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STOCHASTIC GRADIENT DESCENT IN HIGH DIMENSIONS FOR
MULTI-SPIKED TENSOR PCA

GERARD BEN AROUS!, CEDRIC GERBELOT?!, AND VANESSA PICCOLO?2

ABsTrACT. We study the dynamics in high dimensions of online stochastic gradient descent for the
multi-spiked tensor model. This multi-index model arises from the tensor principal component analysis
(PCA) problem with multiple spikes, where the goal is to estimate r unknown signal vectors within
the N-dimensional unit sphere through maximum likelihood estimation from noisy observations of a
p-tensor. We determine the number of samples and the conditions on the signal-to-noise ratios (SNRs)
required to efficiently recover the unknown spikes from natural random initializations. We show that full
recovery of all spikes is possible provided a number of sample scaling as N?~2, matching the algorithmic
threshold identified in the rank-one case [9, 10]. Our results are obtained through a detailed analysis of
a low-dimensional system that describes the evolution of the correlations between the estimators and the
spikes, while controlling the noise in the dynamics. We find that the spikes are recovered sequentially in a
process we term “sequential elimination” once a correlation exceeds a critical threshold, all correlations
sharing a row or column index become sufficiently small, allowing the next correlation to grow and
become macroscopic. The order in which correlations become macroscopic depends on their initial
values and the corresponding SNRs, leading to either exact recovery or recovery of a permutation of the
spikes. In the matrix case, when p = 2, if the SNRs are sufficiently separated, we achieve exact recovery
of the spikes, whereas equal SNRs lead to recovery of the subspace spanned by the spikes.
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1. INTRODUCTION

Understanding the dynamics of gradient-based algorithms for optimizing high-dimensional, non-convex
random functions is crucial for advancing data science. Despite the challenges posed by non-convex
landscapes, first-order optimization methods such as stochastic gradient descent (SGD) have proven
remarkably successful in practice [54], especially in the context of deep learning applications, see e.g. [41,
18]. The time and sample complexity guarantees for SGD are well-understood in convex and quasi-convex
settings [19, 47, 48, 27]; however, achieving similar results for non-convex cases remains challenging. A
promising approach to address these challenges is to focus on specific instances where the target function
is simple enough for closed-form analysis, yet retains the complexities found in larger models. A key
observation when training such models with gradient-based methods is the emergence of a few preferred
degrees of freedom that govern the behavior of the algorithm, as illustrated for instance by the neural
collapse phenomenon [49, 50]. Recent work by the first author, in collaboration with Gheissari and
Jagannath [9-12] and with Gheissari, Huang, and Jagannath [7], has shown that, for a broad range of
estimation and classification tasks, the high-dimensional dynamics of (stochastic) gradient descent can be
reduced to low-dimensional, autonomous effective dynamics involving a set of summary statistics. This
allows for a precise understanding of how key factors such as initialization, step-size, sample size, and
runtime affect the algorithm’s trajectory toward fixed points in the optimization landscape.

Building on this line of work, the present paper focuses on the benchmark problem of multi-spiked
tensor estimation, which results in effective dynamics exhibiting a rich phenomenology at the level of
the summary statistics that govern the recovery process. The multi-spiked tensor principal component
analysis (PCA) problem was introduced by Johnstone [39] for p = 2 and by Richard and Montanari [53]
for p > 3. The goal is to estimate r unknown vectors on the N-dimensional unit sphere from noisy
observations of a corresponding rank 7 p-tensor. Detection thresholds for the rank-one spiked tensor
model have been established in [43, 52, 51], and for the finite-rank case in [42, 23]. Moreover, recovery
thresholds for the rank-one spiked tensor model have been identified for first-order optimization methods
in [53, 9], and for Sum-of-Squares and spectral methods in [52, 51]. In the multi-spiked setting, recovery
thresholds have been determined for power iteration in [37]. For a more detailed discussion on detection
and recovery thresholds, we refer the reader to Subsection 1.3. Our goal is to determine the number of
samples required for SGD to efficiently recover the hidden vectors. Additionally, in the extended version
of our preprint [6], we also study continuous high-dimensional dynamics, such as Langevin dynamics and
gradient flow, which yield suboptimal thresholds compared to SGD.

Our work serves as a benchmark for general multi-index models, which have garnered significant
attention in recent years [59, 28, 70, 32, 17, 46, 25, 3, 15, 2, 16, 26]. They consist of functions that are
parameterized by a finite number of (unknown) relevant directions vy, ..., v, € RV and a multivariate
link function o*: R” — R, which takes as input the inner products between input vectors in R and
the relevant directions. Here, N denotes the ambient dimension, and r < N represents the number of
latent coordinates. When r = 1, these models are referred to as single-index models. From a statistical
perspective, multi-index models are canonical examples of target functions in which neural networks, able
to exploit the latent low-dimensional structure, outperform kernel methods, which suffer from the curse of
dimensionality [4]. These models also naturally arise in dimension reduction methods in high-dimensional
statistics, as seen in [69, 68] and more recently in [31, 30]. In particular, [30] makes progress towards
reducing the curse of dimensionality in non-parametric methods. From an optimization perspective,
multi-index models serve as a typical example of systems leading to low-dimensional effective dynamics.
For instance, when considering a set of  orthonormal estimators 1, ..., x, € RY, as will be the focus of
this paper, the effective dynamics are governed by the r? inner products (v;, z;). In this paper, we study
this r2-dimensional dynamical system within the multi-spiked PCA problem. Our goal is to determine
the sample complexity required for the high-dimensional empirical dynamics of SGD to approximate the
effective low-dimensional population dynamics.

For the single-spiked tensor PCA model, [9] has shown that the difficulty of recovery using gradient
flow is due to the strength of the curvature of the loss landscape around the initial condition, which
is governed by the order p of the tensor. In the context of single-index models, the rank-one tensor
PCA model can be viewed as a single monomial in the Taylor expansion of a more general link function
o*: R — R. Building on this insight, it was shown in [10] that when learning an unknown direction
from a single-index model with a known link function using online SGD, the difficulty of recovery again
depends on the curvature of the landscape near the initial condition. This curvature is quantified by
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the first non-zero coefficient in the Taylor expansion of o*, referred to as the information exponent [10].
Building on this insight, various extensions have been proposed, notably [17, 15], which address the task
of learning both the hidden direction and an unknown link function using tailored algorithms (for more
details, see Subsection 1.3). Multi-index models present a significant challenge compared to single-index
models: the effective dynamics are multidimensional and thus may exhibit a nonmonotone behavior and
multiple fixed points, making it difficult to establish global convergence guarantees. Important progress in
this direction has been made in [1, 2], where in particular the latter work provides a complete description
of the learning dynamics for a two-layer neural network using a tailored, two-timescale modification of
SGD for specific instances of multi-index models. Subsequent work by [26, 16] proposed further results
using a similar algorithm, with the former exploring varying batch sizes and the latter implementing
a fully non-parametric step to allow for generality at the level of the link function in the population
case. The two-timescale framework employed in these works is crucial to their analysis, as it results in
monotone dynamics or their superposition and provides guarantees for subspace recovery. Finally, single-
and multi-index models have been extensively studied in the context of statistical physics of learning,
see e.g. [56, 57, 34|, and related rigorous methods in the proportional limit of dimension and number of
samples [21, 33]. However, applying these results to the questions considered here seems challenging.
In light of the above discussion, the following questions naturally arise and motivate our work:

(i) Can we characterize the global convergence of the effective population dynamics for gradient
descent and its variants without relying on a two-timescale algorithm?
(ii) Can we identify which fixed points are reached and determine their probabilities?
(iii) Can we establish sample complexity guarantees for the empirical dynamics related to the previous
two questions for SGD?

We address these questions in the context of the multi-spiked tensor PCA problem. To simplify the analy-
sis, we assume that the unknown vectors are orthogonal. Our study reveals a much richer phenomenology
compared to the single-spiked case. Specifically, we focus on three distinct notions of recovery which nat-
urally arise: recovery of the spikes in the exact order, recovery of a permutation of the spikes, and
recovery of a rotation of the hidden subspace. The main challenge of our analysis lies in simultaneously
controlling the empirical noise and the interactions among the 72 inner products (v;, x;) which arise in
the population dynamics. This is crucial for quantifying the probability of reaching each fixed point
during the recovery process. Our proof relies on systems of discrete-time difference inequalities, derived
from the signal-plus-martingale decomposition method from [10, 60].

1.1. MODEL AND ALGORITHM

The multi-spiked tensor model is formalized as follows. Fix integers p > 2 and r > 1, and suppose that
we are given M i.i.d. observations Y? of a rank r p-tensor on RY in the presence of additive noise, i.e.,

-
Y =W+ VN> Aol (1.1)

i=1
where (Wé)z are i.i.d. samples of a noise p-tensor with i.i.d. sub-Gaussian entries Wi‘;’.“ﬂ-p, A 2> 2
Ar > 0 are the signal-to-noise ratios (SNRs), assumed to be of order 1, and vy,...,v, are unknown,

orthogonal vectors lying on the N-dimensional unit sphere S¥~!. Our goal is to estimate the unknown

signal vectors using maximum likelihood estimation (MLE) based on the sample of i.i.d. training data
(Ye) évi 1- In our setting, MLE amounts to solving the optimization problem:

i = N(Y 2P 1.2
X:;gl%_h{ ; (Y, >} (1.2)

where X = [1,...,2,] € RV*" and the feasible set St(N,r) = {X € RN*": X" X = I,} is known as
the Stiefel manifold, once equipped with its natural sub-manifold structure from R *". The optimization
problem (1.2) is equivalent in law to minimizing the loss function £y ,: St(N,7) x (RV)®P — R given by

ACN,T(X;Y) :HN,T'(X)+¢)N,T(X)7~ (13)

where H ), denotes the noise part given by

Hy o (X) =) M(W,zfP), (1.4)
=1
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and ®y , denotes the population loss given by

Oy (X) =E[Ly,(X;Y) == > VNMAmE(X), (1.5)

1<ij<r
where m;;(X) = (v;, x;).
Definition 1.1 (Correlation). For every 1 <1i,j <r, we call m;;(X) the correlation of x; with v;.

The model described in (1.1), also known as matrix and tensor PCA, was introduced by Johnstone [39]
for the matrix case and by Richard and Montanari [53] for the tensor case, specifically in the case of a
single unknown spike. Our work aims to solve the optimization problem (1.2) in the large-N limit while
the rank r is fixed. As previously mentioned, to tackle this tensor estimation problem, we use a first-order
optimization method, namely online stochastic gradient descent (SGD). This local algorithm has been
studied by the first author, joint with Gheissari and Jagannath in [10], to determine the algorithmic
thresholds for the rank-one spiked tensor model. We define the online SGD algorithm as follows.

Let X, € St(NV,r) denote the output of the algorithm at time £. The online SGD algorithm with
initialization X € St(V,r), which is possibly random, and with step-size parameter § > 0, will be run
using the observations (Yé) é\il according to the following update rule:

)
X,=Rx,_, <_NvSt»CN,r(XZI;Y€)) ; (1.6)

where Rx: TxSt(N,r) — St(IV,r) is a retraction map that moves a point from the tangent space
TxSt(N,r) back onto the Stiefel manifold St(N,r), while preserving its geometric properties such as
orthonormality (see e.g. [20, Section 7.3]). The tangent space TxSt(N,r) at a point X € St(N,r) is
given by

TxSt(N,r) ={V eRY*": X"V 4+V'X =0}

There are multiple ways to define the retraction map. Here, we use the polar retraction, defined as
—1/2
Rx(U) = (X + U) (I,,+UTU) . (1.7)

In the update rule (1.6), Vg denotes the Riemannian gradient on St(N,r). In particular, for a function
F: St(N,r) — R, the Riemannian gradient is given by

Ve F(X) = VF(X) — %X(XTVF(X) +VR(X)TX), (1.8)

where V denotes the Euclidean gradient. The algorithm runs for M steps, and the final output X, is
taken as the estimator.

1.2. MAIN RESULTS

Our goal is to determine the sample complezity required to recover the unknown orthogonal vectors
vi,...,v, € S¥~1. We formalize the notion of recovering all spikes v1, ..., v, as achieving macroscopic
correlations with these vectors, which is defined as follows.

Definition 1.2 (Recovery of all spikes). We say that we recover a permutation of the r unknown vectors
v1,...,v, if there exists a permutation o € &, over r elements such that for every i € [r],

Mo )i (X)| = [{va@), i) =1 —o(1),
with high probability. If o is the identity permutation, we say that we achieve exact recovery of the r
spikes vy, ..., v, if for every i € [r],

Imii(X)] = [{vi, zi)| = 1= o(1),
with high probability.

From this point onward, we focus on the sequence of outputs (Xy)een generated by the online SGD
algorithm with step-size parameter § > 0, as described in (1.6). The sequence is initialized randomly,
with X o sampled from the uniform distribution py«, on the Stiefel manifold St(NV,r). The distribution
N xr is the unique probability measure on St(N,r) that is invariant under both the left- and right-
orthogonal transformations. More precisely, if X ~ punx,, then for any orthogonal matrices U € O(N)
and V € O(r), the matrix UXV has the same distribution as X. Sampling from this distribution
is straightforward in practice: if Z € RV*" is a Gaussian matrix with i.i.d. standard normal entries,
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then the random matrix Z(Z' Z)~'/? is uniformly distributed on St(N,r), as shown in [24, Theorem
2.2.1]. Furthermore, we denote by (92, F,P) the probability space on which the order-p tensors (We)g
are defined. We let Px, denote the law of the process X initiated at X¢ ~ pnx,. Similarly, IP’XO+
denotes the law of the process X initiated at Xy ~ unx. subject to the condition mij(Xo) > 0 for all
1 <4,j <r. Additionally, for two sequences xy and yy, we write zx < yn if x/yny — 0 as N — oo.

We first present our main results for p > 3, followed by those for p = 2. Although stated in asymp-
totic form here, a stronger, nonasymptotic formulation of our results, including explicit constants and
convergence rates, is provided in Section 3. Additionally, we recall that the SNRs Ay > --- > A, > 0 are
assumed to be of order 1 in N.

1.2.1. MAIN RESULTS FOR p > 3. Our first main result for p > 3 shows that exact recovery of all spikes
is possible given sufficiently separated SNRs and a sample complexity scaling as NP~2.

Theorem 1.3 (Exact recovery for p > 3). Let (Xy)een be online SGD initialized from Xo ~ punxr
with step-size § <K log(N)_lN_prg. Let M > log(N)NP=2. Assume that for every n > 1, \; >

P
(%n log(n)> Aig1 for all1 <i<r —1. Then, for every e > 0 and every i € [r],

Jim Py (i (Xa)] = 1-6) > 1~

Theorem 1.3 shows that for every i € [r], the correlation |m;;(X)| = |(x;, v;)| approaches 1 with high
probability. This probability depends on the ratio between the SNRs, with higher ratios leading to a
higher probability of exact recovery. If the SNRs are not sufficiently separated, exact recovery might not
always be achievable and it may occur that x; recovers v; for ¢ # j. In such cases, we refer to recovery of
a permutation, as introduced by Definition 1.2. To define the permutation of the spikes being recovered,
we introduce a procedure that identifies r distinct pairs of indices from a given matrix.

Definition 1.4 (Greedy maximum selection). For a matrix A € R"*" with distinct entries, we define
the pairs {(i},75) } oy recursively by
(it gi) = argmax  |A®TDy,
1<i,j<r—(k—1)
where |A*~Y| denotes the absolute value of the entries in the submatrix A*~1 e R (E-1)x(r=(k-1))

obtained by removing the ¢7,...,i;_;th rows and j7,...,j;_;th columns from A. We refer to the pairs
(#%,97), -+, (iF, 4¥) obtained through this procedure as the greedy mazimum selection of A.

We apply this operation to the matrix

— p—2
fo= (AiAJ’mij (Xo)l{mf;?(xo)zo})1gi,jsr‘ (19)
The initialization matrix Iy € R™ " is a random matrix. While its entries could potentially be identical
due to randomness, Lemma A.3 of [6] ensures that they are distinct with probability 1 — o(1). We can
therefore define the greedy maximum selection of Iy. In the following, we let (i, j7),..., (i¥, ) denote
the greedy maximum selection of Iy. Our second main result shows that recovery of a permutation of all

spikes is possible, provided a sample complexity of order NP~2,

Theorem 1.5 (Recovery of a permutation for p > 3). Let (X)een be online SGD initialized from
X ~ Unxr with step-size § < log(N)’lN*LES. Let M > log(N)NP~2. Then, for every ¢ > 0 and
every k € [r],
lim Px, (|mizj; (Xa)|>1- g) =1

Theorem 1.5 shows that, regardless of the values of the SNRs, recovery of a permutation of the spikes
is always possible, provided a sample complexity of order N?~2. The permutation of the recovered spikes
is determined by the greedy maximum selection of Iy, which, in turn, depends on the values of the
correlations at initialization and on the corresponding signal sizes. In both Theorems 1.3 and 1.5, the
sample complexity threshold aligns with the sharp threshold obtained using first-order methods in the
rank-one spiked tensor model [9, 10]. We remark that the factor log(N) in both the step-size and sample
complexity is due to the control of the retraction term in (1.6), and can be removed in the case of a single
spike.
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FIGURE 1. Evolution of the correlations m;; under the population dynamics in the case
where p = 3, r = 2, A\; = 3 and Ay = 1. The SNRs are sufficiently separated to ensure
exact recovery of both spikes v; and vs. Once mq; reaches a sufficiently large microscopic
threshold, m12 and mo; begin to decrease. Recovery of vs is then possible after mq5 and
mso1 have decreased sufficiently, becoming negligible in the evolution of mass.

The dynamics underlying Theorems 1.3 and 1.5 reveals a richer structure beyond the stated results.
In particular, the correlation m;:;+ becomes macroscopic first, followed by m;: =, and so on. Theorem 1.3
involves an additional assumption on the ratio between the signal sizes, which ensures that variations
due to random initialization are mitigated by differences in the SNRs. As a result, the greedy maximum
selection of Iy results in ¢} = j; = k for every k € [r], allowing m11,...,m,, to become macroscopic
in sequence. More precisely, as shown by the numerical simulations in Figures 1, 2 and 6, when m;:
exceeds a critical microscopic threshold (which depends on the order p of the tensor and on the SNRs),
the correlations m;:; and my;x for i # i, j # ji decrease to sufficiently small levels. This allows m;; ;= to
grow and become macroscopic, and the process continues similarly for the remaining correlations My .
This phenomenon is referred to as the sequential elimination process: the correlations {miz ji }r_, increase
one by one, sequentially eliminating correlations that share a row or column index. This is formalized as
follows.

Definition 1.6 (Sequential elimination). Let S = {(i1,j1),..., (4r,Jr)} be a set with distinct iy,...,i, €
[r] and distinct ji, ..., j, € [r]. We say that the correlations {m;;(¢) }1<; j<, follow a sequential elimination
with ordering S if there exist r stopping times T < --- < T, such that for every k € [r], every e, > 0,
and every T > Ty,

Mg (X)) =21 —¢ and  |mg;(X7)| <€ |mi;, (X7)| < & fori#ip,j # ji.
Based on Definition 1.6, we have the following result, which serves as a foundation for Theorem 1.5.

Theorem 1.7 (Theorem 1.5 revisited). Let (X)een be online SGD initialized from Xo ~ punx, with
step-size 6§ < log(N)"'N="2". Let M > log(N)NP~2. Then, the correlations {mq;}1<i j<r follow
a sequential elimination with ordering {(i},j;)}r_, and stopping times of order log(N)NP~2, with P-
probability 1 in the large-N limsit.

We can formulate an analogous version of Theorem 1.7 for Theorem 1.3 by adding the corresponding
assumption on the ratio between the SNRs.

Remark 1.8. It is important to note that in the above results, namely Theorems 1.3, 1.5 and 1.7, the
behavior of online SGD depends on the parity of p in the following sense. When p is odd, then each
estimator x;- recovers the spike v;r with P-probability 1 — o(1), since the correlations that are negative
at initialization get trapped at the equator. Conversely, when p is even, we have that each estimator T
recovers sgn(m;: ;= (Xo))v;: j» with probability 1—o(1). This means that if the correlation at initialization
is positive, then X jx TECOVers v ; otherwise, Zj: TECOVers —v;x.

1.2.2. MAIN RESULTS FOR p = 2. We now present our main results for p = 2. Our first result shows that
exact recovery of all spikes is possible, provided sufficiently separated SNRs and a sample complexity of
order log(N)QN%7 where £ € (0,1) depends on the relative sizes of the signals.
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FIGURE 2. Evolution of the correlations m;; under the population dynamics in the case
where p = 3, r =4, \y = --- = Ay = 1. Since the SNRs are all equal, the order in
which the correlations become macroscopic is determined by the values of the correla-
tions at initialization, see Definition 1.4. This numerical simulation shows the recovery
of a permutation of the four spikes vq,...,v4 according to the sequential elimination
phenomenon.

Theorem 1.9 (Exact recovery for p = 2). Let (X)een be online SGD initialized from Xo ~ pnxr

with step-size § < mN“ﬁf. Let M > log(N)2N*\" M/ Assume that \; = Miz1(1 + K;) for every

1<i<r—1, with k; > 0 being constants of order 1. Then, for every e > 0 and every i € [r],

lim Px, (|mii(Xum)>1—¢)=1.
N—o00

Similar to Theorem 1.3, variations in the correlations at initialization are compensated by differences
in SNRs, leading to exact recovery of all spikes. However, unlike Theorem 1.3, for p = 2, exact recovery
is achievable as soon as the SNRs differ by factors of order 1. In terms of sample complexity, there is
a significant difference compared to the result obtained in [10] for the rank-one matrix PCA problem,
where a number of log(IN)? samples is sufficient for efficiently recovering the spike. In our case, this
sample complexity threshold is not sufficient to ensure the stability of the evolution of the subsequent
correlations. The difference between both thresholds arises from the control of the retraction map, which
is inherent to the online SGD algorithm on the Stiefel manifold. This is illustrated in the numerical
simulation shown in Figure 8, and the term responsible for this discrepancy is rigorously quantified in
the proof of Lemma 5.5.

As with the case of p > 3, the correlations exhibit a sequential elimination with ordering {(k, k): k €
[r]}. Thus, an analogous version of Theorem 1.7 can be stated for Theorem 1.9. The evolution of the
correlations is illustrated by the numerical simulations shown in Figures 3 and 4. As noted in Remark 1.8,
the behavior of online SGD depends on the parity of the order p of the tensor. Specifically, for p = 2,
the recovery of the unknown vector v; or its negative counterpart —wv; is determined by the sign of the
correlation m;; at initialization.

Our second main result for p = 2 addresses the case where the SNRs are all equal. Due to the
invariance of the loss function £y, under both right and left rotations, our focus shifts from recovering
each individual signal to recovering the subspace spanned by the signal vectors vq,...,v,. This notion
of recovery is referred to as subspace recovery and is defined as follows.

Definition 1.10 (Subspace recovery). We say that we recover the subspace spanned by the orthogonal
signal vectors vy, ..., v, if

IXXT = VVTr=o(1),
with high probability, where ||-||r stands for the Frobenius norm and X = [x1,...,2,],V = [v1,...,v,] €
RNXT‘.

From Definition 1.10, we note that subspace recovery is equivalent to recovering the eigenvalues of the
matrix G € R™*" defined by

G=MM", with M=V'X = (m(X))i<ij<r € R,



8 GERARD BEN AROUS, CEDRIC GERBELOT, AND VANESSA PICCOLO

008

overlap value

overlap value

002

FIGURE 3. Evolution of the correlations m;; under the population dynamics in the case
where p = 2, r = 2, A\; = 3 and Ay = 1. The SNRs are sufficiently separated to ensure
exact recovery of both spikes, following the elimination of mis, mo1 by mi;.
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FIGURE 4. Evolution of the correlations m;; under the population dynamics in the case
where p = 2, r = 4, \y = 10,2 = 5,13 = 2 and A\; = 1. We observe a sequential
elimination phenomenon, although less pronounced than in the case p > 3, in the sense
that correlations that eventually become negligible can still exhibit significant increases.

since it holds that | XX — VV ' |p = 2(r — Tr(G)). Hereafter, we let 6;(X),...,0,.(X) denote the
eigenvalues of the matrix-valued function G(X). Our main result is as follows.

Theorem 1.11 (Subspace recovery for p = 2). Let \y = --- = A.. Let (X )een be online SGD initialized
from Xo ~ pnwxr with step-size § < WN%. Let M > 1og(N)3. Then, for every e > 0 and i € [r],

lim PXO (HZ(XM) Z 1-— E) =1.
N—oo

The recovery dynamics in this case differs significantly from those in the previous cases: the correlations
evolve at similar rates, thereby preventing the sequential elimination phenomenon, as shown in the left-
hand side of Figure 5. However, as illustrated on the right-hand side of Figure 5, the eigenvalues of G
establish a natural ordering at initialization, which persists throughout their evolution until recovery,
resulting in a monotone evolution.

Unlike the tensor case, where we analyze the dynamics for any value of the signal sizes, for p = 2 we
have focused on two cases: when the parameters are separated by constants of order 1 (i.e., Theorem 1.9)
and when they are all equal (i.e., Theorem 1.11). The intermediate case, where the SNRs are separated
by a sufficiently small e-factor, possibly depending on N, requires further effort and will be addressed in
future work.

We conclude this section by presenting simulations of the high-dimensional online SGD algorithm in
the case with three hidden directions. We refer to Figure 6 for the case where p = 3 and to Figure 7 for
the case where p = 2. Additionally, Figure 8 illustrates the numerical instability observed for p = 2 due
to the retraction map, as discussed in the paragraph following Theorem 1.9.
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FIGURE 5. Evolution of the correlations m;; (left) and eigenvalues (right) of G = MM "
under the population dynamics. The relative speeds of the correlations are too close
to each other for a sequential elimination phenomenon to take place. However, the
eigenvalues of G are monotone and it is possible to characterize subspace recovery.
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FIGURE 6. Evolution of the correlations m;; under the online SGD algorithm for the
case where p = 3,r = 3, with SNRs Ay = 3, A5 = 2, A3 = 1. The simulation is performed
with M = 3200 samples, a step-size §/N = 0.0003, and a dimension of N = 500. The
simulation shows recovery of a permutation of the spikes.
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FIGURE 7. Evolution of the correlations m;; under the online SGD algorithm for the
case where p = 2,r = 3, with SNRs A\ = 3, Ao = 2, A3 = 1. The simulation is performed
with M = 230 samples, a step-size /N = 0.002, and a dimension of N = 500. The
simulation shows exact recovery of the spikes.
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FIGURE 8. Evolution of the correlations m;; under the online SGD algorithm for the
case where p = 2,7 = 2, with SNRs Ay = 2, Ay = 1. The simulation is performed with
M = 70 samples, a step-size §/N = 0.006, and a dimension of N = 500. While the
correlations my; and mgs clearly overcome the effect of the noise martingale and become
macroscopic, the algorithm becomes unstable. This illustrates the fact that the sample
complexity prescribed by Theorem 1.9 is larger than what is required to just ensure that
the martingale term is negligible compared to the signal drift.

1.3. RELATED WORKS

We now provide a detailed overview on detection and recovery thresholds within the spiked tensor model,
along with a discussion of main results for multi-index models.

Montanari and Richard [53] conjectured that for the single-spiked model, local algorithms with random
initialization require a sample complexity scaling as N?~2 to efficiently recover the unknown spike, while
a sharper threshold scaling as N 3% is sufficient using Sum-of-Squares (SoS) and spectral methods. The
computational threshold N?~2 was achieved using various local methods: gradient flow and Langevin
dynamics [9], online SGD [10], and tensor power iteration [37, 67|. For local algorithms, the order p of the
tensor determines the curvature of the landscape near the initial condition, which influences the recovery
difficulty. The sharp threshold of NV 23* was achieved using SoS-based algorithms [36, 35, 40], spectral
methods based on the Kikuchi Hessian [66], and tensor unfolding [13]. Beyond computational thresholds
for efficiently estimating the unknown direction, significant research has focused on two other critical
thresholds: the information-theoretic threshold for detection of the signal [43, 52, 51, 22, 38, 5], and the
statistical threshold validating MLE as a reliable statistical method [14, 55, 38|. Detection and recovery
thresholds for the multi-rank tensor PCA model have also been explored. On the information-theoretic
side, it has been shown in [42] for p = 2 and in [23] for p > 3 that there is an order-1 critical threshold
for the SNRs, above which it is possible to detect the unseen low-rank signal tensor v N Oy )\iv?p .
On the algorithmic side, [37] studied the power iteration algorithm and determined the local threshold
for efficiently recovering the finite-rank signal component. In the extended version of our preprint [6],
we studied Langevin and gradient flow dynamics for the multi-spiked tensor PCA. We demonstrated
that the sample complexity required to efficiently recover all spikes scales as N?~! for p > 3, while for
p=2as N LH6=AZ/AT for every 0 > 0 not depending on N. These thresholds are suboptimal compared to
those obtained here using online SGD due to challenges involved by controlling the noise generator under
Langevin and gradient flow dynamics.

As mentioned earlier at the beginning of this section, the single/multi-spiked tensor model belongs to
the broader class of single/multi-index models. In the context of single-index models, when the hidden
link function o* is known, the behavior of online SGD exhibits similar phenomenology to the single-spiked
tensor PCA model [10]. On the other hand, when the hidden link function ¢* is unknown, recent works
by Bietti, Bruna, and Sanford [17], as well as by Berthier, Montanari, and Zhou [15], have studied the
ability of two-layer neural networks to jointly learn the hidden link function and the hidden vector. They
achieved this using various instances of gradient flow, either coupled with non-parametric regression steps
or by employing a separation of timescales between the inner and outer layers. In the context of multi-
index models, several recent works have provided upper bounds on the sample complexity thresholds
required for shallow neural networks trained with first-order optimization methods to learn multi-index
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models. For instance, [46, 25, 3| analyzed the benefits given by a single gradient step coupled with
various choices for the second layer weights. Although these works determine the sample complexity
required for the gradient to achieve macroscopic correlation with the target subspace and illustrate how
neural networks improve over kernel methods, they offer limited insight into the global convergence
when training the first layer weights. Using an online layer-wise training approach and regression steps
on the second layer weights, Abbe, Boix-Adsera, and Misiakiewicz 2] introduced generalizations of the
information exponent from [10] for multi-index functions, referred to as the leap-exponent, and proved
that their dynamics successively visits several saddle-points before recovering the unknown subspace. A
similar analysis was carried out by Dandi et al. [26], providing further sample complexity guarantees
when using large batches of data over a few gradient steps. Moreover, Bietti, Bruna, and Pillaud-Vivien
studied in [16] the population, continuous time limit of a two step procedure, where each gradient step
on the estimator of the hidden subspace is coupled with a multivariate non-parametric regression step
to estimate the link function. They showed that this two-step procedure makes the landscape benign,
leading to the recovery of both the hidden link function and the correct subspace after saddle-to-saddle
dynamics similar to the one exhibited in [2]. These works extensively rely on the separation of timescales
and regression steps, resulting in a superposition of monotone dynamics, allowing for generality at the
level of the link function while focusing on subspace recovery. In contrast, our work provides a complete
description of the dynamics for online SGD in the context of a specific multi-index model, yielding
recovery of permutations and rotations (when p = 2 and the SNRs are equal).

In the field of statistical physics of learning and the related results in high-dimensional probability,
single- and multi-index models can be viewed as examples of the teacher-student model, see e.g. [29, 71],
in which a specific target function is learned using a chosen architecture, typically with knowledge of the
form of the hidden model. The dynamics of gradient-based methods are usually studied using closed-form,
low-dimensional, and asymptotically exact dynamical systems towards which the gradient trajectories are
shown to concentrate as the input dimension and number of sample diverge while remaining proportional.
In the case of online learning, these dynamics lead to sets of ordinary differential equations (ODEs). For
instance, such ODEs have been analyzed for committee machines [56] and two-layer neural networks [34,
63]. When a full-batch is used, the correlations throughout the entire trajectory result in a set of
integro-differential equations, known as dynamical mean-field theory in statistical physics, for which
there has been renewed interest in recent years in the context of classification problems and learning
single and multi-index functions in the proportional limit of dimension and number of samples, using
both powerful heuristics [57, 58, 45|, and rigorous methods [21, 33|. Despite their theoretical significance,
the resulting equations are often challenging to analyze beyond a few steps and are limited to studying
linear sample complexity regimes. As a consequence, applying these tools to address questions related to
global convergence, characterization of fixed points, or achieving polynomial sample complexity remains
difficult.

Finally, the limiting dynamics of online SGD has recently been studied in [11, 12, 7] for broad range of
estimation and classification tasks, including learning an XOR function using a two-layer neural network.
In particular, [11, 12] shows the existence of critical regimes in the step-size that lead to an additional
term in the population dynamics, referred to as the corrector, which also appears in the statistical physics
literature, e.g. [56, 34]. By appropriately rescaling the step size, they also obtain diffusive limits for online
SGD. In [7], a spectral analysis is performed to study the evolution of the Hessian of the loss landscape,
showing alignment of the SGD trajectories with emerging eigenspaces. We defer the exploration of
critical step sizes, diffusive limits, and spectral phenomena to future work, focusing here on obtaining
non-asymptotic results and enhancing our understanding of the population dynamics.

1.4. OVERVIEW

An overview of the paper is given as follows. Section 2 provides an outline of the proofs of our main
results. In Section 3, we present the nonasymptotic versions of our main results, from which we derive
the main asymptotic results of Subsection 1.2. Sections 4-6 are devoted to the proofs of the main results
in their nonasymptotic form. Specifically, Section 4 presents comparison inequalities for both the corre-
lations m;;(X) and the eigenvalues of MM " with M = (my; (X)) jepr)- Section 5 provides the proofs
of the main results related to the full recovery of the spikes, i.e., it addresses the case where p > 3 with
arbitrary values for the SNRs, as well as the case where p = 2 with sufficiently separated SNRs. Finally,
Section 6 focuses on the case where p = 2 and the spikes have equal SNRs, thereby proving subspace
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recovery.
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2. OUTLINE OF PROOFS

In this section, we outline the proofs of our main results. To simplify the discussion, we focus on the
spiked tensor model with » = 2. First, we address the cases where p > 3 with arbitrary values of \;
and A, as well as the case where p = 2 with sufficiently separated SNRs. In these cases, we follow the
evolution of the correlations under the online SGD algorithm and show full recovery of the spikes. Next,
we consider the case where p = 2 and the spikes have equal strength, i.e., Ay = Ao, and show that the
algorithm recovers the subspace spanned by the two spikes.

2.1. FULL RECOVERY OF SPIKES

We begin by analyzing the evolution of the correlations m;; under the online SGD algorithm, following
the update rule given by (1.6). We assume an initial random start with a completely uninformative prior,
specifically the invariant distribution on the Stiefel manifold. As a consequence, all correlations m;; have
the typical scale of order N~ 2 at initialization. For simplicity, we assume that all correlations are positive
at initialization.

According to (1.6), the evolution equation for the correlations m;;(X) at time ¢ is given by

mij(X¢) = <vi,RXt1 (—;(VStEN,T(XH;Yt))j».

To simplify notation, we write m;;(t) = m;;(X;). When the step-size § > 0 is sufficiently small, the
matrix inverse in the polar retraction term Rx, , (see (1.7)) can be expanded as a Neumann series.
Thus, up to controlled error terms, we have that

)
mij(t) & mij(t = 1) = (vi, = (VoL n(Xe-15Y1);).
Iterating this expression yields
5 <
mij(t) = mii (0) — > (i, (VL. (Xe-1));)- (2.1)
=1

The condition on the step-size ¢ required for the Neumann series to converge is not restrictive and does
not present a bottleneck in our proof. However, the retraction map introduces additional interaction
terms among the correlations, which demand a careful analysis.

Having the evolution equations for the correlations at hand, we decompose the gradient of the loss
function Ly, into noise and population components, i.e.,

VstLno(Xi-1,Y") = Vse Hy (X 1—1) + Vst @y (Xi—1),

where Hy,, and @y, are given by (1.4) and (1.5), respectively. By balancing these two terms, we deter-
mine the sample complexity thresholds for efficient recovery. Following the approach used to prove [10,
Proposition 4.1], we control the magnitude of the noise part by appropriately adjusting the step-size 4§,
ensuring the signal term dominates over a sufficiently large time scale for efficient recovery. However,
unlike the single-spiked case in [10, Proposition 4.1], the contribution from the population loss leads to a
significantly more complicated dynamics, requiring careful analysis to control the nonmonotonic interac-
tions among the correlations. At the same time, our control needs to be sufficiently sharp to meet sample
complexities and discretization guarantees that are statistically and algorithmically relevant.

2.1.1. CONTROL OF THE NOISE TERM. The evolution equation (2.1) can be rewritten as

mis () = mig (0) — ;;m, (Vs (Xe1))s) - ;;m, (Vs (X)),
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where a simple computation shows that
—(vi, (Vs @n,r(1);) = pVNXAmE; (2)
_ g\/ﬁ S Mo () (e (t) (Ajmgf(t) + Agmigz(t)) .

1<k, <2
The noise term corresponds to the sum of the martingale increments —(v;, (VStHN’T(Xg,l))j}7 and
since the noise tensors (WZ) ¢ are sub-Gaussian, classical concentration inequalities for the sub-Gaussian
distribution can be applied to bound this term. The population part consists of two terms: a drift term
pVN )\i)\jmffl which dominates the dynamics, particularly near initialization, and a correction term

123\/]\7 Zlgk,zgr AT Mg Migp ()\jm£;2 + )\gmzZQ) which arises due to the constraint of the estimator X
being on an orthogonal manifold. For the correlation m;; to increase, the drift term needs to be larger
than both the noise and correction terms. Near initialization, the correlations typically scale as N~ 2

and the drift term dominates the correction term. Moreover, near initialization, the noise term can be
absorbed by m;;(0). This gives that

mi;(t) = m;;(0) + p)\ Aj Zmp Y —1). (2.2)

At this point, we need to show that the drift term continues to dominate the noise term over a sufficiently
long time scale, allowing the correlations m;; to escape mediocrity. Once the first correlation reaches a
critical threshold, the previously negligible correction term in the population loss becomes significant, and
the dynamics shifts to a more delicate phase where the correlations begin to interact with one another,
as explained below.

2.1.2. ANALYSIS OF THE POPULATION DYNAMICS. We now analyze the evolution of the correlations by
studying the population dynamics, first for the case p > 3, and then for p = 2.
Recovery for p > 3. The solution of (2.2) is given by

1

p—2

) _
\/—Np/\i)\jmij(O)p 2t> 5 (23)
ig

where m;;(0) = Nk The typical time for m;; to reach a macroscopic threshold € > 0, denoted by 7!

mi;(t) = mg;(0) (1 -
(i),

is therefore given by

p—2
)

70D & — VN N
In particular, the first correlation to become macroscopic is the one associated with the largest value of
)\i)\j'yfo, where (7i;)1<i,j<2 approximately follow independent standard normal distributions. According
to Definition 1.4, this corresponds to the pair (i}, j;) of the greedy maximum selection of the matrix
Iy = ()\,;)\jm,;j(O)P*21{m€;2(0)20})”. Once the first correlation m;; reaches a macroscopic value € > 0,
the other correlations are still trapped near the equator. This can be verified by plugging the value
of Te(m 7 into (2.3). Note that if the SNRs are sufficiently separated to compensate for initialization
differences, with high probability, m; is the first correlation to escape mediocrity. In the following,
without loss of generality we may assume that 7 = ji = 1, i.e., mq; is the first correlation to reach the
macroscopic threshold e.

Next, we describe the evolution of mq2,mso; and may as t > T(H) We first note that the correction
part of the population term, i.e.,

> Nemmg (8 (Eymae () (Amly > (8) + AemPy 2 (1)),
1<k, <2

becomes dominant in the evolution of the correlations mis, ms1, as soon as mi; reaches the microscopic

threshold N~ "2r . In other words, mi2 and ms; are non-decreasing and they begin to decrease as soon
as miy reaches thls microsopic threhsold. On the other hand, the correction part of the population
generator may become dominant in the evolution of msg, as soon as mq; reaches another microscopic

p—3
threshold of order N 2<prl>, leading to a potential decrease of mao. Through a careful analysis, we

log(N)
N

show that this potential decrease is at most of order , so that mgo remains stable at the scale
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Tlﬁ during the ascending phase of my;. The evolution of the correlations mis,mo; and moo as miy

becomes macroscopic is illustrated by the numerical experiment in Figure 9. Once mjs,mo; become
sufficiently small, we show that the evolution of mss can still be described by (2.3), thus ensuring the
recovery of the second direction. The phenomenon we observe here is referred to as sequential elimination
phenomenon, as introduced in Definition 1.6. The correlations increase sequentially, one after another.
When a correlation (e.g., m11) exceeds a certain threshold, the correlations sharing a row and column
index (e.g., mia,moy) start decreasing until they become sufficiently small to be negligible, thereby
enabling the subsequent correlations (e.g., ma2) to increase. This phenomenon is illustrated in Figure 1.
We remark that if the SNRs are sufficiently separated as described earlier, then exact recovery of the
unknown signal vectors is achieved with high probability, which depends on the ratio between the signal
sizes, as stated in Theorem 1.3. Otherwise, recovery results in a permutation of the spikes, determined
by the greedy maximum selection of the matrix Iy = (A\A;my; (0)p721{mf{2(0)20})iﬂ" as illustrated in
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FIGURE 9. Evolution of the correlations m;; under the population dynamics in the case
where p = 3, r = 2, A\; = 3 and Ay = 1. The SNRs are sufficiently separated to ensure
exact recovery of both spikes. The figure consists of four subfigures, each zooming in on
the evolution of one of the four correlations from initialization to the moment when the
first correlation my; becomes macroscopic. In particular, mis and meo; decrease rapidly
once mqy1 becomes macroscopic, whereas mos remains stable overall. The short decrease

in mao is bounded by % with high probability.

To determine the sample complexity threshold under online SGD algorithm, we control the retraction
and martingale terms so that the discrete dynamics is sufficiently close to the continuous one studied
N

5

in [6] over a time scale of order . We show that this requires a step-size parameter of order

log(N)~IN 71%37 leading to a sample complexity of order log(N)NP~2. This threshold is required for
efficient recovery of both spikes.

Recovery for p = 2. In this case, the solution of (2.2) is given by
1 Vij 1
mij ~ msj (O) exXp (25A1/\]N 2t> = T% exp (25AlA]N 2t> y (24)
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FIGURE 10. Evolution of the correlations m;; under the population dynamics in the
case where p = 2,7 = 2, A1 = 2 and Ay = 1. We observe that as mi; reaches a certain
threshold, the correlations mis and mo; start to decrease, despite rising higher than in
the case where p > 3.

so that the typical time for m;; to reach a macroscopic threshold € > 0 is given by

(ﬂ

log )
Yij
————2+/N.
200\

Ta(ij ) &
In contrast to the case where p > 3, where the quantity A;\; 7%_2 determines which correlation first escapes
mediocrity, the initialization v;; has less influence here and the time differences for the correlations to
reach a macroscopic threshold are determined by the separation between the SNRs. When A1 > Ao,
a sequential elimination phenomenon akin to the one observed for p > 3 occurs (see Figures 3 and 4).
However, there is an important difference compared to the tensor case: once mi; reaches the macroscopic
threshold £ > 0, the correlations m122,m21 and maoy scale as J\f*‘sl/Q,N*‘sl/2 and N’é?/z7 respectively,

where §; = 1 — i—i and 6 = 1 — % We then show that m;; must reach approximately the critical
1

value (i—f)l/ 2 for mia, mo1 to decrease. This value is achieved in an order one time once m;; has reached

g, while mq9, Mo still require a time of order log(IN) to escape their scale of N-%. In addition, we
show the stability of mso during this first phase by controlling that it remains increasing throughout the
ascending phase of my; and until mq5, mo; begin to decrease. This stability comes with an order 1 lower
bound on the logarithm of the dimension (see Theorem 3.6), involving the inverse of the gap between the
SNRs, so that the case where the SNRs are close becomes sensitive to finite size effects. Weak recovery

of the second direction is then possible as mis, ms; descend below the scale \/% This is illustrated in

Figure 10.
Regarding the sample complexity, similar to the case p > 3, we control the martingale and retraction

terms so that the discrete dynamics is sufficiently close to the continuous one studied in [6] over a time
2

scale of order @ log(N). We show that this requires a step-size & of order log(N)~LN*/(AD) | Jeading
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to a sample complexity for exact recovery of order log(N)QN%(l_’\i/)‘%). The factor NA+/(2AD) ig required
to control the stability of the retraction map, which is necessary for all directions, including the first one.

2.2. SUBSPACE RECOVERY

As discussed in Subsection 1.2, when A\; = Ay = ), the spiked covariance model becomes isotropic and we
shift our focus to the evolution of the eigenvalues of the matrix MM ', which we denote by G. To analyze
the evolution of the eigenvalues, we use eigenvalue perturbation bounds and matrix generalizations of
martingale concentration inequalities. In particular, once the noise is controlled, the population dynamics
take the form

4602 &
G(t) ~ G(0) + E GUt-1)(I-G{-1)),
VN ¢
leading to the following evolution equation for the elgenvalues 01,...,0,,

t

0,(1) ~ 03(0) + 20X O MENIEE)

This equation then prescribes a time horizon of order log(N) for the various bounds needed to control
the noise process, leading to the sample complexities as stated in Theorem 1.11. An important differ-
ence with the full recovery case is that, at initialization, the eigenvalues of G are of order % Simply
adapting the bounds derived for the correlations m;; is not sufficient here. In particular, we develop
time-dependent bounds for the martingale terms using a matrix generalization of martingale concentra-

tion inequalities [61].

3. MAIN RESULTS

This section presents the nonasymptotic versions of our main results stated in Subsection 1.2.

As previously discussed, we consider the online SGD algorithm starting from a random initialization,
precisely Xo ~ pnxr, where pnx, denotes the uniform measure on the Stiefel manifold St(N,r). Our
recovery guarantees, however, applies to a broader class of initial data that meets two natural conditions,

that we introduce hereafter. The first condition ensures that the initial correlation is on the typical scale
1

O(N~2).

Definition 3.1 (Condition 1). For every v; > 5 > 0, we let Ci(v1,72) denote the sequence of events
given by

Ci(71,72) = {X € St(N,r): \’/ijv <mi;(X) < % for every 1 <4,j <7“}.

We say that X € St(N,r) satisfies Condition 1 if for every 1 > 2 > 0,
P(X € Ci(71,72)°) < Cre™ % + Cae2VN 4 Oy,
for absolute constants C1, ¢1, Co, ca, C3 > 0.

In the special case p =2 and A\; = --- = \,, we analyze the evolution of the eigenvalues of the matrix
G = MMT, where M = (m;;)1<i j<r. To ensure that the eigenvalues at initialization are on the typical
scale of O(N 1), we require a modified version of Condition 1 from Definition 3.1.

Definition 3.2 (Condition 1’). For every 1 > v2 > 0, we let C{(v1,72) denote the sequence of events
given by

Ci(y1,72) = {X € St(N,r): N 2 < 0;,(X) < % for everyi € [r]}
We say that X € St(N,r) satisfies Condition 1" if for every v; > 75 > 0,
P(X €Ci(y1,7)°) < Cre= " 4 Coe=272YN | Oy,
for absolute constants C1, ¢y, Cs, ca, C3 > 0.

The second condition concerns the separation of the initial correlations, which is needed for the recovery
when p > 3.
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Definition 3.3 (Condition 2). For every v; > v > 0, we let Ca(y1,) denote the sequence of events given
by

-2
Aidjmi; *(X)
AeAemyy*(X)
We say that X € St(N,r) satisfies Condition 2 if for every v1 > v > 0,

CQ(’}/l,’Y): {XESt(N,T’)I -1

> 7 for every 1 §i,j,k,€§r}.
7

Nl=

. AN YT
P(X € CQ(’Yl,’}/)C) < Cre™ M 4 6'26_02\/N’Y +Cs (1 + (/\ )\j ) ) s
kAL

for absolute constants C1, ¢, Co, ca, C3 > 0.

A random matrix X uniformly distributed on St(N,r) satisfies the above conditions, as stated in the
following lemma.

Lemma 3.4. Every random matriz X ~ pnx, satisfies Condition 1, Condition 1', and Condition 2.

The proof of Lemma 3.4 is deferred to Appendix A of the extended version of our preprint [6]. In
particular, in [6] we consider the normalized Stiefel manifold My, = {X € RN*": XX = NI,} and

define correlations m;;(X) by mg;v) (X) = %, where V' = [vy,...,v,] € My,. We then show that
the invariant measure on My ;- satisfies the three aforementioned conditions. This framework is equivalent
to the one considered here, and therefore, the proofs in Appendix A of [6] can be straightforwardly
generalized to py ;-

We are now in the position to state our main results in a nonasymptotic form. Let T denote the
number of iterations after which we terminate the online SGD algorithm. For any set &, let T¢ denote
the hitting time of the set &, i.e.,

Te =min{t > 0: X; € £}.
Additionally, we point out that the constants Ki, Ko, ... and ¢, ¢o, ... appearing in the following state-
ments may depend on o2, p,r, {\;}1_;.

Our first main result shows that for p > 3, the sample complexity threshold for efficiently recovering
a permutation of all spikes v1, ..., v, must scale as log(N)N?~2.

Theorem 3.5 (Recovery of a permutation of all spikes for p > 3). Letp > 3 and A\y > --- > .. Consider
the sequence of online SGD outputs (X¢)ien started from X with step-size 6. Let (i7,57), ..., (@5, 75)
denote the greedy mazimum selection of Iy (see (1.9) and Definition 1.4). Further, for every e > 0, let
R(e) denote

R(e) = {X: mizj=(X) > 1—¢ forallk € [r] and m;;(X) < log(N)_%N_% otherwise}.

Then, the following holds. For every v1 > 72,7 > 0 and every € > 0, there exist ¢y € (0,1) and
do = do(N) satisfying dy — 0 as N — oo such that if Xo € C1(71,72) NCa(y1,7) and § > 0 verifies

§ = Cysdo log(N) "IN~

for a constant Cs > 0, then
Px, (Tre) ST) =1 -1,
where T and n are given by

()"
eVN

- (=)
5 log(N)N?~2 + -~ log(N)N "7,

T =
Cs(1 = co)P~dgy? Cs(1 — co)P~Ldger—1
and
n=Kje 1 4 Kye 202 t0VN 4 K3(v2+7)
log(N)?NP~2 _ . n —cscRl dg —252 —cg/d}
K ca K= log(N)e— ¢ los(N)/do | - 0 nN—%2 co/dg
+ £y d() € + K5 Og( )6 + 610g(N) € )
respectively.

Our second main result is for p = 2 with sufficiently separated SNRs. We show that the sample

1 1,&)
complexity threshold for strong recovery of all spikes must diverge as log(N)2N : ( M
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Theorem 3.6 (Exact recovery of all spikes for p = 2). Let p = 2 and A\y > -+ > A\, such that \; =
Aiv1(1 4+ K;) for every 1 < i < r — 1, with k; > 0 being constants of order 1. Let k denote k =
miny<;<,—1 k;. Consider the sequence of online SGD outputs (X)ien started from X with step-size §.

Further, for every e >0 and co € (0,3 A 715, let R(g,co) denote
,l(1,1_50 ﬁ)
R(g,co) = {X: mi(X)>1—¢ foralli € [r] and mp(X) SN “\ 70N/ forall k # (} .

Then, the following holds. For every v1 > v2 > 0 and every e, > 0, there exist cg € (0,1) and
do = do(N) satisfying dg — 0 as N — oo such that if Xo € C1(y1,72) and d > 0 verifies

11-cg A
C 2 TFco 22
5— sdoN 7
log (28\/7)
for a constant Cs > 0, and if log(N) 2 1+ , then

]P)Xo (TR(E,CO) S, T) >1- 7,

where T and 1 are given by

1 (1, 1-co A?‘)
T ]\/'2 1+co 1 og (26\/7)
B Cs(1 = co)do3 7
and
1(q1_1=<o ﬁ)
log(N 2N2( treoay
n= ‘[(-16—(:1712 + KZG_CZ’YQ\/N"_KB’YQ + K, Og( ) g e—C4N
0
1 ( l=co Ay —(1-3=x %)
2 §(l+co A2> dZN ( 14co AT 2
K. —cscg N /do K. 0 —ce/dyg
+Hse +He co log(N) ¢ ’
respectively.

We finally state our result when the SNRs are all equal. As discussed in Subsection 1.1, we focus here
on the evolution of the eigenvalues 6; of the symmetric matrix MM' e R™7, where M = (my;)1<i j<r
is the correlation matrix.

Theorem 3.7 (Subspace recovery for p =2). Let p =2 and A\; = --- = \. = \. Consider the sequence
of online SGD outputs (X ¢)ien started form Xo with step-size §. Then, the following holds. For every
v1 > 72 > 0 and every e,&' > 0, there exists dy = do(N) satisfying dg — 0 as N — oo such that if

Xy €Ci(v1,72) and § > 0 verifies
4N
~ log(N)2’
for a constant Cs > 0, then for all i € [r],
Px, (0; (X1) 21-¢")>1-n,

where T and 1 are given by

B log(N)Qlog(‘lEN) log(N)Qlog(l’Tsl)
- Csdg\? CsdoA2e’ ’

and
1 N)3 1 N)3
n= Kle Cl'Yf KQG cav2 VN P(B.'YQ {-{4 Ogc(lo ) 6764N {.”(56 c5/do K—G O% O) 7

respectively.

The proofs of the above results follow similar arguments to those in [9]. The two main steps involve
controlling both the retraction term and the first-order term, which carries the phenomenology of the
problem for a sufficiently small step size. Specifically, the first-order term is decomposed into a drift term
and a martingale term, with the martingale term required to be negligible compared to the initialization.
This requirement, along with the equivalence of the number of steps and the number of data points
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in online SGD, determines the step-size parameter and the sample complexity threshold. Compared to
the single-spiked tensor model studied in [10], our primary challenge is that the retraction term is more
complex to control. We show that it can be controlled by expanding the matrix inverse in the polar
retraction as a Neumann series. Furthermore, under the chosen scaling, the signal term is larger than
in [9], thus necessitating a more careful control of the higher-order signal terms in the expansion of the
retraction term. In particular, some of these terms cannot be compared to the initialization scale to
achieve the desired comparison inequalities. We thus compare them to the first-order signal part, up
to a truncation threshold, where the upper part decays exponentially fast and can be compared to the
initialization. Our second difference with respect to [10] is related to the control of the first-order noise
term. In our case, under the sub-Gaussian assumption of the order-p tensor, exponential forms of Doob’s
inequality may be used [44, 65], resulting in faster convergence rates.

Before addressing the proof of the three main nonasymptotic results, we first provide the proofs of
their asymptotic counterparts, namely Theorems 1.3, 1.5, 1.9 and 1.11.

Proof of Theorems 1.3, 1.5, 1.9 and 1.11. According to Lemma 3.4, the uniform measure ppyx,
on St(N,r) satisfies Condition 1 and Condition 2. In particular, we note that for every v1 > v2 > 0,
pnxr (C1(y1,72)) converges towards one in the large-N limit, provided 7, diverges arbitrarily slowly and
~2 decreases to zero arbitrarily slowly. Similarly, for every v; > v > 0, unxr (C2(71,7)) converges towards
one in the large-N limit, provided ~; diverges arbitrarily slowly and « decreases to zero arbitrarily slowly.
Therefore, Theorems 1.5, 1.9 and 1.11 follow straightforwardly from their nonasymptotic counterparts,
namely Theorems 3.5, 3.6 and 3.7, respectively. Finally, Theorem 1.3 follows straightforwardly from
Theorem 5.2 of [6], where the condition on the separation of the SNRs is expressed taking into account
the value 7. O

4. COMPARISON INEQUALITIES

This section presents the comparison inequalities for both the correlations and the eigenvalues of the
matrix G = MM ", which are needed to prove our main results. Before delving into these, we provide
some preliminary results.

Notations. Throughout, we write ||-|| for the operator norm on elements of R™*" induced by the
L?-distance on R”. In particular, the operator norm of A € R™>" is defined as
Azl
|A[l =

zck\{0} |z|2
In terms of its spectrum, the operator norm of A € R"*" corresponds to the largest singular value of A,
ie., |A]l = smax(A) = 1/ Amax (A" A). Moreover, we let | A||p denote the Frobenius norm of A:
1/2
IAlle = > Ay
1<i,j<r
For any symmetric matrices A and B, we write A = B if A — B = 0, meaning that A — B is positive

semi-definite.

4.1. PRELIMINARY RESULTS
We first recall that the loss function Ly ,.: St(N,r) x (RV)®P — R is given by
‘CN,T'(X; Y) = HN,T(X) + (I)N,T(X)a

where Hy, and ®y, denote the noise and deterministic parts, respectively, which are defined by (1.4)
and (1.5). To simplify notation slightly, in the remainder of the article we will write £, H, ® in place
of Ly, HN r, PN, respectively. We assume that W € (RM)®P is an order-p tensor with i.i.d. centered

sub-Gaussian entries Wy, . ; satisfying

E [eWiin] < K" forall t € R and E[[Wi, ,[F] < Ck*%6" forall k>1,  (41)

where K,C' > 0 are absolute constants. Equivalently, (Wil,...,ip)il,.“,ip are i.i.d. random variables with
sub-Gaussian norm [|[Wy, . ; |ly, = o > 0, where for any sub-Gaussian random variable Z, the sub-
Gaussian norm |[|Z||y, is defined by ||Z|y, = inf{t > 0: E [Z2/t?] < 2} (see e.g. [64, Definition 2.5.6]).
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Since W is a sub-Gaussian p-tensor, the random variable (v;, (VgH(X));) is also sub-Gaussian, as
shown in the following lemma.

Lemma 4.1. For every v € SV~ and i € [r], the random variable (v, (VsH(X));) is sub-Gaussian
with zero mean and sub-Gaussian norm satisfying

(v, (Vi H (X))l < 10,
for a constant aq = a1 (p, {\i}7—;) > 0.
Proof. Using (1.8) the ith column vector of Vg H(X) is given by

1 T
(Vs H(X))i = \iVg, (W, 22P) — 3 > (i) Vo (W, a7 + X (Va, (W, 27) Ta;) @,
j=1
where Vg, (W, 25?) has coordinates given for every k € [N] by
(Va, (W, 7)), = p > Wik ooyt (@i)ky + o (Ti) s -
1<k, kp1 <N

Now, for every v € S¥~1 the inner product (v, (Vs H(X));) can be expanded as

(v, (Vse H(X pz Z Whkr ooy Ji(0, X {Ai Fi21),

k=11<ki,...,kp_1 <N

where

filv, X AN 1) = Aok (@i)ky -+ (@i)ky s

- %Z (M) ke (@)ry - (@) hy o + N @) (@))hy - (2)k, ) (0, 25).
j=1

This implies that the moment generating function of (v, (Vs H(X));) is given by
E [etw,(VStH(X))i}} _ H E [etpwk,kl ,,,,, kpflfi(vxxv{)\i}:zl)}
Eoktseekp_1

< 6C’t2p202 Z1gk,k1,...,k,,,1§1v fi(w, X {Ni}_)?

— )

where we used the independence of the random variables Wiy, iy and the sub-Gaussian property (4.1).
Since the bound on the moment generating function characterizes the sub-Gaussian distribution (see
e.g. [64, Proposition 2.5.2]), it follows that the random variable (v, (VgiH(X));) is sub-Gaussian with
zero mean and sub-Gaussian norm bounded above by

(v, (VseH (X)), < p*0 >, filo, X {Ni}io)?

1<k,k1,...;kp—1<N

1
Z)\Q (v,2;)? — )\2<U x;)? — )\QZ@,:BJ-)Q

22)\

where the equality follows by the fact that v € S¥~! and X = [z1,...,x,] € St(N,r). The result follows
straightforwardly. 0

;-lk\H

According to Subsection 1.1, the output X; of the online SGD algorithm can be expanded as
)
Xt = (th — NVStﬁ(th;Yt)> Pt. (42)
Here, P; denotes the projection term given by

52 —1/2
P, = (I NQQ(Xt 1Y )) , (4.3)
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where G(X;_1;Y") € R"™*" is the Gram matrix given by

G(X: 1;Y") =V £( X, ;Y Vi L(X 1, YH). (4.4)
We have the following estimate for the Frobenius norm of G(X;Y).
Lemma 4.2. There ezists a constant az = aa(p, {\i}i_1) such that supxcgy(n) E[|G(X;Y)|[p] < aaNV.

1/2
In particular, if & > 0 satisfies § < (%) , we obtain that

P (j@?w(x;mup < 1) > 1 — exp(—c(p)N).

Proof. We first notice that
IGX:Y)llp = [ Vse£(X5Y) T Vs L(X Y ) [lp < ([ Vs £(X: Y7
Since by definition Vg, £(X;Y) = VL(X;Y) — 3X(VL(X;Y)"X + X 'VL(X;Y)), it then follows
that
IVse (XYl < VL Y)llp + | X T VL(XY) [p < 2| VL(X;Y) |,
where for the first inequality we used the triangle inequality and the fact that | XVL(X;Y)TX|r =
|XTVL(X;Y)|r and similarly | XX "VL(X;Y)||p = | X 'VL(X;Y)||r, while the second inequality

follows by the property | X " Allp < ||Al|r for X € St(N,r) and A € RN*". We can write the Frobenius
norm of the Euclidean gradient of L as

IVLEXGY)IE = DI Ve, L(XY)3,
i=1

where Vg, L(X;Y') denotes the ith column of the Euclidean gradient VL(X;Y) given by

Vo, L(X;Y) = \Ve (W, zI) + Y VNpAN; (), )P Lo;.
j=1
This implies that

E[|G(X;Y)|§] < Z PAE [|W{z:} 2] +||prM (vj, )" 'l

i=1 Jj=1

Z P’ME [[|W{z} 3] +N2p A2

i=1 Jj=1

where we used the fact that (z+y)? < 2(2?+y?), Jensen’s inequality, and the bound max; ; |(v;, z;)| <
Furthermore, an explicit computation of the term E [|[W{w;}||3] gives the bound E [||W {z;}|3]
2K o2N. This shows the first part of the statement. For the second part, we note that

1
<

IGX:Y)[r <8> | PN W {3+ N Y _p?X2A3 | <83 [N [WP+ N p* AN

i=1 j=1 i=1 i=1

From Lemma 4.7 of [8] we then have that for every v > 0 there exists an absolute constant ¢ > 0 such
that

P(IW] = 9VN) < 2(8p) Ve N5,
Choosing v > V2K o, we then obtain that there is ¢(p) > 0 such that

[G(X;Y)|r < 8p? Z M2Ko?N + NZA2A2 = Naa(p, {\i}iy).

=1 7j=1

with P-probability at least 1 — e~ ™ This completes the proof of Lemma 4.2. O
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4.2. COMPARISON INEQUALITIES FOR CORRELATIONS

The goal of this subsection is to obtain a two-sided difference inequality for the evolution of the correlations
mi;(t) = m;;(X). This will indeed be needed to prove both Theorems 3.5 and 3.6.

Proposition 4.3. Let oy = a1(p, {\:}i_;) and az = aa(p,{\i}{_,) denote the constants given by Lem-
mas 4.1 and 4.2, respectively. For constants ¢y € (0,1) and Ky > 0, and for every i,j € [r], we define
the comparison functions {;; and u;; by

0i;(t) = (1 — co)mi;(0) +

2] =
Mﬁ

{~ 00 (Fs10(Xe-1)),) = s = DI},

4

=l
=

uij(t) = (14 co)mi;(0) + % { (i, (Vs ®(X¢-1));) + [hi(£ = 1)‘}
=1
where )
e == 52 37 (I =1+ o (Vs (Xl + 5 )
and

(04, (Ve (X)) = \/>p/\ Aj m +\/~p Z ARTig M Micp ()\ mkj "’/\fmke ) .

1<k L<r

Consider the sequence of outputs (X ;)en given by (1.6) with step-size § > 0 satisfying 6 < (N/ao)/?.
Let T > 0 denote a fized time horizon. Then, for every v1 > v2 > 0 there exist ¢y € (0,1) and Ky > 0
such that for every i,j € [r] and every t < T,
inf  Px, (€i;(t) < mij(t) < uij(t) =2 1=n(,c0, T, Kn),
X0€C1(v1,72)
where n = (4, co, T, Kn) is given by

IN 263 K3
n="Texp(—c1N) — 2exp (02 60722 ) -C raalaQTexp (0322]V2> . (4.5)
1 a10

The proof of Proposition 4.3 will be the main focus of this subsection. Our strategy involves first
expanding the polar retraction term Rx, , from the algorithm (see (1.7)) as a Neumann series and then
decompose the evolution of m;;(t) in three parts: the drift induced by the population loss, a martingale
induced by the gradient of the noise Hamiltonian H, and high-order terms in §. By controlling the latter
two parts, the proposition will follow.

Lemma 4.4. Let ay = ao(p, {\i}1_,) be the constant of Lemma 4.2. Assume that 6 < (N/ag)'/?. For
every T > 0, we let Eg = Eg(T') denote the event

fo0) = N {Igz0Xi1 ¥l <1} (45)
1<t<T

Then, there exists a constant c(p) such that P (Eg) > 1—T exp(—c(p)N). Moreover, on the event Eg, for
every i,j € [r] and every t < T, it holds that

mij(t) — (m,J(O) — %Z@)i, (vSt(I)(Xg_l)) N Z v, VStH (Xg 1 ) < — Z |CL1 ,
=1

(4.7)

where
0= 012 55237 (I 1+ s (T (Xl + o (Fsul” (Xl ) a9

Proof. We begin by expanding the projection term P, in (4.2) as a Neumann series. To do so, we require
that ||]‘3722Q(Xt_1, Y")||r < 1 for every t < T. According to Lemma 4.2, this condition holds if § satisfies

1/2
0 < (%) , leading to

52
(&) =TF ("Nﬂ(xt LYYk 2 1) < TeeIN
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We therefore place ourselves on the event &g for the rest of the proof. Expanding P; as a Neumann
series yields

P, = i(_l)k (i) Nng(XH, =1+ Z ( ) ;Zkkg(xt,l;yt)k.

k=0
Plugging this expansion into (4.2), the online SGD output X at time ¢ can rewritten as

1)
X, =X, — NVStE(Xt—l;Yt)

0 52k 5
+Z ( >N2k <Xt 1 *VScﬁ(Xt 1,Yt)> G(X,_; YH*

For every ¢,j € [r] and every 1 < ¢ < T, the evolution of the correlation m;;(X;) = m;;(t) under (1.6) is
therefore given by

mij(t) = (v, (Xt)j>

=m;;(t—1) — %(vi, (VStE(Xt,l; Yt))j>

+§: < )J(\;;;Tr <[ ) (Xt_1 - JiVStﬁ(Xt_l;Yt)> g(Xt—l;Yt)k>a

where (X); denotes the jth column of X, (Vg L(X—1; Yt))j the jth column of Vg £(X;—1;Y), and

[vi]; = [0,...,v;,...,0] € RVX" the matrix in which all columns are the zero vector except column j
which is given by v;. Iterating the above expression, we then obtain that

t
mi;(t) = mi;(0 Z Ui, (vStE (Xe—13Y )>g>
Z:l
+Xt:§: % LA vl (X O LXK YY) ) G(X ey YO
N LTy St o '
(=1 k=1

In the following, for every 4,j € [r] and every 1 < ¢ <t we let a;;(¢ — 1) denote

a;(l—1) = i(—l) (k) ]f;kk Tr ([ il; (Xé—l - ](\S[VSVC(XZ—BY[)) G(X o1 Yz)k> :

k=1
By Cauchy-Schwarz we then have that

> 52k
R E -

o ([”"]J'T (X“ziVStﬂXe—uYf))g(Xe_l;Y%'“)‘

k=1

S;( )”ﬁ;:k (X 17Ye) ||F||['Uz] (Xe 1—£VSVC(X£ 17Y£)>||F (4.9)
> (2) s 1 X YO lelfod] (Xes — SVl (XY ).
;( ) —1 F ( —1 S /-1 ) F

where Cg = max|| g(X Y)|| € (0,1) under the event & for § < (N/ap)'/?. From the Newton
Binomial Theorem we find that

L 1 1 Cg 1
} : 2 k-1 _ — / _ i A -
k=1 (k)cg B Cg ( 1+Cg 1) = Cg 2 2 (4.10)

Moreover, a simple computation shows that

r

(vt = 1) = 005, (s LK YO

Ifwil; <X€—1 - fvvsﬁL(Xg_l;Yf)> e = $
(4.11)

< (mik(ﬁ -1)— %@ia (VSt»C(X21§Yé))k>> .
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Combining (4.9)-(4.11) yields
52 . 0
(6= £ 590K e 3 (malt =) o (T X YO0 ).

which gives the desired bound since ||G(X¢_1;Y*)||r < aoN on the event &g. O

According to (4.7) from Lemma 4.4, we now provide an estimate for the first-order (in J) noise Hamil-

tonian H, ie., 2 > ,_ (v;, (VstHZ(Xg_l))]).

Lemma 4.5. Let aq = a1(p,{\i}i_;) be the constant from Lemma 4.1. Then, for every a > 0, there is

an absolute constant ¢ > 0 such that
a’N?
20 ) S2exp\ ~Comaer )

Proof. We let F; denote the natural filtration associated to X1, ..., Xy, namely F; = o(X,,¢ < t). We
let M; denote the process

t

> (vi (VseH (X 1)) )

4]
sup Px, (max
M=

X o€ St(N,r)

t
My = (vi, (Vs H (X 1)) )
£=1
Since
E[M; = Mit|Feet] = E | (v, (Vs H'(X1-1)) | Fit | = 0,

we have that the process M, is adapted to the filtration (F;);>0. Moreover, since My = E [M;|F], we
have that (M;)¢>0 is a martingale with respect to (F;)i>0. Since by Lemma 4.1 the distribution of the
increments M; — My_y = (v;, (Vse H (X -1));) given F;_; is sub-Gaussian with sub-Gaussian norm
bounded by ajo, we have for every b > 0, there exists an absolute constants C' > 0 such that

E [eb(Mt—Mt_ﬂ‘ft_l} < exp (Ob2a%0'2) .

The corresponding Chernoff bound applied to M; = Z§:1(Mé — My_1) (see e.g. Theorem 2.19 of [65])
gives the tail bound: for every ¢ < T and every a > 0,

) a’N?
sup Px ( M| > a> < 2exp (—c) .
XoeSt(N,r) N| | 262talo?

To improve this bound to the maximum max; | M|, we follow the remark at the end of section 3.5 from [44],
noting that the random process et is a submartingale. The other side of the tail bound is obtained by
noting that —M; is also a martingale. O

It remains to estimate the third-order noise term in (4.8) from Lemma 4.4. To this end, we introduce
a truncation level Ky > 0 to be chosen later and write

|<vi7 (VStHZ(XZ—l))k>’ S KN + |<U'L7 (vStHe(X[_l))k>| 1{‘(Ui,(vStHé(Xéfl))k>|>KN}'

Lemma 4.6. Let a; and ag be the constants from Lemmas 4.1 and 4.2, respectively. Then, for every
a > 0, there are absolute constants C,c > 0 such that

530[2 t T
sup )Pxo (maX oz 2 2 i (Vse HE (X oo 0)i) Lo, (Tsc e [5Kx) = @

XoESH(N,r t<T =1 1
Sroajas K2
<C— —Texp —CTN2 .
N4a 200

Proof. Since the summand is positive, the maximum over ¢t < T is attained at t = T, so it suffices
to consider that case. Moreover, by Lemma 4.1 we have that the distribution of (v;, (VgiH(X));) is
sub-Gaussian with sub-Gaussian norm bounded by ajo. It therefore follows that

sup K [|(v;, (Vs H (X);))|?] < 2Caio?,
X eSt(N,r)

and that )

K
sup P (|(vi, (Vs H (X));)| > Kn) < 2exp (—02N2> ,
X eSt(N,r) ayo
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where we used the equivalence of the sub-Gaussian properties (see e.g. [64, Proposition 2.5.2]) for both
inequalities. Fix Xo € St(IV, 7). We then obtain for every a > 0,

o
( . ZZ| v, (Vs H (X W)L 00 (Ve HE (X o)) S K} = a>

(=1 k=1

33ras
S <§2¥§3[% Ex, [J(ws, (Vs (Xf—l))j”l{<vw<VStHf<Xz_1))k>|>KN}])

53 ras
e L[S E [[(vi, (Ve H (X)) 2], [SUP E [Ljw, (Vs 1 (X)) 5K )]
oNZa " | X

KX
ST N Texp <02a%02> ’

where we used Markov for the first inequality and Cauchy-Schwarz for the second one. O

IN

Proposition 4.3 now follows straightforwardly by combining the above three lemmas.

Proof of Proposition 4.3. Assume that the step-size ¢ satisfies § < ,/0%7 where ag = aa(p, {\i}i_,)

is the constant from Lemma 4.2. From Lemma 4.4, for every 4,j € [r] and every ¢ < T we have the
following comparison inequalities for the correlations m;:

mij(t) < mij(O) — %Z<’Ui7 (VSt(I)(Xefﬂ)j) + ]f/' Z<’Ul7 (VStH (Xg 1 Z |al f — 1
=1 =1

m;(t) > m;;(0) — Jff (0, (Vse®(Xe-1));) — N Z(’%(VStﬂ (Xo-1) | Z|az (¢—1)]
=1 =1

with Px-probability at least 1 — T'exp (—c¢1 V), where |a;(¢ — 1)| is given by (4.8). Next, we bound the
noise terms by $m;;(0) for some constant co € (0, 1) using Lemmas 4.5 and 4.6. We first note that under
the event Cy(y1,72), for every 4,j € [r] there exists v;; € (72,71) such that m;;(0) = ’yijN_%. It then
follows from Lemma 4.5 that for all t < T,

C0%Yij

Z v, (Vsi H (X 0-1));) ik

=1

<

with P-probability at least 1 — 2exp ( Ca %). Moreover, we have from Lemma 4.6 that for all
t<T,

5305 o < Covi
oz 2 2 Wi (Vs (X)) Ligon (vt emm >y < 5 7
(=1 k=1

with P-probability at least 1— %MT exp ( %271\/) The result then follows by standard properties
2 cov2

of conditional probabilities.
It remains to compute (v;, (Vs ®(X));) for every X € St(IN,r). According to (1.5), the jth column
of the Euclidean gradient of the population loss ®(X) is given by

(VO(X ZpWAkA my (X ),

and the jth column of the Riemannian gradient is given by

r

(Vu(X); = ~(VR(X)), + 3 3 (XTV8(X) + (VO(X))TX) =

‘
=1 J

g _ 1 - -
= — Zp\/NAk/\jmzj 1'Uk + 5 Z p\/ﬁz\kmkjmkg ()\jmzj 2 + /\zmie 2) Ty.

k=1 1<k <r
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We therefore have for every i, j € [r],

(v, (Ve (X)) = \/>p/\ Aj m _1_\/»]3 Z ARTig M Micp (/\ mkj —|—/\gmk£ ) .

1<k L<r

4.3. COMPARISON INEQUALITIES FOR EIGENVALUES

In this subsection, we derive a two-sided difference inequality for the evolution of the eigenvalues 61 (¢), ..., 0,(t)
of Gy = G(X), where X denotes the online SGD output at time ¢. In the following, we let IT3} denote
the orthogonal projection on the tangent space Tx St(N,r), i.e

1
IM5¢(A) = A — Xsym(X " A), with sym(A) = 3 (A + AT> .

In particular, according to (1.8), for a function F': St(N,r) — R, we can write Vg, F(X) = II5¢(VF(X)).
To avoid cumbersome phrasing, we will often omit stating explicitly that bounds on conditional expec-
tations hold almost surely.

Lemma 4.7. Let p = 2 and as = az(r,{\;}/_,) be the constant of Lemma 4.2. Consider the sequence
of outputs (X)ren given by (1.6) with step-size 0 satisfying § < (N/ag)'/?. Let T > 0 be a fived time
horizon. Then, there exist constants Ky,C,c > 0 such that for every t <T,

4X26

~A; <G, - (Go+ ZGZ (I — Gia) - St> < A,

with P-probability at least 1 — T exp (—c1 N) — 4r°T exp (—CQI;—JEV). Here, S; € R™" is defined by

t

OIS (v, (W) M), -
=1
and Ay € R™7 s given by

t

8262 (n0?

At:Z{ T (4r2K% + NN||Gom ) + 2 Gl
N

=1 (4.13)

4\ 5®
+ 2 (20K + AN G |2 [ G| V2

Proof. From (4.2) and (4.3), the iteration for the matrix Gy = V' X, X, V results in
T 5 0 pe 2 o)
G, =V X1 — NvSt»C(thﬁY ) ) Py | X1 — NVSt»C(thl;Y ) v,
where we used the fact that PtT = P;. We let B; denote
T g t\\ T
B, =X, - v (Vse£(X,—1;YY)) ) V.
In the following, we place ourselves on the event £g(T) = (), << {||;%Q(Xt—1; Y| < 1}. According

to Lemma 4.4, we have that P(Eg) > 1 — T'exp(—c; N) for every p > 2. As in the proof of Lemma 4.4,
we can therefore expand the projection term P? as a Neumann series:

52 -1 [es) 5
P? = <I N2 g(Xt 15Y )) = Z(_ ) Ngkg(Xt_l;Yt)k'
k=0

We write the output G; at time t as

52k
G, =B P’B, = BTBt+Z 1 G(X, 1Y),
k=1
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We now want to expand the matrix B; by explicitly computing the Riemannian gradient. Since p = 2

and A\ = --- = A\, = A, the loss function £(X;Y) given by (1.3) reduces to
L(X:Y) —AZJW@ VN)? Z m;
4,j=1

The Euclidean gradient VL(X;Y') is then given by
VL(X;Y)=2\WX —2VNXVM,
where M = (m;j)1<i j<r = VX e R and using (1.8), the Riemannian gradient is given by

Vst £(X;Y) = 2M5E(WX) — 2VNX2VM + 2V NN XM ™M, (4.14)
where we recall that H§§ denotes the projection onto T'x St(N,r). This implies that
4502 45\
Gt = Gt—l + \/» Gt 1 ( Gt 1) — Tsym (VTHXI‘ 1 (WtXt_l) M;r_l)
52 T
+ WV Vsl (X1 Y") (Vse £ (X413 YY) V (4.15)

+Z N%BTg(Xt LYNEB,.

The remainder of the proof focuses on estimating the terms in (4.15) that are of order 2 or higher in 4.
First, we consider the summand

5 T
2V VsL(X 3 Y) (Vsil(Xi15 YY)V,

and observe that
> SV VS LX oY) (VX3 YY) |V < 5—2||VTvStc(Xt,1;Yt)|PI,,,
%vTVStc(Xt,u YY) (Vs£(Xi—13 YY) V = — ||VTVSt£<Xt YOI,
We therefore want to estimate the operator norm of V' Vg, £ (Xt,l; Y:). From (4.14), we have that
VIVGL (X Y1) =2V T, (W'Xi) = 2VNAM, -y (I - M M),
which gives the bound
VIVl (X3 Yo)| 20|V, | (WX 1) + 2V NN M |, (4.16)

where we used the fact that || I, —M, M, || <1, since M ,M,_, is positive semi-definite with its op-
erator norm bounded above by 1. Additionally, we can bound the operator norm of VTH%F1 (WtXt_l)
as follows:

VTS, (WX, )| =V WX, — VX, sym (XilthH) I

. (4.17)
<SIVIWIX |+ 1 X WX
where we used the fact that V' X, || = | M,_1|| <1 and the fact that the matrix W is symmetric.
Combining (4.16) and (4.17) yields
VIVl (X Yo I? <2 (A2 V T, (WX ) |2+ ANXY M) s
4.18

<8N (2VTWIX 2+ 20X WX 24 NG

where we used the fact that (a + b)? < 2(a? + b?).
Now, consider the higher order terms in ¢ from (4.15), i.e.,
N .
> (-1)F o Bl 9(X L YYHEB,.
k=1
Note first that for every k > 1,

-|lg|*'B;GB: < B/G"B, < |G||*"' B/ GB.
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Indeed, since G is positive semi-definite, for every y € R" we can write
y"B! (6"~ 6]*"'6) Biy =y B/¢"* (6" - |6|*"'1,) 6'* By
T (gkfl o ||gk71||IT) 2z < 0’
where z = G'/?B +y. The other inequality follows similarly. This implies that

> 5 > 52k
> (-t N2k||g||k 1BTgBt<Z ) Bl 9(X Y B 2y (-1 1G] B G By,
k= =

N N2k
k=1
where
Z(_l N2k”ng 'B/GB, = <Z( ¥l g|k> ~5B{ 9B, = 17(52N2BTgBt7
k=1 k=0

where we used the fact that max||j\$]—22g\| < ag% on the event £g. Therefore, we have that

> 52k 1 (5

E k T k T

k_l( ) N2kB g(Xt 1,Y ) Bt j _1 +a 52 N2B gBt,

~ 52k L g (4.19)
§ : T t\k T

k:1(7 ) NQkB g(Xf 17Y ) Bt t 1 +ap 52 N2B ng7

It remains to bound the operator norm of B;r GB;:

%B G(X:-1;Y")B;
52
TN
mev Vsil (Xi ;YY) G(X, 1Y) (Vs (X, 1; Y1) V.
The operator norm of the first summand is bounded above by
S IMLAG(X YO MT | = 2 M AV £(X Y

203
M1 G(X i Y)M ] — sym (VI Vil (Xioi: Y (XYM )

62
< ﬁ||]\/Ilt71||2||VSt£(Xt—1;Yt)”2

52
042N||Gt71||»

IN

where we used the fact that ||V £(X;_1;Y")||? = |G(X_1;Y")|. For the second summand, we have
that

263
ﬁ||sym (VTVStE (X1 Y") G(X 1 Yt)MtTA) |

263
< Gl X YOIV Vsi(X s Y [[| M|
< 204253
S N2
where the last inequality follows by (4.16) and (4.17). Finally, the third term is bounded in operator
norm as follows:

(2AIVTW! X+ 20X WX+ 2V N2 M) 1M,

54 T
NV V8L (X3 Y') G(Xi-; YY) (Vsi£(X 13 YY) V|

64
= VTVl (X YY) (Vs £(X o1 Y1) P

64
N4||vTVSt£<Xt BYDIPIGX, ;YY)
ot
NS (2VTW X |2+ 2 X W X2 + N2 G )
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where we used (4.18) for the last inequality.
Combining the last four estimates with (4.19) and from (4.15) and (4.18), we finally obtain the partial
ordering

4026 4N6
G 2Gi1+ \/—Gt 1L —Gi—y) — v Sym (VTHXt L (WtXt—l) MtT_l)
8\242 52 1 Toxrt
1 ——— | (2 X+ 2| X WX | + N2 Gy ||) T
e < o 2N)(HV WX a||” + 2 X WX |7+ NAY|Gy 1\\)
1 52
+ —sar— |G- || I
1—}—042% 2N|| t 1H
AN an (HVTWtX t VN 1/2 1/2
- 57 il FIX WX+ VNG |2 ) |Gy |
N2 1+a
Iterating the above expression yields
4N T ‘ TN
G < Go+ Z (Ger (I — Go) Zsy (v, , (WX ) M)+ 4,
=1

where A} is given by

;8\ # 1 Tyart 2 T il 2 2
Ay = N 1+042NW (2||V WX af|” + 21X, WX |7+ NA ||G£71||) I
2N

1 52
ﬁQQ Ge1]l I,
AP g Tyt T it 1/2 1/2
— = IV WX + | X WX || + VNG [7) [ Gean [T
N2 1+a %

The lower bound follows similarly.

The remaining of the proof focuses on deriving a high-probability estimate for |V W*X,_,|| and
| X, W X ,_| for every £ < t. Let F, = 0(Xy,¢ < t) denote the canonical filtration. Then, for every
n > 0 it holds that

E [exp (n (VTWtXt_l)ij) |]-‘t_1} )

= HE eXp n(v; kae( )Z) |]:t—1]

exp <77 > Z(vi)kW};g(m;*h) |ft—1]

k=1+¢=1

< H exp Cn202(vi)ﬁ(m§_l)f) for some absolute constant C
k0

< exp (Cn’c?),

where we used the fact that the entries of W' ™! are i.i.d. sub-Gaussian satisfying (4.1) and independent
from F;_1, and the fact that v;, x; € St(V, r) for every ¢, j € [r]. The entries of the matrix VIwWiX,
given F;_; are therefore sub-Gaussian with sub-Gaussian norm o2. We have the following sub-Gaussian
tail bound: for every v > 0,

2
Y

Since |V W'X,_1|| < rmaxi<; j<, [(V W'X, 1)y, for every Ky > 0 it holds that
K2

P (”VTWtXt—IH 2 TKN|~7:t—1) < 2r? exp <_CNQ) .

g

Finally, an union bound over the time horizon T yields

K2
Pl |J IVW'X, 1| >rKy|Fi1 | <2°Texp (—NZ) : (4.20)
1<t<T Co
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We derive the same bound for || X, ;W*X,_,| using a similar argument. Thus, on the event &g, we
have for every ¢ < t,

8)\252 219 9 52
AZ (4’!’ KN+N>\ ||Gp_1||) Ir+a2ﬁ||G€—1”Ir
4/\53
+ oz (2rKy + VNAIGe-|2) | Gea]|V2E,
with P-probability at least 1 — 4r2T exp(—K%;/(Ca?)). This completes the proof of Lemma 4.7. O

The following lemma gives a high-probability estimate for S;.

Lemma 4.8. There exists a constant ¢ depending only on r and o® such that for every scalar, positive,
continuous functions a,b and any fixed time horizon T,

02
P(3t € [0,T]: ||St|| > a(t) and Apax (Q;) < b(t)) < inf sup 2rexp (—Qa(t) + cb(t)) ,
0>0 te€[0,7T)] 2

where Q, is given by Q, = (M) Ze NGe=1 ||y, thus Amax(Qy) = (% Ze NGe—1|l. In particular,
if a is continuously differentiable with non-vanishing derivative and b(t) = Ka>(t) for some constant K,

then it holds that

P(3t € [0.7): [Sil] = a(t) and Amax (Q) < b(1)) < 2rexp (— 57 ).

Proof. We let F; denote the natural filtration associated to the online SGD outputs X,...,X;. Since
for every t > 0,

4N6
E [St - St71|}—t71] WE [sym (VTHXt 1 (Wtthl) MtTfl> |]:t71} == 0,

the process S; is an F-adapted matrix martingale. Moreover, from (4.17) it follows that
VTS, (W X)) ML < (IVTW Xl + XL WX ) 1M

Using the sub-Gaussian tail for the entries of V' W'X,_; established in the proof of Lemma 4.7, we
have for every k > 1,

E[HVTWtXt_lnﬂft_l} :/ kykflp(antht_ln Zy\]-‘t_1>d
0
2 k-1 y?
<2r k:/o y T exp <_C02r2> dy
Cr2o?\*/? k
— 9,2 kj2—1ip (X
i (€2 e (1)

20,2 _2\k/2 "2
< 3r°(Crec°)" =k 3 ,

where we used the fact that I'(z) < 327 for every z > 1/2. We obtain the same upper bound for
E [||XtT_1WtXt_1Hk|]-"t_1] Using the fact that (a + b)* < 28=1(a* + b%) < 2%(a” + b¥), it therefore
follows that

4N6

15— s 7] = (B0 B [lsvm (VIR (900) ML)

80\ F AN
(N) 3r3(Cro”) %k (2) |G- |*/2.

IN
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According to the Taylor series expansion of the exponential function, we obtain for every z > 0 that

) 2k
E [exp (22 (St —Si-1) ) |.7:t,1} =1I,+ Z ﬁE (S — St71)2k|}—t71]
k=1

0 22](3 ok
<L+ Y B[S = )L F
k=1

8\ k
(1—}—2 I () 127"2 (07”20'2) kk+1|Gt_1||k> I

We then apply similar arguments to that used for the proof of [64, Proposition 2.5.2], in particular
k .
k! > (2) , to obtain that

[*S) ok 2k 00 ~ k
1+ Z Zk—' (8])\\76) 12r2 (Cr202)kkk+1||Gt,1||k < Z <z2C’(r,a ) (4;\;5) |G- 1||>
’ k=0
1

1—22C(r,02) (29)? |Gy

> since ||Gy—1]| < 1. Then, since 12— < €* for

1
C(ro?)(52)
2 < 1
every r € [O, =], we have for every z* < o (BT

E {exp (22 (St — 5t—1)2) ‘]:t—l} = exp <2226~'(7",U ) (8;\\75> [ermyip )

Using again a similar argument in the proof of Propostion 2.5.2 in [64] along with a use of the transfer
rule for matrix functions to obtain that the numeric inequality e < x+ €2 for all z € R (see e.g. Section
2 of [62]) gives

Efexp (2 (S; — Si—1)) |Fica] < E[2(S; — Si_1)|Fin] +E [exp (22 (S; — st_l)Q) |ft_1]

< exp <2z20(r,02) (%‘5) IGe T, )

1/2
) , where we used the fact that S; is a F;-adapted matrix martingale.

where the last equality is valid for every 22 <

1

for every |Z‘ S (W

The validity of the bound for |z| > (m)lﬂ is obtained by adapting similarly the argument
of [64] mentioned above, up to an absolute constant that we absorb in C(r,02). Finally, for every ¢t > 0,
we have that
9 400
E[exp (2(St — St—1)) | Fi—1] < exp (C(r 0?)2? ( N ) IGe—1|| L, )

where we absorbed a factor 4 in the constant C(r,02) for convenience. According to Lemma B.1, for
every positive scalar-valued, continuous functions a and b, we obtain that

_ 92
P (3t > 0: Apax (St) > a(t) and Apax (Q;) < b(t)) < r;nf(’) sup exp (—Ga(t) +C(r,0%)— b( )>
>0¢elo,T]
The other side of the inequality is obtained in a similar fashion. To prove the second statement, we
consider the optimization problem

~ 92
sup —fa(t) + C(r,0%) = Ka*(t).
+€[0,7] 2
Setting the derivative with respect to t to zero and using the assumption that e has non-vanishing

derivative, we obtain that
1

o) = E ook
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By the regularity assumptions on a, the above equation has a unique solution given by

fo=a (1) .
: C(r,02)0K

We therefore deduce that for every value of > 0, the function t — —@a(t) + C(r, 02)§Ka2(t) attains
its maximum at either t,,.x = ¢4 or at the boundaries t;,ax = 0 or tax = 1. In both cases, plugging the
corresponding value of ¢, and solving in 6 yields the desired result. (Il

5. PROOFS OF FULL RECOVERY OF SPIKES

In this section, we present the proofs of Theorems 3.5 and 3.6. We first address the case p > 3, followed
by p = 2 with SNRs separated by constants of order 1. Once the noise from the martingale terms is
controlled, we rely on the continuous time analysis carried out for Langevin dynamics and gradient flow
in [6]. To do this, we need to ensure that the step-size is sufficiently small for the discrete dynamics to
stay close, in a sense that we quantify, to the continuous dynamics, while also controlling the additional
interaction between the correlations induced by the retraction step. After detailing these steps, we outline
the remainder of the proof and refer to the extensive version of our preprint [6].

Throughout this section, for every e > 0 and 4, j € [r], we define the hitting times 7;(” ) and 7;(” )
as follows:

TL94) = min{t > 0: mij(X¢) > e},

g (5.1)
7197 = min{t > 0: m;(X,) <&}
5.1. PROOFS FOR p > 3
In this subsection, we let p > 3 and assume A; > --- > A, to be of order 1. Additionally, let
(i3, 47), ..., (i¥, j*) denote the greedy maximum selection of Iy = ()\i)\jmij(Xo)p_Ql{m”(Xo)pﬂZO})1§i,jgr

according to Definition 1.4. Before proving Theorem 3.5, we first focus on the recovery of the first direc-
tion.

Lemma 5.1. For every vi,7v2,v > 0 with v1 > 72, y1 > 7, and for every € > 0, there exist ¢y <

1+22)P-T 1
% and dy = do(N), which goes to zero arbitrarily slowly as N — oo, such that if

p—3
N~ 7=
6 == C5d0m, (52)

for some constant Cs > 0, then for sufficiently large N,
NP=2 4 N*3°)log(N
( 2 ) Og( )) > 1 -,

do

inf ]P)XO 7-1(1'1;1 ) S
X0€C1(v1,72)NC2(71,7)

where n = K1%Np_26_01]\’ + K, 10g(N)€—c203 log(N)/do 1 K?’%N—%e—c‘a/dg,

The proof strategy for Lemma 5.1 involves two steps. First, we prove weak recovery of the correlation
m;+;+ and show that, when this occurs, the other correlations are still on the scale ©(N ~1/2). Second,
we prove strong recovery starting from weak recovery. Lemma 5.1 then follows by combining these two
results together with the strong Markov property, as outlined later.

Lemma 5.2. For every ¢ > 0, let E(e¢) denote the event
E(e) = {X: My (X) > & and my;(X) € O(N~Y2) for all (i,j) # (f;,jf)}. (5.3)

Then, the following holds: For every v1 > 1,79 > 0,7 > 0 with v1 > 2, 71 > 7, and for every € > 0,

1
1+)P-T 1
there exist co < % and do = do(N), which goes to zero arbitrarily slowly as N — oo, such that

(+2)77
if

N
0 = Csdyp———
Cé Olog(N)a
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for some constant Cs > 0, then for sufficiently large N,

NP~2]og(N
Xo (TE(E) 5 dg()> >1—mn,

inf
X0€C1(v1,72)NC2(v1,Y) 0

where 1 is given as in Lemma 5.1.

Proof. Assume that X satisfies Condition 1 and Condition 2. In particular, for every 4,;j € [r], there
exists v;; € (y2,71) such that m;;(0) = ”yijN’%. Let Ty > 0 be a fixed time horizon to be determined
later. From Proposition 4.3 with the step-size prescribed by (5.2) and the time horizon Tj, we obtain for
every t < Tp,

Px, (€ij(t) < mgj(t) < ug(t)) =1 —n(8, co, To, Kn),

where 1(6, co, Ty, Kn) is given by (4.5). The comparison functions ¢;; and u;; are given by

t
,Yi]
(1) = (1 — — d(X (0 —1
i (t) = ( CO)\/N N; (Vi, (Ve ®(X¢-1));) — [ha(€ = 1)[}
i 5 <
. — Y - A . N
g (t) (1+CO)\/JV+NH{ (0i, (Vst®(X¢-1));) + [ha(€ = 1)[}
respectively, where for all 0 <t < Ty — 1,
—(v;, (Vs (X)) = \/Np)\i)\jmfj_l(t)—\/ﬁg Neme () () me (t) (Ajmgf(t) + Agmf,;f(t)) :
1<k, <r
and

5a o 52oorK
= Z [mie(8)] + 2 Zm, (Ve ®(X1));) + #
k=1

In the following, we introduce the microscopic thresholds 5} = 7—\/% and ey = L\/_ﬁ for some constants

Y4+ > 71 and y— < 2. We then refer to (5.1) for the definition of the hitting times 7;(+ij’+) and 7;(,”’_)
N
Let Tz denote the time to reach the event "

E = {X Mz jx (X) > 6
We claim that

1_ (1—co)vix ;= P2
< o log(MNP=2 [ >1-7  (5.4)
T Csdo(1 — co)Pphi A B B 7

inf Px, TE
X0€C1(v1,72)NC2(V1,7)

and that
1 ((1 yw) ?
inf Px | Tge < : 5 log(N)NP~=2 [ > 1 —log(N)ij, 5.5
A Px | T2 = Goa i — ey NS g(N) (N7 (5:5)
where 7 = K; 10g( log(N) \rp—2,—e1N Ko e—c2cplog(N)/do | K3 %2 g(N)2 N—222 e—cs/dg By combining both esti-

mates (5.4) and ( 5) through the strong Markov property, we obtain the desired result. We refer to the
proof of Lemma 5.1 for an application of the strong Markov property. The rest of the proof focuses on
the proof of both claims.

Step 1: Proof of (5.4). We observe that for every 1 < ¢ < mini<; j<, ’Tﬁj’ﬂ A ming<; j<p 7;(_”’_)
N N
and every 4,5 € [r],

p+1
(o (VX)) < VAN (- 1) = VI (=)

p+1
— (v, (Vse®(X 1-1));) = VNPAA; " H(E=1) = VNpA? (\}%> ’
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and

5042 5 Qo p=l svo [ Y+ ptl Pras Ky
hi(0—1) < 222 § ; VN Jx VN T O TAeAN
[hi(£—1)| | (€ < Npr; M1 < N> + proAy ~ + oN

In particular, we have the following estimates for u;;(t) and ¢;;(¢):

p+1
% N
wig(t) < (1+ c0) 75 EZ{ Nty (6= 1) = VE® ()
daz § P T+ ! 3v2 [ O+ P ras Ky
+ 5 ;hmk(é D+ 5N (\/Npr)\l)\l(\/ﬁ + VvV Nprix? Nic + o },
(5.6)

and

t

p+1
() > (1 = co) 7” Z {\/NpAiAjmfjfl(e — 1) — VNpA}? (\}%)

=1

6042 52an Yy p=l sva [ Y+ s Pras Ky
E _ VNor\ I+ VN I+ _ 2 TN
‘mzk} | ON < pr)\z)\l ( T\[ + pr Al T\] IN }a
(5.7)

= \

for every t < minj<; j<, 7'( 4+ Aming<; j<r ’7'(“’ )/\TO with Px -probability at least 1—n(d, co, To, Kn).
N N

We now counsider (5.7) and claim that

@@ﬁk@}lvzf m&Zlel (5.8)

for every t < minq<; j<, 7;(” A mini<; j<r T W) A Ty. To see the claim, we first note that, over the
N

considered time interval,

i 0% _ ) 2o K
Gij(t) > (1 - co) 2 +Z{mpxixjmfj = azZ\mm —%V}

where we used the fact that 6 = C’gdgN’pT_s/log(N) by assumption. Claim (5.8) then follows by the
following two sufficient conditions. First,

Co p—1 9 7, 3baor V4 300s —
5\/Np)\i)\jmij (0—1)> 2pr2 NEZ T e 2 ;\mik(6—1)|,

pAZYP !

< C03ayc;my which certainly holds by

for every ¢ < min;<; j<r ’TE&”’JF) Aming<; j<r Ts(f]’_), provided dj
N N

choosing dy < cZ. Second,

2
Co 2 p-1 2 ’Y, 1) OéQTKN
5\/Np)\rmij (£-1) > —pA\; rNEEZ O
o (34 g e (i5,—) . 2 PAIYT b2
fort < minj<; j<, 7;+ Aming < j<r 'TE, , provided dgKn < ¢ CTanr N7z . We therefore can choose
N N

any value Ky = o (N prz) Since the convergence speed in (4.5) is primarily determined by the ratio

2
cchv where dy can be chosen do go to zero arbitrarily slowly, we can simply pick Ky = %. This proves
claim (5.8). A similar reasoning for (5.6) yields

uii(t) < (1+ co) ” (1+ co)pAi)j Zmp Ye—1), (5.9)

7 =
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on the same time interval. Since both upper- and lower-bounding functions are increasing, we have that

ming ; j<r 7‘(”#) < ming ; j<, ’T(”’ ). From item (b) of Lemma A.1 we then obtain that
N N
(1 —co)vij (14 co)vij
8 1\ 722 < mij () < . 1 \722
VN (1 —6(1— co)P—lp/\i)\jfyfj_gN*pTO ! VN ( — (14 co)P~IpA; )\J%J *th> !

for ¢ < mini<; j<r T(” ) n particular, for every ¢ < EN it follows that
N
T < T <1y,
where

1-— <(1 €0)Vij )]7-2

p—1

T e HE
, 5(1 - Co)p 1p>\ A]’ng

1 (<1+cOm> e
T = VN N
(14 co)P~1p; /\]’y”

According to Definition 1.4, we have that A;:;» 'yf.};? = maxlgi’jgr{)\i)\j'yfj*z}. As a consequence, since
by assumption X € Ca(v1,7), for every i, j € [r] such that (4,7) # (i, j7):

Nip i 1E 7 > (1 + ;) A2, (5.11)
=1
1+22)P=T 1
Let ¢g < % and 4 > 71 be a constant of order 1 satisfying

- o pe2, (L4+c)P 2% — (1= )P 295

P=2 1 p—2,.p—2 ( 0 1 0 2

ez (e el 77 (14 2) -1
(14co)P—1 "

Then, we see that Tz(,?;jl*) ATy < ming jyzes jr) T:% That is, the correlation m;:;+ exceeds the micro-

scopic threshold e}, first, i.e., minj<; j<, ’7'6(ij’+) = ’T;iljl ™) We can choose 7+ such that mij(t(iljl ’+)) <
N N N

2z jx (’T(l“1 +)) = 2e}; for every (i,7) # (i}, 77). This shows that T; = TN”“H and we have that

B ((1 co>w]*>”‘2
(7'1]1;"1‘ (11]1) i p—2
T =Tect N T Csdo(1 — )P~ pAis Ajrrh Log(N)NF™,
11 .71 2

with Px -probability at least 1 — 7j, where we substituted the prescribed value (5.2) for §, as well as Ky
and Ty = ( 1]1) , into n(d, co, To, Kn).

Step 2: Proof of (5.5). We now assume that X, € E and study the evolution of the correlations
over the time interval [0, minj<; j<, {54) 5 ming <; j<r T( SR To), with Ty > 0 to be determined. To
this end, we let Tp.q denote the hitting time given by o

Thad = min {t >0: max my;(t) > 2mg (t)} .

1<i,j<r

In particular, T,a.q > 0. By applying Proposition 4.3, we obtain that

m;(t) > (1 — co)mi;(0) %Z {—<’Uz‘7 (Vse®(X-1));) — [hi(€ — 1)|} ;

{~ 00 (Fsu0(Xe-1)),) + hate = DI},
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for every t < min;<; j<, 7;(ij’+) Aming<; j<r 7’8@’7) A Toaa A Tp, with probability at least 1 — 7, where n
N

is given by (4.5). We then note that, on the considered time interval,

\Fp)\zl)\jlm . *(t)

. < . < P <
|hi(t)] < rdas 1%?§r [ ()] < ro0ms i t) < o ( ]

provided N is sufficiently large, where we used the chosen value (5.2) for § and the definition of 7;@“ 0
It then follows that "

ms = (t) > (1 —co)efy + (1 —co) p>‘11)‘ Zmz:j% (£-1),
provided ¢g = do/log(N), yielding

s - o\
mgs e (t) > (1= co)ey <1 - ﬁ(l — o)’ pAir Ajs (eR)P 2t> ; (5.12)

according to Lemma A.l. Since m;:;x is lower bounded by an increasing function, it follows that

minj<; j<r E(ij’+) A Thad = ’Tg(i;jf’ﬂ A Toaa. We therefore need to show that ﬁiijl*’ﬂ ATy < Toad-
To this end, note first that for every (i,7) # (47, j7), we have the following upper bound on the correla-
tion my;(t):

m;;(t) < (l-i-Co)f —|—pr{)\ Ajmi; "e-1)+ \Zv?"azml* o (0 — l)} (5.13)

We now claim that the term 9522 Ze  Mixj= (€ — 1) on the right-hand side of (5.13) is sufficiently small
compared to the drift term Zezl )\z)\]mij_l(é —1). To bound this term, we divide the time interval
[0, ﬁ(iijf’ﬂ] into an union of subintervals:
[07 7;(1'1j1 7+)] _ Uzszl[?;(kiljl 1) 7;22{1 +)]
k
where ¢, = :}—*N for 1 < k < n., and n. denotes the number of intervals that are required to partition
log(e)+ 3 log(N)

[ej\',, ¢]. By definition, 1 = 5} and €,_41 = €, so that n. = [ g — 17. Using this partition, we
have that
. 7.5(;311; )
(i137:+) (i137.+)
Zmifﬂ'f (-1 Z Z mizjp (€= 1) <ne 151%525{5164-1 (TElerll =T >}
=1 Z 7_(11]1 )

To bound the time difference in the previous display, we use (5.12). Indeed, since m;zj+ is lower-bounded
by a strictly increasing function, we can upper-bound the first time interval T(“J ) 7;(1“317“ =
TUITH) by solving

1

T p—2
(1 = co)et (1 (=l oA Ay @)Ht) .,

=

yielding
1- U ?
T(QZIJIFF) < ’Y+ .
) T (L= co)PTIpAg A ()P

Using the strong Markov property, we can apply Proposmon 4.3 for each time interval ['Ek LI1F) 7}k i ’+)]
and the comparison inequality (5.12) holds with &7, ~ replaced by ej. Hence, for every k, we have that

N | ey
7;(,:_}_21’-"_) _ 7;(;1.717"") < 7 . (514)

< (1 —co)P~TpAis A; el -2

i+
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As a result, we obtain that

(7374

&prag ' &*pray —+ IR do
N > omi(t-1) < ne | Dax {€k+1 (7—5(&{1 )i ))} SV ——=

Substituting this estimate into (5.13) leads to
+ t
m;(t) < (1+Co+d07N ; Admb (0= 1),

and from Lemma A.1, it follows that

1
2

(1= pOXA; (L o+ do) 298 >N ") 7

mi;(t) < (14 co + do) ks

2V N

(m

for every t < T(“h SEN ming<; j<r ) A Thaa- Finally, in a similar way to (5.14), we have that

1-— ((1*00)7+>p72
(11574) VN

7T < log(N)NP~2.
‘ 05d0(1 — CO)pilpAi’l‘)\jf,\/if? g( )

Plugging this bound into the above estimate for m;;(¢) and performing some computation gives that
(7—(11]1#)) LN~ 1/2

where < hides a constant which depends only on &,71, 42,7, co, {\i}/_;. This shows that 7: i) ATy <
Toad- Since Proposition 4.3 is applied n. times and n. ~ log(N), it follows that Ty < 7}11]1’“ with
probability at least 1 — 7jlog(NV). O

Given the event E(e), strong recovery of the first direction follows straightforwardly.
p—3
Lemma 5.3. Consider the step-size § = CsdyN——ar Tog from Lemma 5.2, with dy = do(N) going arbitrarily

slowly to 0 as N — co. For everye > 0, let E(e ) denote the event defined by (5.3). Then, for sufficiently
large N,

inf P, (7’1 1)

=2 log( ) sz N
1 N)N = >1-K—="JN"3 ¢
Xo€E(e) Og( ) ) - d

Ndo 0

Proof. Fix ¢ > 0 and assume that X € E(e). Proposition 4.3 applies to the correlations m;;(t) for all
(i,7) # (i}, 7%), since m;;(0) € O(N~2). However, we focus here on the evolution of mg= 4+ (t), and since
m;:;=(0) = €, a modification of Proposition 4.3 is needed. Fix a time horizon T' > 0 to be determined
later. It then follows from Lemma 4.4 that for every t < T,

Z|al (-1

with Px,-probability at least 1—Te~“' where |a;: ((—1)| is bounded according to (4.8). The martingale

|mzlh (t) - <5 %Z<m;,(v5t<b(xe_l)) ; s, (Ve H (X o—1) )

{=1

term %|Z£T:1<'ui;, (VStHZ(Xg_l)j;)H can be upper-bounded according to Lemma 4.5, i.e., for every
Co S (07 %)a

T
sup Px, (max Z vis, VStH (X - 1)) >

X o€ St(N,r) t<T N

2 nrp—1 2
Co cgNP~1log(N)
> 25) < 2exp (—02 —d%T )

where we used the prescribed value of 6. To estimate the term %|<vi;, (Vst H (X — 1)))| within

p—1
N 2 log(N)

lags (€ — 1)|, we introduce a truncation level Ky, defined such that Ky < =52

. In particular,
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using Lemma 4.6 and simple bounds on the correlations (by 1), for sufficiently large N, we have that

52 agr 5 Qs
N Z ja; (€= D] < ZZ| Vi, (Vse (X0 = D)) L) or, (Vo8 (X - 1)) > Ko}
= (=1 k=1
< 202 asr
- N
dg
log(N)2NP—2
with Px, -probability at least 1— K do____Te—clogNIN"" /i here we have substituted the chosen

log(N
value of 0. Here, the constants C, K, ¢ may depend only on p, o2, {\;}7_;. We now observe that, for every

2 -2
time horizon T <« %

initial condition ¢, i.e.,

, the sum % ZeTzl laiz (€ — 1)| can be set to any arbitrary fraction of the

NZ\% ef1|< mzj(o).
Thus, we have established that
t t
(1 —co)e Z iz, (Vse®(Xg-1));:) < migjp (8) < (14 co)e Z g, (Vs ®(X¢-1));:), (5.15)
N= N
cng_l
—C2——5 3 p—142
with Px -probability at least 1 — Te= Y — 2¢ - K%Te’% log(N)N"""/dy - Recalling
log(N)

the expression for (v, (Vs;®(X,-1)) j1*> from Proposition 4.3, it follows that, for every initialization
Xy € E(e) and every t < T A 7'1(?;;’+),
—(vi, (Vs ®(X1)) ;) = pVN A Ayl (8)(1 = mi . (1))

1J

Hence, for sufficiently large N, we obtain the following comparison inequality:
M (1) > (1 —co)e + (1 — co)phiz Aj» E—l)(l—m%-*(f—l)).
iY77 0 0)P i AT \/7 i1 J7

Since 1 — m%j; >ceforallt <TA 7-1(1'1‘51'1*#), Lemma A.1 implies that

1

) _ _ p=2
mirjz (t) 2 (1 —co)e <1 - ﬁ(l = o)’ pAig Ajy e lt)
Thus, we obtain the desired result:
(1—cp)e
L bl G- M M0 0
1= - C&do(l - Co)p72p>\i’l‘)\jf€p71 da ’
— 2 —
with Px -probability at least 1 — %NPT%*‘”N — ng’CZ’Npm/d“ — Kg#,ge*c?’ log(N)N*~*/dj
log(
To obtain the convergence rate stated in the lemma, we absorb the last two terms in the probability of
occurrence given by Lemma 4.4. (]

By combining Lemmas 5.2 and 5.3 using the strong Markov property, we prove strong recovery of the
first direction.
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P'roof of Lemma 5.1. Assume that X € Ci(71,72) NCa(v1,7). To simplify notation slightly, we write
= 71 and T . = 1(11;1 . We then note that
log(N) (Np_2 + NPT_2>

IP>X0 Tl*—a 5 do

p—2
L los() (W2 N . log(\N)
ZHD)(O Tl—srs do m{TE ~ d ——= NP~ XTE* EE(E)}

0

log(N) (NH + N;)

log(
T*
do

= ]P)XU Tl*—a S/ € do

)NP >, Xr: € E(e)

1
x Px, (T; Oil(o ) w2 X7- € B ))

The second factor is given according to Lemma 5.2. For the first factor we use the strong Markov property:

log(NN) (NP—2 + N;)

I
Px, (17 S a ‘Ts* Oi(o )Np >, X1: € E(e)
" log(N) . p—2
_P{XT*GE(s)} <T1 e~ d(o >Np2 )
log(N) _ »—
> inf Py <T1* g losl )Nf).
X€eE(e) do

The estimate of the last line is provided by Lemma 5.3. Combining both results proves the statement. [

To prove the recovery of multiple directions, as stated in Theorem 3.5, we divide the proof into several
steps. For every € > 0, we consider the following sets:

Bi(e) = Ra(e) N { X1 miy(X) € O(NTH) Wi #0754 ji |

Ba(e) = Ra(e) N Ra(e) N { X2 mig (X) € O(N™H) for i #if,i3andj # ji,js |

ET,1(E) = ﬂlgigrflRi(E) n {X: My 5x (X) S @(N_%>} ,
ET(E) = mlgigr—lRi(E) n {X: mi;j: (X) > 1-— E} s

where Ry () denotes the set of strong recovery of the spike v, Le

Ri(e) = {X: mx e (X) > 1 — ¢ and myr;(X), my;- (X) < log(IV)™ INTT VY #i5, ] ;éjk}

Note that once the set E,.(¢) is attained, we achieve recovery of a permutation of all spikes.

_p=3
Lemma 5.4. Assume that § = Cadoﬁgfﬁ;): where Cs > 0 is a constant and dy = do(N) is a control
parameter which goes to zero arbitrarily slowly as N — oco. Then, the following holds.

14+2) 71
(a) For every vi,7v2,v > 0 with y1 > 2,71 > 7, and for every € > 0, there exists ¢y < %

Y1
such that for sufficiently large N,

inf 7- <TY)>1_ 7
Xo0€C1(v1,72)NC2(71,7) XO( Ei(e) ~ 1) > n

where T1 and 1 are given by

— p—2
- () - ()
VN _92 1—¢ p=2
T, = = log(N)NP — X/ Jog(N)N=.

' (1= co)P~tdo &) T Ty cB(N)N2
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and
log(N)? s —ein —cac) ] dp
NP c1 K-1 N cachlog(N)/do K 0
d e Raloste g
(b) For every € > 0, there exists ¢y € (0, %) such that for every 2 < k <r —1 and sufficiently large
N, there exists Ty, of order log(N)NP~2 such that

inf  Px (Tg. o) <Tk) > 1— K.
xe x (T STk) > 1

n =K N2 e—cs/ds

The proof of Theorem 3.5 follows from Lemma 5.4 by combining statements (a) and (b) via the
strong Markov property, similarly to the proof of Lemma 5.1, and integrating with respect to the initial
conditions 1 and 2. For further details, we refer the reader to the proof of Theorem 5.2 in [6]. It remains
to prove Lemma 5.4.

Proof. First, we focus on statement (a). Fix € > 0. From the strong Markov property and Lemma 5.2,
it suffices to show that

| 1= (/(1— )2 - K 22 o
f P < log(N)N >1— —log(N)N ¢
XolélE(s) Xo <TE1(E) ~ C(Sdoffp_l Og( ) 2 = dO Og( ) 2e )
where E(e) denotes the set defined by (5.3). For every (¢,7) # (i}, j;) we can apply Proposition 4.3 since
the correlations m;;(0) € ©(N~2). In particular, for every t < T1,

0

t
0
(1 — co)mij (0 Z (i, (Vse®(X 11));) < mij(t) < (14 co)mi; (0
é:l

t
w2 (vi (Vs (X 1)),
Z:l

(5.16)

o 3
with Px,-probability at least 1 —Tje~ Y — e—c2¢s log(N)* NP2 /(diT) _ %e‘cﬁdg. According
log(N)3N
to (5.15) from Lemma 5.3, we also have the following two-sided comparison 1nequahty for myz ;=

t

(1 - co) 5772 vir, (Ve ®(Xp—1))j0) < misje (t) < (1+ co)e Z (Vse®(Xg-1))j:), (5.17)
(=1 z:

2 —
for every t < T with T < %N?”Z, with P x,-probability at least 1 —Tye—caN —9e—oseNPT/(d5T) _
0

3 —
— CdoTh___—calog(N)N"""/d5 - Ag in the proof of Lemma 5.3, the lower bound in (5.17) is used to show

log(N)*N T L
that m;: ;- reaches 1 —¢ in ’7'1(116]1 ) time, where
p—2
1— ((1—00)5)
1—¢ p=2 _ log(N)? 2
T < N7 < NP~
1= - 05d0(1 - co)p—Qp)\q)\jfgp—l d2

To reach the set Ej(g), we need to prove the following two steps using the two-sided inequality (5.16).
First, we need to show that for every i # i7, j # ji, the correlations m;;> and m;=; decrease below a level

of order log(N)~2 N —27 within a time Tigwer such that Tiower < logc(liév)QN P=2_ Second, we need to show
0
that for every (4,j) # (i, 77), the correlations m;;(t) remain within ©(N =2) for t < Tiower V 7'121]1’+)
These two steps imply that we can pick T1 = Tiower V Tl it
To prove both steps, we therefore need to control the term <'vi, (Vs ®(X4)),):
_ D _ _
(05, Vst @(X 1)) = —V Np)\i)\jmfj 1(t) + Vv N§ Z Meme(E)mi (8)me(t) (Ajmij Q(t) + )\gmié 2(t)) .
1<k, 0<r
Let us now identify the dominant terms in this expression depending on the choice of indices. For every

i # 47 and j # ji, the following bounds follow straightforwardly: for every ¢ > 0,

(i, (Vsi@(X0),) < VNDAg (Al (1) = Ayl (1)) mi 5 (0),

_<1)i, (Vsﬁb(Xt))]f) < \/ﬁp)w ()\ =My *Q(t) /\me - *(t)) Mijx (t),

—(vi, (Vse®(X4));) = VNp (/\Mjmffl(t) — 2\ g (E)ms j (E)ms = ()P~ 1) :
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Once these comparison inequalities are established, it becomes straightforward to replicate the analysis
conducted for Langevin dynamics in the extended version of our article [6]. By employing a similar
decomposition argument as in the proof of Lemma 5.2, we can proceed almost verbatim. For the full
details and completion of the proof for statement (a), we therefore refer the reader to the proof of [6,
Lemma 5.8]. Statement (b) can be proved in a similar manner by following the same steps as in the proof
of Lemmas 5.2 and 5.3, as well as statement (a). ]

5.2. PROOFS FOR p = 2 AND SEPARATED SNRS

In this subsection, we focus on the case where p = 2 and consider SNRs A\; > --- > )\, which are
separated by constants of order 1. Specifically, we assume that for every 1 <1¢ <r — 1, the SNRs satisfy
Ai = Aip1(1 + k;), where k; > 0, and define k = min;<;<,_1 ;. Following a similar strategy to the one
used in the proof of Theorem 3.5 from the previous subsection, we divide the proof of Theorem 3.6 into

several steps, which will then be combined via the strong Markov property to complete the proof.
For every € > 0, ¢y € (0, % A QJ%H), and i € [r], we define the sets W;(e,co) and S;(e,co), which
represent weak and strong recovery of the spike v;, respectively, as follows:

Wi(e,co) = {X: m;i(X) > e and m;;(X),m;(X) S N7 for all ji> i},
Si(e, co) = {X: mii(X) > 1—¢ and my;(X),m;:(X) < N2 for all j > z}

where for every 1 <k <r —1and every k <i,5 <, 55;-“) and fi(f) are given by

(S(k) o 1+co /\i)\j 1—co /\1/\]

(k) _ 1 d e®—q_ .
g [P PR TFeo X

Note that 58-6) < §§f), and both 55? and 51(5) are symmetric, meaning 55;6) = (53(-? and fi(f) = 5;5). Next,

for every € > 0 and ¢ <%/\ T

we define the sets Fi(g,¢p), ..., Er(g,¢o) as follows:
1) (o)
Ei(g,c0) = Wi(e,co) N {X: N728% <m(X) < N72% forall 2 < i,j < r} ,

Ea(e,c0) = S1(e,c0) 1 Wale, e0) 1 { X s N7 S my(X) S N3 forall 3<d,j <r},

Er_l(E, Co) = (mlgigr_gsi(E,Co)) n Wr_l(E,CQ) n {X: N—%E,(‘:fl) 5 mTT(X) 5 N_%(S“(“Zil)} s
E,«(é‘, Co) = (ﬂlgigr_lsz‘(é“, Co)) n Wr(é‘, CQ).

We observe that the recovery set R(e, cg) in Theorem 3.6 corresponds to R(e, cp) = NMi<i<rSi(e, co).
The first result of this subsection shows that the event E; can be achieved with high probability, assum-

1 17(1%0»2
2 (1+CO)A2{

Lemma 5.5. For everyy; > 1> 73 > 0 and every € > 0, there exists ¢ € (0, % A 2?}{1) and dy = do(N),
which goes to zero arbitrarily slowly as N — oo, such that if

ing the initial data X g satisfies Condition 1 and the sample complexity is of order log(N)%2N

5:

(5.18)

. 1
for some constant Cs > 0, and if log(N) 2, = then

inf P T cey) ST1) > 1—n,
Xo€C (v1,72) XO( E1(e,c0) 1) n

where

l1—c 2
_log(2eV/N/2)* 1 (1-17 )

Ty = oSV ,
YT Crdo(1— 0)V3

and

ot (e s )
IOg(N) N 1 6701N + K2€7025(2)N2 TFco A% /do
do Co log(N)

n=K
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We now show that once FE; is attained, we can reach Es. More generally, the following result shows
that if the set Ej is achieved, then we can attain the set Ej; with high probability.

Lemma 5.6. For everye > 0, there exists co € (0, 5/ 71:) and do = do(N), which goes to zero arbitrarily
slowly as N — oo, such that if

11-cg A7
2 THcog 22
5 GodongN" 0%
lOg (26\/7)
for some constant Cs > 0, and if log(N) 2 +, then

inf P Tr c <T.)>1—-K ,
XgeElkn,l(g,cO) XO( E(e,c0) ~ k) > n

where

1 1—1=co Ap
T). = log(N)log(N)2 SN ( o *rf)

i

and n is given by Lemma 5.5.

Theorem 3.6 is proved by combining Lemmas 5.5 and 5.6 through the strong Markov property. Thus,
it remains to prove the intermediate steps. We begin by proving Lemma 5.5, following the strategy used
in the proof of Lemma 5.2.

Proof of Lemma 5.5. Since X satisfies Condition 1, for every 4,5 € [r], there exists v;; € (72,71)
such that m;;(0) = vi; N~z. Let § denote the step-size given by (5.18), and let T7 be a fixed time horizon
to be determined later. According to Proposition 4.3, for every ¢t < T}, we have that

Cij (1) < mij(t) < uig(t),
with Px -probability at least 1—n, where n = n(J, co, T1, Kn) is given by (4.5). The comparison functions
¢;; and u;; are defined by

t

() = (1 — co) \}JN + %Z (03, (Vsue®(Xs1));) — |hi(t — D}
=1

t

i 0
Yij + 2
VNN H
respectively, where for all 0 <t <7Tj — 1,

—(vs, (Vs:®(X1));) = 2VN A mi; (8) = VN D Ae(y + Ae)mae(t)mg (H)mpe (8),

1<k, <r

uij(t) = (1 + co) {=(vi, (Vst@(X¢-1));) + [hi(£ = 1)[},

and
T

Pras Ky
2N

[(vi, (Vse®(X 1)) | +
k=1

5@2 Z | 5 042
v+ =

Next, we introduce the microscopic thresholds €7 NTUN and ey = }*N for some constants vy > v, and

Y- < v2. Recall that the hitting times T(f;j ) and 7;@ ") are defined in (5.1). Let Tz denote the time
N N

to reach the event

(5.19)

- 1
E=4X: X)>e¢ (X)) p.
{ mi1(X) 2(”)&(11)”1]( )}
To prove our result, we prove the following two estimates. First, we show that
log (77+) log (M) l( B (17c0>>\2)
. (I=co)v11 Y2 2! 2 -
f P Tz < N (o)A >1-—1, 5.20
Xoeé?('hﬁz) Xo\ 7B = 2Csdo(1 — co)¥3 AT - " ( :
where
s(1-i2 3 1(-Ead) - (-2 3E)
- Cilog(N)N 1 e~V | 026752@3 log(N)N 3% ) N CsdgN 1 e*Cs/d%.

do colog(N)?
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Next, we show that

IOg ((1ig7+> log (2‘272\/N> %(17(1*00»\;)
inf P Tz ) < N (Iteq)As > 1=y, £ 91
)éréE‘ X Ei(g,co) = 2C5d0(1 — CO)’Y%)\% fel 2 ( )
where
1 1,1_20ﬁ ;( _ﬂﬁ) 7(171_§0ﬁ>
N2 = Cy log(N)2N2( I+eo 32 e—eaN 4 056_05031\72 1= T X2 fdo 4 ng%N TFco A2 e_cﬁ/dg
b o log(N) ‘

Combining these estimates via the strong Markov property yields the desired result. The remainder of
the proof will focus on proving these two claims.
Step 1: Proof of (5.20). We observe that for all ¢ < minj<; j<, T(” A ming <; j<r 7;(”’ ) and
N N

every 4,j € [r], it holds that

g
2\/N)\i)\jmij(t) - 2\/N/\%T‘2 (\/%

This leads to the following estimates for the comparison functions w;;(t) and ¢;;(t):

’ 3
) <~ (Va0(X0),) < 2VEANm )~ 2V (1)

u;(t) < (1+ co) }i NZ{zfAAmU( )—NNA%H(;—N)

: (5.22)
bazr Fagr . oo (1) Pras Ky
T 1Sk i (€ = 1] + IN <Q’Y+)\z>\1+2\/ﬁ)\1r NG +T}’
and
(; t
Gis(8) > (1 o) 2 NN Z{2fﬂm”( 1) — 2V N2 <V+)
- . (5.23)

2 1<k< 2N VN 2N

Both bounds hold for every ¢ < minj<; j<r T( ot /\m1n1<l G<r 7'( A Ty, with Px ,-probability at least
N
— (4, co, Th, Kn). We now focus on (5.23) and claim that

6 62 3 62 K
= 2220 max mag(£— 1)| = 52 (mximwmﬁ (7> )‘m”}.

() > (1 - co) \}]ﬂv +2(1— cO)Ai)\j\jN > mi(t—1), (5.24)
=1

for every t < mini<; j<, 7;(+ij’+) A ming<; i<y 7;(_ij’_) ATy. To see the claim, we first note that, on the
N N

considered time interval,

. . 'Yzj 3daar _M
()= (11— eo) e Z{mﬂxmzy( 1) = 292 o (¢ - 1) - o2 ]

where we used the prescribed value (5.18) for §. Claim (5.24) then follows by two sufficient conditions.
First, note that over the considered time interval,

)
30agr vy > 3dasr max |mzk(€— 1),

Co\/ﬁ)w‘)\jmij(g - 1) > CO/\i/\jV— > \/N = 2 1<k=

where the second inequality holds, provided

2c0 A7 l(lfl‘zoﬁ“) 2e/N
dy < 220NN E (TN ) VN : (5.25)

= 3Csaarysvs V2

which certainly holds by choosing dy < ¢3. Second, we have that

52’/"042KN

Co\/ﬁ)\i)\jmi]‘(z — 1) Z CO/\i/\j'Y— Z IN 5
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for every t < min;<; j<, 7;(4? ) A mini<; j<r 7;@ ’7), where the second inequality holds provided
N N

2 2
20NNy 11z 2evV N

3Ky < —5—FN TN o 5.26
0oAN > C(?CUQT’YEL g Yo ( )
According to the sufficient conditions (5.25) and (5.26), we can choose the truncation level Ky = %.

Claim (5.24) then easily follows. A similar reasoning for (5.22) yields

t
Vij g

u;i (1) < (1+¢ +2(1+ o)X —— mg;(€—1), 5.27
]() ( O)\/N ( 0) j\/ﬁz_: ]( ) ( )

for every t < min;<; j<, ( A ming<; j<r '7'(2 PN T;. According to (5.24) and (5.27) both lower- and
upper-bounding functlons are increasing, thus each correlatlon m,; is increasing on the considered time
interval, and minj<; j<, ’T(”’ﬂ ATy < minj<e<, ’T = . By applying item (a) of Lemma A.1, we then
obtain the following two—81ded comparison 1nequahty

(1 —co)vi 26 N - (1 + co)vij 20 '
\/N<1+\/N(1—co))\l)\j> < my(t) < Vi (1+\/ﬁ(1+ O)AZAJ>7 (5.28)

for all ¢ < minqi<; j<, 7;(Jij’+). In particular, from (5.28), we derive the following upper and lower bounds
N
for ’T(ij’H:
EN
T(”) < T(U ,+) < T(l )

U,€ N
where

T(z]) _ log ((1+CO)%7
uel log (1 + == (1 + co))\z)\y)

7) _ log( el
ben log (1 ( — o) NiA )

We now claim that T (11) < T(ij ) for all (i,7) # (1,1), provided ~4 is a sufficiently large constant of

order 1in N. Since by asbumptlon o< 3A 745 it follows (1 —c)(1+ 1) > (14 ¢co). Thus, there exists

a constant ¢(x1) > 1 such that

log (1 + j%(l —co)(1+ m))\i)\j) = c(k1) log (1 + j%

In particular, choosing 74 such that

1+ co)mj) .

log(7,) > c(k1)log((1 + co)y1) — log((1 — co)72)
- c(ky) —1 ’

implies that

Y+ .
T(11+) < log ((1700)72) < log <(1+CO) 1) < T(w)
4, - - Tu
En log (1+ \/>( 700))\1)\](14“1431)) log (1+ \/>(1+CO))\)\ ) EN

for all (i,7) # (1,1). The inequality Tg(lei) < T:Q ensures that the correlation m; exceeds the mi-
N En

. . . ij 11
croscopic threshold 5% first, i.e., minj<; j<p, 7;&3’+) = 7;(+ ),
N N

mMax ; j)#(1,1) mij(T(jl’ﬂ) < 2m11(7-(j1,+)) = 2¢},, we conclude that Tz = T(jl’ﬂ, and we find the
N N N
bound:

Finally, if we choose 4 such that

T+ 2eVN L o A2
7~(11 +) < T(ll) < log ((1—00)711) log ( Y2 ) N§ (1_1+L8 ié)
5N £ EN - 205d0(1 — C())'Y%)\% ’
with Px,-probability at least 1 — 7;. Here, we substituted the prescribed value (5.18) for §, and we used
the fact that log(1 4 z) is approximately equal to x when x is near zero.
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Step 2: Proof of (5.21). We now assume that Xy € E. As in the proof of Lemma 5.2, we introduce
the hitting time 7Tpaq given by

Thad = min {t >0: max my;(t) > 2m11(t)} ,

1<i,5<r

(i5,+)

and study the evolution of the correlations for ¢ < minj<; j<, 7e (@)

AN minlgi,jgr 7;, A Rad AN Tl-

We observe that on this time interval, mq; satisfies the two-sided comparison inequality given by

(1—co)ys 20 ! (14 co)ys 26 ¢
v (1 + ﬁ(l - cO)A§> <my(t) < v (1 + \/—N(l + co)Af) , (5.29)

which is in the same flavor as (5.28). This follows by applying Proposition 4.3 and by using similar
bounds as in the first step of this proof. For instance, on this time interval, we have that

3daor 3daor
coVNAImu (t) > 5 oax fmak(t))

my(t) >

11—co %
where the first inequality holds trivially by the fact that § € O(dgN > " T /log(N)). This, together with
Lemma A.1, gives the comparison inequality (5.29). Furthermore, from (5.29), we obtain the following

lower and upper bounds for 7'5(11’+):

log ((ligw) < 701 < log (Uig%)
log (1+ \F(1+co))\ ) o log (1+ \/*(1_00))\1>.

To derive the comparison inequalities for (i,7) # (1,1), we begin with Proposition 4.3, which gives that

(5.30)

t

+
mi;(t) > (1 —co %V 0 Z (0, (Vse®(Xe-1))5) — [hi(€ = 1)[},

t

E+
mij(t) < (1+co) 7N Z (i, (Vse®(X¢—1));) + [hi(€ = 1)},

for every ¢t < minj<; j<, 7L A ming<; j<r 7;(”’ A Toaa A Ty, with Px -probability at least 1 —
N
n(0, co, T1, Kn). According to (5.19), we derive the following bound for the third term in |h;(t)]:

rosK
Co\/ﬁ)\i)\jmij(t) > Co)\i)\j’}/, > %,
1—cq A%
provided d2Ky < %N o 3 1 log (25‘/») This holds when choosing Ky = %. Moreover, the

second summand in |h;(t)| (see (5.19)) can be absorbed into the first term in |h;(¢)| by noting that

)
2Xi Ak |mi(t)] < [mak(t)],

i, (Vse®(X4))p) < (1 + CO)W

1)
N|<
2
log (255) %(17;23%?) hich holds trivially by choosing do < 2. Th btai
m , Wnic olds Trivially by choosmmg dgp < CO. us, we obtaln
the following bounds for m;;:

provided dg <

5 t
mi(t) > (1 — co) X + ¥ > {2(1 + %O)WAZ«Ajmij(e —1) = dagr max |mi (£ — 1)|} ,
=1 - -

B |2t

+
-

|
=18

g
mij(t) < (1+ co) 2 +

Co
- {2(1 + 5)\/ﬁ>\z>\Jm”(€ — 1) + dagr 11;1}?%(T |mzk(Z — 1)|} s

for every ¢ < mini<; j<, E(ij’+) A minj<; j<r 7;(?"_) A Toaa A T1. We now need to estimate the term
N

daor max1<k<r |mk(t)]. To do this, for every i,j € [r], we introduce the hitting time 749 for some
o € (0, %), which will be determined later:

719 = min {t > 0: CiN“my;(t) < max |mzk(t)|},

<k<r
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where Cj; is a positive constant. We easily see that 7;(” ) > 0 for every a > 0. From the definition of
Ta(”), for all t < 7'(” we have that

1 A2
Cdczgazrdo% 3 TTeq 3z to

. < (1),
dapr 1Iéll?§r|mlk( )| < daarCi Nmyj(t) = log(%f) mi;(t)
To ensure the estimate
coV N A jmi;(t) > dagr max [ ()],
the following inequality must hold:
1—c; ?‘
CO)\i)\jN% CsCijaardoys 5172 %ﬁa’
10g (25\/7)
which is satisfied if )
1 1— Co A
<—-(1- . 5.31
O‘—2< 1+cOA§> (5:31)

Thus, we obtain the two-sided inequality:

eq § eq §
1—co) X +2(1—c )\i)\-—g mij(0—1) <mii(t) < (1+co) X +2(1+c )\i)\-—g m;; (€ —1),
( 0) 9 ( 0) J\/Né:1 J( ) J() ( 0) 9 ( 0) J\/Né:1 J( )

which, by applying Lemma A.1, leads to

A =co)rs <1 +2(1- CO))\')\-5>t < mas(t) < LFOE (1 Y21+ co)A-x(s)t (5.32)
2/ N UYN) TP T 2N “UVN) '
for every ¢ < minj<; j<r 7'6 /\r111111<Z G<r T(ij’ ) A Thad Amini<; j<p 7;(”) ATy. From (5.32), we derive
N
the following lower and upper bounds on 72" for all (i,7) # (1,1):
2evVN 2evVN
log ((m@w) < Tl < log ((1 com) (5.33)

log (1 + 2 (14 o)Ay ) log (1 + 2L (1— co)hidy )

Finally, combining (5.30) and (5.33), we see that ’7'5(11’+) A Toad A min; ; 7-a(lJ) ATy < 7—€(ij,+) for all
(i,7) # (1,1), provided

log(e V) > (1 + co)log((1 —co)v4) — (1 — co)(1 + K1) log((1 + Co)%).

(I—co)(1+ kK1) —(14+co)
Note that the discriminator of the right-hand side of the above expression is positive under the assumption
on ¢g. Simplifying this gives log(N) 2 1/k1. It remains to show that 7;(11’+) ATy < Tpaq A min, ; 7;(ij).
Now, consider the upper bound in (5.32). Using log(1 + z) < z, we have that

(1+ co)fy ( )
m;i(t) < ——— 1+ co)Mid
J( ) 2\/N ( 0) /*
In particular, we find that
(1+co) £ ok (1 beo Zind ) ™
c el e _1
i (THH) < 2t <<1 - com> N BRI o N CEY)

where we used the fact that

log ((ligv+) ) log ((1 *CF) ) log (25\F) N%(l—;gg %)

log<1+ r(1%0»2) = 2Csdo(1 — co)13N2 ’

TOLH) <

which holds because log(1 + x) ~ « for small z, which is true for large N and by assumption on ¢. For
the lower bound, since log(1 4+ z) > x — %2, it follows from (5.32) that

ma (1) > ;\ﬂ”* exp (2(1 —co))\i/\j\/éﬁt) exp (—;(1 ~ o) )\f)\ffvt>
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—cg A2
2log(2e VNV /2)” N T M, we get that

Thus, for any time horizon Tl S W

(1—co)vy
TNJF exp(—dp) exp (2(1 — o)A \/T )

m;(t) >
Since dy < 1, we find that

- (1 —co)y+ 00)7+ ox e i

Using the lower bound of 75 from (5.30), we obtain that

1—cg Ai

)\)\
1-— TFeo #1 -1 (171_20 AMJ’) e
(000 2 Lol (8 YT U gyl

From (5.34) and (5.35), we deduce that 7}(117+) A ming<; j<r Ta(”) ATi < Tohad-
The final step is to show that 7}(11’+) ANT < min1<ij<r 7;(”). To this end, it suffices to show that
2
there exists a constant C;; such that for some a < % (1 — = ’\T) and for every k # j, it holds that

14cqo A2
|mik(7}(11’+))| < Cii N my( 5(11’+)). From (5.34) and (5.35) we see that for i # 1,

|mi1(7'€(11’+))| < CilN_%(SS) < CilNaN_%gg’l”) < Cir N%myr(t),

where the second inequality holds provided o > % (ﬁi(:) — 55?) = Q)\Tl (}J_rig — i_—i;’i—;) Since this must

hold for every i # 1, we need a > 2)3\"1 (%J_rig - %;22 i—:) Comparing with the upper bound in (5.31),

we see that ¢g must satisfy (14 ¢p)A. < (1 — o)Ay, ie., cg < §1+§ . For i = 1 a similar computation
2

shows that it is required o > % (1 — hzg i ) Thus, we can choose a = = (1 — hzo ir) This shows

that Tz, (c.co) = 6(11’+) with Px -probability at least 1 — 7. |

We now prove Lemma 5.6.

Proof of Lemma 5.6. We provide the proof for the first step of the sequential elimination phenomenon,
i.e., we consider k = 2 and assume that Xy € F;(e,¢p). In particular, we have that m1(0) = €, and for
all (i,7) # (1,1), the initial values satisfy

&) N
7(_”)]\77%5”1' <my;(0) < (”)Nfla i )

where 'y(ij ) and fyg_ij ) are constants of order 1. As in the proof of Lemma 5.3, a modification of Proposi-

tion 4.3 is required, since the correlations at initialization are not in the scale © (N —3 ). Let T5 be a fixed
time horizon. Since 6 < \/N/az by assumption (5.18), it follows from Lemma 4.4 that

t
‘mixt)— (mij( NZ v, (Vi ®(X 1) Z v, (Vs H (X4 1) ) < —Z|az ,
[:

=1
for all + < Ty, with Px -probability at least 1 — The~“Y. The noise term % ‘ZLM% (Vse H (X 0-1));)
can be upper-bounded according to Lemma 4.5, i.e., for every a > 0,

<a

)

9
N

S (i (Vs H' (X 1-1));)
=1

with Px -probability at least 1 — 2e—@*N?*/(6°T2)  For all t < Ty and constant K > 0, we have that

T T T

§ < e (5 e

NE jas(t=1)| < Y " lhi(t—1) § § (Vi (Vse H (X 0=1)) 1) 1 wi, (Vs HE (X o)) [> K} s
=1 /=1 l=1 k= 1

where

T

k=1



48 GERARD BEN AROUS, CEDRIC GERBELOT, AND VANESSA PICCOLO

We now set the truncation value Ky so that the term ‘SKTN is at most 1, which implies that Ky <
\2
3T 3F

log(N)N

. This ensures that for sufficiently large N, |h;(t)] < daqr for every i € [r] and every
t <Ts. Therefore we have that

T B (17 1—cq ﬁ)
5 o dZN TN
=) |h(t-1) <2 T.
N ; | 'L( )| ~ 10g(N)2 2
1_l-cq A2
. . log(N)2N 7O . . .
For every time horizon T, < p , this can be set to any arbitrary fraction of the initial

0

log(N) N +3 1+c0 T /\2

value €. Similarly, for every T < , this can be set to any arbitrary fraction of

sV
the initial value N~ 2% . Finally, applymg Lemma 4.6 to the second summand of |a;(t)|, we obtain that
for every a > 0,

(53Oé2
INZ ZZ {01, (Ve (X )i L4 o (Ve 11t (X)) 5 Fo | <

(=1 k=1
oy TR
with P-probability at least 1 — e~ log(N)"N /4y Combining all estimates we find that
t t
(1—co)e Z v1, (Vee®(X—1))1) <mu(t) < (1 +co)e Z v1, (Vst®(Xp-1))1),  (5.36)
N= P
1-cg A2
. . - —c2c2e?N? /(52 cs? —calog(N)2N O a2 s
with Px -probability at least 1 — The alN _ 9e—cacoe"N7/(67T2) _ Neeg ooz I2e™ og(N)*N /45 Simi-
larly, for every (i,7) # (1, 1), we obtain that
t t
(1) ~1 (1)
(1= )N = 25 o, (Vse(X 1)) € mag(t) < (L eo)N 30— &3 (o (Vsi(X0)),),
=1 =1
(5.37)
1—co A3 DY Sl A7
2 THeo 22, oo 3 25 1T A2, o
with Px -probability at least 1—The =1V —2e=c2c0N 1/ TZ)—%B@_C3 log(N)"N Mg,
j+ite 2
1

co
At this point, note that (5.36) and (5.37) only depend on the population term:

— (i, (Vse®(X1));) = 2VNANmE (8) = VN D Aol + Ae)mie () ()me(t).

1<k,0<2

The rest of the proof involves a detailed analysis of this term by distinguishing between the casesi = j = 1,
1=1,j#1,1# 1,j=1,and i # 1,j # 1. For this, we refer the reader to the proof of Lemma 5.13
of [6], where a detailed analysis using Langevin dynamics is carried out. We can apply the same strategy
using (5.36) and (5.37) along with discrete difference inequalities, see e.g. Lemmas A.1 and A.2. Following
this analysis, we obtain that

o logENS 20— o)) log(eVN) 3 (14 )
Es(e,co) ~ 05d0(1 — CO) s

which satisfies the prescribed condition on the time horizon. O

6. PROOF OF SUBSPACE RECOVERY

In this section, we consider the case where p = 2 and Ay = --- = A, = A > 0 and prove The-
orem 3.7. In particular, we focus on the evolution of the eigenvalues of the matrix-valued function
G(X)=V'XX"V. Welet 0,(t),...,0,(t) denote the eigenvalues of Gy = G(X), where X, denotes
the online SGD output at time ¢. Note that ||Gt|| = Omax(t).

Our first result of this section is about the weak recovery of all the eigenvalues.
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Lemma 6.1. For every v1 > 1 > v > 0, every ¢ € (0, %), and every Cy € (0, i), there exist g9 < €,
co < Cop, and a parameter dy = do(N), which goes to zero arbitrarily slowly as N — oo, such that if

dovV' N
log(N)?’

=Cjs
for some constant Cs > 0, then

. log(N)? _..n o/ log(N)?
inf Px. (Omin (T) > e0) > 1 — Kj———2-e N _ Koe—2/d _ [, ,
Xo0€Ci(71,72) Xo ( ( ) o 0) o ! do 2 doN

where T is given by

log(N)?log ( (14_63013]72 )
o 405)\2(1 — 200)d0 '

Proof. Since Xo € C{(71,72), it holds that ¢ < 6min(0) < Omax(0) < . For a constant £ > 22%, we
define the hitting time 7¢ as

Te =min{t > 0: Opax(t) > EOmin(t)} -
We easily note that 7¢ > 0. According to Lemma 4.7 and using the fact that —||S||I, < S; < ||S¢|| L,
for every time horizon T' and every t < T', we have the partial ordering

4026
— ||S¢|l I — Ay = Gy — (Go + \/N ézle 1 -Gy 1)) = IS¢ I + A, (6.1)

with probability at least 1 — Texp(—c1N) — 4r2T exp (—02 Ii—z"), where S; is given by (4.12) and A;
by (4.13). Let Tpaq denote the hitting time

4X%
Rad=min{t21: CoAmin <G0+ VN 4 ZGZ 1(Ir — Ge- 1)) < St||},

where ¢g € (0, i) is a control parameter, chosen as ¢y =

m, for a constant C; = C1(\, 02, 7,71,72) to

be determined later. Moreover, we set Ky = Ca+/log(N) for a constant Cy which may depend only on
X, 02,7, 7v1,72. We first show that Tp.q > 1. Recalling that S, is given by

4N6
o 0 () )
it follows that
5
[[sym (VTH§}O (W'X,) MJ) | < 2rK n||Gol| /2 < ZrKN:/FNl,

where we used that ||VTH§§O (WlXO) || < 2rKy from the proof of Lemma 4.7. Using the prescribed
values for 6 and K, we obtain that

4Nd TSt 1 T do Y2
= e— < e
1811l = = llsym (V s (W' X,) MO)|| < Oy roa vy < O

where C3 = C5(\,02,7,71,72). This shows that Tpaq > 1.
We now introduce the following hitting times. For every ¢ €

(0,
T25H) = min {t > 0: Opax(t) > €},
T4 — min {t > 0: O (£) > €},
T ) — min {¢ > 0: Opin

1), we define

(t) >
(t) <

e}

Set the threshold e N = ;—i, and consider £ € (0,1). We want to establish a comparison inequality for
0;(t) for every t < T min, =) gmint) 'Tl max,+) A Te A Toaa. We first note that, on the considered time

interval,

{=1

18]l < cor G+4)\26ZG —Gy_1)
t 0 \min 0 \/N 21 —1 )
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yielding

AN &
Vi > G (I - GH)) :
=1

Next, we provide a bound on ||A; — A;_1|| since A; = 22:1||Ag — Ay_1]]. We first note that, on the
considered time interval,

IS¢l I =< co (Go +

CO)\Inin (4)\5 Gt 1 ( Gt 1)) = Co—F— 4>\ min {0 (t — 1) (1 — Hi(t — 1))} > 260)\ 5 Hmin(t — 1), (62)

VN VN 1<i<r - VN
where we used the fact that ¢t < ’7'1(;;&’(’+). According to the expression of A; from Lemma 4.7, the
operator norm of the difference A; — A;_; can be bounded using the definition of the stopping time 7¢
as
K%62 2862

N+ St — 1) +

Knv/Eo® 12, €0°
N2 ——~z fmin(t = 1) /2 + Ns/zemin(t_ 1)),

|A: — Aiq] < Cs (

where C5 is a constant which depends on X, 02,7, v;,72. Using the prescribed values for § and Ky, we
obtain that

d? )
A — A _ < B V. min - 1 < 2 min -1 )
[A: — Ara] < CGlog(N)‘la (t-1)< co/\\/ﬁﬂ (t—1)

provided dj is a sufficiently small constant of order one and N is sufficiently large (with a benign condi-
tion). This estimate, combined with (6.2), leads to the inequality:

4N

|A; — Ai—1]| < coAmin (\F

Gi1 (Ir — G- 1))

which, in turn, implies that

416
At — Atfl j Co (\/>Gg( G@)) .

From (6.1) we obtain the following ordering for every ¢ < E(;nm’_) A TAmIn) A ﬂ(;;ax’H A Te A Toad:

t

Gt I (1760)G0+4 17260 Z 7Gt_1),
(6.3)
G < (1+¢)Go +4( 1+2c0 Z I, —G_y),
e
yielding
Gmin(t) 2> (1 - CO) N + 4 1- 260 Z amm - - emin(g - 1))
(6.4)
8! A%6
< RAL 2= - - —1)).
Oumax(t) < (1+ co) 1 +4(1 +2co)m§::9max(e 1) (1 — Opax(£ — 1))
According to Lemma A.2 and since ¢ < g min.) /\’Tl(maX ) the eigenvalues 01 (t), ..., 0,(t) are increasing

in ¢. Consequently, we have that 7™ ™) > 7min+) ’Tl(mdx ) Moreover, applying Lemma A.2 to (6.4)
and performing some straightforward manipulations, we have that

) 2
(1 _ Co)fy? ox ( 4(1 — 200)ﬁ)\ t

AN 1+ 4(1 - 2¢9) o\

> < Omin () < Omax(t) < 2(1 4+ co) I L exp (4(1 + 200)\/5]?)\%) ,

(6.5)

N
for every t < ()“5) A 'Tg(mm A T(max A Te A Toad, provided N is sufficiently large and K is an

4(1+2c
order 1 constant.
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Klog( X
To complete the proof, we need to show that 7'5 min,+) A 7'1 max, +) < % A Toad N Te. We first
VN

focus on Tpaq. The comparison inequality (6.4) is valid on the considered time interval and implies that

AN25 & 1
min - emin t S 4 G 5
w2 < T e e < UG

for any ¢y < 1/4. Then, since t < T, it holds that

4X25 4X26 & AN <
ZH L— IH Zemax - >~ \/Ngzemm(é_l)gélﬂ‘Gt”

=1

Combining this estimate with (6.5), we obtain that

4N 16£6 326710 0 9
( ) ZHGz 1 < No2 G| < N5z (I+co)exp | 4(1 +2co)ﬁ)\ t). (6.6)
We let @(t) denote the right-hand side of (6.6). Let us now find a lower bound on the other quan-
tity appearing in the definition of the hitting time 7p5.q on the same time interval. From the partial
ordering (6.3), it follows that

1
— G,
=1+ 2¢

4026
Gy + Z Gz (I —Gey) =

ﬂ

which leads to
t
4225 1
_ >S__ "~ 0.
mm <GO Z: \/— GE 1(I GE 1)> =~ 15 280 emln(t)

1 (1— 4(1 — 2¢o) -2 N2t
(1 —co)ye eXp( VN

“1+4+2c¢ 4N 1+ 4(1 — 2¢9) o\

We let 0(t) denote the function on the last line of (6.7). We then note that 7Tpaq can be bounded below
by the hitting time

(6.7)

Thad = min {t > 0: cod(t) < [|S]|}.
To control this hitting time, we first compare /w(t) with c?0(t) using (6.6) and (6.7), i.e.,

w w%&n Ve 25 5 2(1 — 2¢0)
— 171 XP — Nt 14 2¢o — — NIV .
¥2  co(l —co)N VN 1+ 4(1 — 2¢0) =X

Using the prescribed values for ¢y and §, we see that the argument of the exponential in the previous
display is negative for every ¢t > 0, thus reaching the following bound:

\/ v 3261 \f(;

cov(t) T 72 co(l—co)NV/A

This implies that we can bound Tpaq using the hitting time

~ 1—co)N4
it d > 00 |8, > 2200 =< o(t) b
7I)ad m { et H t” f \/?W 'LU()

If we let a(t) = 2c0(1—co)N'/* V() and b(t = 3%m 5 a®(t), Lemma 4.8 then implies that

m 7260(1 co) \/7
2.2 1— 2 N
P(Gte (0,7 I1S:] > a(t)) < 2rexp [ -k BDL—DVNY o ) <_Cl>
64E71 do

where we used the prescribed values for ¢y and d, and the fact that A\pax(Q;) = (%\5)2 S G| <
w(t) with probability at least 1 — T exp(—c1N) — 4r?T exp (chI;—z\’) owing to Lemma 4.7. Choosing
dy = do(N) going to zero arbitrarily slowly, we have with high probability that E(min’ﬂ A 7'1(/“;”’” NTe A

Klog(N/yi)
4(1+200) A = Toad-
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We now need to control the hitting time 7¢. To this end, we study the maximal deviation between
Omin(t) and Opax(t) using (6.5). Once Onax(t) exceeds e, it remains of order 1, while the remaining
eigenvalues continue to rise. We can therefore upper bound the maximal deviation between the largest

and smallest eigenvalue of G(t) by computlng an upper bound on the hitting time 7§(mm +)

an upper bound on the hitting time 7} maxt) gince E(max < ﬁ(mln +)) by solving

(1 —co)ye 401 - 200)7%)‘2t .
ex =g,
4N 1+ 4(1 = 2c0) =N

(which is also

which gives that

1 ( 4eN )
T min+) < pmin Og(l—_c‘))W_

4(1—2c0)\%ﬁ>\2

1+4(172c0)%,\2
Using this result along with the comparison inequality (6.5), we obtain that
Ormax (T20I) _ 8(1 + co)n 4deg + 4(1 — 2¢) (1 + 2@%% | ( 4eN )
— < ex og
Ornin (T305) (1 —co)v2 1—2¢ (1—co)re (68)

400
< 8(1 + CQ)’yl ( 4eN ) 7
(1 —co)y2 \ (I —co)re

where we used the prescribed value for 6. Since ¢y = (Q(W)7 we conclude that the maximal deviation
between O, and Op,.x is at most a constant given by the last line of (6.8). Choosing & to be this constant,
we deduce that 7¢ > Flmin ) 7'1(/1121“ s Moreover, since Omin (T3") < ¢, from (6.8) we have that

46(]
B (T1) < et O () e,
’ ( )72

- (1 — Co)’yg 1—co
We can choose ¢ sufficiently small so that 0.y ( a(min’+)) < 1/2. This shows that ﬁ(min’ﬂ < 7'1(;;”’”.
We conclude the proof by choosing a time horizon 7" equal to T, an;“ (|

The following lemma shows that weak implies strong recovery.

Lemma 6.2. Let p =2 and assume that A\ = =\, = \. Assume that § = Cs log‘Nﬁ)Q , where Cs >0

is a constant and dy = do(N) is a control parameter such that dgy — 0 as N — oco. Then, for every
g,e’ €(0,1),
2 2
er{ei,?if(o)zs}PXU (run(T) 2 1 = 5') =1 Kl@e%l[v a Kz%’
where the time horizon T is given by
log(N)? log (1<)
05d0>\2€
Theorem 3.7 then follows straightforwardly by combining Lemmas 6.1 and 6.2 using the strong Markov
property.

T =

Proof. In the following, we let ¢’ > ¢ > 0 and let ¢ € (0, ) independent on N. According to Lemma 4.7,
for a fixed time horizon T to be set later and for every ¢ g T, we have the partial ordering

AN25 &
> Gra(I—Gia)— S — A,

G; = Gy +
t \/N“

4X25
G, =< Gy+ G -G + S5+ Ay,
¢ ot X ;:1 -1 ( 0—1) + St + Ay
with probability at least 1—T exp(—cN)—4r2T exp ( . Set Ky = C1+4/log(N). From the expression
of A; in Lemma 4.7, we have the following bound on the increments: for every ¢ 2 0,
52 52 53 53 d?
2 0
At—At_1||§a2(T,)\,U)(KNN2+N2 +KN]V2+N3/2> SCg]og(N)‘U
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where we used the fact that ||G¢|| < 1. Then, since X € {Omin(0) > €}, for any ¢ < TE(/HQHH’ /\’T1 min, +)
T, %) it holds that

2 2 2
N (G (T —Grn)) = X0 in (0:(t— 1) (1 — 03t — 1))} > Ca(r, \, 02)— 0

VN VN 1<i<r log(N)?"
Thus, up to a benign condition on N, it holds that, for every ¢t < T mm’ A Tl min, )\ Tl(max ) ,
CQ 4/\ 0
—G I, -G = A, — Ay,
2 N -1 ( t-1) t— Ap

Furthermore, for every ¢ < T and , we note that the martingale term S satisfies
400
1S~ 8l = —nsy (Vi , (WX M)

POV, (W) 1M
4)\5

= (VWX e+ XWX )

)
<AdrA—=K
= 4ar N N
do
\ﬁlog( )32

where the second inequality follows by (4.17) and the third inequality holds with probability at least
2
1 —4rT exp (—5{;2) according to (4.20). We thus obtain that, on the considered time interval,

A% (1-c )j: Go1 (I — G_1)
— 00 —1 r —1)
VN pst

with probability at least 1 — T exp (—cN) — 47T exp (—

G, > Gy+

2

K .
C—(;g) , ensuring that

4AN2) :
amin(t) > amin(o) \/— 1 - Co 9 Z gmm
(=1

According to Lemma A.1 we then find that

Bunin(£) > Oin (0) (1 T 4\%5(1 - co)> .

We then have the following upper bound on 7'1(mln ).

1—g’
Ty lole)
log (1 + 4\%5( co)e>

Since = — % < log(z) for every x € (0,1), as long as WV < 1, we have that

T(ml:m—&-) v Nlog(l_TE)
1=e - dA2e '

It suffices to take ¢y = % and set the time horizon T to be the right-hand side of the previous equation

to complete the proof. O

APPENDIX A. COMPARISON INEQUALITIES FOR DISCRETE SEQUENCES
In this appendix, we present comparison inequalities for discrete time dynamical systems.

Lemma A.1 ([10, 2|). Let p > 2 be an integer and ai,a2,by,bs > 0 be positive constants such that
a1 < ag and by < by. Consider a sequence (ut)ien satisfying for allt € N,
t—1 t—1

a1 + by Zuffl <wus < as —|—b22uffl.
s=0 s=0
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Then,
(a) (Discrete Gronwall inequality) if p = 2, for all t € N it holds that

a1 (1+01)" <w < as (1+b)';
(b) (Discrete Bihari-LaSalle inequality) if p > 3, for all t € N it holds that,

1
1

b A o\
a1 |1 — ———m——aP™"t <u <a (l—bap t) .
1( (Lt by ) S

In particular, if uy > 0 for allt € N, it holds that
_1 __1
ai (1 — blazf_2t> " <y < ag (1 — b2a§_2t) =

Lemma A.1 is proved in [10, 2]. The following lemma can be derived using analogous techniques. Since
the proof mimics the arguments used for Lemma A.1, we omit the details here.

Lemma A.2. Let ai,as,b1,ba > 0 be positive constants such that a1 < as and by < by. Consider a
sequence (ug)ien taking values in [0,1] and satisfying for all t € N,
t—1 t—1
a, + by Zus(l —us) <up < as+by Z“s(l — ug).
s=0 s=0

Then, for every 0 <t < min {t: up > %},
b
1171 Sup < b2t ay °
1+ 6 t a; 1"‘6 2 1
(& 1 ﬁ —asz

APPENDIX B. MATRIX CONCENTRATION INEQUALITIES

We provide a deviation inequality to control the operator norm of matrix martingale sequences. The
next result is a straightforward modification of Theorem 2.3 from [61], which provides an extension of
Freedman’s inequality to matrix martingales.

Lemma B.1. Let (Q, F, {F: }ien, P) be a filtered probability space. Consider an adapted sequence { X }1en
and a predictable sequence {V i }ien of d x d self-adjoint matrices such that

log(E [exp(0X )| Fi—1] = g(0)V; almost surely for each 6 > 0,

for some function g: (0,00) — [0,00]. Define the partial sum processes

t t
Y= X, and W, =) Vi
/=1 (=1

Let T be a fixed time horizon. Then, for every scalar-valued continuous functions a and b we have that

P (3t € [0,T]: Amax(Y¢) > a(t) and Amax(Wy) < b(t)) < dinf sup e 090
6>0¢cl0,1]

Proof. Let £ denote the event

E={Ft€[0,T]: Anax(Y:) > a(t) and Apax (W) < 0(¢)}.
Let xk denote the stopping time given by

k=1nf {t > 0: Apax(Y¢) > a(t) and Apax(Wy) < b(t)} .

We observe that K < T < oo on the event €. Then, for every ¢ € [0,7] and every k € [0,¢], if £/ denotes
the event
Eh = Dmax(Yr) > a(t) and Apax (W) < b(1)},

T /¢
e=J <U 5,3) .
t=0 \k=0
Now, for each fixed 6 > 0, consider the real-valued process {S; = S;(9): t € N} given by
Si(0) = trexp (Y — g(0)W+),

we have that
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which is a real-valued positive supermartingale according to [61, Lemma 2.1]. For every 6 > 0, according
to Lemma 2.2 from [61], we have that on each event | J,_, &F,

S, > ePalti-a(®)b(t)

so that on the event &, it holds that
S, > inf e0a(t)—=9(0)b(t)
~ tel0,T)
We then conclude the proof as done for [61, Theorem 2.3] upon noting that inf,c[ 7 e/ =91 =
SuptE[O T] efea(t)“rg(e)b(t)' |:|
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