have σ(x) ∈ L∞
a,b(

󰁥GxM) for some

a, b ∈ R (possibly depending on x), then σ admits a convolution kernel. For instance, this is

the case for a symbol such that σ(x) is in Sm( 󰁥GxM) for every x ∈ M.

Let µ′ = {µ′
x}x∈M be another smooth Haar system. Then µ′

x is another Haar measure

for GxM , which is therefore equal to µx up to a constant c(x) > 0. This defines a positive

smooth function c ∈ C∞(M) satisfying

(5.2) µ′
x = c(x)µx.

Hence, if σ admits a convolution kernel with respect to one smooth Haar system µ, then

it admits a convolution kernel with respect to any smooth Haar system µ′. Moreover, even

though κµ
σ,x depends on the choice of such a Haar system, its existence is independent of

which Haar system is chosen and we have:

(5.3) κµ
σ,x = c(x)κµ′

σ,x, x ∈ M.

5.1.2. Convolution kernels in an adapted frame. If X is an adapted frame on an open set

U ⊂ M , this induces a smooth Haar system µX = {µX
x}x∈U on U given by

µX = (ExpX)∗dv, i.e.

󰁝

GxM

f dµX
x =

󰁝

Rn

f(ExpX
xv) dv,

where dv is the Lebesgue measure on Rn.

Let σ be a symbol on M admitting a convolution kernel. We consider the convolution

kernel κµX
σ,x = κµX

x ∈ S ′(GxM) at x ∈ U corresponding to the induced Haar measure µX, or,

equivalently, its composition with the group exponential mapping:

(5.4) κX
x (v) := κµX

x (ExpX
xv).

Note that

κX
x (v)dv = (ExpX)∗(κµX

x dµX
x ),

and at least formally:

σ(x, π) =

󰁝

Rn

κX
x (v)π(Exp

X
x − v)dv,

in the sense that σ(x, ·) is the group Fourier transform of κµX
x ∈ S ′(GxM) for the Haar

measure µX.

Definition 5.6. We call the map κµX
x ∈ S ′(GxM) or κX

x ∈ S ′(Rn) (as in (5.4)) the convolution

kernel in the X-coordinates at x, depending on whether we see this object as a distribution

on GxM or on Rn.
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The relation between the convolution kernels in two different frames is explained in the

following statement.

Lemma 5.7. Let X and Y be two adapted frames on an open subset U of M . Let σ be a

symbol admitting a convolution kernel. Then, using the notation of Lemma 3.3, we have:

κX
σ,x(v) = det(θx)κ

Y
σ,x(θx v), where θx := diag Tx.

In other words, considering the notation of Lemma 2.21 and the isomorphism θx = diag Tx

of the Lie group G, we have

(θx)∗FGxM(κX
σ,x ◦ LnX

x ) = FGxM(κY
σ,x ◦ LnY

x ).

Proof. The formula follows from

σ(x, π) =

󰁝

Rn

κX
σ,x(v)π(Exp

X
xv)dv =

󰁝

Rn

κY
σ,x(v1)π(Exp

Y
xv1)dv1,

and Lemma 3.10. □

5.1.3. First examples. Let us describe some examples that we will be develop along this

section.

Example 5.8. A function f ∈ C∞(M) defines the symbol

f I = {f(x)IHπ , (x, π) ∈ 󰁥GM},

with convolution kernel κX
f := f(x)δ0 in any X-coordinates.

The following example follows readily from Example 2.32:

Example 5.9. The symbol

󰁧〈Xj〉 := {π(〈Xj〉x) : x ∈ U, π ∈ 󰁥GxM}

admits κX
󰁧〈Xj〉

:= ∂vjδ0 as convolution kernel in the X-coordinates.

In order to generalise this example to higher order, we introduce the following notation:

Notation 5.10. We denote by L〈Xj〉x and R〈Xj〉x the vector fields of Rn corresponding to the

left and right-invariant vector fields associated with 〈Xj〉x ∈ gxM on the Lie group GxM :

for ϕ ∈ S(Rn)

L〈X〉,j,xϕ(v) = (〈Xj〉(ϕ ◦ LnX))(ExpX
xv) and R〈X〉,j,xϕ(v) = ( 󰁪〈Xj〉(ϕ ◦ LnX))(ExpX

xv).

We shall use the short-hand:

Lβ
〈X〉x := Lβ1

〈X1〉x . . . L
βn

〈Xn〉x , Rγ
〈X〉 := Lγ1

〈X1〉x . . . L
γn
〈Xn〉x .

Example 5.11. Revisiting Example 5.9, we observe that the symbol

󰁧〈X〉
α
:= {π(〈X〉αx) : x ∈ U, π ∈ 󰁥GxM}

admits κX
󰁧〈X〉

α := Lα
〈X〉xδ0 as convolution kernel in the X-coordinates.

54



5.1.4. Smooth symbols and their derivatives.

Definition 5.12. Let σ be a symbol on M admitting a convolution kernel. The symbol σ

or its convolution kernel is smooth in the variable x (or just smooth) when for any adapted

frame (X, U), the convolution kernel in the X-coordinates is smooth in x in the sense that

κX ∈ C∞(U,S ′(Rn)).

A symbol admitting a convolution kernel is smooth in the variable x on a open subset

U ⊂ M small enough (to admit adapted frames) if there is one adapted frame X on U

where κX ∈ C∞(U,S ′(Rn)). This notion is invariantly defined since Lemma 5.7 implies that

κY ∈ C∞(U,S ′(Rn)) for any other adapted frame Y on U . We will give it an invariant

meaning in Section 5.1.5 below.

We observe that the space of smooth symbols is a module over C∞(M).

Notation 5.13. For any smooth symbol σ and any multi-index β ∈ Nn
0 , we adopt the notation

Dβ
Xσ

for the symbol (when it exists) whose convolution kernel in the X-coordinates is Xβ
xκ

X
x at any

x ∈ U . If |β| = 1, that is, if β = ej is the index which is 0 everywhere except at the jth entry

where it is 1, we may write DXj
instead of Dβ

X. As we shall see later (see Remark 5.26), the

derivation DX satisfies Leibniz rules.

5.1.5. Invariant meaning of convolution kernels. Here, we discuss the invariant definition of

convolution kernels as distributional densities. This viewpoint is not required in practice in

our subsequent analysis. However, it sheds a geometric light on the above considerations. We

will use the language of vector bundles and of their functional spaces recalled in Appendix B.

We will apply it to the vector bundle gM comprised of the osculating Lie algebras.

We observe that an adapted frame (X, U) yields a local trivialisation of the vector bundle

gM , that is,

(5.5) φX : U × Rn → gM, φX(x, v) = (x,
󰁛

j

vj〈Xj〉x).

Conversely, given a local trivialisation of the vector bundle gM , we may operate a linear

change of coordinates and assume that it comes from an adapted frame. The properties of

the change of frames in Lemma 5.7 together with (5.3) may be summarised in the following

statement:

Lemma 5.14. If σ is a smooth symbol on M , then there exists a unique tempered verti-

cal density κ in S ′(gM, |Ω|(gM)) such that φ∗
Xκ(x, v) = κX

x (v)|dv| for any trivialisation φX

induced by an adapted frame (X, U) as in (5.5).

It is more natural for our future analysis to consider objects on the group bundle GM

rather than on the algebra bundle gM . This was already the case for smooth Haar systems.
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Indeed, we preferred them over 1-densities on gM , although the two notions are in one-

to-one correspondence via the group bundle exponential mapping Exp : gM → GM (see

Remark 5.3):

{µ smooth Haar system} = Exp∗|Ω|+(gM).

For this reason, we define the convolution kernel of a smooth symbol in the following way:

Definition 5.15. The convolution kernel density (or convolution kernel for short) of a

smooth symbol σ on M is κ̃ := Exp∗κ with κ as in Lemma 5.14.

We have

(ExpX
x )∗κ̃x (v) = (LnX

x )
∗κ̃x(v) = κX

x (v)|dv|,
and at least formally,

σ(x, π) =

󰁝

GxM

κ̃x(w) π(w)
∗.

We define the space

S ′(GM ; |Ω|(GM)) := Exp∗S ′(gM ; |Ω|(gM)) = {Exp∗κ,κ ∈ S ′(gM ; |Ω|(gM))},
and call it the space of convolution kernel densities.

Definition 5.16. Let m ∈ R. An element κ̃ ∈ S ′(GM ; |Ω|(GM)) is m-homogeneous when

κ = Ln∗κ̃ ∈ S ′(gM ; |Ω|(gM)) is m-homogeneous (as defined via Lemma B.6).

Given a smooth Haar system µ, we denote by κµ
x ∈ S ′(GxM) the distribution corre-

sponding to κ = Ln∗κ̃ and Ln∗µ ∈ |Ω|(gM) via Lemma B.5. In the case of a convolution

kernel densities associated with a smooth kernel, this coincides with the notation defined in

Section 5.1.1.

We check that κ̃ ∈ S ′(GM ; |Ω|(GM)) is m-homogeneous when the distribution κµ
x ∈

S ′(GxM) is m-homogeneous.

It will be handy to consider Schwartz convolution kernels densities:

(5.6) S(GM ; |Ω|(GM)) := Exp∗S(gM ; |Ω|(gM)) = {κ ◦ Exp,κ ∈ S(gM ; |Ω|(gM))}.
Both S ′(GM ; |Ω|(GM)) and S(GM ; |Ω|(GM))) are naturally equipped with structures of

topological vector spaces, with S(GM ; |Ω|(GM)) a dense subspace of S ′(GM ; |Ω|(GM)).

5.1.6. Semi-norms and difference operators. In Example 5.5, we have considered symbols

belonging in Sm( 󰁥GxM) associated with each x ∈ M . By (5.3), the membership of σ(x, ·)
in Sm( 󰁥GxM) is a property that holds independently of the choice of a smooth Haar system

µ. However, its Sm( 󰁥GxM)-semi-norms require fixing a graded basis of the Lie algebra and a

Rockland operator on GxM . We can now consider semi-norms of Sm( 󰁥GxM) defined in (2.7)

using adapted frames:

Lemma 5.17. Let X and Y be two adapted frames on an open subset U of M . For any

x ∈ U , any N ∈ N and any Rockland operator R on GxM , there exists a constant C such

that for any symbol σ admitting a convolution kernel, we have

󰀂σ(x, ·)󰀂Sm( 󰁥GxM),N,〈Y〉x,R ≤ C󰀂σ(x, ·)󰀂Sm( 󰁥GxM),N,〈X〉x,R.
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In the inequalities above, the semi-norms may not exist in the sense that they are infinite.

The meaning of the estimates above is that if the right-hand side is finite, then so is the

left-hand side and the inequality holds. This will be so for all the lemmata in this section.

Proof. The result follows from Lemmata 3.10 and 5.7 and Proposition 2.60. □

In Lemma 5.17, we have used implicitly the difference operators defined in each group

GxM . We can extend the definition of the difference operators in the following way.

Definition 5.18. Let X be an adapted frame on an open subset U ⊂ M and let σ be a

symbol on U admitting a convolution kernel. If σ(x, ·) ∈ Sm( 󰁥GxM) for some m ∈ R∪{−∞}
and any x ∈ U , then for any α ∈ Nn

0 , ∆
α
Xσ is the symbol on U whose convolution kernel in

the X-coordinates is uακX
σ,x(u).

5.1.7. Rockland operators over GM . The following definition will allow us to choose a posi-

tive Rockland operator above each group fiber GxM depending smoothly in x ∈ M :

Definition 5.19. An element R ∈ Γ(U (gM)) is Rockland on GM , resp. positive Rockland

on GM , when each Rx is so on the fiber U (gxM). Denoting by ν its degree of homogeneity,

we then call Rockland symbol and denote by π(R) the collection

π(Rx) ∈ Sν( 󰁥GxM), x ∈ M, π ∈ 󰁥GxM.

It follows from Section 3.2 that any Rockland operator on GM may be written with

respect to any adapted frame (X, U) as R =
󰁓

[α]=ν cα〈X〉α. The homogeneous degree ν is

independent of the frame X.
We will often use in this text the positive Rockland element on GM |U given by

(5.7) RX =
󰁛

j

(−1)
M0
υj 〈Xj〉

2
M0
υj ,

where M0 is a (fixed) multiple of υ1, . . . , υn that we will generally choose as the least common

multiple of υ1, . . . , υn. The resulting Rockland symbol is

󰁥RX = {π(RX,x), (x, π) ∈ 󰁥GM |U}.

From this, we can readily construct a positive Rockland element on GM , see Remark 9.36.

Remark 5.20. Although we will not consider the particular case of an equiregular subRie-

mannian manifold in detail in this paper, let us mention that the more natural and global

positive Rockland operator is given by the subLaplacian symbol in that setting. Indeed,

recall that a regular subRiemannian manifold (M,D, g) is naturally a filtered manifold with,

furthermore, H1 = D equipped with a metric g (see Example 3.2). The subLaplacian symbol
󰁦L is then globally defined as follows: on any open set U ⊂ M equipped with an adapted

frame X = (X1, . . . , Xn), it is given by

󰁦L |U = −
d1󰁛

j=1

󰁥X2
j ,
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with X1,x, . . . , Xd1,x a gx-orthonormal basis of H1(x) (if this is not so, a Graham-Schmidt

procedure allows us to assume so). We check readily that it defines a global object that is

the symbol of a positive Rockland operator on GM .

The next lemma shows that the semi-norms involved in the definition of the symbol classes

Sm(GxM) are uniform in x, once chosen a Rockland operator on M , in the sense of Defini-

tion 5.18. This point will be important below (see Section 5.2) for defining global symbol

classes on M .

Lemma 5.21. Let X and Y be two adapted frames on an open subset U of M . Let R and S
be two positive Rockland elements on GM |U . For any x ∈ U and any N ∈ N, there exists a

constant C such that for any symbol σ admitting a convolution kernel, we have

󰀂σ(x, ·)󰀂Sm( 󰁥GxM),N,〈Y〉x,Rx
≤ C󰀂σ(x, ·)󰀂Sm( 󰁥GxM),N,〈X〉x,Sx

.

Moreover, the constant C depends locally uniformly on x ∈ U , that is, it is uniform when x

remains in a compact subset C of U .

Proof. This follows from the properties of Rockland operators, see Proposition 2.27 (6). The

fact that the constant depends only locally uniformly in x is a consequence of Remarks 2.28

and 2.61 following Propositions 2.27 and 2.60 respectively. □

5.1.8. Derivatives and Sm(GxM)-membership. The existence of the x-derivatives of a symbol

in Sm(GxM) is independent of a choice of frame in the following sense:

Lemma 5.22. Let X and Y be two adapted frames on an open subset U of M . If σ is a

smooth symbol such that DXj
σ makes sense for any j = 1, . . . , n with DXj

σ(x, ·) ∈ Sm( 󰁥GxM)

for any x ∈ U , then DYℓ
σ also makes sense for any ℓ = 1, . . . , n with DYℓ

σ(x, ·) ∈ Sm( 󰁥GxM)

for any x ∈ U . Moreover, fixing a Rockland element R on GM |U , we have

󰀂DYℓ
σ(x, ·)󰀂Sm( 󰁥GxM),N,〈X〉x,Rx

≤ C
󰀓
󰀂σ(x, ·)󰀂Sm( 󰁥GxM),N ′,〈X〉x,Rx

+
󰁛

j

󰀂DXj
σ(x, ·)󰀂Sm( 󰁥GxM),N,〈X〉x,Rx

󰀔
,

where N ′ ∈ N0 and the constant C > 0 are independent of σ, N ′ is independent of x ∈ U

while C depends on x ∈ U locally uniformly.

Proof. As in the proof of Lemma 3.3 (see (3.1)), we may write

Yℓ =
󰁛

j:υj≤υℓ

cjXj, cj ∈ C∞(U).

Therefore, by Lemma 5.7,

Yℓ,xκ
Y
σ,x =

󰁛

j

cj(x)Xj,xκ
Y
σ,x =

󰁛

j

cj(x)Xj,x(det θ
−1
x κX

σ,x ◦ θ−1
x ),
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and we compute

Xj,x(det θ
−1
x κX

σ,x ◦ θ−1
x )

= (Xj,x det θ
−1
x )κX

σ,x ◦ θ−1
x + det θ−1

x (Xj,xκ
X
σ,x) ◦ θ−1

x + det θ−1
x Xj,x1=xκ

X
σ,x ◦ θ−1

x1
.

For the last expression, vector calculus in Rn yields

Xj,x1=x κ
X
σ,x(θ

−1
x1
(v)) =

n󰁛

i=1

(Xj,xθ
−1
x (v))i(∂iκ

X
σ,x)(θ

−1
x1
(v)).

Now, recall that θx : Rn → Rn is linear and block diagonal for every x ∈ U , so (Xj,xθ
−1
x (v))i

is a polynomial in v that is homogeneous of degree υi and smooth in x ∈ U . Furthermore,

using [41, Proposition 1.26] or [37, Section 3.1.5], we have

∂i = L〈Xi〉x +
󰁛

i′:υi′<υi

pi,i′(x, v)L〈Xi′ 〉x ,

where pi,i′(x, v) is a polynomial in v that is (υi − υi′) homogeneous for the graded struc-

ture, and smooth in x. We recall that the vector fields L〈Xi〉x have been introduced in

Notation 5.10. Hence, we obtain

Xj,x1=x κ
X
σ,x(θ

−1
x1
(v)) =

󰁛

i

(Xj,xθ
−1
x (v))i

󰀓
L〈Xi〉xκ

X
σ,x +

󰁛

i′:υi′<υi

pi,i′(x, v)L〈Xi′ 〉xκ
X
σ,x

󰀔
(θ−1

x1
(v))

=
n󰁛

k=1

qj,k(x, v)(L〈Xk〉xκ
X
σ,x)(θ

−1
x1
(v)),

with qj,k(x, v) being a polynomial in v that is homogeneous for the graded structure of degree

at least υk, smooth in x. We set q̃j,k(x, v) = qj,k(x, θ
−1
x v); it is a polynomial in v smooth in x

with the same properties as qj,k(x, v). Denoting by ρj,k the symbol with convolution kernel

in the X-coordinates given by q̃j,k(x, ·)(L〈Xk〉xκ
X
σ,x), the properties of Sm( 󰁥GxM) imply that

for any N ∈ N0,

󰀂ρj,k(x, ·)󰀂Sm( 󰁥GxM),N,〈X〉x,R ≤ C󰀂σ(x, ·)󰀂Sm( 󰁥GxM),N ′,〈X〉x,R,

where N ′ ∈ N0 and the constant C are independent of σ while N ′ is independent of x ∈ U

and C depends on it locally uniformly. This remains so even if we replace a fixed Rockland

operator Rx on GxM with a Rockland element on GM |U as in Lemma 5.21. Since we have

DYℓ
σ(x, ·) =

󰁛

j

cj(x)
Xj,x det θ

−1
x

det θ−1
x

(θx)∗σ(x, ·) + cj(x)(θx)∗(DXj
σ(x, ·))

+ cj(x)
󰁛

k

(θx)∗ρj,k(x, ·),

we conclude as in the proofs of Lemmata 5.17 and 5.21. □

5.2. The classes of symbols Sm( 󰁥GM). We now have set the notation required for defining

symbol classes on the filtered manifold M .
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5.2.1. Definition of the class Sm( 󰁥GM).

Definition 5.23. A symbol σ is of order m on M when

(1) σ(x, ·) ∈ Sm( 󰁥GxM) for each x ∈ M and σ is smooth in the variable x ∈ M ,

(2) for any adapted frame U on an open subset U ⊂ M and for any multi-index β ∈ Nn
0 ,

the symbol Dβ
Xσ exists with Dβ

Xσ(x, ·) ∈ Sm( 󰁥GxM) for any x ∈ U ,

(3) for any local adapted frame X on U ⊂ M , for any compact subset C ⊂ U , for

any positive Rockland element R on GM |U , and for any N ∈ N0 and β ∈ Nn
0 , the

following quantity is finite:

sup
x∈C

󰀂Dβ
Xσ(x, ·)󰀂Sm( 󰁥GxM),N,〈X〉x,Rx

< ∞.

We denote by Sm( 󰁥GM) the space of symbols of order m on M .

In Property (3), we use the semi-norms defined in (2.7) on the group GxM for the choice

of graded basis 〈X〉x, and we do so for each x ∈ U . Property (1) implies that σ admits a con-

volution kernel and is smooth. By Lemmata 5.17 and 5.21, and, inductively, by Lemma 5.22,

if Property (2) holds for one adapted frame X on an open subset U ⊂ M , it will hold for any

other adapted frame Y on U . This will be also true for Property (3) for any other choice of

positive Rockland operator S on GM |U and we have

sup
x∈C

󰀂Dβ1

Y σ(x, ·)󰀂Sm( 󰁥GxM),N,〈Y〉x,Sx
≤ C sup

x∈C

󰁛

|β|≤|β1|

󰀂Dβ
Xσ(x, ·)󰀂Sm( 󰁥GxM),N,〈X〉x,Rx

,

with a constant C dependent on M,H,N,X,Y,R,S, C, β1 but not on σ.

We equip Sm( 󰁥GM) with the topology generated by the semi-norms given in Property (3)

of Definition 5.23. This topology is in fact Fréchet as we assume that the manifold M is

second countable. Indeed, if X is an adapted frame on an open set U ⊂ M and if C is a

compact of U , we set

(5.8) 󰀂σ󰀂Sm( 󰁥GM),(X,U),C,N := max
|β|≤N

sup
x∈C

󰀂Dβ
Xσ(x, ·)󰀂Sm( 󰁥GxM),N,〈X〉x,Rx

, N ∈ N0,

where Rx = RX,x is the positive Rockland operator given in x ∈ U by (5.7). We now fix a

countable sequence of compact subsets Ck, k = 0, 1, 2, . . . covering M = ∪kCk and such that

each compact is included in a bounded open subset Uk on which an adapted frame Xk exists.

The continuous semi-norms given by

(5.9) 󰀂σ󰀂Sm( 󰁥GM),N := max
k≤N

󰀂σ󰀂Sm( 󰁥GM),(Xk,Uk),Ck,N , N ∈ N0,

form a countable fundamental basis for the topology of Sm( 󰁥GM), yielding the Fréchet topol-

ogy.

The properties of symbol classes on groups imply readily the continuous inclusions:

(5.10) m1 ≤ m2 =⇒ Sm1( 󰁥GM) ⊂ Sm2( 󰁥GM),

and the natural properties of interpolation for the spaces Sm( 󰁥G), m ∈ R.
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5.2.2. Examples from Section 5.1.3. If f ∈ C∞(M) as in Example 5.8, then the symbol

f I = {f(x) idHπ , (x, π) ∈ 󰁥GM} satisfies Dβ
X(f I) = (Xβf)I for all β and f I ∈ S0( 󰁥GM).

Similarly, the symbol 󰁧〈Xj〉 := {π(〈Xj〉x) : x ∈ U, π ∈ 󰁥GxM} introduced in Example 5.9

satisfies Dβ
X
󰁧〈Xj〉 = 0 for all β, and {π(〈Xj〉x), π ∈ 󰁥G} ∈ Sυj( 󰁥GxM) for any x ∈ U . Conse-

quently, 󰁧〈Xj〉 ∈ Sυj( 󰁥GM |U).

5.2.3. Smoothing symbols.

Definition 5.24. The class of smoothing symbols

S−∞( 󰁥GM) := ∩m∈RS
m( 󰁥GM)

is equipped with the induced topology of projective limit.

This topology makes sense thanks to the continuous inclusions in (5.10).

The advantage of smoothing symbols is that their convolution kernels are given by Schwartz

densities. Indeed, the convolution kernel κX
σ,x(v) of a smoothing symbol σ ∈ S−∞( 󰁥GM) in

the coordinates of an adapted frame (X, U) is Schwartz in v and depends smoothly in x ∈ U .

Therefore, using the notation in (5.6),

κσ ∈ S(GM, |Ω|(GM)).

5.3. Operations on symbols. We analyse the different operations that we can perform

on symbols on filtered manifolds and that preserve their membership to the symbol classes

defined above. This section relies on the analogue results for symbols and kernels on groups

stated in Section 2. Indeed, by definition of our symbol classes on M , for any σ ∈ Sm( 󰁥GM),

any smooth system of Haar measure µ = {µx, x ∈ G} and any x ∈ G, the symbol σ(x) is in

Sm(GxM) with convolution kernel κµ
σ,x.

5.3.1. Symbolic algebraic properties. From the Leibniz property of vector fields and Theo-

rem 2.33 together with Remark 2.34, it follows readily:

Proposition 5.25. For any m1,m2,m ∈ R∪{−∞}, the composition and adjoint operations

󰀝
Sm1( 󰁥GM)× Sm2( 󰁥GM) −→ Sm1+m2( 󰁥GM)

(σ1, σ2) 󰀁−→ σ1σ2

and

󰀝
Sm( 󰁥GM) −→ Sm( 󰁥GM)

σ 󰀁−→ σ∗

are continuous maps. Moreover, for any smooth Haar system µ = {µx}x∈M , the convolution

kernels of σ1σ2 and σ∗ are formally given by

κµ
σ1σ2,x

(v) = κµ
σ2,x

󰂏GxM,µx κ
µ
σ1,x

(v) =

󰁝

GxM

κµ
σ2,x

(vw−1) κµ
σ1,x

(w)dµx(w),(5.11)

κµ
σ∗,x(v) = κ̄µ

σ,x(v
−1),(5.12)

where 󰂏GxM,µx denotes the convolution product on GxM with respect to the Haar measure µx.
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Note that the convolution kernel κµ
σ1σ2,x

in (5.11) is the convolution product of two tem-

pered distributions on GxM for the Haar measure µx. Moreover, it makes sense on the

group GxM as each distribution can be written as the sum of a Schwartz function with a

distribution with compact support, see Theorem 2.36.

Proof of Proposition 5.25. Consider a smooth Haar system µ = {µx}x∈M and x ∈ M. The

properties of composition and taking the adjoint of symbols on groups imply that the symbol

σ1(x)σ2(x) on the group GxM is in Sm1+m2(GxM) with convolution kernel given by the

convolution product κµ
σ2,x

󰂏GxM,µx κ
µ
σ1,x

, see Theorem 2.33.

If µ′ = {µ′
x}x∈M is another smooth Haar system, it differs from µ = {µx}x∈M by a positive

constant c(x), see (5.2), and so do the convolution kernels of symbols, see (5.3). As we check

readily

κµ
σ2,x

󰂏GxM,µx κ
µ
σ1,x

= c(x) κµ′

2,x 󰂏GxM,µ′
x
κµ′

1,x,

κµ
σ∗,x = c(x) κµ′

σ∗,x,

the convolution kernels of the symbols σ1σ2 and σ∗ are well defined as densities independently

of the choice of a smooth Haar system. This shows that these symbols satisfy Part (1) of

Definition 5.23.

Once a frame X is fixed on an open subset U ⊂ M , then equation (5.11) reads for v ∈ Rn

at x ∈ U ,

(5.13) κX
σ1σ2,x

(v) =

󰁝

Rn

κX
σ2,x

(vw−1) κX
σ1,x

(w)dw.

Routine checks using the Leibniz properties of vector fields and Theorem 2.33 imply that σ∗

and σ1σ2 satisfy Parts (2) and (3) of Definition 5.23. □

Remark 5.26. Note that the proof of Proposition 5.25 (namely equation (5.13)) shows that

the derivation DX satisfies Leibniz rules in the sense that for (σ1, σ2) ∈ Sm1( 󰁥GM)×Sm2( 󰁥GM)

and β ∈ Nd with |β| = 1,

Dβ
X(σ1σ2) = (Dβ

Xσ1)σ2 + σ1(D
β
Xσ2).

Recall that a smooth function f ∈ C∞(M) gives rise to a symbol f I ∈ S0(M), see

Example 5.8. For any σ ∈ Sm( 󰁥GM), the symbol fσ may be viewed as the composition

of f I ∈ S0(M) with σ ∈ Sm( 󰁥GM). Hence it is also in Sm( 󰁥GM) by Proposition 5.25. In

other words, Sm( 󰁥GM) is stable under multiplication by C∞(M). It is clearly stable under

addition, hence Sm( 󰁥GM) is a C∞(M)-module. By Proposition 5.25, Sm( 󰁥GM) is also stable

under taking the adjoint and the space of symbols ∪m∈RS
m( 󰁥GM) is an ∗-algebra over the

ring C∞(M).

In Example 5.9, we showed that given an adapted frame X on an open subset U ⊂ M , the

symbol 󰁧〈Xj〉 is in Sυj( 󰁥GM |U). We can describe more precisely the composition with 󰁧〈Xj〉.

Lemma 5.27. Let X be an adapted frame on an open subset U ⊂ M . Let m ∈ R ∪ {−∞}.
If σ ∈ Sm( 󰁥GM |U) and j = di−1+1, . . . , di, then 󰁧〈Xj〉σ and σ 󰁧〈Xj〉 are in Sm+wj( 󰁥GM |U) with
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respective convolution kernels in the X-coordinates:

L〈Xj〉xκ
X
σ,x and R〈Xj〉xκ

X
σ,x.

Proof. This follows readily from the group case, see Remark 2.37 (2). □

The composition property allows us to generalise Examples 5.8 and 5.11 with the following

two further sets of examples:

Example 5.28. Any element in Γ(Hwi/Hwi−1) is in Swi( 󰁥GM), i = 1, 2, . . .. Indeed, it can

be written in some X-coordinates as a C∞(M)-combination of 󰁧〈Xj〉, j = di−1 + 1, . . . , di,

or equivalently, as a sum of products of symbols f I ∈ S0( 󰁥GM) (as in Example 5.8) with

symbols 󰁧〈Xj〉 ∈ Sυj( 󰁥GM) (as in Examples 5.9 and 5.11).

Example 5.29. If X is an adapted frame on an open subset U ⊂ M , for any α ∈ N0, the

symbol 󰁧〈X〉
α
is in S[α]( 󰁥GM |U) and admits

κX
󰁧〈X〉

α
,x
= Lα1

〈X1〉x . . . L
αn

〈Xn〉xδ0 = Lα
〈X〉xδ0,

as convolution kernel in the X-coordinates. In particular, I = 󰁧〈X〉
α
with α = 0 is an element

of Γ(U (gM)) of zero-th order, with convolution kernel in the X-coordinates given by δ0.

This may be generalised in the following observation:

Lemma 5.30. Let T ∈ Γ≤m(U (gM)). If X is an adapted frame on an open subset U ⊂ M ,

then any element T of Γ≤m(U (gM)) can be written uniquely as

T =
󰁛

[α]≤m

cα 〈X〉α, cα ∈ C∞(U).

The symbol associated to T then is

󰁥T =
󰁛

[α]≤m

cα󰁧〈X〉
α
∈ Sm( 󰁥GM |U),

and the convolution kernel of 󰁥T is given in the X-coordinates by κX
T,x = LTxδ0, where LTx =󰁓

[α]≤m cα(x)L
α
〈X〉 is the differential operator on Rn identified with the left-invariant operator

corresponding to the element Tx ∈ U (gxM), once GxM is identified with Rn via ExpX
x .

Proof. The writing of T is explained in Section 3.2.2. The rest of the statement follows

readily from the property of composition of symbols (Proposition 5.25) and Examples 5.8

and 5.29. □

5.3.2. Difference operators. The definition of the difference operators performed in Sec-

tion 5.1.6 extends naturally in the following way. For any adapted frame X on an open

subset U ⊂ M and any σ ∈ Sm( 󰁥GM |U) where m ∈ R ∪ {−∞}, for any α ∈ Nn
0 , we denote

by ∆α
Xσ the symbol on U whose convolution kernel in the X-coordinates is uακX

σ,x(u). We

check readily:
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Lemma 5.31. Let X be an adapted frame on an open subset U ⊂ M . For any α ∈ Nn
0 and

m ∈ R ∪ {−∞}, the following map is continuous
󰀝

Sm( 󰁥GM) −→ Sm−[α]( 󰁥GM |U)
σ 󰀁−→ ∆α

Xσ

If follows from the group case (see Lemma 2.57) that the difference operators ∆α
X satisfy

a Leibniz property:

Corollary 5.32. Let X be an adapted frame on an open subset U of M . There exist smooth

functions c
(α)
α1,α2 ∈ C∞(U), α,α1,α2 ∈ Nn

0 satisfying

∀σ1, σ2 ∈ S−∞( 󰁥GM), ∆α
X(σ1σ2) =

󰁛

[α1]+[α2]=[α]

c(α)α1,α2
∆α1

X σ1 ∆α2
X σ2.

If also follows from the group case (see Proposition 2.58 and Remark 2.59) that locally

compactly supported functions on GM (in the following sense) yields continuous generalised

difference operators:

Definition 5.33. A function χ0 ∈ C∞(M × Rn′
) is M -locally compactly supported in Rn′

when for any compact subset C ⊂ M , there exists a compact neighbourhood V ⊂ Rn′
of

v = 0 such that χ0(x, v) = 0 for (x, v) /∈ C × V .

Corollary 5.34. Let X be an adapted frame on an open subset U of M . Let q ∈ C∞(U×Rn)

be U-locally compactly supported. Then the operation ∆q defined via

∆qσ(x, π) = FGxM,µX(q(x,LnX
x ·)κµX

x ), σ = FGxM,µXκµX
x

is a continuous operator Sm( 󰁥GM) → Sm( 󰁥GM) for any m ∈ R∪ {−∞}. Moreover, fixing an

adapted frame X on an open subset U of M and writing the Taylor series of q(x, ·) at 0 as

T0q(x, v) ∼
󰁓

α cα(x)v
α, produces smooth functions cα ∈ C∞(U), α ∈ Nn

0 , and the map

σ 󰀁−→ ∆qσ −
󰁛

[α]≤N

cα∆
α
Xσ

is continuous Sm( 󰁥GM |U) → Sm−(N+1)( 󰁥GM |U) for any N ∈ N0.

We may summarise parts of Corollary 5.34 as

∆qσ ∼
󰁛

α∈Nn
0

cα∆
α
Xσ in Sm( 󰁥GM |U),

having used the following natural notion of expansion of a symbol:

Definition 5.35. A symbol σ ∈ Sm( 󰁥GM) admits the (inhomogeneous) expansion

σ ∼
∞󰁛

j=0

σm−j in Sm( 󰁥GM)

when for all N ∈ N0, σ −
N󰁛

j=0

σm−j ∈ Sm−N−1( 󰁥GM).
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Given a sequence (σj) as in Definition 5.35, we can construct a symbol σ ∈ Sm( 󰁥GM)

following the classical ideas due to Borel (see e.g. [37, Section 5.5.1]), that will satisfy

σ ∼
󰁓

j σj. Moreover, σ is unique up to S−∞( 󰁥GM).

We will often apply Corollary 5.34 with functions q whose first terms in their Taylor series

is zero. To describe this precisely, we adapt the notion of functions vanishing at a certain

order at 0 to the anisotropic setting:

Definition 5.36. Let f be a (scalar-valued) function defined on an open subset of Rn con-

taining 0. Here, Rn is equipped with the dilations δr. We say that f vanishes at homogeneous

order N ∈ N0 when f(v) = O(|v|N+1) for one (and then any) homogeneous quasinorm | · |
on Rn.

We abuse the vocabulary for the case N = −1 where f(v) = O(1).

We readily adapt the usual properties of functions vanishing at a certain order by using

the Taylor expansion due to Folland and Stein [41] (see also Theorem 2.17).

Lemma 5.37. Let f be a (scalar-valued) function defined and smooth on an open subset V

of Rn containing 0. Let N ∈ N0. The following properties are equivalent:

(1) f vanishes at homogeneous order N .

(2) ∂αf(0) = 0 for any α ∈ N0, [α] ≤ N .

(3) for any fixed v ∈ V , we have f(δεv) = O(εN+1) for δ ∈ R.
If it is the case, then for any α0 ∈ Nn

0 , ∂
α0f vanishes at homogeneous order max(N−[α0],−1).

We observe that in our context, Property (2) is equivalent to

(2)’ Lα
〈X〉xf(0) = 0 for any α ∈ N0, [α] ≤ N .

In any case, Property (2) allows to detect when the first coefficients cα in the asymptotics

given by Corollary 5.34 vanish.

5.3.3. Differentiation of symbols. The differentiation of symbols introduced in Notation 5.13

preserves the symbol classes.

Lemma 5.38. Let X be an adapted frame on an open subset U ⊂ M . For any β ∈ Nn
0 and

m ∈ R ∪ {−∞}, the following map is continuous
󰀫

Sm( 󰁥GM) −→ Sm( 󰁥GM |U)
σ 󰀁−→ Dβ

Xσ

Proof. The convolution kernel of Dβ
Xσ in X-coordinates is XβκX

σ,x(u). For every β′ ∈ Nn there

are functions cββ
′

γ ∈ C∞(U) such that Xβ′Xβ =
󰁓

[γ]≤[β]+[β′] c
ββ′
γ Xγ. Then we have

󰀂Dβ
Xσ󰀂Sm( 󰁥GM),C,N,R ≤ C󰀂σ󰀂Sm( 󰁥GM),C,N+[β],R

where C ≤
󰁓

[γ]≤[β]+[β′] supx∈C |cββ
′

γ (x)|. □
To sum-up the elements of this section and the previous one, we can generalise easily this

property.
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Corollary 5.39. Let X be an adapted frame on an open subset U ⊂ M . For any α, β, β′, γ ∈
Nn

0 and m ∈ R ∪ {−∞}, if σ ∈ Sm( 󰁥GM), then the symbol ∆α
XD

β′

X
󰁧〈X〉

β
σ󰁧〈X〉

γ
belongs to the

symbol class Sm−[α]+[β]+[γ]( 󰁥GM |U) with convolution kernel in the X-coordinates

(−u)αXβ′
Lβ
〈X〉R

γ
〈X〉κ

X
σ,x(u).

Moreover, the following map is continuous:
󰀫

Sm( 󰁥GM) −→ Sm−[α]+[β]+[γ]( 󰁥GM |U)
σ 󰀁−→ ∆α

XD
β′

X
󰁧〈X〉

β
σ󰁧〈X〉

γ

5.4. Spectral multipliers of Rockland symbols. A fundamental example of symbols

consists in the spectral multipliers of positive Rockland symbols. Here, we will generalise the

properties of spectral multipliers obtained in Theorem 2.41 on groups and show that it holds

on filtered manifolds:

Proposition 5.40. Let φ ∈ Gm(R) with m ∈ R (see Notation 2.40), and let R be a positive

Rockland element on GM . Then the symbol

φ( 󰁥R) = {φ(π(Rx)) : (x, π) ∈ 󰁥GM}

is in Smν( 󰁥GM) where ν is the homogeneous degree of R. Moreover, the map

φ 󰀁−→ φ( 󰁥R), Gm(R) −→ Smν( 󰁥GM),

is continuous.

This section will be mainly devoted to the proof of Proposition 5.40, which follows the

arguments in [36, Sections 4.7 & 4.8] and [37, Section 5.3]. The strategy is to decompose the

multiplier function φ in dyadic pieces ψj(2
−j·), having shown beforehand enough properties

for spectral multipliers of the form ψ(t 󰁥R) with t ∈ (0, 1] and ψ ∈ C∞
c (R). The analysis

of ψ(t 󰁥R) may be obtained with two different methods: in [37, Section 5.3] via heat kernel

properties, and in [36, Sections 4.7 & 4.8] via the Helffer-Sjöstrand formula. Only the latter

analysis lends itself readily to a generalisation on manifolds. Hence, we will start with

recalling the Helffer-Sjöstrand formula [23, 43].

After presenting the proof we will observe that essentially the same arguments will allow

for the multiplier function to depend on x and also that Proposition 5.40 implies the density

of smoothing symbols.

5.4.1. The Helffer-Sjöstrand formula. If T is a self-adjoint operator densely defined on a

separable Hilbert space H, and if ψ ∈ C∞
c (R), then the spectrally defined operator ψ(T ) ∈

L (H) coincides with

(5.14) ψ(T ) =
1

π

󰁝

C
∂̄ψ̃(z) (T − z)−1L(dz).

Here, ψ̃ is any almost analytic extension of ψ such that
󰁕
C |∂̄ψ̃(z)||Im z|−1L(dz) is finite, and

L(dz) = dxdy, z = x + iy, is the Lebesgue measure on C. Recall that an almost analytic
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extension of a function ψ ∈ C∞(R) is any function ψ̃ ∈ C∞(C) satisfying

ψ̃
󰀏󰀏
R = ψ and ∂̄ψ̃

󰀏󰀏
R = 0, where ∂̄ =

1

2
(∂x + i∂y).

This can be extended to smooth functions ψ not necessarily with compact support but with

enough decay at infinity [36, Appendix]:

Lemma 5.41. Let ψ ∈ Gm(R) with m < −1. Then, there exists an almost analytic extension

ψ̃ ∈ C∞(C) to ψ for which the Helffer-Sjöstrand formula in (5.14) holds for any self-adjoint

operator T . Moreover, we have for all N ∈ N0,
󰁝

C

󰀏󰀏∂̄ψ̃(z)
󰀏󰀏
󰀕
1 + |z|
|Im z|

󰀖N

L(dz) ≤ CN󰀂ψ󰀂Gm,N+3,

with the constant CN > 0 depending on N and m, but not on ψ.

5.4.2. Properties of the resolvent. In order to use the Helffer-Sjöstrand formula, we show

some properties for the resolvent of 󰁥R:

Lemma 5.42. Let R be a positive Rockland element on GM .

(1) For any N ∈ Z, the symbol (I+ 󰁥R)N = {(I+π(Rx))
N : (x, π) ∈ 󰁥GM} is in SNν( 󰁥GM)

where ν is the homogeneous degree of R.

(2) For any z ∈ C \ R, the symbol

( 󰁥R− z)−1 = {(π(Rx)− z)−1 : (x, π) ∈ 󰁥GM}

is in S−ν( 󰁥GM). Moreover, for any seminorm 󰀂 · 󰀂S−ν( 󰁥GM),(X,U),C,N , there exist C > 0

and p ∈ N0 such that

∀z ∈ C \ R, 󰀂( 󰁥R− z)−1󰀂S−ν( 󰁥GM),(X,U),C,N ≤ C

󰀕
1 +

1 + |z|
|Imz|

󰀖p

.

Proof of Lemma 5.42. For Part (1), the case of N = 1 by Lemma 5.30 and the properties of

composition of symbols (Proposition 5.25) imply that it suffices to show the case N = −1.

By Theorem 2.41, (I + 󰁥Rx)
−1 ∈ S−ν( 󰁥GxM) for every x ∈ M , and from Remark 2.42, we

obtain that the 0-seminorm defined in (5.8), i.e.

max
x∈C

󰀂(I + 󰁥Rx)
−1󰀂S−ν( 󰁥GxM),(X,U),C,0 < ∞,

is finite; we could also obtain this fact from the analysis of the Bessel kernels in [37, Section

4.3] without resorting to Theorem 2.41 and Remark 2.42.

Differentiating with respect to x, we obtain

(5.15) DXj
(I + 󰁥Rx)

−1 = (I + 󰁥Rx)
−1(DXj

󰁥R)x(I + 󰁥Rx)
−1

in a local adapted frame (X, U) (at first formally in terms of convolution kernels). Inductively,

we obtain an expression for Dβ
X(I +

󰁥R)−1, β ∈ Nn
0 , as a linear combination of products of

(I + 󰁥Rx)
−1 and Dβ′

X
󰁥R, β′ ∈ Nn

0 . By Lemma 5.30, 󰁥R ∈ Sν( 󰁥GM), so Dβ′

X
󰁥R ∈ Sν( 󰁥GM). This

yields suitable seminorm bounds for Dβ
X(I+

󰁥R)−1, showing that (I+R)−1 ∈ S−ν( 󰁥GM). This

concludes the proof of Part (1).
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Let us show Part (2). By [36, Proposition 4.33] and its proof, ( 󰁥Rx − z)−1 ∈ S−ν( 󰁥GxM)

for any x ∈ M with for any π ∈ 󰁥GxM

󰀂(I + π(Rx))
ν+γ
ν (π(Rx)− z)−1(I + π(Rx))

− γ
ν 󰀂L (Hπ) = 󰀂(π(Rx)− z)−1(I + π(Rx))󰀂L (Hπ)

≤ sup
λ≥0

󰀏󰀏󰀏󰀏
1 + λ

λ− z

󰀏󰀏󰀏󰀏 ≤ 1 +
1 + |z|
|Imz| ,

by functional analysis. Using (5.15) in a local adapted frame (X, U) and arguing inductively,

we obtain an expression for Dβ
X∆

α
X(

󰁥R− z)−1, β,α ∈ Nn
0 , with suitable seminorm bounds by

proceeding as above (see the proof of [36, Proposition 4.33]). This concludes the proof of

Part (2). □

5.4.3. Proof of Proposition 5.40. The main step in the proof of Proposition 5.40 is the fol-

lowing statement:

Lemma 5.43. Let R be a positive Rockland operator on GM . We denote by ν its homoge-

neous degree.

(1) For any ψ ∈ Gm(R) with m < −1, the symbol ψ( 󰁥R) is in S−ν( 󰁥GM). Moreover, for

any seminorm 󰀂 · 󰀂S−ν( 󰁥GM),(X,U),C,N , there exist C > 0 and a seminorm 󰀂 · 󰀂Gm,N ′ such

that

∀ψ ∈ Gm(R), ∀t ∈ (0, 1], 󰀂ψ(t 󰁥R)󰀂S−ν( 󰁥GM),(X,U),C,N ≤ Ct−1󰀂ψ󰀂Gm,N ′ .

(2) If ψ ∈ S(R), then ψ( 󰁥R) ∈ S−∞( 󰁥GM). Moreover, the map ψ 󰀁→ ψ( 󰁥R) is continuous

S(R) → S−∞( 󰁥GM).

(3) For any m ∈ R and any seminorm 󰀂 · 󰀂Smν( 󰁥GM),(X,U),C,N , there exist C > 0 and k ∈ N
such that for any ψ ∈ C∞

c (1
2
, 2),

∀t ∈ (0, 1], 󰀂ψ(t 󰁥R)󰀂Smν( 󰁥GM),(X,U),C,N ≤ Ctm max
k′=0,...,k

sup
λ∈R

|ψ(k′)(λ)|.

Proof of Lemma 5.43. Let us prove (1). Let ψ ∈ Gm(R), m < −1. We consider the almost

analytical extension ψ̃ constructed as in Lemma 5.41. By Lemma 5.42 (2) and the formula

in (5.14), we have

󰀂ψ( 󰁥R)󰀂S−ν( 󰁥GM),(X,U),C,N ≤ 1

π

󰁝

C
|∂̄ψ̃(z)|󰀂( 󰁥R− z)−1󰀂S−ν( 󰁥GM),(X,U),C,NL(dz)

≲
󰁝

C
|∂̄ψ̃(z)|

󰀕
1 +

1 + |z|
|Imz|

󰀖p

L(dz) ≲ 󰀂ψ󰀂Gm,p+3.

This provides the estimate for t = 1. To obtain the estimate for any t ∈ (0, 1], it suffices to

observe

ψ(t 󰁥R) =
1

π

󰁝

C
∂̄ψ̃(z) (t 󰁥R− z)−1L(dz) =

t−1

π

󰁝

C
∂̄ψ̃(z) ( 󰁥R− t−1z)−1L(dz),

and to proceed as above (see the proof of [36, Corollary 4.37]). This shows Part (1).

Let us sketch the proof of Parts (2) and (3) which follows the argument of the proof

of [36, Lemma 4.38]. For (2), we consider ψ ∈ S(R). As 󰁥R ≥ 0, we may assume that
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ψ(λ) = 0 for λ ≤ −1/2. Then for any N ∈ N0, ψN(λ) := (1 + λ)Nψ(λ) defines a function

ψN ∈ S(R). Applying Part (1) to ψN and using the properties of composition of symbols

(Proposition 5.25) to

ψ( 󰁥R) = (I + 󰁥R)−NψN( 󰁥R),

thanks to Lemma 5.42 (1), imply Part (2).

Finally, let ψ ∈ C∞
c (1

2
, 2). The case m = −1 follows from Part (1). Then, for m =

N − 1 with N ∈ N, one applies Part (1) to φN(λ) := λ−Nψ(λ) and uses the properties of

composition of symbols (Proposition 5.25) on

ψ( 󰁥R) = 󰁥RNφN( 󰁥R),

together with 󰁥RN ∈ SNν( 󰁥GM). Writing ψ = ψχ with χ ∈ C∞
c (1

4
, 4) such that χ = 1 on

(1/2, 2) and using the properties of composition of symbols (Proposition 5.25) on

ψ( 󰁥R) = ψ( 󰁥R)χ( 󰁥R),

yields the case of m = −2. Inductively, we obtain the case m = −2,−3, . . . Part (3) follows

by interpolation. □

We can now show Proposition 5.40. Our proof will follow closely [36, Section 4.8].

Proof of Proposition 5.40. We only require to prove the result for m < −1. Indeed, for

φ ∈ Gm(R), with m ≥ −1, choosing N ∈ N0 such that N > m+1, one can find ψ ∈ Gm−N(R)
such that for all λ ∈ [0,+∞), φ(λ) = (1 + λ)Nψ(λ). The result follows by the properties of

symbols with respect to product (see Proposition 5.25) and Lemma 5.42 (1). Thus we focus

on m < −1. By Lemma 5.43 (2), we may assume that φ is supported on [1,∞). Let (ηj) be

a dyadic decomposition of [1,+∞), that is, η0 ∈ C∞
c (1

2
, 2) with

(5.16)
∞󰁛

j=0

ηj(λ) = 1 for all λ ≥ 1, where ηj(λ) := η0(2
−jλ).

We may write for any λ ≥ 0

φ(λ) =
∞󰁛

j=0

ηj(λ)φ(λ) =
∞󰁛

j=0

2jmψj(2
−jλ), where ψj(µ) := 2−jmφ(2jµ)η0(µ).

We observe that

ψj ∈ C∞
c (

1

2
, 2) and sup

λ≥0
|ψ(k)

j (λ)| ≲k 󰀂φ󰀂Gm,k

for any k ∈ N0 with an implicit constant independent of j. Let (X, U) be an adapted frame,

let α, β ∈ Nn
0 , x ∈ M and π ∈ 󰁥Gx. For each j ∈ N0, let us consider the operator

Tj(α, β, γ; x, π) := Tj := 2jm(I + π(Rx))
−mν+[α]+γ

ν ∆α
XD

β
Xψj(2

−jπ(Rx))(I + π(Rx))
− γ

ν .
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The properties of composition and adjoint for symbols in Proposition 5.25 imply

󰀂T ∗
i Tj󰀂L (Hπ) = 2(i+j)m󰀂(I + π(Rx))

− γ
ν∆α

XD
β
Xψi(2

−iπ(Rx))(I + π(Rx))
[α]+γ

ν ×

× (I + π(Rx))
−2mν+[α]+γ

ν ∆α
XD

β
Xψj(2

−jπ(Rx))(I + π(Rx))
− γ

ν 󰀂L (Hπ)

≲ 2(i+j)m󰀂ψi(2
−iπ(Rx))󰀂S0( 󰁥GxM),[α],[β],c󰀂ψj(2

−jπ(Rx))󰀂S2mν( 󰁥GxM),[α],[β],c,

for some c > 0. Lemma 5.43 (3) yields that for some k ∈ N0, we have

󰀂T ∗
i Tj󰀂L (Hπ) ≲ 2(i+j)m2−j(2m) max

k′=0,...,k
sup
λ≥0

|ψ(k′)
i (λ)| max

k′=0,...,k
sup
λ≥0

|ψ(k′)
j (λ)|

≲ 2(i−j)m󰀂φ󰀂2Gm,k,

and similarly for 󰀂TiT
∗
j 󰀂L (Hπ). By the Cotlar-Stein Lemma [61, §VII.2],

󰁓
j Tj converges

in the strong operator topology to a bounded operator on Hπ with norm ≲ 󰀂φ󰀂Gm,k, the

implicit constant being independent of (x, π) ∈ G× 󰁥G. This implies that

sup
(x,π)∈ 󰁥GM

󰀂(I + π(Rx))
−mν+[α]+γ

ν ∆α
XD

β
Xφ(π(Rx))(I + π(Rx))

− γ
ν 󰀂L (Hπ) ≲ 󰀂φ󰀂Gm,k

for some k ∈ N. As this holds for any α, β, (X, U), the conclusion follows. □

5.4.4. Multipliers depending on x. We observe that the proof above is robust enough to allow

a dependence of the multiplier function φ in x. More precisely, we can consider multiplier

functions in the space

Gm(M × R) = C∞(M)⊗ Gm(R),

equipped with the tensor topology; equivalently, this is the Fréchet space of smooth functions

φ : M × R → C generated by the semi-norms given by

󰀂φ󰀂Gm,N := max
k,j,[α]≤N

sup
(x,λ)∈Ck×R

(1 + |λ|)−m+j|Xα
k∂

j
λφ(x,λ)|,

where a countable sequence of compact subsets Ck, k = 0, 1, 2, . . . covering M = ∪kCk has

been fixed, with each compact Ck included in a bounded open subset Uk on which an adapted

frame Xk exists.

Adapting the proof above, we readily obtain:

Corollary 5.44. Let φ ∈ Gm(M ×R) with m ∈ R, and let R be a positive Rockland element

on GM . Then the symbol

φ( 󰁥R) := {φ(x, π(Rx)) : (x, π) ∈ 󰁥GM}

is in Smν( 󰁥GM) where ν is the homogeneous degree of R. Moreover, the map

φ 󰀁−→ φ( 󰁥R), Gm(M × R) −→ Smν( 󰁥GM),

is continuous.
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5.4.5. Density of smoothing symbols. The proofs of Propositions 2.44 and 2.46, with Re-

marks 2.45 and 2.47, can be readily adapted to the manifold case by using Proposition 5.40.

We obtain the following result:

Proposition 5.45. (1) The fiberwise group Fourier transform is an isomorphism from

the topological vector space of the vertical Schwartz densities S(GM ; |Ω|(GM)) onto

S−∞( 󰁥GM).

(2) Let σ ∈ Sm( 󰁥GM) with m ∈ R. We can construct a sequence of smoothing symbols

(σℓ)ℓ∈N ⊂ S−∞( 󰁥GM) satisfying the following properties:

(a) For any m1 > m, we have the convergence

lim
ℓ→∞

σℓ = σ in Sm1( 󰁥GM).

In other words, the space S−∞( 󰁥GM) equipped with the Sm1( 󰁥GM)-topology is

dense in Sm( 󰁥GM).

(b) For any semi-norm 󰀂 · 󰀂Sm( 󰁥G),(X,U),C,N of Sm( 󰁥G), there exist a constant C > 0

and N ′ ≥ N such that

∀ℓ ∈ N, 󰀂σℓ − σ󰀂Sm( 󰁥G),(X,U),C,N ≤ C󰀂σ󰀂Sm( 󰁥G),(X,U),C,N ′ .

Consequently,

∀ℓ ∈ N, 󰀂σℓ󰀂Sm( 󰁥G),(X,U),C,N ≤ (1 + C)󰀂σ󰀂Sm( 󰁥G),(X,U),C,N ′ .

(c) Denoting respectively by κX and κX
ℓ the convolution kernels of σ and σℓ in the

X-coordinates, we have the convergences

lim
ℓ→∞

κX
ℓ = κX in Γ(S ′(Rn)) and in Γ(C∞(U1)),

for any open subset of U1 ⊂ G \ {0}.
(d) Moreover, lim infℓ→∞ 󰀂σℓ󰀂Sm( 󰁥GM),(X,U),C,N ≥ 󰀂σ󰀂Sm( 󰁥GM),(X,U),C,N .

Remark 5.46. The above result will be useful in many proofs. Indeed, it will allow us to

assume that symbols are smoothing, and hence have Schwartz convolution kernels.

For instance, instead of manipulating distributions in the composition of symbols in Propo-

sition 5.25, we can instead consider Schwartz functions by considering smoothing symbols

and applying the result of density in Proposition 5.45. Indeed, if σ1, σ2 and σ are smooth-

ing, given a smooth Haar measure µ and fixing x ∈ M , the formulae for κµ
σ1σ2,x

and κµ
σ∗,x

in Proposition 5.25 make sense as Schwartz functions on GxM . We check as above that

these define Schwartz densities independently of a choice of a smooth Haar measure. The

estimates with respect to suitable seminorms of symbol classes are checked using the results

on GxM , x ∈ M . And we can conclude by density (Proposition 5.45).

5.5. Homogeneous and polyhomogeneous symbols.
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5.5.1. Homogeneous symbols. We define the class Ṡm( 󰁥GM) of homogeneous symbol of or-

der m by replacing Sm( 󰁥GxM) with Ṡm( 󰁥GxM) in Definition 5.23 (see Section 2.6.1 for the

definition of homogeneous symbols on a group). As Lemmata 5.17, 5.21 and 5.22 can easily

be adapted to hold for Ṡm( 󰁥GxM)-semi-norms, this notion is intrinsically defined. We denote

by Ṡm( 󰁥GM) the space of homogeneous symbols of order m on M . If X is an adapted frame

on an open set U ⊂ M and C a compact subset of U , we define the associated seminorm

󰀂 ·󰀂Ṡm( 󰁥GM),(X,U),C,N as in (5.8) by replacing the Sm( 󰁥GxM)-semi-norm with the corresponding

one on Ṡm( 󰁥GxM) (see (2.12)). It is a Fréchet space for the countable family of semi-norms

analogous to (5.9).

Example 5.47. Adapting Example 5.11, the symbol 󰁧〈X〉
α
:= {π(〈X〉αx) : x ∈ U, π ∈ 󰁥GxM} is

in Ṡ[α]( 󰁥GM).

Example 5.48. Extending Example 2.56 to the manifold setting, for any positive Rockland

operator R, we have (I + 󰁥R)m/ν ∈ Sm
ph(

󰁥GM) where ν is the homogeneous degree of R, and

(I + 󰁥R)m/ν ∼h
󰁥Rm/ν +

m

ν
󰁥R−1+m/ν + . . .

By construction, every symbol σ ∈ Ṡm( 󰁥GM) admits a convolution kernel density that is

m-homogeneous in the sense of Definition 5.16.

Adapting the proof for the inhomogeneous symbol classes, we obtain that the homogeneous

classes Ṡm( 󰁥GM) enjoy the algebraic properties for composition and adjoint as described in

Proposition 5.25 for the inhomogeneous case.

5.5.2. Links between homogeneous and inhomogeneous symbol classes.

Proposition 5.49. Let R be a positive Rockland element of U (gM). Let ψ0 ∈ C∞(M ×R)
be such that ψ0(x,λ) = 0 for λ in a neighbourhood of (−∞, 0] and ψ0(x,λ) = 1 on a

neighbourhood of +∞, these two λ-neighbourhoods depending locally uniformly on x ∈ M .

Then for any σ ∈ Ṡm1( 󰁥GM) and ψ ∈ Gm2(R), the symbols

σ (ψψ0)( 󰁥R) = {σ(x, π) (ψψ0)(x, π(Rx)) : x ∈ M, π ∈ 󰁥GxM}
and

(ψψ0)( 󰁥R) σ = {(ψψ0)(x, π(Rx))σ(x, π) : x ∈ M, π ∈ 󰁥GxM}
are in Sm1+m2ν( 󰁥GM) where ν is the homogeneous degree of R. Moreover, the maps

(σ,ψ) 󰀁−→ (ψψ0)( 󰁥R) σ and (σ,ψ) 󰀁−→ σ (ψψ0)( 󰁥R),

are continuous Ṡm1( 󰁥GM)× Gm2(R) → Sm1+m2ν( 󰁥GM).

Below, we will use Proposition 5.49 with ψ ≡ 1, that is, σψ0( 󰁥R) ∈ Sm1( 󰁥GM) if σ ∈
Ṡm1( 󰁥GM). In the proof of Proposition 5.49 and in the remainder of this section, we will use

the notation
󰁥GM∗ =

󰁞

x∈M

󰀓
󰁥GxM \ {1}

󰀔

and write 󰁥GxM
∗ for the fibers of 󰁥GM∗.
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Proof of Proposition 5.49. From the group case (see Section 2.6.1 and Proposition 4.6 in [29]),

we see that for any x ∈ M , the symbols σ(x, ·)(ψψ0)(x, 󰁥Rx) and (ψψ0)(x, 󰁥Rx)σ(x, ·) are in

Sm( 󰁥GxM). Moreover, setting m := m1 +m2ν, the Sm( 󰁥GxM)-semi-norms of these symbols

are bounded by some Sm1( 󰁥GxM)-semi-norms of σ and Gm2(R)-semi-norms in ψ up to a con-

stant locally uniformly in x ∈ M . The main issue is the x-derivatives. Let X be an adapted

frame on an open subset U of M . By the Leibniz rule in x, we have at least formally with

|β| = 1

Dβ
X(σ(ψψ0)( 󰁥R)) = Dβ

Xσ (ψψ0)( 󰁥R) + σDβ
X(ψψ0)( 󰁥R).

By construction, Dβ
Xσ ∈ Ṡm( 󰁥GM |U) and therefore the first term may be analysed fiberwise

as above. For the second term, we can not in general claim that Dβ
X(ψψ0)( 󰁥R) vanishes

identically for low frequencies. To deal with this issue, we modify the dyadic decompo-

sition (5.16) into a dyadic decomposition on [0,+∞): we fix η0 ∈ C∞([−1, 1], [0, 1]) and

η1 ∈ C∞
c ([1

2
, 3
2
], [0, 1]) such that

1 =
∞󰁛

j=0

ηj(λ) for any λ ≥ 0, with ηj(λ) := η1(2
j−1λ).

We then write

sup
(x,π)∈ 󰁥GM∗

󰀂σ(x, π)Dβ
X(ψψ0)( 󰁥Rx) (I + π(Rx))

−m
ν 󰀂L (Hπ) ≤ C0 + Cψ,β

∞󰁛

j=1

Ej,

where

C0 := sup
(x,π)∈ 󰁥GM∗

󰀂σ(x, π)η0(π(Rx))D
β
X(ψψ0)( 󰁥Rx) (I + π(Rx))

−m
ν 󰀂L (Hπ),

Ej := sup
(x,π)∈ 󰁥GM∗

󰀂σ(x, π)ηj(π(Rx))󰀂L (Hπ),

Cψ,β := sup
(x,π)∈ 󰁥GM∗

󰀂Dβ
X(ψ0ψ)( 󰁥Rx) (I + π(Rx))

−m
ν 󰀂L (Hπ).

The constant C0 is finite since we have C0 ≤ C ′
0󰀂σ󰀂Ṡm1 ( 󰁥GM),0 with the constant

C ′
0 := sup

(x,π)∈ 󰁥GM∗
󰀂 󰁥R

m1
ν

x η0(π(Rx))(I + π(Rx))
−m1

ν 󰀂L (Hπ)

× 󰀂(I + π(Rx))
m1
ν Dβ

X(ψψ0)( 󰁥Rx) (I + π(Rx))
−m

ν 󰀂L (Hπ),

being finite and in fact bounded by the product of a S0( 󰁥GM)-semi-norm in η0( 󰁥R) with a

Sm2ν( 󰁥GM)-semi-norm in (ψψ0)( 󰁥R) up to a constant.
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By Corollary 5.44, Cψ,β is a finite constant since Dβ
X(ψ0ψ) = −Dβ

X(1−ψ0ψ) and 1−ψ0ψ ∈
C∞(M)⊗ C∞

c (R). Regarding the Ej-s, we write

Ej = sup
(x,π)∈ 󰁥GM∗

󰀂σ(x, π)η1(2j−1π(Rx))󰀂L (Hπ)

= sup
(x,π)∈ 󰁥GM∗

󰀂σ(x, π)η1(2
j−1
ν · π(Rx))󰀂L (Hπ)

= sup
(x,π′)∈ 󰁥GM∗

󰀂σ(x, 2−
j−1
ν · π′)η1(π

′(Rx))󰀂L (Hπ′ )

= 2−m1
j−1
ν sup

(x,π′)∈ 󰁥GM∗
󰀂σ(x, π′)η1(π

′(Rx))󰀂L (Hπ′ )

where we have used the homogeneity of σ. We obtain

Ej ≤ 2−m1
j−1
ν 󰀂σ󰀂Ṡm1 ( 󰁥GM),0 sup

λ>0
(1 + λ)

m1
ν |η1(λ)|

by functional analysis; alternatively, we can estimate S−m1( 󰁥GM)-seminorms of η1(π
′(Rx))

by supλ>0 λ
m1
ν |η1(λ)| using Lemma 5.43. Hence for m1 > 0,

󰁓
j Ej is finite.

If m1 ≤ 0, we modify the analysis of the second term by considering σ1 := σ 󰁥RN1 and

ψ1(λ) := λ−N1ψ for N1 large enough. Indeed, as σ1 will be in Ṡm1+N1ν , we will choose

N1 > −m1/ν and we will still have σψ( 󰁥R) = σ1ψ1( 󰁥R).

Adapting the reasoning above to any derivative Xβ, β ∈ Nn
0 , and ∆α

X, α ∈ Nn
0 , we obtain

that the quantity 󰀂σ(ψ0ψ)( 󰁥R)󰀂Sm( 󰁥GM),N is finite for any N ∈ N0, and therefore σ(ψ0ψ)( 󰁥R) ∈
Sm( 󰁥GM). The continuity follows from tracking the constant in the above estimates. The

result for the symbol (ψ0ψ)( 󰁥R)σ is proved in a similar manner. □

The following statement shows that modulo smoothing symbols, the precise choices of the

positive Rockland element R or the cut-off ψ0 for the low frequencies in Proposition 5.49 are

irrelevant:

Lemma 5.50. Let ψ1,ψ2 be two smooth functions on M×R satisfying for i = 1, 2, ψi(x,λ) =

0 for λ in a neighbourhood of (−∞, 0] and ψi(x,λ) = 1 on a neighbourhood of +∞, these

two λ-neighbourhoods depending locally uniformly on x ∈ M . Let R and S be two positive

Rockland elements on GM .

(1) The symbol ψ1(R)− ψ2(S) is smoothing:

ψ1(R)− ψ2(S) ∈ S−∞( 󰁥GM).

(2) More generally, for any σ ∈ Ṡm( 󰁥GM), the symbols

σψ1(R)− σψ2(S) and ψ1(R)σ − ψ2(S)σ

are smoothing, that is, in S−∞( 󰁥GM).

Proof of Lemma 5.50. By Corollary 5.44 and Proposition 5.49, we may assume ψ1 = ψ2 =

ψ0. Part (1) is a consequence of Part (2) with σ = I. Let us prove Part (2). We consider
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a dyadic decomposition on [0,+∞) as introduced in the proof of Proposition 5.49: we fix

η0 ∈ C∞([−1, 1], [0, 1]) and η1 ∈ C∞
c ([1

2
, 3
2
], [0, 1]) such that

1 =
∞󰁛

j=0

ηj(λ) for any λ ≥ 0, with ηj(λ) := η1(2
j−1λ).

For each j ∈ N0, the symbol σ ηj( 󰁥R)
󰀓
ψ0( 󰁥R)− ψ0( 󰁥S)

󰀔
is smoothing by Proposition 5.49 and

the properties of composition of symbols stated in Proposition 5.25. The properties of the

supports of ψ0 and η0, η1 imply the existence of j0 ∈ N such that for all j ≥ j0, ηjψ0 = ηj.

Hence, for j ≥ j0,

ηj( 󰁥R)
󰀓
ψ0( 󰁥R)− ψ0( 󰁥S)

󰀔
= ηj( 󰁥R)− ηj( 󰁥R)ψ0( 󰁥S) = ηj( 󰁥R) (1− ψ0)( 󰁥S).

For any semi-norm 󰀂 · 󰀂S−N1 ( 󰁥GM),N2
, we have

󰀂σηj( 󰁥R)(1− ψ0)( 󰁥S)󰀂S−N1 ( 󰁥GM),N2
≲ 󰀂σηj( 󰁥R)󰀂Sm−ν( 󰁥GM),N ′

2
󰀂(1− ψ0)( 󰁥S)󰀂S−N1−m+ν( 󰁥GM),N ′′

2
,

for some N ′
2, N

′′
2 ∈ N0, where ν is the homogeneous degree of R. By Proposition 5.40,

󰀂(1 − ψ0)( 󰁥S)󰀂S−N1+ν( 󰁥GM),N ′′
2
is finite since 1 − ψ0 ∈ C∞

c (R), while we have by Lemma 5.43

(3):

󰀂σηj( 󰁥R)󰀂Sm−ν( 󰁥GM),N ′
2
≲ 󰀂σ󰀂Sm( 󰁥GM),Ñ2

󰀂ηj( 󰁥R)󰀂S−ν( 󰁥GM),N ′′
2
≲ 󰀂ηj󰀂G−1,N3

≲ 2−j,

for some Ñ2, N
′′
2 , N3 ∈ N0.. Hence, the sum

󰁛

j≥j0

󰀂ηj( 󰁥R)
󰀓
ψ0( 󰁥R)− ψ0( 󰁥S)

󰀔
󰀂S−N1 ( 󰁥GM),N2

is finite for any semi-norm 󰀂 · 󰀂S−N1 ( 󰁥GM),N2
. This concludes the proof for σψ1(R)− σψ2(S).

The case of ψ1(R)σ − ψ2(S)σ may be dealt with in a similar manner. □
The following statement shows that modulo smoothing symbols, cutting the low frequen-

cies on the left or on the right makes no difference:

Lemma 5.51. Let ψ0 be a smooth function on M × R satisfying ψ0(x,λ) = 0 for λ in

a neighbourhood of (−∞, 0] and ψ0(x,λ) = 1 on a neighbourhood of +∞, these two λ-

neighbourhoods depending locally uniformly on x ∈ M . Let R be a positive Rockland element

on GM . For any σ ∈ Ṡm( 󰁥GM), the symbol σψ0( 󰁥R) − ψ0( 󰁥R)σ is smoothing, that is, in

S−∞( 󰁥GM).

Proof. Let ψ1 be a smooth function onM×R satisfying ψ1(x,λ) = 0 for λ in a neighbourhood

of (−∞, 0] (locally uniformly in x ∈ M) and ψ1 = 1 on the support of ψ0. We may compute

modulo smoothing symbols by Corollary 5.44 and Proposition 5.49

σψ0( 󰁥R)− ψ0( 󰁥R)σ = ψ1( 󰁥R)
󰀓
σψ0( 󰁥R)− ψ0( 󰁥R)σ

󰀔
+ S−∞( 󰁥GM)

= ψ1( 󰁥R)σ (ψ0 − 1)( 󰁥R)− ψ1(ψ0 − 1)( 󰁥R) σ + S−∞( 󰁥GM)

∈ S−∞( 󰁥GM),

concluding the proof. □
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5.5.3. Polyhomogeneous expansion and symbols. We extend to filtered manifolds the notion

of polyhomogeneous expansion of symbols (see Section 2.6.2 for the groups case).

Definition 5.52. A symbol σ ∈ Sm( 󰁥GM) admits the polyhomogeneous expansion

σ ∼h

∞󰁛

j=0

σm−j, σm−j ∈ Ṡm−j( 󰁥GM),

if for a function ψ ∈ C∞(M ×R) satisfying ψ(x,λ) = 0 for λ in a neighbourhood of (−∞, 0]

and ψ0(λ) = 1 on a neighbourhood of +∞, these two λ-neighbourhoods depending locally

uniformly on x ∈ M , and for a positive Rockland element R, the symbol σ admits the

following expansion in Sm( 󰁥GM) (in the sense of Definition 5.35):

σ ∼
N󰁛

j=0

ψ( 󰁥R)σm−j.

By Lemma 5.50, if the property in Definition 5.52 holds for one such function ψ and one

positive Rockland element R then it holds for any of them. By Lemma 5.51, the property

above is also equivalent to

σ −
N󰁛

j=0

ψ( 󰁥R)σm−j ∈ Sm−N−1( 󰁥GM).

Definition 5.53. A symbol is polyhomogeneous of order m ∈ R when it is a symbol in

Sm( 󰁥GM) admitting a polyhomogeneous expansion. We denote by Sm
ph(

󰁥GM) the classes of

polyhomogeneous symbols of order m ∈ R.

By construction, if σ ∈ Sm
ph(

󰁥GM), then σ(x, ·) ∈ Sm
ph(

󰁥GxM) for every x ∈ M . Conse-

quently, the polyhomogeneous expansion on 󰁥GM , when it exists, is unique as it is unique in

the group case (Section 2.6.2).

The properties of the homogeneous and inhomogeneous symbol classes imply that the

polyhomogeneous symbol classes enjoy the following algebraic properties of composition and

adjoint:

(a) the product of a symbol in Sm1
ph ( 󰁥GM) with a symbol in Sm2

ph ( 󰁥GM) is in Sm1+m2
ph ( 󰁥GM),

(b) the adjoint of a symbol in Sm
ph(

󰁥GM) is in Sm
ph(

󰁥GM).

6. Kernel estimates and related results

As for operators of Calderon-Zygmund’s type, a deep analysis of the kernel will be at the

roots of the analysis of the operators obtained by quantization of the symbols in ∪m∈RS
m( 󰁥GM).

In this section, we first present in Section 6.1 kernel estimates that are really similar to those

of the group case. Then, in the next two sections, we develop consequences of kernels es-

timates regarding kernel functions that will appear when developing a pseudodifferential

calculus in the rest of the article. Such terms do not appear in the group case. They are

mainly due to the fact that the coordinates provided by the exponential map on the manifold
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do not coincide exactly with the variables of the osculating group. This difficulty will be

overcome by identifying terms of higher order, that we will be able to treat. In Section 6.2,

we derive technical lemma that we will use in Sections 7 to analyse the invariance for the

change of frame. In Section 6.3, we focus on identifying convolution structure up to higher

order terms. This section can be skipped at first reading.

Notation 6.1. If an adapted frame X has been fixed on an open subset U ⊂ M , then we

consider the family (qα(x, v))α∈Nn
0
consisting in the homogeneous polynomials qα(x, v) =

qx,α(v) on Rn that form a basis dual to (Lβ
〈X〉x)β∈Nn

0
. We also consider the quasinorm | · |X

defined in Remark 3.11.

6.1. Kernel estimates. As a consequence of Theorem 2.36 and Remark 2.37, we have

estimates on the convolution kernel of a symbol.

Theorem 6.2. Let X be an adapted frame on an open set U ⊂ M . Let σ ∈ Sm( 󰁥GM)

and m ∈ R. Then for each x ∈ U , the distribution κX
x is Schwartz away from the origin.

Moreover, if C is a fixed compact subset of U , we have the following kernel estimates:

(1) For any N ∈ N0 , there exists C > 0 such that for all x ∈ C and v ∈ Rn, we have:

|v|X ≥ 1 =⇒ |κX
x (v)| ≤ C|v|−N

X .

(2) If Q+m < 0 then κX
x is continuous on G and bounded: there exists C > 0 such that

sup
(x,v)∈C×Rn

|κX
x (v)| < C.

(3) If Q+m > 0, then there exists C > 0 such that for all x ∈ C and v ∈ Rn, we have

0 < |v|X ≤ 1 =⇒ |κX
x (v)| ≤ C|v|−(Q+m)

X .

(4) If m = −Q, then there exists C > 0 such that for all x ∈ C and v ∈ Rn, we have

0 < |v|X ≤ 1/2 =⇒ |κX
x (v)| ≤ −C ln |v|X.

In all the estimates above, the constant C may be chosen of the form

C = C1󰀂σ󰀂Sm( 󰁥GM),(X,U),C,N ′

with C1 > 0, N ′ ∈ N0.

Corollaries 5.39 and Theorem 6.2 yield also estimates for (−u)αLβ
〈X〉R

γ
〈X〉X

β′
x κ

X
σ,x(u). They,

together with Corollary 2.38, and its subsequent remarks, also yield the following notion of

homogeneous semi-norms. Recall that the definition of the semi-norms is in (5.8).

Corollary 6.3. Let σ ∈ Sm( 󰁥GM) with m ∈ R, α, β, β′ ∈ Nn
0 , p ∈ [1,∞]. If m− [α] + [β] <

Q(1
p
− 1) then the quantity

(6.1) 󰀂σ󰀂(X,U),C,α,β,β′,p :=
󰀐󰀐󰀐sup
x∈C

|vαLβ
〈X〉X

β′
κX
σ,x|

󰀐󰀐󰀐
Lp(Rn)
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is finite. Moreover, the map σ 󰀁→ 󰀂σ󰀂(X,U),C,α,β,β′,p is a continuous semi-norm on Sm( 󰁥GM)

while if m ≤ −M0 with M0 ∈ N0 a common multiple of the dilations’ weight, we have for all

N ∈ N
󰀂σ󰀂Sm( 󰁥GM),(X,U),C,N ≤ C max

[α]+[β]≤N+M0

|β′|≤N

󰀂σ󰀂(X,U),C,α,β,β′,1,

From the kernel estimate above via Corollary 2.38 (3), we also obtain an estimate for the

order of the distribution κX
x . We will need the following quantification of this property:

Corollary 6.4. Let σ ∈ Sm( 󰁥GM). Let X be an adapted frame on an open set U ⊂ M . For

any x ∈ U , the distribution κX
x is smooth away from the origin. At the origin, its order is

the integer

pσ := max{|α| : α ∈ N0, [α] ≤ s′}
where s′ is the smallest non-negative integer such that s′ > Q/2 + m. Moreover, for any

compact C ⊂ U , we have for any compact neighbourhood C0 of 0 in Rn,

∃C > 0, ∀φ ∈ C∞
c (C0), ∀x ∈ C,

󰀏󰀏󰀏󰀏
󰁝

Rn

κX
x (v)φ(v)dv

󰀏󰀏󰀏󰀏 ≤ C max
|α|≤pσ

󰀂∂αφ󰀂L∞(C0).

Above, C may be chosen of the form

C = C1󰀂σ󰀂Sm( 󰁥GM),(X,U),C0,N ′ ,

with C1 > 0, N ′ ∈ N0.

Finally, the next corollary identifies the neighbourhood of 0 as the singular part of the

kernel of a symbol, in terms of smoothing symbols. We obtain it here as a consequence of

the kernel estimates, although we can also deduce it from Proposition 5.45 (1).

Corollary 6.5. Let σ ∈ Sm( 󰁥GM) for some m ∈ R.
(1) If its convolution kernel κX

σ in an adapted frame (X, U) is a smooth function on U×Rn

then the restriction of σ to U is smoothing, i.e. σ|U ∈ S−∞( 󰁥GM |U).
(2) If σ is smoothing, i.e. σ ∈ S−∞( 󰁥GM), then its convolution kernel in any adapted

frame (X, U) is a smooth function on U × Rn.

(3) If q ∈ C∞(GM) is such that q ≡ 0 in a neighbourhood of M × {0}, then ∆qσ ∈
S−∞( 󰁥GM).

Proof. Part (1) follows from Corollary 6.3. Part (3) follows from Part (1). Part (2) follows

from the kernel estimates in Theorem 6.2 together with Corollary 5.39. □

6.2. Kernel estimates and higher order terms. We first analyse convolution kernels of

the form (x, v) 󰀁→ κX
x (v ∗Xx r(x, v)) with r of higher order. We introduce the notation:

Definition 6.6. For m ∈ N0, we define

|m|min := min{|α| : α ∈ Nn, [α] = m}.

For α ∈ Nn
0 with [α] = m, we write |α|min := |m|min.
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Example 6.7. (1) In the case of a stratification, which implies {υ1, . . . , υn} = {1, . . . , s}
with s the gradation step, we compute readily: |1|min = 1, and more generally

|j|min = 1 for j ≤ s, |j|min = 1 + Int[j/(s+ 1)] for j ∈ N,

above, Int[x] denotes the largest integer less or equal to x > 0.

(2) Let us consider R3 with the gradation with weights (2, 3, 5). We compute:

|1|min = 0, |2|min = |3|min = |5|min = 1 but |4|min = 2.

Hence, in the graded but not stratified case, the map M 󰀁→ |M |min may not be

increasing.

Definition 6.6 is motivated by the following observations:

Lemma 6.8. Let q be a homogeneous polynomial on Rn that is m-homogeneous for δr.

(1) Then for any fixed v ∈ Rn, we have for the isotropic dilations:

q(εv) = O(ε|m|min).

(2) If r is a smooth higher order map on Rn, then p = q ◦ r vanishes at homogeneous

order m+ |m|min − 1 (in the sense of Definition 5.36).

Proof. Part (1). Writing q(v) =
󰁓

[α]=m cαv
α, we have

q(εv) =
󰁛

[α]=m

cα(εv)
α =

󰁛

[α]=m

cαε
|α|vα.

This proves Part (1).

Part (2). By Proposition 4.5, we may write δ−1
ε r(δεv) = εR(v, ε), with R smooth. Hence,

we have

p(δεv) = q(δεδ
−1
ε r(δεv)) = εmq(δ−1

ε r(δεv)) = εmq(εR(v, ε)) = O(εm+|m|min),

by Part (1). We conclude the proof of Part (2) with Lemma 5.37. □

In our analysis of the local calculus on M , we will often consider a symbol σ modified

into a symbol τ formally given by its convolution kernel κX
τ,x : v 󰀁→ κX

σ,x(v ∗Xx r(x, v)) with r

higher order. The following statement gives an approximation of τ by an asymptotic sum of

symbols related to σ:

Proposition 6.9. Let σ ∈ Sm( 󰁥GM). Let X be an adapted frame on an open set U ⊂ M .

Let r ∈ C∞(U ×Rn) be higher order. Let χ ∈ C∞(U ×Rn) be a function U-locally compactly

supported in Rn. We also assume that χ = 1 on a neighbourhood of {(x, 0), x ∈ U}. For

every α ∈ N0, with Notation 6.1 for qα, we set

pα(x, v) := qα(x, r(x, v)), x ∈ U, v ∈ Rn,

The following holds:
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(1) For each α ∈ N0, the symbol ∆χpα
󰁧〈X〉

α
σ is in Sm−|α|min( 󰁥GM |U), and the map

σ 󰀁−→ ∆χpα
󰁧〈X〉

α
σ, Sm( 󰁥GM) −→ Sm−|α|min( 󰁥GM |U),

is continuous.

(2) The symbol

τ = σ(r,χ)

given by its convolution kernel in the X-coordinates

(6.2) κX
τ,x(v) := χ(x, v)κX

σ,x(v ∗Xx r(x, v)), v ∈ Rn,

is in Sm( 󰁥GM |U). Moreover, it admits the asymptotic expansion in Sm( 󰁥GM)

(6.3) τ ∼
󰁛

j

τj, τj :=
󰁛

j=|α|min

∆χpα
󰁧〈X〉

α
σ ∈ Sm−j( 󰁥GM |U),

and, for each N ∈ N0, the map

σ 󰀁−→ τ −
N󰁛

j=0

τj, Sm( 󰁥GM) → Sm−N−1( 󰁥GM |U),

is continuous.

When the filtered manifold M is equiregular subRiemannian as in Example 3.2, the grada-

tion is in fact a stratification so the indices |α|min are computed in Example 6.7 (1). However,

if the gradation is not a stratification (for instance as in Example 6.7 (2)), there may be

terms with very large [α] contributing to the Sm−1 term in the asymptotic expansion (6.3)

in that case.

Note however that the sum defining τj in (6.3) is finite. Indeed, for j ∈ N fixed, the set

Aj = {α ∈ Nn; j = |α|min} cannot contain a sequence of multi-indices (α(ℓ))ℓ∈N such that

|α(ℓ)| →ℓ→+∞ +∞. Indeed, if it would, then we could find N such that for ℓ ≥ N , we have

[α(ℓ)] ≥ |α(ℓ)| > (j + 1)υn. Choosing then β such that [β] = [α(ℓ)] and |β| = |α|min = j, we

have simultaneously [β] ≤ υn|β| = υnj, and [β] = [α(ℓ)] > (j+1)υn, which is a contradiction.

The proof of Proposition 6.9 relies on a structural property that we now state. For

various choices of symbols σ and cut-off χ, we use the notation τ(σ,χ) to denote the symbol

determined by its kernel in the X-coordinates given formally by (6.2).

Lemma 6.10. Let σ ∈ Sm( 󰁥GM). Let X be an adapted frame on an open set U ⊂ M . Let

r ∈ C∞(U × Rn) be higher order. Let χ ∈ C∞(U × Rn) be a function U-locally compactly

supported in Rn. We assume that χ(x, v) vanishes at order N0 in v for any x ∈ U , and we

consider the symbol τ = τ(σ,χ) determined by its kernel in the X-coordinates given formally

by (6.2). We can construct functions

χβ,β1 ,χ
′
β′,β′

1,β
′
2
∈ C∞(U × Rn), β, β′, β1, β

′
1, β

′
2 ∈ Nn

0 , |β1| ≤ |β|, |β′
1|+ |β′

2| ≤ |β′|,
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vanishing at homogeneous order max(N0+[β1]− [β],−1) and max(N0+[β′
2],−1) respectively,

and such that

Lβ
〈X〉xκτ(σ,χ),x =

󰁛

|β1|≤|β|

κτβ,β1 ,x
where τβ,β1 := τ(󰁧〈X〉x

β1

σ,χβ,β1),

Xβ′

x κτ(σ,χ),x =
󰁛

|β′
1|+|β′

2|≤|β′|

κτ ′
β′,β′1,β

′
2
,x where τ ′β′,β′

1,β
′
2
:= τ(D

β′
1

X
󰁧〈X〉x

β′
2
σ,χ′

β′,β′
1,β

′
2
).

Remark 6.11. The numerology above is explained by the following observation: if there was

no terms in r, that is if r = 0, it is then straightforward that τ ∈ Sm( 󰁥GM |U). Moreover,

the function Lβ
〈X〉xκτ(σ,χ),x is the kernel associated with a symbol of order m − N0 + [β] (by

Corollary 5.34) and so is any τβ,β1 . Similarly, Xβ′
κτ(σ,χ),x is a kernel associated with a symbol

of order m−N0 and so are τ ′β′,β′
1,β

′
2
. The result of Lemma 6.10 consists in proving that these

properties still holds with a non zero term in r, when r is higher order. Indeed, the order of

the vanishing of the functions χβ,β1 and χβ′,β′
1,β

′
2
is exactly compensating the loss of regularity

of the kernel when it is differentiated in v.

The proof of Lemma 6.10 relies on Lemma 2.19 reformulated in the context of the groups

GxM for x ∈ M as follows: if f : Rn → R and g : Rn → Rn are smooth, then

(6.4) L〈Xj〉xf ◦ g(v) =
n󰁛

ℓ=1

hℓ(v) (L〈Xℓ〉xf)(g(v)),

where hℓ(v) := ∂t=0

󰀅
(−g(v)) ∗Xx g(v ∗Xx tej)

󰀆
ℓ
.

Proof of Lemma 6.10. Thanks to the Leibniz property of vector fields, inductively, it suffices

to show the result for |β| = |β′| = 1, that is for L〈Xj〉x and for Xj,x.

Let us analyse the L〈Xj〉x-derivative, which means that we choose β such that [β] = υj.

We have

L〈Xj〉xκ
X
τ,x(v) = L〈Xj〉xχ(x, v)κ

X
σ,x(v ∗Xx r(x, v)) + χ(x, v)L〈Xj〉x

󰀃
κX
σ,x(v ∗Xx r(x, v))

󰀄

As L〈Xj〉xχ(x, v) vanishes at homogeneous order max(N0 − υj,−1), the first term is of the

correct form. By (6.4), the second writes

L〈Xj〉x
󰀃
κX
σ,x(v ∗Xx r(x, v))

󰀄
=

n󰁛

ℓ=1

fℓ(x, v)
󰀃
L〈Xℓ〉xκ

X
σ,x

󰀄
(v ∗Xx r(x, v)),

where

fℓ(x, v) := ∂t=0

󰀅
(−(v ∗Xx r(x, v))) ∗Xx v ∗Xx tej ∗Xx r(x, v ∗Xx tej)

󰀆
ℓ
.

In the sum above, the terms for which υℓ < υj are already of the correct form. Indeed, the

derivatives L〈Xℓ〉x induces loss of regularities smaller or equal to υj = [β]. It is not the case

for the other terms. However, we can conclude for them once we prove that for υℓ ≥ υj, the

function fℓ vanishes at homogeneous order υℓ − υj. Let us do so. By homogeneity, we have:

ε−υℓ+υjfℓ(x, v) = ∂t=0

󰀅
δ−1
ε

󰀃
(−(v ∗Xx r(x, v))) ∗Xx v ∗Xx ευj tej ∗Xx r(x, v ∗Xx ευj tej)

󰀄󰀆
ℓ
,
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so

ε−υℓ+υjfℓ(x, δεv) = ∂t=0

󰀅
(−(v ∗Xx s0(ε)) ∗Xx v ∗Xx tej ∗Xx st(ε))

󰀆
ℓ
,(6.5)

where st(ε) := δ−1
ε r(x, δε(v ∗Xx tej)); here, we have fixed (x, v). As r is smooth and higher

order, by Proposition 4.5, (t, ε) 󰀁→ st(ε) is smooth on R×R and vanishes at ε = 0 for any t.

The RHS in (6.5) is smooth in ε and taken as ε = 0, it is equal to

∂t=0[(−v) ∗Xx v ∗Xx tej]ℓ = ∂t=0[tej]ℓ = [ej]ℓ = δj=ℓ.

We have obtained

∀j ∕= ℓ, lim
ε→0

ε−υℓ+υjfℓ(x, δεv) = 0.

Consequently, fℓ vanishes at homogeneous order υj−υℓ when υj ≤ υℓ. We can now conclude

that L〈Xj〉xκ
X
τ,x is of the correct form.

We now analyse the Xj,x-derivatives. We have

Xj,xκ
X
τ,x(v) = Xj,xχ(x, v)κ

X
σ,x(v ∗Xx r(x, v)) + χ(x, v)(Xjκ

X
σ,x)(v ∗Xx r(x, v))

+ χ(x, v)Xj,x1=x

󰀃
κX
σ,x(v ∗Xx1

r(x, v))
󰀄
+ χ(x, v)Xj,x1=x

󰀃
κX
σ,x(v ∗Xx r(x1, v))

󰀄
.

The first two terms are already in the correct form. Let us analyse the third term. We first

transform it in order to highlight higher order terms:

Xj,x1=x

󰀃
κX
σ,x(v ∗Xx1

r(x, v))
󰀄
= Xj,x1=xκ

X
σ,x(v ∗Xx r(x, v) ∗Xx s(x, x1, v))

=
n󰁛

ℓ=1

[Xj,x1=xs(x, x1, v)]ℓ(L〈Xℓ〉xκ
X
σ,x)(v ∗Xx r(x, v)),

where

s(x, x1, v) := (−(v ∗Xx r(x, v))) ∗x (v ∗Xx1
r(x, v)).

We observe that

δ−1
ε s(x, x1, δεv) = (−(v ∗Xx δ−1

ε r(x, δεv))) ∗x (v ∗Xx1
δ−1
ε r(x, δεv)) −→ε→0 0,

since limε→0 δ
−1
ε r(x, δεv))) = 0 by Proposition 4.5, r being higher order. Using again Propo-

sition 4.5 implies that s is higher order in v. By Corollary 4.7, so is Xj,x1=xs(x, x1, v). Hence,

[Xj,x1=xs(x, x1, v)]ℓ vanishes at homogeneous order υℓ, implying that the third term is of the

correct form.

Let us analyse the fourth term. As before, we start by exhibiting higher order terms:

Xj,x1=x

󰀃
κX
σ,x(v ∗Xx r(x1, v))

󰀄
= Xj,x1=xκ

X
σ,x(v ∗Xx r(x, v) ∗Xx (−r(x, v)) ∗Xx r(x1, v))

=
n󰁛

ℓ=1

[Xj,x1=xs̃(x, x1, v)]ℓ L〈Xℓ〉xκ
X
σ,x(v ∗Xx r(x, v)),

where

s̃(x, x1, v) := (−r(x, v)) ∗Xx r(x1, v).

We observe that

δ−1
ε s̃(x, x1, δεv) = (−δ−1

ε r(x, δεv)) ∗Xx δ−1
ε r(x1, δεv) −→ε→0 0,
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since limε→0 δ
−1
ε r(x, δεv)) = 0 by Proposition 4.5, r being higher order. Using again Proposi-

tion 4.5 implies that s̃ is higher order in v. By Corollary 4.7, so is Xj,x1=xs̃(x, x1, v). Hence,

[Xj,x1=xs̃(x, x1, v)]ℓ vanishes at homogeneous order υℓ, implying that the fourth term is of

the correct form. We conclude that Xj,xκ
X
τ,x is of the correct form. □

We can now present the proof of Proposition 6.9.

Proof of Proposition 6.9. By Lemma 6.8 (2), v 󰀁→ pα(x, v) vanishes at order [α] + |α|min − 1.

Part (1) then follows from Corollaries 5.34 and 5.39. Let us now prove Point (2). We may

assume that on the support of χ, there exists a constant C0 > 0 such that

∀(x, v) ∈ U × B0, ∀w ∈ Rn, |w|X ≤ |r(x, v)|X =⇒ |v ∗Xx w|X ≥ C0|v|X.

We now apply the Taylor estimates due to Folland and Stein [41] on the group GxM and

recalled in Theorem 2.17 (2) (see also Remark 2.18 for the local uniformity in x). Using the

notation ⌈N⌋ and η of Theorem 2.17, we have for any r ∈ Rn

|κX
σ,x

󰀃
v ∗Xx r

󰀄
−

󰁛

[α]≤N

qα(r)L
α
〈X〉xκ

X
x (v)|(6.6)

≤ C
󰁛

|α|≤⌈N⌋+1
[α]>N

|r|[α]X sup
|w|X≤η⌈N⌋+1|r|X

󰀏󰀏󰀏󰀏(L
α
〈X〉xκ

X
x )(v ∗Xx w)

󰀏󰀏󰀏󰀏,

with a constant C = CN,x depending locally uniformly in x ∈ U ; we may assume η ≥ 1. We

set

(6.7) κN,σ,χ,x(v) := κN,x(v) :=
󰁛

[α]≤N

χ(x, v)qα(x, r(x, v))L
α
〈X〉xκ

X
σ,x(v),

and, by Part 1, the kernels (x, v) 󰀁→ χ(x, v)qα(x, r(x, v))L
α
〈X〉xκ

X
σ,x(v) are convolution kernels

in the X-coordinates of symbols in Sm−|α|min( 󰁥GM |U).
Let us now analyse κN,x. We choose N large enough so that

m+ 󰂃0N > −Q with 󰂃0 := 1/υn.

For |v|X ≤ 1, we have by Corollary 4.6 and the kernel estimates from Theorem 6.2:

|κτ,x(v)− κN,x(v)| ≤ C
󰁛

|α|≤⌈N⌋+1
[α]>N

|r(x, v)|[α]X sup
|w|X≤η⌈N⌋+1|r(x,v)|X

|(Lα
〈X〉xκ

X
x )(v ∗Xx w)|

≲
󰁛

|α|≤⌈N⌋+1
[α]>N

|v|[α](1+ε0)
X sup

|w|X≤η⌈N⌋+1|r(x,v)|X
|v ∗Xx w|−Q−m−[α]

X 󰀂σ󰀂Sm( 󰁥GM),(X,U),C,N ′

≲ |v|Nε0−m−Q
X 󰀂σ󰀂Sm( 󰁥GM),(X,U),C,N ′ .

More precisely, we have obtained the existence of a constant C > 0 depending locally uni-

formly in x ∈ U such that for |v|X ≤ 1,

(6.8) |κτ,x(v)− κN,x(v)| ≤ C|v|󰂃0N−Q−m
X max

|α|≤⌈N⌋+1
[α]>N

sup
v′∈Rn\{0}

||v′|−Q−m−[α]
X Lα

〈X〉xκ
X
x (v

′)|.
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As the supports of both κτ,x(v) and κN,x(v) are included in the support of the function

χ(x, v), the kernel estimates from Theorem 6.2 imply that there exist C1 > 0 and N ′ ∈ N0

such that

󰀂τ −
󰁛

[α]≤N

∆χpα
󰁧〈X〉

α
σ󰀂(X,U),C,0,0,0,∞ ≤ C1󰀂σ󰀂Sm( 󰁥GM),(X,U),C,N ′

for the semi-norm defined in (6.1), as soon as N > (Q+m)/󰂃0.

We now introduce derivatives in x and v. By Lemma 6.10,

Lβ
〈X〉xX

β′

x κτ(σ,χ),x(v) =
󰁛

|β1|≤|β|

󰁛

|β′
1|≤|β′|

κτβ1,β′1
,x(v), where τβ1,β′

1
:= τ(󰁧〈X〉x

β1

D
β′
1

X σ,χβ1,β′
1
),

and we can perform the same analysis as above on each κτβ1,β′1
,x. Extending the notation

in (6.7), we obtain:

|κτβ1,β′1
,x(v)− κ

N, 󰁧〈X〉x
β1

D
β′1
X σ,χβ1,β

′
1
,x
(v)|

≤ C|v|󰂃0N−Q−m
X max

|α|≤⌈N⌋+1
[α]>N

sup
v′∈Rn\{0}

||v′|−Q−m−[α]
X Lα

〈X〉xL
β1

〈X〉xX
β′
1κX

x (v
′)|.

In particular, we have

(6.9) |Lβ
〈X〉xX

β′

x (κτ (v)− κN,σ,χ,x(v)) | ≲ |v|󰂃0N−Q−m−[β]
X ,

with an implicit constant depending on a seminorm of σ ∈ Sm( 󰁥GM), thereby finishing the

proof, once we show

(6.10) |Lβ
〈X〉xX

β′

x κN,σ,χ,x(v)−
󰁛

|β1|≤|β|

󰁛

|β′
1|≤|β′|

κ
N, 󰁧〈X〉x

β1
D

β′1
X σ,χβ1,β

′
1
,x
(v)| ≲ |v|󰂃0N−Q−m−[β]

X ,

again with an implicit constant depending on seminorms of σ ∈ Sm( 󰁥GM). This will fol-

low from the fact that the Taylor polynomials at order N1 ≤ 󰂃0N − Q − m − [β] of

Lβ
〈X〉xX

β′
x κN,σ,χ,x(v) and

󰁓
|β1|≤|β|

󰁓
|β′

1|≤|β′| κN, 󰁧〈X〉x
β1

D
β′1
X σ,χβ1,β

′
1
,x
(v) coincide:

(6.11) P
Lβ
〈X〉x

Xβ′
x κN,x

N1
(v) =

󰁛

|β1|≤|β|

󰁛

|β′
1|≤|β′|

P
κ
N, 󰁧〈X〉x

β1D
β′1
X σ,χ

β1,β
′
1
,x

N1
(v).

Indeed, in this case, (6.10) follows readily from the Taylor estimates due to Folland-Stein at

order N1 for Lβ
〈X〉xX

β′
x κN,σ,χ,x(v) and

󰁓
|β1|≤|β|

󰁓
|β′

1|≤|β′| κN, 󰁧〈X〉x
β1

D
β′1
X σ,χβ1,β

′
1
,x
(v).

It remains to show (6.11). We start by observing that the analysis above implies that

the (Folland-Stein) Taylor polynomial for κτ,x(v) and for κN,x(x) coincide up to order N1 <

󰂃0N−Q−m: Pκτ,x

N1
(v) = PκN,x

N1
(v). This implies that the (x, v)-derivatives of these polynomials

also coincide:

Lβ
〈X〉xX

β′

x P
κτ,x

N1
(v) = Lβ

〈X〉xX
β′

x P
κN,x

N1
(v),

for any β, β′. From the general properties of Taylor polynomials, we have for N2 ≥ [β]

Lβ
〈X〉xX

β′

x P
κτ,x

N2
(v) = P

Lβ
〈X〉x

Xβ′
x κτ,x

N2−[β] (v), Lβ
〈X〉xX

β′

x P
κN,x

N2
(v) = P

Lβ
〈X〉x

Xβ′
x κN,x

N2−[β] (v).
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Hence, we have for N1 < 󰂃0N −Q−m− [β]

P
Lβ
〈X〉x

Xβ′
x κτ,x

N1
(v) = P

Lβ
〈X〉x

Xβ′
x κN,x

N1
(v).

By Lemma 6.10, the LHS is equal to

󰁛

|β1|≤|β|

󰁛

|β′
1|≤|β′|

P
κτ

β1,β
′
1
,x

N1
(v) =

󰁛

|β1|≤|β|

󰁛

|β′
1|≤|β′|

P
κσ

β1,β
′
1
,χ

β1,β
′
1
,x

N1
(v),

having applied the above result to σβ1,β′
1
= 󰁧〈X〉x

β1

D
β′
1

X σ with χβ1,β′
1
. This shows (6.11) and

concludes the proof. □

6.3. Kernel estimates and perturbed convolution. The following technical result anal-

yses an integral expression given by the perturbation of the convolution of a kernel with a

function.

Lemma 6.12. Let X be an adapted frame on an open set U ⊂ M . Let J ∈ C∞(U×Rn×Rn)

be U-locally compactly supported in Rn×Rn. Let σ ∈ Sm( 󰁥GM) and denote its integral kernel

in the X coordinates by κX
σ . For any f ∈ S(Rn), we define in the distributional sense:

(6.12) κX
σ,f,J,x(v) :=

󰁝

Rn

κX
σ,x(w) f(v ∗Xx (−w)) J(x, v, w)dw, x ∈ U, v ∈ Rn.

We define the coefficients cα(x, v) described via the Taylor expansion about w = 0

J(x, v, w) ∼
󰁛

α

cα(x, v)w
α.

The following convolution makes sense in the sense of distribution as the convolution of a

distribution with a Schwartz function f :

f 󰂏XGxM (·ακX
σ,x) (v) =

󰁝

Rn

wακX
σ,x(w) f(v ∗Xx (−w)) dw, x ∈ U, v ∈ Rn.

For any p ∈ [1,∞] and any N ∈ N0 with N ≥ m + Q/p, for any compact subset C ⊂ U ,

there exist C > 0 and N1 ∈ N0 (independent of f, σ) such that the following inequality holds

uniformly in x ∈ C:

(6.13) 󰀂κX
σ,f,J,x −

󰁛

[α]≤N

cα(x, · ) f 󰂏XGxM ( · ακX
σ,x)󰀂Lp(Rn) ≤ C󰀂σ󰀂Sm( 󰁥GM),(X,U),C,N1

󰀂f󰀂Lp(Rn).

Recall that the notation 󰂏GxM has been introduced in (2.3). The mention of the frame X
is added in order to settle the choice of coordinates.

Proof. We fix χ1,χ2 ∈ C∞(U ×Rn) valued in [0, 1] and U -locally compactly supported such

that χ1(x, v) = 1 = χ2(x, w) on the support of J(x; v, w). We can insert χ1(x; v)χ2(x, w) in

the integral expression (6.12) of κX
σ,f,x(v). Moreover, the kernel estimates and the properties
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of the convolution on groups allow us to replace κX
σ,x(w) with χ1(x, v)χ2(x, w)κ

X
σ,x(w) in the

desired inequality (6.13). Hence, we are now analysing:

κX
N,x(v) := κX

σ,f,J,x(v)−
󰁛

[α]≤N1

(χ1cα)(x, v) f 󰂏XGxM (·αχ2(x, ·)κX
σ,x)(v)

=

󰁝

Rn

κX
σ,x(w) f(v ∗Xx (−w))RN1(x, v, w)dw,

where

RN1(x, v, w) := J(x, v, w)−
󰁛

[α]≤N1

(χ1cα)(x, v)w
αχ2(x, w).

By the Taylor estimates due to Folland and Stein (see Theorem 2.17 and Remark 2.18), we

have

|RN1(x, v, w)| ≲ χ1(x, v)|w|N1+1
X ,

with an implicit constant depending locally uniformly on x ∈ U . Hence, by Hölder’s inequal-

ity, with 1 = 1
p
+ 1

p′ ,

|κX
N,x(v)| ≤ 󰀂f(v ∗Xx (− · )󰀂Lp(Rn)󰀂κX

σ,xRN1(x, v, ·)󰀂Lp′ (Rn)

≲ 󰀂f󰀂Lp(Rn)χ1(x, v)󰀂κX
σ,x|w|N1+1

X 󰀂Lp′ (Rn).

We can now conclude with the kernel estimates of Theorem 6.2. □

7. The local quantization

This section is devoted to the local quantization of the classes of symbols Sm( 󰁥GM) defined

in Section 5. After its definition in Section 7.1, we discuss its L2-boundedness for symbols

of order 0 and its dependence on local items in Sections 7.2 and 7.3 respectively.

7.1. Local quantization.

7.1.1. Definition. We consider a frame X on an open set U ⊂ M and a X-cut-off χ in the

following sense (with the notation of Section 3.3):

Definition 7.1. Let (X, U) be a local adapted frame. A cut-off for expX, or a cut-off for

the frame (X, U), is a smooth function χ ∈ C∞(U × U) valued in [0, 1], properly supported

in expX(UX) ⊂ U × U for some UX, and identically equal to 1 on a neighbourhood of the

diagonal of U × U .

Equivalently, a function χ ∈ C∞(U × U) is a cut-off for (X, U) when

χ0(x, v) = χ(x, expx v),

defines a function χ0 ∈ C∞(U × Rn) that satisfies χ0 = 1 on a neighbourhood of U × {0}
and that is U -locally compactly supported in the sense of Definition 5.33. Given a cut-off χ

for expX, we will often use the shorthand:

χx(y) := χ(x, y).
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For a symbol σ ∈ Sm( 󰁥GM) with associated convolution kernel density κ ∈ S ′(GM ; |Ω|(GM)),

we define the operator OpX,χ(σ) at any function f ∈ C∞
c (U) via

(7.1) OpX,χ(σ)f(x) :=

󰁝

w∈GxM

κx(w) (χxf)(exp
X
x (−LnX

xw)), x ∈ U,

with an integration in the density sense. When we consider a smooth Haar system µ =

{µx}x∈U on U , this formula becomes

OpX,χ(σ)f(x) =

󰁝

w∈GxM

κµ
x(w) (χxf)(exp

X
x (−LnX

xw)) dµx(w).

In particular, for the Haar system induced by X, we obtain

OpX,χ(σ)f(x) =

󰁝

v∈Rn

κX
x (v) (χxf)(exp

X
x −v) dv,

in terms of the convolution kernel κX of σ in the X-coordinates.
From now on, we assume that we have fixed a positive 1-density, that is, a smooth positive

measure on M denoted by dx whenever x is the integrated variable on M ; this means that dx

is a positive Borel measure such that the image of dx in any local coordinates has a smooth

Radon-Nykodym derivative with respect to the Lebesgue measure.

Performing the change of variable y = expX
x (−v), or more accurately, considering the

pullback of dv via expX
x −v, the quantization formula is also given by

(7.2) OpX,χ(σ)f(x) =

󰁝

M

κX
x (− lnX

x y) (χxf)(y) jacy(ln
X
x ) dy;

here jacy(ln
X
x ) is the (smooth) Radon-Nykodym derivative d lnXx

dy
of (expX

x −v)∗dv against dy.

The latter formula shows that the integral kernel of OpX,χ(σ) is formally given by the map

(x, y) 󰀁−→ κX
x (− lnX

x y) χx(y) jacy(ln
X
x ).

7.1.2. Action on smooth compactly supported functions.

Lemma 7.2. Let (X, U) be an adapted local frame and χ a cut-off function for (X, U). Let

m ∈ R and σ ∈ Sm( 󰁥GM |U), then OpX,χ(σ) acts continuously on C∞
c (U). Moreover, σ 󰀁→

OpX,χ(σ) is a continuous morphism of topological vector spaces Sm( 󰁥GM |U) → L (C∞
c (U)).

Proof. The quantization formula may be rephrased for f ∈ C∞
c (U), x ∈ U , as

(7.3) OpX,χ(σ)f(x) = (κX
x , g)D′(Rn),C∞

c (Rn), with g(v) := (χxf)(exp
X
x −v).

Note that g = gx,f ∈ C∞
c (Rn) and that the maps x 󰀁→ κX

x and x 󰀁→ gx,f are smooth

U → D′(Rn) and U → C∞
c (Rn) respectively. Hence, the function x 󰀁→ OpX,χ(σ)f(x) is

smooth in x ∈ U .

Let C be a compact subset of U with non-empty interior. Let θ ∈ C∞
c (U) with θ = 1 on

a neighbourhood of C and suppχ(x, ·), x ∈ C. Then for any f ∈ C∞
c (U) supported in C, we

have

OpX,χ(σ)f = θOpX,χ(σ)θf = OpX,χ(θσ)θf.
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Hence, OpX,χ(σ)f ∈ C∞
c (U).

It follows readily from (7.3) and Corollary 6.4 that the map f 󰀁→ OpX,χ(σ)f is continuous

C∞
c (U) → C∞

c (U). Moreover, the estimates obtained from the application of Corollary 6.4

also imply that the map σ 󰀁→ OpX,χ(σ) is continuous Sm( 󰁥GM |U) → L (C∞
c (U)). □

We will extend the action of the operators OpX,χ(σ), σ ∈ Sm( 󰁥GM), to distributions in

Corollary 8.10.

7.1.3. Differential operators as pseudodifferential operators. With the preceding definitions,

we obtain the differential calculus as the quantization of symbols given by elements of

Γ(U (gM)):

Proposition 7.3. Let (X, U) be an adapted frame. Let T ∈ Γ(U (gM)). With the notation

of Lemma 5.30, writing T =
󰁓

[α]≤m cα 〈X〉α in Γ(U (gM |U)), we have for any f ∈ C∞(U)

OpX,χ(󰁥T )f(x) = LTx(f ◦ expx)(0) =
󰁛

[α]≤m

cα(x)L
α
〈X〉x(f ◦ expx)(0).

In particular, if T = I, then OpX,χ(I) = I.

Proof of Proposition 7.3. The convolution kernel of 󰁥T in the X-coordinates is LTxδ0, so the

quantization formula yields:

OpX,χ(󰁥T )f(x) =
󰁝

v∈Rn

LTxδ0 (χxf)(exp
X
x −v)dv

= Lt
Tx
(χxf)(exp

X
x −v)|v=0 = LTx(f ◦ expx)(0)

□

It follows from Proposition 7.3 that

∀T ∈ Γ(U (g)), ∀α ∈ N0, OpX,χ(󰁥T )OpX,χ(󰁧〈X〉
α
) = OpX,χ(󰁥T 󰁧〈X〉

α
).

However, as in the Euclidean setting, this will not be the case for the composition of two

symbols in general.

7.2. L2 boundedness for the local quantization. In this section, we show the L2-

boundedness of the operators with symbols in S0( 󰁥GM), the action of the operators with

symbols of orders m ∕= 0 being discussed later in Section 8. Actually, we will consider the

local L2 space defined on M as

(7.4) L2
loc(M) = {f ∈ D′(M) : θf ∈ L2(M) for any θ ∈ C∞

c (M)}.

We recall that L2
loc(M) is a topological vector space naturally equipped with a Fréchet

structure given by the seminorms

f 󰀁−→ max
j≤N

󰀂θjf󰀂L2(M), N ∈ N,

having fixed a sequence (θj)j∈N in C∞
c (M) valued in [0, 1] such that M = ∪j∈N{θj = 1}.
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Theorem 7.4. Let X be an adapted frame on U and χ a cut-off for X. Let σ ∈ S0( 󰁥GM).

Then OpX,χ(σ) is continuous on L2
loc(U) and the linear map σ 󰀁→ OpX,χ(σ) is continuous

S0( 󰁥GM) → L (L2
loc(U)).

Slightly more precisely, we will show that for any χ1 ∈ C∞
c (U) and σ ∈ S0( 󰁥GM), the

operator χ1OpX,χ(σ) is bounded on L2(U), and furthermore that there exist C > 0 and

N ∈ N (both independent of σ) such that

∀σ ∈ S0( 󰁥GM), 󰀂χ1OpX,χ(σ)󰀂L (L2(U)) ≤ C󰀂σ󰀂S0( 󰁥GM),(X,U),suppχ1,N
.

The rest of this section is devoted to the proof of Theorem 7.4. The proof relies on

the kernel estimates stated in Theorem 6.2 which show that the operators OpX,χ(σ) have

singularities à la Calderón-Zygmund. It is inspired by Stein’s argument in [61, ch.VI §2] (see
also [37, Section 5.4.4]),

Proof of Theorem 7.4. If σ ∈ Sm( 󰁥GM) with m < −Q, then using the Cauchy-Schwartz

inequality, we have:

󰀂χ1OpX,χ(σ)f󰀂2L2(U) ≤
󰁝

x∈U
|χ1(x)|2

󰁝

u1∈Rn

|κX
σ,x(u1)|2du1

󰁝

u2∈Rn

|(χxf)(exp
X
x −u2)|2 du2 dx

≲ 󰀂σ󰀂2
Sm( 󰁥GM),(X,U),C1,N ′󰀂f󰀂2L2(U),

by the kernel estimates in Theorem 6.2 (1). Hence, the linear map σ 󰀁→ OpX,χ(σ) is contin-

uous Sm( 󰁥GM) → L (L2
loc(U)).

The proof will use several U -locally compactly supported functions, and we will assume

that their supports are small enough so that the expression involving the geometric ex-

ponential makes sense. For instance, we fix a U -locally compactly supported function

χ2 ∈ C∞(U × Rn) valued in [0, 1] such that expx(−v) exists where χ2(x, v) ∕= 0, and

χ2(x, v) = 1 when χ(x, expx(−v)) ∕= 0.

By Corollary 5.34, ∆1−χ2σ ∈ S−∞( 󰁥GM), so OpX,χ(∆1−χ2σ) is bounded on L2
loc(U) by the

result for m < −Q above. Hence, we now focus on σ0 := ∆χ2σ. We denote by κX
0,x its

convolution kernel in the X-coordinates. Let χ1 ∈ C∞
c (U). Up to decomposing χ1 into a

finite sum of functions with smaller supports and modifying χ2, we may assume that

χ1(x)χ2(x, u)χx(exp
X
x −u) = χ1(x)χ2(x, u).

We then have with C1 := suppχ1,

I0 := 󰀂χ1OpX,χ(σ0)f󰀂2L2(U)

≤
󰁝

x∈U
|χ1(x)|2 sup

x1∈C1

󰀏󰀏󰀏󰀏
󰁝

u∈Rn

κX
0,x1

(u) f(expX
x −u) du

󰀏󰀏󰀏󰀏
2

dx

≲
󰁛

|α|≤1+n/2

󰁝

x∈U
|χ1(x)|2

󰁝

x1∈C1

󰀏󰀏󰀏󰀏
󰁝

u∈Rn

Xα
x1
κX
0,x1

(u) f(expX
x −u) du

󰀏󰀏󰀏󰀏
2

dx1dx,
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having used the Sobolev inequality on a compact manifold of dimension n:

󰀂g󰀂2L∞(M) ≤ C
󰁛

|α|≤1+n/2

󰀂Xαg󰀂2L2 .

Swapping the integral over x and x1, we obtain

I0 ≲
󰁛

|α|≲1+n/2

sup
x1∈C1

Iα(x1),

where

Iα(x1) :=

󰁝

x∈U
|χ1(x)|2

󰀏󰀏󰀏󰀏
󰁝

u∈Rn

Xα
x1
κX
0,x1

(u) f(expX
x −u) du

󰀏󰀏󰀏󰀏
2

dx.

The integrals Iα(x1) are compactly supported in x and u and we now transform them with

changes of variables. The first one aims at identifying all the points of the integral in terms

of the base point x1 and the map expX
x1
. In the variable x, we set x = expX

x1
v, which gives

Iα(x1) =

󰁝

v∈Rn

|χ1(exp
X
x1
v)|2

󰀏󰀏󰀏󰀏
󰁝

u∈Rn

Xα
x1
κX
0,x1

(u) f(expX
expXx1 v −u)du

󰀏󰀏󰀏󰀏
2

jacv exp
X
x1
dv,

and in the variable u, we make the substitution

u′ := ϕv(u) := lnX
x1
expX

expXx1 v −u,

and obtain:

Iα(x1) =

󰁝

Rn

|χ1(exp
X
x1
v)|2

󰀏󰀏󰀏󰀏
󰁝

Rn

Xα
x1
κX
0,x1

(ϕ−1
v (u′)) f(expX

x1
u′) jacu′ϕ−1

v du′
󰀏󰀏󰀏󰀏
2

jacv exp
X
x1
dv.

We now introduce a convolution structure via the change of variables u′ 󰀁→ w := (−u′) ∗Xx1
v.

We write

ϕ−1
v (u′) = − lnX

expXx1 v exp
X
x1
u′ = − lnX

expXx1 v exp
X
x1
v ∗Xx1

(−w) = w ∗Xx1
rx1(v, w),

with rx1(v, w) = r1(x1, v, w) as in Corollary 4.14 (1). At the end, we are left with

Iα(x1) =

󰁝

Rn

󰀏󰀏󰀏󰀏
󰁝

Rn

Xα
x1
κX
0,x1

(w ∗Xx1
rx1(v, w)) f̃(v ∗Xx (−w))J(x1; v, w)dw

󰀏󰀏󰀏󰀏
2

jacv exp
X
x1
dv,

where

󰁨f(v) := 󰁨fx1(v) := f(expX
x1
v)χ3(x1, v),

J(x1; v, w) := χ4(x; v, w) jacv∗x1 (−w)ϕ
−1
v jacv exp

X
x1
,

and χ3 ∈ C∞(U ×Rn), χ4 ∈ C∞(U ×Rn×Rn) are U -locally compactly supported functions

satisfying χ3 = 1 on a neighbourhood of suppχ2 and χ4 = 1 on a neighbourhood of the

support of (x1, v, w) 󰀁→ χ2(x1, w ∗Xx1
rx1(v, w))χ3(x1, v ∗Xx (−w)).

Using the notation of Proposition 6.9, we observe

Xα
x1
κX
0,x1

(w ∗x1 rx1(v, w)) = κX
(Dα

Xσ)
(r̃v,χ2),x1

90



with r̃v(x, w) = rx(v, w) at v fixed. Therefore, using the analysis in the proof of Proposi-

tion 6.9, more precisely the inequality (6.8), we obtain v-uniform estimates leading to:

Iα(x1) ≤
󰁛

[α′]≤N

Iα,α′(x1) + CσR

where

Iα,α′ :=

󰁝

Rn

󰀏󰀏󰀏󰀏
󰁝

Rn

Xα
x1
Lα′

〈X〉xκ
X
0,x1

(w) f̃(v ∗Xx (−w))Jα′(x; v, w)dw

󰀏󰀏󰀏󰀏
2

jacv expx1
dv,

R :=

󰀏󰀏󰀏󰀏
󰁝

Rn

|f̃(v ∗Xx (−w))J(x; v, w)|dw
󰀏󰀏󰀏󰀏
2

jacv expx1
dv

for N with υnN − Q ≥ 0, with a constant Cσ given by kernel estimates uniformly in v and

locally uniformly in x1 ∈ U , and with

Jα′(x; v, w) := qα′(x, r(x; v, w))J(x; v, w),

having used Notation 6.1. We readily check

R ≲ 󰀂f̃󰀂L2(Rn) ≲ 󰀂f󰀂L2(U),

and we have

Iα,α′ ≲ 󰀂κ
Dα

X
󰁧〈X〉x

α′
σ,f̃ ,Jα′x1

󰀂L2(Rn),

with the notation of Lemma 6.12. Applying this lemma, we obtain:

󰀂κ
Dα

X
󰁧〈X〉x

α′
σ,f̃ ,Jα′x1

󰀂L2(Rn) ≲
󰁛

α′′

󰀂f̃ 󰂏XGx1M
( · α′′Xα

x1
Lα′

〈X〉xκ
X
σ,x1

)󰀂L2(Rn) + C ′
σ󰀂f̃󰀂L2(Rn),

with C ′
σ a constant depending on some seminorm in σ ∈ S0( 󰁥GM); above the sum is over α′′

such that [α′] < [α′′] ≤ Q/2 when α′ ∕= 0 and [α′′] ≤ Q/2 when α′ = 0. For the terms in this

sum over α′′, we notice (see Section 2.2.3 for the Fourier transform of distributions)

󰀂f̃ 󰂏XGx1M
( · α′′Xα

x1
Lα′

〈X〉xκ
X
σ,x1

)󰀂L2(Rn) ≤ 󰀂∆α′′

X Dα
X
󰁧〈X〉x

α′

σ(x1, ·)󰀂L∞( 󰁥Gx1M)󰀂f̃󰀂L2(Rn).

Gathering the estimates above yields with N1 ∈ N0 large enough

Iα(x1) ≲ 󰀂σ󰀂2
S0( 󰁥GM),X,C1,N1

󰀂f󰀂2L2(M).

This concludes the proof. □

7.3. Independence of the local quantization in the cut-off and the frame. In this

section, we use the kernel estimates to analyse the consequences of a change of cut-off or of

frames in the local quantization process.
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7.3.1. Independence in the cut-off. The local quantization is independent in the cut-off mod-

ulo smoothing symbols in the following sense:

Proposition 7.5. Let X be an adapted frame on an open subset U ⊂ M . Let χ1 and χ2 be

two cut-offs for X. Then for any σ ∈ Sm( 󰁥GM), m ∈ R∪ {−∞}, there exists ρ ∈ S−∞( 󰁥GM)

such that

OpX,χ1(σ) = OpX,χ2(σ) + OpX,χ2(ρ).

Moreover, we can construct ρ such that the map σ 󰀁→ ρ is continuous Sm( 󰁥GM) → S−∞( 󰁥GM).

This proposition is a consequence of the following more technical lemma:

Lemma 7.6. Let X be an adapted frame on an open subset U ⊂ M . Let m ∈ R.
(1) Let χ1 and χ2 be X-cut-offs such that χ1 is supported in the interior of {χ2 = 1}.

For any σ ∈ Sm( 󰁥GM), defining the symbol τ ∈ Sm( 󰁥GM |U) via its convolution kernel

in the X-coordinates:

κX
τ,x(u) := κX

σ,x(u)χ1,x(exp
X
x −u),

we have

OpX,χ1σ = OpX,χ2τ.

Moreover, the map σ 󰀁→ τ is continuous Sm( 󰁥GM) → Sm( 󰁥GM |U).
(2) Let χ,χ,χ be three X-cut-offs such that χ is supported in the interior of {χ = 1} and

χ is supported in the interior of {χ = 1}. For any σ ∈ Sm( 󰁥GM), defining the symbol

ρ ∈ S−∞( 󰁥GM |U) via its convolution kernel in the X-coordinates:

κX
ρ,x(u) := κX

σ,x(u)(χx − χ
x
)(expX

x −u),

we have

OpX,χσ = OpX,χσ +OpX,χρ.

Moreover, the map σ 󰀁→ ρ is continuous Sm( 󰁥GM) → S−∞( 󰁥GM |U).

The proof of Lemma 7.6 follows from the kernel estimates in Corollary 6.3 and Proposi-

tion 5.45 (1), keeping in mind that the map x 󰀁→ expX
x u defined in (3.2) is smooth.

Then, the proof of Proposition 7.5 follows from Lemma 7.6 together with constructing

two X-cut-offs χ,χ that, having been given the two X-cut-offs χ1 and χ2 in the statement,

are such that χ is supported in the interior of {χ1 = 1} ∪ {χ2 = 1} and suppχ1 ∪ suppχ2 is

included in the interior of {χ = 1},

7.3.2. Independence in the frame. The independence of the local quantization in the frame

only holds up to lower order terms. It is also the case when working on Riemanian manifolds

with the standard pseudodifferential calculus via change of charts (see e.g. [70]).

Proposition 7.7 (Independence in the adapted frames). Let X and Y be two adapted

frames on the same open subset U ⊂ M . Let χ1 and χ2,χ be cut-off functions for expX
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and expY respectively. Then for any σ ∈ Sm( 󰁥GM), m ∈ R ∪ {−∞}, there exist a symbol

ρ ∈ Sm−1( 󰁥GM |U), such that

OpY,χ2(σ) = OpX,χ1(σ) + OpX,χ(ρ).

Moreover, we can construct ρ such that the map

σ 󰀁−→ ρ, Sm( 󰁥GM |U) → Sm−1( 󰁥GM |U),

is continuous. Furthermore, we can also construct a sequence of symbols ρj ∈ Sm−1−j( 󰁥GM |U),
j ∈ N0, such that ρ admits the asymptotic expansion ρ ∼

󰁓
j∈N0

ρj and the following maps

are continuous

σ 󰀁−→ ρ−
N󰁛

j=0

ρj, Sm( 󰁥GM) −→ Sm−1−(N+1)( 󰁥GM |U), N ∈ N0.

Proof. It suffices to consider the case of a finite order m ∈ R. By Proposition 7.5, we may

assume χ = χ1 = χ2. We adopt the notation of Lemma 3.5: with the two frames X and Y
on the open subset U ⊂ M is associated an open neighbourhood UX,Y ⊂ UX ∩ UY ⊂ U × Rn

such that for any (x, v) ∈ UX,Y, the point (x, tv) lie in UX,Y for t in some neighbourhood of

[0, 1], and we consider the function u := uY,X defined via

(x, u(x, v)) = lnY(expX(x, v)), (x, v) ∈ UX,Y.

We fix a function χ̄ ∈ C∞(U × Rn) U -locally compactly supported such that χ̄(x,−v) = 1

on a zero section of U × Rn containing the support of (x, v) 󰀁→ χ(x,ExpX
xv).

We set

κX
ρ,x(v) := χ̄2(x, v)

󰀃
κY
x (−ux(−v)) jac−v(u

Y,X
x )− κX

x (v)
󰀄

We check readily that κX
ρ,x(v) is well defined. Moreover, the formula between operators

given in the statement holds formally after the change of variable given by ux since κX and

κY correspond to the same convolution kernel κ viewed in the coordinates for X and Y
respectively. It remains to check that the symbol ρ associated with κX

ρ,x(v) is well defined in

Sm−1( 󰁥GM) and depends continuously on σ.

By Lemma 3.10, we have

κY
x (v) = κX

x

󰀃
diag(Tx)

−1v
󰀄 󰀏󰀏 detTx

󰀏󰀏−1
,

and therefore,

κX
ρ,x(v) = χ̄2(x, v)

󰀃
κX
x

󰀃
−diag(Tx)

−1ux(−v)
󰀄
jac−v(ux)| detTx|−1 − κX

x (v)
󰀄
.

We set

κX
τ,x(v) := χ̄(x, v)κX

x

󰀃
−diag(Tx)

−1ux(−v)
󰀄

= χ̄(x, v)κX
x (v ∗Xx r(x, v)),

by Proposition 4.12, and using its notation. By Proposition 6.9, this is the convolution kernel

in the X-coordinates of a symbol τ ∈ Sm( 󰁥GM |U). We can now write

ρ = ∆qτ −∆χ̄2σ,
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where q ∈ C∞(U × Rn) is the function U -locally compactly supported given by:

q(x, v) := χ̄(x, v)jac−v(ux)| detTx|−1.

By Proposition 6.9 and Corollary 5.34, since q(x, 0) = 1 and χ̄2(x, 0) = 1, both ∆qτ and

∆χ̄2σ admit asymptotic expansions whose first terms are σ. The properties of continuity

follow from the ones in Proposition 6.9 and Corollary 5.34. □

8. Symbolic calculus for the local quantization

In this section, we prove that the operators obtained by the local quantization on M enjoy

a symbolic calculus. The proof relies on the notion of amplitudes that notably simplify the

arguments and is presented in Section 8.1 while Section 8.2 is devoted to their quantiza-

tion and main asymptotic properties. Then, we analyse the adjoints of pseudodifferential

operators in Section 8.3, and their compositions in Section 8.4.

8.1. Amplitudes. In this section, we define the notion of amplitudes and give important

examples.

8.1.1. Definition.

Definition 8.1. An amplitude τ of order m is a smooth map

y 󰀁−→ τy, M −→ Sm( 󰁥GM).

We denote by T m( 󰁥GM) the Fréchet space of amplitudes of order m.

The topology on T m( 󰁥GM) is given by the family of seminorms

(8.1) 󰀂τ󰀂T m( 󰁥GM),(X,U),C,N := max
|β|≤N

sup
y∈C

󰀂Xβ
yτy󰀂Sm( 󰁥GM),(X,U),C,N ,

where N ∈ N0, X is an adapted frame on an open set U ⊂ M and C is a compact subset

of U ; the seminorms on Sm( 󰁥GM) are defined in (5.8). We will often view an amplitude

τ ∈ T m( 󰁥GM) as being given by a family of symbols

τ(x, y) = {τ(x, y, π), π ∈ 󰁥GxM} ∈ Sm( 󰁥GxM)

smoothly parametrised by x, y ∈ M .

If µ is a smooth Haar system over M , the corresponding convolution kernels are the

distributions

S ′(GxM) ∋ κµ
τ,x,y := F−1

GxM,µx
τ(x, y, ·), x, y ∈ M.

As in Section 5.1, if µ′ is another smooth Haar system, then µ′ = cµ for a positive function

c ∈ C∞(M) and we have

κµ
τ,x,y = c(x)κµ′

τ,x,y, x, y ∈ M.

This allows us to define the convolution kernel of τ independently of any Haar system as

distributional vertical densities smoothly parametrised by y ∈ M :

κτ : y 󰀁−→ κτ,y in C∞ (M,S ′(GM ; |Ω|(GM))) .
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If X is an adapted frame on an open set U ⊂ M , the distributions

κX
τ,x,y ∈ S ′(Rn), κX

τ,x,y(v) := κµX

τ,x,y(Exp
X
xv), x, y ∈ M,

define a map

κX
τ ∈ C∞(U ×M,S ′(Rn)),

called the convolution kernel of τ in the X-coordinates. At least formally, we have

τ(x, y, π) = FGxM,µX κX
τ,x,y(π), x, y ∈ U, π ∈ 󰁥GxM.

The following properties are easily checked using the relations of symbols and amplitudes

with their convolution kernels:

Lemma 8.2. (1) If τ ∈ T m( 󰁥GM) then the symbol σ = στ given by

σ(x, π) = τ(x, x, π), x ∈ M, π ∈ 󰁥GxM,

is in Sm( 󰁥GM) with convolution kernel in the X-coordinates given by κσ,x = κτ,x,x.

Moreover, the map τ 󰀁→ στ is continuous T m( 󰁥GM) → Sm( 󰁥GM).

(2) Let X be an adapted frame on an open set U ⊂ M . If τ ∈ T m( 󰁥GM) and α, β ∈ Nn
0 ,

then the amplitude τ (α,β) defined via

τ (α,β)(x, y, π) = ∆X
αD

β
X,yτ(x, y, π) x, y ∈ U, π ∈ GxM,

is in T m−[α]( 󰁥GM |U) with convolution kernel in the X-coordinates formally given by

κτ (α,β),x,y(v) = vαXβ
yκτ,x,y(v), x, y ∈ U, v ∈ Rn.

Moreover, the map τ 󰀁→ τ (α,β) is continuous T m( 󰁥GM) → T m−[α]( 󰁥GM |U).

8.1.2. Some examples of amplitudes.

Lemma 8.3. Let σ1 ∈ Sm1( 󰁥GM) and σ2 ∈ Sm2( 󰁥GM). Then the amplitude τσ1,σ2 defined via

τσ1,σ2(x, y) = σ1(x)σ2(y)

makes sense and is in T m1+m2( 󰁥GM). Moreover, the map

(σ1, σ2) 󰀁−→ τσ1,σ2 , Sm1( 󰁥GM)× Sm2( 󰁥GM) −→ T m1+m2( 󰁥GM)

is continuous.

Continuing with the setting of Lemma 8.3, let κ1, κ2 and κτ denote the convolution kernels

densities of σ1, σ2, τ respectively. For any smooth Haar system µ = {µx}x∈M , we have for

any x, y ∈ M ,

κµ
τ,x,y = κµ

2,y 󰂏GxM,µx κ
µ
1,x,

that is, with v ∈ GxM

κµ
τ,x,y(v) =

󰁝

GxM

κµ
2,x(w)κ

µ
1,x(w

−1v)dµx(w) =

󰁝

GxM

κµ
2,x(vw

−1)κµ
1,x(w)dµx(w).

The meaning of this convolution is similar to the one for the product of symbols, see the

proof of Proposition 5.25: this is a convolution between distributions which are sums of a
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Schwartz function and a compactly supported distribution. Alternatively, this can be defined

first for Schwartz kernels κµ
1,x, κ

µ
2,x, i.e. for smoothing symbols σ1, σ2, and then extended to

any symbols in some symbol classes Smj( 󰁥GM), j = 1, 2, by density (see Remark 5.46).

We now generalise Lemma 8.3 with an amplitude described by the perturbation of the

convolution of convolution kernels. Without details, we straightforwardly extend the notion

of asymptotic expansion stated for symbols in Definition 5.35 to the case of amplitudes.

Proposition 8.4. Let σ1 ∈ Sm1( 󰁥GM) and σ2 ∈ Sm2( 󰁥GM) with convolution kernels κ1 and

κ2 respectively. Let (X, U) a local frame and (x, y; v, w) 󰀁→ J(x, y; v, w) a U × U-locally

compactly supported function in C∞(U × U × Rn × Rn). Then, the convolution kernel

κX
τ,x,y(v) =

󰁝

Rn

κX
1,x(w)κ

X
2,y(v ∗Xx (−w))J(x, y; v, w)dw, x, y ∈ U, v ∈ Rn,

defines an amplitude

(8.2) τ = τ(σ1, σ2, J) ∈ T m1+m2( 󰁥GM)

admitting the asymptotics

τ ∼
󰁛

j∈N0

τj, with τj = τj(σ1, σ2, J) ∈ T m1+m2−j( 󰁥GM), j ∈ N0.

Moreover, we may choose τ0 := J(x, y; 0, 0)σ1(x)σ2(y), and more generally

τj(x, y) :=
󰁛

[α1]+[α2]=j

cα1,α2(x, y)∆
α1
X σ1(x)∆

α2
X σ2(y).

Above, the coefficients cα1,α2(x, y) come from the Taylor expansion at (v, w) ∼ 0 of

J̃(x, y; v, w) := J(x, y; v ∗Xx w,w), J̃(x, y; v, w) ∼
󰁛

α1,α2

cα1,α2(x, y)v
α2wα1 .

With these choices, the following maps are continuous:

(σ1, σ2) 󰀁−→ τ(σ1, σ2, J), Sm1( 󰁥GM)× Sm2( 󰁥GM) −→ T m1+m2( 󰁥GM),

(σ1, σ2) 󰀁−→ τj(σ1, σ2, J), Sm1( 󰁥GM)× Sm2( 󰁥GM) −→ T m1+m2−j( 󰁥GM),

(σ1, σ2) 󰀁−→ τ −
N󰁛

j=0

τj, Sm1( 󰁥GM)× Sm2( 󰁥GM) −→ T m1+m2−(N+1)( 󰁥GM),

Strategy of the proof of Proposition 8.4. By Lemma 8.3 and the properties of ∆X
α as stated

in Lemma 5.31, the amplitude τj = τj(σ1, σ2) defined in the statement is in Sm1+m2−j( 󰁥GM).

Moreover, the map (σ1, σ2) 󰀁→ τj(σ1, σ2) is continuous from Sm1( 󰁥GM)×Sm2( 󰁥GM) to the set

T m1+m2−j( 󰁥GM).

We may assume that σ1 and σ2 are smoothing, so that κX
τ,x,y(v) is a Schwartz function in v

depending smoothly in x, y. Then, we will extend the result to any symbols with the density

property of smoothing symbols (see Proposition 5.45) as well as by proving the continuities

of the maps (σ1, σ2) 󰀁→ τ and (σ1, σ2) 󰀁→ τ −
󰁓N

j=0 τj.
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The strategy is to prove kernel estimates using Lemma 6.12 together with the properties

of τ(σ1, σ2, J) obtained in Lemma 8.5 below. We postpone the development of this proof

after stating and proving Lemma 8.5. □
We first prove some algebraic properties for the amplitude τ defined in Proposition 8.4:

Lemma 8.5. We continue with the setting and notation of Proposition 8.4 and consider an

amplitude τ given by (8.2) with σ1, σ2 ∈ S−∞( 󰁥GM).

(1) For any α ∈ Nn
0 ,

∆α
Xτ =

󰁛

[α1]+[α2]=[α]

c(α)α1,α2
τ(∆α1

X σ1,∆
α2
X σ2, J)

where the functions c
(α)
α1,α2 are the same as in Corollary 5.32.

(2) For any j = 1, . . . , n,

Xj,yτ = τ(σ1, DXj
σ2, J) + τ(σ1, σ2, Xj,yJ).

(3) For any j = 1, . . . , n,

󰁧〈Xj〉
β
τ = τ( 󰁧〈Xj〉

β
σ1, σ2, J).

(4) For any j = 1, . . . , n,

DXj,x
τ = τ(DXj

σ1, σ2, J) + τ(σ1, σ2, Xj,xJ) +
n󰁛

ℓ=1

τ(σ1, 󰁧〈Xj〉σ2, gℓJ),

where gℓ(x; v, w) is a polynomial in v, w with smooth coefficients in x ∈ U vanishing

in (v, w) at order max(υℓ − υj,−1).

(5) Let R be a symmetric positive Rockland operator on GM of homogenenous degree ν

(see Definition 5.19).

τ =
󰁛

[α1]+[α2]=νN

τ(σ1
󰁧〈X〉

α2

, (I + π(Rx))
−Nσ2, cR,α1,α2X̃α2

x J),

where the functions cR,α1,α2 ∈ C∞(U) come from

(I + R̃x)
N(g1 × g2) =

󰁛

[α1]+[α2]=νN

cR,α1,α2(x)X̃α1
x g1 × X̃α2

x g2, g1, g2 ∈ C∞(Rn).

Recall that the notation R̃x denotes the right-invariant operator corresponding to Rx (see

Notation 2.11).

Proof of Lemma 8.5. Part (1) follows from a modification of the proof of Corollary 5.32

which relies on Lemma 2.57. Part (2) is a consequence of the Leibniz property of vector

fields For Part (3), we write

κX
τ,x,y(v) :=

󰁝

Rn

κX
1,x(w) F (x, y; v ∗Xx (−w), w) dw, x ∈ U, v ∈ Rn,

where

F (x, y; v′, w) := κ2,y(v
′) J(x, y; v′ ∗Xx w,w).
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Let us recall the following general property valid for any smooth function ϕ : G → C:

L〈Xj〉x,v
󰀃
ϕ(v ∗Xx (−w))

󰀄
= ∂t=0ϕ(v ∗Xx tej ∗Xx (−w))

= ∂t=0ϕ(v ∗Xx (−(w ∗Xx −tej)))

= −L〈Xj〉x,w
󰀃
ϕ(v ∗Xx (−w))

󰀄
.

Hence, with an integration by parts, this leads to

L〈Xj〉x,vκτ,x,y(v) =

󰁝

Rn

κX
1,x(w) L〈Xj〉x,v

󰀃
F (x, y; v ∗Xx (−w), w)

󰀄
dw

=

󰁝

Rn

L〈Xj〉x,wκ
X
σ,x(w) F (x, y; v ∗Xx (−w), w)dw.

This shows Part (3).

Let us show Part (4). We have

Xj,xκτ,x,y(v) =

󰁝

Rn

Xj,xκ
X
1,x(w) κ

X
2,y(v ∗Xx (−w)) J(x, y; v, w)dw.

+

󰁝

Rn

κX
2,x(w) κ

X
2,y(v ∗Xx (−w)) Xj,xJ(x, y; v, w)dw.

+

󰁝

Rn

κX
1,x(w) Xj,x

󰀃
κX
2,y(v ∗Xx (−w))

󰀄
J(x, y; v, w)dw.

We recognise the first and second term as the convolution kernels of τ(DXj
σ1, σ2, J) and

τ(σ1, σ2, Xj,xJ) respectively. It remains to analyse the third. We write for any function ϕ:

Xj,x (ϕ((−w) ∗x v)) = ∂t=0ϕ(v ∗XexpXx tej
(−w))

=
n󰁛

ℓ=1

gℓ(x; v, w)(R〈Xℓ〉xϕ)(v ∗Xx (−w))

with

(gℓ(x; v, w))
n
ℓ=1 := g(x; v, w) := ∂t=0(w ∗Xx (−v)) ∗Xx (v ∗XexpXx tej

(−w)).

The BCH formula implies that gℓ(x; v, w) is a polynomial in v, w with smooth coefficients in

x ∈ U . We also observe

ευjδ−1
ε g(x; δε(v, w)) = g(x; v, w), ε > 0,

so that

lim
ε→0

ευj−υℓgℓ(x; δε(v, w)) = 0 for υℓ > υj.

This shows that the third term is as stated, and concludes the proof of Part (4).

Let us show Part (5). We use the notation from Definition 5.19 and identify Rx with a

differential operator on Rn ∼ GxM satisfying Rt
x = Rx. Then, for any ϕ ∈ S(Rn), we have

(I +Rx)
N(I +Rx)

−Nϕ = ϕ,

so

ϕ(v ∗Xx (−w) = (I + R̃x)|Nw
󰀃
(I +Rx)

−Nϕ
󰀄
(v ∗Xx (−w)).
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Hence,

κX
τ,x,y(v) =

󰁝

Rn

κX
1,x(w) (I + R̃x)|Nw

󰀃
(I +Rx)

−NκX
2,y

󰀄
(v ∗Xx (−w))J(x, y; v, w)dw

=

󰁝

Rn

(I + R̃x)
N
󰀃
κX
1,x(w) J(x, y; v, w)

󰀄 󰀃
(I +Rx)

−NκX
2,y

󰀄
(v ∗Xx (−w))dw,

after integrating by parts. Developing the differential operator (I + R̃x)
N and using the

Leibniz properties of vector fields, yield the result. □
Let us now show Proposition 8.4.

Proof of Proposition 8.4. Let m1,m2 ∈ R. It suffices to show that for any compact subset

C ⊂ U , given α0, β0, β
′
0, β

′′
0 ∈ Nn

0 , there exists N0 ∈ N0 such that for any N ≥ N0, there exist

C > 0, N ′
1, N

′
2 ∈ N for which the following holds

󰀐󰀐󰀐󰀐X
β′′
0

y

󰀕
τ(·, y)−

N󰁛

j=0

τj(·, y)
󰀖󰀐󰀐󰀐󰀐

(X,U),C,α0,β0,β′
0,∞

≤ C󰀂σ1󰀂Sm1 ( 󰁥GM),(X,U),C,N ′
1
󰀂σ2󰀂Sm2 ( 󰁥GM),(X,U),C,N ′

2
,

for any σ1, σ2 ∈ S−∞( 󰁥GM).

We observe that the properties described in Lemma 8.5 hold for τ but also for each τj;

indeed, the latter can be viewed as a finite sum of particular cases for J(x, y, v, w) =

cα1,α2w
α1(v ∗Xx (−w))α2 for which the results in Lemma 8.5 hold with a proof identical to

the one given for this lemma. Furthermore, Parts (1), (2), (3) and (4) of Lemma 8.5 imply

that we may assume α0 = β0 = β′
0 = β′′

0 = 0 while Part (5) and the symbolic properties of the

calculus (see Proposition 5.45 as well as Theorem 2.33) imply that it suffices to consider the

case of m2 as negative as we want. The case of m2 < −Q and α0 = β0 = β′
0 = β′′

0 = 0 follows

from Lemma 6.12 and the kernel estimates (see Theorem 6.2), concluding the proof. □

8.1.3. Some deformations of amplitudes. In Lemma 6.12, we analysed some deformation of

the symbol obtained by convolution of two convolution kernels. In our proof of composition

(Proposition 8.13), we will also need to consider further deformations of amplitudes. They

will be covered by the following lemma:

Lemma 8.6. Let m ∈ R. Let v1 󰀁→ τ(v1) be a smooth map Rn → T m( 󰁥GM). We assume

that τx,y(v1) is compactly supported in v1 ∈ Rn locally in (x, y) ∈ M ×M . Let (X, U) be a

local frame. Consider the amplitude τ0 given via

κX
τ0,x,y

(v) = κX
τ(v1),x,y

(v)|v1=v, x, y ∈ U, v ∈ Rn.

(1) The amplitude τ0 is in T m( 󰁥GM |U) and admits the asymptotics

τ0 ∼
󰁛

j

󰁛

[α]=j

∆qαL
α
〈X〉,v1τ(v1)|v1=0 in T m( 󰁥GM |U),

with qα as in Notation 6.1.
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(2) For each j′ ∈ N0, we consider a sequence of smooth maps

v1 󰀁−→ τj′(v1), Rn −→ T m−j′( 󰁥GM),

with τj′,x,y(v1) compactly supported in v1 ∈ Rn locally in (x, y) ∈ M×M . We assume

that the asymptotics τ(v1) ∼
󰁓

j′ τj′(v1) holds in T m( 󰁥GM) for each v1 ∈ Rn, and

furthermore that for each N ′ ∈ N0, the maps v1 󰀁→ τ(v1) −
󰁓N ′

j′=0 τj′(v1) are smooth

Rn → T m−(N+1)( 󰁥GM). Then τ0 admits the asymptotics

τ0 ∼
󰁛

j′,j

󰁛

[α]=j

∆qαL〈X〉,v1τj′(v1)|v1=0 in T m( 󰁥GM |U).

Proof. Before starting the proof, let us observe that the asymptotics make sense since

∆qαL
α
〈X〉,v1τ(v1)|v1=0 ∈ T m−[α]( 󰁥GM |U).

We apply the Taylor estimates due to Folland and Stein [41] on the group GxM , and recalled

in Theorem 2.17 (2) (see also Remark 2.18 for the local uniformity in x). We will use the

notation ⌈N⌋ and η of Theorem 2.17. We have

|κX
τ(v),x,y(v)−

󰁛

[α]≤N

qα(v)L
α
〈X〉x,v1κ

X
τ(v1)x,y

(v)|v1=0|

≤ C
󰁛

|α|≤⌈N⌋+1
[α]>N

|v|[α]X sup
|v1|X≤η⌈N⌋+1|v|X

󰀏󰀏󰀏󰀏(L
α
〈X〉x,v1κ

X
τ(v1)x,y

(v)

󰀏󰀏󰀏󰀏,

with a constant C = CN,x depending locally uniformly in x ∈ U . Using the kernel estimates

from Theorem 6.2 and the uniformity with respect to v1 ∈ Rn, we obtain for any compact

subset C ⊂ U and any N sufficiently large,
󰀐󰀐󰀐󰀐τ0 −

󰁛

[α]≤N

∆qαL
α
〈X〉,v1τ(v1)|v1=0

󰀐󰀐󰀐󰀐
(X,U),C,α0,β0,β′

0,∞
≤ C ′ sup

v1∈Rn,|α′|≤N ′
󰀂∂α′

v1
τ(v1)󰀂Sm( 󰁥GM),(X,U),C,N ′

1

for α0 = β0 = β′
0 = β′′

0 = 0; above, N ′ is an integer depending on N and the structural

constant of M while C ′ > 0 is constant depending on N , on the structural constant of M

on C. This also holds for any given multi-indices α0, β0, β
′
0, β

′′
0 ∈ Nn

0 by applying the above

estimate to ∆α0
X 〈X〉β0D

β′
0

X,xD
β′′
0

X,yτx,y(v1) which satisfy similar hypotheses to τ(v1). This proves

Part (1).

Under the hypotheses of Part (2), we observe

|κX
τ(v)x,y(v)−

󰁛

j′≤N ′

󰁛

[α]≤N

qα(v)L
α
〈X〉x,v1κ

X
τj′ (v1)x,y

(v)|v1=0|

≤ |κX
τ(v)x,y(v)−

󰁛

[α]≤N

qα(v)L
α
〈X〉x,v1κ

X
τ(v1)x,y

(v)|v1=0|

+
󰁛

[α]≤N

󰀏󰀏󰀏󰀏󰀏qα(v)L
α
〈X〉x,v1

󰀓
κX
τ(v1)x,y

(v)−
N ′󰁛

j′=0

κX
τj′ (v1)x,y

(v)
󰀔󰀏󰀏󰀏

v1=0

󰀏󰀏󰀏󰀏󰀏 .
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Using the estimate from the proof of Part (1) for the first term, and the kernel estimates

together with the smoothness of v1 󰀁→ τ(v1)−
󰁓N ′

j′=0 τj′(v1), we can conclude as for Part 1. □

8.2. Local quantization of amplitudes. The local quantization of amplitudes is defined

as follows. Let X be a frame on an open set U ⊂ M and let χ be a X-cut-off. For an

amplitude τ ∈ T m( 󰁥GM), we define the operator AOpX,χ(τ) at any function f ∈ C∞
c (M) and

any point x ∈ U via

AOpX,χ(τ)f(x) :=

󰁝

M

κX
τ,x,y(− lnX

x y) (χxf)(y) jacy(ln
X
x ) dy

=

󰁝

Rn

κX
τ,x,expXx(−w)(w) (χxf)(exp

X
x (−w)) dw;

as before, jacy(ln
X
x ) is the (smooth) Radon-Nykodym derivative d lnXx

dy
of (expX

x −u)∗du against

the measure dy that we have fixed on M . In other words, the integral kernel of the operator

AOpX,χ(τ) is given by

(8.3) (x, y) 󰀁→ κX
τ,x,y(− lnx y)χx(y)jacy(ln

X
x ).

The local quantizations for amplitudes and symbols are related by the following asympotic

property:

Proposition 8.7. Let X be an adapted frame on an open set U ⊂ M and χ an adapted

cut-off. Let τ ∈ T m( 󰁥GM |U) be an amplitude. Then there exists a symbol σ ∈ Sm( 󰁥GM |U)
such that the quantizations for amplitudes and symbols are related by

AOpX,χ(τ) = OpX,χ(σ),

and the asymptotic expansion σ ∼
󰁓

j∈N0
σj for some σj ∈ Sm−j( 󰁥GM |U) holds. Moreover,

the first symbol σ0(x, ·) coincides with τ(x, x, ·), and for each N ∈ N, the map

τ 󰀁−→ σ −
N−1󰁛

j=0

σj, T m( 󰁥GM) −→ Sm−N( 󰁥GM |U)

is continuous.

Proposition 8.7 is a consequence of the following more technical property and its proof:

Lemma 8.8. We continue with the setting of Proposition 8.7. We fix an X-cut-off function 󰁨χ
such that 󰁨χ ≡ 1 on the support of χ and we assume that the support of χ and 󰁨χ are sufficiently

close to the diagonal. The symbol σ in Proposition 8.7 may be constructed via its convolution

kernel in the X-coordinates which is given by:

κX
σ,x(u) = κX

τ,x,expXx(−u)(u) 󰁨χ(x, exp
X
x (−u)), x ∈ U, u ∈ Rn.

In this case, the σj’s are given by the following finite sum over the indices α, β

σj(x, π) =
󰁛

[α]=j, |β|≤|α|

cα,β(x)∆
α
XD

β
X,y=xτ(x, x, π),
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where the coefficients cα,β ∈ C∞(U), α, β ∈ Nn
0 , are determined by

(
n󰁛

i=1

−uiXi,y)
k =

󰁛

|α|=k,|β|≤k

cα,β(y)u
αXβ

y ;

in particular, c0,0 = 1, and c0,β = 0 for β ∕= 0.

Proof of Lemma 8.8. At least formally, the quantization for the amplitudes, especially (8.3),

shows that AOpX,χ(τ) = OpX,χ(σ), with σ as in Lemma 8.8. We will prove that σ is a

well-defined symbol in Sm( 󰁥GM |U) that satisfies the properties stated in Lemma 8.8 and

Proposition 8.7. The hypothesis in Lemma 8.8 on the cut-offs imposes no restriction on the

proof of Proposition 8.7 because of the independence of the quantization in the cut-off, see

Proposition 7.5. In particular, we may assume that the function

χ0(x, u) := 󰁨χ(x, expx −u), x ∈ U, u ∈ Rn,

has U -local compact support where expX is defined and such that that if (x, v) is in suppχ0

then so is (x, tv) for any t ∈ [−1, 1]. Moreover, by Lemma 8.2, each σj is a well defined symbol

in Sm−j( 󰁥GM). As the distribution κX
σ,x(u) is U -locally compactly supported on suppχ0 and

σj ∈ Sm−j( 󰁥GM), Lemma 8.8 and Proposition 8.7 will be proved once we have shown the

following estimates: for any β, β′ ∈ N0, there exist N0, N
′
0 ∈ N0 such that for any compact

subsets C, C0 ⊂ U with C being a neighbourhood of C0, for any N ≥ N0, there exist C > 0

and N1 ∈ N0 for which we have for x ∈ C0 and u ∈ VC0 :

(8.4)

󰀏󰀏󰀏󰀏󰀏L
β
〈X〉x,uX

β′

x

󰀣
κX
σ,x(u)−

N󰁛

j=0

κX
σj ,x

(u)

󰀤󰀏󰀏󰀏󰀏󰀏 ≤ C|u|N−N ′
0

X 󰀂τ󰀂T m( 󰁥GM),(X,U),C,N1
;

above VC0 is the neighbourhood VC0 := ∪x∈C0suppχ0(x, ·) of 0 in Rn and | · |X is the fixed

quasinorm associated with the gradation of Rn, see Notation 6.1.

Let us start by showing (8.4) for β = β′ = 0. Lemma 3.4 yields the following Taylor

expansion in v ∼ 0 (for x0, u0 fixed)

κX
τ,x0,expXx0 (v)

(u0) ∼v∼0

󰁛

k

1

k!
(

n󰁛

i=1

viXi,y)
kκX

τ,x0,y
(u0)

󰀏󰀏󰀏
y=x0

,

and we define the corresponding (Euclidean) Taylor polynomial at order N :

PN(τ, x0; u0, v) :=
󰁛

k≤N

1

k!
(

n󰁛

i=1

viXi,y)
kκX

τ,x0,y
(u0)

󰀏󰀏󰀏
y=x0

=
󰁛

k≤N

1

k!

󰁛

|α|=k,|β|≤k

cα,β(x)(−v)αXβ
y=xκ

X
τ,x,y(u0),

with the notation of the statement. With C, C0, VC0 as above, the same lemma gives the

following (Euclidean) estimate for the remainder for any x ∈ C0, v ∈ VC0

(8.5) |κX
τ,x0,expXx0 (v)

(u0)− PN(τ, x0; u0, v)| ≲N,C,C0 |v|N+1 max
|α|=N+1

sup
y∈C

󰀏󰀏󰀏Xα
yκ

X
τ,x0,y

(u0)
󰀏󰀏󰀏,

102



where |v| is the Euclidean norm of v. This implies for any N ≥ Q+m, x ∈ C0 and u ∈ VC0 ,

|κX
σ,x(u)−

N󰁛

j=0

κX
σj ,x

(u)| ≤ |χ0(x, u)||κX
τ,x0,expXx0 (−u)(u)− PN(τ, x0; u,−u)|

+ |(1− χ0)(x, u)|
󰁛

|α|<N,|β|≤|α|

1

|α|! |cα,β(x)u
αXβ

y=xκ
X
τ,x,y(u)|

+ |χ0(x, u)|
󰁛

[α]>N,|α|<N,|β|≤|α|

1

|α|! |cα,β(x)u
αXβ

y=xκ
X
τ,x,y(u)|

≲N,N2,C (|u|N+1 + |u|N+1
X )|u|−max(Q+m,0)

X 󰀂τ󰀂T m( 󰁥GM),(X,U),C,N1
,

for some N1 ∈ N0 obtained from using the kernel estimates (see Theorem 6.2). Since |u| ≲
|u|X for u in a bounded neighbourhood of 0, this yields (8.4) in the case β = β′ = 0.

To consider the general case, we first prove that an estimate similar to (8.5) holds after

derivation in x0, v, u0. By the properties (especially uniqueness) of Taylor polynomials, such

a Taylor estimate holds, however with a bound for which we know nothing of its dependence

in τ . This is not sufficient for our proof: it is essential to know that the constant is given by

a kernel estimate for τ . To obtain this dependence, we observe the following properties:

Lβ
〈X〉x,uκ

X
τ,x,expXx(v)

(u) = κX
󰁧〈X〉x

β
τ,x,expXx(v)

(u),

Xβ′

x κ
X
τ,x,expXx(v)

(u) =
󰁛

|β′
1|+|β′

2|≤|β′|

c′β′,β′
1,β

′
2
(x, v)κX

D
β′1
XxX

β′2
y τ,x,expXx(v)

(u),

Rγ
〈X〉x,vκ

X
τ,x,expXx(v)

(u) =
󰁛

|γ1|≤|γ|

cγ,γ1(x, v)κ
X
Xγ1
y τ,x,expXx(v)

(u),

for some families of functions c′β′,β′
1,β

′
2
, cγ,γ1 ∈ C∞(U×Rn) that we can construct by induction.

Consequently, denoting by Pf
N(v) the (Euclidean) Taylor polynomial at order N of a smooth

function f in v ∼ 0, the (Euclidean) Taylor polynomial at order N in v ∼ 0 of

Rγ
〈X〉x,vX

β′

x L
β
〈X〉x,uκ

X
τ,x,expXx(v)

(u) =
󰁛

|β′
1|+|β′

2|≤|β′|
|γ1|≤|γ|

(c′β′,β′
1,β

′
2
cγ,γ1)(x, v)κ

X
Xγ1
y D

β′1
XxX

β′2
y

󰁧〈X〉x
β
τ,x,expXx(v)

(u),

is
󰁛

|β′
1|+|β′

2|≤|β′|
|γ1|≤|γ|

󰁛

N1+N2=N

P
(c′

β′,β′1,β
′
2
cγ,γ1 )(x,·)

N1
(v) PN2(Xγ1

y D
β′
1

Xx
Xβ′

2
y

󰁧〈X〉x
β
, x; u, v),

= Rγ
〈X〉x,vX

β′

x L
β
〈X〉x,uPN+|γ|(τ, x; u, v),

by uniqueness of Taylor polynomials; furthermore, by the preceding step of the proof, its

remainder for x ∈ C0 and v ∈ V is estimated by

≲N,C,V |v|N+1 max
β1≤|β|

max
|α|≤N+1+|γ|

sup
y∈C

󰀏󰀏󰀏Xα
yXβ1

x Lβ
〈X〉xκ

X
τ,x,y(u)

󰀏󰀏󰀏.
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This gives the generalisation of (8.5) for derivatives. This allows us to estimate
󰀏󰀏󰀏󰀏󰀏L

β
〈X〉x,uX

β′

x

󰀣
κX
σ,x(u)−

N󰁛

j=0

κX
σj ,x

(u)

󰀤󰀏󰀏󰀏󰀏󰀏

≤ |χ0(x, u)|

󰀏󰀏󰀏󰀏󰀏L
β
〈X〉x,uX

β′

x

󰀣
κX
τ,x,expXx −u(u)−

N󰁛

j=0

κX
σj ,x

(u)

󰀤󰀏󰀏󰀏󰀏󰀏

+
󰁛

β1+β2=β
β′
1+β′

2=β′

β1+β′
1>0

󰀕
β1

β

󰀖󰀕
β′
1

β′

󰀖 󰀏󰀏󰀏Lβ1

〈X〉xX
β′
1

x χ0(x, u)
󰀏󰀏󰀏
󰀏󰀏󰀏Lβ2

〈X〉x,uX
β′
2

x

󰀓
κX
τ,x,expXx −u(u)

󰀔󰀏󰀏󰀏 .

For the first term on the RHS, we proceed as in the case β = β′ = 0 above using the

generalisation of (8.5) for derivatives we just obtained. Due to the derivatives on χ0, the

second term is supported on a U -locally compact neighbourhood of 0 and away from a smaller

U -locally compact neighbourhood of 0. The kernel estimates (see Theorem 6.2) allow us to

obtain (8.4) for any β, β′. This concludes the proof. □

8.3. The adjoints of locally quantized operators. This section is devoted to showing

the following property for the local quantization:

Proposition 8.9. Let X be an adapted frame on an open subset U ⊂ M . If σ ∈ Sm( 󰁥GM),

then there exists a unique symbol σ(∗) ∈ Sm( 󰁥GM |U) such that

OpX,χ(σ)∗ = OpX,χ(σ(∗)).

Moreover, the following map is continuous

σ 󰀁−→ σ(∗), Sm( 󰁥GM) −→ Sm( 󰁥GM |U),

and σ(∗) admits an asymptotic expansion

σ(∗) ∼
󰁛

j≥0

ρj

such that ρ0 = σ∗ and for each N ∈ N0, the following map is continuous

σ 󰀁−→ σ(∗) −
N󰁛

j=0

ρj, Sm( 󰁥GM) −→ Sm−N−1( 󰁥GM).

Before discussing the proof of Proposition 8.9, we observe that it implies together with the

properties of the adjoint and the continuous action of OpX,χ(σ), σ ∈ ∪mS
m( 󰁥G), on C∞

c (U)

(see Lemma 7.2) that the action of these operators can be extended to distributions:

Corollary 8.10. Let (X, U) be an adapted local frame and χ a cut-off function for (X, U).

Let m ∈ R. If σ ∈ Sm( 󰁥GM |U), the operator OpX,χ(σ) acts continuously on C∞
c (U) and

D′(U). Furthermore, the map σ 󰀁→ OpX,χ(σ) is an injective morphism of topological spaces

Sm( 󰁥GM |U) → L (C∞
c (U)) and Sm( 󰁥GM |U) → L (D′(U)).
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Proof. If f ∈ D′(U), the distribution OpX,χ(σ)f is defined by

〈OpX,χ(σ)f, g〉 = 〈f,OpX,χ(σ(∗))ḡ〉, g ∈ D(M) := C∞
c (M).

Here 〈·, ·〉 denotes the duality bracket in distributions. Hence the statement follows by duality

and Lemma 7.2. □

The proof of Proposition 8.9 follows from the properties of invariance by change of cut-off

functions (see Proposition 7.5) and the following lemma:

Lemma 8.11. Let X be an adapted frame on an open subset U ⊂ M , and χ be a X-cut-off
and we have:

(1) The function χ∗ given by

χ∗(x, y) = χ(y, x), x, y ∈ U,

is also a cut-off for X and if σ ∈ Sm( 󰁥GM), then

OpX,χ(σ)∗ = OpX,χ∗
(σ(∗)),

where σ(∗) ∈ Sm( 󰁥GM |U) is the symbol whose convolution kernel in the X-coordinates
is given by:

κX
σ(∗),x(u) = κσ,expXx −u (−u)

jacx(ln
X
expXx −u)

jacexpXx −u(ln
X
x )

.

(2) If σ ∈ Sm( 󰁥GM), then

σ(∗) ∼
󰁛

j∈N

󰁛

[α]=j,β

dα,β(x)∆
X
αD

β
Xσ

∗,

where the coefficients dα,β are obtained from the coefficients cα,β of Lemma 8.8:

cα,β(x)Xβ
y=x

󰀣
jacx(ln

X
y )

jacy(ln
X
x )

f(y)

󰀤
=

󰁛

|β′|≤|β|

dα,β′(x)Xβ′
f(x), x ∈ U, f ∈ C∞(U).

Moreover, for each N ∈ N, the following map is continuous

σ 󰀁−→ σ(∗) −
󰁛

j≤N

󰁛

[α]=j,β

dα,β(x)∆
X
αD

β
Xσ

∗, Sm( 󰁥GM) ←→ Sm−N−1( 󰁥GM |U).

Proof of Lemma 8.11. Part (1). For any f ∈ C∞
c (U) and x ∈ M

OpX,χ(σ)∗f(x) =

󰁝

M

κX
σ,y(− lnX

y x)(χ
∗
xf)(y)jacx(ln

X
y )dy.

Therefore, the convolution kernel κX
σ(∗),x

of the operator OpX,χ(σ)∗ satisfies for x, y ∈ M

κX
σ(∗),x(− lnX

x y) = κX
σ,y(− lnX

y x)
jacx(ln

X
y )

jacy(ln
X
x )

.
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The change of variable u = − lnX
x y gives

κX
σ(∗),x(u) = κX

σ,expXx −u(− lnX
expXx −u x)

jacx(ln
X
expXx −u)

jacexpXx −u(ln
X
x )

.

We then conclude by observing that

− lnX
expXx −u x = lnX

x exp
X
x −u = −u.

Part (2). By Part (1), we can write at least formally OpX,χ(σ)∗ = AOpX,χ(τ) where τ is

the amplitude given by the convolution kernel in the X-coordinates:

κX
τ,x,y(v) = κX

σ,y(−v)
jacx(ln

X
y )

jacy(ln
X
x )

, x, y ∈ U.

We check readily that τ ∈ T m( 󰁥GM |U) with

cα,β(x)∆
X
αD

β
X,y=xτ(x, y, π) =

󰁛

|β′|≤|β|

dα,β′(x)∆X
αD

β
Xσ

∗(x, π), x ∈ U, π ∈ GxM,

by Lemma 8.2. We then conclude with Proposition 8.7. □

Usually, σ(∗) is different from σ∗. However, the symbols 󰁧〈Xj〉 have special properties:

Lemma 8.12. Let X be an adapted frame on an open subset U ⊂ M , and χ be a cut-off

for X. Then

OpX,χ( 󰁧〈Xj〉)∗ = −OpX,χ( 󰁧〈Xj〉).

In other words, 󰁧〈Xj〉
(∗)

= 󰁧〈Xj〉
∗
= − 󰁧〈Xj〉.

Proof of Lemma 8.12. Let f, g ∈ C∞
c (U). Proposition 7.3 implies

(OpX,χ( 󰁧〈Xj〉)f, g)L2(U) = ∂j
󰀏󰀏
v=0

󰁝

U

f(expX
x v)ḡ(x)dx

= ∂j
󰀏󰀏
v=0

󰁝

U

f(y)ḡ(expX
y −v)jacy exp

X
y (−v)dy

= −
󰁝

U

f(y)∂j
󰀏󰀏
v=0

ḡ(expX
y −v) dy,

since jacy exp
X
y 0 = 1 and ∂j

󰀏󰀏
v=0

jacy exp
X
y (−v) = 0 because we have

Dv=0Dy exp
X
y (−v) = DyDv=0 exp

X
y (−v) = −Dy(I) = 0.

□
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8.4. The composition of locally quantized operators. This section is devoted to show-

ing properties regarding composition for the local quantization:

Proposition 8.13. Let X be an adapted frame on an open subset U ⊂ M and let χ be a

cut-off function for X. If σ1 ∈ Sm1( 󰁥GM) and σ2 ∈ Sm2( 󰁥GM), then there exists a unique

symbol

σ1♦σ2 = σ1♦X,χσ2 ∈ Sm1+m2( 󰁥GM |U)
such that

OpX,χ(σ1♦σ2) = OpX,χ(σ1)OpX,χ(σ2).

Moreover, the following properties hold:

(1) The following map is continuous

(σ1, σ2) 󰀁−→ σ1♦σ2, Sm1( 󰁥GM)× Sm2( 󰁥GM) −→ Sm1+m2( 󰁥GM |U).

(2) The symbol σ1♦σ2 admits an asymptotic expansion

σ1♦σ2 ∼
󰁛

j≥0

ρj in Sm1+m2( 󰁥GM |U),

satisfying ρ0 = σ1σ2 and such that for each N ∈ N, the following map is continuous

(σ1, σ2) 󰀁−→ σ1♦σ2 −
N󰁛

j=0

ρj, Sm1( 󰁥GM)× Sm2( 󰁥GM) −→ Sm1+m2−N−1( 󰁥GM).

Let us first explain the strategy of the proof of Proposition 8.13 (which follows from

standard ideas developed in the Euclidean case). By Proposition 8.9, there exists a symbol

σ
(∗)
2 such that

OpX,χ(σ2) = (OpX,χ(σ2)
∗)∗ = OpX,χ(σ

(∗)
2 )∗.

Therefore, it is enough to be able to prove that for all symbol σ3 ∈ Sm( 󰁥GM), the operator

OpX,χ(σ1)OpX,χ(σ3)
∗ is pseudodifferential in the sense that it has a symbol in a suitable class,

and that this symbol can be written as an asymptotic sum of symbols with suitable continuity

properties. The advantage of considering this new problem is that a simple amplitude is

associated with the operator OpX,χ(σ1)OpX,χ(σ3)
∗. Then Proposition 8.7 will allow us to

conclude and to identify the first term of the asymptotic expansion.

With this strategy in mind, Proposition 8.13 will derive from the following lemma:

Lemma 8.14. We continue with the setting and notation of Proposition 8.13. The symbol

σ1♦(σ
(∗)
2 ) admits an asymptotic expansion

σ1♦(σ
(∗)
2 ) ∼

󰁛

j≥0

ρj in Sm1+m2( 󰁥GM |U),

satisfying ρ0 = σ1σ
∗
2 and such that for each J ∈ N, the following map is continuous

(σ1, σ2) 󰀁−→ σ1♦(σ
(∗)
2 )−

J󰁛

j=0

ρj, Sm1( 󰁥GM)× Sm2( 󰁥GM) −→ Sm1+m2−J−1( 󰁥GM).
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Moreover, there exist two families of smooth functions (cα1,α2,γ1,γ2)α1,α2,γ1,γ2∈Nn in C∞(U) and

(pα3)α3∈Nn in C∞(U × Rn) such that

ρj =
󰁛

[α1]+[α2]+|α3|min=j

󰁛

γ1+γ2=α3, |β|≤|γ2|

cα1,α2,γ1,γ2(x)∆pα3

󰁧〈X〉
α3

∆α1+γ1
X σ1∆

α2+γ2
X Dβ

Xσ
∗
2.

Proof of Lemma 8.14. By density of smoothing symbols (see Proposition 5.45), and, since

we will prove estimates for continuous seminorms, we may assume that the symbols σ1, σ2

are smoothing; this justifies the manipulations below.

The integral kernel of the operator OpX,χ(σ1)OpX,χ(σ2)
∗ is given by

(x, y) 󰀁→
󰁝

M

κX
1,x(− lnX

x z)κ
X
2,y(− lnX

y z)jacz(ln
X
x )jacz(ln

X
y )χx(z)χy(z)dz

= 󰁨χ(x, y)
󰁝

Rn

κX
1,x(−v)κX

2,y(− lnX
y (exp

X
x v))jacexpXx v(ln

X
y ) (χxχy)(exp

X
x v)dv,

where 󰁨χ is an X-cut-off function with 󰁨χ = 1 on a neighbourhood of ∪z∈Usupp(χ(·, z)χ̄(·, z)).
Consequently,

OpX,χ(σ1)OpX,χ(σ2)
∗ = OpX,󰁨χ(σ) = AOpX,󰁨χ(τ),

where τ is the amplitude whose convolution kernel in the X-coordinates is given by

κX
τ,x,y(u) =

󰁝

Rn

κX
1,x(−v)κX

2,y(− lnX
expXx −u(exp

X
x v))

jacexpXx v(ln
X
y )

jacy(ln
X
x )

(χxχy)(exp
X
x v)dv.

After the change of variable

w = ϕx,u(v) = lnX
expXx −u(exp

X
x v), v = ϕ−1

x,u(w) = lnX
x exp

X
expXx −u w,

we obtain:

κX
τ,x,y(u) =

󰁝

Rn

κX
1,x(−ϕ−1

x,u(w))κ
X
2∗,y(w) (χxχy)(exp

X
expXx −u w)

jacexpX
expXx −u

w(ln
X
y )

jacy(ln
X
x )

jacwϕ
−1
x,udw,

where κX
2∗,y(u) := κX

2,y(−u) is the convolution kernel of the symbol σ∗
2 in the X-coordinates.

We then make the substitution w = u ∗x (−w1), and define as in Corollary 4.14 (2)

ř(x; u, w1) = (−w1) ∗x (− lnX
x exp

X
expXx −u u ∗x (−w1)),

to obtain

κX
τ,x,y(u) = κτ(u1),x,y(u)

󰀏󰀏
u1=u

,

where

κX
τ(u1),x,y

(u) :=

󰁝

Rn

χ(x; u1, w1)κ
X
1,x(w1 ∗x ř(x; u1, w1))κ

X
2∗,y(u ∗x (−w1)) J(x, y; u, w1)dw1.

Above, we adopted the short-hand

J(x, y; u, w1) := (χxχy)(exp
X
expXx −u u ∗x (−w1))

jacexpX
expXx −u

u∗x(−w1)(ln
X
y )

jacy(ln
X
x )

jacu∗x(−w1)ϕ
−1
x,u,
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for the expression involving the cut-off functions and the Jacobians; we also inserted a

suitable U -locally compactly supported function χ1 ∈ C∞(U × Rn × Rn). Hence, with the

notation of Lemma 8.6, we have

τ = τ0 where τ(u1) := τ(σ
(řu1 ,χ1,u1 )
1 , σ∗

2, J),

having used the notation of Propositions 8.4 and 6.9, and set

řu1(x;w1) := ř(x; u1, w1), χ1,u1(x;w1) := χ1(x; u1, w1).

These statements, together with the link between amplitudes and symbols (see Proposi-

tion 8.7) and the continuity of taking the adjoint of symbols (see Proposition 5.25), allow us

to conclude the proof. □

9. Pseudodifferential calculus on M

In this section we define a pseudodifferential calculus on filtered manifolds. In Section 9.1

we introduce a passage from the local quantization to the definition of operators defined

on the whole manifold M . It follows classical lines and is inspired by the construction of

quantization on manifolds presented in [70, 46]. Then, we verify that the operators we

have introduced satisfy the expected properties: composition rules when they are properly

supported (Section 9.2), a notion of principal symbol (Section 9.3), and the existence of

parametrices when the symbols satisfy adequate conditions (Section 9.4). As usual, asso-

ciated with this set of pseudodifferential calculus comes a notion of (local) Sobolev spaces

that we describe in Section 9.5, and on which pseudodifferential operators act continuously.

Finally, in Section 9.6, we discuss what is the classical pseudodifferential calculus deriving

from our construction and prove in Section 9.7 that it coincides with the abstract class of

pseudodifferential operators constructed by van Erp and Yuncken calculus in [67, 68] via

groupoids.

9.1. Pseudodifferential operators on M . We recall that the smooth manifold M is as-

sumed second countable, paracompact Hausdorff, and that we have fixed a measure dx onM .

9.1.1. Definition.

Definition 9.1. Let M be a filtered manifold. Let m ∈ R. A linear operator

P : C∞
c (M) −→ C∞(M)

is a pseudodifferential operator of order m on the filtered manifold M when

(1) for any adapted frame X on an open set U ⊂ M , for any X-cut-off χ, there exists a

symbol σ ∈ Sm( 󰁥GM |U) such that

ϕP (ψf) = ϕOpX,χ(σ)(ψf),

for any f ∈ C∞
c (M) and ϕ,ψ ∈ C∞

c (U),
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(2) there exists a smooth function K ∈ C∞(M×M \DM) defined away from the diagonal

DM := {(x, x) : x ∈ M} such that

ϕ1P (ϕ2)(x) = ϕ1(x)

󰁝

M

K(x, y)ϕ2(y)dy, x ∈ M,

for any ϕ1,ϕ2 ∈ C∞
c (M) with disjoint supports (i.e. suppϕ1 ∩ suppϕ2 = ∅).

The properties in the definition above and those of the local quantization (especially

Lemma 7.2) imply that P is a continuous operator C∞
c (M) → D′(M). By the Schwartz

kernel theorem, it admits an integral kernel K0 ∈ D′(M × M). Part (2) above says that

K0 coincides with a smooth function on M ×M \DM , i.e. away from the diagonal. When

this integral kernel is smooth on M ×M , we will follow the traditional convention (as well

as in coherence with what we have done in the preceding sections) of calling the operator

smoothing:

Definition 9.2. Let M be a smooth manifold. An operator P on M is smoothing when it

admits a smooth integral kernel, that is, there exists K ∈ C∞(M ×M) such that

Pf(x) =

󰁝

M

f(y)K(x, y)dy, x ∈ M.

We denote by Ψm(M) the space of pseudodifferential operators of order m ∈ R on M and

by Ψ−∞(M) the space of smoothing operators on M . We check readily for m,m1,m2 ∈ R
with m1 ≤ m2

Ψ−∞(M) ⊂ Ψm(M) and Ψm1(M) ⊂ Ψm2(M).

We also denote by

Ψ(M) := ∪m∈RΨ
m(M)

the space of pseudodifferential operators (of any order) on M .

From Definitions 9.1 and 9.2 together with the properties of the local quantization, we

check readily that Ψm(M) for each m ∈ R ∪ {−∞} is a vector space and furthermore a left

and right C∞(M)-module:

∀ϕ,ψ ∈ C∞(M), ∀P ∈ Ψm(M) ϕPψ ∈ Ψm(M).

Moreover, it is stable under the formal adjoint:

Lemma 9.3. If P ∈ Ψm(M) with m ∈ R ∪ {−∞}, then its formal adjoint P ∗, that is, the

operator defined via

∀f, g ∈ C∞
c (M) (P ∗f, g)L2(M) = (f, Pg)L2(M),

is a well defined operator in Ψm(M).

Proof. We observe that if P is an operator C∞
c (M) → C∞(M) with integral kernel K ∈

D′(M×M), then P ∗ is also an operator C∞
c (M) → D′(M) with integral kernel K∗ ∈ D′(M×

M) given by K∗(x, y) = K̄(y, x). This observation implies the statement for smoothing

operators (i.e. the case m = −∞) as well as the second part in Definition 9.1 for the formal
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adjoint P ∗ of an operator P ∈ Ψm(M) with m ∈ R. The first part in Definition 9.1 for P ∗

is a consequence of Proposition 8.9. This concludes the proof. □

From Definition 9.1 and the properties of the local quantization (especially Lemma 7.2

and Corollary 8.10), we check readily that a pseudodifferential operator on M acts linearly

continuously C∞
c (M) → C∞(M) and also E ′(M) → D′(M) by Lemma 9.3; here E ′(M)

stands for the space of distributions with compact support. Note that the space Ψ−∞(M)

may be described equivalently as the space of continuous linear operators E ′(M) → C∞(M),

as well as

Ψ−∞(M) = ∩m∈RΨ
m(M).

9.1.2. Examples. Here, we give some examples of pseudodifferential operators. Our first

class of examples results from the local quantizations defined in Section 7.1.1:

Lemma 9.4. Let m ∈ R ∪ {−∞}. Let (X, U) be an adapted frame with X-cut-off χ.

(1) If σ ∈ Sm( 󰁥GM |U), then OpX,χ(σ) ∈ Ψm(U).

(2) Moreover, if σ ∈ ∪m′∈R∪{−∞}S
m′
( 󰁥GM |U) satisfies OpX,χ(σ) ∈ Ψm(U), then σ ∈

Sm( 󰁥GM |U).

Proof. The characterisation of smoothing symbols (see Proposition 5.45 (1), see also Corol-

lary 6.5) implies the case m = −∞. We now prove the case m ∈ R.
Let σ ∈ Sm( 󰁥GM). The kernel estimates (see Theorem 6.2) imply that the Schwartz kernel

K(x, y) of OpX,χ(σ) is smooth away from the diagonal when m ∈ R. Hence, Part (2) of

Definition 9.1 holds.

Let Y be another adapted frame on an open set V ⊂ U , with Y-cut-off 󰁨χ. Then by

Propositions 7.5 and 7.7, there exists 󰁨σ ∈ Sm( 󰁥GM |U) such that OpX,χ(σ) = OpY,󰁨χ(󰁨σ). This
shows that Part (1) of Definition 9.1 holds. Therefore OpX,χ(σ) ∈ Ψm(U).

Let m′ ∈ R and σ ∈ Sm′
( 󰁥GM |U). We assume OpX,χ(σ) ∈ Ψm(U). We may assume

m′ < m. By Part (1) of Definition 9.1, there exists 󰁨σ ∈ Sm′
( 󰁥GM |U) such that

∀ϕ,ψ ∈ C∞
c (U) ϕOpX,χ(σ)ψ = ϕOpX,χ(󰁨σ)ψ.

This readily implies that κX
σ−κX

σ′ is smooth on U×Rn, so σ−󰁨σ ∈ S−∞( 󰁥GM) by Corollary 6.5.

This shows Part (2). □

We will often identify a function with compact support in U ⊂ M with a function trivially

extended to M . And conversely, if a function on M is supported in U , we may view it as a

function on U . With these conventions in mind, Lemma 9.4 and its proof imply readily:

Corollary 9.5. Let m ∈ R ∪ {−∞}. Let (X, U) be an adapted frame with X-cut-off χ. For

any σ ∈ Sm( 󰁥GM |U) and ψ ∈ C∞
c (U), the operator given by

f 󰀁−→ OpX,χ(σ)(ψf), C∞
c (M) −→ C∞(M).

is in Ψm(M). That is,

∀ψ ∈ C∞
c (U), OpX,χ(σ)ψ ∈ Ψm(M).
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Moreover, if σ ∈ ∪m′∈R∪{−∞}S
m′
( 󰁥GM |U) satisfies OpX,χ(σ)ψ ∈ Ψm(M) for any ψ ∈ C∞

c (U),

then σ ∈ Sm( 󰁥GM |U).

Remark 9.6. Lemma 9.4 and its proof imply that if the property described in Part (1) of

Definition 9.1 holds for a family of open subsets (Uα)α of M , each Uα being equipped with

an adapted frame Xα and a Xα-cut-off, with the family of open subsets covering M , then

Part (1) of Definition 9.1 holds for any (X, U).

Our second class of examples comprises differential operators:

Lemma 9.7. Any differential operator is pseudodifferential, and its integral kernel is sup-

ported on the diagonal. Moreover, if P is a differential operator, then P ∈ ΨN(M) with N

being its homogeneous order.

The homogeneous order was defined in Definition 3.7. This statement implies:

DO(M) ⊂ Ψ(M), and more precisely, DO≤N(M) ⊂ ΨN(M).

Proof. A differential operator P is a linear operator P : C∞
c (M) → C∞(M) with integral

kernel supported on the diagonal. It remains to check Part (1) of Definition 9.1. We denote

by N the homogeneous order of P and by σN ∈ Γ(UN(gM)) its principal part in the sense

of Section 3.4.

Let X be an adapted frame on an open set U ⊂ M and let χ be a X-cut-off. The oper-

ator OpX,χ(σN) is differential by Proposition 7.3 and in ΨN(M) by Lemma 9.4. Moreover,

Proposition 7.3 implies that P |U −OpX,χ(σN) is a differential operator on U of homogeneous

order ≤ N − 1. Inductively, we construct a finite sequence of symbols

σN , σN−1, . . . , σ0 respectively in Γ(UN(gM)), Γ(UN−1(gM)), . . . , Γ(U0(gM)),

such that the differential operator P coincides on U with OpX,χ(σN + σN−1 + . . .+ σ0). This

implies Part (2) of Definition 9.1 and concludes the proof. □

9.1.3. Characterisation via atlases. Remark 9.6 above leads us to adapt the notion of atlas

to the setting of filtered manifold in the following way:

Definition 9.8. The collectionA = (Uα,Xα,χα,ψα)α∈A is an atlas of the filtered manifoldM

when it consists in

(a) a countable family of open subsets Uα providing a locally finite covering ofM = ∪αUα,

and

(b) for each α ∈ A, an adapted frame Xα on Uα, a Xα-cut-off χα and a function ψα ∈
C∞

c (Uα : [0, 1]) such that the functions (x, y) 󰀁→ ψα(x)ψα(y) are supported in the

interior of the set {χα(x, y) = 1}, and satisfying
󰁛

α

ψ2
α = 1.

It is possible to construct such atlases via routine arguments ommited here.

This notion of atlas on M allows us to characterise the pseudodifferential operators on M

in the following way:
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Proposition 9.9. Let P be a continuous linear operator C∞
c (M) → D′(M). Then P ∈

Ψm(M) if and only if there exists one (and then any) atlas A = (Uα,Xα,χα,ψα)α∈A for the

filtered manifold M , a family of symbols (σα)α∈A with σα ∈ Sm( 󰁥GM |Uα) and a smoothing

operator R ∈ Ψ−∞(M) such that

(9.1) P = R +
󰁛

α

ψα OpXα,χα(σα)ψα.

The equality in (9.1) above means that for any f ∈ C∞
c (M) and x ∈ M , we have:

Pf(x) = Rf(x) +
󰁛

α

ψα(x)OpXα,χα(σα)(ψαf)(x).

We will see in Corollary 9.25 that we can in fact consider one symbol σ instead of a family

(σα)α∈A. In any case, the family of symbols (σα)α∈A and the smoothing operator R depend

on the atlas A. However, even if we fix the atlas A, they are not unique. Indeed, we may

modify a symbol σα in (9.1) with a smoothing symbol on Uα. Moreover, we observe that

the integral kernel of ψα OpXα,χα(σα)ψα is supported near the diagonal, more precisely in

suppχα∩supp ((x, y) 󰀁→ ψα(x)ψα(y)). As the integral kernel of P may not be supported near

the diagonal, the presence of the smoothing operator R is essential for the characterisation

of Ψ(M) in terms of the local quantization.

Proof of Proposition 9.9. If P is of the form (9.1), then P ∈ Ψm(M) by Lemma 9.4. Let us

prove the converse. Let P ∈ Ψm(M). We denote by σα the symbol in Sm( 󰁥GM |Uα) obtained

from Part (1) of Definition 9.1 for the open set Uα. We start the analysis with writing P as

P =
󰁛

α,α′

ψ2
α′Pψ2

α =
󰁛

α′

ψ2
α′Pϕα′ + R1

with

R1 :=
󰁛

α,α′

Uα∩Uα′=∅

ψ2
α′Pψ2

α, and ϕα′ :=
󰁛

α:Uα∩Uα′ ∕=∅

ψ2
α ∈ C∞

c (M).

Part (2) of Definition 9.1 implies that R1 is smoothing. We now write the sum over α′ as
󰁛

α′

ψ2
α′Pϕα′ =

󰁛

α′

ψ2
α′Pψ2

α′ϕα′ +R2

where R2 is the smoothing operator given by:

R2 :=
󰁛

α′

ψ2
α′P (1− ψ2

α′)ϕα′ .

We check readily that the symbol

σ′
α′ :=

󰁛

α,α′

ψα′ (σα′ ⋄Xα′ ,χα′ ψαϕα′)

is in Sm( 󰁥GM |Uα) and that we have
󰁛

α′

ψα′ OpXα′ ,χα′ (σ′
α′)ψα′ =

󰁛

α′

ψ2
α′ OpXα′ ,χα′ (σα′)ψ2

α′ϕα′ =
󰁛

α′

ψ2
α′Pψ2

α′ϕα′ ,
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concluding the proof. □
This characterisation together with the properties of the local quantization imply that

pseudodifferential operators of non-negative order act continuously on L2
loc(M):

Corollary 9.10. If P ∈ Ψm(M) with m ∈ (−∞, 0] ∪ {−∞}, then P acts continuously on

the space L2
loc(M) (see (7.4) for a precise definition).

Proof. Consider the case of P ∈ Ψ−∞(M) smoothing. This means that its integral kernel

K(x, y) is a smooth function in x, y ∈ M . This implies that P acts continuously on L2
loc(M)

for instance by the Cauchy-Schwartz inequality. The case of m ∈ (−∞, 0] follows from the

characterisation in Proposition 9.9 together with the L2-boundedness (see Theorem 7.4). □

9.2. Properly supported pseudodifferential operators and composition. Already in

the traditional case of a trivial filtration on a manifold M , two pseudodifferential operators

may not be composable as they are maps between functional spaces which are not compatible

with composition; for instance, one of them is an operator C∞
c (M) → C∞(M) while the other

is E ′(M) → D′(M). The same technical obstruction appears here, and we adapt the usual

line of approach to solve this issue by considering properly supported pseudodifferential

operators.

9.2.1. Properly supported pseudodifferential operators.

Definition 9.11. A pseudodifferential operator P is said to be properly supported when its

integral kernel K ∈ D′(M × M) is properly supported or, in other words, when the two

projection maps suppK → M are proper (i.e. preimages of compact sets are compact).

With Definition 9.11 in mind together with Lemma 9.3, it follows readily that a properly

supported pseudodifferential operator on M acts on C∞
c (M):

Lemma 9.12. If P is a properly supported pseudodifferential operator on M , then P is a

linear continuous operator C∞
c (M) → C∞

c (M), D′(M) → D′(M) and E ′(M) → E ′(M). If P

is moreover smoothing, then P is also a linear continuous operator E ′(M) → C∞
c (M).

Consequently, properly supported pseudodifferential operators on M are composable with

other pseudifferential operators, and we will study their composition soon. However, one

drawback of considering properly supported pseudodifferential operators is that, by defini-

tion, their integral kernels are supported close to the diagonal. Hence, unless the manifold

is compact, they comprise a strictly smaller subspace of the space of pseudodifferential op-

erators.

Here are some fundamental examples of properly supported pseudodifferential operators:

Example 9.13. (1) If the manifold M is compact, then any pseudodifferential operator is

properly supported.

(2) If P ∈ Ψm(M) and if ϕ,ψ ∈ C∞
c (M), then ψPϕ ∈ Ψm(M) is properly supported.

(3) Whether M is compact or not, any differential operator is a properly supported

pseudodifferential operator by Lemma 9.7.
114



(4) Considering an atlasA = (Uα,Xα,χα,ψα)α∈A for the filtered manifoldM and a family

of symbols (σα)α∈A with σα ∈ Sm( 󰁥GM |Uα), then the pseudodifferential operator
󰁛

α

ψα OpXα,χα(σα)ψα ∈ Ψm(M)

is properly supported.

As a consequence of the last example and the characterisation of pseudodifferential oper-

ators on M in Proposition 9.9, any pseudodifferential operator on M is properly supported

modulo a smoothing operator:

Lemma 9.14. For any P ∈ Ψm(M), there exists a properly supported pseudodifferential

operator P ′ ∈ Ψm(M) and a smoothing operator R ∈ Ψ−∞(M) such that P = P ′ +R.

9.2.2. Composition of pseudodifferential operators. We can now consider the composition of

pseudodifferential operators on the filtered manifold M :

Theorem 9.15. Let m1,m2 ∈ R ∪ {−∞}. Let P1 ∈ Ψm1(M) and P2 ∈ Ψm2(M). If one of

them is properly supported then their composition P1P2 makes sense and is a pseudodiffer-

ential operator P1P2 ∈ Ψm1+m2(M). If they are both properly supported then so is P1P2.

In particular, on a compact filtered manifold M , Ψm1(M) ◦Ψm2(M) ⊂ Ψm1+m2(M).

The proof will use the following observations.

Lemma 9.16. (1) If P ∈ Ψm(M) with m ∈ R ∪ {−∞} is properly supported, then

P ∗ ∈ Ψm(M) is also properly supported.

(2) Let P ∈ Ψm(M) with

P = R +
󰁛

α

ψα OpXα,χα(σα)ψα.

for R ∈ Ψ−∞(M), an atlas A = (Uα,Xα,χα,ψα)α∈A and a family of symbols (σα)α∈A
with σα ∈ Sm( 󰁥GM |Uα). If P is properly supported, so it is for R.

Proof of Lemma 9.16. Part (1) follows readily from Lemma 9.3 and its proof, while Part (2)

comes from Example 9.13 (2). □

Proof of Theorem 9.15. Lemmata 9.3 and 9.16 (1) allow us to assume P2 properly supported.

Then P1P2 makes sense and is a continuous linear operator C∞
c (M) → C∞(M). Denoting

by K,K1, K2 the integral kernels of P2P1, P1 and P2, we have in the sense of distribution:

(9.2) K(x, y) =

󰁝

M

K1(x, z)K2(z, y)dz.

Lemma 9.16 (2) and the vector space structure of Ψ(M) imply that it suffices to consider

the three following cases:

(a) P2 ∈ Ψ−∞(M) (i.e. K2 smooth),

(b) P1 ∈ Ψ−∞(M) (i.e. K1 smooth) and P2 given by a local quantization, i.e. of the form

P2 = ψOpX,χ(σ)ψ, and
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(c) when both P1 and P2 are properly supported pseudodifferential operators and given

by a local quantization.

Let us analyse these three cases.

(a) If P2 is also smoothing (in addition of being properly supported), then K2 is smooth

and properly supported, and for fixed y ∈ M , K is the image of the compactly supported

function z 󰀁→ K(z, y) by P1, and thus smooth since P1 is a pseudodifferential operator. In

this case, we obtain P1P2 ∈ Ψ−∞(M).

(b) If P1 ∈ Ψ−∞(M) and

P2 = ψOpX,χ(σ)ψ,

where X is an adapted frame on an open subset U ⊂ M , χ is a X-cut-off, ψ ∈ C∞
c (U) and

σ ∈ Sm( 󰁥GM |U). Denoting by K̃2 the integral kernel of OpX,χ(σ), we have in the sense of

distribution

K2(z, y) = ψ(z)K̃2(z, y)ψ(y).

Hence, the expression in (9.2) shows that K is smooth. In this case, again, P1P2 ∈ Ψ−∞(M).

(c) We now consider the case of m1,m2 finite and P1, P2, given for j = 1, 2 by

(9.3) Pj = ψj OpXj ,χj(σj)ψj,

where Xj is an adapted frame on an open subset Uj ⊂ M , χj is a Xj-cut-off, ψj ∈ C∞
c (Uj)

and σj ∈ Sm( 󰁥GM |Uj
). If ψ1ψ2 = 0, then P1P2 = 0. Hence, we may assume ψ1ψ2 ∕= 0 and we

fix a function ψ̃ ∈ C∞
c (U1 ∩ U2) such that ψ̃ = 1 on a neighbourhood of supp (ψ1ψ2).

Let us show that we can write

(9.4) ψ1OpX1,χ1(σ1)ψ̃
2 = ψ1OpX2,χ2(ψ̃σ1)ψ̃ + ψ1OpX2,χ2(ρ)ψ̃,

for some ρ ∈ Sm1−1( 󰁥GM). By the symbolic properties of the local quantization (see Propo-

sition 8.13), there exists ρ1 ∈ Sm1−1( 󰁥GM)

ψ1OpX1,χ1(σ1)ψ̃
2 = ψ1OpX1,χ1(ψ̃σ1 + ρ1)ψ̃

By the properties of invariance of the local quantization for the frame and the cut-off (see

Propositions 7.7 and 7.5), there exists ρ′1 ∈ Sm1−1( 󰁥GM) such that

ψ1OpX1,χ1(ψ̃σ1)ψ̃ = ψ1OpX2,χ2(ψ̃σ1 + ρ′1)ψ̃.

This implies (9.4).

Using (9.4) in the expression for P1P2, we obtain

P1P2 = ψ1 OpX1,χ1(σ1) ψ̃
2ψ1ψ2 OpX2,χ2(σ2)ψ2

=
󰀓
ψ1OpX2,χ2(ψ̃σ1)ψ̃ + ψ1OpX2,χ2(ρ)ψ̃

󰀔
ψ1ψ2 OpX2,χ2(ψ̃σ2)ψ2

= ψ1 OpX2,χ2((ψ̃σ1) ⋄X2,χ2 (ψ1ψ2σ2))ψ2 + ψ1 OpX2,χ2(σ1 ⋄X2,χ2 ψ1ψ2ρ)ψ2.

By the properties of composition in Proposition 8.13 and Lemma 9.4, the first term in

the sum of the right-hand side is in Ψm1+m2(M) while the second is in Ψm1+m2−1(M). This

implies the case of two operators P1, P2 of the form (9.3).

The case where they are both properly supported follows readily from (9.2). □
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9.2.3. The global quantization OpA.

Lemma 9.17. We fix an atlas A = (Uα,Xα,χα,ψα)α∈A for the filtered manifold M . The

operators defined via

(9.5) OpA(σ) :=
󰁛

α

ψα OpXα,χα(σ)ψα, σ ∈ ∪m∈R∪{−∞}S
m( 󰁥GM),

are properly supported pseudodifferential. More precisely, we have for any m ∈ R ∪ {−∞},

∀σ ∈ Sm( 󰁥GM), OpA(σ) ∈ Ψm(M).

Moreover, it satisfies the following two properties:

(1) If σ ∈ ∪m′∈R∪{−∞}S
m′
( 󰁥GM) satisfies OpA(σ) ∈ Ψm(M), then σ ∈ Sm( 󰁥GM).

(2) If σ and σ′ are two symbols in Sm( 󰁥GM) such that OpA(σ) = OpA(σ′), then σ− σ′ ∈
S−∞( 󰁥GM) is smoothing.

Proof. From Example 9.13 (4), it follows readily that OpA(σ) ∈ Ψm(M) for any σ ∈
Sm( 󰁥GM). Part (1) is proved by proceeding as in the proof of Lemma 9.4 (2). Part (2)

follows. □

The class of operators OpA(Sm( 󰁥GM)), m ∈ R, enjoy a symbolic calculus modulo lower

order terms as a consequence of the proof of Theorem 9.15 and the consideration on the

adjoint.

Corollary 9.18. Let A = (Uα,Xα,χα,ψα)α∈A be an atlas for M and let OpA be its associated

global quantization given via (9.5). Let m1,m2,m ∈ R ∪ {−∞}.
(1) If σ ∈ Sm( 󰁥GM) then

󰀃
OpA(σ)

󰀄∗
= OpA(σ(∗)) = OpA(σ∗) +R,

where R ∈ Ψm−1(M).

(2) If σ1 ∈ Sm1( 󰁥GM) and σ2 ∈ Sm2( 󰁥GM), then

OpA(σ1)OpA(σ2) = OpA(σ1σ2) + S,

where S ∈ Ψm1+m2−1(M).

Proof of Corollary 9.18. We check readily the properties of the adjoint. For the composi-

tion, we first observe that continuing with the proof of Theorem 9.15 Case (c), we have in

Sm1+m2( 󰁥GM |U2)

(ψ̃σ1) ⋄X2,χ2 (ψ1ψ2σ2) = ψ2
1ψ2σ1σ2 + ρ′,

for some ρ′ ∈ Sm1+m2−1( 󰁥GM |U2). Therefore, we have obtained:

ψ1 OpX1,χ1(σ1)ψ1ψ2 OpX2,χ2(σ2)ψ2 = ψ2OpX2,χ2(ψ2
1σ1σ2)ψ2 +Rψ1,ψ2

where Rψ1,ψ2 ∈ Ψm1+m2−1(M) is given by

Rψ1,ψ2 = ψ1OpX2,χ2(ρ′)ψ2 + ψ1 OpX2,χ2(σ1 ⋄X2,χ2 ψ1ψ2ρ)ψ2.
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Performing this for every ψα1 ,ψα2 , we have

OpA(σ1)OpA(σ1) =
󰁛

α1,α2

ψα1 OpXα1 ,χα1 (σ)ψα1ψα2 OpXα2 ,χα2 (σ)ψα2

=
󰁛

α2,α1

ψα2OpX2,χ2(ψ2
α1
σ1σ2)ψα2 + S,

with OpA(σ1σ2) for the first term since
󰁓

α1
ψ2
α1

= 1, and for the second term,

S :=
󰁛

α1,α2

Rψα1 ,ψα2
.

We check readily S ∈ Ψm1+m2−1(M) and this concludes the proof. □

9.3. Principal Symbol. We start by defining a local notion of principal symbol, attached

to open sets small enough to be included into open sets endowed with a local frame. Then,

in a second step, we will define a global notion of principal symbol.

9.3.1. Local principal symbol. We introduce the following notation:

Definition 9.19. Let m ∈ R, let P ∈ Ψm(M) and let V0 be an open subset of M small

enough to be included in an open set equipped with adapted frames. Then we denote by

Symbm,V0
(P ) ∈ Sm( 󰁥GM |V0)/S

m−1( 󰁥GM |V0)

the class of symbols modulo Sm−1( 󰁥GM |V0) of σ|V0 :

Symbm,V0
(P ) := σ|V0 mod Sm−1( 󰁥GM |V0),

where σ|V0 ∈ Sm( 󰁥GM |V0) is the restriction to V0 of a symbol σ ∈ Sm( 󰁥GM) satisfying

(9.6) φPφ = OpX,χ(φσ)φ,

for some adapted frame X on an open set U with V0 ⊂ U ⊂ M , X-cut-off χ and function

φ ∈ C∞
c (U) with φ = 1 on a neighbourhood of V0.

For P ∈ Ψm(M), the existence of symbols σ as in Definition 9.19 is guaranteed by (1) of

Definition 9.1. The fact that it leads to a well-defined and unique class of symbol follows

from the following property:

Lemma 9.20. Let m ∈ R and P ∈ Ψm(M). Let V be an open subset of an open set

U ⊂ M admitting adapted frames. Let φ,φ′ ∈ C∞
c (U) be two functions such that φ = φ′ = 1

on V , let X,X′ be two adapted frames on U , let χ,χ′ be two cut-offs for X and X′. If σ

and σ′ are symbols in Sm( 󰁥GM) satisfying (9.6) for φ,X,χ and φ′,X′,χ′ respectively, then

(φ′φ)2 (σ − σ′) ∈ Sm−1( 󰁥GM).

The proof of Lemma 9.20 relies mainly on the invariances of the local quantization stated

in Section 7.3.
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Proof of Lemma 9.20. We keep the notation of the statement and we have

0 = φ′φPφφ′ − φφ′Pφ′φ = φ′φOpX,χ(σ)φφ′ − φφ′ OpX′,χ′
(σ′)φ′φ.

By invariance of the local quantization in frames and cut-offs (see Section 7.3), we have

OpX′,χ′
(σ′) = OpX,χ(σ′ + ρ),

for some ρ ∈ Sm−1( 󰁥GM |U). The equality above implies

OpX,χ ((φ′φ (σ − σ′ − ρ)) ⋄X,χ (φφ′)) = 0,

so by Lemma 9.4 (2) applied to the smoothing operator 0,

(φ′φ (σ − σ′ − ρ)) ⋄X,χ (φφ′) ∈ S−∞( 󰁥GM |U).

Therefore,

0 = (φ′φ (σ − σ′ − ρ)) ⋄X,χ (φφ′) mod Sm−1( 󰁥GM |U)

= (φ′φ)2 (σ − σ′ − ρ) mod Sm−1( 󰁥GM |U)

= (φ′φ)2 (σ − σ′) mod Sm−1( 󰁥GM |U),

by the symbolic properties of the local quantization. This concludes the proof. □

The local principal symbol enjoys the following properties:

Lemma 9.21. Let V0 be an open subset of M small enough to be included in an open set

equipped with adapted frames.

(1) Let m ∈ R. The map

Symbm,V0
: P 󰀁−→ Symbm,V0

(P ), Ψm(M) −→ Sm( 󰁥GM |V0)/S
m−1( 󰁥GM |V0),

is linear and vanishes on Ψm−1(M).

(2) Let σ ∈ Sm( 󰁥GM) with m ∈ R. Let X be an adapted frame on an open set U ⊂ M ,

let χ be a X-cut-off and let ψ ∈ C∞
c (U). Then

Symbm,V0
(OpX,χ(σ)ψ) = (ψσ)|V0 mod Sm−1( 󰁥GM |V0).

(3) For any P ∈ Ψ(M), we have

Symbm,V0
(P ∗) =

󰀃
Symbm,V0

(P )
󰀄∗

.

Proof of Lemma 9.21. By construction, Parts (1) and (3) hold and we have for Part (2),

Symbm,V0
(OpX,χ(σ)ψ) = σ ⋄ ψ|V0 mod Sm−1( 󰁥GM |V0).

By the symbolic calculus, we have

σ ⋄ ψ = ψσ mod Sm−1( 󰁥GM |U).

Part (2) follows. □
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9.3.2. Principal symbol. We can now define the notion of principal symbol.

Theorem 9.22. Let m ∈ R. Let P ∈ Ψm(M). There exists a unique element

Princm(P ) ∈ Sm( 󰁥GM)/Sm−1( 󰁥GM)

such that for any open subset V0 of M small enough to be included in an open set equipped with

adapted frames, Symbm,V0
(P ) is the class obtained by restriction to V0 of any representative

of Princm(P ), i.e.

Symbm,V0
(P ) = σ|V0 mod Sm−1( 󰁥GM |V0)(9.7)

for any σ ∈ Sm( 󰁥GM) satisfying σ mod Sm−1( 󰁥GM) = Princm(P ).

This defines a linear map

Princm : Ψm(M) → Sm( 󰁥GM)/Sm−1( 󰁥GM)

with the following properties:

(1) The map Princm is surjective.

(2) ker Princm = Ψm−1(M).

(3) The adjoint is naturally defined on Sm( 󰁥GM)/Sm−1( 󰁥GM) and we have

∀P ∈ Ψ(M), Princm(P
∗) = (Princm(P ))∗ .

(4) When m = N ∈ N0, the restriction of Princm to the space DO≤N of differential

operators of homogeneous order at most N coincides with the map also denoted by

PrincN and defined in Section 3.4:

PrincN |DO≤N = PrincN : DO≤N −→ Γ(UN(gM))

Definition 9.23. Let P ∈ Ψm(M). The class of symbols Princm(P ) is called the principal

symbol of P at order m.

The proof relies on the characterisation of pseudodifferential operators stated in Proposi-

tion 9.9 and the properties of Symbm,V0
(P ) given in Lemma 9.21.

Proof of Theorem 9.22. We fix an atlas A = (Uα,Xα,χα,ψα)α∈A on M . Let P ∈ Ψm(M).

By Proposition 9.9, there exist a family of symbols (σα)α∈A with σ ∈ Sm( 󰁥GM |Uα), and a

smoothing operator R ∈ Ψ−∞(M) such that (9.1) holds. We check readily that the symbol

given via

σP :=
󰁛

α

ψ2
ασα

is well defined and in Sm( 󰁥GM). Moreover, by Lemma 9.21 (1) and (2), it satisfies for any

open subset V0 ⊂ M small enough,

Symbm,V0
(P ) = σP |V0 mod Sm−1( 󰁥GM |V0).

Consequently, σP represents a class satisfying (9.7) for P .

By definition, any two symbols in Sm( 󰁥GM) satisfying (9.7) for P must coincide modulo

Sm−1( 󰁥GM |V0) on any open subset V0 ⊂ M small enough; this shows the uniqueness of the
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class satisfying (9.7). Hence Princm is a well defined map. Lemma 9.21 also implies that it

is linear, with kernel containing Ψm−1(M) and respecting the adjoint, i.e. Part (3) holds.

Recall that for the above family (σα)α∈A, σα may be obtained in the proof of Proposition 9.9

from Part (1) of Definition 9.1 for the open set Uα. Hence, if P ∈ ker Princm, then by (9.7),

σα ∈ Sm−1( 󰁥GM |Uα), and (9.1) implies P ∈ Ψm−1(M). This shows ker Princm = Ψm−1(M),

i.e. Part (2) holds.

If σ ∈ Sm( 󰁥GM), we check readily that

Princm(OpA(σ)) = σ mod Sm−1( 󰁥GM)

where OpA(σ) ∈ Ψm(M) is defined via (9.5). This shows the surjectivity of Princm, i.e. Part

(1) holds.

Let us prove Part (4). Let P be a differential operator onM . Denote byN its homogeneous

degree. Choose a symbol σ representing the class in SN( 󰁥GM) for the principal part of P in

the sense of Section 3.4. The considerations in that section (in fact, the very definition of

principal part in Section 3.4, see also the proof of Lemma 9.7) imply for any open subset

V0 ⊂ M small enough

SymbN,V0
(P ) = σ|V0 mod SN−1( 󰁥GM |V0).

Consequently,

PrincNP = σ mod SN−1( 󰁥GM).

This shows Part (4), and concludes the proof of Theorem 9.22. □
Theorem 9.22 and its proof imply readily the following relation between principal symbols

and global quantization (see Section 9.2.3 for the latter):

Corollary 9.24. We fix an atlas A = (Uα,Xα,χα,ψα)α∈A for M . For any P ∈ Ψm(M), if

σ ∈ Sm( 󰁥GM) is a representative of Princm(P ), then

P = OpA(σ) mod Ψm−1(M).

Hence, when considering principal symbols, that is, when working mod Ψm−1(M), we may

assume that the pseudodifferential operators are given by the global quantization OpA(σ) of

a symbol σ ∈ Sm( 󰁥GM) on M .

When considering pseudodifferential operators modulo smoothing operators, we may as-

sume that the pseudodifferential operators are given by the global quantization:

Corollary 9.25. We fix an atlas A = (Uα,Xα,χα,ψα)α∈A for M . Let m ∈ R. For any

P ∈ Ψm(M), there exist a symbol σ ∈ Sm( 󰁥GM) and a smoothing operator R ∈ Ψ−∞(M)

such that

P = OpA(σ) +R.

Moreover, the symbol σ ∈ Sm( 󰁥GM) is unique modulo S−∞( 󰁥GM).

Proof. Using Corollary 9.24, we construct inductively σ0, . . . , σN in Sm( 󰁥GM), . . . , Sm−N( 󰁥GM)

such that

P −OpA(σ0 + . . .+ σN) ∈ Ψm−N−1(M),
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with σN+1 ∈ Sm−(N+1)( 󰁥GM) being the representative of the principal symbol of the above

operator. Let σ ∈ Sm( 󰁥GM) be a symbol with asymptotic σ0+. . .+σN+. . .. By construction,

P − OpA(σ) ∈ Ψ−∞(M). The uniqueness of the symbol modulo smoothing symbols follows

from Lemma 9.17 (2). □

9.3.3. Examples of principal symbols. Our main examples of pseudodifferential operators in

Section 9.1.2 were differential operators and operators obtained via local quantization (see

Corollary 9.5). The principal parts of the former are described in Part (4) above. For the

latter, we have:

Corollary 9.26. For any X on an open subset U ⊂ M and X-cut-off χ, we have for any

m ∈ R and σ ∈ Sm( 󰁥GM), and for any ψ ∈ C∞
c (U),

Princm
󰀃
OpX,χ(σ)ψ

󰀄
= ψσ mod Sm−1( 󰁥GM).

Proof. This follows from Lemma 9.21 (2) and Theorem 9.22. □

9.3.4. Principal symbols and composition. The next proposition states that principal symbols

respect composition of operators and symbols modulo lower order terms. The sense of the

composition of symbols modulo lower order terms comes from the following observation:

the properties of composition between symbols (Proposition 5.25) implies readily that the

following map
󰀓
σ1 mod Sm1−1( 󰁥GM), σ2 mod Sm2−1( 󰁥GM)

󰀔
󰀁−→ σ1σ2 mod Sm1+m2−1( 󰁥GM),

is well defined and continuous Sm1 ( 󰁥GM)

Sm1−1( 󰁥GM)
× Sm2 ( 󰁥GM)

Sm2−1( 󰁥GM)
→ Sm1+m2 ( 󰁥GM)

Sm1+m2−1( 󰁥GM)
. We have:

Proposition 9.27. Let m1,m2 ∈ R. For any two pseudodifferential operators P1 ∈ Ψm1(M)

and P2 ∈ Ψm2(M), at least one of them being properly supported, we have

Princm1+m2(P1P2) = Princm1(P1) Princm2(P2).

Proof. By Corollary 9.24, the property of composition of pseudodifferential operators (The-

orem 9.15), and the properties of Princm in Theorem 9.22, it suffices to consider Case (c) in

the proof of Theorem 9.15. With its setting, we have

Princm1+m2(P1P2) = Princm1+m2

󰀃
ψ1 OpX1,χ1(σ1 ⋄ (ψ1ψ2σ2))ψ2

󰀄

= ψ1ψ2 (σ1 ⋄ (ψ1ψ2σ2)) mod Sm1+m2−1( 󰁥GM)

by Corollary 9.26. By the properties of the symbolic calculus (Proposition 8.13), we have

ψ1ψ2 (σ1 ⋄ (ψ1ψ2σ2)) = ψ2
1ψ

2
2σ1σ2 mod Sm1+m2−1( 󰁥GM),

concluding the proof. □
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9.4. Parametrices. In this section, we discuss left parametrices, following mainly the pre-

sentation in [36]. First let us recall the notion of left parametrix:

Definition 9.28. An operator Q admits a left parametrix in Ψm(M) when Q ∈ Ψm(M) and

there exists P ∈ Ψ−m(M) properly supported such that PQ = I mod Ψ−∞(M).

The existence of a left parametrix for an operator A is an important quality as it readily

implies for instance hypoellipticity and subelliptic estimates in terms of the Sobolev spaces

defined below. We will show below that we are able to construct left parametrices when

principal symbols are invertible in a sense we now define. First, let us recall the notion of

invertibility for high frequencies on a fixed graded nilpotent Lie group (see [36, Section 4.6]):

Definition 9.29. Let G be a graded nilpotent Lie group. A symbol σ ∈ Sm( 󰁥G) is invertible

for the frequencies of a positive Rockland symbol 󰁥R higher than Λ ∈ R (or just invertible for

high frequencies) when for any γ ∈ R and almost-every π ∈ 󰁥G, we have

(9.8) ∀v ∈ Hπ,R,Λ 󰀂(I + π(R))
γ
ν σ(π)v󰀂Hπ ≥ Cγ󰀂(I + π(R))

γ+m
ν v󰀂Hπ

with Cγ = Cγ,σ,G > 0 a constant independent of π. Above, ν is the homogeneous degree

of R and Hπ,R,Λ is the subspace Hπ,R,Λ := Eπ[Λ,∞)Hπ of Hπ where Eπ is the spectral

decomposition of π(R) =
󰁕
R λdEπ(λ) as in (2.5).

Remark 9.30. (1) The definition seems to require a Plancherel measure to have been fixed

on 󰁥G. However, the choice of a Plancherel measure is in one-to-one correspondence

with the choice of a Haar measure, and two choices would differ by a constant.

Hence, if a symbol is invertible for the high frequency of a Rockland operator for one

Plancherel measure, it is so for any.

(2) Another way of formulating the condition in (9.8) is the fact that the operator

(I + π(R))
γ
ν σ(π)Eπ[Λ,∞)(I + π(R))−

γ+m
ν

is invertible with a bounded inverse whose Hπ-operator norm is ≤ C−1
γ . In other

words, with the notation in (2.6)

󰀂Eπ[Λ,∞)σ(π)−1󰀂L∞
γ,γ+m

( 󰁥G) ≤ C−1
γ .

(3) As explained in [36, Section 4.6], Definition 9.29 is the same notion but for invari-

ant symbols as [37, Definition 5.8.1], that was called ellipticity there. However, we

prefer to use the vocabulary regarding ellipticity for polyhomogeneous symbols, as

is customary in the traditional case of a trivially filtered manifold. In any case, the

properties explained in [37, Section 8.1] hold. For instance, in Definition 9.29, it suf-

fices to prove the estimate for a sequence of γ = γℓ, ℓ ∈ Z, with limℓ→±∞ γℓ = ±∞.

From the examples given in [37, Section 5.8], if 󰁥R is a positive Rockland symbol of

homogeneous degree ν, then 󰁥R ∈ Sν( 󰁥G) and (I+ 󰁥R)m/ν ∈ Sm( 󰁥G), are operators with

invertible symbols for the high frequencies of 󰁥R.

(4) Finally, let us point out that the invertibility we discuss here could be improved by

localisation along ‘directions’ of the set 󰁥GM . Following [29], these directions are
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defined via the equivalence relation given by the dilations: for x ∈ M , π1, π2 ∈ GxM ,

π1 ∼ π2 if and only if there exists r > 0 such that for all w ∈ GxM we have

π1(δrw) = π2(w). Refined microlocalisations in conical neighbourhoods of the phase

space 󰁥GM could be pursued with these ideas in mind, at least on concrete examples.

We can now define the invertibility of a symbol on a filtered manifold.

Definition 9.31. A symbol σ ∈ Sm( 󰁥GM) is invertible for the high frequencies of a positive

Rockland symbol 󰁥R (see Definition 5.19) when at every x ∈ M , the symbol σ(x) ∈ Sm( 󰁥GxM)

is invertible for frequencies higher than Λx ∈ R of the Rockland symbol 󰁥Rx, with both Λx

and the constant Cγ in (9.8) depending locally uniformly in x ∈ M (for one and then any

smooth Haar system µ = {µx}x∈M).

Example 9.32. Let 󰁥R be a positive Rockland symbol. We denote its homogeneous degree ν.

For any m ∈ R, the symbol (I + 󰁥R)m/ν ∈ Sm( 󰁥GM) is invertible for all the frequencies of 󰁥R.

We can now adapt the traditional construction of parametrices to our context under the

following hypothesis:

Theorem 9.33. Let Q ∈ Ψm(M) and σ ∈ Sm( 󰁥GM) such that PrincmQ = σ mod Sm−1( 󰁥GM).

If σ is invertible for the high frequencies of a positive Rockland symbol, then Q admits a left

parametrix.

The proof of Theorem 9.33 is classical and relies on the following statement:

Lemma 9.34. Let σ ∈ Sm( 󰁥GM) be invertible for the high frequencies of a positive Rockland

symbol 󰁥R. Let us fix ψ ∈ C∞(M ×Rn) be such that for every x ∈ R, we have with ψx(λ) :=

ψ(x,λ),

• ψx(λ) = 1 on a neighbourhood of +∞,

• ψx(λ) = 0 on a neighbourhood of [0,Λx] for some Λx as in Definition 9.31.

The symbol

ψ( 󰁥R)σ−1 = {ψx(π(Rx)) σ(x, π)
−1 : x ∈ M, π ∈ 󰁥GxM}

makes sense and is in S−m( 󰁥GM). Moreover, it satisfies

ψ( 󰁥R)σ−1 σ = ψ( 󰁥R) = I + ρ, with ρ := (1− ψ( 󰁥R)) ∈ S−∞( 󰁥GM).

Proof of Lemma 9.34. By Corollary 5.44, ψ( 󰁥R) ∈ S0( 󰁥GM) and (1 − ψ)( 󰁥R) ∈ S−∞( 󰁥GM).

Moreover, for any adapted frame (X, U) and any β ∈ Nn
0 with β ∕= 0, Dβ

Xψ(
󰁥R) = −Dβ

X(1 −
ψ)( 󰁥R) ∈ S−∞( 󰁥GM |U). By [36, Theorem 4.28] (see also [37, Theorem 5.8.7]), for each

x ∈ M , ψx( 󰁥Rx)σ(x)
−1 makes sense as a symbol in S−m( 󰁥GxM). It remains to analyse its

x-derivatives. For this, we sketch the adaptation of the argument explained in the proof

of [37, Theorem 5.8.7] to take into account our manifold setting and the presence of the

smoothing terms Dβ
Xψ(

󰁥R).

We consider an open set U ⊂ M small enough so that the symbol σ(x) ∈ Sm( 󰁥GxM) is

invertible for frequencies higher than Λ of the Rockland symbol 󰁥Rx, for some Λ ∈ R and Cγ

independent of x ∈ U (see equation (9.8)). Moreover, we also assume that ψx(λ) = 1 on
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(Λ − 1,+∞) and that U is equipped with an adapted frame X. By the Leibniz properties

(see Remark 5.26), we have (at first in a distributional sense for the x-derivatives on the

X-convolution kernels) with |β| = 1

Dβ
X(ψ(

󰁥R)σ−1) σ = Dβ
X(ψ(

󰁥R))− ψ( 󰁥R)σ−1Dβ
Xσ;

multiplying both side by E[Λ,+∞) and using the invertibility of σE[Λ,+∞), we obtain

Dβ
X(ψ(

󰁥R)σ−1) =
󰀓
Dβ

X(ψ(
󰁥R))− ψ( 󰁥R)σ−1Dβ

Xσ
󰀔
E[Λ,+∞)σ−1.

By Remark 9.30 (2), we obtain

󰀂Dβ
X(ψ(

󰁥R)σ−1)(x)󰀂L∞
γ,m+γ(

󰁥GxM)

≤ C−1
γ

󰀓
󰀂Dβ

X(ψ(
󰁥R))󰀂L∞

m+γ,m+γ(
󰁥GxM) + 󰀂ψ󰀂L∞C−1

γ 󰀂Dβ
Xσ󰀂L∞

m+γ,γ(
󰁥GxM)

󰀔
.

More generally, by induction on |α| and |β|, we write ∆α
XD

β
X(ψ(

󰁥R)σ−1) as as sum of terms

involving ∆α1
X Dβ1

X ψ( 󰁥R) and ∆α2
X Dβ2

X (ψ( 󰁥R)σ−1) with |α2| < |α|, |β2| < |β| and |α2|+ |β2| ∕= 0.

A similar analysis as above implies then that ∆α
XD

β
X(ψ(

󰁥R)σ−1) ∈ L∞
γ,m−[α]+γ(

󰁥GxM) for every

x ∈ U.

We have obtained ψ( 󰁥R)σ−1 ∈ S−m( 󰁥GM) and the rest of the statement follows by the

symbolic calculus. □

Proof of Theorem 9.33. We keep the notation of the statement and fix an atlas A on M . By

Corollary 9.24, we can write

Q = OpA(σ) + S,

for some S ∈ Ψm−1(M). The construction of a function ψ as in Lemma 9.34 follows routine

arguments. By Lemma 9.34, ψ( 󰁥R)σ−1 ∈ S−m( 󰁥GM) and we have by the symbolic property

of the global quantization (see Corollary 9.18)

OpA(ψ( 󰁥R)σ−1)Q = OpA(ψ( 󰁥R)σ−1)OpA(σ) + OpA(ψ( 󰁥R)σ−1)S

= OpA(I) +R−1,

for some R−1 ∈ Ψ−1(M). Note that OpA(I) = I. By Corollary 9.24, we may write R−1 in

the form

R−1 = OpA(ρ−1) + S−1,

where ρ−1 ∈ S−1( 󰁥GM) is a symbol representing Princ−1R−1 and S−1 ∈ Ψ−2(M). We will

then have

OpA
󰀓
(1− ρ−1) ψ( 󰁥R)σ−1

󰀔
Q = I +R−2,

for some R−2 ∈ Ψ−2(M). Inductively, we construct ρ−1, . . . , ρ−N in S−1( 󰁥GM), . . . , S−N( 󰁥GM)

and R−1, . . . R−N−1 in Ψ−1( 󰁥GM), . . . ,Ψ−N−1( 󰁥GM) respectively, such that

OpA
󰀓
(1− ρ−N) . . . (1− ρ−1) ψ( 󰁥R)σ−1

󰀔
Q = I +R−N−1.
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We observe that the formal expansion of the product (1 − ρ−N) . . . (1 − ρ−1) ψ( 󰁥R)σ−1 as

N → ∞ provides an asymptotic in S−m( 󰁥GM), and we consider a symbol τ ∈ S−m( 󰁥GM)

with this asymptotic. By construction, we have for any N ∈ N

τ = (1− ρ−N) . . . (1− ρ−1) ψσ
−1 mod S−m−N−1( 󰁥GM).

This implies with P = OpA(τ),

PQ = I mod Ψ−m−N−1(M),

for any N ∈ N, concluding the proof. □

The proof above shows how to construct parametrices locally or globally for the invertible

symbol in Example 9.32:

Corollary 9.35. Let m ∈ R,
(1) For any atlas A on M and for any positive Rockland symbol 󰁥R on GM , there exists

a symbol τ ∈ S−m( 󰁥GM) such that we have:

OpA (τ)OpA
󰀓
(I + 󰁥R)m/ν

󰀔
− I ∈ Ψ−∞(M),

where ν denotes the homogeneous degree of R.

(2) For any adapted frame X on an open subset U ⊂ M , for any X-cut-off, for any

positive Rockland symbol 󰁥R on GM |U , there exists a symbol τ ∈ S−m( 󰁥GM |U) such

that we have:

OpX,χ (τ)OpX,χ
󰀓
(I + 󰁥R)m/ν

󰀔
− I ∈ Ψ−∞(U),

where ν denotes its homogeneous degree.

Proof. We consider τ obtained from the proof of Theorem 9.33 for σ = (I + R)m/ν and

S = 0. □

Remark 9.36. For Part (2) above, the existence of such positive Rockland symbol 󰁥R on

GM |U is given by RX constructed in Example 5.7. For Part (1) (with its notation), we can

construct such a positive Rockland symbol by writing

󰁥R =
󰁛

α

ψα(x)
2 󰁥RXα .

On a regular subRiemannian manifold, the natural global positive Rockland symbol is the

subLaplacian symbol, see Remark 5.20.

9.5. Local Sobolev spaces. Following the now classical ideas developed on nilpotent Lie

groups [38, 39], we introduce Sobolev-type spaces that take into account the filtration of the

manifold M . Naturally, the spaces we define here will be local in nature, unless the manifold

M is compact. An alternative construction was introduced in [22].
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9.5.1. Definition and first properties.

Definition 9.37 (Local Sobolev spaces). Let r ∈ R. We denote by L2
r,loc(M) the space of

distributions f ∈ D′(M) satisfying

∀P ∈ Ψr(M), ∀θ ∈ C∞
c (M), P (θf) ∈ L2

loc(M).

We call it the local Sobolev space of order r on the filtered manifold M .

This definition makes sense since pseudodifferential operators map E ′(M) to D′(M), and

L2
loc(M) is a subspace of D′(M) (see its definition in (7.4)). The properties of Ψ(M) then

imply readily:

Proposition 9.38. (1) For any r ∈ R, the vector space L2
loc,r(M) is a C∞(M)-module:

if f ∈ L2
loc,r(M) and g ∈ C∞(M) then fg ∈ L2

loc,r(M).

(2) We have L2
loc,0(M) = L2

loc(M) and the inclusion

r1 ≥ r2 =⇒ L2
loc,r1

(M) ⊂ L2
loc,r2

(M).

(3) Let r,m ∈ R. We have

∀P ∈ Ψm(M), ∀f ∈ L2
r,loc(M), ∀θ ∈ C∞

c (M), P (θf) ∈ L2
r−m,loc(M).

(4) We have for any r ∈ R
C∞(M) ⊂ L2

loc,r(M),

and for P ∈ Ψ−∞(M),

∀f ∈ L2
r,loc(M), ∀θ ∈ C∞

c (M), P (θf) ∈ C∞(M).

Proof. Part (1) follows from Ψm(M) being a vector space and a C∞(M)-module. If r = 0,

taking P = I in Definition 9.37 implies L2
loc,0(M) ⊂ L2

loc(M), while the reverse inclusion

follows from Corollary 9.10. The inclusion in Part (2) follows from Ψr1(M) ⊂ Ψr2(M).

Part (3) follows from the properties of properly supported and of pseudodifferential operators

and of their composition (see Lemma 9.14 and Theorem 9.15). Part (4) follows from the

basic properties of pseudodifferential operators, see Section 9.1.1. □

9.5.2. Characterisation of local Sobolev spaces. Local Sobolev spaces may be characterised

by the action of local or global pseudodifferential operators, or by the action of the local or

global quantization of powers of positive Rockland operators:

Theorem 9.39. Let r ∈ R and let f ∈ D′(M). The following are equivalent:

(i) f ∈ L2
r,loc(M).

(ii) For any adapted frame X on an open subset U ⊂ M , for any X-cut-off χ, we have

∀σ ∈ Sr( 󰁥GM), ∀θ ∈ C∞
c (U), OpX,χ(σ)(θf) ∈ L2(U).

(iii) For one (and then any) atlas A for M , we have

∀σ ∈ Sr( 󰁥GM), ∀θ ∈ C∞
c (M), OpA(σ)(θf) ∈ L2(M).
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(iv) For one (and then any) positive Rockland symbol 󰁥R on GM , ν being its homogeneous

degree, for any adapted frame X on an open subset U ⊂ M and any X-cut-off χ, we

have

∀θ ∈ C∞
c (U), OpX,χ

󰀓
(I + 󰁥R)

r
ν

󰀔
(θf) ∈ L2(U),

(v) For one (and then any) atlas A for M , for one (and then any) positive Rockland

symbol 󰁥R on GM , ν being its homogeneous degree,

∀θ ∈ C∞
c (M), OpA

󰀓
(I + 󰁥R)

r
ν

󰀔
(θf) ∈ L2(M).

(vi) For any adapted frame X on an open subset U ⊂ M , for any X-cut-off χ, we have

∀θ ∈ C∞
c (U), OpX,χ

󰀓
(I + 󰁥RU)

r
ν

󰀔
(θf) ∈ L2(U),

for one (and then any) positive Rockland operator RU on GM |U , ν being its homo-

geneous degree.

The local and global existence of positive Rockland symbols has been discussed in Re-

mark 9.36.

Proof. The implication (i) ⇒ (ii) follows from Corollary 9.5, and the converse by Proposi-

tion 9.9. Similarly, (i)⇒ (iii) follows from Corollary 9.5, and the converse from Corollary 9.24

and the inclusion in Proposition 9.38 (2).

The implication (iii) ⇒ (v) is easy. For the converse, we observe that, using the setting

and notation of Corollary 9.35 and writing:

Qm = OpA 󰀃
(I +R)m/ν

󰀄
and P−m = OpA (τ) ,

the operator R := P−mQm − I ∈ Ψ−∞(M) is smoothing and properly supported. Hence, we

may write any P ∈ Ψm(M) as

P = PP−mQm − PR, with PP−m ∈ Ψ0(M) and PR ∈ Ψ−∞(M).

This readily implies that if f ∈ D′(M) is as in (v), then P (θf) ∈ L2
loc(M) for any θ ∈

C∞
c (M) by Corollary 9.10. We conclude that the equivalence (iii) ⇔ (v) holds. Finally, the

equivalence (ii) ⇔ (iv) is proved in a similar way.

Let us show that the property in (vi) is indeed independent of the positive Rockland

operator RU on GM |U . This will readily imply the equivalence (iv) ⇔ (vi) because of the

equivalence (ii) ⇔ (iv) that is already proved. If R1 and R2 are two positive Rockland

operators on GM |U of homogeneous degree ν1 and ν2, then by Corollary 9.35, there exists

τ1 ∈ S−r( 󰁥GM |U) and R1 ∈ Ψ−∞(U) such that

OpX,χ(τ1)OpX,χ 󰀃(I +R1)
r/ν1

󰀄
= I +R1,

so

OpX,χ 󰀃(I +R2)
r/ν2

󰀄
= P1 OpX,χ (I +R1)

r/ν1 +R′,
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with

P1 := OpX,χ 󰀃(I +R2)
r/ν2

󰀄
OpX,χ(τ1) ∈ Ψ0(U)

R′ = −R1OpX,χ 󰀃(I +R2)
r/ν2

󰀄
∈ Ψ−∞(U).

This together with Proposition 9.38 (3) and (4) imply readily that for any f ∈ D′(M) and

θ ∈ C∞
c (U), if θf satisfies the property in (vi) for R1, then it will also do so for R2. This

complete the proof of Theorem 9.39. □
In the case of an integer that is also a multiple of the dilation’s weights, we obtain a further

characterisation:

Theorem 9.40. Let r ∈ N be a common multiple of the dilation’s weights. Let f ∈ D′(M).

The following are equivalent:

(i) f ∈ L2
r,loc(M).

(vii) Pf ∈ L2
loc(M) for any P ∈ DO≤r(M).

(viii) For any adapted frame X on an open subset U ⊂ M , we have Xαf ∈ L2
loc(U) for any

α ∈ Nn
0 with [α] ≤ r.

Proof. Let r ∈ N be a common multiple of the dilation’s weights. Proposition 9.38 (2) & (3)

and Definition 9.37 imply readily (i) ⇒ (vii) and (viii). We now prove the converses.

Let f ∈ D′(M) be such that (vii) holds. Choosing P = I in (vii), we have f ∈ L2
loc(M). We

consider an adapted frame X on a subset U ⊂ M and θ ∈ C∞
c (U), and the Rockland symbol

󰁥RX ∈ S2r( 󰁥GM) given in Example 5.7. We have by the properties of the local quantization

(Propositions 8.9 and 8.13),
󰀓
OpX,χ

󰀓
(I + 󰁥RX)

1/2
󰀔󰀔∗

OpX,χ
󰀓
(I + 󰁥RX)

1/2
󰀔
= OpX,χ

󰀓
I + 󰁥RX

󰀔
+OpX,χ(ρ),

with ρ ∈ S2r−1( 󰁥GM |U), and by Corollary 9.35 (2),

OpX,χ(τ)OpX,χ
󰀓
I + 󰁥RX

󰀔
= I +R,

with τ ∈ S−2r( 󰁥GM |U) and R ∈ Ψ−∞(U), so
󰀓
OpX,χ

󰀓
(I + 󰁥RX)

1/2
󰀔󰀔∗

OpX,χ
󰀓
(I + 󰁥RX)

1/2
󰀔
= P ′OpX,χ

󰀓
I + 󰁥RX

󰀔
+R′′,

with

P ′ := I + OpX,χ(ρ)OpX,χ(τ) ∈ Ψ0(U),

R′′ := −OpX,χ(ρ)R ∈ Ψ−∞(U),

by the properties of the calculus. Therefore, for any θ ∈ C∞
c (U),

󰀂OpX,χ
󰀓
(I + 󰁥RX)

1/2
󰀔
(θf)󰀂2L2(U)

=
󰀓󰀓

OpX,χ
󰀓
(I + 󰁥RX)

1/2
󰀔󰀔∗

OpX,χ
󰀓
(I + 󰁥RX)

1/2
󰀔
(θf), (θf)

󰀔

L2(U)

=
󰀓
P ′OpX,χ

󰀓
I + 󰁥RX

󰀔
(θf), (θf)

󰀔

L2(U)
+ (R′′(θf), (θf))L2(U) .
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As OpX,χ
󰀓
I + 󰁥RX

󰀔
is a differential operator (see Lemma 9.7), the hypothesis on f and

Proposition 9.38 (3) imply that the first term on the right hand-side is finite. Moreover,

Proposition 9.38 (4) and f ∈ L2
loc(M) imply that the second term in the right hand side

is finite. We have thus obtained OpX,χ
󰀓
(I + 󰁥RX)

1/2
󰀔
(θf) ∈ L2(U). By Theorem 9.39 (vi),

f ∈ L2
loc,r(M). We have proved (vii) ⇒ (i).

With Lemma 3.6, the same arguments as above show (viii) ⇒ (i). This concludes the

proof. □
The same proof as above readily implies the following characterisation in the case of H1

generating TM (for instance on a regular subRiemannian manifolds, see Example 3.2 and

Corollary 3.9).

Corollary 9.41. Assume that H1 generates TM . Then for any r ∈ N, L2
loc,r(M) is the

C∞(M)-module of distributions f ∈ D′(M) such that for any adapted frame X on an open

subset U ⊂ M , we have Xi1 . . . Xir′f ∈ L2
loc(U) for any 1 ≤ i1, . . . , ir′ ≤ d1 = dimH1 and

r′ ≤ r.

For a general filtered manifold, Theorem 9.40 implies readily

∀r ∈ M0N, C∞(M) ⊂ L2
loc,r(M),

where M0 is a common multiple of the dilation’s weights, and furthermore,

C∞(M) =
󰁟

r∈M0N

L2
loc,r(M).

The inclusion in Proposition 9.38 (2) then yields

∀r ∈ R, C∞(M) ⊂ L2
loc,r(M),

and

C∞(M) =
󰁟

r∈R

L2
loc,r(M).

Remark 9.42. Note that, in this special case where H1 generates TM , one can use Corol-

lary 9.41 for defining Sobolev spaces in terms of adapted frames.

9.5.3. Topology. We equip L2
loc,r(M) with the smallest topology ensuring the continuity of

the map

f 󰀁−→ P (θf), L2
loc,r(M) −→ L2

loc(M),

for every P ∈ Ψr(M) and θ ∈ C∞
c (M). The arguments in the proofs of Proposition 9.38 and

Theorems 9.39 and 9.40 routinely imply the following properties:

Lemma 9.43. (1) The topological vector space L2
loc,r(M) is Fréchet. Fixing an atlas A

for M , a positive Rockland symbol 󰁥R on GM , ν denoting its homogeneous degree,

and a sequence (θj)j∈N in C∞
c (M : [0, 1]) such that M = ∪j∈N{θj = 1}, a generating

family of seminorms is given by

f 󰀁−→ max
j≤N

󰀐󰀐󰀐OpA
󰀓
(I + 󰁥R)

r
ν

󰀔
(θjf)

󰀐󰀐󰀐
L2(M)

, N ∈ N.
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(2) The inclusion L2
loc,r1

(M) ⊂ L2
loc,r2

(M) with r1 ≥ r2 is continuous.

(3) Let r,m ∈ R. Any P ∈ Ψm(M) maps L2
r,loc(M) to L2

r−m,loc(M) continuously.

(4) Assume that r ∈ N is a common multiple of the dilation’s weights. Let (θj)j∈N be a

sequence of functions in C∞
c (M) valued in [0, 1] such that supp θj is included in an

open set Uj equipped with an adapted frame Xj and such that M = ∪j∈N{θj = 1}.
Then the maps

f 󰀁−→ 󰀂Xα(θjf)󰀂L2(M), j ∈ N, [α] ≤ r,

are continuous on the Fréchet L2
loc,r(M), and provide a countable family of seminorms

generating its topology.

When H1 generates TM , we may consider any integer r ∈ N with the family of

seminorms

f 󰀁−→ 󰀂Xi1 . . . Xir′ (θjf)󰀂L2(M), j ∈ N, 1 ≤ i1, . . . , ir′ ≤ d1, r′ ≤ r.

Corollary 9.44. (1) The natural topology of C∞(M) coincides with the one obtained as

the inductive limit of

C∞(M) =
󰁟

r∈R

L2
loc,r(M).

(2) For any r ∈ R, the inclusions C∞(M) ⊂ L2
loc,r(M) and C∞

c (M) ⊂ L2
loc,r(M) are

continuous. Moreover, C∞(M) and C∞
c (M) are dense subspaces of L2

loc,r(M).

Proof. Let M0 be the least common multiple of the dilation’s weights. Part (2) when r ∈
M0N0 follows readily from Lemma 9.43 (4). This also shows that the topology of C∞(M)

coincides with the inductive limit of
󰁗

r∈M0N L
2
loc,r(M). This together with the continuous

inclusions in Lemma 9.43 (2) imply Part (1) with the intersection over r ∈ R and Part (2)

for any r ∈ R. □

9.5.4. Duality. If f ∈ L2
loc,r′(M) for some r′ ∈ R, then it is a distribution, meaning that the

map ϕ 󰀁→ (f,ϕ)D′×C∞
c

formally given by the distributional duality

(f,ϕ)D′×C∞
c

=

󰁝

M

f(x) ϕ(x) dx, ϕ ∈ C∞
c (M),

is a well defined linear functional C∞
c (M) → C that is continuous. The following statement

allows us to identify the topological dual of L2
loc,r(M) with L2

loc,−r(M):
󰀃
L2
loc,r(M)

󰀄′ ∼= L2
loc,−r(M),

via the natural extension of the distributional duality.

Lemma 9.45. Let r ∈ R.
(1) If f ∈ L2

loc,−r(M), then the linear functional ϕ 󰀁→ (f,ϕ)D′×C∞
c

extends uniquely to a

continuous linear functional on L2
loc,r(M).

(2) Conversely, given a continuous linear functional ℓ on L2
loc,r(M), there exists a unique

distribution f ∈ L2
loc,−r(M) such that

∀ϕ ∈ C∞
c (M) ℓ(ϕ) = (f,ϕ)D′×C∞

c
.
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Proof. Part (1) follows from Corollary 9.44 (2). Conversely, let ℓ be a continuous linear

functional on L2
loc,r(M). If r′ ∈ N is a multiple of the dilation’s weights such that r′ ≥ r, then ℓ

restrict to a continuous linear functional on L2
loc,r′(M) by Lemma 9.43 (2), and the seminorms

in Lemma 9.43 (3) shows that ℓ also restrict to a continuous linear functional on C∞
c (M).

Therefore, there exists f ∈ D′(M) such that ℓ(ϕ) = (f,ϕ)D′×C∞
c

for any ϕ ∈ C∞
c (M). Let

θ ∈ C∞
c (M). We fix an atlas A. We have θf ∈ E ′(M), so OpA(σ)θf ∈ E ′(M) for any

σ ∈ S−r( 󰁥GM), with

(OpA(σ)θf,ϕ)D′×C∞
c

= (f, θOpA(σ)∗ϕ)D′×C∞
c

= ℓ
󰀓
θOpA(σ)∗ϕ

󰀔
.

We now use the seminorms for L2
loc,r(M) described in Lemma 9.43 (1) with its notation. The

continuity of ℓ : L2
loc,r(M) → C imply the existence of C > 0 and N ∈ N such that

󰀏󰀏󰀏ℓ
󰀓
θOpA(σ)∗θ′ϕ

󰀔󰀏󰀏󰀏 ≤ Cmax
j≤N

󰀂Pj(ϕ)󰀂L2(M),

where

Pj := θjOpA
󰀓
(I + 󰁥R)

r
ν

󰀔
θOpA(σ)∗.

By the properties of the global quantization, especially for composition and adjoint (see

Corollary 9.18), Pj ∈ Ψ0(M) is a properly supported pseudodifferential operator of order 0.

Therefore,

max
j≤N

󰀂Pj(ϕ)󰀂L2(M) ≤ C ′󰀂ϕ󰀂L2(M),

for some C ′ > 0 independent of ϕ. This implies that OpA(σ)θf ∈ L2(M). By Theorem 9.39,

this shows that f ∈ L2
loc,−r(M). This concludes the proof of Part (2). □

9.6. The classical H-calculus. In this section, we adapt to the setting of the filtered

manifold M the traditional lines of approach regarding polyhomogneous pseudodifferential

operators (Section 9.6.1) and classical calculus (Section 9.6.2). We discuss the link with van

Erp and Yuncken calculus [67, 68] in Section 9.7.

9.6.1. Polyhomogeneous operators.

Definition 9.46. A pseudodifferential P ∈ Ψm(M) of order m ∈ R on M is polyhomo-

geneous when the symbol in Part (1) of Definition 9.1 is polyhomogeneous in the sense of

Definition 5.53, that is, for any adapted frame X on an open set U ⊂ M , for any X-cut-off χ,

there exists σ ∈ Sm
ph(

󰁥GM |U) such that ϕP ψ = ϕOpX,χ(σ)ψ for any ϕ,ψ ∈ C∞
c (U).

We denote by Ψm
ph(M) the space of polyhomogneous pseudodifferential operators of order

m ∈ R.

Example 9.47. (1) Any differential operator is polyhomogeneous with a finite asymptotic,

see the proof of Lemma 9.7: DO≤N ⊂ ΨN
ph(M).

(2) Let m ∈ R. Let (X, U) be an adapted frame with X-cut-off χ. If σ ∈ Sm
ph(

󰁥GM |U),
then OpX,χ(σ) ∈ Ψm

ph(U) by the proof of Lemma 9.4 while ψ ∈ C∞
c (U), OpX,χ(σ)ψ ∈

Ψm
ph(M) for any ψ ∈ C∞

c (U) by the proof of Corollary 9.5.
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The characterisations via atlases of polyhomogeneous pseudodifferential operators together

with the notion of homogeneous principal symbol are obtained by modifying the ones in

Proposition 9.9 and Corollary 9.25 by considering polyhomogeneous symbols:

Proposition 9.48. Let P be a continuous linear operator C∞
c (M) → D′(M). The following

are equivalent.

(i) P ∈ Ψm
ph(M).

(ii) For one (and then any) atlas A = (Uα,Xα,χα,ψα)α∈A for the filtered manifold M ,

there exists a family of polyhomogeneous symbols (σα)α∈A with σα ∈ Sm
ph(

󰁥GM |Uα) and

a smoothing operator R ∈ Ψ−∞(M) such that

P = R +
󰁛

α

ψα OpXα,χα(σα)ψα

(iii) For one (and then any) atlas A on M , there exists a polyhomogeneous symbol σ ∈
Sm
ph(

󰁥GM) and a smoothing operator R ∈ Ψ−∞(M) such that P = R +OpA(σ).

Moreover, in this case, there exists a unique symbol σm ∈ Ṡm( 󰁥GM) such that Princm(P ) =

σmφ( 󰁥R) for some positive Rockland symbol 󰁥R on 󰁥GM and for some function φ ∈ C∞(M×R)
satisfying φ(x,λ) = 0 for λ in a neighbourhood of (−∞, 0) and φ(x,λ) = 1 on a neighbour-

hood of +∞, these two λ-neighbourhoods depending locally uniformly on x ∈ M .

Recall that by Corollary 5.44, the symbol φ( 󰁥R) = {φ(x, π(Rx)) : (x, π) ∈ 󰁥GM} is in

S0( 󰁥GM) while (1− φ)( 󰁥R) ∈ S−∞( 󰁥GM).

Beginning of the proof of Proposition 9.48. For the equivalence (i)⇐⇒ (ii), we readily mod-

ify the proof of Proposition 9.9. □
For the equivalence (i) ⇐⇒ (iii), the modification in the proof of Corollary 9.25 requires

to refine the notion of principal symbols which we start here. By Definitions 9.46 and 9.19,

for open subset V0 ⊂ M small enough, we have for some σ ∈ Sm
ph(

󰁥GM):

Symbm,V0
= σ|V0 mod Sm−1( 󰁥GM |V0)

= σm,V0φ( 󰁥R)|V0 mod Sm−1( 󰁥GM |V0)

where σm,V0 is the first term in the expansion of σ with φ, 󰁥R as in the statement. Moreover,

by the uniqueness of a polyhomogeneous asymptotic expansion (see Section 5.5.3), σm,V0 is

uniquely determined on V0. Proceeding as in the first part of the proof of Theorem 9.22, this

allows us to construct σm ∈ Ṡm( 󰁥GM) such that σm|V0 = σm,V0 |V0 .

Definition 9.49. For P ∈ Ψm
ph(M), the unique symbol σm ∈ Ṡm( 󰁥GM) as in (the above

proof of) Proposition 9.48 is denoted by

σm =: Princm,h(P ).

It is called the homogeneous principal symbol of P .

Example 9.50. If A is an atlas and if σ ∈ Sm
ph(

󰁥GM) with σ ∼h

󰁓
j≥0 σm−j, then

Princm,h

󰀃
OpA(σ)

󰀄
= σm.
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From Theorem 9.22 and its proof together with Example 9.50, we obtain readily that the

map

Princm,h : Ψm
ph(M) → Ṡm( 󰁥GM)

is surjective, with kernel Ψm−1
ph (M). Furthermore,

∀P ∈ Ψph(M), Princm,h(P
∗) = (Princm,h(P ))∗ ,

and for any P1 ∈ Ψm1
ph (M), P2 ∈ Ψm2

ph (M) one of them being properly supported,

P1P2 ∈ Ψm1+m2
cl (M) with Princm,h(P1P2) = Princm,h(P1)Princm,h(P2).

When m = N ∈ N0, the restriction of Princm,h to the space DO≤N of differential operators

of homogeneous order at most N coincides with the map also denoted by PrincN and defined

in Section 3.4 and in Theorem 9.22.

End of the proof of Proposition 9.48. From Example 9.50 and the properties of Princm,h, we

obtain the equivalence (i)⇐⇒ (iii). □
We also obtain the uniqueness of the polyhomogeneous expansion:

Corollary 9.51. Let P ∈ Ψm
ph(M). We fix an atlas A, a positive Rockland symbol 󰁥R on

󰁥GM and a function φ ∈ C∞(M × R) as in Proposition 9.48. Then the polyhomogeneous

expansion of σ ∈ Sm
ph(

󰁥GM) in Proposition 9.48 (3) is unique.

Proof. By Example 9.50, Princm,h(P − OpA(σmφ( 󰁥R))) = 0, so P1 = P − OpA(σmφ( 󰁥R)) ∈
Ψm−1

ph (M) and we set σm−1 = Princm−1,h(P1). Inductively, we construct

σm, . . . , σm−N in Ṡm( 󰁥GM), . . . , Ṡm−N( 󰁥GM),

such that

P −OpA
󰀓
(σm + . . .+ σm−N)φ( 󰁥R))

󰀔
∈ Ψ

m−(N+1)
ph (M).

This concludes the proof of Proposition 9.48. If P is smoothing, then every σm−j is zero, and

this shows the uniqueness of the polyhomogeneous expansion in Proposition 9.48 (3). □
We conclude this paragraph with the notion of homogeneous elliptic symbol.

Definition 9.52. (1) Am-homogeneous symbol σ is elliptic when for one (and then any)

positive Rockland symbol 󰁥R and for any γ ∈ R, x ∈ M and almost-every π ∈ 󰁥G, the

inverse of π(Rx)
γ
ν σ(x, π)π(Rx)

− γ+m
ν exists as a bounded operator on π with

sup
(x,π)∈ 󰁥GM

󰀂
󰀓
π(Rx)

γ
ν σ(x, π)π(Rx)

− γ+m
ν

󰀔−1

󰀂L (Hπ) < ∞.

(2) An operator P ∈ Ψm
ph(M) is elliptic when its homogeneous principal symbol is elliptic.

Proposition 9.53. Any elliptic operator Q ∈ Ψm
ph(M) admits a left parametrix P ∈ Ψ−m

ph (M).

Proof. Let Q ∈ Ψm
ph(M) be elliptic and set σm = Princm,h(Q) ∈ Ṡm( 󰁥GM). We fix φ and R

as in Proposition 9.48. We check readily that σmφ( 󰁥R) is invertible for the high frequencies

of 󰁥R. We construct a parametrix as in the proof of Theorem 9.33, and we check that it is

polyhomogeneous. □
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9.6.2. Definition and properties of the classical H-calculus. We denote by Ψm
cl (M) the space

of properly supported polyhomogeneous operator of order m, and by Ψcl(M) = ∪m∈RΨ
m
cl (M)

the space of properly supported polyhomogeneous operators of any order. Clearly, Ψm
cl (M) is

a left and right C∞(M)-module. Moreover, the space Ψcl(M) is a classical pseudodifferential

calculus in the following sense:

(1) It is stable under composition and taking the formal adjoint. More precisely, we have:

∀P1 ∈ Ψm1
cl (M), P2 ∈ Ψm2

cl (M), P1P2 ∈ Ψm1+m2
cl (M) and P ∗

1 ∈ Ψm1
cl (M).

(2) It contains the differential calculus: DO(M) ⊂ Ψcl(M). More precisely, DO≤N ⊂
ΨN

cl (M) for any N ∈ N0.

(3) It acts on the adapted local Sobolev spaces, and the loss of Sobolev derivatives is

bounded by the order. More precisely, any P ∈ Ψm
cl (M) acts continuously L2

s(M) →
L2
s−m(M) for any m, s ∈ R.

(4) The smoothing operators in the classical H-calculus are the operators with smooth

integral kernels that are properly supported. Denoting this space by

Ψ−∞
cl (M) := Ψ−∞(M) ∩Ψcl(M),

it may be equivalently described as

Ψ−∞
cl (M) = ∩m∈RΨ

m
cl (M).

(5) Any elliptic operator admits a left parametrix. More precisely, if Q ∈ Ψm
cl (M) is

elliptic, then we can construct P ∈ Ψ−m
cl (M) such that PQ− I ∈ Ψ−∞

cl (M).

Example 9.54. Considering Example 5.48, an example of elliptic operator is OpA
󰀓
(I + 󰁥R)m/ν

󰀔
,

where 󰁥R is a positive Rockland symbol on 󰁥GM , ν its homogeneous degree and A an atlas

for M . By Proposition 9.53, it admits a left parametrix in the classical H-calculus.

9.7. H-calculus and tangent groupoid.

9.7.1. The tangent groupoid and H-pseudodifferential kernels. Before briefly presenting the

tangent groupoid adapted to the filtered manifoldM as constructed by Van Erp and Yuncken

in [67, 68], let us explain what they mean by a pseudodifferential calculus. We will allow

ourselves to identify densities and functions as we have fixed a measure dx on M .

Van Erp and Yuncken blur the distinction between a linear continuous operator P :

C∞
c (M) → D′(M) and its integral kernel given by the distribution KP . Moreover, they

consider pseudodifferential operators modulo smoothing operators, that is, modulo opera-

tors with smooth integral kernels:

P mod Ψ−∞(M) ←→ KP mod C∞(M ×M).

Hence, instead of describing classes of operators, they describe classes of properly supported

integral kernels.

Let us now recall some elements of their construction, the references to their works being

[67, 68]. The H-tangent groupoid (the letter H refers to the filtration M is equipped with) is
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the union of the osculating group bundle GM withM×M together with a dilation parameter

t ∈ R+ = [0,+∞):

THM = GM × {0}
󰁞

(M ×M)× R∗
+

where R∗
+ = R+ \ {0}. Van Erp and Yuncken prove in [67] that THM may be equipped

with a natural smooth structure that makes it a Lie groupoid. The description of this

smooth structure on THM is in terms of exponential maps associated with connections. It is

equivalent (and perhaps simpler) to express it in terms of geometric exponential associated

with an adapted frame.

On THM is defined the set of r-fibred distribution, E ′
r(THM), which is the set of continuous

C∞(M×R+)-linear maps C∞(THM) → C∞(M×R+). This space is naturally equipped with

a convolution product law (with the standard precautions about the fact that the involved

distributions are properly supported), and it is called the convolution algebra of THM .

The zoom action α of R∗
+ on THM is defined according to

󰀝
αλ(x, y, t) = (x, y,λ−1t) if (x, y) ∈ M ×M and t ∕= 0,

αλ(x, v, 0) = (x, δλv, 0) if x ∈ M and v ∈ gxM.

The zoom action induces a one-parameter family of automorphisms αλ∗, λ ∈ R∗
+ on the

convolution algebra E ′
r(THM), and preserves the ideal C∞

p (GM ;Ωr) of properly supported

smooth densities.

Van Erp and Yuncken then define the following two notions [68, Definitions 18 & 19]:

Definition 9.55. (1) A properly supported r-fibred distribution P ∈ E ′
r(THM) is called

essentially homogeneous of weight m ∈ R if

∀λ ∈ R∗
+, αλ∗P− λmP ∈ C∞

p (THM ;Ωr).

(2) A H-pseudodifferential kernel of order ≤ m is a distribution K ∈ E ′
r(M × M) sat-

isfying K = P|t=1 for some properly supported r-fibred distribution P ∈ E ′
r(THM)

which is essentially homogeneous of weight m ∈ R.
(3) We denote by Ψm

vEY (M) the space of properly supported operators P : C∞
c (M) →

C∞(M) whose integral kernels are H-pseudodifferential of order ≤ m.

Let us show that van Erp and Yuncken’s construction coincides with Ψm
cl (M) in the fol-

lowing sense:

Theorem 9.56. For any m ∈ R, Ψm
cl (M) = Ψm

vEY (M).

In other words, our classical calculus Ψcl(M) and the pseudodifferential calculus con-

structed via groupoid coincide in exactly the same way that the Hörmander classical calculus

on a manifold corresponds to the abstract operator classes defined via the groupoid approach

(see Section 11 in [68], see also Debord and Skandalis [24]).

The rest of the section is devoted to the proof of Theorem 9.56, that is, for the two

inclusions of the two pseudodifferential calculi. We start with the observation that both

calculi may be viewed modulo smoothing operators as:
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Remark 9.57. As in the case of Ψcl(M), the set
󰁗

m∈R Ψ
m
vEY (M) coincides with the space of

smoothing properly supported operators [68, Corollary 53]:
󰁟

m∈R

Ψm
vEY (M) = Ψ−∞

cl (M).

9.7.2. The proof of the inclusion Ψm
cl (M) ⊂ Ψm

vEY (M). The main idea behind the proof of

the inclusion Ψm
cl (M) ⊂ Ψm

vEY (M) is the construction of an r-fibred distribution associated

with a classical symbol, and this will use the following lemma:

Lemma 9.58. Let σ ∈ Sm
ph(

󰁥GM).

(1) For any t > 0, the density κσ ◦ δt − tmκσ is smooth.

(2) Write the polyhomogeneous expansion of σ as σ ∼h σm + σm−1 + . . . Then, for any

adapted frame (X, U), for every x ∈ U , we have the convergence in the sense of

distribution

tm+QκX
σ,x(δtv) −→t→0 κ

X
σm,x(v).

Furthermore, this convergence holds for any x-derivatives locally uniformly in x.

Proof of Lemma 9.58. We start the proof with some preliminary analysis. For a symbol τ

in ∪m′∈RS
m′
( 󰁥GM), we denote by τ ◦ δt−1 the symbol obtained using the dilations in (2.11):

∀(x, π) ∈ 󰁥GM, ∀t > 0, τ ◦ δt−1(x, π) = τ(x, π ◦ δt−1).

We check readily that the convolution kernels satisfy

κτ◦δt−1 = tm
′
κτ ◦ δt, λ > 0,

as densities. If a smooth Haar system µ = {µx}x∈M has been fixed, then this becomes:

κµ
τ◦δt−1 ,x

= tm
′+Qκµ

τ,x ◦ δt.

We fix 󰁥R and φ as in Proposition 9.48, that is, 󰁥R is a positive Rockland symbol on 󰁥GM and

φ ∈ C∞(M ×R) satisfies φ(x,λ) = 0 for λ in a neighbourhood of (−∞, 0] and φ(λ) = 1 on a

neighbourhood of +∞, these two λ-neighbourhoods depending locally uniformly on x ∈ M .

We denote by ν the homogeneous degree of 󰁥R. Then

φ( 󰁥R) ◦ δt−1 = φ(t−ν 󰁥R).

If now τ ∈ Ṡm′
( 󰁥G) is m′-homogeneous for some m′ ∈ R, then

t−m′
(τφ( 󰁥R)) ◦ δt−1 = τφ(t−ν 󰁥R) = τφ( 󰁥R) + ρτ,t

where ρτ,t is the symbol given by

(9.9) ρτ,t := τ
󰀓
φ(t−ν 󰁥R)− φ( 󰁥R)

󰀔
.

Since λ 󰀁→ φ(t−νλ)−φ(λ) is compactly supported, Corollary 5.44 implies that ρτ,t is smooth-

ing for all t > 0.
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Let us now prove (1). We consider σ ∈ Sm
ph(

󰁥GM). Writing its homogeneous expansion

σ ∼h σm+σm−1+ . . ., it admits the inhomogeneous expansion σ ∼ σmφ( 󰁥R)+σm−1φ( 󰁥R)+ . . .

By the kernels estimates of Theorem 6.2, the function

RN
x (v) := κσ,x(v)−

N󰁛

j=0

κσm−jφ( 󰁥R),x(v)

is continuous in v when m − (N + 1) < −Q for each x ∈ M . In fact, Theorem 6.2 also

shows that it is in L2
s(GxM) for any s ∈ R such that 2(s +m− (N + 1) + Q) < Q, i.e. for

s < −Q/2−m+ (N + 1). With these properties, we have

tQκσ,x ◦ δt − tmκσ,x =
N󰁛

j=0

󰀓
tQκσm−jφ( 󰁥R),x ◦ δt − tmκσm−jφ( 󰁥R),x

󰀔
+ tQRN

x ◦ δt − tmRN
x

=
N󰁛

j=0

κ(σm−jφ( 󰁥R))◦δt−1,x−tmσm−jφ( 󰁥R) + tQRN
x ◦ δt − tmRN

x

=
N󰁛

j=0

tjκρσm−j ,t,x
+ tQRN

x ◦ δt − tmRN
x ,

using the notation (9.9). By the preliminary analysis, the kernel
󰁓N

j=0 t
jκρσm−j ,t,x

is smooth-

ing. Moreover, the kernel tQRN
x ◦ δt − tmRN

x is in L2
s(GxM) for all s such that s + m <

−Q/2+ (N +1). The properties of Sobolev spaces on groups imply that tQκσ,x ◦ δt − tmκσ,x

is in Cr on GxM with r = −m−Q+N , and this for all N ∈ N, thus smooth. One concludes

the proof by applying this to Dβ
Xσ for any β ∈ Nn

0 , which shows (1).

Taking t → 0 shows the convergence at every x ∈ U . Again, applying this to Dβ
Xσ for any

β ∈ Nn
0 shows (2). □

Proof of the inclusion Ψm
cl (M) ⊂ Ψm

vEY (M) in Theorem 9.56. We fix an atlas A on M . Let

P ∈ Ψm
cl (M). By Proposition 9.48, we may assume P = OpA(σ) for some σ ∈ Sm

ph(
󰁥GM). It

follows from our construction that its integral kernel KP is given by

KP (x, y) =
󰁛

α∈A

κXα
σ,x(− lnXα

x y) ψα(x)ψα(y)jacy(ln
Xα
x ), x, y ∈ M.

It is natural to deform this convolution kernel into the following family of distributions on

M ×M parametrised by t > 0:

P(x, y, t) :=
󰁛

α∈A

tmκXα
σ,x(−δt ln

Xα
x y) ψα(x)ψα

󰀃
expXα

x

󰀃
δt ln

Xα
x y

󰀄󰀄
jacexpXαx (δt ln

Xα
x y)(ln

Xα
x ).

We observe for any v ∈ Rn,

DexpXαx (δt ln
Xα
x y)(ln

Xα
x )(v) = ∂s=0 ln

Xα
x expXα

x

󰀃
(δt ln

Xα
x expXα

y (sv)
󰀄

= δt∂s=0 ln
Xα
x expXα

y (sv)

= δtDy ln
Xα
x (v),
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so

jacexpXαx (δt ln
Xα
x y)(ln

Xα
x ) = tQjacy ln

Xα
x .

Therefore, we have

(9.10) P(x, y, t) =
󰁛

α∈A

tm+QκXα
σ,x(−δt ln

Xα
x y) Jα(x, y, t),

where

(9.11) Jα(x, y, t) := ψα(x)ψα

󰀃
expXα

x

󰀃
δt ln

Xα
x y

󰀄󰀄
jacy(ln

Xα
x ).

Hence, we are lead to extend P to THM via

P(x, v, 0) =
󰁛

α∈A

ψα(x)
2κXα

σm,x(v).

By Lemma 9.58 (2), the equations 9.10 and 9.11 define a distribution P ∈ E ′
r(THM). It

remains to show that P is essentially homogeneous of weight m ∈ R.
We already have for t = 0

αλ∗P(x, v, 0) = λm+QP(x, v, 0).

We now consider for t,λ > 0

αλ∗P(x, y, t) = λQP(x, y,λ−1t)

= λm
󰁛

α∈A

tQ+mκXα
σ,x(−δλ−1t ln

Xα
x y)Jα(x, y,λ

−1t).

We have

(αλ∗P− λmP)(x, y, t)

= R(x, y, t,λ) + λm
󰁛

α∈A

tQ+m
󰀃
κXα
σ,x(−δλ−1t ln

Xα
x y)− κXα

σ,x(−δt ln
Xα
x y)

󰀄
Jα(x, y,λ

−1t),

(9.12)

with

R(x, y, t,λ) := λm
󰁛

α∈A

t−(Q+m)κXα
σ,x(−δt ln

Xα
x y)

󰀃
Jα(x, y,λ

−1t)− Jα(x, y, t)
󰀄
.

Moreover, the sum over α ∈ A in (9.12) is smooth by Lemma 9.58 (1). We are left with

showing the smoothness of R(x, y, t). Recall that κσ,x is smooth away from 0. Since

Jα(x, y,λ
−1t) − Jα(x, y, t) = 0 indentically when x, y are near the diagonal, R is smooth

on M ×M × R∗
+ × R∗

+. We deduce that αλ∗P− λmP is smooth on M ×M . □
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9.7.3. The reverse inclusion. For the proof of the reverse inclusion, we need to discuss the

notion of co-principal symbol in the sense of van Erp and Yuncken [68, Section 6]: for anym ∈
R, the co-principal symbol of an H-pseudodifferential kernel K ∈ E ′

r(M ×M) of order ≤ m

may be represented uniquely by a vertical distributional density κ ∈ S ′(GM ; |Ω|(GM)) that

is m-homogeneous in the sense of Definition 5.16; in this paper, κ is called the homogeneous

co-principal symbol ofK. This follows from choosing an essentially homogeneous distribution

P ∈ E ′
r(THM) of weight 0 satisfying K = P|t=1 and that is homogeneous on the nose outside

of (−1, 1) [68, Proposition 42], and then applying [68, Proposition 43]. Moreover, κ is smooth

away from the 0-section of GM .

The main point of the proof of the reverse inclusion of Theorem 9.56 is the natural

correspondence between the 0-homogeneous co-principal symbols in ΨvEY (M) and the 0-

homogeneous symbols in Ψcl(M):

Lemma 9.59. If κ ∈ S ′(GM ; |Ω|(GM)) is 0-homogeneous and is smooth away from the

0-section of GM, then it is the convolution kernel of a symbol σ ∈ Ṡ0( 󰁥GM).

We will not need the converse, which is true, and follows from the properties of symbols

in Ṡ0( 󰁥GM): if the symbol σ is in S0( 󰁥GM), then its convolution kernel κ is 0-homogeneous

and is smooth away from the 0-section of GM. The proof of both implications follow from

the study of the group case in [29].

Proof of Lemma 9.59. Let κ ∈ S ′(GM ; |Ω|(GM)) be a 0-homogeneous distribution density

that is smooth away from the 0-section of GM . It follows from Lemma 2.25 and Corollary 5.4

in [29] that we may define a symbol σ0 on M with convolution kernel κ such that σ0(x, ·) ∈
Ṡ0( 󰁥GxM) with seminorms depending locally uniformly in x ∈ M . We then check that, for

any adapted frame (X, U) and β ∈ Nn
0 , the distribution XβκX ∈ S ′(GM |U ; |Ω|(GM |U)) is still

0-homogeneous and smooth away from the origin, so by uniqueness of the Fourier transform,

above each x ∈ M , it is the convolution kernel of Dβ
Xσ0(x, ·) ∈ Ṡ0( 󰁥GxM). This implies

σ ∈ Ṡ0( 󰁥GM). □

The properties of Ψcl(M) and the inclusion Ψcl(M) ⊆ ΨvEY (M) then imply:

Corollary 9.60. We fix an atlas A on M , and 󰁥R and φ as in Proposition 9.48. Let m ∈ R
and let P ∈ Ψm

vEY (M). Then there exists a symbol σm ∈ Ṡm( 󰁥GM) such that

P −OpA(σmφ( 󰁥R)) ∈ Ψm−1
vEY (M).

The proof of Corollary 9.60 follows from Lemma 9.59 and standard manipulations of

pseudodifferential theory. Before giving it, let us conclude the proof of Theorem 9.56.

End of the proof of Theorem 9.56. It remains to show the inclusion Ψm
vEY (M) ⊂ Ψm

cl (M) for

any m ∈ R. Let P = Pm ∈ Ψm
vEY (M). Let σm as in Corollary 9.60. Inductively, we construct

a sequence of symbols σm−j ∈ Ṡm−j, j ∈ N0, such that

Pm−(j+1) = Pm−j −OpA(σm−jφ( 󰁥R)) ∈ Ψ
m−(j+1)
vEY (M),
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By construction, we have for any N ∈ N,

P =
N󰁛

j=0

OpA(σm−jφ( 󰁥R)) + Pm−(N+1)

Consider a symbol σ ∈ Sm( 󰁥GM) with asymptotic expansion σ ∼
󰁓

j σm−jφ( 󰁥R). Then

σ ∈ Sm
ph(

󰁥GM) and for any N ∈ N, the operator

P −OpA(σ) = OpA
󰀓 N󰁛

j=0

σm−jφ( 󰁥R) − σ
󰀔

+ Pm−(N+1),

is in Ψ
m−(N+1)
vEY (M) since

󰁓N
j=0 σm−jφ( 󰁥R) − σ ∈ Sm−(N+1)( 󰁥GM). By Remark 9.57, this

implies that P −OpA(σ) ∈ Ψ−∞
cl (M). □

It remains to show Corollary 9.60. The case m = 0 is essentially a consequence of

Lemma 9.59:

Proof of Corollary 9.60 when m = 0. Let κ ∈ S ′(GM ; |Ω|(GM)) be the homogeneous prin-

cipal co-symbol of the integral kernel KP of P . As we are in the case m = 0, by Lemma

9.59, κ is the convolution of a symbol σ0 ∈ Ṡ0( 󰁥GM). We now observe that the proof of

the implication (2) ⇒ (1) in Theorem 9.56 above shows OpA(σ0φ( 󰁥R)) ∈ Ψm
vEY (M), and

moreover that the homogeneous co-principal symbol of its integral kernel is κσ0 = κ ∈
S ′(GM ; |Ω|(GM)). This implies that the homogeneous co-principal symbol of the integral

kernel of P − OpA(σ0φ( 󰁥R)) is zero. Therefore, by [68, Corollary 38], P − OpA(σ0φ( 󰁥R)) ∈
Ψ−1

vEY (M). □

Traditional manipulations in pseudodifferential theory allow us to pass from the casem = 0

to the case of general m.

Proof of Corollary 9.60 for any m ∈ R. As we have proved Ψm′
cl (M) ⊆ Ψm′

vEY (M) for any

m′ ∈ R, OpA((I + 󰁥R)−m/ν) ∈ Ψ−m
vEY (M). By the composition properties of the calculus built

by van Erp and Yuncken [68, Corollary 49], OpA((I + 󰁥R))−m/ν)P ∈ Ψ0
vEY (M). Denoting 󰁨σ0

the corresponding symbol as in the case m = 0, we have

OpA((I + 󰁥R))−m/ν)P −OpA(󰁨σ0φ( 󰁥R)) ∈ Ψ−1
vEY (M).

Applying Corollary 9.35 to −m, we obtain a symbol τ ∈ Sm
ph(

󰁥GM) satisfying

OpA(τ)OpA((I + 󰁥R)−m/ν)− I ∈ Ψ−∞
cl (M).

Moreover, an inspection of the construction shows that Princm,h(τ) = 󰁥Rm/ν . Hence, we have

Princh,m

󰀓
OpA(τ)OpA(󰁨σ0φ( 󰁥R))

󰀔
= Princh,m

󰀃
OpA(τ)

󰀄
Princh,m

󰀓
OpA(󰁨σ0φ( 󰁥R))

󰀔
= 󰁥Rm/ν󰁨σ0.

Consequently,

OpA(τ)OpA(󰁨σ0φ( 󰁥R)) = OpA( 󰁥Rm/ν󰁨σ0φ( 󰁥R)) mod Ψm−1
cl (M).
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The inclusion Ψm′
cl (M) ⊆ Ψm′

vEY (M) for any m′ ∈ R together with the properties of the

calculus built by van Erp and Yuncken, especially its composition [68, Corollary 49] and for

the smoothing operators (see Remark 9.57), imply

P = OpA(τ)OpA((I + 󰁥R)−m/ν)P mod Ψ−∞
cl (M)

= OpA(τ)OpA(󰁨σ0φ( 󰁥R)) mod Ψm−1
vEY (M)

= OpA( 󰁥Rm/ν󰁨σ0φ( 󰁥R)) mod Ψm−1
vEY (M),

which terminates the proof. □

Appendix A. Combinatoric

In this section we prove equation (4.5) and analyse the form of the terms after reorgan-

isation by the number of elements in the set I, in order to obtain (4.9) with the afferent

properties.

The proof of (4.5) is done by induction. The formula (4.5) holds for k = 1 since, in that

case, there is only n configuration of indices sets that satisfy the assumptions: I = {j},
I1 = ∅, which gives the term zjXj, for j = 1, · · · , n. It also holds for k = 2 with the sets of

indices:

I = {j1, j2}, I1 = I2 = ∅, whence the term zj1zj2Xj1Xj2 ,

I = {j1}, I1 = {j2}, I2 = ∅, whence (Xj2zj1)zj2Xj1 ,

with j1, j2 describing 1, · · · , n. The configuration I = {j1}, I1 = ∅, I2 = {j2} is forbidden.

Assume now that the formula (4.5) holds for some k ≥ 1, let us prove that the result also

holds for k + 1. We derive

(Z(N))k+1 =
n󰁛

j=1

󰁛

(j1,...,jk)=[I,I1,...,Ik]

󰀓
zj(XI1zj1) . . . (XIkzjk)X[{j},I]

+
󰁛

1≤p≤k

zj(XI1zj1) . . . (X[{j},Ip]zjp) . . . (XIkzjk)
󰀔
.

Denoting by jk+1 the new index, we obtain

(Z(N))k+1 =
󰁛

(j1,...,jk)=[I,I1,...,Ik]

n󰁛

jk+1=1

󰀓
(XI1zj1) . . . (XIkzjk)zjk+1

X[{jk+1},I]

+
󰁛

1≤p≤k

(XI1zj1) . . . (X[{jk+1},Ip]zjp) . . . (XIkzjk)zjk+1
XI

󰀔
.
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We then observe the equality of the set of indices (j1, . . . , jk+1) = [I, I1, . . . , Ik+1] (equipped

with the associated constraints), with the disjoint union

n󰁞

j=1

󰁱
(j1, . . . , jk+1) = [[{jk+1}, I], I1, . . . , Ik, ∅]

󰁲

∪
k󰁞

p=1

n󰁞

j=1

󰁱
(j1, . . . , jk+1) = [I, I1, . . . , Ip−1, [{jk+1}, Ip], Ip+1, . . . , Ik, ∅]

󰁲
.

This concludes the proof.

Let us now reorganise the terms of (Z(N))k in terms of the cardinal of the indices set I

and write

(A.1) (Z(N))k =
k󰁛

ℓ=1

󰁛

I=(j1,··· ,jℓ)

a
(ℓ)
I XI .

Our aim is to prove that for all ℓ ≥ 1, the term
󰁓

I=(j1,··· ,jℓ) a
(ℓ)
I XI writes as the sum of

terms having the property (4.8), that is such that there exists v
{ℓ}
1 , · · · , v{ℓ}ℓ such that a

(ℓ)
I =

v
(ℓ)
j1

· · · v(ℓ)jℓ
for I = (j1, · · · , jℓ), 1 ≤ ℓ ≤ k. We argue by a recursion and starts by observing

that the result holds when k = 1. Let us now assume that the property holds for k ∈ N,
with

aj1,...,jℓ = v
(ℓ)
j1

. . . v
(ℓ)
jℓ
, 1 ≤ ℓ ≤ k.

We want to prove that the same property holds for (Z(N))k+1. It is enough to apply Z(N) to

one of the terms of the sum and to prove that it has the desired structure. We write

Z(N)

󰀳

󰁃
󰁛

I=(j1,··· ,jℓ)

a
(ℓ)
I XI

󰀴

󰁄 = I1 + I2

I1 =
n󰁛

j=1

󰁛

I=(j1,··· ,jℓ)

z
(N)
j a

(ℓ)
I X({j},I) and I2 =

󰁛

I=(j1,··· ,jℓ)

(Z(N)a
(ℓ)
I )XI

where I1 contains derivatives of length ℓ+ 1 and I2 derivatives of length ℓ.

The term I1 writes

I1 =
󰁛

I=(j1,··· ,jℓ)

(z
(N)
1 a

(ℓ)
I X1XI + . . .+ z(N)

n a
(ℓ)
I XnXI) =

󰁛

I′=(j1,··· ,jℓ+1)

a
(ℓ+1)
I′ XI′

where the coefficients a
(ℓ+1)
I′ are constructed as follows: let I ′ = (j1, . . . , jℓ+1), I

′ = ({j1}, I)
then a

(ℓ+1)
I′ = v

(ℓ+1)
j1

. . . v
(ℓ+1)
jℓ+1

with v
(ℓ+1)
j1

= zj1 and v
(ℓ+1)
jp

= v
(ℓ)
jp−1

for p = 2, · · · , ℓ + 1.

Therefore, I1 has the property (4.8).

Let us now consider the term I2. It is the sum of ℓ terms of the form
󰁛

I=(j1,··· ,jℓ)

v
(ℓ)
j1

. . . (Z(N)v
(ℓ)
jp
) . . . v

(ℓ)
jℓ
XI , 1 ≤ p ≤ ℓ.
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We observe
󰁛

I=(j1,··· ,jℓ)

v
(ℓ)
j1

. . . (Z(N)v
(ℓ)
jp
) . . . v

(ℓ)
jℓ
XI =

󰁛

I=(j1,··· ,jℓ)

v
(ℓ+1,p)
j1

. . . v
(ℓ+1,p)
jℓ

XI

with v
(ℓ+1,p)
jp′

= v
(ℓ)
jp′

if p′ ∕= p and v
(ℓ+1,p)
jp

= Z(N)v
(ℓ)
jp
. Therefore, I2 is the sum of k terms with

the property (4.8), which concludes the proof.

Appendix B. Functional spaces on a vector bundle

Here, we recall the definitions of spaces of Schwartz functions and tempered distributions

associated with a (smooth, real, finite dimensional) vector bundle E over a (smooth) man-

ifold M . We denote by d = dimE the dimension of (the fiber of) the vector bundle E.

The functional spaces we want to introduce will use the concept of vertical densities we first

recall.

B.1. Vertical densities on E. We denote by |Ω|(E) the space of 1-densities on E whose

definition we recall:

Definition B.1. • A 1-density on Rd is a map ω : (Rd)d → C satisfying

∀v1, . . . , vd ∈ Rd, ∀A ∈ GLd(R), ω(Av1, . . . , Avd) = | detA|ω(v1, . . . , vd).

• A 1-density on E is map ω : E×d → C such that φ∗ω(x, ·) is a 1-density on Rd for

every trivialising chart φ : U × Rd → E and every x ∈ U.

A 1-density on E is sometimes called a vertical density as it yields above each x ∈ M a

density on the vector space Ex.

Example B.2. (1) If τ ∈ is an n-form on M with n = dimM , then |τ | ∈ |Ω|(TM) is a

density on the tangent bundle E = TM .

(2) More generally, for any vector bundle E, any τ ∈ Γ(
󰁙d E) yields the 1-density

|τ | ∈ |Ω|(E) on E.

The space |Ω|(E) is a line bundle over M . Moreover, if ω ∈ |Ω|(E) never vanishes, then

any other 1-density ω′ ∈ |Ω|(E) differs by a smooth function c ∈ C∞(M):

(B.1) ∀(x, v) ∈ E ω′(x, v) = c(x)ω(x, v).

We denote by |Ω|+(E) the set of positive 1-densities on E, i.e. the set of ω ∈ |Ω|(E)

with ω(x, v) > 0 for any (x, v) ∈ E. We can readily construct positive 1-densities using local

trivialising charts and subordinated covering of the manifold. As Example B.2 suggests, a

positive 1-density on E may be viewed as an element of volume |dv| of the fiber Ex depending

smoothly on x ∈ M . In the case of two positive 1-densities, the smooth function c ∈ C∞(M)

they differ from in (B.1) is positive: c(x) > 0 for all x ∈ M .
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B.2. Schwartz functions and vertical tempered densities on E.

Definition B.3. A Schwartz function f on E is a smooth function f : E → C such that for

every trivialising chart φ : U × Rd → E, φ∗f may be written as φ∗f(x, v) = fφ(x, v) with

(B.2) fφ ∈ C∞(U × Rd) and x 󰀁→ φ∗f(x, ·) ∈ C∞(U ;S(Rd)).

We denote by S(E) the set of Schwartz functions on E. It is naturally equipped with a

structure of topological vector space.

Definition B.4. A vertical tempered density on E is a continuous map S(E) → C∞(M)

that is C∞(M)-linear.

A vertical tempered density κ is described in any trivialising chart φ : U × Rd → E by

φ∗κ(x, v) = κφ(x, v)|dv| with
κφ ∈ D′(U × Rd) and x 󰀁→ κφ(x, ·) ∈ C∞(U,S ′(Rd)).

We denote by S ′(E; |Ω|(E)) the set of vertical tempered densities on E. It is naturally

equipped with a structure of topological vector space. By definition, the map

S(E)× S ′(E; |Ω|(E)) −→ C∞(M), (ϕ,κ) 󰀁−→ (x 󰀁→
󰁝

E

ϕ(x, v)κ(x, v)),

is continuous and C∞(M)-bilinear.

Lemma B.5. We assume that a positive 1-density ω ∈ |Ω|+(E) has been fixed on E.

(1) A vertical tempered density κ ∈ S ′(E; |Ω|(E)) is described above every x ∈ M by a

unique distribution κω
x ∈ S ′(Ex) satisfying

∀ϕ ∈ S(E)

󰁝

E

ϕ(x, v)κ(x, v) =

󰁝

Ex

ϕ(x, v)κω
x(v)dωx(v).

(2) Moreover, if ω′ ∈ |Ω|+(E) is another positive 1-density on E, then

κω
x = c(x)κω′

x ∈ S ′(Ex),

where c is the function defined via (B.1).

Proof. The distribution κω
x ∈ S ′(Ex) is defined invariantly via trivialisation charts, showing

Part (1). Part (2) follows by uniqueness. □
The following statement is readily checked and defines the notion of m-homogeneous ver-

tical distributional density.

Lemma B.6. Here, we assume that the vector bundle E is graded, i.e. each fiber Ex admits

a gradation in the sense of Definition 2.1, and the corresponding dilations δEx yield a map

δ : E → E that is smooth (and hence is a morphism of the vector bundle E).

Let m ∈ R. The following properties of a vertical tempered density κ ∈ S ′(E; |Ω|(E)) are

equivalent:

(1) For one (and then any) positive 1-density ω ∈ |Ω|+(E) on E, for every x ∈ M , the

distribution κω
x ∈ S(Ex) is m-homogeneous for the dilations δEx .
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(2) For every trivialising chart φ : U ×Rd → E and ever x ∈ M , the distribution κφ(x, ·)
is m-homogeneous for the dilations for φ∗δEx

B.3. Vertical Schwartz densities.

Definition B.7. A Schwartz vertical density on E is a smooth section f ∈ C∞(E; |Ω|(E))

such that for every trivialising chart φ : U ×Rd → E, we may write φ∗f(x, v) := fφ(x, v)|dv|
with fφ as in (B.2).

The set S(E; |Ω|(E)) of Schwartz vertical densities on E is naturally equipped with a struc-

ture of topological vector space and may be viewed naturally as a subspace of S ′(E; |Ω|(E)).

In fact, it is dense in S ′(E; |Ω|(E)).
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