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Ising-Like Model Hasn’t Yet Said Its Last Word: Exact and
Mean-Field Investigations of 2, 3 and 4-Body Interactions in
1D Ising Chain of Binuclear Spin-Crossover Solids
Kamel Boukheddaden,*[a] Nour El Islam Belmouri,[a] and Nicolas di Scala[a]

We investigate the static properties of a new class of 1D Ising-
like Hamiltonian for binuclear spin-crossover materials account-
ing for two-, three-, and four-body short-range interactions
between binuclear units of spins ðsA1 ; s

B
1Þ and ðsA2 ; s

B
2Þ. The

following 2-, 3-, and 4-body J1ðs
A
1 þ sB1Þðs

A
2 þ sB2Þ, K1s

A
1s

B
1ðs

A
2 þ sB2Þ,

and K2ðs
A
1s

B
1Þðs

A
2s

B
2Þ terms are considered, in addition to intra-

binuclear interactions, such as effective ligand-field energy and
exchange-like coupling. An exact treatment is carried out within
the frame of the transfer matrix method, leading to a 4×4
matrix from which, we obtained the thermal evolution of the
thermodynamic quantities. Several situations of model parame-
ter values were tested, among which that of competing intra-

and inter-molecular interactions, leading to the occurrence of
(i) one-step spin transition, (ii) two-, three-, and four-step
transitions, obtained with a reasonable number of parameters.
To reproduce first-order phase transitions, we accounted for
inter-chains interactions, treated in the mean-field approach.
Hysteretic multi-step transitions, recalling experimental obser-
vations, are then achieved. Overall, the present model not only
suggests new landscapes of interaction configurations between
SCO molecules but also opens new avenues to tackle the
complex behaviors often observed in the properties of SCO
materials.

1. Introduction

Spin-crossover (SCO) materials are extensively studied due to
their potential applications as sensor devices, molecular memo-
ries, displays etc.[1–6] as well as for their fascinating fundamental
aspects related to the coupling between their electronic and
elastic structures. Such spin transition materials have been
commonly investigated in iron(II) complexes with 3d6 config-
uration in octahedral symmetry. From the magnetic properties
point view, they exhibit two kinds of electronic configuration,
high-spin state (HS) at high-temperature and low-spin state (LS)
at low-temperature with their total spin, S=2 (paramagnetic
state) and S=0 (diamagnetic state), respectively. From an
optical and elastic point of view, the switching between HS and
LS states, which is achieved by light,[7–11] temperature,[7,8,10,12,13]

magnetic[14] and electrical field,[15] pressure[16–18] etc., is accom-
panied by a change of color and a significant variation of
molecular volume related to the variations of the bond lengths
between Fe and N atoms. So, the Fe� N bond lengths increase
between ~2.00 Å in the LS state and ~2.2 Å in the HS state,[7,8,10]

leading to an abrupt expansion by around 30% of the
molecular volume of the coordination sphere.[19] At the same
moment, the expansion of the unit cell is ~3–5%,[20] very small
compared to that of the coordination sphere. Indeed, this
important difference of volume result from the crystal packing
whose a large part of the molecular volume expansion is

absorbed inside the lattice in the form of reorientations of the
ligands and others local degrees of freedom which do not affect
the unit cell volume, but induce huge distortions of the crystal.
Indeed, in cooperative spin-crossover systems, the nucleation
and the growth of the spin states during the spin transition
arise with local volume expansions which take place at several
regions in the lattice (short-range nature of the interactions)
and their propagation (coalescence) and interference in the
whole lattice (due to the long-range character of the inter-
actions) cause a global volume expansion accompanied by a
large deformation of the crystal lattice, which produces
inhomogeneous mechanical stresses inside the system. The
interplay between the spin-crossover and the lattice properties
of the spin transition compounds has been studied experimen-
tally as well as theoretically in the way to understand the main
mechanisms that lead to the spin-crossover phenomenon. From
the experimental point of view, the investigations on the
molecular complexes relate to the experiments of x-ray
diffraction, optical microscopy, calorimetry, Mössbauer and uv-
Vis spectroscopies, diffuse reflectivity, photoluminescence[19,21–31]

etc. and show many features of these materials such as gradual
transition which follows the Boltzmann statistics, first-order
transition with hysteresis, incomplete spin transition with
residual HS fraction at low-temperature, two- and multi-step
transition characterized by intermediate plateaus in which the
spin states are self-organized.[12,32–39] Theoretically, the mecha-
nism behind all of these behaviors are investigated using
macroscopic or microscopic descriptions such as the regular
solutions model[40] based on a thermodynamical approach
where the interaction parameters related to the weak intermo-
lecular interactions in iron(III) compounds are introduced in a
phenomenological way, continuous medium model[41] which

[a] K. Boukheddaden, N. E. I. Belmouri, N. di Scala
Université Paris-Saclay, CNRS-Université de Versailles Saint-Quentin-en-
Yvelines Groupe d’Études de la Matière Condensée, UMR 8635,
45 Avenue des Etats Unis, 78035 Versailles, France
E-mail: kamel.boukheddaden@uvsq.fr

Wiley VCH Donnerstag, 10.10.2024

2420 / 360496 [S. 57/72] 1

ChemPhysChem 2024, 25, e202400238 (1 of 16) © 2024 Wiley-VCH GmbH

ChemPhysChem

www.chemphyschem.org

Research Article
doi.org/10.1002/cphc.202400238

http://orcid.org/0000-0003-0464-1609
http://orcid.org/0000-0003-4290-0640
http://orcid.org/0000-0002-2275-3842
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fcphc.202400238&domain=pdf&date_stamp=2024-10-07


does not explicitly describe the particular micro-organization of
the HS and the LS domains, and also Ising-like models[42,44–48]

which has a microscopic origin. Among the Ising-like models,
we distinguish the vibrational models such as the spin-phonon
model[49] accounting for the coupling between spin and phonon
in the lattice, which discard the deformation of the lattice, and
the models with anharmonic potentials such as Lennards-Jones
pair potential[50] which contains a repulsive short-range and
attractive long-range contributions or Morse potential,[51] me-
chanoelastic model,[52] harmonic electroelastic model[53–55] ac-
counting for the lattice deformation. All these models are based
on the interactions (short- and long-range) between the SCO
neighboring atoms whose amplitude of forces (weak or strong)
provides information about the degree of cooperativity of these
systems. Indeed, in the electroelastic model[53,56] the spins of the
SCO sites as well as their positions are combined to study the
spatiotemporal and thermodynamic features of spin-crossover
solids. This model reproduces several SCO behaviors and offers
a lot of possible extensions. For example, in recent works,[57–59]

we used it to describe the photoexcitation of the long-lived
metastable HS state and also the light-induced thermal
transition effects as well as multi-step transitions with symmetry
breaking in the plateau region for different modeled
situations.[60–63]

Binuclear spin-crossover complexes represent an important
step in the study of polynuclear spin transition systems. They
constitute good examples to investigate the intimate relation
between the spin transition and the intra- and inter-molecular
interactions. Since 1992, where the first deep studies emerged
in the literature[64–76] a large number of binuclear SCO systems
have been synthesized. Most of them present a double-step
spin transition with temperature, with the presence of a plateau
during the transition. The nature of this plateau has been
deeply studied and in most of the cases[77] it was found that the
two atoms within the molecule occupy the configuration [HS-
LS]. It was concluded, that steric anti-ferro elastic interactions
are responsible for this behavior. However, since the last ten
years, several new binuclear complexes have shown different
types of thermal-dependence of the HS fraction, like a one-step
sharp first-order transition where the binuclear unit switches
from the LS-LS to the HS-HS configuration without any
intermediate state and others where one or sometimes several
intermediate states are got through the transition from the LS
to the HS state.

From the theoretical point of view, Ising-like models,[43,78–86]

due to their high adaptability and despite their phenomeno-
logical character, remain a source of an important activity in the
description of SCO materials, helping in the understanding of
several of their physical properties. In particular, 1D Ising-like
models benefited in the past in several investigations concern-
ing the static properties of spin-crossover chains,[87–89] by
combining nearest-neighbor short-range interactions with infin-
ite long-range interactions.[90,91] One of the advantages of these
models is the possibility of accessing their exact thermodynam-
ic properties using the analytical transfer matrix method.
Extensions including next-nearest neighbor interactions have
also been investigated using the same method and the main

results of these approaches[87,89,92] can be summarized as follows:
(i) thermal hysteresis may occur due to the competition of
short- and long-range interactions; (ii) the shape of the
hysteresis loop changes from “S” to “Z” on increasing the ratio
of the short-range interaction; two kind of microscopic organ-
izations have been found for the plateau region, HS-LS-HS-LS-
HS-LS or HS-HS-LS-LS-HS-HS-LS-LS depending on the sign of
the interaction parameters involved in the model. These studies
concerned only mononuclear SCO materials and the extension
to binuclear SCO chains is still an open problem.

In the present study, we deal with the case of 1D SCO
chains made of binuclear SCO units. Then, each molecule
contains two atoms, denoted A and B, which may be high-spin
(HS) or low-spin (LS). This work is inspired by experimental
results which showed that in some two-step transitions, in the
intermediate plateau, the spin states configuration is of the
form (HS-HS)-(LS-LS)-(HS-HS)-(LS-LS), while in most of the cases,
the antiferro configuration (HS-LS) which can be ordered like
(HS-LS)-(HS-LS)-(HS-LS)[93] or disordered such as (HS-LS)-(LS-HS)-
(LS-HS)-(HS-LS) is found. In the case of the presence of an
ordered intermediate state, one speaks about the presence of
symmetry breaking, a concept that will be explicitly discussed
in this work. On the other hand, the stabilization of config-
urations like (HS-HS)-(LS-LS)-(HS-HS)-(LS-LS) indicates that the
binuclear units react as a single object due to the presence of a
strong intra-molecular correlation. To reproduce such behavior,
it is then necessary to go beyond the classical Ising-like model
and to include interactions between strongly correlated
binuclear units, that is the origin of the presence of four- and
three- body interactions in the present model. As we will see,
according to the sign of these interactions, several interesting
behaviors can be obtained, allowing to reproduce a large panel
of experimental spin transitions, going from incomplete, to first-
order and multi-step transitions.

Historically, the two-level microscopic models developed for
cooperative spin-crossover solids are based on the Ising-like
Hamiltonian, following the pioneering work of Wajnsflasz and
Pick.[42,43] Such two-state model can be viewed as a simple Ising
model under an applied field (a temperature-dependant field to
account for the different degeneracies of the levels).[94] Its
dynamical extension[79] led exactly to the phenomenological
formula given by Hauser, Spiering and Gütlich[95] for the
sigmoidal relaxation. Here we extend this model to study
exactly 1D binuclear SCO systems.

The manuscript is organized as follows: Section 2 introduces
the model’s Hamiltonian and the method of resolution;
Section 3 summarizes the obtained results and the discussion of
the thermal behavior of the system’s order parameters accord-
ing to the sign of the interactions (ferro-, antiferro-type).
Section 4 is devoted to summary.
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2. 1D Hamiltonian of Binuclear SCO System and
Transfer Matrix Method

We present an exact examination of thermodynamic properties
of one-dimensional binuclear Ising-like model,[42,43,47] in which
nearest and next-nearest neighbor interactions are included.
Let’s denote by A and B the two atoms of a dimer, by JAB the
intra-dimer interaction, and by KAA, KBB, KAB the inter-dimer
interaction between the respective AA, BB, and AB atoms,
located on different molecules. The ligand field energy is
denoted by Δ and the degeneracy of the high spin (HS), g, plays
a role of an additional entropic term � kBT lng, equivalent to a
temperature-dependent field term, h=Δ� kBT lng. It is necessary
to recall that all the interaction parameters of the model are
elastic in nature.[96] A schematic view of the chain is given in
Figure 1. The Hamiltonian of a binuclear chain of SCO system
writes

H ¼
XN

i

Hintra
i þ

XN

i;j

Hinter
i;j : (1)

Here Hintra and Hinter, respectively express the intra-binuclear
and the inter-binuclear interactions.

The intramolecular interactions contain the ligand-field
energies of both sites belonging to the binuclear i and the
intramolecular interaction between the two sites A and B inside
the binuclear. At site i, Hintra

i writes:

Hintra
i ¼ � JABs

A
i s

B
i þ hðsAi þ sBi Þ; (2)

with h=Δ� kBT lng.
The interactions between the binuclear units involve several

types of contributions, between A� A, B� B, and A� B sites
belonging to nearest-neighbors (nn) binuclear sites. In addition,
we introduce in this work a new type of interaction which
considers that the binuclear unit may also respond as a single
and compact object, which then leads to three body inter-
actions of type ðsAi þ sBi Þs

A
j s

B
j as well as to four body interactions

of type, sAi s
B
i � s

A
j s

B
j .

A schematic view of the various types of couplings between
the binuclear molecules are sketc.hed in Figure 1 which

summarizes the intra- and inter-binuclear interactions consid-
ered in the present study.

In the general case, the Hamiltonian including the inter-
actions between the binuclear species can be written as follows

Hinter
i;j ¼ � ðKAAs

A
i s

A
j þ KBBs

B
i s

B
j Þ � KABðs

A
i s

B
j þ sBi s

A
j Þ

� K1ððs
A
i þ sBi Þs

A
j s

B
j þ sAi s

B
i ðs

A
j þ sBj ÞÞ � K2s

A
i s

B
i s

A
j s

B
j :

(3)

In addition, we assume periodic boundary conditions,
sANþ1 ¼ sA1 and sBNþ1 ¼ sB1, where N is the number of A (B) spins in
the chain and so the chain contains 2N atoms.

With the notation β=1/kBT, where kB is the Boltzmann
constant, the partition function is given by

Z ¼ Tr½e� bH� ¼
X

sA1 ;s
B
1

X

sA2 ;s
A
2

:::
X

sAN ;s
B
N

TðsA1 ; s
B
1; s

A
2 ; s

B
2Þ:::Tðs

A
N; s

B
N; sA1 ; s

B
1Þ: (4)

The kernel T is defined by

TðsA1 ; s
B
1; s

A
2 ; s

B
2Þ

¼ exp b
JAB
2 ðs

A
1s

B
1 þ sA2s

B
2Þ

� �

exp b KAAs
A
1s

A
2 þ KBBs

B
1s

B
2

� �

� exp½bKABðsA1s
B
2 þ sB1s

A
2Þ� exp �

bh
2 ðs

A
1 þ sB1 þ sA2 þ sB2Þ

� �

� exp bK1ðsA1s
B
1ðs

A
2 þ sB2Þ þ sA2s

B
2ðs

A
1 þ sB1ÞÞ

� �

� exp bK2sA1s
B
1s

A
2s

B
2

� �
:

(5)

The kernel T is symmetric by construction, i. e.
TðsA1 ; s

B
1; s

A
2 ; s

B
2Þ=TðsA2 ; s

B
2; s

A
1 ; s

B
1Þ and has a dimension 4×4. Follow-

ing standard studies, like those of ANNNI (axial next-nearest
neighbour Ising) model,[97,98] where similar four-point kernel
T(s1, s2, s3, s4) are obtained, the partition function can be written
as Z ¼ Tr½T�N, where the matrix T contains 16 matrix elements
whose expressions are given in the Appendix.

To find the eigenfunctions ψi of the transfer matrix T we
only solve one integral equation. The matrix T writes

X

sA1

X

sB1

TðsA1 ; s
B
1; s

A
2 ; s

B
2Þyiðs

A
2 ; s

B
2Þ ¼ liyiðs

A
2 ; s

B
2Þ; (6)

Here, λ i corresponds to the eigenvalue associated with the
eigenfunction yiðs

A
2 ; s

B
2Þ: It is known from Perron-Frobenius

Figure 1. Schematic views of the chain and interaction configuration between the binuclear SCO molecules whose thermal properties are exactly studied
using the transfer matrix method. Each metallic center A (resp. B) of the dimer molecule is associated with a fictitious spin sA (resp. sB). Intra-binuclear two-
bodies interactions coexist with inter-molecular two-, three- and four-bodies couplings.
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theorem[99] that the biggest eigenvalue is real and non-
degenerate. The transfer matrix of Eq. (6) can be expressed as
an expansion in terms of eigenvalues and eigenfunctions by

TðsA1 ; s
B
1; s

A
2 ; s

B
2Þ ¼

X4

i¼1

liyiðs
A
1 ; s

B
1Þyiðs

A
2 ; s

B
2Þ: (7)

Let us denote by λ0 the largest eigenvalue. Using the
Frobenius theorem, we know that λ0 is real and unique. We
have also verified numerically that all the other eigenvalues are
also non-degenerate. The partition function ZN is the trace of TN,
so that in the thermodynamic limit it is simply given by

ZN ¼ lN
0 : (8)

The free energy is

F ¼ � kBT ln ZN ¼ � NkBT ln l0: (9)

Hence, by simple numerical derivation, we can obtain the

heat-capacity Cv through the relation, Cv ¼ � T
@2F
@T2 :

The fraction of molecules in the HS state, nHS, is related to
the average magnetization sh i per site through
nHS ¼ ð1þ sh iÞ=2. In the calculations, we will mainly plot sh i
which is equal to � 1 in the LS state and +1 in the HS state. The
average fictitious magnetization sh i is obtained from the
knowledge of the eigenfunction of the fundamental state as:

sh i ¼
X

sA1

X

sB1

y0ðs
A
1 ; s

B
1Þ

sA1 þ sB1
2

� �

y0ðs
A
1 ; s

B
1Þ: (10)

Despite the rather simple procedure for obtaining the
partition function, the average magnetization in the previous
calculations, the two-spin correlation functions require the
knowledge of both eigenvalues and eigenfunctions of the
whole energy spectrum. For the present model, we are
interested in the pair correlation function, sA1s

B
1

� �
which gives

information about the intra-binuclear organization of the spin
states. Following the general method introduced in Ref. [99], we
obtain in the thermodynamical limit, i. e. N! ∞

lim
N!∞

sA1s
B
1

� �
N¼
X4

i¼1

ð
li

l0
Þ
X

s1

X

s2

ðy0ðs
A
1 ; s

B
1Þs

A
1yiðs

A
1 ; s

B
1ÞÞ

ðy0ðsA1 ; s
B
1Þs

B
1yiðsA1 ; s

B
1ÞÞ:

(11)

It is worth mentioning that the higher order spin-spin
correlations, like sA1s

B
1s

A
2

� �
or even sA1s

B
1s

A
2s

B
2

� �
can be calculated

using the same procedure described above or by differentiating
the total free energy with respect to the interaction term
associated with the quantity of interest.

3. Transfer Matrix Results

We have performed the numerical calculations of the eigenval-
ues and the eigenfunctions at each temperature using the
routine F02EBF of the NAG library,[100] where all the eigenvalues
and eigenvectors have been obtained with a precision of less
than 10� 6. We calculate the thermal behavior of the HS fraction
and its corresponding heat capacity for different situations
using the exact formulation of the transfer matrix method. In
the present contribution, we aim to stress on several aspects
related to the effect of the nearest (nn) and next-nearest (nnn)
neighbors’ interactions on the emerging thermal behavior of
the HS fraction and that of the average state of the binuclear
units sAsB

� �
, which will be developed below.

3.1. On the Role of Each Model Parameter

The total Hamiltonian Hintra+Hinter given in Eqs. (2) and (3)
contains several contributions whose energetic effects merit to
be dissected in a detailed way. Obviously, in the intra-molecular
part (Eq. (2)), the ligand-field energy, Δ stabilizes the LS state
while the intra-binuclear interaction JAB <0 favors the config-
urations � + and + � inside the binuclear, where + and �
stand for the HS and LS configurations, respectively. Already at
this stage, we can see the existence of a competition between
Δ and JAB. To consider the general case including the inter-
binuclear interactions, KAA, KBB, KAB, K1 and K2, one may examine
the energy spectrum of two interacting binuclear units at
0 Kelvin for several situations of interaction parameters. How-
ever, since there are 16 energy levels, it is a heavy task to
handle all situations by this way. In contrast, it is possible to
discuss qualitatively the effect of all these parameters on the
electronic configurations. Thus, for example, positive KAA, KBB,
parameters favors the appearance of ferro-type interactions
between A-A and B-B sites of neighboring binuclear units.
Within these signs, the following configurations of neighboring
binuclear units, (+ +)-(+ +), (� � )-(� � ), (+ � )-(+ � ), (� +)-
(� +) have the same energy. However, with KAB >0, one
stabilizes the configurations (+ +)-(+ +), (� � )-(� � ), (+ � )-
(� +), (� +)-(+ � ) which have the same energy and destabilizes
the configuration (+ � )-(+ � ) (� +)-(� +) as well as (��)-(��)
which are favoured when KAB <0. The coupling K1 >0 (resp. K1
<0) favors the configuration (+ +)-(+ +) (resp. (� � )-(� � ))
even at low-temperature which then clearly indicates that
strong positive K1 values may lead to recovering the HS state at
low-temperature for K1 >0, thus producing re-entrant phases.
The final coupling parameter, K2 >0 (resp. K2 <0) stabilizes all
configurations leading to a positive (resp. negative) product
sA1s

B
1s

A
2s

B
2, like (+ +)-(+ +), (� � )-(� � ), (+ +)-(� � ) etc. So, with-

out even reviewing all possible configurations, we see clearly
that the present model opens a large possibility of thermal
behaviors for the HS fraction and the spin-spin correlations. In
the following, we examine some of these thermodynamic
behaviors. We note in passing that in calculations that follow,
we will consider, as is customary in statistical physics, the
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Boltzmann’s constant as equal to 1, so all energies will be given
in Kelvin.

3.2. Case of Short-Range Interactions

The first part of the study is devoted to the case of short-range
interactions only, which is exactly the case of the total
Hamiltonian (Eq. (1)), combining the intramolecular contribution
(Eq. (2)) and the intermolecular one (Eq. (3)). Several config-
urations of interactions, including ferro- and antiferro types in
the intra- and inter-binuclear units will be considered in this
section. Although the absence of long-range interactions
prevents the emergence of hysteretic transitions in this case,
the competition between ferro- and antiferro short-range
interactions is at the origin of a rich variety of thermal behaviors
and spin organization, as will be shown in this section.

3.2.1. Case of Non-Interacting Binuclear Species

The case of non-interacting binuclear species is quite obvious
to investigate, however, it has the merit to help to understand
the system behavior when all intra- and inter-binuclear
interactions are suppressed. The results are summarized in
Figure 2 which shows a simple gradual and continuous
transition of the average fictitious spin state, sh i and the free
energy F, which appears as a decreasing function of temper-
ature, as expected by basic thermodynamics. On one hand the
transition temperature, obtained for sh i ¼ 0, has the expression:
T0
eq ¼

D

kB ln g
=120 K. On the other hand, the average correlation

function inside the dimers, sAsB
� �

, shows a peak around the
transition temperature, with a value sAsB

� �
=0 indicating a

disordered state in the configurations of the dimers at this
transition.

3.2.2. Sharp One Step Transition: Case KAB >0, KAA >0 and KBB

>0

In the restricted case of ferro intra-binuclear interactions JAB >0,
and when KAA=KBB=KAB >0 and K1=K2=0, our problem can be
solved analytically.[99] The expected effect of these ferro-like
short-range interactions is to steep the slope of the HS fraction
nHS (related to the average fictitious magnetization through
nHS ¼

1þ sh i
2 ) curve at the transition temperature, i. e. for nHS=

1
2

( sh i=0).
This indicates that the chain approaches a ”first-order”

phase transition-like behavior, even if we know that there is no
true first-order transition with (nn) and (nnn) interactions in 1-D
systems. However, including later a weak long-range ferro- or
antiferro-like interaction will lead to producing the genuine
first-order transitions. In the present case, the ferro-type
interaction, considered inside the dimer means that the
molecular “cage” is not rigid enough to prevent the breathing
of each dimer and to cause steric effects between them. As a
result, the sharp transition, observed in Figure 3 indicates a
direct transition from LS-LS (SA= � 1, SB= � 1) dimer state to a
HS-HS (SA= +1, SB= +1) state, as proved by the thermal
behavior of the average sAsB

� �
order parameter which stays

almost equal to +1 for all temperatures, except around the
transition temperature where a sharp peak (with a low
amplitude) appears.

3.2.3. Case of Antiferro-Like Intra-Binuclear Interaction: JAB <0

Here, we investigate the case of non-interacting binuclear
entities with intra-molecular coupling, JAB <0. Due to this
antiferro-like interaction, which favors the appearance of HS-LS
species, along the thermal transition, a two-step transition is
obtained, as shown in Figure 4a. Although not shown here the
width of the plateau depends on the strength of the intra-
antiferro interaction, which originates from steric effects
between the two constituents of the dimer. To confirm the self-
organization of the chain in the plateau region, we calculate the
thermal dependence of the average two-spins correlations
function, sAsB

� �
(red curve in Figure 4a) which shows peaks in

this region around the value sAsB
� �

’ � 0:5, which means that
75% of the dimers occupy the state HS-LS. The corresponding
heat capacity (blue curve in Figure 4a) displays a double
Schottky anomaly whose peaks correspond to the splitting of
the previous transition temperature of Figure 2 to two transition
temperatures, estimated as T�eq’

D

kB ln g
� J=2 (~70 and ~170 K).

To predict this behavior, we depict in Figure 4b, the field h (h=

Δ� kBT lng) dependence of the energy of the sixteen config-
urations of two neighboring SCO binuclear units. Here, strongly
negative (resp. positive) h-values correspond to high- (resp.
low) temperatures. According to this energy diagram, we see
that starting from highly positive values of h and following the
minimum energy curves leads to (� � ;� � ) as a fundamental
state. When decreasing h, a crossover occurs for h� = JAB=

� 100 K with the state (� + ;� +) which is four times degenerate
[(��;� +) and (��;+ � )]. Later, this state ceases being the

Figure 2. Thermal evolution of the average fictitious magnetization, sh i
(black curve) and intramolecular spin-spin correlation pair sAsB

� �
(red curve)

and corresponding free energy per site (blue curve) for the case of non-
interacting binuclear units. The parameter values are:
JAB=KAA=KBB=KAB=K1=K2=0 K, Δ=600 K and lng=5.
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fundamental one below h+ =-JAB=100 K for the benefit of the
non-degenerate state (+ + ;+ +). From the thermodynamic
point of view, these two values, h+, of the effective field
correspond the temperatures T� ¼ T0

eq �
2JAB
kB ln g

, which are valued
to 80 and 160 K, in excellent agreement with the maximums of
the heat capacity of Figure 4, obtained at T� =75 and T+ =

160 K.
It is interesting to mention that the plateau observed in

Figure 4 does not consist in an ordered state of the HS and LS
spins species, and so no symmetry breaking occurs during this
double transition. Indeed, keeping nonzero only the intra-
molecular coupling parameters, JAB and Δ, leads to Hamiltonian
(Eq. (2)), which is invariant by the permutation of the spins sA

and sB, which makes them equivalent. On the other hand, one
always has in this case, sA

� �
= sB
� �

, where sA
� �

and sB
� �

are the

average thermodynamic of sA and sB. Consequently, the plateau
region in Figure 4 is constituted of a disordered state mixing,
(+ ,� ) and (� ,+) binuclear states. Later on, the case of
symmetry breaking in the plateau will be discussed when we
introduce the long-range interactions between the binuclear
units.

3.2.4. Case of Antiferro Inter-Binuclear Short-Range Interaction:
K2 <0

The special case of antiferro interactions (K2 <0) between
binuclear entities is considered here, where only the interaction
parameter K2 is nonzero (KAA=KBB=KAB=K1=0). According to
the previous discussions, and the Hamiltonian Eq. (1), this

Figure 3. Thermal evolution of the average fictitious magnetization, sh i showing a sharp spin transition between the LS and HS states in the case of ferro-type
interactions inside and between the binuclear units. Left inset is the intramolecular spin-spin correlation pair sAsB

� �
which remains almost equal to +1 and

the right inset is the corresponding heat capacity, given in kB units. The parameter values are: JAB=KAA=KBB=KAB=100 K and K1=K2=0 K, Δ=600 K and
lng=5.

Figure 4. a) Thermal evolution of the average fictitious magnetization, sh i (black curve) and intramolecular spin-spin correlation pair sAsB
� �

(red curve) and
corresponding heat capacity per site (blue curve), given in kB units, showing two peaks for the case of non-interacting binuclear units. b) Evolution of the
energy spectrum as a function of the field h=Δ� kBT lng indicating the evolution of the configuration energies of two (nn) binuclear units. The parameter
values are: KAA=KBB=KAB=K1=K2=0 K – JAB= � 100 K.
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situation favors the emergence of (+ + ;��), (� � ;��) config-
urations and their symmetric forms (��;+ +), (��;� � )
between (nn) binuclear molecules. At the same time, the
effective ligand, h=Δ� kBT lng stabilizes the (� � ;� � ) and
(+ + ,+ +) configurations in the low temperature (LT) and high
temperature (HT) regions, respectively. First of all, it is important
to notice that in the present situation where only h and K2 are
non-zero, the total Hamiltonian becomes invariant by exchang-
ing sAi and sBi . As a result, we have sA

� �
= sB
� �

= sh i.

3.2.4.1. Thermal Dependence of the Configuration Probabil-
ities

To characterize the self-organization of the spin states along
the spin transition, let’s derive the probability of each of the 16
configurations of two neighboring binuclear units. Let’s denote
by P(s1,s2,…,sN), the global probability of finding the chain at
temperature, T, with the spin values, s1 for the 1st site, s2 for the
2nd site etc. Remarking that the quantity 1

2 ð1þ sis
0
iÞ is equal to

+1 for s0i = si and to 0 for s0i = � si (doing this we run over all
possible values of s’i= �1), one can write the following identity
for the general case of N spins:

Pðs1; s2; :::; sNÞ ¼
1
2N

X

fs0i g¼f�sig

ð1þ s1s
0

1Þð1þ sis
0

iÞ

:::ð1þ sNs
0

NÞPðs
0

1; s
0

2; :::; s
0

NÞ

(12)

where {si}= {s1,s2,…,sN} and fs
0

ig ¼ fs
0

1; s
0

2; :::; s
0

Ng. The previous
expression can be written as follows:

Pðs1; s2; :::; sNÞ ¼
1
2N
YN

i¼1

X

s0i¼�si

ð1þ s1s
0

1Þð1þ s2s
0

2Þ

:::ð1þ sNs
0

NÞPðs
0

1; s
0

2; :::; s
0

NÞ

(13)

Although these developments can be continued in the
general version, we limit ourselves from now to the case of two
binuclear units (sA1 ; s

B
1; s

A
2 ; s

B
2), which will be denoted here (s1, s2,

s3, s4) for the sake of simplicity. In the present case, the
probability of each configuration for four neighboring sites (N=

4) leads to the following equation:

Pðs1; s2; s3; s4Þ ¼
1
24
Y4

i¼1

X

s0i¼�si

ð1þ s1s
0

1Þð1þ s2s
0

2Þ

ð1þ s3s
0

3Þð1þ s4s
0

4ÞPðs
0

1; s
0

2; s
0

3; s
0

4Þ

(14)

After simple developments, Eq. (14) can be re-written as a
function of the macro-variables of the system:

Pðs1; s2; s3; s4Þ ¼
1
24

1þ
X4

i¼1

si �mi þ
X

i6¼j

sisj � rij þ
X

i6¼j6¼k

sisjsk

"

�Rijk þ
X

i6¼j6¼k 6¼‘

sisjsks‘ � Qijkl

# (15)

Where mi ¼ sih i ¼
P
fs0 g s

0

iPðs
0

i ; s
0

j ; s
0

k; s
0

‘
Þ, rij ¼ sisj

� �
¼

P
fs0 g s

0

i s
0

jPðs
0

i ; s
0

j ; s
0

k; s
0

‘Þ, Rijk ¼ sisjsk
� �

¼
P
fs0 g s

0

i s
0

j s
0

kPðs
0

i ; s
0

j ; s
0

k; s
0

‘Þ and
Qijkl ¼ sisjsks‘

� �
¼
P
fs0 g s

0

i s
0

j s
0

ks
0

‘Pðs
0

i ; s
0

j ; s
0

k; s
0

‘Þ.
In the case where the total Hamiltonian is invariant through

permutations of spin si and sj 8i6¼jð Þ, one can write sih i ¼ m,
sisj
� �

¼ r, sisjsk
� �

¼ R, and sisjsks‘
� �

¼ Q leading to the following
expression of the configuration probabilities:

Pðs1; s2; s3; s4Þ ¼
1
24 ½1þ ðs1 þ s2 þ s3 þ s4Þm

þðs1s2 þ s1s3 þ s1s4 þ s2s3 þ s2s4 þ s3s4Þr

þðs1s2s3 þ s1s2s4 þ s1s3s4 þ s2s3s4ÞR

þs1s2s3s4Q�

(16)

The derivation of the previous probabilities (Eq. (12)) is a
strong tool allowing the determination of the dominant
contributions in the system while accounting for all spin-spin
correlations. In the following, we will use (Eq. (16)) to derive the
thermal dependence of the spin configuration probabilities of
two neighboring dimers to understand the microscopic mecha-
nism of the evolution of microscopic populations of states and
their competition as a function of temperature. In the particular
case of antiferro interactions between the binuclear units, the
access to the occupation probabilities is of great help in
identifying the microscopic self-organization of the system,
which can not be easily disentangled from the macroscopic
variables, due to the highly degenerate nature of the energy
levels. In the end, one can easily write down the possible states
with degeneracies Ω as follows:

Pðþ;þ;þ;þÞ ¼
1
16 ð1þ 4mþ 6r þ 4Rþ QÞ; W ¼ 1

Pðþ; � ;þ;þÞ ¼
1
16
ð1þ 2m � 2R � QÞ; W ¼ 4

Pðþ; � ; � ; � Þ ¼
1
16 ð1 � 2mþ 2R � QÞ; W ¼ 4

Pðþ; � ;þ; � Þ ¼
1
16 ð1 � 2r þ QÞ; W ¼ 4

Pðþ;þ; � ; � Þ ¼
1
16
ð1 � 2r þ QÞ; W ¼ 2

Pð� ; � ; � ; � Þ ¼
1
16 ð1 � 4mþ 6r � 4Rþ QÞ; W ¼ 1

(17)

3.2.4.2. Results of the Numerical Calculations

Let’s now go back to discussing the results of the simulation
presented in Figure 5. First of all, from Figure 5a depicting the
thermal dependence of the total magnetization, we identify a
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three-step spin transition which is obtained by adjusting only
the parameter K2. This multi-step transition reflects in the
energetic behavior of the phase diagram given in Figure 5b, as
well as in the intramolecular nn correlation sAsBh i (Figure 5c), in
the heat capacity (Figure 5d) and in the other order parameters
(Figure 5e) and probability occupations of the energy levels
(Figure 5f). Thus, starting from the HT phase (~200 K), where
the HS state is dominant, a first partial and very smooth
transition occurs around 170 K corresponding to the first “peak”
in Figure 5d representing the thermal dependence of the heat
capacity. In this region, the order parameter, sh i, it changes
from 1 to 1/2 nHS ¼

3
4

� �
as shown in Figure 5a. This behavior

announces the existence of spin configurations of type
(��,+ +) as well as their symmetric forms (+ + ,��) for
consecutive binuclear units. To predict the consecutive tran-
sitions observed in Figure 5a, we calculate the energetic phase
diagram of a couple of two interacting binuclear units related
to the present case. The following energy levels are obtained

Eðs1; s2; s3; s4Þ ¼ hðs1 þ s2 þ s3 þ s4Þ � K2 � s1 � s2 � s3 � s4; (18)

where h=Δ� kBT lng. Thus, the negative (resp. positive) value of
h corresponds to the high- (resp. low-) temperature phase. Due
to the highly symmetric form of the expression of the energy in

Eq. (18), the system presents only five levels whose three are
degenerate, as depicted in Figure 5b, which depicts the
effective field-dependence of the energies of the accessible
spin state configurations. Based on the crossing lines of the
energy diagram of Figure 5b, the configurations (��,+ +) are
the most favorable to appear first on cooling as a crossing
between the energy of the fourth degenerate (��,+ +)
configuration and the (+ + ;+ +) configuration. The intersec-
tion occurs for h ’� 200 K, which corresponds to T=180 K).
This is further supported by the increase in the probability of
the (+ + ;+ � ) configuration represented by the red curve in
Figure 5f, obtained from Eq. (16). Indeed, the value of
P(+ ,+ ,+ ,� ) in the curve representing the total probability of
the four equivalent forms (+ + ;+ � ), (+ + ;� +), (+ � ;+ +),
and (� + ;+ +) increases as the temperature decreases and the
species transform from HS to LS state, while the value
P(+ ,+ ,+ ,+) decreases and the probability of all the other
configurations stay almost equal to zero indicating that at the
microscopic level, the appearance of the (+ + ;+ � ) self-
organization and its symmetric forms are favored upon the first
gradual conversion. In addition, to ensure the predicted
dominant configuration is obtained in the simulation, we plot
the thermal dependence of the mean value of the correlation
sAi s

B
i s

A
iþ1s

B
iþ1

� �
in Figure 5e, where we also see a decrease of the

Figure 5. a) Thermal evolution of the average fictitious magnetization, sh i showing multi-step transitions caused by the antiferro short-range intermolecular
coupling, K2. b) Evolution of the energy spectrum of two coupled binuclear units as a function of the field h=Δ� kBT lng, indicating several crossovers
corresponding to the multistep transitions. Large negative [resp. positive] h values correspond to the high temperature (HT) [resp. low temperature (LT)]
region. c) Corresponding thermal evolution of the intramolecular spin-spin correlation pair sAsB

� �
and corresponding d) heat capacity per site (in kB units)

showing several peaks located at the transition temperatures. e) Thermal evolution of the four spin correlation sAi s
B
i s

A
j s

B
j

D E
in blue showing a minimum at

108 K with a value sAi s
B
i s

A
j s

B
j

D E
= � 0.72. f) Thermal dependence of four spin configuration probabilities where the black, magenta, cyan, red, blue, green curves

correspond to the configurations (+ + ;+ +), (+ + ;� � ), (+ � ;+ � ), (+ + ;+ � ), (� � ;� +), (� � ;� � ) respectively. The parameter values used for the simulation
are: Δ=600 K, lng=5, JAB=0 K, KAA=KAB=KBB=0 K, K1=0 K and K2= � 100 K.
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four body correlation from sAi s
B
i s

A
iþ1s

B
iþ1

� �
~1 at 250 K, to

sAi s
B
i s

A
iþ1s

B
iþ1

� �
¼ � 0:13= � 0.13 at 170 K, thus indicating a

change in the order of the spin states towards the predicted
configuration (+ + ,+ � ).

By lowering the temperature, a second transition occurs at
118 K (Figure 5a) which corresponds to the second sharp peak
(maximum) in the heat capacity curve, where this time the
order parameter in Figure 5a goes to 0, indicating a new phase
transition with the appearance of a new ordering of the
binuclear units in the form of (��,� � ) and its symmetric form
(� � ,��). Interestingly, at T=118 K, the correlation function
sAsB
� �

drops to zero abruptly, as a result of the coexistence of
the above-mentioned configurations and the (+ + ,��) and
(��,+ +) ones. This behavior is anticipated by the phase
diagram plot in Figure 5b, which shows that at h=0 corre-
sponding to T=Teq), a crossing between the (� + ;+ +) and the
(� � ;� +) configurations takes place, indicating that at T=Teq=

117 K, these configurations would be the dominant ones.
This is further established by the thermal dependence of

the configuration probabilities curves of Figure 5f, as the red
curve representing the probability of the four times degenerate
state (+ + ;+ � ) which was at a maximum value after the first
transition decreases, while the blue curve representing
P(� ,� ,� ,+), the probability of the four equivalent forms
(� � ;� +), (� � ;+ � ), (� + ;� � ), and (+ � ;� � ) increases from
zero to its maximum value at the end of the second transition,
with a crossing between the two curves at T=Teq, temperature
at which although being dominant, these eight configurations
coexist with the two times degenerated state (+ + ;� � ) and
the four times degenerated state (+ � ;+ � ), whose contribu-
tions appear as marginal. The results yielded by the simulation
are in agreement with these predictions as the value of the four
body correlation stays at its minimum as shown in Figure 5e
with sAi s

B
i s

A
iþ1s

B
iþ1

� �
~� 0.5, which can be observed only if the

dominant configurations are the (+ + ;+ � ) and (� � ;� +) ones.
The third and last transition occurs at 67 K as seen in the

heat capacity plot of Figure 5d which peaks at low temperature,
as well as from the mean value of the magnetization curve
Figure 5a where the order parameter changes from � 1/2 to � 1,
indicating the appearance of (� � ,� � ) short-range binuclear
units. This transition is also predicted by the phase diagram of
Figure 5b which depicts a crossing point between the (� � ;� +)
and the (� � ;� � ) energetic lines for h’200 K, corresponding
to T’80 K, a value which is in fair agreement with simulations
findings. After this transition, the system goes to the LS state
with only the (� � ;� � ) configuration existing as confirmed by
the thermal dependence of the configuration probabilities in
Figure 5f.

3.3. Case of Interacting Chains and Thermal Hysteresis

Let’s consider now the case where the SCO chains interact with
each other. The purpose of this section is to get closer to
experience by considering inter-chain interactions in order to
produce first-order transitions. Indeed, in real 1D SCO solids, the
chains are not isolated and steric or/and electrostatic inter-

actions play an important role in driving abrupt and hysteretic
transitions.[101] This is the case in SCO chain compounds[102,103] in
which non-coordinated water molecules and counter-anions
connect the polymeric chains, leading to the existence of true
first-order phase transitions, accompanied with wide thermal
hysteresis.

To extend the present model, in order to account for inter-
chain interactions,[55,104,105] we use the previous Hamiltonian of
the isolated chain as a starting point. First of all, to simplify the
presentation of the equations, we adopt from now the
following new variables to describe the spin states or spin
configurations of the binuclear unit

ti ¼ sAi s
B
i and Si ¼ sAi þ sBi : (19)

In Eq. (19), the knowledge of ti and Si for the ith-binuclear
site, uniquely defines its state. Within these notations, the
previous total Hamiltonian (Eq. (1)) of an isolated chain of
interacting dinuclear SCO units, can be simply written in a
compact form as,

HC ¼
X

i

ðhSi � JABtiÞ �
X

i

ðKSiSiþ1

� K1ðSitiþ1 þ tiSiþ1Þ � K2titiþ1Þ:
(20)

Within this new formulation, the interaction constant K does
not depend on sites A and B, we implicitly assume that KAA=

KAB=KBB=K. However, we’ll come back to the general case later
when we give the expression for the transfer matrix.

The total Hamiltonian including inter-chain effects writes

Htot ¼ HC þ
X

i6¼j

VC� C
i;j ; (21)

where HC is the Hamiltonian of the chain, given by Eq. (20), and
Vc� c
i;j is the interchain interaction potential energy. Let us denote

by i and j two neighbouring chains as depicted in Figure 6, and
by (i,k) and (j, ‘) the coordinates of two SCO dinuclear units
belonging respectively to chains i and j and labelled by the
indices k and ‘, respectively.

Let us denote by Si,k, Si,, ti,k and ti‘, their associated fictitious
“spins”. The inter-chain interaction potential between two-
chains i and j writes,

VC� C
i;j ¼ � J

0
X

k;‘

Si;kSj;‘ � K
0

1

X

k;‘

ðSi;ktj;‘ þ ti;kSj;‘Þ � K
0

2

X

k;‘

ti;ktj;‘; (22)

where J’, K
0

1 and K
0

2 are the inter-chain interactions, which are
schematized in Figure 6. Obviously, one may solve this new
Hamiltonian (21) using Monte Carlo simulations (exact calcu-
lations). Here, we choose to keep the exact treatment for the
intra-chain Hamiltonian and treat the inter-chain contribution in
the mean-field approach, which is known to be equivalent to
considering infinite homogeneous long-range interactions
between the chains, where the coupling has the same strength,
whatever the distance between the sites. Within this approach,
the inter-chain potential (22) becomes,
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VC� C
LR ¼ � JLR

X

i

Si Sh i � K1LR
X

i

ðSi th i þ ti Sh iÞ � K2LR
X

i

ti th i; (23)

where, the previous interchain interaction constants are now
noted: JLR, K1LR, and K2LR. It is worth noticing that the present
infinite long-range interactions are well-adapted with their
elastic nature in SCO materials. These elastic interactions
between mononuclear units was found to belong to the mean-
field universality class, as proven in Ref. [106].

Finally, the resulting total mean-field Hamiltonian, account-
ing for intra- and inter-chain interactions can be written under
the following form

HMF
tot ¼ ðh � JLR Sh i � K1LR th iÞ

X

i

Si

� ðJAB þ K1LR Sh i þ K2LR th iÞ
X

i

ti

� K
X

i

SiSiþ1 � K1
X

i

ðSitiþ1 þ tiSiþ1Þ

� K2
X

i

titiþ1;

(24)

where the index i runs along the chain.
It is useful at this point to recall the following notations:

Si ¼ ðs
A
i þ sBi Þ, ti ¼ sAi s

B
i , Sh i ¼

sAih iþ sBih i
2 and th i ¼ sAi s

B
i

� �
.

Thus, the total mean-field Hamiltonian (24) expresses a self-
consistent problem in the basis of the 1D chain Hamiltonian (1).
The thermodynamic properties of the system are then obtained
self-consistently using the Transfer Matrix method. The new
kernel T, given here in the general case, using the intra-chain
interaction constants KAA, KAB and KBB=K, is defined by:

TðsA1 ; s
B
1; s

A
2 ; s

B
2Þ

¼ exp b
JAB þ K1LR Sh i þ K2LR th i

2 ðsA1s
B
1 þ sA2s

B
2Þ

� �

� expb KAAs
A
1s

A
2 þ KBBs

B
1s

B
2 þ KABðs

A
1s

B
2 þ sB1s

A
2Þ

� �

� expb
JLR Sh i þ K1LR th i � h

2 ðsA1 þ sB1 þ sA2 þ sB2Þ
� �

� expb K1ðs
A
1s

B
1ðs

A
2 þ sB2Þ þ sA2s

B
2ðs

A
1 þ sB1ÞÞ

� �

� expb K2s
A
1s

B
1s

A
2s

B
2

� �

(25)

where JLR (JAB), K1LR (K1), and K2LR (K2) are respectively the long-
range (resp. short-range) 2-, 3-, and 4-body interaction parame-
ters.

The calculations of the order parameters sA
� �

, sB
� �

and
sAsB
� �

from the transfer matrix lead to three self-consistent
equations which are solved numerically using Newton-Raphson
method. The procedure is very simple: we first start the
calculations from the HS state, by fixing all average “order
parameters” to their expected values ( Sh i ¼ 1, th i ¼ 1) and then
we diagonalize numerically the transfer matrix, from which we
derive the greatest eigenvalue, noted λ0 and therefore the free
energy per site f= � kBT lnλ0.

There are two ways of calculating Sh i and th i at each
iteration. One may simply calculate numerically the following
derivatives Sh i ¼ � @f

b@h and th i ¼ @f
b@JAB

or determine these
average values by using the eigenvectors of the transfer matrix
through Eqs. (10) and (11). We have checked that both
procedures lead to the same results. In addition, high-order
moments, like sA1s

B
1ðs

A
2 þ sB2Þ

� �
¼1=2 @f

b@K1
and sA1s

B
1s

A
2s

B
2

� �
= t1t2h i=

@f
b@K2

, can be achieved using the first method, without having to
go through the eigenvectors of the transfer matrix.

Finally, the variational free energy per site of this self
consistent system writes

Figure 6. Schematic view of two SCO chains, some interchain interaction configurations between the binuclear units to enlighten the connections between
the chains. See text for more explanations; in particular the structure of the Vc� c

i;j interchain potential (22) helps to identify the set of considered inter-chain
interactions.
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f ¼ � kBT ln l0 � kBT ln gþ
1
2
JLR Sh i

2

þ
1
2 K2LR th i

2þK1LR Sh i th i:
(26)

According to the values and the sign of the interaction
parameters JLR, K1LR and K2LR, one may obtain simple first-order
transitions with hysteresis or hysteretic multi-step transitions.
Several cases can be distinguished in the long-range inter-
actions’ effects, which we report in the following sections.

3.3.1. Effect of Two Bodies JLR Long-Range Interaction and
Symmetry Breaking

Here we analyze the simple case where only two body long-
range interactions are acting between the chains, considering a
general interaction scheme, where A� A, A� B and B� B sites
belonging to different chains may interact differently. The
interaction potential writes in this specific case,

VC� C ¼ �
X

i6¼j

X

k

X

‘

½JAALR s
A
i;ks

A
j;‘ þ JBBLR s

B
i;ks

B
j;‘

þ JABLR ðs
A
i;ks

B
j;‘ þ sBi;ks

A
j;‘Þ�:

(27)

In the mean-field approximation, and after absorbing the
coordination number in the interaction parameters, for which
we keep, for convenience, the same notation, the previous
contribution becomes

VC� C
LR ¼ �

X

i

½JAALR s
A
i sA
� �
þ JBBLR s

B
i sB
� �

þ JABLR ðs
A
i sB
� �
þ sBi sA

� �
Þ�;

(28)

where i runs now along the chain sites. It is quite easy to
demonstrate that the interaction potential (28) renormalizes the
previous effective ligand field energies (h=Δ� kBT lng) of sites A
and B which now become,

hAeff ¼ D � kBT ln g � JAALR sA
� �
� JABLR sB

� �

hBeff ¼ D � kBT ln g � JBBLR sB
� �
� JABLR sA

� �
:

8
<

:
(29)

In the general case, the coupling parameters, JAALR , J
BB
LR and JABLR

can be different, which automatically breaks the symmetry
between the sublattices A and B. A similar study was done in
detail a long-time ago using a two-bodies interaction within the
Ising-like model by Bousseksou et al.[43,78] and demonstrated a
rich variety of the phase diagram of this model with the
occurrence of a symmetry breaking between the sub-lattices A
and B in the plateau region.

For simplicity and to show the case of symmetry breaking in
the plateau region, we considered the situation where the long-
range coupling JAALR 6¼ J

BB
LR and JABLR =0. In this situation, exchanging

sAi by sBi in the Hamiltonian does not keep it invariant. The
obtained results are summarized in Figure 7a where we display

the thermal-dependence of the two-order parameters
sAþsBh i
2

(black curve) and
sA � sBh i
2 (blue dotted curve). Contrasting with

the upcoming case of Figure 8, the present two-step transition
shows a symmetry breaking in the plateau region where the

parameter
sA � sBh i
2 6¼ 0, which means that the A and B sublattices

become inequivalent in this region. This result is confirmed by
the thermal behavior of sA

� �
and sB

� �
, shown in Figure 7b,

depicting the existence of two bifurcation points on heating
and cooling between the two order parameters.

Figure 7. a) Thermal evolution of the average fictitious magnetization, sh i ¼
sAþsBh i
2 (bold black curve) showing a double step transition for the long-range

interaction parameter values JAALR =300 K and JBBLR =100 K. A symmetry breaking behavior is revealed through the thermal-dependence of
sAþsBh i
2 (blue dotted

curve) which shows a characteristic behavior indicating the existence of a partial order HS=LS� HS=LS� HS=LS in cooling and LS=HS� LS=HS� LS=HS in heating
between the binuclear units. b) Thermal-dependence of sA

� �
and sB

� �
showing the different behavior of the two sites ( sA

� �
in red and sB

� �
in blue) around the

plateau region. On both heating and cooling processes, B sites switch first then followed by A sites. The other parameter values are : JAB= � 100 K,
KAA=KBB=KAB=K1=K2=0 K, JABLR =0 K, Δ=600 K and lng=5.
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To convince the reader about the existence of two-step
transitions without symmetry breaking, we performed similar
calculations by taking JAALR ¼ JBBLR ¼ JABLR =250 K for the same order
parameter values as those of Figure 7. In the present case, the
Hamiltonian becomes invariant with respect to the exchange of
sAi and sBi sites which guaranties the relation sA

� �
= sB
� �

, thus
excluding the occurrence of a symmetry breaking, despite the
existence of a plateau at the transition, caused by the antiferro-
type intra-molecular interaction JAB.

The obtained results, summarized in Figure 8a, show that
the double step transition takes place on both sublattices
concomitantly, with order parameters sA

� �
= sB
� �

which proves
that the symmetry breaking is absent in this situation. Thus, the
plateau region, results in the existence of a disordered state in
both A and B sublattices, leading to sA

� �
= sB
� �

=0 to which
corresponds a value sAsB

� �
¼� 0.5. This is in very good agree-

ment with the behavior of the order parameter
sA � sBh i
2 which is

equal to zero at all temperatures, proving definitely that there is
no self-organization in the plateau of Figure 8a. In addition, to
check the stability of the solutions in Figure 8a, we plot in
Figure 8b the corresponding temperature-dependence of the
variational free energy, given by Eq. (26), where we have
identified the equilibrium transition temperatures, which are
the temperatures at which the free energies of the ordered (LS
or HS) and disordered phases are equal. According to basic
thermodynamics, the free energy should be a decreasing
function with temperature, which is the case here, except for
metastable and unstable states, well characterized by the
presence of the cusps in the inset of Figure 8b. In addition, the
identified values, Teq1’60 K and Teq2’187.3 K, of the transition
temperatures, from the free energy panel of Figure 8b are in
excellent agreement with those deduced from the thermal
evolution of the fictitious magnetization, plotted in Figure 8a.

3.3.2. Three and Four Steps Transition Caused by Negative Four
Bodies Inter-Dimers Interactions

When negative short-range intra- (JAB= � 200 K) and inter-
dimers interactions, K2 <0 K, coexist with ferro long-range
couplings JAALR ¼ JBBLR ¼ JABLR =250 K and ferro-type long-range of
four bodies inter-dimer interactions K2LR=300 K, three and even
more steps transitions are obtained and accompanied with
several hysteresis’. Figures 9a and 9b report the thermal-
dependence of the average fictitious magnetization in two
cases corresponding to weak and strong anti-ferro short-range
4-bodies interactions (parameter K2= � 100, � 200 K) in the
presence of ferro long-range 4-bodies coupling (K2LR=300 K).
The thermal-dependencies of their associated variational free
energies are given respectively in Figures 9c and 9d.

In the case of strong antiferro (K2 <0) interactions, 3-step
transitions (Figure 9a) are obtained with intermediate plateaus
at sh i=0.5 and � 0.5, corresponding to HS fractions values
equal to 3/4 and 1/4 which has been several times obtained in
Ref. [107]. The case of weaker jK2 j values presented in Figure 9b
is even more spectacular since it leads to several steps
combining hysteretic and gradual transitions, denoting the
prominent role of competing interactions. Here also, similar
curves are often observed in the experiments[36] and sometimes
without thermal hysteresis as in the case of the so-called “devil
staircase” reported in Ref. [108]. In most cases, these behaviors
relate to the presence of structural phase transitions and the
occurrence of symmetry breaking in the plateau regions, which
accompanies the spin transition process.

For both previously discussed situations, we have calculated
the thermal dependence of the free energy function, given by
Eq. (26). In the case of 3-step transitions of Figure 9a, the
corresponding graph of the free energy (Figure 9c) shows three
accidents at temperatures Teq1’62.3 K, Teq2’119.2 K and Teq3=

194.2 K which fall exactly in the regions of thermal transitions

Figure 8. a) Thermal evolution of the average fictitious magnetization, sh i in black showing a double step transition for JAALR ¼ JBBLR ¼ JABLR =250 K. Both order

parameter sA
� �

and sB
� �

remain equal at all temperatures. The intermediate state is disordered as confirmed by the behavior of sAsB
� �

in blue and
sA � sBh i
2 in the

inset and so no symmetry breaking occurs in the plateau region. b) Temperature dependence of the free energy showing a decreasing function with
temperature allowing to see the true equilibrium transition temperatures, Teq1 and Teq2. Inset: enlargement of the transition region showing the location of the
metastable states on heating and cooling. The other parameter values are: JAB= � 100 K, KAA=KBB=KAB=K1=K2=0 K, Δ=600 K and lng=5.
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of the corresponding effective magnetization. Similarly, Fig-
ure 9d which presents the free energy of the 4-step transitions
case (corresponding to Figure 9b) leads to transition temper-
atures, Teq1’97.7 K, Teq2’112.0 K, Teq3=126.7 K and Teq4=

147.8 K, in excellent agreement with those of panel b).

4. Conclusions

In conclusion, we have examined the case of binuclear SCO
materials in the frame of an extended version of the Ising-like
Hamiltonian that includes, in addition to the usual two bodies
interactions, new binuclear-binuclear couplings, where the
binuclear units which are considered as a single object (the
molecule). Indeed, when the two iron centers belonging to the
same dimer are strongly correlated, interactions between the
binuclear units, reacting as a single object, cannot be neglected
anymore. Previous Ising-like models, designed to describe the
thermodynamic properties of coupled binuclear systems,

accounted only for two-bodies intra- and inter-binuclear
interactions, where the intra-molecular one is considered as
antiferro-like and the inter-molecular interaction as ferro. These
competing interactions, lead naturally to two-step thermal
transitions of the HS fraction, which can be both of first-order
or gradual or one gradual and the other of first-order depend-
ing on the model parameters. Thus, in the former models, the
interaction terms, between two binuclear units labelled i and j
and containing spins (sAi ,s

B
i ) (binuclear i) and (sAj ,s

B
j ) (binuclear j),

can only contain the mixing product ðsAi þ sBi Þ � ðs
A
j þ sBj Þ, which

does not take into account for the total electronic information
contained in each binuclear. Indeed, each binuclear unit i is
totally defined by the knowledge of the sum ðsAi þ sBi Þ and the
correlation sAi � s

B
i . Thus, in the general case, interactions of type

ðsAi þ sBi Þ � ðs
A
j þ sBj Þ, also ðs

A
i þ sBi Þðs

A
j s

B
j Þ (and its symmetric form)

for the three-body as well as ðsAi s
B
i Þðs

A
j s

B
j Þ for the four-body,

should also be taken into account when treating the interaction
scheme between two binuclear units i and j. Thus the present
model can be viewed as a general extension of the Ising-like

Figure 9. Thermal evolution of the average fictitious magnetization, sh i showing in a) a 3-step hysteretic transitions separated between them by large plateaus
and in b) a 4-step transition, for K2= � 200 K and K2= � 100 K respectively. c, d) plots are the respective thermal dependencies of the free energies showing the
three and four transition temperatures. The inset in panel c) is the enlargement of the transition regions, where the metastable phases, presenting cusps in
free energy behavior, are highlighted by the dashed ellipses. Similar metastable states are also identified in panel d). The other parameter values are:
JAALR ¼ JBBLR ¼ JABLR =250 K, K2LR=300 K, JAB= � 200 K, KAA=KBB=KAB= K1=0 K, JABLR =0 K, Δ=600 K and lng=5.
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model for poly-nuclear SCO materials since similar issues can be
considered in strongly-coupled trinuclear and tetra-nuclear
systems. According to this new extended version in which, in
addition to the short-range interactions, we included long-
range interactions representing the stress-driven elastic nature
of the SCO phenomenon, new order parameters appear in the
model describing the additional degrees of freedom conferred
to the system. Here, the model is exactly solved in its 1D version
using the well-known transfer matrix method which leads to
diagonalizing an 8×8 matrix, similarly as for the 1D Ising model
with nearest and next-nearest neighbors interactions. Among
the various new results obtained with this extended model, one
can quote (i) the three steps gradual transitions, (ii) two steps
transitions with and without symmetry breaking, (iii) three steps
transitions with three hysteresis’ and (iv) finally four steps
transitions with open hysteresis’. All these results have been
obtained by analysing the phase diagrams of the evolution of
the energy spectrum of two coupled binuclear species as a
function of the ligand-field Δ. Moreover, one should notice that
by considering two (nn) binuclear units, one has 16 energetic
configuration levels. Thus by considering different interaction
parameters between A-A sites and B-B, for example, one may lift
additional degeneracies and access to more steps along the
thermal transition between the LS and the HS states. It is also
important to notice that the extension of the model to 2D
including 3- and 4-bodies interactions is quite obvious and is
planned as a next target. We expect in this case to realize
unprecedented self-organization of the spin states in the
plateau regions. Moreover, the extension of this study to
include polynuclear SCO materials, among which the case of 1D
trinuclear SCO chains, as the one reported by Pittala et al.,[109,110]

is in progress.

APPENDIX

The matrix elements of the transfer matrix T(s1,s2;s3,s4) are given
in the basis (sA,sB) connecting two spins from the first dimer
(s1,s2) and two spins of the neighbouring dimer (s3,s4). Due to
the symmetric nature of the kernel, we only give the diagonal
and upper diagonal elements of the matrix; while the other
elements are deduced by symmetry.

Tðþþ;þþÞ ¼ Tðþ1;þ1;þ1;þ1Þ

¼ ebðJABþKAAþKBBþ2KABþ4K1þK2 � 2hÞ

Tðþþ;þ� Þ ¼ Tðþ1;þ1;þ1; � 1Þ

¼ ebðKAA � KBB � 2K1 � K2 � hÞ

Tðþþ; � þÞ ¼ Tðþ1;þ1; � 1;þ1Þ

¼ ebð� KAAþKBB � 2K1 � K2 � hÞ

Tðþþ; � � Þ ¼ Tðþ1;þ1; � 1; � 1Þ

¼ ebðJAB � KAA � KBB � 2KABþK2Þ

Tðþ� ;þ� Þ ¼ Tðþ1; � 1;þ1; � 1Þ

¼ ebð� JABþKAAþKBB � 2KABþK2Þ

Tðþþ; � þÞ ¼ Tðþ1; � 1; � 1;þ1Þ

¼ ebð� JAB � KAA � KBBþ2KABþK2Þ

Tðþ� ; � � Þ ¼ Tðþ1; � 1; � 1; � 1Þ

¼ ebð� KAAþKBBþ2K1 � K2þhÞ

Tð� þ; � þÞ ¼ Tð� 1;þ1; � 1;þ1Þ

¼ ebð� JABþKAAþKBB � 2KABþK2Þ

Tð� þ; � � Þ ¼ Tð� 1;þ1; � 1; � 1Þ

¼ ebðKAA � KBBþ2K1 � K2þhÞ

Tð� � ; � � Þ ¼ Tð� 1; � 1; � 1; � 1Þ

¼ ebðJABþKAAþKBBþ2KAB � 4K1þK2þ2hÞ

(30)

The expression of the transfer matrix is then given by

(31)

The transfer matrix T has eigenvectors eigenvectors yij i,
corresponding to the eigenvalues λi, i=1,2,3,4. Each eigenvec-
tor, writes in the basis sA; sBj i as follows,

jyii ¼ a1;ijþ;þi þ a2;ijþ; � i þ a1;ij� ;þi þ a1;ij� ; � i; (32)

where the coefficients αi are obtained by the numerical
diagonalization of T, which then writes as

T ¼
X

i

jyiilihyij (33)
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