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STOCHASTIC GRADIENT DESCENT IN HIGH DIMENSIONS FOR
MULTI-SPIKED TENSOR PCA

GÉRARD BEN AROUS1, CÉDRIC GERBELOT1, AND VANESSA PICCOLO2

Abstract. We study the dynamics in high dimensions of online stochastic gradient descent for the
multi-spiked tensor model. This multi-index model arises from the tensor principal component analysis
(PCA) problem with multiple spikes, where the goal is to estimate r unknown signal vectors within
the N -dimensional unit sphere through maximum likelihood estimation from noisy observations of a
p-tensor. We determine the number of samples and the conditions on the signal-to-noise ratios (SNRs)
required to efficiently recover the unknown spikes from natural random initializations. We show that full
recovery of all spikes is possible provided a number of sample scaling as Np−2, matching the algorithmic
threshold identified in the rank-one case [9, 10]. Our results are obtained through a detailed analysis of
a low-dimensional system that describes the evolution of the correlations between the estimators and the
spikes, while controlling the noise in the dynamics. We find that the spikes are recovered sequentially in a
process we term “sequential elimination”: once a correlation exceeds a critical threshold, all correlations
sharing a row or column index become sufficiently small, allowing the next correlation to grow and
become macroscopic. The order in which correlations become macroscopic depends on their initial
values and the corresponding SNRs, leading to either exact recovery or recovery of a permutation of the
spikes. In the matrix case, when p = 2, if the SNRs are sufficiently separated, we achieve exact recovery
of the spikes, whereas equal SNRs lead to recovery of the subspace spanned by the spikes.
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1. Introduction

Understanding the dynamics of gradient-based algorithms for optimizing high-dimensional, non-convex
random functions is crucial for advancing data science. Despite the challenges posed by non-convex
landscapes, first-order optimization methods such as stochastic gradient descent (SGD) have proven
remarkably successful in practice [54], especially in the context of deep learning applications, see e.g. [41,
18]. The time and sample complexity guarantees for SGD are well-understood in convex and quasi-convex
settings [19, 47, 48, 27]; however, achieving similar results for non-convex cases remains challenging. A
promising approach to address these challenges is to focus on specific instances where the target function
is simple enough for closed-form analysis, yet retains the complexities found in larger models. A key
observation when training such models with gradient-based methods is the emergence of a few preferred
degrees of freedom that govern the behavior of the algorithm, as illustrated for instance by the neural
collapse phenomenon [49, 50]. Recent work by the first author, in collaboration with Gheissari and
Jagannath [9–12] and with Gheissari, Huang, and Jagannath [7], has shown that, for a broad range of
estimation and classification tasks, the high-dimensional dynamics of (stochastic) gradient descent can be
reduced to low-dimensional, autonomous effective dynamics involving a set of summary statistics. This
allows for a precise understanding of how key factors such as initialization, step-size, sample size, and
runtime affect the algorithm’s trajectory toward fixed points in the optimization landscape.

Building on this line of work, the present paper focuses on the benchmark problem of multi-spiked
tensor estimation, which results in effective dynamics exhibiting a rich phenomenology at the level of
the summary statistics that govern the recovery process. The multi-spiked tensor principal component
analysis (PCA) problem was introduced by Johnstone [39] for p = 2 and by Richard and Montanari [53]
for p ≥ 3. The goal is to estimate r unknown vectors on the N -dimensional unit sphere from noisy
observations of a corresponding rank r p-tensor. Detection thresholds for the rank-one spiked tensor
model have been established in [43, 52, 51], and for the finite-rank case in [42, 23]. Moreover, recovery
thresholds for the rank-one spiked tensor model have been identified for first-order optimization methods
in [53, 9], and for Sum-of-Squares and spectral methods in [52, 51]. In the multi-spiked setting, recovery
thresholds have been determined for power iteration in [37]. For a more detailed discussion on detection
and recovery thresholds, we refer the reader to Subsection 1.3. Our goal is to determine the number of
samples required for SGD to efficiently recover the hidden vectors. Additionally, in the extended version
of our preprint [6], we also study continuous high-dimensional dynamics, such as Langevin dynamics and
gradient flow, which yield suboptimal thresholds compared to SGD.

Our work serves as a benchmark for general multi-index models, which have garnered significant
attention in recent years [59, 28, 70, 32, 17, 46, 25, 3, 15, 2, 16, 26]. They consist of functions that are
parameterized by a finite number of (unknown) relevant directions v1, . . . ,vr ∈ RN and a multivariate
link function σ∗ : Rr → R, which takes as input the inner products between input vectors in RN and
the relevant directions. Here, N denotes the ambient dimension, and r � N represents the number of
latent coordinates. When r = 1, these models are referred to as single-index models. From a statistical
perspective, multi-index models are canonical examples of target functions in which neural networks, able
to exploit the latent low-dimensional structure, outperform kernel methods, which suffer from the curse of
dimensionality [4]. These models also naturally arise in dimension reduction methods in high-dimensional
statistics, as seen in [69, 68] and more recently in [31, 30]. In particular, [30] makes progress towards
reducing the curse of dimensionality in non-parametric methods. From an optimization perspective,
multi-index models serve as a typical example of systems leading to low-dimensional effective dynamics.
For instance, when considering a set of r orthonormal estimators x1, . . . ,xr ∈ RN , as will be the focus of
this paper, the effective dynamics are governed by the r2 inner products 〈vi,xj〉. In this paper, we study
this r2-dimensional dynamical system within the multi-spiked PCA problem. Our goal is to determine
the sample complexity required for the high-dimensional empirical dynamics of SGD to approximate the
effective low-dimensional population dynamics.

For the single-spiked tensor PCA model, [9] has shown that the difficulty of recovery using gradient
flow is due to the strength of the curvature of the loss landscape around the initial condition, which
is governed by the order p of the tensor. In the context of single-index models, the rank-one tensor
PCA model can be viewed as a single monomial in the Taylor expansion of a more general link function
σ∗ : R → R. Building on this insight, it was shown in [10] that when learning an unknown direction
from a single-index model with a known link function using online SGD, the difficulty of recovery again
depends on the curvature of the landscape near the initial condition. This curvature is quantified by



SGD in high dimensions for multi-spiked tensor PCA 3

the first non-zero coefficient in the Taylor expansion of σ∗, referred to as the information exponent [10].
Building on this insight, various extensions have been proposed, notably [17, 15], which address the task
of learning both the hidden direction and an unknown link function using tailored algorithms (for more
details, see Subsection 1.3). Multi-index models present a significant challenge compared to single-index
models: the effective dynamics are multidimensional and thus may exhibit a nonmonotone behavior and
multiple fixed points, making it difficult to establish global convergence guarantees. Important progress in
this direction has been made in [1, 2], where in particular the latter work provides a complete description
of the learning dynamics for a two-layer neural network using a tailored, two-timescale modification of
SGD for specific instances of multi-index models. Subsequent work by [26, 16] proposed further results
using a similar algorithm, with the former exploring varying batch sizes and the latter implementing
a fully non-parametric step to allow for generality at the level of the link function in the population
case. The two-timescale framework employed in these works is crucial to their analysis, as it results in
monotone dynamics or their superposition and provides guarantees for subspace recovery. Finally, single-
and multi-index models have been extensively studied in the context of statistical physics of learning,
see e.g. [56, 57, 34], and related rigorous methods in the proportional limit of dimension and number of
samples [21, 33]. However, applying these results to the questions considered here seems challenging.

In light of the above discussion, the following questions naturally arise and motivate our work:
(i) Can we characterize the global convergence of the effective population dynamics for gradient

descent and its variants without relying on a two-timescale algorithm?
(ii) Can we identify which fixed points are reached and determine their probabilities?
(iii) Can we establish sample complexity guarantees for the empirical dynamics related to the previous

two questions for SGD?
We address these questions in the context of the multi-spiked tensor PCA problem. To simplify the analy-
sis, we assume that the unknown vectors are orthogonal. Our study reveals a much richer phenomenology
compared to the single-spiked case. Specifically, we focus on three distinct notions of recovery which nat-
urally arise: recovery of the spikes in the exact order, recovery of a permutation of the spikes, and
recovery of a rotation of the hidden subspace. The main challenge of our analysis lies in simultaneously
controlling the empirical noise and the interactions among the r2 inner products 〈vi,xj〉 which arise in
the population dynamics. This is crucial for quantifying the probability of reaching each fixed point
during the recovery process. Our proof relies on systems of discrete-time difference inequalities, derived
from the signal-plus-martingale decomposition method from [10, 60].

1.1. Model and algorithm

The multi-spiked tensor model is formalized as follows. Fix integers p ≥ 2 and r ≥ 1, and suppose that
we are given M i.i.d. observations Y ` of a rank r p-tensor on RN in the presence of additive noise, i.e.,

Y ` = W ` +
√
N

r∑
i=1

λiv
⊗p
i , (1.1)

where (W `)` are i.i.d. samples of a noise p-tensor with i.i.d. sub-Gaussian entries W `
i1,...,ip

, λ1 ≥ . . . ≥
λr ≥ 0 are the signal-to-noise ratios (SNRs), assumed to be of order 1, and v1, . . . ,vr are unknown,
orthogonal vectors lying on the N -dimensional unit sphere SN−1. Our goal is to estimate the unknown
signal vectors using maximum likelihood estimation (MLE) based on the sample of i.i.d. training data
(Y `)M`=1. In our setting, MLE amounts to solving the optimization problem:

min
X : X>X=Ir

{
−

r∑
i=1

λi〈Y ,x⊗pi 〉

}
, (1.2)

where X = [x1, . . . ,xr] ∈ RN×r and the feasible set St(N, r) = {X ∈ RN×r : X>X = Ir} is known as
the Stiefel manifold, once equipped with its natural sub-manifold structure from RN×r. The optimization
problem (1.2) is equivalent in law to minimizing the loss function LN,r : St(N, r)× (RN )⊗p → R given by

LN,r(X; Y ) = HN,r(X) + ΦN,r(X), . (1.3)

where HN,r denotes the noise part given by

HN,r(X) =
r∑
i=1

λi〈W ,x⊗pi 〉, (1.4)
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and ΦN,r denotes the population loss given by

ΦN,r(X) = E [LN,r(X; Y )] = −
∑

1≤i,j≤r

√
Nλiλjm

p
ij(X), (1.5)

where mij(X) = 〈vi,xj〉.

Definition 1.1 (Correlation). For every 1 ≤ i, j ≤ r, we call mij(X) the correlation of xj with vi.

The model described in (1.1), also known as matrix and tensor PCA, was introduced by Johnstone [39]
for the matrix case and by Richard and Montanari [53] for the tensor case, specifically in the case of a
single unknown spike. Our work aims to solve the optimization problem (1.2) in the large-N limit while
the rank r is fixed. As previously mentioned, to tackle this tensor estimation problem, we use a first-order
optimization method, namely online stochastic gradient descent (SGD). This local algorithm has been
studied by the first author, joint with Gheissari and Jagannath in [10], to determine the algorithmic
thresholds for the rank-one spiked tensor model. We define the online SGD algorithm as follows.

Let X` ∈ St(N, r) denote the output of the algorithm at time `. The online SGD algorithm with
initialization X0 ∈ St(N, r), which is possibly random, and with step-size parameter δ > 0, will be run
using the observations (Y `)M`=1 according to the following update rule:

X` = RX`−1

(
− δ

N
∇StLN,r(X`−1; Y `)

)
, (1.6)

where RX : TXSt(N, r) → St(N, r) is a retraction map that moves a point from the tangent space
TXSt(N, r) back onto the Stiefel manifold St(N, r), while preserving its geometric properties such as
orthonormality (see e.g. [20, Section 7.3]). The tangent space TXSt(N, r) at a point X ∈ St(N, r) is
given by

TXSt(N, r) = {V ∈ RN×r : X>V + V >X = 0}.
There are multiple ways to define the retraction map. Here, we use the polar retraction, defined as

RX(U) = (X + U)
(

Ir + U>U
)−1/2

. (1.7)

In the update rule (1.6), ∇St denotes the Riemannian gradient on St(N, r). In particular, for a function
F : St(N, r)→ R, the Riemannian gradient is given by

∇StF (X) = ∇F (X)− 1
2X(X>∇F (X) +∇F (X)>X), (1.8)

where ∇ denotes the Euclidean gradient. The algorithm runs for M steps, and the final output XM is
taken as the estimator.

1.2. Main results

Our goal is to determine the sample complexity required to recover the unknown orthogonal vectors
v1, . . . ,vr ∈ SN−1. We formalize the notion of recovering all spikes v1, . . . ,vr as achieving macroscopic
correlations with these vectors, which is defined as follows.

Definition 1.2 (Recovery of all spikes). We say that we recover a permutation of the r unknown vectors
v1, . . . ,vr if there exists a permutation σ ∈ Sr over r elements such that for every i ∈ [r],

|mσ(i)i(X)| = |〈vσ(i),xi〉| = 1− o(1),
with high probability. If σ is the identity permutation, we say that we achieve exact recovery of the r
spikes v1, . . . ,vr if for every i ∈ [r],

|mii(X)| = |〈vi,xi〉| = 1− o(1),
with high probability.

From this point onward, we focus on the sequence of outputs (X`)`∈N generated by the online SGD
algorithm with step-size parameter δ > 0, as described in (1.6). The sequence is initialized randomly,
with X0 sampled from the uniform distribution µN×r on the Stiefel manifold St(N, r). The distribution
µN×r is the unique probability measure on St(N, r) that is invariant under both the left- and right-
orthogonal transformations. More precisely, if X ∼ µN×r, then for any orthogonal matrices U ∈ O(N)
and V ∈ O(r), the matrix UXV has the same distribution as X. Sampling from this distribution
is straightforward in practice: if Z ∈ RN×r is a Gaussian matrix with i.i.d. standard normal entries,
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then the random matrix Z(Z>Z)−1/2 is uniformly distributed on St(N, r), as shown in [24, Theorem
2.2.1]. Furthermore, we denote by (Ω,F ,P) the probability space on which the order-p tensors (W `)`
are defined. We let PX0 denote the law of the process Xt initiated at X0 ∼ µN×r. Similarly, PX+

0
denotes the law of the process Xt initiated at X0 ∼ µN×r subject to the condition mij(X0) > 0 for all
1 ≤ i, j ≤ r. Additionally, for two sequences xN and yN , we write xN � yN if xN/yN → 0 as N →∞.

We first present our main results for p ≥ 3, followed by those for p = 2. Although stated in asymp-
totic form here, a stronger, nonasymptotic formulation of our results, including explicit constants and
convergence rates, is provided in Section 3. Additionally, we recall that the SNRs λ1 ≥ · · · ≥ λr ≥ 0 are
assumed to be of order 1 in N .

1.2.1. Main results for p ≥ 3. Our first main result for p ≥ 3 shows that exact recovery of all spikes
is possible given sufficiently separated SNRs and a sample complexity scaling as Np−2.

Theorem 1.3 (Exact recovery for p ≥ 3). Let (X`)`∈N be online SGD initialized from X0 ∼ µN×r
with step-size δ � log(N)−1N−

p−3
2 . Let M � log(N)Np−2. Assume that for every η > 1, λi ≥(

24√
2πη
√

log(η)
)p−2

λi+1 for all 1 ≤ i ≤ r − 1. Then, for every ε > 0 and every i ∈ [r],

lim
N→∞

PX+
0

(|mii(XM )| ≥ 1− ε) ≥ 1− 1
η
.

Theorem 1.3 shows that for every i ∈ [r], the correlation |mii(X)| = |〈xi,vi〉| approaches 1 with high
probability. This probability depends on the ratio between the SNRs, with higher ratios leading to a
higher probability of exact recovery. If the SNRs are not sufficiently separated, exact recovery might not
always be achievable and it may occur that xi recovers vj for i 6= j. In such cases, we refer to recovery of
a permutation, as introduced by Definition 1.2. To define the permutation of the spikes being recovered,
we introduce a procedure that identifies r distinct pairs of indices from a given matrix.

Definition 1.4 (Greedy maximum selection). For a matrix A ∈ Rr×r with distinct entries, we define
the pairs {(i∗k, j∗k)}rk=1 recursively by

(i∗k, j∗k) = arg max
1≤i,j≤r−(k−1)

|A(k−1)|ij ,

where |A(k−1)| denotes the absolute value of the entries in the submatrix A(k−1) ∈ R(r−(k−1))×(r−(k−1)),
obtained by removing the i∗1, . . . , i∗k−1th rows and j∗1 , . . . , j∗k−1th columns from A. We refer to the pairs
(i∗1, j∗1 ), . . . , (i∗r , j∗r ) obtained through this procedure as the greedy maximum selection of A.

We apply this operation to the matrix

I0 =
(
λiλjm

p−2
ij (X0)1{mp−2

ij
(X0)≥0}

)
1≤i,j≤r

. (1.9)

The initialization matrix I0 ∈ Rr×r is a random matrix. While its entries could potentially be identical
due to randomness, Lemma A.3 of [6] ensures that they are distinct with probability 1 − o(1). We can
therefore define the greedy maximum selection of I0. In the following, we let (i∗1, j∗1 ), . . . , (i∗r , j∗r ) denote
the greedy maximum selection of I0. Our second main result shows that recovery of a permutation of all
spikes is possible, provided a sample complexity of order Np−2.

Theorem 1.5 (Recovery of a permutation for p ≥ 3). Let (X`)`∈N be online SGD initialized from
X0 ∼ µN×r with step-size δ � log(N)−1N−

p−3
2 . Let M � log(N)Np−2. Then, for every ε > 0 and

every k ∈ [r],
lim
N→∞

PX0

(
|mi∗

k
j∗
k
(XM )| ≥ 1− ε

)
= 1.

Theorem 1.5 shows that, regardless of the values of the SNRs, recovery of a permutation of the spikes
is always possible, provided a sample complexity of order Np−2. The permutation of the recovered spikes
is determined by the greedy maximum selection of I0, which, in turn, depends on the values of the
correlations at initialization and on the corresponding signal sizes. In both Theorems 1.3 and 1.5, the
sample complexity threshold aligns with the sharp threshold obtained using first-order methods in the
rank-one spiked tensor model [9, 10]. We remark that the factor log(N) in both the step-size and sample
complexity is due to the control of the retraction term in (1.6), and can be removed in the case of a single
spike.
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Figure 1. Evolution of the correlations mij under the population dynamics in the case
where p = 3, r = 2, λ1 = 3 and λ2 = 1. The SNRs are sufficiently separated to ensure
exact recovery of both spikes v1 and v2. Oncem11 reaches a sufficiently large microscopic
threshold, m12 and m21 begin to decrease. Recovery of v2 is then possible after m12 and
m21 have decreased sufficiently, becoming negligible in the evolution of m22.

The dynamics underlying Theorems 1.3 and 1.5 reveals a richer structure beyond the stated results.
In particular, the correlation mi∗1j

∗
1
becomes macroscopic first, followed by mi∗2j

∗
2
, and so on. Theorem 1.3

involves an additional assumption on the ratio between the signal sizes, which ensures that variations
due to random initialization are mitigated by differences in the SNRs. As a result, the greedy maximum
selection of I0 results in i∗k = j∗k = k for every k ∈ [r], allowing m11, . . . ,mrr to become macroscopic
in sequence. More precisely, as shown by the numerical simulations in Figures 1, 2 and 6, when mi∗1j

∗
1

exceeds a critical microscopic threshold (which depends on the order p of the tensor and on the SNRs),
the correlations mi∗1j

and mij∗1
for i 6= i∗1, j 6= j∗1 decrease to sufficiently small levels. This allows mi∗2j

∗
2
to

grow and become macroscopic, and the process continues similarly for the remaining correlations mi∗
k
j∗
k
.

This phenomenon is referred to as the sequential elimination process: the correlations {mi∗
k
j∗
k
}rk=1 increase

one by one, sequentially eliminating correlations that share a row or column index. This is formalized as
follows.

Definition 1.6 (Sequential elimination). Let S = {(i1, j1), . . . , (ir, jr)} be a set with distinct i1, . . . , ir ∈
[r] and distinct j1, . . . , jr ∈ [r]. We say that the correlations {mij(t)}1≤i,j≤r follow a sequential elimination
with ordering S if there exist r stopping times T1 ≤ · · · ≤ Tr such that for every k ∈ [r], every ε, ε′ > 0,
and every T ≥ Tk,

|mikjk(XT )| ≥ 1− ε and |mikj(XT )| ≤ ε′, |mijk(XT )| ≤ ε′ for i 6= ik, j 6= jk.

Based on Definition 1.6, we have the following result, which serves as a foundation for Theorem 1.5.

Theorem 1.7 (Theorem 1.5 revisited). Let (X`)`∈N be online SGD initialized from X0 ∼ µN×r with
step-size δ � log(N)−1N−

p−3
2 . Let M � log(N)Np−2. Then, the correlations {mij}1≤i,j≤r follow

a sequential elimination with ordering {(i∗k, j∗k)}rk=1 and stopping times of order log(N)Np−2, with P-
probability 1 in the large-N limit.

We can formulate an analogous version of Theorem 1.7 for Theorem 1.3 by adding the corresponding
assumption on the ratio between the SNRs.

Remark 1.8. It is important to note that in the above results, namely Theorems 1.3, 1.5 and 1.7, the
behavior of online SGD depends on the parity of p in the following sense. When p is odd, then each
estimator xj∗

k
recovers the spike vi∗

k
with P-probability 1− o(1), since the correlations that are negative

at initialization get trapped at the equator. Conversely, when p is even, we have that each estimator xj∗
k

recovers sgn(mi∗
k
j∗
k
(X0))vi∗

k
j∗
k
with probability 1−o(1). This means that if the correlation at initialization

is positive, then xj∗
k
recovers vi∗

k
; otherwise, xj∗

k
recovers −vi∗

k
.

1.2.2. Main results for p = 2. We now present our main results for p = 2. Our first result shows that
exact recovery of all spikes is possible, provided sufficiently separated SNRs and a sample complexity of
order log(N)2N

ξ
2 , where ξ ∈ (0, 1) depends on the relative sizes of the signals.
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Figure 2. Evolution of the correlations mij under the population dynamics in the case
where p = 3, r = 4, λ1 = · · · = λ4 = 1. Since the SNRs are all equal, the order in
which the correlations become macroscopic is determined by the values of the correla-
tions at initialization, see Definition 1.4. This numerical simulation shows the recovery
of a permutation of the four spikes v1, . . . ,v4 according to the sequential elimination
phenomenon.

Theorem 1.9 (Exact recovery for p = 2). Let (X`)`∈N be online SGD initialized from X0 ∼ µN×r

with step-size δ � 1
log(N)N

1
2
λ2
r
λ2

1 . Let M � log(N)2N
1
2

(
1−λ

2
r
λ2

1

)
. Assume that λi = λi+1(1 + κi) for every

1 ≤ i ≤ r − 1, with κi > 0 being constants of order 1. Then, for every ε > 0 and every i ∈ [r],
lim
N→∞

PX0 (|mii(XM )| ≥ 1− ε) = 1.

Similar to Theorem 1.3, variations in the correlations at initialization are compensated by differences
in SNRs, leading to exact recovery of all spikes. However, unlike Theorem 1.3, for p = 2, exact recovery
is achievable as soon as the SNRs differ by factors of order 1. In terms of sample complexity, there is
a significant difference compared to the result obtained in [10] for the rank-one matrix PCA problem,
where a number of log(N)2 samples is sufficient for efficiently recovering the spike. In our case, this
sample complexity threshold is not sufficient to ensure the stability of the evolution of the subsequent
correlations. The difference between both thresholds arises from the control of the retraction map, which
is inherent to the online SGD algorithm on the Stiefel manifold. This is illustrated in the numerical
simulation shown in Figure 8, and the term responsible for this discrepancy is rigorously quantified in
the proof of Lemma 5.5.

As with the case of p ≥ 3, the correlations exhibit a sequential elimination with ordering {(k, k) : k ∈
[r]}. Thus, an analogous version of Theorem 1.7 can be stated for Theorem 1.9. The evolution of the
correlations is illustrated by the numerical simulations shown in Figures 3 and 4. As noted in Remark 1.8,
the behavior of online SGD depends on the parity of the order p of the tensor. Specifically, for p = 2,
the recovery of the unknown vector vi or its negative counterpart −vi is determined by the sign of the
correlation mii at initialization.

Our second main result for p = 2 addresses the case where the SNRs are all equal. Due to the
invariance of the loss function LN,r under both right and left rotations, our focus shifts from recovering
each individual signal to recovering the subspace spanned by the signal vectors v1, . . . ,vr. This notion
of recovery is referred to as subspace recovery and is defined as follows.

Definition 1.10 (Subspace recovery). We say that we recover the subspace spanned by the orthogonal
signal vectors v1, . . . ,vr if

‖XX> − V V >‖F = o(1),
with high probability, where ‖·‖F stands for the Frobenius norm and X = [x1, . . . ,xr],V = [v1, . . . ,vr] ∈
RN×r.

From Definition 1.10, we note that subspace recovery is equivalent to recovering the eigenvalues of the
matrix G ∈ Rr×r defined by

G = MM>, with M = V >X = (mij(X))1≤i,j≤r ∈ Rr×r,
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Figure 3. Evolution of the correlations mij under the population dynamics in the case
where p = 2, r = 2, λ1 = 3 and λ2 = 1. The SNRs are sufficiently separated to ensure
exact recovery of both spikes, following the elimination of m12,m21 by m11.

Figure 4. Evolution of the correlations mij under the population dynamics in the case
where p = 2, r = 4, λ1 = 10, λ2 = 5, λ3 = 2 and λ1 = 1. We observe a sequential
elimination phenomenon, although less pronounced than in the case p ≥ 3, in the sense
that correlations that eventually become negligible can still exhibit significant increases.

since it holds that ‖XX> − V V >‖F = 2(r − Tr(G)). Hereafter, we let θ1(X), . . . , θr(X) denote the
eigenvalues of the matrix-valued function G(X). Our main result is as follows.

Theorem 1.11 (Subspace recovery for p = 2). Let λ1 = · · · = λr. Let (X`)`∈N be online SGD initialized
from X0 ∼ µN×r with step-size δ � 1

log(N)2N
1
2 . Let M � log(N)3. Then, for every ε > 0 and i ∈ [r],

lim
N→∞

PX0 (θi(XM ) ≥ 1− ε) = 1.

The recovery dynamics in this case differs significantly from those in the previous cases: the correlations
evolve at similar rates, thereby preventing the sequential elimination phenomenon, as shown in the left-
hand side of Figure 5. However, as illustrated on the right-hand side of Figure 5, the eigenvalues of G
establish a natural ordering at initialization, which persists throughout their evolution until recovery,
resulting in a monotone evolution.

Unlike the tensor case, where we analyze the dynamics for any value of the signal sizes, for p = 2 we
have focused on two cases: when the parameters are separated by constants of order 1 (i.e., Theorem 1.9)
and when they are all equal (i.e., Theorem 1.11). The intermediate case, where the SNRs are separated
by a sufficiently small ε-factor, possibly depending on N , requires further effort and will be addressed in
future work.

We conclude this section by presenting simulations of the high-dimensional online SGD algorithm in
the case with three hidden directions. We refer to Figure 6 for the case where p = 3 and to Figure 7 for
the case where p = 2. Additionally, Figure 8 illustrates the numerical instability observed for p = 2 due
to the retraction map, as discussed in the paragraph following Theorem 1.9.
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Figure 5. Evolution of the correlationsmij (left) and eigenvalues (right) of G = MM>

under the population dynamics. The relative speeds of the correlations are too close
to each other for a sequential elimination phenomenon to take place. However, the
eigenvalues of G are monotone and it is possible to characterize subspace recovery.

Figure 6. Evolution of the correlations mij under the online SGD algorithm for the
case where p = 3, r = 3, with SNRs λ1 = 3, λ2 = 2, λ3 = 1. The simulation is performed
with M = 3200 samples, a step-size δ/N = 0.0003, and a dimension of N = 500. The
simulation shows recovery of a permutation of the spikes.

Figure 7. Evolution of the correlations mij under the online SGD algorithm for the
case where p = 2, r = 3, with SNRs λ1 = 3, λ2 = 2, λ3 = 1. The simulation is performed
with M = 230 samples, a step-size δ/N = 0.002, and a dimension of N = 500. The
simulation shows exact recovery of the spikes.
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Figure 8. Evolution of the correlations mij under the online SGD algorithm for the
case where p = 2, r = 2, with SNRs λ1 = 2, λ2 = 1. The simulation is performed with
M = 70 samples, a step-size δ/N = 0.006, and a dimension of N = 500. While the
correlations m11 and m22 clearly overcome the effect of the noise martingale and become
macroscopic, the algorithm becomes unstable. This illustrates the fact that the sample
complexity prescribed by Theorem 1.9 is larger than what is required to just ensure that
the martingale term is negligible compared to the signal drift.

1.3. Related works

We now provide a detailed overview on detection and recovery thresholds within the spiked tensor model,
along with a discussion of main results for multi-index models.

Montanari and Richard [53] conjectured that for the single-spiked model, local algorithms with random
initialization require a sample complexity scaling as Np−2 to efficiently recover the unknown spike, while
a sharper threshold scaling as N

p−2
2 is sufficient using Sum-of-Squares (SoS) and spectral methods. The

computational threshold Np−2 was achieved using various local methods: gradient flow and Langevin
dynamics [9], online SGD [10], and tensor power iteration [37, 67]. For local algorithms, the order p of the
tensor determines the curvature of the landscape near the initial condition, which influences the recovery
difficulty. The sharp threshold of N

p−2
2 was achieved using SoS-based algorithms [36, 35, 40], spectral

methods based on the Kikuchi Hessian [66], and tensor unfolding [13]. Beyond computational thresholds
for efficiently estimating the unknown direction, significant research has focused on two other critical
thresholds: the information-theoretic threshold for detection of the signal [43, 52, 51, 22, 38, 5], and the
statistical threshold validating MLE as a reliable statistical method [14, 55, 38]. Detection and recovery
thresholds for the multi-rank tensor PCA model have also been explored. On the information-theoretic
side, it has been shown in [42] for p = 2 and in [23] for p ≥ 3 that there is an order-1 critical threshold
for the SNRs, above which it is possible to detect the unseen low-rank signal tensor

√
N
∑r
i=1 λiv

⊗p
i .

On the algorithmic side, [37] studied the power iteration algorithm and determined the local threshold
for efficiently recovering the finite-rank signal component. In the extended version of our preprint [6],
we studied Langevin and gradient flow dynamics for the multi-spiked tensor PCA. We demonstrated
that the sample complexity required to efficiently recover all spikes scales as Np−1 for p ≥ 3, while for
p = 2 as N1+δ−λ2

r/λ
2
1 for every δ > 0 not depending on N . These thresholds are suboptimal compared to

those obtained here using online SGD due to challenges involved by controlling the noise generator under
Langevin and gradient flow dynamics.

As mentioned earlier at the beginning of this section, the single/multi-spiked tensor model belongs to
the broader class of single/multi-index models. In the context of single-index models, when the hidden
link function σ∗ is known, the behavior of online SGD exhibits similar phenomenology to the single-spiked
tensor PCA model [10]. On the other hand, when the hidden link function σ∗ is unknown, recent works
by Bietti, Bruna, and Sanford [17], as well as by Berthier, Montanari, and Zhou [15], have studied the
ability of two-layer neural networks to jointly learn the hidden link function and the hidden vector. They
achieved this using various instances of gradient flow, either coupled with non-parametric regression steps
or by employing a separation of timescales between the inner and outer layers. In the context of multi-
index models, several recent works have provided upper bounds on the sample complexity thresholds
required for shallow neural networks trained with first-order optimization methods to learn multi-index
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models. For instance, [46, 25, 3] analyzed the benefits given by a single gradient step coupled with
various choices for the second layer weights. Although these works determine the sample complexity
required for the gradient to achieve macroscopic correlation with the target subspace and illustrate how
neural networks improve over kernel methods, they offer limited insight into the global convergence
when training the first layer weights. Using an online layer-wise training approach and regression steps
on the second layer weights, Abbe, Boix-Adsera, and Misiakiewicz [2] introduced generalizations of the
information exponent from [10] for multi-index functions, referred to as the leap-exponent, and proved
that their dynamics successively visits several saddle-points before recovering the unknown subspace. A
similar analysis was carried out by Dandi et al. [26], providing further sample complexity guarantees
when using large batches of data over a few gradient steps. Moreover, Bietti, Bruna, and Pillaud-Vivien
studied in [16] the population, continuous time limit of a two step procedure, where each gradient step
on the estimator of the hidden subspace is coupled with a multivariate non-parametric regression step
to estimate the link function. They showed that this two-step procedure makes the landscape benign,
leading to the recovery of both the hidden link function and the correct subspace after saddle-to-saddle
dynamics similar to the one exhibited in [2]. These works extensively rely on the separation of timescales
and regression steps, resulting in a superposition of monotone dynamics, allowing for generality at the
level of the link function while focusing on subspace recovery. In contrast, our work provides a complete
description of the dynamics for online SGD in the context of a specific multi-index model, yielding
recovery of permutations and rotations (when p = 2 and the SNRs are equal).

In the field of statistical physics of learning and the related results in high-dimensional probability,
single- and multi-index models can be viewed as examples of the teacher-student model, see e.g. [29, 71],
in which a specific target function is learned using a chosen architecture, typically with knowledge of the
form of the hidden model. The dynamics of gradient-based methods are usually studied using closed-form,
low-dimensional, and asymptotically exact dynamical systems towards which the gradient trajectories are
shown to concentrate as the input dimension and number of sample diverge while remaining proportional.
In the case of online learning, these dynamics lead to sets of ordinary differential equations (ODEs). For
instance, such ODEs have been analyzed for committee machines [56] and two-layer neural networks [34,
63]. When a full-batch is used, the correlations throughout the entire trajectory result in a set of
integro-differential equations, known as dynamical mean-field theory in statistical physics, for which
there has been renewed interest in recent years in the context of classification problems and learning
single and multi-index functions in the proportional limit of dimension and number of samples, using
both powerful heuristics [57, 58, 45], and rigorous methods [21, 33]. Despite their theoretical significance,
the resulting equations are often challenging to analyze beyond a few steps and are limited to studying
linear sample complexity regimes. As a consequence, applying these tools to address questions related to
global convergence, characterization of fixed points, or achieving polynomial sample complexity remains
difficult.

Finally, the limiting dynamics of online SGD has recently been studied in [11, 12, 7] for broad range of
estimation and classification tasks, including learning an XOR function using a two-layer neural network.
In particular, [11, 12] shows the existence of critical regimes in the step-size that lead to an additional
term in the population dynamics, referred to as the corrector, which also appears in the statistical physics
literature, e.g. [56, 34]. By appropriately rescaling the step size, they also obtain diffusive limits for online
SGD. In [7], a spectral analysis is performed to study the evolution of the Hessian of the loss landscape,
showing alignment of the SGD trajectories with emerging eigenspaces. We defer the exploration of
critical step sizes, diffusive limits, and spectral phenomena to future work, focusing here on obtaining
non-asymptotic results and enhancing our understanding of the population dynamics.

1.4. Overview

An overview of the paper is given as follows. Section 2 provides an outline of the proofs of our main
results. In Section 3, we present the nonasymptotic versions of our main results, from which we derive
the main asymptotic results of Subsection 1.2. Sections 4-6 are devoted to the proofs of the main results
in their nonasymptotic form. Specifically, Section 4 presents comparison inequalities for both the corre-
lations mij(X) and the eigenvalues of MM> with M = (mij(X))i,j∈[r]. Section 5 provides the proofs
of the main results related to the full recovery of the spikes, i.e., it addresses the case where p ≥ 3 with
arbitrary values for the SNRs, as well as the case where p = 2 with sufficiently separated SNRs. Finally,
Section 6 focuses on the case where p = 2 and the spikes have equal SNRs, thereby proving subspace
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recovery.
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2. Outline of proofs

In this section, we outline the proofs of our main results. To simplify the discussion, we focus on the
spiked tensor model with r = 2. First, we address the cases where p ≥ 3 with arbitrary values of λ1
and λ2, as well as the case where p = 2 with sufficiently separated SNRs. In these cases, we follow the
evolution of the correlations under the online SGD algorithm and show full recovery of the spikes. Next,
we consider the case where p = 2 and the spikes have equal strength, i.e., λ1 = λ2, and show that the
algorithm recovers the subspace spanned by the two spikes.

2.1. Full recovery of spikes

We begin by analyzing the evolution of the correlations mij under the online SGD algorithm, following
the update rule given by (1.6). We assume an initial random start with a completely uninformative prior,
specifically the invariant distribution on the Stiefel manifold. As a consequence, all correlations mij have
the typical scale of order N−

1
2 at initialization. For simplicity, we assume that all correlations are positive

at initialization.
According to (1.6), the evolution equation for the correlations mij(Xt) at time t is given by

mij(Xt) =
〈

vi, RXt−1

(
− δ

N
(∇StLN,r(Xt−1; Y t))j

)〉
.

To simplify notation, we write mij(t) = mij(Xt). When the step-size δ > 0 is sufficiently small, the
matrix inverse in the polar retraction term RXt−1 (see (1.7)) can be expanded as a Neumann series.
Thus, up to controlled error terms, we have that

mij(t) ≈ mij(t− 1)− 〈vi,
δ

N
(∇StLN,r(Xt−1; Y t))j〉.

Iterating this expression yields

mij(t) ≈ mij(0)− δ

N

t∑
`=1
〈vi, (∇StLN,r(X`−1))j〉. (2.1)

The condition on the step-size δ required for the Neumann series to converge is not restrictive and does
not present a bottleneck in our proof. However, the retraction map introduces additional interaction
terms among the correlations, which demand a careful analysis.

Having the evolution equations for the correlations at hand, we decompose the gradient of the loss
function LN,r into noise and population components, i.e.,

∇StLN,r(Xt−1,Y
t) = ∇StHN,r(Xt−1) +∇StΦN,r(Xt−1),

where HN,r and ΦN,r are given by (1.4) and (1.5), respectively. By balancing these two terms, we deter-
mine the sample complexity thresholds for efficient recovery. Following the approach used to prove [10,
Proposition 4.1], we control the magnitude of the noise part by appropriately adjusting the step-size δ,
ensuring the signal term dominates over a sufficiently large time scale for efficient recovery. However,
unlike the single-spiked case in [10, Proposition 4.1], the contribution from the population loss leads to a
significantly more complicated dynamics, requiring careful analysis to control the nonmonotonic interac-
tions among the correlations. At the same time, our control needs to be sufficiently sharp to meet sample
complexities and discretization guarantees that are statistically and algorithmically relevant.

2.1.1. Control of the noise term. The evolution equation (2.1) can be rewritten as

mij(t) ≈ mij(0)− δ

N

t∑
`=1
〈vi, (∇StΦN,r(X`−1))j〉 −

δ

N

t∑
`=1
〈vi, (∇StHN,r(X`−1))j〉,
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where a simple computation shows that

−〈vi, (∇StΦN,r(t))j〉 = p
√
Nλiλjm

p−1
ij (t)

− p

2
√
N

∑
1≤k,`≤2

λkmi`(t)mkj(t)mk`(t)
(
λjm

p−2
kj (t) + λ`m

p−2
k` (t)

)
.

The noise term corresponds to the sum of the martingale increments −〈vi, (∇StHN,r(X`−1))j〉, and
since the noise tensors (W `)` are sub-Gaussian, classical concentration inequalities for the sub-Gaussian
distribution can be applied to bound this term. The population part consists of two terms: a drift term
p
√
Nλiλjm

p−1
ij which dominates the dynamics, particularly near initialization, and a correction term

p
2
√
N
∑

1≤k,`≤r λkmi`mkjmk`

(
λjm

p−2
kj + λ`m

p−2
k`

)
which arises due to the constraint of the estimator X

being on an orthogonal manifold. For the correlation mij to increase, the drift term needs to be larger
than both the noise and correction terms. Near initialization, the correlations typically scale as N−

1
2

and the drift term dominates the correction term. Moreover, near initialization, the noise term can be
absorbed by mij(0). This gives that

mij(t) ≈ mij(0) + δ√
N
pλiλj

t∑
`=1

mp−1
ij (`− 1). (2.2)

At this point, we need to show that the drift term continues to dominate the noise term over a sufficiently
long time scale, allowing the correlations mij to escape mediocrity. Once the first correlation reaches a
critical threshold, the previously negligible correction term in the population loss becomes significant, and
the dynamics shifts to a more delicate phase where the correlations begin to interact with one another,
as explained below.

2.1.2. Analysis of the population dynamics. We now analyze the evolution of the correlations by
studying the population dynamics, first for the case p ≥ 3, and then for p = 2.

Recovery for p ≥ 3. The solution of (2.2) is given by

mij(t) ≈ mij(0)
(

1− δ√
N
pλiλjmij(0)p−2t

)− 1
p−2

, (2.3)

where mij(0) = γij√
N
. The typical time for mij to reach a macroscopic threshold ε > 0, denoted by T (ij)

ε ,
is therefore given by

T (ij)
ε ≈

1−
(

γij

ε
√
N

)p−2

δλiλjpγ
p−2
ij

N
p−2

2 .

In particular, the first correlation to become macroscopic is the one associated with the largest value of
λiλjγ

p−2
ij , where (γij)1≤i,j≤2 approximately follow independent standard normal distributions. According

to Definition 1.4, this corresponds to the pair (i∗1, j∗1 ) of the greedy maximum selection of the matrix
I0 = (λiλjmij(0)p−21{mp−2

ij
(0)≥0})ij . Once the first correlation mij reaches a macroscopic value ε > 0,

the other correlations are still trapped near the equator. This can be verified by plugging the value
of T (i∗1j

∗
1 )

ε into (2.3). Note that if the SNRs are sufficiently separated to compensate for initialization
differences, with high probability, m11 is the first correlation to escape mediocrity. In the following,
without loss of generality we may assume that i∗1 = j∗1 = 1, i.e., m11 is the first correlation to reach the
macroscopic threshold ε.

Next, we describe the evolution of m12,m21 and m22 as t ≥ T
(11)
ε . We first note that the correction

part of the population term, i.e.,∑
1≤k,`≤2

λkmkj(t)mk`(t)mi`(t)(λjmp−2
kj (t) + λ`m

p−2
k` (t)),

becomes dominant in the evolution of the correlations m12,m21, as soon as m11 reaches the microscopic
threshold N−

p−2
2p . In other words, m12 and m21 are non-decreasing and they begin to decrease as soon

as m11 reaches this microsopic threhsold. On the other hand, the correction part of the population
generator may become dominant in the evolution of m22, as soon as m11 reaches another microscopic
threshold of order N−

p−3
2(p−1) , leading to a potential decrease of m22. Through a careful analysis, we

show that this potential decrease is at most of order log(N)
N , so that m22 remains stable at the scale
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1√
N

during the ascending phase of m11. The evolution of the correlations m12,m21 and m22 as m11
becomes macroscopic is illustrated by the numerical experiment in Figure 9. Once m12,m21 become
sufficiently small, we show that the evolution of m22 can still be described by (2.3), thus ensuring the
recovery of the second direction. The phenomenon we observe here is referred to as sequential elimination
phenomenon, as introduced in Definition 1.6. The correlations increase sequentially, one after another.
When a correlation (e.g., m11) exceeds a certain threshold, the correlations sharing a row and column
index (e.g., m12,m21) start decreasing until they become sufficiently small to be negligible, thereby
enabling the subsequent correlations (e.g., m22) to increase. This phenomenon is illustrated in Figure 1.
We remark that if the SNRs are sufficiently separated as described earlier, then exact recovery of the
unknown signal vectors is achieved with high probability, which depends on the ratio between the signal
sizes, as stated in Theorem 1.3. Otherwise, recovery results in a permutation of the spikes, determined
by the greedy maximum selection of the matrix I0 = (λiλjmij(0)p−21{mp−2

ij
(0)≥0})ij , as illustrated in

Figure 2.

Figure 9. Evolution of the correlations mij under the population dynamics in the case
where p = 3, r = 2, λ1 = 3 and λ2 = 1. The SNRs are sufficiently separated to ensure
exact recovery of both spikes. The figure consists of four subfigures, each zooming in on
the evolution of one of the four correlations from initialization to the moment when the
first correlation m11 becomes macroscopic. In particular, m12 and m21 decrease rapidly
once m11 becomes macroscopic, whereas m22 remains stable overall. The short decrease
in m22 is bounded by log(N)

N with high probability.

To determine the sample complexity threshold under online SGD algorithm, we control the retraction
and martingale terms so that the discrete dynamics is sufficiently close to the continuous one studied
in [6] over a time scale of order

√
N
δ N

p−2
2 . We show that this requires a step-size parameter of order

log(N)−1N−
p−3

2 , leading to a sample complexity of order log(N)Np−2. This threshold is required for
efficient recovery of both spikes.

Recovery for p = 2. In this case, the solution of (2.2) is given by

mij ≈ mij(0) exp
(

2δλiλjN−
1
2 t
)

= γij√
N

exp
(

2δλiλjN−
1
2 t
)
, (2.4)
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Figure 10. Evolution of the correlations mij under the population dynamics in the
case where p = 2, r = 2, λ1 = 2 and λ2 = 1. We observe that as m11 reaches a certain
threshold, the correlations m12 and m21 start to decrease, despite rising higher than in
the case where p ≥ 3.

so that the typical time for mij to reach a macroscopic threshold ε > 0 is given by

T (ij)
ε ≈

log
(
ε
√
N

γij

)
2δλiλj

√
N.

In contrast to the case where p ≥ 3, where the quantity λiλjγp−2
ij determines which correlation first escapes

mediocrity, the initialization γij has less influence here and the time differences for the correlations to
reach a macroscopic threshold are determined by the separation between the SNRs. When λ1 > λ2,
a sequential elimination phenomenon akin to the one observed for p ≥ 3 occurs (see Figures 3 and 4).
However, there is an important difference compared to the tensor case: once m11 reaches the macroscopic
threshold ε > 0, the correlations m12,m21 and m22 scale as N−δ1/2, N−δ1/2 and N−δ2/2, respectively,
where δ1 = 1 − λ2

λ1
and δ2 = 1 − λ2

2
λ2

1
. We then show that m11 must reach approximately the critical

value (λ2
λ1

)1/2 for m12,m21 to decrease. This value is achieved in an order one time once m11 has reached

ε, while m12,m21 still require a time of order log(N) to escape their scale of N−
δ1
2 . In addition, we

show the stability of m22 during this first phase by controlling that it remains increasing throughout the
ascending phase of m11 and until m12,m21 begin to decrease. This stability comes with an order 1 lower
bound on the logarithm of the dimension (see Theorem 3.6), involving the inverse of the gap between the
SNRs, so that the case where the SNRs are close becomes sensitive to finite size effects. Weak recovery
of the second direction is then possible as m12,m21 descend below the scale 1√

N
. This is illustrated in

Figure 10.
Regarding the sample complexity, similar to the case p ≥ 3, we control the martingale and retraction

terms so that the discrete dynamics is sufficiently close to the continuous one studied in [6] over a time
scale of order

√
N
δ log(N). We show that this requires a step-size δ of order log(N)−1Nλ2

r/(2λ2
1), leading
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to a sample complexity for exact recovery of order log(N)2N
1
2 (1−λ2

r/λ
2
1). The factor Nλ2

r/(2λ2
1) is required

to control the stability of the retraction map, which is necessary for all directions, including the first one.

2.2. Subspace recovery

As discussed in Subsection 1.2, when λ1 = λ2 ≡ λ, the spiked covariance model becomes isotropic and we
shift our focus to the evolution of the eigenvalues of the matrix MM>, which we denote by G. To analyze
the evolution of the eigenvalues, we use eigenvalue perturbation bounds and matrix generalizations of
martingale concentration inequalities. In particular, once the noise is controlled, the population dynamics
take the form

G(t) ≈ G(0) + 4δλ2
√
N

t∑
`=1

G(`− 1)(I −G(`− 1)),

leading to the following evolution equation for the eigenvalues θ1, . . . , θr,

θi(t) ≈ θi(0) + 4δλ2
√
N

t∑
`=1

θi(`− 1) (1− θi(`− 1)) .

This equation then prescribes a time horizon of order log(N) for the various bounds needed to control
the noise process, leading to the sample complexities as stated in Theorem 1.11. An important differ-
ence with the full recovery case is that, at initialization, the eigenvalues of G are of order 1

N . Simply
adapting the bounds derived for the correlations mij is not sufficient here. In particular, we develop
time-dependent bounds for the martingale terms using a matrix generalization of martingale concentra-
tion inequalities [61].

3. Main results

This section presents the nonasymptotic versions of our main results stated in Subsection 1.2.
As previously discussed, we consider the online SGD algorithm starting from a random initialization,

precisely X0 ∼ µN×r, where µN×r denotes the uniform measure on the Stiefel manifold St(N, r). Our
recovery guarantees, however, applies to a broader class of initial data that meets two natural conditions,
that we introduce hereafter. The first condition ensures that the initial correlation is on the typical scale
Θ(N− 1

2 ).

Definition 3.1 (Condition 1). For every γ1 > γ2 > 0, we let C1(γ1, γ2) denote the sequence of events
given by

C1(γ1, γ2) =
{

X ∈ St(N, r) : γ2√
N
≤ mij(X) < γ1√

N
for every 1 ≤ i, j ≤ r

}
.

We say that X ∈ St(N, r) satisfies Condition 1 if for every γ1 > γ2 > 0,

P (X ∈ C1(γ1, γ2)c) ≤ C1e
−c1γ

2
1 + C2e

c2γ2
√
N + C3γ2,

for absolute constants C1, c1, C2, c2, C3 > 0.

In the special case p = 2 and λ1 = · · · = λr, we analyze the evolution of the eigenvalues of the matrix
G = MM>, where M = (mij)1≤i,j≤r. To ensure that the eigenvalues at initialization are on the typical
scale of Θ(N−1), we require a modified version of Condition 1 from Definition 3.1.

Definition 3.2 (Condition 1’). For every γ1 > γ2 > 0, we let C′1(γ1, γ2) denote the sequence of events
given by

C′1(γ1, γ2) =
{

X ∈ St(N, r) : γ2

N
≤ θi(X) < γ1

N
for every i ∈ [r]

}
.

We say that X ∈ St(N, r) satisfies Condition 1′ if for every γ1 > γ2 > 0,

P (X ∈ C′1(γ1, γ2)c) ≤ C1e
−c1γ

2
1 + C2e

−c2γ2
√
N + C3γ2,

for absolute constants C1, c1, C2, c2, C3 > 0.

The second condition concerns the separation of the initial correlations, which is needed for the recovery
when p ≥ 3.
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Definition 3.3 (Condition 2). For every γ1 > γ > 0, we let C2(γ1, γ) denote the sequence of events given
by

C2(γ1, γ) =
{

X ∈ St(N, r) :

∣∣∣∣∣ λiλjm
p−2
ij (X)

λkλ`m
p−2
k` (X)

− 1

∣∣∣∣∣ > γ

γ1
for every 1 ≤ i, j, k, ` ≤ r

}
.

We say that X ∈ St(N, r) satisfies Condition 2 if for every γ1 > γ > 0,

P (X ∈ C2(γ1, γ)c) ≤ C1e
−c1γ

2
1 + C2e

−c2
√
Nγ + C3

(
1 +

(
λiλj
λkλ`

) 2
p−2
)− 1

2

γ,

for absolute constants C1, c1, C2, c2, C3 > 0.

A random matrix X uniformly distributed on St(N, r) satisfies the above conditions, as stated in the
following lemma.

Lemma 3.4. Every random matrix X ∼ µN×r satisfies Condition 1, Condition 1′, and Condition 2.

The proof of Lemma 3.4 is deferred to Appendix A of the extended version of our preprint [6]. In
particular, in [6] we consider the normalized Stiefel manifoldMN,r = {X ∈ RN×r : X>X = NIr} and
define correlations mij(X) by m(N)

ij (X) = 〈vi,xj〉
N , where V = [v1, . . . ,vr] ∈ MN,r. We then show that

the invariant measure onMN,r satisfies the three aforementioned conditions. This framework is equivalent
to the one considered here, and therefore, the proofs in Appendix A of [6] can be straightforwardly
generalized to µN×r.

We are now in the position to state our main results in a nonasymptotic form. Let T denote the
number of iterations after which we terminate the online SGD algorithm. For any set E , let TE denote
the hitting time of the set E , i.e.,

TE = min{t ≥ 0: Xt ∈ E}.
Additionally, we point out that the constants K1,K2, . . . and c1, c2, . . . appearing in the following state-
ments may depend on σ2, p, r, {λi}ri=1.

Our first main result shows that for p ≥ 3, the sample complexity threshold for efficiently recovering
a permutation of all spikes v1, . . . ,vr must scale as log(N)Np−2.

Theorem 3.5 (Recovery of a permutation of all spikes for p ≥ 3). Let p ≥ 3 and λ1 ≥ · · · ≥ λr. Consider
the sequence of online SGD outputs (Xt)t∈N started from X0 with step-size δ. Let (i∗1, j∗1 ), . . . , (i∗r , j∗r )
denote the greedy maximum selection of I0 (see (1.9) and Definition 1.4). Further, for every ε > 0, let
R(ε) denote

R(ε) =
{

X : mi∗
k
j∗
k
(X) ≥ 1− ε for all k ∈ [r] and mij(X) . log(N)− 1

2N−
p−1

4 otherwise
}
.

Then, the following holds. For every γ1 > γ2, γ > 0 and every ε > 0, there exist c0 ∈ (0, 1) and
d0 = d0(N) satisfying d0 → 0 as N →∞ such that if X0 ∈ C1(γ1, γ2) ∩ C2(γ1, γ) and δ > 0 verifies

δ = Cδd0 log(N)−1N−
p−3

2 ,

for a constant Cδ > 0, then
PX0

(
TR(ε) . T

)
≥ 1− η,

where T and η are given by

T =
1−

(
γ2
ε
√
N

)p−2

Cδ(1− c0)p−1d0γ
p−2
2

log(N)Np−2 +
1−

(
ε

1−ε

)p−2

Cδ(1− c0)p−1d0εp−1 log(N)N
p−3

2 ,

and

η = K1e
−c1γ

2
1 +K2e

−c2(γ2+γ)
√
N +K3(γ2 + γ)

+K4
log(N)2Np−2

d0
e−c4N +K5 log(N)e−c5c

2
0 log(N)/d0 +K6

d2
0

log(N)N
− p−2

2 e−c6/d
2
0 ,

respectively.

Our second main result is for p = 2 with sufficiently separated SNRs. We show that the sample

complexity threshold for strong recovery of all spikes must diverge as log(N)2N
1
2

(
1−λ

2
r
λ2

1

)
.
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Theorem 3.6 (Exact recovery of all spikes for p = 2). Let p = 2 and λ1 ≥ · · · ≥ λr such that λi =
λi+1(1 + κi) for every 1 ≤ i ≤ r − 1, with κi > 0 being constants of order 1. Let κ denote κ =
min1≤i≤r−1 κi. Consider the sequence of online SGD outputs (Xt)t∈N started from X0 with step-size δ.
Further, for every ε > 0 and c0 ∈ (0, 1

2 ∧
κ

2+κ ), let R(ε, c0) denote

R(ε, c0) =
{

X : mii(X) ≥ 1− ε for all i ∈ [r] and mk`(X) . N
− 1

2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
for all k 6= `

}
.

Then, the following holds. For every γ1 > γ2 > 0 and every ε, ε′ > 0, there exist c0 ∈ (0, 1) and
d0 = d0(N) satisfying d0 → 0 as N →∞ such that if X0 ∈ C1(γ1, γ2) and δ > 0 verifies

δ = Cδd0N
1
2

1−c0
1+c0

λ2
r
λ2

1

log
(

2ε
√
N

γ2

) ,

for a constant Cδ > 0, and if log(N) & 1
1+κ , then

PX0

(
TR(ε,c0) . T

)
≥ 1− η,

where T and η are given by

T =
N

1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
log
(

2ε
√
N

γ2

)2

Cδ(1− c0)d0γ2
2

,

and

η = K1e
−c1γ

2
1 +K2e

−c2γ2
√
N +K3γ2 +K4

log(N)2N
1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
d0

e−c4N

+K5e
−c5c

2
0N

1
2

(
1−c0
1+c0

λ2
r
λ2

1

)
/d0 +K6

d2
0N
−
(

1− 1−c0
1+c0

λ2
r
λ2

1

)
c0 log(N) e−c6/d

2
0 ,

respectively.

We finally state our result when the SNRs are all equal. As discussed in Subsection 1.1, we focus here
on the evolution of the eigenvalues θi of the symmetric matrix MM> ∈ Rr×r, where M = (mij)1≤i,j≤r
is the correlation matrix.

Theorem 3.7 (Subspace recovery for p = 2). Let p = 2 and λ1 = · · · = λr ≡ λ. Consider the sequence
of online SGD outputs (Xt)t∈N started form X0 with step-size δ. Then, the following holds. For every
γ1 > γ2 > 0 and every ε, ε′ > 0, there exists d0 = d0(N) satisfying d0 → 0 as N → ∞ such that if
X0 ∈ C′1(γ1, γ2) and δ > 0 verifies

δ = Cδ
d0
√
N

log(N)2 ,

for a constant Cδ > 0, then for all i ∈ [r],
PX0 (θi (XT ) ≥ 1− ε′) ≥ 1− η,

where T and η are given by

T =
log(N)2 log( 4εN

γ2
)

Cδd0λ2 +
log(N)2 log( 1−ε′

ε )
Cδd0λ2ε′

,

and

η = K1e
−c1γ

2
1 +K2e

−c2γ2
√
N +K3γ2 +K4

log(N)3

d0
e−c4N +K5e

−c5/d0 +K6
log(N)3

Nd0
,

respectively.

The proofs of the above results follow similar arguments to those in [9]. The two main steps involve
controlling both the retraction term and the first-order term, which carries the phenomenology of the
problem for a sufficiently small step size. Specifically, the first-order term is decomposed into a drift term
and a martingale term, with the martingale term required to be negligible compared to the initialization.
This requirement, along with the equivalence of the number of steps and the number of data points
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in online SGD, determines the step-size parameter and the sample complexity threshold. Compared to
the single-spiked tensor model studied in [10], our primary challenge is that the retraction term is more
complex to control. We show that it can be controlled by expanding the matrix inverse in the polar
retraction as a Neumann series. Furthermore, under the chosen scaling, the signal term is larger than
in [9], thus necessitating a more careful control of the higher-order signal terms in the expansion of the
retraction term. In particular, some of these terms cannot be compared to the initialization scale to
achieve the desired comparison inequalities. We thus compare them to the first-order signal part, up
to a truncation threshold, where the upper part decays exponentially fast and can be compared to the
initialization. Our second difference with respect to [10] is related to the control of the first-order noise
term. In our case, under the sub-Gaussian assumption of the order-p tensor, exponential forms of Doob’s
inequality may be used [44, 65], resulting in faster convergence rates.

Before addressing the proof of the three main nonasymptotic results, we first provide the proofs of
their asymptotic counterparts, namely Theorems 1.3, 1.5, 1.9 and 1.11.

Proof of Theorems 1.3, 1.5, 1.9 and 1.11. According to Lemma 3.4, the uniform measure µN×r
on St(N, r) satisfies Condition 1 and Condition 2. In particular, we note that for every γ1 > γ2 > 0,
µN×r (C1(γ1, γ2)) converges towards one in the large-N limit, provided γ1 diverges arbitrarily slowly and
γ2 decreases to zero arbitrarily slowly. Similarly, for every γ1 > γ > 0, µN×r (C2(γ1, γ)) converges towards
one in the large-N limit, provided γ1 diverges arbitrarily slowly and γ decreases to zero arbitrarily slowly.
Therefore, Theorems 1.5, 1.9 and 1.11 follow straightforwardly from their nonasymptotic counterparts,
namely Theorems 3.5, 3.6 and 3.7, respectively. Finally, Theorem 1.3 follows straightforwardly from
Theorem 5.2 of [6], where the condition on the separation of the SNRs is expressed taking into account
the value η. �

4. Comparison inequalities

This section presents the comparison inequalities for both the correlations and the eigenvalues of the
matrix G = MM>, which are needed to prove our main results. Before delving into these, we provide
some preliminary results.

Notations. Throughout, we write ‖·‖ for the operator norm on elements of Rr×r induced by the
L2-distance on Rr. In particular, the operator norm of A ∈ Rr×r is defined as

‖A‖ = max
x∈Rr\{0}

‖Ax‖2

‖x‖2
.

In terms of its spectrum, the operator norm of A ∈ Rr×r corresponds to the largest singular value of A,

i.e., ‖A‖ = smax(A) =
√
λmax(A>A). Moreover, we let ‖A‖F denote the Frobenius norm of A:

‖A‖F =

 ∑
1≤i,j≤r

|Aij |2
1/2

.

For any symmetric matrices A and B, we write A � B if A −B � 0, meaning that A −B is positive
semi-definite.

4.1. Preliminary results

We first recall that the loss function LN,r : St(N, r)× (RN )⊗p → R is given by

LN,r(X; Y ) = HN,r(X) + ΦN,r(X),

where HN,r and ΦN,r denote the noise and deterministic parts, respectively, which are defined by (1.4)
and (1.5). To simplify notation slightly, in the remainder of the article we will write L, H,Φ in place
of LN,r, HN,r,ΦN,r, respectively. We assume that W ∈ (RN )⊗p is an order-p tensor with i.i.d. centered
sub-Gaussian entries Wi1,...,ip satisfying

E
[
etWi1,...,ip

]
≤ eKt

2σ2
for all t ∈ R and E

[
|Wi1,...,ip |k

]
≤ Ckk/2σk for all k ≥ 1, (4.1)

where K,C > 0 are absolute constants. Equivalently, (Wi1,...,ip)i1,...,ip are i.i.d. random variables with
sub-Gaussian norm ‖Wi1,...,ip‖ψ2 ≡ σ > 0, where for any sub-Gaussian random variable Z, the sub-
Gaussian norm ‖Z‖ψ2 is defined by ‖Z‖ψ2 = inf{t > 0: E

[
Z2/t2

]
≤ 2} (see e.g. [64, Definition 2.5.6]).
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Since W is a sub-Gaussian p-tensor, the random variable 〈vi, (∇StH(X))j〉 is also sub-Gaussian, as
shown in the following lemma.

Lemma 4.1. For every v ∈ SN−1 and i ∈ [r], the random variable 〈v, (∇StH(X))i〉 is sub-Gaussian
with zero mean and sub-Gaussian norm satisfying

‖〈v, (∇StH(X))i〉‖ψ2 ≤ α1σ,

for a constant α1 = α1(p, {λi}ri=1) > 0.

Proof. Using (1.8) the ith column vector of ∇StH(X) is given by

(∇StH(X))i = λi∇xi〈W ,x⊗pi 〉 −
1
2

r∑
j=1

(
λix
>
j ∇xi〈W ,x⊗pi 〉+ λj(∇xj 〈W ,x⊗pj 〉)

>xi
)

xj ,

where ∇xi〈W ,x⊗pi 〉 has coordinates given for every k ∈ [N ] by

(∇xi〈W ,x⊗pi 〉)k = p
∑

1≤k1,...,kp−1≤N

Wk,k1,...,kp−1(xi)k1 · · · (xi)kp−1 .

Now, for every v ∈ SN−1 the inner product 〈v, (∇StH(X))i〉 can be expanded as

〈v, (∇StH(X))i〉 = p

N∑
k=1

∑
1≤k1,...,kp−1≤N

Wk,k1,...,kp−1fi(v,X, {λi}ri=1),

where
fi(v,X, {λi}ri=1) = λivk(xi)k1 · · · (xi)kp−1

− 1
2

r∑
j=1

(
λi(xj)k(xi)k1 · · · (xi)kp−1 + λj(xi)k(xj)k1 · · · (xj)kp−1

)
〈v,xj〉.

This implies that the moment generating function of 〈v, (∇StH(X))i〉 is given by

E
[
et〈v,(∇StH(X))i〉

]
=

∏
k,k1,...,kp−1

E
[
etpWk,k1,...,kp−1fi(v,X,{λi}ri=1)

]
≤ e

Ct2p2σ2
∑

1≤k,k1,...,kp−1≤N
fi(v,X,{λi}ri=1)2

,

where we used the independence of the random variables Wi1,...,ip and the sub-Gaussian property (4.1).
Since the bound on the moment generating function characterizes the sub-Gaussian distribution (see
e.g. [64, Proposition 2.5.2]), it follows that the random variable 〈v, (∇StH(X))i〉 is sub-Gaussian with
zero mean and sub-Gaussian norm bounded above by

‖〈v, (∇StH(X))i〉‖2
ψ2
≤ p2σ2

∑
1≤k,k1,...,kp−1≤N

fi(v,X, {λi}ri=1)2

= p2σ2

1
4

r∑
j=1

λ2
j 〈v,xj〉2 −

1
2λ

2
i 〈v,xi〉2 −

3
4λ

2
i

r∑
j=1
〈v,xj〉2


≤ 1

4p
2σ2

r∑
i=1

λ2
j ,

where the equality follows by the fact that v ∈ SN−1 and X = [x1, . . . ,xr] ∈ St(N, r). The result follows
straightforwardly. �

According to Subsection 1.1, the output Xt of the online SGD algorithm can be expanded as

Xt =
(

Xt−1 −
δ

N
∇StL(Xt−1; Y t)

)
P t. (4.2)

Here, P t denotes the projection term given by

P t =
(

Ir + δ2

N2 G(Xt−1; Y t)
)−1/2

, (4.3)
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where G(Xt−1; Y t) ∈ Rr×r is the Gram matrix given by

G(Xt−1; Y t) = ∇StL(Xt−1; Y t)>∇StL(Xt−1; Y t). (4.4)

We have the following estimate for the Frobenius norm of G(X; Y ).

Lemma 4.2. There exists a constant α2 = α2(p, {λi}ri=1) such that supX∈St(N,r) E [‖G(X; Y )‖F] ≤ α2N .

In particular, if δ > 0 satisfies δ <
(
N
α2

)1/2
, we obtain that

P
(
δ2

N2 ‖G(X; Y )‖F < 1
)
≥ 1− exp(−c(p)N).

Proof. We first notice that

‖G(X; Y )‖F = ‖∇StL(X; Y )>∇StL(X; Y )‖F ≤ ‖∇StL(X; Y )‖2
F.

Since by definition ∇StL(X; Y ) = ∇L(X; Y ) − 1
2 X(∇L(X; Y )>X + X>∇L(X; Y )), it then follows

that
‖∇StL(X; Y )‖F ≤ ‖∇L(X; Y )‖F + ‖X>∇L(X; Y )‖F ≤ 2‖∇L(X; Y )‖F,

where for the first inequality we used the triangle inequality and the fact that ‖X∇L(X; Y )>X‖F =
‖X>∇L(X; Y )‖F and similarly ‖XX>∇L(X; Y )‖F = ‖X>∇L(X; Y )‖F, while the second inequality
follows by the property ‖X>A‖F ≤ ‖A‖F for X ∈ St(N, r) and A ∈ RN×r. We can write the Frobenius
norm of the Euclidean gradient of L as

‖∇L(X; Y )‖2
F =

r∑
i=1
‖∇xiL(X; Y )‖2

2,

where ∇xiL(X; Y ) denotes the ith column of the Euclidean gradient ∇L(X; Y ) given by

∇xiL(X; Y ) = λi∇xi〈W ,x⊗pi 〉+
r∑
j=1

√
Npλiλj〈vj ,xi〉p−1vj .

This implies that

E [‖G(X; Y )‖F] ≤ 4
r∑
i=1

pλiE [‖W {xi}‖2] + ‖
r∑
j=1

√
Npλiλj〈vj ,xi〉p−1vj‖2

2

≤ 8
r∑
i=1

p2λ2
iE
[
‖W {xi}‖2

2
]

+N

r∑
j=1

p2λ2
iλ

2
j

 ,

where we used the fact that (x+y)2 ≤ 2(x2 +y2), Jensen’s inequality, and the bound maxi,j |〈vj ,xi〉| ≤ 1.
Furthermore, an explicit computation of the term E

[
‖W {xi}‖2

2
]
gives the bound E

[
‖W {xi}‖2

2
]
≤

2Kσ2N . This shows the first part of the statement. For the second part, we note that

‖G(X; Y )‖F ≤ 8
r∑
i=1

p2λ2
i ‖W {xi}‖2

2 +N

r∑
j=1

p2λ2
iλ

2
j

 ≤ 8
r∑
i=1

p2λ2
i ‖W ‖2 +N

r∑
j=1

p2λ2
iλ

2
j

 .

From Lemma 4.7 of [8] we then have that for every γ > 0 there exists an absolute constant c > 0 such
that

P
(
‖W ‖ ≥ γ

√
N
)
≤ 2(8p)Npe−cγ

2N/8.

Choosing γ >
√

2Kσ, we then obtain that there is c(p) > 0 such that

‖G(X; Y )‖F ≤ 8p2
r∑
i=1

λ2
i 2Kσ2N +N

r∑
j=1

λ2
iλ

2
j

 = Nα2(p, {λi}ri=1).

with P-probability at least 1− e−c(p)N . This completes the proof of Lemma 4.2. �
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4.2. Comparison inequalities for correlations

The goal of this subsection is to obtain a two-sided difference inequality for the evolution of the correlations
mij(t) = mij(Xt). This will indeed be needed to prove both Theorems 3.5 and 3.6.

Proposition 4.3. Let α1 = α1(p, {λi}ri=1) and α2 = α2(p, {λi}ri=1) denote the constants given by Lem-
mas 4.1 and 4.2, respectively. For constants c0 ∈ (0, 1) and KN > 0, and for every i, j ∈ [r], we define
the comparison functions `ij and uij by

`ij(t) = (1− c0)mij(0) + δ

N

t∑
`=1

{
−〈vi, (∇StΦ(X`−1))j〉 − |hi(`− 1)|

}
,

uij(t) = (1 + c0)mij(0) + δ

N

t∑
`=1

{
−〈vi, (∇StΦ(X`−1))j〉+ |hi(`− 1)|

}
,

where

|hi(`− 1)| = δα2

2

r∑
k=1

(
|mik(`− 1)|+ δ

N
|〈vi, (∇StΦ (X`−1))k〉|+

KNδ

N

)
,

and

〈vi, (∇StΦ(X))j〉 = −
√
Npλiλjm

p−1
ij +

√
N
p

2
∑

1≤k,`≤r
λkmi`mkjmk`

(
λjm

p−2
kj + λ`m

p−2
k`

)
.

Consider the sequence of outputs (Xt)t∈N given by (1.6) with step-size δ > 0 satisfying δ < (N/α2)1/2.
Let T > 0 denote a fixed time horizon. Then, for every γ1 > γ2 > 0 there exist c0 ∈ (0, 1) and KN > 0
such that for every i, j ∈ [r] and every t ≤ T ,

inf
X0∈C1(γ1,γ2)

PX0 (`ij(t) ≤ mij(t) ≤ uij(t)) ≥ 1− η(δ, c0, T,KN ),

where η = η(δ, c0, T,KN ) is given by

η = T exp(−c1N)− 2 exp
(
−c2

c2
0γ

2
2N

8δ2α2
1σ

2T

)
− C 2δ3rσα1α2

N3/2c0γ2
T exp

(
−c3

K2
N

2α2
1σ

2

)
. (4.5)

The proof of Proposition 4.3 will be the main focus of this subsection. Our strategy involves first
expanding the polar retraction term RXt−1 from the algorithm (see (1.7)) as a Neumann series and then
decompose the evolution of mij(t) in three parts: the drift induced by the population loss, a martingale
induced by the gradient of the noise Hamiltonian H, and high-order terms in δ. By controlling the latter
two parts, the proposition will follow.

Lemma 4.4. Let α2 = α2(p, {λi}ri=1) be the constant of Lemma 4.2. Assume that δ < (N/α2)1/2. For
every T > 0, we let EG = EG(T ) denote the event

EG(T ) =
⋂

1≤t≤T

{
‖ δ

2

N2 G(Xt−1,Y
t)‖F < 1

}
. (4.6)

Then, there exists a constant c(p) such that P (EG) ≥ 1−T exp(−c(p)N). Moreover, on the event EG, for
every i, j ∈ [r] and every t ≤ T , it holds that∣∣∣∣∣mij(t)−

(
mij(0)− δ

N

t∑
`=1
〈vi, (∇StΦ(X`−1))j〉 −

δ

N

t∑
`=1
〈vi, (∇StH

`(X`−1))j〉
)∣∣∣∣∣ ≤ δ

N

t∑
`=1
|ai(`− 1)|,

(4.7)
where

|ai(`− 1)| ≤ δα2

2

r∑
k=1

(
|mik(`− 1)|+ δ

N
|〈vi, (∇StΦ (X`−1))k〉|+

δ

N
|〈vi, (∇StH

` (X`−1)k)〉|
)
. (4.8)

Proof. We begin by expanding the projection term P t in (4.2) as a Neumann series. To do so, we require
that ‖ δ

2

N2 G(Xt−1,Y
t)‖F < 1 for every t ≤ T . According to Lemma 4.2, this condition holds if δ satisfies

δ <
(
N
α2

)1/2
, leading to

P
(
Ec

G
)
≤ T P

(
‖ δ

2

N2 G(Xt−1,Y
t)‖F ≥ 1

)
≤ Te−c(p)N .
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We therefore place ourselves on the event EG for the rest of the proof. Expanding P t as a Neumann
series yields

P t =
∞∑
k=0

(−1)k
( 1

2
k

)
δ2k

N2kG(Xt−1; Y t)k = Ir +
∞∑
k=1

(−1)k
( 1

2
k

)
δ2k

N2kG(Xt−1; Y t)k.

Plugging this expansion into (4.2), the online SGD output Xt at time t can rewritten as

Xt = Xt−1 −
δ

N
∇StL(Xt−1; Y t)

+
∞∑
k=1

(−1)k
( 1

2
k

)
δ2k

N2k

(
Xt−1 −

δ

N
∇StL(Xt−1; Y t)

)
G(Xt−1; Y t)k.

For every i, j ∈ [r] and every 1 ≤ t ≤ T , the evolution of the correlation mij(Xt) = mij(t) under (1.6) is
therefore given by

mij(t) = 〈vi, (Xt)j〉

= mij(t− 1)− δ

N
〈vi,

(
∇StL(Xt−1; Y t)

)
j
〉

+
∞∑
k=1

(−1)k
( 1

2
k

)
δ2k

N2k Tr
(

[vi]>j
(

Xt−1 −
δ

N
∇StL(Xt−1; Y t)

)
G(Xt−1; Y t)k

)
,

where (Xt)j denotes the jth column of Xt, (∇StL(Xt−1; Y t))j the jth column of ∇StL(Xt−1; Y t), and
[vi]j = [0, . . . ,vi, . . . ,0] ∈ RN×r the matrix in which all columns are the zero vector except column j
which is given by vi. Iterating the above expression, we then obtain that

mij(t) = mij(0)− δ

N

t∑
`=1
〈vi,

(
∇StL(X`−1; Y `)

)
j
〉

+
t∑
`=1

∞∑
k=1

(−1)k
( 1

2
k

)
δ2k

N2k Tr
(

[vi]>j
(

X`−1 −
δ

N
∇StL(X`−1; Y `)

)
G(X`−1; Y `)k

)
.

In the following, for every i, j ∈ [r] and every 1 ≤ ` ≤ t we let aij(`− 1) denote

aij(`− 1) =
∞∑
k=1

(−1)k
( 1

2
k

)
δ2k

N2k Tr
(

[vi]>j
(

X`−1 −
δ

N
∇StL(X`−1; Y `)

)
G(X`−1; Y `)k

)
.

By Cauchy-Schwarz we then have that

|aij(`− 1)| ≤
∞∑
k=1

( 1
2
k

)
δ2k

N2k

∣∣∣∣Tr
(

[vi]>j
(

X`−1 −
δ

N
∇StL(X`−1; Y `)

)
G(X`−1; Y `)k

)∣∣∣∣
≤
∞∑
k=1

( 1
2
k

)
‖ δ

2k

N2kG(X`−1; Y `)k‖F‖[vi]>j
(

X`−1 −
δ

N
∇StL(X`−1; Y `)

)
‖F

≤
∞∑
k=1

( 1
2
k

)
Ck−1

G ‖ δ
2

N2 G(X`−1; Y `)‖F‖[vi]>j
(

X`−1 −
δ

N
∇StL(X`−1; Y `)

)
‖F,

(4.9)

where CG = max‖ δ
2

N2 G(X; Y )‖ ∈ (0, 1) under the event EG for δ < (N/α2)1/2. From the Newton
Binomial Theorem we find that

∞∑
k=1

( 1
2
k

)
Ck−1

G = 1
CG

(√
1 + CG − 1

)
≤ 1
CG

CG

2 = 1
2 . (4.10)

Moreover, a simple computation shows that

‖[vi]>j
(

X`−1 −
δ

N
∇StL(X`−1; Y `)

)
‖F =

√√√√ r∑
k=1

(
mik(`− 1)− δ

N
〈vi, (∇StL(X`−1; Y `))k〉

)2

≤
r∑

k=1

(
mik(`− 1)− δ

N
〈vi, (∇StL(X`−1; Y `))k〉

)
.

(4.11)
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Combining (4.9)-(4.11) yields

|aij(`− 1)| ≤ δ2

2N2 ‖G(X`−1; Y `)‖F
r∑

k=1

(
mik(`− 1)− δ

N
〈vi, (∇StL(X`−1; Y `))k〉

)
,

which gives the desired bound since ‖G(X`−1; Y `)‖F ≤ α2N on the event EG . �

According to (4.7) from Lemma 4.4, we now provide an estimate for the first-order (in δ) noise Hamil-
tonian H, i.e., δ

N

∑t
`=1〈vi,

(
∇StH

`(X`−1)
)
j
〉.

Lemma 4.5. Let α1 = α1(p, {λi}ri=1) be the constant from Lemma 4.1. Then, for every a > 0, there is
an absolute constant c > 0 such that

sup
X0∈ St(N,r)

PX0

(
max
t≤T

δ

N

∣∣∣∣∣
t∑
`=1
〈vi,

(
∇StH

`(X`−1)
)
j
〉

∣∣∣∣∣ ≥ a
)
≤ 2 exp

(
−c a2N2

2δ2α2
1σ

2T

)
.

Proof. We let Ft denote the natural filtration associated to X1, . . . ,Xt, namely Ft = σ(X`, ` ≤ t). We
let Mt denote the process

Mt =
t∑
`=1
〈vi,

(
∇StH

`(X`−1)
)
j
〉.

Since
E [Mt −Mt−1|Ft−1] = E

[
〈vi,

(
∇StH

t(Xt−1)
)
j
|Ft−1

]
= 0,

we have that the process Mt is adapted to the filtration (Ft)t≥0. Moreover, since Ms = E [Mt|Fs], we
have that (Mt)t≥0 is a martingale with respect to (Ft)t≥0. Since by Lemma 4.1 the distribution of the
increments Mt − Mt−1 = 〈vi, (∇StH

t(Xt−1))j〉 given Ft−1 is sub-Gaussian with sub-Gaussian norm
bounded by α1σ, we have for every b > 0, there exists an absolute constants C > 0 such that

E
[
eb(Mt−Mt−1)|Ft−1

]
≤ exp

(
Cb2α2

1σ
2) .

The corresponding Chernoff bound applied to Mt =
∑t
`=1(M` −M`−1) (see e.g. Theorem 2.19 of [65])

gives the tail bound: for every t ≤ T and every a > 0,

sup
X0∈St(N,r)

PX0

(
δ

N
|Mt| ≥ a

)
≤ 2 exp

(
−c a2N2

2δ2tα2
1σ

2

)
.

To improve this bound to the maximum maxt |Mt|, we follow the remark at the end of section 3.5 from [44],
noting that the random process eMt is a submartingale. The other side of the tail bound is obtained by
noting that −Mt is also a martingale. �

It remains to estimate the third-order noise term in (4.8) from Lemma 4.4. To this end, we introduce
a truncation level KN > 0 to be chosen later and write∣∣〈vi, (∇StH

`(X`−1)
)
k
〉
∣∣ ≤ KN +

∣∣〈vi, (∇StH
`(X`−1)

)
k
〉
∣∣1{|〈vi,(∇StH`(X`−1))k〉|>KN}.

Lemma 4.6. Let α1 and α2 be the constants from Lemmas 4.1 and 4.2, respectively. Then, for every
a > 0, there are absolute constants C, c > 0 such that

sup
X0∈St(N,r)

PX0

(
max
t≤T

δ3α2

2N2

t∑
`=1

r∑
k=1
|〈vi, (∇StH

` (X`−1))k〉|1{|〈vi,(∇StH`(X`−1))k〉|>KN} ≥ a

)

≤ C δ
3rσα1α2

N2a
T exp

(
−c K2

N

2α2
1σ

2

)
.

Proof. Since the summand is positive, the maximum over t ≤ T is attained at t = T , so it suffices
to consider that case. Moreover, by Lemma 4.1 we have that the distribution of 〈vi, (∇StH(X))j〉 is
sub-Gaussian with sub-Gaussian norm bounded by α1σ. It therefore follows that

sup
X∈St(N,r)

E
[
|〈vi, (∇StH (X)j)〉|2

]
≤ 2Cα2

1σ
2,

and that

sup
X∈St(N,r)

P (|〈vi, (∇StH (X))j〉| > KN ) ≤ 2 exp
(
−c K

2
N

α2
1σ

2

)
,
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where we used the equivalence of the sub-Gaussian properties (see e.g. [64, Proposition 2.5.2]) for both
inequalities. Fix X0 ∈ St(N, r). We then obtain for every a > 0,

PX0

(
δ3α2

2N2

T∑
`=1

r∑
k=1
|〈vi, (∇StH

` (X`−1))k〉|1{|〈vi,(∇StH`(X`−1))k〉|>KN} ≥ a

)

≤ δ3rα2

2N2a
T

(
sup
`≤T

sup
k∈[r]

EX0

[
|〈vi, (∇StH

` (X`−1))j〉|1{|〈vi,(∇StH`(X`−1))k〉|>KN}
])

≤ δ3rα2

2N2a
T
√

sup
X

E [|〈vi, (∇StH(X)k)〉|2]
√

sup
X

E
[
1{|〈vi,(∇StH(X))k〉|>KN}

]
≤ Cδ3rσα1α2

N2a
T exp

(
−c K2

N

2α2
1σ

2

)
,

where we used Markov for the first inequality and Cauchy-Schwarz for the second one. �

Proposition 4.3 now follows straightforwardly by combining the above three lemmas.

Proof of Proposition 4.3. Assume that the step-size δ satisfies δ <
√

N
α2

, where α2 = α2(p, {λi}ri=1)
is the constant from Lemma 4.2. From Lemma 4.4, for every i, j ∈ [r] and every t ≤ T we have the
following comparison inequalities for the correlations mij :

mij(t) ≤ mij(0)− δ

N

t∑
`=1
〈vi, (∇StΦ(X`−1))j〉+ δ

N

∣∣∣∣∣
t∑
`=1
〈vi, (∇StH

`(X`−1))j〉

∣∣∣∣∣+ δ

N

t∑
`=1
|ai(`− 1)|,

mij(t) ≥ mij(0)− δ

N

t∑
`=1
〈vi, (∇StΦ(X`−1))j〉 −

δ

N

∣∣∣∣∣
t∑
`=1
〈vi, (∇StH

`(X`−1)j)〉

∣∣∣∣∣− δ

N

t∑
`=1
|ai(`− 1)|,

with PX0 -probability at least 1− T exp (−c1N), where |ai(`− 1)| is given by (4.8). Next, we bound the
noise terms by c0

2 mij(0) for some constant c0 ∈ (0, 1) using Lemmas 4.5 and 4.6. We first note that under
the event C1(γ1, γ2), for every i, j ∈ [r] there exists γij ∈ (γ2, γ1) such that mij(0) = γijN

− 1
2 . It then

follows from Lemma 4.5 that for all t ≤ T ,

δ

N

∣∣∣∣∣
t∑
`=1
〈vi, (∇StH

`(X`−1))j〉

∣∣∣∣∣ ≤ c0γij

2
√
N
,

with P-probability at least 1 − 2 exp
(
−c2

c2
0γ

2
2N

8δ2α2
1σ

2T

)
. Moreover, we have from Lemma 4.6 that for all

t ≤ T ,
δ3α2

2N2

t∑
`=1

r∑
k=1

∣∣〈vi, (∇StH
`(X`−1))k〉

∣∣1{〈vi,(∇StH`(X`−1))k〉>KN} ≤
c0γij

2
√
N
,

with P-probability at least 1− 2C1δ
3rσα1α2

N
3
2 c0γ2

T exp
(
− c3K

2
N

2α2
1σ

2

)
. The result then follows by standard properties

of conditional probabilities.
It remains to compute 〈vi, (∇StΦ(X))j〉 for every X ∈ St(N, r). According to (1.5), the jth column

of the Euclidean gradient of the population loss Φ(X) is given by

(∇Φ(X))j = −
r∑

k=1
p
√
Nλkλjm

p−1
kj (X)vk,

and the jth column of the Riemannian gradient is given by

(∇StΦ(X))j = −(∇Φ(X))j + 1
2

r∑
`=1

(
X>∇Φ(X) + (∇Φ(X))>X

)
`j

x`

= −
r∑

k=1
p
√
Nλkλjm

p−1
kj vk + 1

2
∑

1≤k,`≤r
p
√
Nλkmkjmk`

(
λjm

p−2
kj + λ`m

p−2
k`

)
x`.
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We therefore have for every i, j ∈ [r],

〈vi, (∇StΦ(X))j〉 = −
√
Npλiλjm

p−1
ij +

√
N
p

2
∑

1≤k,`≤r
λkmi`mkjmk`

(
λjm

p−2
kj + λ`m

p−2
k`

)
.

�

4.3. Comparison inequalities for eigenvalues

In this subsection, we derive a two-sided difference inequality for the evolution of the eigenvalues θ1(t), . . . , θr(t)
of Gt = G(Xt), where Xt denotes the online SGD output at time t. In the following, we let ΠSt

X denote
the orthogonal projection on the tangent space TXSt(N, r), i.e.,

ΠSt
X(A) = A−Xsym(X>A), with sym(A) = 1

2

(
A + A>

)
.

In particular, according to (1.8), for a function F : St(N, r)→ R, we can write ∇StF (X) = ΠSt
X(∇F (X)).

To avoid cumbersome phrasing, we will often omit stating explicitly that bounds on conditional expec-
tations hold almost surely.

Lemma 4.7. Let p = 2 and α2 = α2(r, {λi}ri=1) be the constant of Lemma 4.2. Consider the sequence
of outputs (Xt)t∈N given by (1.6) with step-size δ satisfying δ < (N/α2)1/2. Let T > 0 be a fixed time
horizon. Then, there exist constants KN , C, c > 0 such that for every t ≤ T ,

−At � Gt −

(
G0 + 4λ2δ√

N

t∑
`=1

G`−1 (Ir −G`−1)− St

)
� At,

with P-probability at least 1− T exp (−c1N)− 4r2T exp
(
−c2

K2
N

σ2

)
. Here, St ∈ Rr×r is defined by

St = 4λδ
N

t∑
`=1

sym
(

V >ΠSt
X`−1

(
W `X`−1

)
M>

`−1

)
, (4.12)

and At ∈ Rr×r is given by

At =
t∑
`=1

{8λ2δ2

N2

(
4r2K2

N + λ2N‖G`−1‖
)

+ α2δ
2

N
‖G`−1‖

+ 4λα2δ
3

N2

(
2rKN + λ

√
N‖G`−1‖1/2

)
‖G`−1‖1/2

}
Ir.

(4.13)

Proof. From (4.2) and (4.3), the iteration for the matrix Gt = V >XtX
>
t V results in

Gt = V >
(

Xt−1 −
δ

N
∇StL(Xt−1; Y t)

)
P 2
t

(
Xt−1 −

δ

N
∇StL(Xt−1; Y t)

)>
V ,

where we used the fact that P>t = P t. We let Bt denote

Bt =
(

X>t−1 −
δ

N

(
∇StL(Xt−1; Y t)

)>)
V .

In the following, we place ourselves on the event EG(T ) =
⋂

1≤t≤T

{
‖ δ

2

N2 G(Xt−1; Y t)‖F < 1
}
. According

to Lemma 4.4, we have that P (EG) ≥ 1 − T exp(−c1N) for every p ≥ 2. As in the proof of Lemma 4.4,
we can therefore expand the projection term P 2

t as a Neumann series:

P 2
t =

(
Ir + δ2

N2 G(Xt−1; Y t)
)−1

=
∞∑
k=0

(−1)k δ
2k

N2kG(Xt−1; Y t)k.

We write the output Gt at time t as

Gt = B>t P 2
tBt = B>t Bt +

∞∑
k=1

(−1)k δ
2k

N2kG(Xt−1; Y t)k.
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We now want to expand the matrix Bt by explicitly computing the Riemannian gradient. Since p = 2
and λ1 = · · · = λr ≡ λ, the loss function L(X; Y ) given by (1.3) reduces to

L(X; Y ) = λ

r∑
i=1

x>i W xi −
√
Nλ2

r∑
i,j=1

m2
ij(X).

The Euclidean gradient ∇L(X; Y ) is then given by

∇L(X; Y ) = 2λW X − 2
√
Nλ2V M ,

where M = (mij)1≤i,j≤r = V >X ∈ Rr×r, and using (1.8), the Riemannian gradient is given by

∇StL(X; Y ) = 2λΠSt
X(W X)− 2

√
Nλ2V M + 2

√
Nλ2XM>M , (4.14)

where we recall that ΠSt
X denotes the projection onto TXSt(N, r). This implies that

Gt = Gt−1 + 4δλ2
√
N

Gt−1 (Ir −Gt−1)− 4δλ
N

sym
(

V >ΠSt
Xt−1

(
W tXt−1

)
M>

t−1

)
+ δ2

N2 V >∇StL
(
Xt−1; Y t

) (
∇StL

(
Xt−1; Y t

))>
V

+
∞∑
k=1

(−1)k δ
2k

N2kB>t G(Xt−1; Y t)kBt.

(4.15)

The remainder of the proof focuses on estimating the terms in (4.15) that are of order 2 or higher in δ.
First, we consider the summand

δ2

N2 V >∇StL(Xt−1; Y t)
(
∇StL(Xt−1; Y t)

)>
V ,

and observe that
δ2

N2 V >∇StL(Xt−1; Y t)
(
∇StL(Xt−1; Y t)

)>
V � δ2

N2 ‖V
>∇StL(Xt−1; Y t)‖2Ir,

δ2

N2 V >∇StL(Xt−1; Y t)
(
∇StL(Xt−1; Y t)

)>
V � − δ2

N2 ‖V
>∇StL(Xt−1; Y t)‖2Ir.

We therefore want to estimate the operator norm of V >∇StL (Xt−1; Y t). From (4.14), we have that

V >∇StL (Xt−1; Y t) = 2λV >ΠSt
Xt−1

(
W tXt−1

)
− 2
√
Nλ2M t−1

(
Ir −M>

t−1M t−1

)
,

which gives the bound

‖V >∇StL (Xt−1; Y t)‖ ≤ 2λ‖V >ΠSt
Xt−1

(
W tXt−1

)
‖+ 2

√
Nλ2‖M t−1‖, (4.16)

where we used the fact that ‖Ir−M>
t−1M t−1‖ ≤ 1, since M>

t−1M t−1 is positive semi-definite with its op-
erator norm bounded above by 1. Additionally, we can bound the operator norm of V >ΠSt

Xt−1

(
W tXt−1

)
as follows:

‖V >ΠSt
Xt−1

(
W tXt−1

)
‖ = ‖V >W tXt−1 − V >Xt−1sym

(
X>t−1W tXt−1

)
‖

≤ ‖V >W tXt−1‖+ ‖X>t−1W tXt−1‖,
(4.17)

where we used the fact that ‖V >Xt−1‖ = ‖M t−1‖ ≤ 1 and the fact that the matrix W t is symmetric.
Combining (4.16) and (4.17) yields

‖V >∇StL (Xt−1; Y t)‖2 ≤ 2
(

4λ2‖V >ΠSt
Xt−1

(
W tXt−1

)
‖2 + 4Nλ4‖M t−1‖2

)
≤ 8λ2

(
2‖V >W tXt−1‖2 + 2‖X>t−1W tXt−1‖2 +Nλ2‖Gt−1‖

)
,

(4.18)

where we used the fact that (a+ b)2 ≤ 2(a2 + b2).
Now, consider the higher order terms in δ from (4.15), i.e.,

∞∑
k=1

(−1)k δ
2k

N2kB>t G(Xt−1; Y t)kBt.

Note first that for every k ≥ 1,
−‖G‖k−1B>t GBt � B>t GkBt � ‖G‖k−1B>t GBt.
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Indeed, since G is positive semi-definite, for every y ∈ Rr we can write

y>B>t

(
Gk − ‖G‖k−1G

)
Bty = y>B>t G1/2

(
Gk−1 − ‖G‖k−1Ir

)
G1/2Bty

≤ z>
(

Gk−1 − ‖Gk−1‖Ir
)

z ≤ 0,

where z = G1/2Bty. The other inequality follows similarly. This implies that

−
∞∑
k=1

(−1)k δ
2k

N2k ‖G‖
k−1B>t GBt �

∞∑
k=1

(−1)k δ
2k

N2kB>t G(Xt−1; Y t)kBt �
∞∑
k=1

(−1)k δ
2k

N2k ‖G‖
k−1B>t GBt,

where
∞∑
k=1

(−1)k δ
2k

N2k ‖G‖
k−1B>t GBt = −

( ∞∑
k=0

(−1)k‖ δ
2

N2 G‖k
)
δ2

N2 B>t GBt = − 1
1 + α2

δ2

N

δ2

N2 B>t GBt,

where we used the fact that max‖ δ
2

N2 G‖ ≤ α2
δ2

N on the event EG . Therefore, we have that
∞∑
k=1

(−1)k δ
2k

N2kB>t G(Xt−1; Y t)kBt � −
1

1 + α2
δ2

N

δ2

N2 B>t GBt,

∞∑
k=1

(−1)k δ
2k

N2kB>t G(Xt−1; Y t)kBt �
1

1 + α2
δ2

N

δ2

N2 B>t GBt,

(4.19)

It remains to bound the operator norm of B>t GBt:

δ2

N2 B>t G(Xt−1; Y t)Bt

= δ2

N2 M t−1G(Xt−1; Y t)M>
t−1 −

2δ3

N3 sym
(

V >∇StL
(
Xt−1; Y t

)
G(Xt−1; Y t)M>

t−1

)
+ δ4

N4 V >∇StL
(
Xt−1; Y t

)
G(Xt−1; Y t)

(
∇StL(Xt−1; Y t)

)>
V .

The operator norm of the first summand is bounded above by

δ2

N2 ‖M t−1G(Xt−1; Y t)M>
t−1‖ = δ2

N2 ‖M t−1∇StL(Xt−1; Y t)‖2

≤ δ2

N2 ‖M t−1‖2‖∇StL(Xt−1; Y t)‖2

≤ α2
δ2

N
‖Gt−1‖,

where we used the fact that ‖∇StL(Xt−1; Y t)‖2 = ‖G(Xt−1; Y t)‖. For the second summand, we have
that

2δ3

N3 ‖sym
(

V >∇StL
(
Xt−1; Y t

)
G(Xt−1; Y t)M>

t−1

)
‖

≤ 2δ3

N3 ‖G(Xt−1; Y t)‖‖V >∇StL(Xt−1; Y t)‖‖M t−1‖

≤ 2α2δ
3

N2

(
2λ‖V >W tXt−1‖+ 2λ‖X>t−1W tXt−1‖+ 2

√
Nλ2‖M t−1‖

)
‖M t−1‖,

where the last inequality follows by (4.16) and (4.17). Finally, the third term is bounded in operator
norm as follows:

δ4

N4 ‖V
>∇StL

(
Xt−1; Y t

)
G(Xt−1; Y t)

(
∇StL(Xt−1; Y t)

)>
V ‖

= δ4

N4 ‖V
>∇StL

(
Xt−1; Y t

) (
∇StL(Xt−1; Y t)

)>‖2

≤ δ4

N4 ‖V
>∇StL(Xt−1; Y t)‖2‖G(Xt−1; Y t)‖

≤ 8λ2α2δ
4

N3

(
2‖V >W tXt−1‖2 + 2‖X>t−1W tXt−1‖2 +Nλ2‖Gt−1‖

)
,
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where we used (4.18) for the last inequality.
Combining the last four estimates with (4.19) and from (4.15) and (4.18), we finally obtain the partial

ordering

Gt � Gt−1 + 4λ2δ√
N

Gt−1 (Ir −Gt−1)− 4λδ
N

sym
(

V >ΠSt
Xt−1

(
W tXt−1

)
M>

t−1

)
+ 8λ2δ2

N2

(
1 + α2

δ2

N

1
1 + α2

δ2

N

)(
2‖V >W tXt−1‖2 + 2‖X>t−1W tXt−1‖2 +Nλ2‖Gt−1‖

)
Ir

+ 1
1 + α2

δ2

N

α2
δ2

N
‖Gt−1‖Ir

+ 4λδ3

N2
α2

1 + α2
δ2

N

(
‖V >W tXt−1‖+ ‖X>t−1W tXt−1‖+

√
Nλ‖Gt−1‖1/2

)
‖Gt−1‖1/2Ir.

Iterating the above expression yields

Gt � G0 + 4λ2δ√
N

t∑
`=1

(G`−1 (Ir −G`−1))− 4λδ
N

t∑
`=1

sym
(

V >ΠSt
X`−1

(
W `X`−1

)
M>

`−1

)
+

t∑
`=1

A′`,

where A′` is given by

A′` = 8λ2δ2

N2

(
1 + α2

δ2

N

1
1 + α2

δ2

N

)(
2‖V >W `X`−1‖2 + 2‖X>`−1W `X`−1‖2 +Nλ2‖G`−1‖

)
Ir

+ 1
1 + α2

δ2

N

α2
δ2

N
‖G`−1‖Ir

+ 4λδ3

N2
α2

1 + α2
δ2

N

(
‖V >W `X`−1‖+ ‖X>`−1W `X`−1‖+

√
Nλ‖G`−1‖1/2

)
‖G`−1‖1/2Ir.

The lower bound follows similarly.
The remaining of the proof focuses on deriving a high-probability estimate for ‖V >W `X`−1‖ and

‖X>`−1W `X`−1‖ for every ` ≤ t. Let Ft = σ(X`, ` ≤ t) denote the canonical filtration. Then, for every
η > 0 it holds that

E
[
exp

(
η
(

V >W tXt−1

)
ij

)
|Ft−1

]
= E

[
exp

(
η

r∑
k=1

r∑
`=1

(vi)kW t
k`(xt−1

j )`

)
|Ft−1

]
=
∏
k,`

E
[
exp

(
η(vi)kW t

k`(xt−1
j )`

)
|Ft−1

]
≤
∏
k,`

exp
(
Cη2σ2(vi)2

k(xt−1
j )2

`

)
for some absolute constant C

≤ exp
(
Cη2σ2) ,

where we used the fact that the entries of W t−1 are i.i.d. sub-Gaussian satisfying (4.1) and independent
from Ft−1, and the fact that vi,xj ∈ St(N, r) for every i, j ∈ [r]. The entries of the matrix V >W tXt−1
given Ft−1 are therefore sub-Gaussian with sub-Gaussian norm σ2. We have the following sub-Gaussian
tail bound: for every γ > 0,

P
(

max
1≤i,j≤r

|(V >W tXt−1)ij | ≥ γ|Ft−1

)
≤ 2r2 exp

(
− γ2

Cσ2

)
.

Since ‖V >W tXt−1‖ ≤ rmax1≤i,j≤r |(V >W tXt−1)ij |, for every KN ≥ 0 it holds that

P
(
‖V >W tXt−1‖ ≥ rKN |Ft−1

)
≤ 2r2 exp

(
−K

2
N

Cσ2

)
.

Finally, an union bound over the time horizon T yields

P

 ⋃
1≤t≤T

‖V >W tXt−1‖ ≥ rKN |Ft−1

 ≤ 2r2T exp
(
−K

2
N

Cσ2

)
. (4.20)
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We derive the same bound for ‖X>t−1W tXt−1‖ using a similar argument. Thus, on the event EG , we
have for every ` ≤ t,

A′` ≤
8λ2δ2

N2

(
4r2K2

N +Nλ2‖G`−1‖
)

Ir + α2
δ2

N
‖G`−1‖Ir

+ 4λδ3

N2 α2

(
2rKN +

√
Nλ‖G`−1‖1/2

)
‖G`−1‖1/2Ir,

with P-probability at least 1− 4r2T exp(−K2
N/(Cσ2)). This completes the proof of Lemma 4.7. �

The following lemma gives a high-probability estimate for St.

Lemma 4.8. There exists a constant c depending only on r and σ2 such that for every scalar, positive,
continuous functions a, b and any fixed time horizon T ,

P (∃ t ∈ [0, T ] : ‖St‖ ≥ a(t) and λmax (Qt) ≤ b(t)) ≤ inf
θ>0

sup
t∈[0,T ]

2r exp
(
−θa(t) + c

θ2

2 b(t)
)
,

where Qt is given by Qt =
( 4λδ
N

)2∑t
`=1‖G`−1‖Ir, thus λmax(Qt) =

( 4λδ
N

)2∑t
`=1‖G`−1‖. In particular,

if a is continuously differentiable with non-vanishing derivative and b(t) = Ka2(t) for some constant K,
then it holds that

P (∃ t ∈ [0, T ] : ‖St‖ ≥ a(t) and λmax (Qt) ≤ b(t)) ≤ 2r exp
(
− c

2K

)
.

Proof. We let Ft denote the natural filtration associated to the online SGD outputs X1, . . . ,Xt. Since
for every t ≥ 0,

E [St − St−1|Ft−1] = 4λδ
N

E
[
sym

(
V >ΠSt

Xt−1

(
W tXt−1

)
M>

t−1

)
|Ft−1

]
= 0,

the process St is an Ft-adapted matrix martingale. Moreover, from (4.17) it follows that

‖V >ΠSt
Xt−1

(
W tXt−1

)
M>

t−1‖ ≤
(
‖V >W tXt−1‖+ ‖X>t−1W tXt−1‖

)
‖M>

t−1‖.

Using the sub-Gaussian tail for the entries of V >W tXt−1 established in the proof of Lemma 4.7, we
have for every k ≥ 1,

E
[
‖V >W tXt−1‖k|Ft−1

]
=
∫ ∞

0
kyk−1P

(
‖V >W tXt−1‖ ≥ y|Ft−1

)
dy

≤ 2r2k

∫ ∞
0

yk−1 exp
(
− y2

Cσ2r2

)
dy

= 2r2k

(
Cr2σ2

2

)k/2

2k/2−1Γ
(
k

2

)
≤ 3r2(Cr2σ2)k/2k

(
k

2

)k/2
,

where we used the fact that Γ(x) ≤ 3xx for every x ≥ 1/2. We obtain the same upper bound for
E
[
‖X>t−1W tXt−1‖k|Ft−1

]
. Using the fact that (a + b)k ≤ 2k−1(ak + bk) ≤ 2k(ak + bk), it therefore

follows that

E
[
‖(St − St−1)k‖|Ft−1

]
=
(

4λδ
N

)k
E
[
‖sym

(
V >ΠSt

Xt−1

(
W tXt−1

)
M>

t−1

)
‖k|Ft−1

]
≤
(

8λδ
N

)k
3r2(Cr2σ2)k/2k

(
k

2

)k/2
‖Gt−1‖k/2.
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According to the Taylor series expansion of the exponential function, we obtain for every z ≥ 0 that

E
[
exp

(
z2 (St − St−1)2

)
|Ft−1

]
= Ir +

∞∑
k=1

z2k

k! E
[
(St − St−1)2k|Ft−1

]
� Ir +

∞∑
k=1

z2k

k! E
[
‖(St − St−1)2k‖Ir|Ft−1

]
�

(
1 +

∞∑
k=1

z2k

k!

(
8λδ
N

)2k
12r2 (Cr2σ2)k kk+1‖Gt−1‖k

)
Ir.

We then apply similar arguments to that used for the proof of [64, Proposition 2.5.2], in particular
k! ≥

(
k
e

)k
, to obtain that

1 +
∞∑
k=1

z2k

k!

(
8λδ
N

)2k
12r2 (Cr2σ2)k kk+1‖Gt−1‖k ≤

∞∑
k=0

(
z2C̃(r, σ2)

(
4λδ
N

)2
‖Gt−1‖

)k
= 1

1− z2C̃(r, σ2)
( 8λδ
N

)2 ‖Gt−1‖

where the last equality is valid for every z2 < 1
C̃(r,σ2)( 8λδ

N )2 since ‖Gt−1‖ ≤ 1. Then, since 1
1−x ≤ e

2x for

every x ∈ [0, 1
2 ], we have for every z2 ≤ 1

2C̃(r,σ2)( 8λδ
N )2 ,

E
[
exp

(
z2 (St − St−1)2

)
|Ft−1

]
� exp

(
2z2C̃(r, σ2)

(
8λδ
N

)2
‖Gt−1‖Ir

)
.

Using again a similar argument in the proof of Propostion 2.5.2 in [64] along with a use of the transfer
rule for matrix functions to obtain that the numeric inequality ex ≤ x+ e2x for all x ∈ R (see e.g. Section
2 of [62]) gives

E [exp (z (St − St−1)) |Ft−1] � E [z(St − St−1)|Ft−1] + E
[
exp

(
z2 (St − St−1)2

)
|Ft−1

]
� exp

(
2z2C̃(r, σ2)

(
8λδ
N

)2
‖Gt−1‖Ir

)
,

for every |z| ≤
(

1
2C̃(r,σ2)( 8λδ

N )2

)1/2
, where we used the fact that St is a Ft-adapted matrix martingale.

The validity of the bound for |z| >
(

1
2C̃(r,σ2)( 8λδ

N )2

)1/2
is obtained by adapting similarly the argument

of [64] mentioned above, up to an absolute constant that we absorb in C̃(r, σ2). Finally, for every t ≥ 0,
we have that

E [exp (z(St − St−1)) |Ft−1] � exp
(
C̃(r, σ2)z2

(
4λδ
N

)2
‖Gt−1‖Ir

)
,

where we absorbed a factor 4 in the constant C̃(r, σ2) for convenience. According to Lemma B.1, for
every positive scalar-valued, continuous functions a and b, we obtain that

P (∃ t ≥ 0: λmax (St) ≥ a(t) and λmax (Qt) ≤ b(t)) ≤ r inf
θ>0

sup
t∈[0,T ]

exp
(
−θa(t) + C̃(r, σ2)θ

2

2 b(t)
)
.

The other side of the inequality is obtained in a similar fashion. To prove the second statement, we
consider the optimization problem

sup
t∈[0,T ]

−θa(t) + C̃(r, σ2)θ
2

2 Ka
2(t).

Setting the derivative with respect to t to zero and using the assumption that a has non-vanishing
derivative, we obtain that

a(t) = 1
C̃(r, σ2)θK

.
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By the regularity assumptions on a, the above equation has a unique solution given by

t∗ = a−1
(

1
C̃(r, σ2)θK

)
.

We therefore deduce that for every value of θ > 0, the function t 7→ −θa(t) + C̃(r, σ2) θ
2

2 Ka
2(t) attains

its maximum at either tmax = t∗ or at the boundaries tmax = 0 or tmax = T . In both cases, plugging the
corresponding value of tmax and solving in θ yields the desired result. �

5. Proofs of full recovery of spikes

In this section, we present the proofs of Theorems 3.5 and 3.6. We first address the case p ≥ 3, followed
by p = 2 with SNRs separated by constants of order 1. Once the noise from the martingale terms is
controlled, we rely on the continuous time analysis carried out for Langevin dynamics and gradient flow
in [6]. To do this, we need to ensure that the step-size is sufficiently small for the discrete dynamics to
stay close, in a sense that we quantify, to the continuous dynamics, while also controlling the additional
interaction between the correlations induced by the retraction step. After detailing these steps, we outline
the remainder of the proof and refer to the extensive version of our preprint [6].

Throughout this section, for every ε > 0 and i, j ∈ [r], we define the hitting times T (ij,+)
ε and T (ij,−)

ε

as follows:

T (ij,+)
ε = min{t ≥ 0: mij(Xt) ≥ ε},

T (ij,−)
ε = min{t ≥ 0: mij(Xt) ≤ ε}.

(5.1)

5.1. Proofs for p ≥ 3

In this subsection, we let p ≥ 3 and assume λ1 ≥ · · · ≥ λr to be of order 1. Additionally, let
(i∗1, j∗1 ), . . . , (i∗r , j∗r ) denote the greedy maximum selection of I0 =

(
λiλjmij(X0)p−21{mij(X0)p−2≥0}

)
1≤i,j≤r

according to Definition 1.4. Before proving Theorem 3.5, we first focus on the recovery of the first direc-
tion.

Lemma 5.1. For every γ1, γ2, γ > 0 with γ1 > γ2, γ1 > γ, and for every ε > 0, there exist c0 <(
1+ γ

γ1

) 1
p−1−1(

1+ γ
γ1

) 1
p−1 +1

and d0 = d0(N), which goes to zero arbitrarily slowly as N →∞, such that if

δ = Cδd0
N−

p−3
2

log(N) , (5.2)

for some constant Cδ > 0, then for sufficiently large N ,

inf
X0∈C1(γ1,γ2)∩C2(γ1,γ)

PX0

(
T (i∗1j

∗
1 )

1−ε .
(Np−2 +N

p−2
2 ) log(N)

d0

)
≥ 1− η,

where η = K1
log(N)2

d0
Np−2e−c1N +K2 log(N)e−c2c

2
0 log(N)/d0 +K3

d2
0

log(N)N
− p−2

2 e−c3/d
2
0 .

The proof strategy for Lemma 5.1 involves two steps. First, we prove weak recovery of the correlation
mi∗1j

∗
1
and show that, when this occurs, the other correlations are still on the scale Θ(N−1/2). Second,

we prove strong recovery starting from weak recovery. Lemma 5.1 then follows by combining these two
results together with the strong Markov property, as outlined later.

Lemma 5.2. For every ε > 0, let E(ε) denote the event

E(ε) =
{

X : mi∗1j
∗
1
(X) ≥ ε and mij(X) ∈ Θ(N−1/2) for all (i, j) 6= (i∗1, j∗1 )

}
. (5.3)

Then, the following holds: For every γ1 > 1, γ2 > 0, γ > 0 with γ1 > γ2, γ1 > γ, and for every ε > 0,

there exist c0 <

(
1+ γ

γ1

) 1
p−1−1(

1+ γ
γ1

) 1
p−1 +1

and d0 = d0(N), which goes to zero arbitrarily slowly as N →∞, such that

if

δ = Cδd0
N−

p−3
2

log(N) ,
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for some constant Cδ > 0, then for sufficiently large N ,

inf
X0∈C1(γ1,γ2)∩C2(γ1,γ)

PX0

(
TE(ε) .

Np−2 log(N)
d0

)
≥ 1− η,

where η is given as in Lemma 5.1.

Proof. Assume that X0 satisfies Condition 1 and Condition 2. In particular, for every i, j ∈ [r], there
exists γij ∈ (γ2, γ1) such that mij(0) = γijN

− 1
2 . Let T0 > 0 be a fixed time horizon to be determined

later. From Proposition 4.3 with the step-size prescribed by (5.2) and the time horizon T0, we obtain for
every t ≤ T0,

PX0 (`ij(t) ≤ mij(t) ≤ uij(t)) ≥ 1− η(δ, c0, T0,KN ),
where η(δ, c0, T0,KN ) is given by (4.5). The comparison functions `ij and uij are given by

`ij(t) = (1− c0) γij√
N

+ δ

N

t∑
`=1
{−〈vi, (∇StΦ(X`−1))j〉 − |hi(`− 1)|}

uij(t) = (1 + c0) γij√
N

+ δ

N

t∑
`=1
{−〈vi, (∇StΦ(X`−1))j〉+ |hi(`− 1)|}

respectively, where for all 0 ≤ t ≤ T0 − 1,

−〈vi, (∇StΦ(Xt))j〉 =
√
Npλiλjm

p−1
ij (t)−

√
N
p

2
∑

1≤k,`≤r
λkmi`(t)mkj(t)mk`(t)

(
λjm

p−2
kj (t) + λ`m

p−2
k` (t)

)
,

and

|hi(t)| =
δα2

2

r∑
k=1
|mik(t)|+ δ2α2

2N

r∑
k=1
〈vi, (∇StΦ(Xt))j〉+ δ2α2rKN

2N .

In the following, we introduce the microscopic thresholds ε+
N = γ+√

N
and ε−N = γ−√

N
for some constants

γ+ > γ1 and γ− < γ2. We then refer to (5.1) for the definition of the hitting times T (ij,+)
ε+
N

and T (ij,−)
ε−
N

.
Let TẼ denote the time to reach the event

Ẽ =
{

X : mi∗1j
∗
1
(X) ≥ ε+

N >
1
2 max

(i,j)6=(i∗1 ,j∗1 )
mij(X)

}
.

We claim that

inf
X0∈C1(γ1,γ2)∩C2(γ1,γ)

PX0

TẼ ≤
1−

(
(1−c0)γi∗1j∗1

γ+

)p−2

Cδd0(1− c0)p−1pλi∗1λj∗1 γ
p−2
2

log(N)Np−2

 ≥ 1− η̃, (5.4)

and that

inf
X∈Ẽ

PX

TE(ε) ≤
1−

(
(1−c0)γ+

ε
√
N

)p−2

Cδd0(1− c0)p−1pλi∗1λj∗1 γ
p−2
+

log(N)Np−2

 ≥ 1− log(N)η̃, (5.5)

where η̃ = K1
log(N)
d0

Np−2e−c1N +K2e
−c2c

2
0 log(N)/d0 +K3

d2
0

log(N)2N
− p−2

2 e−c3/d
2
0 . By combining both esti-

mates (5.4) and (5.5) through the strong Markov property, we obtain the desired result. We refer to the
proof of Lemma 5.1 for an application of the strong Markov property. The rest of the proof focuses on
the proof of both claims.

Step 1: Proof of (5.4). We observe that for every 1 ≤ ` ≤ min1≤i,j≤r T (ij,+)
ε+
N

∧ min1≤i,j≤r T (ij,−)
ε−
N

and every i, j ∈ [r],

−〈vi, (∇StΦ(X`−1))j〉 ≤
√
Npλiλjm

p−1
ij (`− 1)−

√
Npλ2

1r
2
(
γ−√
N

)p+1
,

−〈vi, (∇StΦ(X`−1))j〉 ≥
√
Npλiλjm

p−1
ij (`− 1)−

√
Npλ2

rr
2
(
γ+√
N

)p+1
,
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and

|hi(`− 1)| ≤ δα2

2

r∑
k=1
|mik(`− 1)|+ δ2α2

2N

(
√
Nprλiλ1

(
γ+√
N

)p−1
+
√
Npr3λ2

1

(
γ+√
N

)p+1
)

+ δ2rα2KN

2N .

In particular, we have the following estimates for uij(t) and `ij(t):

uij(t) ≤ (1 + c0) γij√
N

+ δ

N

t∑
`=1

{√
Npλiλjm

p−1
ij (`− 1)−

√
Npλ2

rr
2
(
γ−√
N

)p+1

+ δα2

2

r∑
k=1
|mik(`− 1)|+ δ2α2

2N

(
√
Nprλiλ1

(
γ+√
N

)p−1
+
√
Npr3λ2

1

(
γ+√
N

)p+1
)

+ δ2rα2KN

2N

}
,

(5.6)

and

`ij(t) ≥ (1− c0) γij√
N

+ δ

N

t∑
`=1

{√
Npλiλjm

p−1
ij (`− 1)−

√
Npλ2

rr
2
(
γ+√
N

)p+1

− δα2

2

r∑
k=1
|mik(`− 1)| − δ2α2

2N

(
√
Nprλiλ1

(
γ+√
N

)p−1
+
√
Npr3λ2

1

(
γ+√
N

)p+1
)
− δ2rα2KN

2N

}
,

(5.7)

for every t ≤ min1≤i,j≤r T (ij,+)
ε+
N

∧min1≤i,j≤r T (ij,−)
ε−
N

∧T0, with PX0 -probability at least 1−η(δ, c0, T0,KN ).
We now consider (5.7) and claim that

`ij(t) ≥ (1− c0) γij√
N

+ δ√
N

(1− c0)pλiλj
t∑
`=1

mp−1
ij (`− 1), (5.8)

for every t ≤ min1≤i,j≤r T (ij,+)
ε+
N

∧min1≤i,j≤r T (ij,−)
ε−
N

∧ T0. To see the claim, we first note that, over the
considered time interval,

`ij(t) ≥ (1− c0) γij√
N

+ δ

N

t∑
`=1

{
√
Npλiλjm

p−1
ij (`− 1)− 3δα2

2

r∑
k=1
|mik(`− 1)| − δ2α2rKN

2N

}
,

where we used the fact that δ = Cδd0N
− p−3

2 / log(N) by assumption. Claim (5.8) then follows by the
following two sufficient conditions. First,

c0

2
√
Npλiλjm

p−1
ij (`− 1) ≥ c0

2 pλ
2
r

γp−1
−

N
p−2

2
≥ 3δα2r

2
γ+√
N
≥ 3δα2

2

r∑
k=1
|mik(`− 1)|,

for every t ≤ min1≤i,j≤r T (ij,+)
ε+
N

∧min1≤i,j≤r T (ij,−)
ε−
N

, provided d0 ≤ c0
pλ2
rγ
p−1
−

3α2Cδrγ+
which certainly holds by

choosing d0 � c2
0. Second,

c0

2
√
Npλ2

rm
p−1
ij (`− 1) ≥ c0

2 pλ
2
r

γp−1
−

N
p−2

2
≥ δ2α2rKN

2N ,

for t ≤ min1≤i,j≤r T (ij,+)
ε+
N

∧min1≤i,j≤r T (ij,−)
ε−
N

, provided d2
0KN ≤ c0

pλ2
rγ
p−1
−

C2
δ
α2r

N
p−2

2 . We therefore can choose

any value KN = o
(
N

p−2
2

)
. Since the convergence speed in (4.5) is primarily determined by the ratio

c2
0
d0
, where d0 can be chosen do go to zero arbitrarily slowly, we can simply pick KN = 1

d0
. This proves

claim (5.8). A similar reasoning for (5.6) yields

uij(t) ≤ (1 + c0) γij√
N

+ δ√
N

(1 + c0)pλiλj
t∑
`=1

mp−1
ij (`− 1), (5.9)
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on the same time interval. Since both upper- and lower-bounding functions are increasing, we have that
min1,i,j≤r T (ij,+)

ε+
N

< min1,i,j≤r T (ij,−)
ε−
N

. From item (b) of Lemma A.1 we then obtain that

(1− c0)γij
√
N
(

1− δ(1− c0)p−1pλiλjγ
p−2
ij N−

p−1
2 t
) 1
p−2
≤ mij(t) ≤

(1 + c0)γij
√
N
(

1− δ(1 + c0)p−1pλiλjγ
p−2
ij N−

p−1
2 t
) 1
p−2

,

(5.10)
for t ≤ min1≤i,j≤r T (ij,+)

ε+
N

. In particular, for every ε ≤ ε+
N it follows that

T (ij)
u,ε ≤ T (ij,+)

ε ≤ T (ij)
`,ε ,

where

T
(ij)
`,ε =

1−
(

(1−c0)γij
ε
√
N

)p−2

δ(1− c0)p−1pλiλjγ
p−2
ij

N
p−1

2 ,

T (ij)
u,ε =

1−
(

(1+c0)γij
ε
√
N

)p−2

δ(1 + c0)p−1pλiλjγ
p−2
ij

N
p−1

2 .

According to Definition 1.4, we have that λi∗1λj∗1 γ
p−2
i∗1j
∗
1

= max1≤i,j≤r{λiλjγp−2
ij }. As a consequence, since

by assumption X0 ∈ C2(γ1, γ), for every i, j ∈ [r] such that (i, j) 6= (i∗1, j∗1 ):

λi∗1λj∗1 γ
p−2
i∗1j
∗
1
>

(
1 + γ

γ1

)
λiλjγ

p−2
ij . (5.11)

Let c0 <

(
1+ γ

γ1

) 1
p−1−1(

1+ γ
γ1

) 1
p−1 +1

and γ+ > γ1 be a constant of order 1 satisfying

γp−2
+ ≥ (1 + c0)p−2γp−2

1 + (1 + c0)p−2γp−2
1 − (1− c0)p−2γp−2

2
(1−c0)p−1

(1+c0)p−1

(
1 + γ

γ1

)
− 1

.

Then, we see that T (i∗1j
∗
1 )

`,ε+
N

∧ T0 ≤ min(i,j) 6=(i∗1 ,j∗1 ) T
(ij)
u,ε+

N

. That is, the correlation mi∗1j
∗
1
exceeds the micro-

scopic threshold ε+
N first, i.e., min1≤i,j≤r T (ij,+)

ε+
N

= T (i∗1j
∗
1 ,+)

ε+
N

. We can choose γ+ such thatmij(T
(i∗1j

∗
1 ,+)

ε+
N

) ≤

2mi∗1j
∗
1
(T (i∗1j

∗
1 ,+)

ε+
N

) = 2ε+
N for every (i, j) 6= (i∗1, j∗1 ). This shows that TẼ = T (i∗1j

∗
1 ,+)

ε+
N

and we have that

T (i∗1j
∗
1 ,+)

ε+
N

≤ T (i∗1j
∗
1 )

`,ε+
N

≤
1−

(
(1−c0)γi∗1j∗1

γ+

)p−2

Cδd0(1− c0)p−1pλi∗1λj∗1 γ
p−2
2

log(N)Np−2,

with PX0 -probability at least 1− η̃, where we substituted the prescribed value (5.2) for δ, as well as KN

and T0 = T
(i∗1j

∗
1 )

`,ε+
N

, into η(δ, c0, T0,KN ).
Step 2: Proof of (5.5). We now assume that X0 ∈ Ẽ and study the evolution of the correlations

over the time interval [0,min1≤i,j≤r T (ij,+)
ε ∧min1≤i,j≤r T (ij,−)

ε−
N

∧ T0], with T0 > 0 to be determined. To
this end, we let Tbad denote the hitting time given by

Tbad = min
{
t ≥ 0: max

1≤i,j≤r
mij(t) ≥ 2mi∗1j

∗
1
(t)
}
.

In particular, Tbad > 0. By applying Proposition 4.3, we obtain that

mij(t) ≥ (1− c0)mij(0) + δ

N

t∑
`=1

{
−〈vi, (∇StΦ(X`−1))j〉 − |hi(`− 1)|

}
,

mij(t) ≤ (1 + c0)mij(0) + δ

N

t∑
`=1

{
−〈vi, (∇StΦ(X`−1))j〉+ |hi(`− 1)|

}
,
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for every t ≤ min1≤i,j≤r T (ij,+)
ε ∧min1≤i,j≤r T (ij,−)

ε−
N

∧ Tbad ∧ T0, with probability at least 1− η, where η
is given by (4.5). We then note that, on the considered time interval,

|hi(t)| ≤ rδα2 max
1≤k≤r

|mik(t)| ≤ rδα2mi∗1j
∗
1
(t) . d0

log(N)
√
Npλi∗1λj∗1m

p−1
i∗1j
∗
1
(t),

provided N is sufficiently large, where we used the chosen value (5.2) for δ and the definition of T (i∗1j
∗
1 ,−)

ε−
N

.
It then follows that

mi∗1j
∗
1
(t) ≥ (1− c0)ε+

N + (1− c0) δ√
N
pλi∗1λj∗1

t∑
`=1

mp−1
i∗1j
∗
1
(`− 1),

provided c0 & d0/ log(N), yielding

mi∗1j
∗
1
(t) ≥ (1− c0)ε+

N

(
1− δ√

N
(1− c0)p−1pλi∗1λj∗1 (ε+

N )p−2t

)− 1
p−2

, (5.12)

according to Lemma A.1. Since mi∗1j
∗
1

is lower bounded by an increasing function, it follows that
min1≤i,j≤r T (ij,+)

ε ∧ Tbad = T (i∗1j
∗
1 ,+)

ε ∧ Tbad. We therefore need to show that T (i∗1j
∗
1 ,+)

ε ∧ T0 ≤ Tbad.
To this end, note first that for every (i, j) 6= (i∗1, j∗1 ), we have the following upper bound on the correla-
tion mij(t):

mij(t) ≤ (1 + c0)ε
+
N

2 + p
δ√
N

t∑
`=1

{
λiλjm

p−1
ij (`− 1) + δ√

N
rα2mi∗1j

∗
1
(`− 1)

}
. (5.13)

We now claim that the term δrα2√
N

∑t
`=1 mi∗1j

∗
1
(`− 1) on the right-hand side of (5.13) is sufficiently small

compared to the drift term
∑t
`=1 λiλjm

p−1
ij (` − 1). To bound this term, we divide the time interval

[0, T (i∗1j
∗
1 ,+)

ε ] into an union of subintervals:

[0, T (i∗1j
∗
1 ,+)

ε ] = ∪nεk=1[T (i∗1j
∗
1 ,+)

εk , T (i∗1j
∗
1 ,+)

εk+1 ],

where εk = γk+√
N

for 1 ≤ k ≤ nε, and nε denotes the number of intervals that are required to partition

[ε+
N , ε]. By definition, ε1 = ε+

N and εnε+1 = ε, so that nε = d log(ε)+ 1
2 log(N)

log(γ+) − 1e. Using this partition, we
have that

t∑
`=1

mi∗1j
∗
1
(`− 1) =

nε∑
k=1

T
(i∗1j
∗
1 ,+)

εk+1∑
`=T

(i∗1j
∗
1 ,+)

εk

mi∗1j
∗
1
(`− 1) ≤ nε max

1≤k≤nε
{εk+1

(
T (i∗1j

∗
1 ,+)

εk+1 − T (i∗1j
∗
1 ,+)

εk

)
}.

To bound the time difference in the previous display, we use (5.12). Indeed, since mi∗1j
∗
1
is lower-bounded

by a strictly increasing function, we can upper-bound the first time interval T (i∗1j
∗
1 ,+)

ε2 − T (i∗1j
∗
1 ,+)

ε1 =
T (i∗1j

∗
1 ,+)

ε2 by solving

(1− c0)ε+
N

(
1− δ√

N
(1− c0)p−1pλi∗1λj∗1 (ε+

N )p−2t

)− 1
p−2

= ε2,

yielding

T (i∗1j
∗
1 ,+)

ε2 ≤
1− (1−c0)p−2

γp−2
+

δ√
N

(1− c0)p−1pλi∗1λj∗1 (ε+
N )p−2 .

Using the strong Markov property, we can apply Proposition 4.3 for each time interval [T (i∗1j
∗
1 ,+)

εk , T (i∗1j
∗
1 ,+)

εk+1 ]
and the comparison inequality (5.12) holds with ε+

N replaced by εk. Hence, for every k, we have that

T (i∗1j
∗
1 ,+)

εk+1 − T (i∗1j
∗
1 ,+)

εk ≤
1− (1−c0)p−2

γp−2
+

δ√
N

(1− c0)p−1pλi∗1λj∗1 ε
p−2
k

. (5.14)
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As a result, we obtain that

δ2prα2

N

T
(i∗1j
∗
1 ,+)

ε∑
`=1

mi∗1j
∗
1
(`− 1) ≤ δ2prα2

N
nε max

1≤k≤nε

{
εk+1

(
T (i∗1j

∗
1 ,+)

εk+1 − T (i∗1j
∗
1 ,+)

εk

)}
. γ+

d0√
N
,

Substituting this estimate into (5.13) leads to

mij(t) ≤ (1 + c0 + d0)ε
+
N

2 + p
δ√
N

t∑
`=1

λiλjm
p−1
ij (`− 1),

and from Lemma A.1, it follows that

mij(t) ≤ (1 + c0 + d0) γ+

2
√
N

(
1− pδλiλj(1 + c0 + d0)p−2γp−2

+ N−
p−1

2 t
)− 1

p−2
,

for every t ≤ T (i∗1j
∗
1 ,+)

ε ∧min1≤i,j≤r T (ij,−)
ε−
N

∧ Tbad. Finally, in a similar way to (5.14), we have that

T (i∗1j
∗
1 ,+)

ε ≤
1−

(
(1−c0)γ+

ε
√
N

)p−2

Cδd0(1− c0)p−1pλi∗1λj∗1γ
p−2
+

log(N)Np−2.

Plugging this bound into the above estimate for mij(t) and performing some computation gives that

mij(T
(i∗1j

∗
1 ,+)

ε ) . γ+N
−1/2,

where . hides a constant which depends only on ε, γ1, γ2, γ, c0, {λi}ri=1. This shows that T
(i∗1j

∗
1 ,+)

ε ∧T0 <

Tbad. Since Proposition 4.3 is applied nε times and nε ≈ log(N), it follows that TE(ε) ≤ T
(i∗1j

∗
1 ,+)

ε with
probability at least 1− η̃ log(N). �

Given the event E(ε), strong recovery of the first direction follows straightforwardly.

Lemma 5.3. Consider the step-size δ = Cδd0
N−

p−3
2

log(N) from Lemma 5.2, with d0 = d0(N) going arbitrarily
slowly to 0 as N →∞. For every ε > 0, let E(ε) denote the event defined by (5.3). Then, for sufficiently
large N ,

inf
X0∈E(ε)

PX0

(
T (i∗1j

∗
1 )

1−ε .
1
d0

log(N)N
p−2

2

)
≥ 1−K log(N)

d0
N

p−2
2 e−cN .

Proof. Fix ε > 0 and assume that X0 ∈ E(ε). Proposition 4.3 applies to the correlations mij(t) for all
(i, j) 6= (i∗1, j∗1 ), since mij(0) ∈ Θ(N− 1

2 ). However, we focus here on the evolution of mi∗1j
∗
1
(t), and since

mi∗1j
∗
1
(0) = ε, a modification of Proposition 4.3 is needed. Fix a time horizon T > 0 to be determined

later. It then follows from Lemma 4.4 that for every t ≤ T ,∣∣∣∣∣mi∗1j
∗
1
(t)−

(
ε− δ

N

t∑
`=1
〈vi∗1 , (∇StΦ(X`−1))j∗1 〉 −

δ

N

t∑
`=1
〈vi∗1 , (∇StH

`(X`−1))j∗1 〉
)∣∣∣∣∣ ≤ δ

N

t∑
`=1
|ai∗1 (`− 1)|,

with PX0-probability at least 1−Te−c1N , where |ai∗1 (`−1)| is bounded according to (4.8). The martingale
term δ

N |
∑T
`=1〈vi∗1 , (∇StH

`(X`−1)j∗1 )〉| can be upper-bounded according to Lemma 4.5, i.e., for every
c0 ∈ (0, 1

2 ),

sup
X0∈ St(N,r)

PX0

(
max
t≤T

δ

N

∣∣∣∣∣
T∑
`=1
〈vi∗1 ,

(
∇StH

`(X`−1)
)
j∗1
〉

∣∣∣∣∣ ≥ c0

2 ε
)
≤ 2 exp

(
−c2

c2
0N

p−1 log(N)2

d2
0T

)
,

where we used the prescribed value of δ. To estimate the term δ
N |〈vi∗1 , (∇StH

`(X` − 1))k〉| within

|ai∗1 (` − 1)|, we introduce a truncation level KN , defined such that KN ≤ N
p−1

2 log(N)
2Cδd0

. In particular,
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using Lemma 4.6 and simple bounds on the correlations (by 1), for sufficiently large N , we have that

δ

N

T∑
`=1
|ai∗1 (`− 1)| ≤ δ2α2r

N
T + δ2α2

2N

T∑
`=1

r∑
k=1
|〈vi∗1 , (∇StH

`(X` − 1))k〉|1{|〈vi,(∇StH`(X`−1))k〉|>KN}

≤ 2δ2α2r

N

≤ C d2
0

log(N)2Np−2T,

with PX0 -probability at least 1−K d3
0

log(N)3N
3p−5

2
Te−c log(N)Np−1/d2

0 , where we have substituted the chosen

value of δ. Here, the constants C,K, c may depend only on p, σ2, {λi}ri=1. We now observe that, for every
time horizon T � log(N)2Np−2

d2
0

, the sum δ
N

∑T
`=1 |ai∗1 (` − 1)| can be set to any arbitrary fraction of the

initial condition ε, i.e.,

δ

N

T∑
`=1
|ai∗1 (`− 1)| ≤ c0

2 ε ≤
c0

2 mij(0).

Thus, we have established that

(1− c0)ε− δ

N

t∑
`=1
〈vi∗1 , (∇StΦ(X`−1))j∗1 〉 ≤ mi∗1j

∗
1
(t) ≤ (1 + c0)ε− δ

N

t∑
`=1
〈vi∗1 , (∇StΦ(X`−1))j∗1 〉, (5.15)

with PX0-probability at least 1− Te−c1N − 2e
−c2

c2
0N

p−1

d2
0T −K d3

0

log(N)3N
3p−5

2
Te−c3 log(N)Np−1/d2

0 . Recalling

the expression for 〈vi∗1 , (∇StΦ(X`−1))j∗1 〉 from Proposition 4.3, it follows that, for every initialization

X0 ∈ E(ε) and every t ≤ T ∧ T (i∗1j
∗
1 ,+)

1−ε ,

−〈vi∗1 , (∇StΦ(Xt))j∗1 〉 ≥ p
√
Nλi∗1λj∗1m

p−1
i∗1j
∗
1
(t)(1−m2

i∗1j
∗
1
(t)).

Hence, for sufficiently large N , we obtain the following comparison inequality:

mi∗1j
∗
1
(t) ≥ (1− c0)ε+ (1− c0)pλi∗1λj∗1

δ√
N

t∑
`=1

mp−1
i∗1j
∗
1
(`− 1)(1−m2

i∗1j
∗
1
(`− 1)).

Since 1−m2
i∗1j
∗
1
≥ ε for all t ≤ T ∧ T (i∗1j

∗
1 ,+)

1−ε , Lemma A.1 implies that

mi∗1j
∗
1
(t) ≥ (1− c0)ε

(
1− δ√

N
(1− c0)p−2pλi∗1λj∗1 ε

p−1t

)− 1
p−2

.

Thus, we obtain the desired result:

T (i∗1j
∗
1 ,+)

1−ε ≤
1−

(
(1−c0)ε

1−ε

)p−2

Cδd0(1− c0)p−2pλi∗1λj∗1 ε
p−1N

p−2
2 � log(N)2Np−2

d2
0

,

with PX0-probability at least 1 − K1
d0
N

p−2
2 e−c1N − K2e

−c2N
p/2/d0 − K3

d2
0

log(N)3N
2p−3

2
e−c3 log(N)Np−1/d2

0 .

To obtain the convergence rate stated in the lemma, we absorb the last two terms in the probability of
occurrence given by Lemma 4.4. �

By combining Lemmas 5.2 and 5.3 using the strong Markov property, we prove strong recovery of the
first direction.
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Proof of Lemma 5.1. Assume that X0 ∈ C1(γ1, γ2)∩C2(γ1, γ). To simplify notation slightly, we write
T ∗ε = T (i∗1j

∗
1 ,+)

ε and T ∗1−ε = T (i∗1j
∗
1 ,+)

1−ε . We then note that

PX0

T ∗1−ε . log(N)
(
Np−2 +N

p−2
2

)
d0


≥ PX0

T ∗1−ε . log(N)
(
Np−2 +N

p−2
2

)
d0

 ∩
{
T ∗ε .

log(N)
d0

Np−2,XT∗ε
∈ E(ε)

}
= PX0

T ∗1−ε . log(N)
(
Np−2 +N

p−2
2

)
d0

∣∣∣∣T ∗ε . log(N)
d0

Np−2,XT∗ε
∈ E(ε)


× PX0

(
T ∗ε .

log(N)
d0

Np−2,XT∗ε
∈ E(ε)

)
.

The second factor is given according to Lemma 5.2. For the first factor we use the strong Markov property:

PX0

T ∗1−ε . log(N)
(
Np−2 +N

p−2
2

)
d0

∣∣∣∣T ∗ε . log(N)
d0

Np−2,XT∗ε
∈ E(ε)


= P{XT∗ε

∈E(ε)}

(
T ∗1−ε .

log(N)
d0

N
p−2

2

)
≥ inf

X∈E(ε)
PX

(
T ∗1−ε .

log(N)
d0

N
p−2

2

)
.

The estimate of the last line is provided by Lemma 5.3. Combining both results proves the statement. �

To prove the recovery of multiple directions, as stated in Theorem 3.5, we divide the proof into several
steps. For every ε > 0, we consider the following sets:

E1(ε) = R1(ε) ∩
{

X : mij(X) ∈ Θ(N− 1
2 ) ∀ i 6= i∗1, j 6= j∗1

}
,

E2(ε) = R1(ε) ∩R2(ε) ∩
{

X : mij(X) ∈ Θ(N− 1
2 ) for i 6= i∗1, i

∗
2 and j 6= j∗1 , j

∗
2

}
,

· · ·

Er−1(ε) = ∩1≤i≤r−1Ri(ε) ∩
{

X : mi∗rj
∗
r
(X) ∈ Θ(N− 1

2 )
}
,

Er(ε) = ∩1≤i≤r−1Ri(ε) ∩
{

X : mi∗rj
∗
r
(X) ≥ 1− ε

}
,

where Rk(ε) denotes the set of strong recovery of the spike vi∗
k
, i.e.,

Rk(ε) =
{

X : mi∗
k
j∗
k
(X) ≥ 1− ε and mi∗

k
j(X),mij∗

k
(X) . log(N)− 1

2N−
p−1

4 ∀ i 6= i∗k, j 6= j∗k

}
.

Note that once the set Er(ε) is attained, we achieve recovery of a permutation of all spikes.

Lemma 5.4. Assume that δ = Cδd0
N−

p−3
2

log(N) , where Cδ > 0 is a constant and d0 = d0(N) is a control
parameter which goes to zero arbitrarily slowly as N →∞. Then, the following holds.

(a) For every γ1, γ2, γ > 0 with γ1 > γ2, γ1 > γ, and for every ε > 0, there exists c0 <

(
1+ γ

γ1

) 1
p−1−1(

1+ γ
γ1

) 1
p−1 +1

such that for sufficiently large N ,

inf
X0∈C1(γ1,γ2)∩C2(γ1,γ)

PX0

(
TE1(ε) . T1

)
≥ 1− η,

where T1 and η are given by

T1 =
1−

(
(1−c0)γ2
ε
√
N

)p−2

(1− c0)p−1d0
log(N)Np−2 +

1−
(

ε
1−ε

)p−2

Cδd0εp−1 log(N)N
p−2

2 .
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and

η = K1
log(N)2

d0
Np−2e−c1N +K2 log(N)e−c2c

2
0 log(N)/d0 +K3

d2
0

log(N)N
− p−2

2 e−c3/d
2
0 .

(b) For every ε > 0, there exists c0 ∈ (0, 1
2 ) such that for every 2 ≤ k ≤ r − 1 and sufficiently large

N , there exists Tk of order log(N)Np−2 such that

inf
X∈Ek−1(ε)

PX

(
TEk(ε) . Tk

)
≥ 1−Kη.

The proof of Theorem 3.5 follows from Lemma 5.4 by combining statements (a) and (b) via the
strong Markov property, similarly to the proof of Lemma 5.1, and integrating with respect to the initial
conditions 1 and 2. For further details, we refer the reader to the proof of Theorem 5.2 in [6]. It remains
to prove Lemma 5.4.

Proof. First, we focus on statement (a). Fix ε > 0. From the strong Markov property and Lemma 5.2,
it suffices to show that

inf
X0∈E(ε)

PX0

(
TE1(ε) .

1− (ε/(1− ε))p−2

Cδd0εp−1 log(N)N
p−2

2

)
≥ 1− K

d0
log(N)N

p−2
2 e−cN ,

where E(ε) denotes the set defined by (5.3). For every (i, j) 6= (i∗1, j∗1 ) we can apply Proposition 4.3 since
the correlations mij(0) ∈ Θ(N− 1

2 ). In particular, for every t ≤ T1,

(1− c0)mij(0)− δ

N

t∑
`=1
〈vi, (∇StΦ(X`−1))j〉 ≤ mij(t) ≤ (1 + c0)mij(0)− δ

N

t∑
`=1
〈vi, (∇StΦ(X`−1))j〉,

(5.16)
with PX0 -probability at least 1−T1e

−c1N − 2e−c2c
2
0 log(N)2Np−2/(d2

0T1)− Kd3
0T1

log(N)3N
3(p−2)

2
e−c3/d

2
0 . According

to (5.15) from Lemma 5.3, we also have the following two-sided comparison inequality for mi∗1j
∗
1
:

(1− c0)ε− δ

N

t∑
`=1
〈vi∗1 , (∇StΦ(X`−1))j∗1 〉 ≤ mi∗1j

∗
1
(t) ≤ (1 + c0)ε− δ

N

t∑
`=1
〈vi∗1 , (∇StΦ(X`−1))j∗1 〉, (5.17)

for every t ≤ T1 with T1 � log(N)2

d2
0

Np−2, with PX0-probability at least 1−T1e
−c4N−2e−c5c

2
0N

p−1/(d2
0T1)−

Cd3
0T1

log(N)3N
3p−5

2
e−c6 log(N)Np−1/d2

0 . As in the proof of Lemma 5.3, the lower bound in (5.17) is used to show

that mi∗1j
∗
1
reaches 1− ε in T (i∗1j

∗
1 ,+)

1−ε time, where

T (i∗1j
∗
1 ,+)

1−ε ≤
1−

(
(1−c0)ε

1−ε

)p−2

Cδd0(1− c0)p−2pλi∗1λj∗1 ε
p−1N

p−2
2 � log(N)2

d2
0

Np−2.

To reach the set E1(ε), we need to prove the following two steps using the two-sided inequality (5.16).
First, we need to show that for every i 6= i∗1, j 6= j∗1 , the correlations mij∗1

and mi∗1j
decrease below a level

of order log(N)− 1
2N−

p−1
4 within a time Tlower such that Tlower � log(N)2

d2
0

Np−2. Second, we need to show

that for every (i, j) 6= (i∗1, j∗1 ), the correlations mij(t) remain within Θ(N− 1
2 ) for t ≤ Tlower ∨ T

(i∗1j
∗
1 ,+)

1−ε .
These two steps imply that we can pick T1 = Tlower ∨ T

(i∗1j
∗
1 ,+)

1−ε .
To prove both steps, we therefore need to control the term 〈vi, (∇StΦ(Xt))j〉:

〈vi,∇StΦ(Xt)j〉 = −
√
Npλiλjm

p−1
ij (t) +

√
N
p

2
∑

1≤k,`≤r
λkmi`(t)mkj(t)mk`(t)

(
λjm

p−2
kj (t) + λ`m

p−2
k` (t)

)
.

Let us now identify the dominant terms in this expression depending on the choice of indices. For every
i 6= i∗1 and j 6= j∗1 , the following bounds follow straightforwardly: for every t ≥ 0,

−〈vi∗1 , (∇StΦ(Xt))j〉 ≤
√
Npλi∗1

(
λjm

p−2
i∗1j

(t)− λj∗1m
p
i∗1j
∗
1
(t)
)
mi∗1j

(t),

−〈vi, (∇StΦ(Xt))j∗1 〉 ≤
√
Npλi

(
λj∗1m

p−2
ij∗1

(t)− λj∗1m
p
i∗1j
∗
1
(t)
)
mij∗1

(t),

−〈vi, (∇StΦ(Xt))j〉 ≥
√
Np
(
λiλjm

p−1
ij (t)− r2λ2

1mij∗1
(t)mi∗1j

(t)mi∗1j
∗
1
(t)p−1

)
.
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Once these comparison inequalities are established, it becomes straightforward to replicate the analysis
conducted for Langevin dynamics in the extended version of our article [6]. By employing a similar
decomposition argument as in the proof of Lemma 5.2, we can proceed almost verbatim. For the full
details and completion of the proof for statement (a), we therefore refer the reader to the proof of [6,
Lemma 5.8]. Statement (b) can be proved in a similar manner by following the same steps as in the proof
of Lemmas 5.2 and 5.3, as well as statement (a). �

5.2. Proofs for p = 2 and separated SNRs

In this subsection, we focus on the case where p = 2 and consider SNRs λ1 ≥ · · · ≥ λr which are
separated by constants of order 1. Specifically, we assume that for every 1 ≤ i ≤ r − 1, the SNRs satisfy
λi = λi+1(1 + κi), where κi > 0, and define κ = min1≤i≤r−1 κi. Following a similar strategy to the one
used in the proof of Theorem 3.5 from the previous subsection, we divide the proof of Theorem 3.6 into
several steps, which will then be combined via the strong Markov property to complete the proof.

For every ε > 0, c0 ∈
(

0, 1
2 ∧

κ
2+κ

)
, and i ∈ [r], we define the sets Wi(ε, c0) and Si(ε, c0), which

represent weak and strong recovery of the spike vi, respectively, as follows:

Wi(ε, c0) =
{

X : mii(X) ≥ ε and mij(X),mji(X) . N−
1
2 δ

(i)
ij for all j > i

}
,

Si(ε, c0) =
{

X : mii(X) ≥ 1− ε and mij(X),mji(X) . N− 1
2 ξ

(1)
rr for all j > i

}
,

where for every 1 ≤ k ≤ r − 1 and every k ≤ i, j ≤ r, δ(k)
ij and ξ(k)

ij are given by

δ
(k)
ij = 1− 1 + c0

1− c0

λiλj
λ2
k

and ξ
(k)
ij = 1− 1− c0

1 + c0

λiλj
λ2
k

.

Note that δ(k)
ij < ξ

(k)
ij , and both δ(k)

ij and ξ(k)
ij are symmetric, meaning δ(k)

ij = δ
(k)
ji and ξ(k)

ij = ξ
(k)
ji . Next,

for every ε > 0 and c0 <
1
2 ∧

κ
2+κ , we define the sets E1(ε, c0), . . . , Er(ε, c0) as follows:

E1(ε, c0) = W1(ε, c0) ∩
{

X : N−
1
2 ξ

(1)
ij . mij(X) . N−

1
2 δ

(1)
ij for all 2 ≤ i, j ≤ r

}
,

E2(ε, c0) = S1(ε, c0) ∩W2(ε, c0) ∩
{

X : N−
1
2 ξ

(2)
ij . mij(X) . N−

1
2 δ

(2)
ij for all 3 ≤ i, j ≤ r

}
,

· · ·

Er−1(ε, c0) = (∩1≤i≤r−2Si(ε, c0)) ∩Wr−1(ε, c0) ∩
{

X : N− 1
2 ξ

(r−1)
rr . mrr(X) . N− 1

2 δ
(r−1)
rr

}
,

Er(ε, c0) = (∩1≤i≤r−1Si(ε, c0)) ∩Wr(ε, c0).

We observe that the recovery set R(ε, c0) in Theorem 3.6 corresponds to R(ε, c0) = ∩1≤i≤rSi(ε, c0).
The first result of this subsection shows that the event E1 can be achieved with high probability, assum-

ing the initial data X0 satisfies Condition 1 and the sample complexity is of order log(N)2N
1
2

(
1− (1−c0)λ2

r
(1+c0)λ2

1

)
.

Lemma 5.5. For every γ1 > 1 > γ2 > 0 and every ε > 0, there exists c0 ∈ (0, 1
2 ∧

κ1
2+κ1

) and d0 = d0(N),
which goes to zero arbitrarily slowly as N →∞, such that if

δ = Cδd0γ
2
2N

1
2

1−c0
1+c0

λ2
r
λ2

1

log
(

2ε
√
N

γ2

) , (5.18)

for some constant Cδ > 0, and if log(N) & 1
κ1
, then

inf
X0∈C1(γ1,γ2)

PX0

(
TE1(ε,c0) . T1

)
≥ 1− η,

where

T1 = log(2ε
√
N/γ2)2

Cδd0(1− c0)γ2
2
N

1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
,

and

η = K1
log(N)2N

1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
d0

e−c1N +K2e
−c2c

2
0N

1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
/d0 +K3

d2
0N
−
(

1− 1−c0
1+c0

λ2
r
λ2

1

)
c0 log(N) e−c3/d

2
0 .
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We now show that once E1 is attained, we can reach E2. More generally, the following result shows
that if the set Ek is achieved, then we can attain the set Ek+1 with high probability.

Lemma 5.6. For every ε > 0, there exists c0 ∈ (0, 1
2∧

κ
2+κ ) and d0 = d0(N), which goes to zero arbitrarily

slowly as N →∞, such that if

δ = Cδd0γ
2
2N

1
2

1−c0
1+c0

λ2
r
λ2

1

log
(

2ε
√
N

γ2

) ,

for some constant Cδ > 0, and if log(N) & 1
κ , then

inf
X0∈Ek−1(ε,c0)

PX0

(
TEk(ε,c0) . Tk

)
≥ 1−Kη,

where

Tk = log(N) log(N) 1
2 ξ

(k−1)
kk N

1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
,

and η is given by Lemma 5.5.

Theorem 3.6 is proved by combining Lemmas 5.5 and 5.6 through the strong Markov property. Thus,
it remains to prove the intermediate steps. We begin by proving Lemma 5.5, following the strategy used
in the proof of Lemma 5.2.

Proof of Lemma 5.5. Since X0 satisfies Condition 1, for every i, j ∈ [r], there exists γij ∈ (γ2, γ1)
such that mij(0) = γijN

− 1
2 . Let δ denote the step-size given by (5.18), and let T1 be a fixed time horizon

to be determined later. According to Proposition 4.3, for every t ≤ T1, we have that

`ij(t) ≤ mij(t) ≤ uij(t),

with PX0 -probability at least 1−η, where η = η(δ, c0, T1,KN ) is given by (4.5). The comparison functions
`ij and uij are defined by

`ij(t) = (1− c0) γij√
N

+ δ

N

t∑
`=1
{−〈vi, (∇StΦ(X`−1))j〉 − |hi(`− 1)|}

uij(t) = (1 + c0) γij√
N

+ δ

N

t∑
`=1
{−〈vi, (∇StΦ(X`−1))j〉+ |hi(`− 1)|} ,

respectively, where for all 0 ≤ t ≤ T1 − 1,

−〈vi, (∇StΦ(Xt))j〉 = 2
√
Nλiλjmij(t)−

√
N

∑
1≤k,`≤r

λk(λj + λ`)mi`(t)mkj(t)mk`(t),

and

|hi(t)| =
δα2

2

r∑
k=1
|mik(t)|+ δ2α2

2N

r∑
k=1
|〈vi, (∇StΦ(Xt))k〉|+

δ2rα2KN

2N . (5.19)

Next, we introduce the microscopic thresholds ε+
N = γ+√

N
and ε−N = γ−√

N
for some constants γ+ > γ1 and

γ− < γ2. Recall that the hitting times T (ij,+)
ε+
N

and T (ij,−)
ε−
N

are defined in (5.1). Let TẼ denote the time
to reach the event

Ẽ =
{

X : m11(X) ≥ ε+
N >

1
2 max

(i,j)6=(1,1)
mij(X)

}
.

To prove our result, we prove the following two estimates. First, we show that

inf
X0∈C1(γ1,γ2)

PX0

TẼ ≤ log
(

γ+
(1−c0)γ11

)
log
(

2ε
√
N

γ2

)
2Cδd0(1− c0)γ2

2λ
2
1

N
1
2

(
1− (1−c0)λ2

r
(1+c0)λ2

1

) ≥ 1− η̃1, (5.20)

where

η̃1 = C1 log(N)N
1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
d0

e−c1N + C2e
−c2c

2
0 log(N)N

1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
/d0 + C3d

2
0N
−
(

1− 1−c0
1+c0

λ2
r
λ2

1

)
c0 log(N)2 e−c3/d

2
0 .
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Next, we show that

inf
X∈Ẽ

PX

TE1(ε,c0) ≤
log
(

ε
√
N

(1−c0)γ+

)
log
(

2ε
√
N

γ2

)
2Cδd0(1− c0)γ2

2λ
2
1

N
1
2

(
1− (1−c0)λ2

r
(1+c0)λ2

1

) ≥ 1− η̃2, (5.21)

where

η̃2 = C4 log(N)2N
1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
d0

e−c4N + C5e
−c5c

2
0N

1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
/d0 + C6d

2
0N
−
(

1− 1−c0
1+c0

λ2
r
λ2

1

)
c0 log(N) e−c6/d

2
0 .

Combining these estimates via the strong Markov property yields the desired result. The remainder of
the proof will focus on proving these two claims.

Step 1: Proof of (5.20). We observe that for all t ≤ min1≤i,j≤r T (ij,+)
ε+
N

∧ min1≤i,j≤r T (ij,−)
ε−
N

and

every i, j ∈ [r], it holds that

2
√
Nλiλjmij(t)− 2

√
Nλ2

rr
2
(
γ+√
N

)3
≤ −〈vi, (∇StΦ(Xt))j〉 ≤ 2

√
Nλiλjmij(t)− 2

√
Nλ2

1r
2
(
γ−√
N

)3
.

This leads to the following estimates for the comparison functions uij(t) and `ij(t):

uij(t) ≤ (1 + c0) γij√
N

+ δ

N

t∑
`=1

{
2
√
Nλiλjmij(`− 1)− 2

√
Nλ2

rr
2
(
γ−√
N

)3

+ δα2r

2 max
1≤k≤r

|mik(`− 1)|+ δ2α2r

2N

(
2γ+λiλ1 + 2

√
Nλ2

1r
2
(
γ+√
N

)3
)

+ δ2rα2KN

2N

}
,

(5.22)

and

`ij(t) ≥ (1− c0) γij√
N

+ δ

N

t∑
`=1

{
2
√
Nλiλjmij(`− 1)− 2

√
Nλ2

rr
2
(
γ+√
N

)3

− δα2r

2 max
1≤k≤r

|mik(`− 1)| − δ2α2r

2N

(
2γ+λiλ1 + 2

√
Nλ2

1r
2
(
γ+√
N

)3
)
− δ2rα2KN

2N

}
.

(5.23)

Both bounds hold for every t ≤ min1≤i,j≤r T (ij,+)
ε+
N

∧min1≤i,j≤r T (ij,−)
ε−
N

∧T1, with PX0 -probability at least

1− η(δ, c0, T1,KN ). We now focus on (5.23) and claim that

`ij(t) ≥ (1− c0) γij√
N

+ 2(1− c0)λiλj
δ√
N

t∑
`=1

mij(`− 1), (5.24)

for every t ≤ min1≤i,j≤r T (ij,+)
ε+
N

∧ min1≤i,j≤r T (ij,−)
ε−
N

∧ T1. To see the claim, we first note that, on the
considered time interval,

`ij(t) ≥ (1− c0) γij√
N

+ δ

N

t∑
`=1

{
2
√
Nλiλjmij(`− 1)− 3δα2r

2 max
1≤k≤r

|mik(`− 1)| − δ2rα2KN

2N

}
,

where we used the prescribed value (5.18) for δ. Claim (5.24) then follows by two sufficient conditions.
First, note that over the considered time interval,

c0
√
Nλiλjmij(`− 1) ≥ c0λiλjγ− ≥

3δα2r

2
γ+√
N
≥ 3δα2r

2 max
1≤k≤r

|mik(`− 1)|,

where the second inequality holds, provided

d0 ≤
2c0λiλjγ−

3Cδα2rγ+γ2
2
N

1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
log
(

2ε
√
N

γ2

)
, (5.25)

which certainly holds by choosing d0 � c2
0. Second, we have that

c0
√
Nλiλjmij(`− 1) ≥ c0λiλjγ− ≥

δ2rα2KN

2N ,
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for every t ≤ min1≤i,j≤r T (ij,+)
ε+
N

∧min1≤i,j≤r T (ij,−)
ε−
N

, where the second inequality holds provided

d2
0KN ≤

2c0λiλjγ−
C2
δα2rγ4

2
N

1− 1−c0
1+c0

λ2
r
λ2

1 log
(

2ε
√
N

γ2

)2

. (5.26)

According to the sufficient conditions (5.25) and (5.26), we can choose the truncation level KN = 1
d0
.

Claim (5.24) then easily follows. A similar reasoning for (5.22) yields

uij(t) ≤ (1 + c0) γij√
N

+ 2(1 + c0)λiλj
δ√
N

t∑
`=1

mij(`− 1), (5.27)

for every t ≤ min1≤i,j≤r T (ij,+)
ε+
N

∧min1≤i,j≤r T (ij,−)
ε−
N

∧T1. According to (5.24) and (5.27) both lower- and
upper-bounding functions are increasing, thus each correlation mij is increasing on the considered time
interval, and min1≤i,j≤r T (ij,+)

ε+
N

∧ T1 ≤ min1≤`≤r T (ij,−)
ε−
N

. By applying item (a) of Lemma A.1, we then
obtain the following two-sided comparison inequality:

(1− c0)γij√
N

(
1 + 2δ√

N
(1− c0)λiλj

)t
≤ mij(t) ≤

(1 + c0)γij√
N

(
1 + 2δ√

N
(1 + c0)λiλj

)t
, (5.28)

for all t ≤ min1≤i,j≤r T (ij,+)
ε+
N

. In particular, from (5.28), we derive the following upper and lower bounds

for T (ij,+)
ε+
N

:

T
(ij)
u,ε+

N

≤ T (ij,+)
ε+
N

≤ T (ij)
`,ε+

N

,

where

T
(ij)
u,ε+

N

=
log
(

γ+
(1+c0)γij

)
log
(

1 + 2δ√
N

(1 + c0)λiλj
)

T
(ij)
`,ε+

N

=
log
(

γ+
(1−c0)γij

)
log
(

1 + 2δ√
N

(1− c0)λiλj
) .

We now claim that T (11)
`,ε+

N

≤ T
(ij)
u,ε+

N

for all (i, j) 6= (1, 1), provided γ+ is a sufficiently large constant of

order 1 in N . Since by assumption c0 <
1
2 ∧

κ
2+κ , it follows (1− c0)(1 +κ1) > (1 + c0). Thus, there exists

a constant c(κ1) > 1 such that

log
(

1 + 2δ√
N

(1− c0)(1 + κ1)λiλj
)

= c(κ1) log
(

1 + 2δ√
N

(1 + c0)λiλj
)
.

In particular, choosing γ+ such that

log(γ+) ≥ c(κ1) log((1 + c0)γ1)− log((1− c0)γ2)
c(κ1)− 1 ,

implies that

T
(11)
`,ε+

N

≤
log
(

γ+
(1−c0)γ2

)
log
(

1 + 2δ√
N

(1− c0)λiλj(1 + κ1)
) ≤ log

(
γ+

(1+c0)γ1

)
log
(

1 + 2δ√
N

(1 + c0)λiλj
) ≤ T (ij)

u,ε+
N

,

for all (i, j) 6= (1, 1). The inequality T
(11)
`,ε+

N

≤ T
(ij)
u,ε+

N

ensures that the correlation m11 exceeds the mi-

croscopic threshold ε+
N first, i.e., min1≤i,j≤r T (ij,+)

ε+
N

= T (11,+)
ε+
N

. Finally, if we choose γ+ such that

max(i,j)6=(1,1) mij(T (11,+)
ε+
N

) ≤ 2m11(T (11,+)
ε+
N

) = 2ε+
N , we conclude that TẼ = T (11,+)

ε+
N

, and we find the
bound:

T (11,+)
ε+
N

≤ T (11)
`,ε+

N

≤
log
(

γ+
(1−c0)γ11

)
log
(

2ε
√
N

γ2

)
2Cδd0(1− c0)γ2

2λ
2
1

N
1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
,

with PX0 -probability at least 1− η̃1. Here, we substituted the prescribed value (5.18) for δ, and we used
the fact that log(1 + x) is approximately equal to x when x is near zero.
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Step 2: Proof of (5.21). We now assume that X0 ∈ Ẽ. As in the proof of Lemma 5.2, we introduce
the hitting time Tbad given by

Tbad = min
{
t ≥ 0: max

1≤i,j≤r
mij(t) ≥ 2m11(t)

}
,

and study the evolution of the correlations for t ≤ min1≤i,j≤r T (ij,+)
ε ∧ min1≤i,j≤r T (ij,−)

ε−
N

∧ Tbad ∧ T1.
We observe that on this time interval, m11 satisfies the two-sided comparison inequality given by

(1− c0)γ+√
N

(
1 + 2δ√

N
(1− c0)λ2

1

)t
≤ m11(t) ≤ (1 + c0)γ+√

N

(
1 + 2δ√

N
(1 + c0)λ2

1

)t
, (5.29)

which is in the same flavor as (5.28). This follows by applying Proposition 4.3 and by using similar
bounds as in the first step of this proof. For instance, on this time interval, we have that

c0
√
Nλ2

1m11(t) ≥ 3δα2r

2 m11(t) ≥ 3δα2r

2 max
1≤k≤r

|m1k(t)|,

where the first inequality holds trivially by the fact that δ ∈ O(d0N
1
2

1−c0
1+c0

λ2
r
λ2

1 / log(N)). This, together with
Lemma A.1, gives the comparison inequality (5.29). Furthermore, from (5.29), we obtain the following
lower and upper bounds for T (11,+)

ε :

log
(

ε
√
N

(1+c0)γ+

)
log
(

1 + 2δ√
N

(1 + c0)λ2
1

) ≤ T (11,+)
ε ≤

log
(

ε
√
N

(1−c0)γ+

)
log
(

1 + 2δ√
N

(1− c0)λ2
1

) . (5.30)

To derive the comparison inequalities for (i, j) 6= (1, 1), we begin with Proposition 4.3, which gives that

mij(t) ≥ (1− c0)ε
+
N

2 + δ

N

t∑
`=1
{−〈vi, (∇StΦ(X`−1))j〉 − |hi(`− 1)|} ,

mij(t) ≤ (1 + c0)ε
+
N

2 + δ

N

t∑
`=1
{−〈vi, (∇StΦ(X`−1))j〉+ |hi(`− 1)|} ,

for every t ≤ min1≤i,j≤r T (ij,+)
ε ∧ min1≤i,j≤r T (ij,−)

ε−
N

∧ Tbad ∧ T1, with PX0-probability at least 1 −
η(δ, c0, T1,KN ). According to (5.19), we derive the following bound for the third term in |hi(t)|:

c0
√
Nλiλjmij(t) ≥ c0λiλjγ− ≥

δ2rα2KN

2N ,

provided d2
0KN ≤ 2c0λiλjγ−

C2
δ
γ4

2rα2
N

1− 1−c0
1+c0

λ2
r
λ2

1 log
(

2ε
√
N

γ2

)2
. This holds when choosing KN = 1

d0
. Moreover, the

second summand in |hi(t)| (see (5.19)) can be absorbed into the first term in |hi(t)| by noting that
δ

N
|〈vi, (∇StΦ(Xt))k〉| ≤ (1 + c0) δ√

N
2λiλk|mik(t)| ≤ |mik(t)|,

provided d0 ≤
log
(

2ε
√
N

γ2

)
2Cδγ2

2 (1+c0)λiλkN
1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
, which holds trivially by choosing d0 � c2

0. Thus, we obtain
the following bounds for mij :

mij(t) ≥ (1− c0)ε
+
N

2 + δ

N

t∑
`=1

{
2(1 + c0

2 )
√
Nλiλjmij(`− 1)− δα2r max

1≤k≤r
|mik(`− 1)|

}
,

mij(t) ≤ (1 + c0)ε
+
N

2 + δ

N

t∑
`=1

{
2(1 + c0

2 )
√
Nλiλjmij(`− 1) + δα2r max

1≤k≤r
|mik(`− 1)|

}
,

for every t ≤ min1≤i,j≤r T (ij,+)
ε ∧ min1≤i,j≤r T (ij,−)

ε−
N

∧ Tbad ∧ T1. We now need to estimate the term

δα2rmax1≤k≤r |mik(t)|. To do this, for every i, j ∈ [r], we introduce the hitting time T (ij)
α for some

α ∈ (0, 1
2 ), which will be determined later:

T (ij)
α = min

{
t ≥ 0: CijNαmij(t) ≤ max

1≤k≤r
|mik(t)|

}
,
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where Cij is a positive constant. We easily see that T (ij)
α > 0 for every α > 0. From the definition of

T (ij)
α , for all t ≤ T (ij)

α , we have that

δα2r max
1≤k≤r

|mik(t)| ≤ δα2rCijN
αmij(t) = CδCijα2rd0γ

2
2

log
(

2ε
√
N

γ2

) N
1
2

1−c0
1+c0

λ2
r
λ2

1
+α
mij(t).

To ensure the estimate
c0
√
Nλiλjmij(t) ≥ δα2r max

1≤k≤r
|mik(t)|,

the following inequality must hold:

c0λiλjN
1
2 ≥ CδCijα2rd0γ

2
2

log
(

2ε
√
N

γ2

) N
1
2

1−c0
1+c0

λ2
r
λ2

1
+α
,

which is satisfied if

α ≤ 1
2

(
1− 1− c0

1 + c0

λ2
r

λ2
1

)
. (5.31)

Thus, we obtain the two-sided inequality:

(1− c0)ε
+
N

2 + 2(1− c0)λiλj
δ√
N

t∑
`=1

mij(`− 1) ≤ mij(t) ≤ (1 + c0)ε
+
N

2 + 2(1 + c0)λiλj
δ√
N

t∑
`=1

mij(`− 1),

which, by applying Lemma A.1, leads to

(1− c0)γ+

2
√
N

(
1 + 2(1− c0)λiλj

δ√
N

)t
≤ mij(t) ≤

(1 + c0)γ+

2
√
N

(
1 + 2(1 + c0)λiλj

δ√
N

)t
, (5.32)

for every t ≤ min1≤i,j≤r T (ij,+)
ε ∧min1≤i,j≤r T (ij,−)

ε−
N

∧Tbad∧min1≤i,j≤r T (ij)
α ∧T1. From (5.32), we derive

the following lower and upper bounds on T (ij,+)
ε for all (i, j) 6= (1, 1):

log
(

2ε
√
N

(1+c0)γ+

)
log
(

1 + 2δ√
N

(1 + c0)λiλj
) ≤ T (ij,+)

ε ≤
log
(

2ε
√
N

(1−c0)γ+

)
log
(

1 + 2δ√
N

(1− c0)λiλj
) . (5.33)

Finally, combining (5.30) and (5.33), we see that T (11,+)
ε ∧ Tbad ∧ mini,j T (ij)

α ∧ T1 ≤ T (ij,+)
ε for all

(i, j) 6= (1, 1), provided

log(ε
√
N) ≥ (1 + c0) log((1− c0)γ+)− (1− c0)(1 + κ1) log((1 + c0)γ+)

(1− c0)(1 + κ1)− (1 + c0) .

Note that the discriminator of the right-hand side of the above expression is positive under the assumption
on c0. Simplifying this gives log(N) & 1/κ1. It remains to show that T (11,+)

ε ∧ T1 ≤ Tbad ∧mini,j T (ij)
α .

Now, consider the upper bound in (5.32). Using log(1 + x) ≤ x, we have that

mij(t) ≤
(1 + c0)γ+

2
√
N

exp
(

2(1 + c0)λiλj
δ√
N
t

)
.

In particular, we find that

mij(T (11,+)
ε ) ≤ (1 + c0)γ+

2

(
ε

(1− c0)γ+

) 1+c0
1−c0

λiλj

λ2
1
N
− 1

2

(
1− 1+c0

1−c0

λiλj

λ2
1

)
. N−

1
2 δ

(1)
ij , (5.34)

where we used the fact that

T (11,+)
ε ≤

log
(

ε
√
N

(1−c0)γ+

)
log
(

1 + 2δ√
N

(1− c0)λ2
1

) ≤ log
(

ε
√
N

(1−c0)γ+

)
log
(

2ε
√
N

γ2

)
2Cδd0(1− c0)γ2

2λ
2
1

N
1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
,

which holds because log(1 + x) ≈ x for small x, which is true for large N and by assumption on δ. For
the lower bound, since log(1 + x) ≥ x− x2

2 , it follows from (5.32) that

mij(t) ≥
(1− c0)γ+

2
√
N

exp
(

2(1− c0)λiλj
δ√
N
t

)
exp

(
−1

2(1− c0)2λ2
iλ

2
j

δ2

N
t

)
.
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Thus, for any time horizon T1 ≤
2 log(2ε

√
N/γ2)2

C2
δ
d0γ4

2 (1−c0)2λ2
r
N

1− 1−c0
1+c0

λ2
r
λ2

1 , we get that

mij(t) ≥
(1− c0)γ+

2
√
N

exp(−d0) exp
(

2(1− c0)λiλj
δ√
N
t

)
.

Since d0 < 1, we find that

mij(t) ≥
(1− c0)γ+

2e
√
N

exp
(

2(1− c0)λiλj
δ√
N
t

)
.

Using the lower bound of T (11,+)
ε from (5.30), we obtain that

mij(T (11,+)
ε ) ≥ (1− c0)γ+

2e

(
ε

(1 + c0)γ+

) 1−c0
1+c0

λiλj

λ2
1
N
− 1

2

(
1− 1−c0

1+c0

λiλj

λ2
1

)
. N−

1
2 ξ

(1)
ij , (5.35)

From (5.34) and (5.35), we deduce that T (11,+)
ε ∧min1≤i,j≤r T (ij)

α ∧ T1 ≤ Tbad.
The final step is to show that T (11,+)

ε ∧ T1 ≤ min1≤i,j≤r T (ij)
α . To this end, it suffices to show that

there exists a constant Cij such that for some α ≤ 1
2

(
1− 1−c0

1+c0

λ2
r

λ2
1

)
and for every k 6= j, it holds that

|mik(T (11,+)
ε )| ≤ CijNαmij(T (11,+)

ε ). From (5.34) and (5.35) we see that for i 6= 1,

|mi1(T (11,+)
ε )| ≤ Ci1N−

1
2 δ

(1)
i1 ≤ Ci1NαN−

1
2 ξ

(1)
ir ≤ CirNαmir(t),

where the second inequality holds provided α ≥ 1
2

(
ξ

(1)
ir − δ

(1)
i1

)
= λi

2λ1

(
1+c0
1−c0

− 1−c0
1+c0

λr
λ1

)
. Since this must

hold for every i 6= 1, we need α ≥ λr
2λ1

(
1+c0
1−c0

− 1−c0
1+c0

λr
λ1

)
. Comparing with the upper bound in (5.31),

we see that c0 must satisfy (1 + c0)λr < (1 − c0)λ1, i.e., c0 <
λ1−λr
λ1+λr . For i = 1 a similar computation

shows that it is required α ≥ 1
2

(
1− 1−c0

1+c0
λr
λ1

)
. Thus, we can choose α = 1

2

(
1− 1−c0

1+c0

λ2
r

λ2
1

)
. This shows

that TE1(ε,c0) = T (11,+)
ε with PX0-probability at least 1− η̃2. �

We now prove Lemma 5.6.

Proof of Lemma 5.6. We provide the proof for the first step of the sequential elimination phenomenon,
i.e., we consider k = 2 and assume that X0 ∈ E1(ε, c0). In particular, we have that m11(0) = ε, and for
all (i, j) 6= (1, 1), the initial values satisfy

γ
(ij)
− N−

1
2 ξ

(1)
ij ≤ mij(0) ≤ γ(ij)

+ N−
1
2 δ

(1)
ij ,

where γ(ij)
− and γ(ij)

+ are constants of order 1. As in the proof of Lemma 5.3, a modification of Proposi-
tion 4.3 is required, since the correlations at initialization are not in the scale Θ(N− 1

2 ). Let T2 be a fixed
time horizon. Since δ <

√
N/α2 by assumption (5.18), it follows from Lemma 4.4 that∣∣∣∣∣mij(t)−

(
mij(0)− δ

N

t∑
`=1
〈vi, (∇StΦ(X`−1))j〉 −

δ

N

t∑
`=1
〈vi, (∇StH

`(X`−1))j〉
)∣∣∣∣∣ ≤ δ

N

t∑
`=1
|ai(`− 1)|,

for all t ≤ T2, with PX0-probability at least 1− T2e
−cN . The noise term δ

N

∣∣∣∑t
`=1〈vi, (∇StH

`(X`−1))j〉
∣∣∣

can be upper-bounded according to Lemma 4.5, i.e., for every a > 0,

δ

N

∣∣∣∣∣
t∑
`=1
〈vi, (∇StH

`(X`−1))j〉

∣∣∣∣∣ ≤ a,
with PX0 -probability at least 1− 2e−a2N2/(δ2T2). For all t ≤ T2 and constant KN > 0, we have that

δ

N

T2∑
`=1
|ai(`−1)| ≤ δ

N

T2∑
`=1
|hi(`−1)|+ δ2α2

2N

T2∑
`=1

r∑
k=1

δ

N
|〈vi, (∇StH

t(X`−1))k〉|1{|〈vi,(∇StHt(X`−1))k〉|>KN},

where

|hi(t)| =
δα2

2

r∑
k=1

(
|mik(t)|+ δ

N
|〈vi, (∇StΦ(Xt))k〉|+

δKN

N

)
.
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We now set the truncation value KN so that the term δKN
N is at most 1, which implies that KN .

log(N)N
1− 1

2
1−c0
1+c0

λ2
r
λ2

1

Cδd0
. This ensures that for sufficiently large N , |hi(t)| . δα2r for every i ∈ [r] and every

t ≤ T2. Therefore, we have that

δ

N

T2∑
`=1
|hi(`− 1)| . d2

0N
−
(

1− 1−c0
1+c0

λ2
r
λ2

1

)
log(N)2 T2.

For every time horizon T2 � log(N)2N
1− 1−c0

1+c0
λ2
r
λ2

1

d2
0

, this can be set to any arbitrary fraction of the initial

value ε. Similarly, for every T2 � log(N)2

d2
0

N
1
2 + 1

2
1−c0
1+c0

− 1−c0
1+c0

λ2
r
λ2

1 , this can be set to any arbitrary fraction of

the initial value N−
1
2 δ

(1)
ij . Finally, applying Lemma 4.6 to the second summand of |ai(t)|, we obtain that

for every a > 0,

δ3α2

2N2

∣∣∣∣∣
t∑
`=1

r∑
k=1

δ

N
|〈vi, (∇StH

`(X`−1))k〉|1{|〈vi,(∇StH`(X`−1))k〉|>KN}

∣∣∣∣∣ ≤ a
with P-probability at least 1− δ3

N2aT2e
− log(N)2N

2− 1−c0
1+c0

λ2
r
λ2

1 /d2
0 . Combining all estimates we find that

(1− c0)ε− δ

N

t∑
`=1
〈v1, (∇StΦ(X`−1))1〉 ≤ m11(t) ≤ (1 + c0)ε− δ

N

t∑
`=1
〈v1, (∇StΦ(X`−1))1〉, (5.36)

with PX0 -probability at least 1− T2e
−c1N − 2e−c2c

2
0ε

2N2/(δ2T2) − Cδ3

N2c0ε
T2e
−c3 log(N)2N

2− 1−c0
1+c0

λ2
r
λ2

1 /d2
0 . Simi-

larly, for every (i, j) 6= (1, 1), we obtain that

(1− c0)N−
1
2 ξ

(1)
ij − δ

N

t∑
`=1
〈vi, (∇StΦ(X`−1))j〉 ≤ mij(t) ≤ (1 + c0)N−

1
2 δ

(1)
ij − δ

N

t∑
`=1
〈vi, (∇StΦ(X`−1))j〉,

(5.37)

with PX0 -probability at least 1−T2e
−c1N−2e−c2c

2
0N

1+ 1−c0
1+c0

λ2
2
λ2

1 /(δ2T2)− Kδ3

c0N

3
2 + 1

2
1+c0
1−c0

λ2
2
λ2

1

T2e
−c3 log(N)2N

2− 1−c0
1+c0

λ2
r
λ2

1 /d2
0 .

At this point, note that (5.36) and (5.37) only depend on the population term:

−〈vi, (∇StΦ(Xt))j〉 = 2
√
Nλiλjm

p−1
ij (t)−

√
N

∑
1≤k,`≤2

λk(λj + λ`)mi`(t)mkj(t)mk`(t).

The rest of the proof involves a detailed analysis of this term by distinguishing between the cases i = j = 1,
i = 1, j 6= 1, i 6= 1, j = 1, and i 6= 1, j 6= 1. For this, we refer the reader to the proof of Lemma 5.13
of [6], where a detailed analysis using Langevin dynamics is carried out. We can apply the same strategy
using (5.36) and (5.37) along with discrete difference inequalities, see e.g. Lemmas A.1 and A.2. Following
this analysis, we obtain that

TE2(ε,c0) .
log(εNξ

(1)
22 /2/(1− c0)) log(ε

√
N)

Cδd0(1− c0) N
1
2

(
1− 1−c0

1+c0
λ2
r
λ2

1

)
,

which satisfies the prescribed condition on the time horizon. �

6. Proof of subspace recovery

In this section, we consider the case where p = 2 and λ1 = · · · = λr ≡ λ > 0 and prove The-
orem 3.7. In particular, we focus on the evolution of the eigenvalues of the matrix-valued function
G(X) = V >XX>V . We let θ1(t), . . . , θr(t) denote the eigenvalues of Gt = G(Xt), where Xt denotes
the online SGD output at time t. Note that ‖Gt‖ = θmax(t).

Our first result of this section is about the weak recovery of all the eigenvalues.
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Lemma 6.1. For every γ1 > 1 > γ2 > 0, every ε ∈ (0, 1
2 ), and every C0 ∈ (0, 1

4 ), there exist ε0 < ε,
c0 < C0, and a parameter d0 = d0(N), which goes to zero arbitrarily slowly as N →∞, such that if

δ = Cδ
d0
√
N

log(N)2 ,

for some constant Cδ > 0, then

inf
X0∈C′1(γ1,γ2)

PX0 (θmin (T ) ≥ ε0) ≥ 1−K1
log(N)3

d0
e−c1N −K2e

−c2/d0 −K3
log(N)3

d0N
,

where T is given by

T =
log(N)2 log

(
4ε0N

(1−c0)γ2

)
4Cδλ2(1− 2c0)d0

.

Proof. Since X0 ∈ C′1(γ1, γ2), it holds that γ2
N ≤ θmin(0) ≤ θmax(0) ≤ γ1

N . For a constant ξ > 2γ1
γ2
, we

define the hitting time Tξ as
Tξ = min {t ≥ 0: θmax(t) ≥ ξθmin(t)} .

We easily note that Tξ > 0. According to Lemma 4.7 and using the fact that −‖St‖Ir � St � ‖St‖Ir,
for every time horizon T and every t ≤ T , we have the partial ordering

− ‖St‖Ir −At � Gt −

(
G0 + 4λ2δ√

N

t∑
`=1

G`−1 (Ir −G`−1)
)
� ‖St‖Ir + At, (6.1)

with probability at least 1 − T exp(−c1N) − 4r2T exp
(
−c2

K2
N

σ2

)
, where St is given by (4.12) and At

by (4.13). Let Tbad denote the hitting time

Tbad = min
{
t ≥ 1: c0λmin

(
G0 + 4λ2δ√

N

t∑
`=1

G`−1 (Ir −G`−1)
)
≤ ‖St‖

}
,

where c0 ∈ (0, 1
4 ) is a control parameter, chosen as c0 = C1

log(N) , for a constant C1 = C1(λ, σ2, r, γ1, γ2) to
be determined later. Moreover, we set KN = C2

√
log(N) for a constant C2 which may depend only on

λ, σ2, r, γ1, γ2. We first show that Tbad > 1. Recalling that St is given by

St = 4λδ
N

t∑
`=1

sym
(

V >ΠSt
X`−1

(
W `X`−1

)
M>

`−1

)
,

it follows that

‖sym
(

V >ΠSt
X0

(
W 1X0

)
M>

0

)
‖ ≤ 2rKN‖G0‖1/2 ≤ 2rKN

√
γ1√
N
,

where we used that ‖V >ΠSt
X0

(
W 1X0

)
‖ ≤ 2rKN from the proof of Lemma 4.7. Using the prescribed

values for δ and KN , we obtain that

‖S1‖ = 4λδ
N
‖sym

(
V >ΠSt

X0

(
W 1X0

)
M>

0

)
‖ ≤ C3

d0

N log(N)3/2 � c0
γ2

N
,

where C3 = C3(λ, σ2, r, γ1, γ2). This shows that Tbad > 1.
We now introduce the following hitting times. For every ε ∈ (0, 1), we define

T (max,+)
ε = min {t ≥ 0: θmax(t) ≥ ε} ,

T (min,+)
ε = min {t ≥ 0: θmin(t) ≥ ε} ,

T (min,−)
ε = min {t ≥ 0: θmin(t) ≤ ε} .

Set the threshold εN = γ2
2N and consider ε ∈ (0, 1

2 ). We want to establish a comparison inequality for
θi(t) for every t ≤ T (min,−)

εN ∧ T (min,+)
ε ∧ T (max,+)

1/2 ∧ Tξ ∧ Tbad. We first note that, on the considered time
interval,

‖St‖ ≤ c0λmin

(
G0 + 4λ2δ√

N

t∑
`=1

G`−1 (Ir −G`−1)
)
,
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yielding

‖St‖Ir � c0

(
G0 + 4λ2δ√

N

t∑
`=1

G`−1 (Ir −G`−1)
)
.

Next, we provide a bound on ‖At −At−1‖ since At =
∑t
`=1‖A` −A`−1‖. We first note that, on the

considered time interval,

c0λmin

(
4λδ√
N

Gt−1 (Ir −Gt−1)
)

= c0
4λδ√
N

min
1≤i≤r

{θi(t− 1) (1− θi(t− 1))} ≥ 2c0λ
δ√
N
θmin(t− 1), (6.2)

where we used the fact that t ≤ T (max,+)
1/2 . According to the expression of At from Lemma 4.7, the

operator norm of the difference At −At−1 can be bounded using the definition of the stopping time Tξ
as

‖At −At−1‖ ≤ C5

(
K2
Nδ

2

N2 + 2ξδ2

N
θmin(t− 1) + KN

√
ξδ3

N2 θmin(t− 1)1/2 + ξδ3

N3/2 θmin(t− 1)
)
,

where C5 is a constant which depends on λ, σ2, r, γ1, γ2. Using the prescribed values for δ and KN , we
obtain that

‖At −At−1‖ ≤ C6
d2

0
log(N)4 θmin(t− 1) ≤ 2c0λ

δ√
N
θmin(t− 1),

provided d0 is a sufficiently small constant of order one and N is sufficiently large (with a benign condi-
tion). This estimate, combined with (6.2), leads to the inequality:

‖At −At−1‖ ≤ c0λmin

(
4λδ√
N

Gt−1 (Ir −Gt−1)
)
,

which, in turn, implies that

At −At−1 � c0

(
4λδ√
N

G` (Ir −G`)
)
.

From (6.1) we obtain the following ordering for every t ≤ T (min,−)
εN ∧ T (min,+)

ε ∧ T (max,+)
1/2 ∧ Tξ ∧ Tbad:

Gt � (1− c0)G0 + 4(1− 2c0) δλ
2

√
N

t∑
`=1

Gt−1 (Ir −Gt−1) ,

Gt � (1 + c0)G0 + 4(1 + 2c0) δλ
2

√
N

t∑
`=1

Gt−1 (Ir −Gt−1) ,

(6.3)

yielding

θmin(t) ≥ (1− c0)γ2

N
+ 4(1− 2c0) λ

2δ√
N

t∑
`=1

θmin(`− 1) (1− θmin(`− 1))

θmax(t) ≤ (1 + c0)γ1

N
+ 4(1 + 2c0) λ

2δ√
N

t∑
`=1

θmax(`− 1) (1− θmax(`− 1)) .

(6.4)

According to Lemma A.2 and since t ≤ T (min,+)
ε ∧T (max,+)

1/2 , the eigenvalues θ1(t), . . . , θr(t) are increasing
in t. Consequently, we have that T (min,−)

εN > T (min,+)
ε ∧T (max,+)

1/2 . Moreover, applying Lemma A.2 to (6.4)
and performing some straightforward manipulations, we have that

(1− c0)γ2

4N exp
(

4(1− 2c0) δ√
N
λ2t

1 + 4(1− 2c0) δ√
N
λ2

)
≤ θmin(t) ≤ θmax(t) ≤ 2(1 + c0)γ1

N
exp

(
4(1 + 2c0) δ√

N
λ2t

)
,

(6.5)

for every t ≤
K log

(
N
γ1

)
4(1+2c0) δ√

N
λ2 ∧ T

(min,+)
ε ∧ T (max,+)

1/2 ∧ Tξ ∧ Tbad, provided N is sufficiently large and K is an

order 1 constant.
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To complete the proof, we need to show that T (min,+)
ε ∧ T (max,+)

1/2 ≤
K log

(
N
γ1

)
4(1+c0) δ√

N
λ2 ∧ Tbad ∧ Tξ. We first

focus on Tbad. The comparison inequality (6.4) is valid on the considered time interval and implies that

4λ2δ√
N

t∑
`=1

θmin (`− 1) ≤ 1
(1− 2c0)(1− γ2/N)θmin(t) ≤ 4‖Gt‖,

for any c0 < 1/4. Then, since t ≤ Tξ, it holds that

4λ2δ√
N

t∑
`=1
‖G`−1‖ = 4λ2δ√

N

t∑
`=1

θmax(`− 1) ≤ 4λ2δ√
N
ξ

t∑
`=1

θmin(`− 1) ≤ 4ξ‖Gt‖.

Combining this estimate with (6.5), we obtain that(
4λδ
N

)2 t∑
`=1
‖G`−1‖ ≤

16ξδ
N3/2 ‖Gt‖ ≤

32ξγ1δ

N5/2 (1 + c0) exp
(

4(1 + 2c0) δ√
N
λ2t

)
. (6.6)

We let ŵ(t) denote the right-hand side of (6.6). Let us now find a lower bound on the other quan-
tity appearing in the definition of the hitting time Tbad on the same time interval. From the partial
ordering (6.3), it follows that

G0 +
t∑
`=1

4λ2δ√
N

G`−1(Ir −G`−1) � 1
1 + 2c0

Gt,

which leads to

λmin

(
G0 +

t∑
`=1

4λ2δ√
N

G`−1(Ir −G`−1)
)
≥ 1

1 + 2c0
θmin(t)

≥ 1
1 + 2c0

(1− c0)γ2

4N exp
(

4(1− 2c0) δ√
N
λ2t

1 + 4(1− 2c0) δ√
N
λ2

)
.

(6.7)

We let v̂(t) denote the function on the last line of (6.7). We then note that Tbad can be bounded below
by the hitting time

T̃bad = min {t ≥ 0: c0v̂(t) ≤ ‖St‖} .
To control this hitting time, we first compare

√
ŵ(t) with c0v̂(t) using (6.6) and (6.7), i.e.,√

ŵ(t)
c0v̂(t) ≤

√
32ξγ1

γ2

√
δ

c0(1− c0)N1/4 exp
(

2δ√
N
λ2t

(
1 + 2c0 −

2(1− 2c0)
1 + 4(1− 2c0) δ√

N
λ2

))
.

Using the prescribed values for c0 and δ, we see that the argument of the exponential in the previous
display is negative for every t ≥ 0, thus reaching the following bound:√

ŵ(t)
c0v̂(t) ≤

√
32ξγ1

γ2

√
δ

c0(1− c0)N1/4 .

This implies that we can bound T̃bad using the hitting time

T̃ ′bad = inf
{
t ≥ 0: ‖St‖ ≥

γ2c0(1− c0)N1/4
√

32ξγ1δ

√
ŵ(t)

}
.

If we let a(t) = γ2c0(1−c0)N1/4√
32ξγ1δ

√
ŵ(t) and b(t) = 32ξγ1

γ2
2c

2
0(1−c2

0)
δ√
N
a2(t), Lemma 4.8 then implies that

P (∃t ∈ [0, T ] : ‖St‖ ≥ a(t)) ≤ 2r exp
(
−Kγ2

2c
2
0(1− c2

0)
√
N

64ξγ1

)
≤ 2r exp

(
− c1

d0

)
,

where we used the prescribed values for c0 and δ, and the fact that λmax(Qt) =
( 4λδ
N

)2∑t
`=1‖G`−1‖ ≤

ŵ(t) with probability at least 1 − T exp(−c1N) − 4r2T exp
(
−c2

K2
N

σ2

)
owing to Lemma 4.7. Choosing

d0 = d0(N) going to zero arbitrarily slowly, we have with high probability that T (min,+)
ε ∧T (max,+)

1/2 ∧Tξ ∧
K log(N/γ1)

4(1+2c0) δ√
N
λ2 ≤ Tbad.
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We now need to control the hitting time Tξ. To this end, we study the maximal deviation between
θmin(t) and θmax(t) using (6.5). Once θmax(t) exceeds ε, it remains of order 1, while the remaining
eigenvalues continue to rise. We can therefore upper bound the maximal deviation between the largest
and smallest eigenvalue of G(t) by computing an upper bound on the hitting time T (min,+)

ε (which is also
an upper bound on the hitting time T (max,+)

ε since T (max,+)
ε < T (min,+)

ε ) by solving

(1− c0)γ2

4N exp
(

4(1− 2c0) δ√
N
λ2t

1 + 4(1− 2c0) δ√
N
λ2

)
= ε,

which gives that

T (min,+)
ε ≤ Tmin

u,ε =
log
(

4εN
(1−c0)γ2

)
4(1−2c0) δ√

N
λ2

1+4(1−2c0) δ√
N
λ2

.

Using this result along with the comparison inequality (6.5), we obtain that

θmax(Tmin
u,ε )

θmin(Tmin
u,ε ) ≤ 8(1 + c0)γ1

(1− c0)γ2
exp

(
4c0 + 4(1− 2c0)(1 + 2c0)λ2 δ√

N

1− 2c0
log
(

4εN
(1− c0)γ2

))

≤ 8(1 + c0)γ1

(1− c0)γ2

(
4εN

(1− c0)γ2

)4c0

,

(6.8)

where we used the prescribed value for δ. Since c0 = O( 1
log(N) ), we conclude that the maximal deviation

between θmin and θmax is at most a constant given by the last line of (6.8). Choosing ξ to be this constant,
we deduce that Tξ > T (min,+)

ε ∧ T (max,+)
1/2 . Moreover, since θmin(Tmin

u,ε ) ≤ ε, from (6.8) we have that

θmax(Tmin
u,ε ) ≤ ε1+4c08(1 + c0)γ1

(1− c0)γ2

(
4

(1− c0)γ2

)4c0

N4c0 .

We can choose ε sufficiently small so that θmax(T (min,+)
ε ) ≤ 1/2. This shows that T (min,+)

ε ≤ T (max,+)
1/2 .

We conclude the proof by choosing a time horizon T equal to Tmin
u,ε . �

The following lemma shows that weak implies strong recovery.

Lemma 6.2. Let p = 2 and assume that λ1 = · · · = λr ≡ λ. Assume that δ = Cδ
d0
√
N

log(N)2 , where Cδ > 0
is a constant and d0 = d0(N) is a control parameter such that d0 → 0 as N → ∞. Then, for every
ε, ε′ ∈ (0, 1),

inf
X0∈{θmin(0)≥ε}

PX0 (θmin(T ) ≥ 1− ε′) ≥ 1−K1
log(N)2

d0
e−c1N −K2

log(N)2

d0N
,

where the time horizon T is given by

T =
log(N)2 log( 1−ε′

ε )
Cδd0λ2ε

.

Theorem 3.7 then follows straightforwardly by combining Lemmas 6.1 and 6.2 using the strong Markov
property.

Proof. In the following, we let ε′ > ε > 0 and let c0 ∈ (0, 1
2 ) independent on N . According to Lemma 4.7,

for a fixed time horizon T to be set later and for every t ≤ T , we have the partial ordering

Gt � G0 + 4λ2δ√
N

t∑
`=1

G`−1 (Ir −G`−1)− St −At

Gt � G0 + 4λ2δ√
N

t∑
`=1

G`−1 (Ir −G`−1) + St + At,

with probability at least 1−T exp(−cN)−4r2T exp
(
− K2

N

Cσ2

)
. SetKN = C1

√
log(N). From the expression

of At in Lemma 4.7, we have the following bound on the increments: for every t ≥ 0,

‖At −At−1‖ ≤ α2(r, λ, σ2)
(
K2
N

δ2

N2 + δ2

N2 +KN
δ3

N2 + δ3

N3/2

)
≤ C3

d2
0

log(N)4 ,
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where we used the fact that ‖Gt‖ ≤ 1. Then, since X0 ∈ {θmin(0) ≥ ε}, for any t ≤ T (min,−)
ε/2 ∧T (min,+)

1−ε′ ∧
T (max,+)

1−ε it holds that

4λ2δ√
N
λmin (Gt−1(Ir −Gt−1)) = 4λ2δ√

N
min

1≤i≤r
{θi(t− 1) (1− θi(t− 1))} ≥ C4(r, λ, σ2) d2

0
log(N)2 .

Thus, up to a benign condition on N , it holds that, for every t ≤ T (min,−)
ε/2 ∧ T (min,+)

1−ε′ ∧ T (max,+)
1−ε ,

c0

2
4λ2δ√
N

Gt−1 (Ir −Gt−1) � At −At−1.

Furthermore, for every t ≤ T and , we note that the martingale term St satisfies

‖St − St−1‖ = 4λδ
N
‖sym

(
V >ΠSt

Xt−1

(
W tXt−1

)
M>

t−1

)
‖

≤ 4λδ
N
‖V >ΠSt

Xt−1

(
W tXt−1

)
‖‖M t−1‖

≤ 4λδ
N

(
‖V >W tXt−1‖+ ‖X>t−1W tXt−1‖

)
≤ 4rλ δ

N
KN

≤ C5
d0√

N log(N)3/2
,

where the second inequality follows by (4.17) and the third inequality holds with probability at least
1− 4r2T exp

(
− K2

N

Cσ2

)
according to (4.20). We thus obtain that, on the considered time interval,

Gt � G0 + 4λ2δ√
N

(1− c0)
t∑
`=1

G`−1 (Ir −G`−1) ,

with probability at least 1− T exp (−cN)− 4r2T exp
(
− K2

N

Cσ2

)
, ensuring that

θmin(t) ≥ θmin(0) + 4λ2δ√
N

(1− c0)ε
t∑
`=1

θmin(`− 1).

According to Lemma A.1 we then find that

θmin(t) ≥ θmin(0)
(

1 + 4λ2εδ√
N

(1− c0)
)t
.

We then have the following upper bound on T (min,+)
1−ε′ :

T (min,+)
1−ε′ ≥

log( 1−ε′
ε )

log
(

1 + 4λ2δ√
N

(1− c0)ε
) .

Since x− x2

2 ≤ log(x) for every x ∈ (0, 1), as long as δ√
N
λ2 ≤ 1, we have that

T (min,+)
1−ε′ ≤

√
N log( 1−ε′

ε )
δλ2ε

.

It suffices to take c0 = 1
2 and set the time horizon T to be the right-hand side of the previous equation

to complete the proof. �

Appendix A. Comparison inequalities for discrete sequences

In this appendix, we present comparison inequalities for discrete time dynamical systems.

Lemma A.1 ([10, 2]). Let p ≥ 2 be an integer and a1, a2, b1, b2 > 0 be positive constants such that
a1 ≤ a2 and b1 ≤ b2. Consider a sequence (ut)t∈N satisfying for all t ∈ N,

a1 + b1

t−1∑
s=0

up−1
s ≤ ut ≤ a2 + b2

t−1∑
s=0

up−1
s .
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Then,
(a) (Discrete Gronwall inequality) if p = 2, for all t ∈ N it holds that

a1 (1 + b1)t ≤ ut ≤ a2 (1 + b2)t ;
(b) (Discrete Bihari-LaSalle inequality) if p ≥ 3, for all t ∈ N it holds that,

a1

(
1− b1

(1 + b1u
p−2
t−1 )p−1

ap−2
1 t

)− 1
p−2

≤ ut ≤ a2

(
1− b2a

p−2
2 t

)− 1
p−2

.

In particular, if ut ≥ 0 for all t ∈ N, it holds that

a1

(
1− b1a

p−2
1 t

)− 1
p−2 ≤ ut ≤ a2

(
1− b2a

p−2
2 t

)− 1
p−2

.

Lemma A.1 is proved in [10, 2]. The following lemma can be derived using analogous techniques. Since
the proof mimics the arguments used for Lemma A.1, we omit the details here.

Lemma A.2. Let a1, a2, b1, b2 > 0 be positive constants such that a1 ≤ a2 and b1 ≤ b2. Consider a
sequence (ut)t∈N taking values in [0, 1] and satisfying for all t ∈ N,

a1 + b1

t−1∑
s=0

us(1− us) ≤ ut ≤ a2 + b2

t−1∑
s=0

us(1− us).

Then, for every 0 ≤ t ≤ min
{
t : ut ≥ 1

2
}
,

a1
1−a1

e
b1

1+b1
t

1 + e
b1

1+b1
t a1

1−a1

≤ ut ≤
a2

1−a2
eb2t

1 + eb2t a2
1−a2

.

Appendix B. Matrix concentration inequalities

We provide a deviation inequality to control the operator norm of matrix martingale sequences. The
next result is a straightforward modification of Theorem 2.3 from [61], which provides an extension of
Freedman’s inequality to matrix martingales.

Lemma B.1. Let (Ω,F , {Ft}t∈N,P) be a filtered probability space. Consider an adapted sequence {Xt}t∈N
and a predictable sequence {V t}t∈N of d× d self-adjoint matrices such that

log(E [exp(θXt)|Ft−1] � g(θ)V t almost surely for each θ > 0,
for some function g : (0,∞)→ [0,∞]. Define the partial sum processes

Y t =
t∑
`=1

X` and W t =
t∑
`=1

V `.

Let T be a fixed time horizon. Then, for every scalar-valued continuous functions a and b we have that

P (∃t ∈ [0, T ] : λmax(Y t) ≥ a(t) and λmax(W t) ≤ b(t)) ≤ d inf
θ>0

sup
t∈[0,T ]

e−θa(t)+g(θ)b(t).

Proof. Let E denote the event

E = {∃t ∈ [0, T ] : λmax(Y t) ≥ a(t) and λmax(W t) ≤ b(t)}.
Let κ denote the stopping time given by

κ = inf {t ≥ 0: λmax(Y t) ≥ a(t) and λmax(W t) ≤ b(t)} .
We observe that κ ≤ T <∞ on the event E . Then, for every t ∈ [0, T ] and every k ∈ [0, t], if Etk denotes
the event

Etk = {λmax(Y k) ≥ a(t) and λmax(W k) ≤ b(t)},
we have that

E =
T⋃
t=0

(
t⋃

k=0
Etk

)
.

Now, for each fixed θ > 0, consider the real-valued process {St = St(θ) : t ∈ N} given by

St(θ) = tr exp (θY t − g(θ)W t) ,
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which is a real-valued positive supermartingale according to [61, Lemma 2.1]. For every θ > 0, according
to Lemma 2.2 from [61], we have that on each event

⋃t
k=0 Etk,

St ≥ eθa(t)−g(θ)b(t),

so that on the event E , it holds that
St ≥ inf

t∈[0,T ]
eθa(t)−g(θ)b(t).

We then conclude the proof as done for [61, Theorem 2.3] upon noting that inft∈[0,T ] e
θa(t)−g(θ)b(t) =

supt∈[0,T ] e
−θa(t)+g(θ)b(t). �
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