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 PIC algorithms

 Electrostatic thrusters

 Electromagnetic thrusters

 Acceleration of the PIC schemes

 Conclusions and perspectives

Outline
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Kinetic vs fluid approaches

kinetic

model

fluid

model

hybrid

model

pressure

l/L>1

l/L<<1

𝝏

𝝏𝒕
𝒇𝒔 + 𝐯

𝝏

𝝏𝒓
𝒇𝒔+𝐚

𝝏

𝝏𝐯
𝒇𝒔 =

𝝏

𝝏𝒕
𝒇𝒔

𝒄𝒐𝒍𝒍

𝒇𝒔 ≡ 𝒇𝒔 𝒓, 𝐯, 𝒕

𝐚 = ൗ𝒒𝒔 𝑬 + 𝐯 × (𝑩𝒆𝒙𝒕+𝑩𝒔𝒆𝒍𝒇) 𝒎𝒔

Boltzmann equation Field

equations

𝑬 𝒓, 𝒕 , 𝑩𝒔𝒆𝒍𝒇 𝒓, 𝒕

𝝆 𝒓, 𝒕 , Ԧ𝑱 𝒓, 𝒕
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Particle-In-Cell (PIC) model

 Sampling of fs with a finite number p of particles (super-

particules)

 Time evolution of the particles defined by position and 

velocity in an electric and magnetic fields generated and 

modified by themselves (with the potential action of an 

external B field), including collisions

 Introduction of a time step, a space grid mesh and a finite 

number of particles (and constrains associated)

 Self-induced B field negligible

Electrostatic PIC model – ES-PIC

𝒇𝒔 𝒓, 𝐯, 𝒕 =෍

𝒑

𝒇𝒔,𝒑 𝒓, 𝐯, 𝒕
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PIC cycle

Integration of the 

equations of motion
Particle losses/injection

at boundaries/volume 

(absorption, emission)

Collisions

Assignation of the 

particle sources (𝜌, Ԧ𝑱)
to the grid

Dt
Interpolation of fields at 

the particle location

Integration of field

equations to calculate

𝑬 , 𝑩𝒔𝒆𝒍𝒇

J. P. Verboncoeur, Plasma Phys. Control. Fusion 47, A231 (2005)
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Hall thruster

inner coil

cathode

gas injection
outer coilanode

channel

walls

magnetic circuit

E

B

E × B

-
+

-
Credit: Alexandre Guglielmi

 Strongly

ionization of the 
neutral flow

 Enhanced

electron transport 
wo collisions?
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Hall thruster, instabilities?

 Analytical resolution – no gradients
• Electrons are magnetized, Maxwellian and collisionless

• Cold ions, not magnetized and collisionless

• Coupling with Poisson’s equation

• Solution 𝜙 = 𝜙0exp 𝑖 𝑘. Ԧ𝑟 − Ω𝑡 with Ω = 𝜔 + 𝑖𝛾: frequency;      𝑘: wave number

• Linearize the system of equations

• Ω 𝑘 : dispersion relation 

• Instabilities appear if 𝛾 < 0

 Dispersion relation, electrostatic waves

Bz

Ex

x

y

z
𝟏 + 𝒌𝟐𝝀𝑫𝒆

𝟐 + 𝐠
𝛀− 𝒌𝒚𝑽𝑬

𝝎𝒄𝒆
, 𝒌𝒙

𝟐 + 𝒌𝒚
𝟐 𝝆𝟐, 𝒌𝒛

𝟐𝝆𝟐 −
𝒌𝟐𝝀𝑫𝒆

𝟐 𝝎𝒑𝒊
𝟐

𝛀− 𝒌𝒙𝑽𝒊𝒃
𝟐
= 𝟎

𝐠 𝛀,𝑿, 𝒀 : Gordeev function

𝑽𝑬 =
𝑬

𝑩
𝝀𝑫𝒆 =

𝜺𝟎𝒌𝑩𝑻𝒆
𝒆𝟐𝒏𝒆

𝐯𝒕𝒉𝒆 =
𝟖𝒌𝑩𝑻𝒆
𝝅𝒎𝒆

𝝆 =
𝐯𝒕𝒉𝒆
𝝎𝒄𝒆

𝝎𝒄𝒆 =
𝒆𝑩

𝒎𝒆

𝝎𝒑𝒊 =
𝒆𝟐𝒏𝒊
𝒎𝒊𝜺𝟎

S. P. Gary and J. J. Sanderson, J. Plasma Physics 4, 739 (1970)

D. W. Forslund et al., Phys. Rev. Lett. 25, 1266 (1970)

M. Lampe et al., Phys. Rev. Lett. 22, 1221 (1971)

A. Ducrocq et al., Phys. Plasmas 13, 102111 (2013)

J. Cavalier et al., Phys. Plasmas 20, 082107 (2013)

real imaginary (growth rate)
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Transition to MIA instability?

 Transition to the modified acoustic instability
• If 𝝀𝑫𝒆 < 𝛒 and 𝑽𝑬 < 𝑽𝒕𝒉𝒆
• Transition to MIA

• Discrete modes

𝝎 ≈ 𝒌𝒙𝑽𝒊𝒃 +
𝒌𝒄𝒔

𝟏 + 𝒌𝟐𝝀𝑫𝒆
𝟐 Τ𝟏 𝟐

; 𝜸 ≈
𝝅𝒎𝒆

𝟖𝒎𝒊

𝒌𝒚𝑽𝒅

𝟏 + 𝒌𝟐𝝀𝑫𝒆
𝟐 Τ𝟑 𝟐

M. Lampe et al., Phys. Rev. Lett. 22, 1221 (1971)

 MIA Characteristics
• Maximum growth rate

• Wave vector at maximum growth rate

• Angular frequency at maximum growth rate

• Amplitude of field oscillations

• Assuming saturation due to ion-wave trapping

𝜸𝒎𝒂𝒙 ≈ 𝒂𝝎𝒑𝒊

𝑽𝑬
𝑽𝒕𝒉𝒆

, 𝒂 ~ 𝟎. 𝟐

𝒌𝒚,𝒎𝒂𝒙 ≈
𝟏

𝟐𝝀𝑫𝒆
, 𝝀𝒚,𝒎𝒂𝒙 ≈ 𝟐𝝅 𝟐𝝀𝑫𝒆

𝝎𝑹,𝒎𝒂𝒙 ≈
𝝎𝒑𝒊

𝟑

𝜹𝑬 ≈
𝟏

𝟑 𝟐

𝑻𝒆
𝝀𝑫𝒆

𝜹𝝓 ≈
𝟏

𝟐

𝑴

𝒆

𝝎𝑹,𝒎𝒂𝒙

𝒌𝒚,𝒎𝒂𝒙

𝟐

T. Lafleur et al., Phys. Plasmas 23, 053503 (2016)

 Wavelength

E = 200 V/cm, B = 200 G, ne ~ 1017 m-3, Te ~ 50 eV, 𝝀𝒚,𝑴𝑰𝑨 ~ 1 − 2 mm𝝀𝒚,𝑴𝑰𝑨 ≈ 𝟐𝝅 𝟐𝝀𝑫𝒆
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Hall thruster: E × B configuration

R2

R1

Azimuthal

drift

Ex×Br

Br

Ex Bz

Ex

x

y

z -Ex×Bz

 Hall thruster characteristics
• Electrons are magnetized

• Ions are not magnetized

• Closed electron drift in the azimuthal direction

• Instabilities due to different velocity between electrons and ions in the azimuthal direction

𝑽𝑬 =
𝑬𝐱𝑩

𝑩𝟐
= 
𝑬

𝑩
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2D ES-PIC simplified model – (x,y) plane (1/2)

Bz
Ex

x

y

z -Ex×Bz

0V200V

 Explicit PIC method with OpenMP/MPI parallelization techniques

 Rectangular simulation domain (x,y) directions

 B ⊥ to simulation plane (with fixed profile)

 Periodic boundary conditions along y (angular sector, w = 1 cm)

 d= 2.5 cm, cathode @ 2.4 cm

 Applied voltage 200 V J. P. Boeuf and L. Garrigues, Phys. Plasmas 25, 061204 (2018)
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2D PIC simplified model – (x,y) plane (2/2)

 Given source of injection of charged particles

 Changing JM means changing plasma density

 No collisions

𝑱𝑴 = 𝒆න
𝟎

𝒅

𝑺 𝒙 𝒅𝒙

Bz
Ex

x

y

z -Ex×Bz
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1D plasma properties – aver. along y and t
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JM = 400 A/m2

 Axial electric field
• Maximum ~ 4 × 104 V/m

• Consistent profile with LIF measurements

 Plasma properties
• Density ~ 3 × 1017 m-3

• Electron temperature ~ 50 eV consistent 
with Thomson scattering

S. Mazouffre et al., Plasma Sources Sci. Technol. 22, 013001 (2013)

T. Dubois et al., IEPC, Boston, MA, 2022
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EDI instability

min max

0.0 0.5 1.0 1.5 2.0 2.5
0.0

0.25

0.5

1.0

0.75

-Ex× Bz

x (cm)

y
 (

cm
)

Ey

Bz

JM = 400 A/m2

- 5x104 V/m +5x104 V/m

+5x1017 m-30

J. P. Boeuf and L. Garrigues, Phys. Plasmas 25, 061204 (2018)

 Electron transport ensured by 
electron-wave interactions
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Saturation mechanism – ion wave trapping

J. P. Boeuf and L. Garrigues, Phys. Plasmas 25, 061204 (2018)

JM = 400 A/m2

X

y

1.5 2 

 Experimental validation from LIF measurements?

1 
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Parametric study – plasma densities

- 1.1/1.5/3.5/5.5 x104 V/m +1.1/1.5/3.5/5.5 x104 V/m
+0.4/1/2/4 x1017 m-30

x = 1 cm

𝒌𝒚,𝒎𝒂𝒙 ≈
𝟏

𝟐𝝀𝑫𝒆
, 𝝀𝒚,𝒎𝒂𝒙 ≈ 𝟐𝝅 𝟐𝝀𝑫𝒆

𝐯𝒘 =
𝝎𝒓,𝒎𝒂𝒙

𝒌𝒚,𝒎𝒂𝒙
= 𝒄𝒔

𝟐

𝟑

J. P. Boeuf and L. Garrigues, Phys. Plasmas 25, 061204 (2018)
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How the instability affects the transport (1/2)?

T. Lafleur et al. , Plasma Sources Sci. Technol. 27, 015003 (2018)

 Fluid momentum equation

𝑑

𝑑𝑡
𝑚𝑒𝑛𝑒𝐯𝑒 + 𝛻. (𝑚𝑒𝑛𝑒𝐯𝑒𝐯𝑒) = 𝑒𝑛𝑒 𝐄 + 𝐯𝑒 × 𝐁 - 𝛻. 𝚷𝑒 + 𝐑𝑒𝑛 + 𝐑𝑒𝑖

“e-i friction”

𝑛𝑒 = න
−∞

∞

𝑓𝑒 𝐰 d3𝑤

𝑛𝑒𝐯𝑒 = න
−∞

∞

𝐰𝑓𝑒 𝐰 d3𝑤

𝚷𝑒 = 𝑚𝑒න
−∞

∞

𝐰− 𝐯𝑒 𝐰− 𝐯𝑒 𝑓𝑒 𝐰 d3𝑤

𝐑𝑒𝑛 = −𝑚𝑒𝑛𝑔න
−∞

∞

𝜎𝒆𝒏(𝑤)𝑤𝐰𝑓𝑒 𝐰 d3𝑤

𝐑𝑒𝑖 = 𝑒 𝛿𝑛𝑒𝛿𝐄 = 𝑒 𝑛𝑒 𝑡 − 𝑛𝑒(𝑡) 𝐄 𝑡 − 𝐄(𝑡) 𝑡

 Calculations of moments from PIC simulations
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How the instability affects the transport (1/2)?

T. Lafleur et al. , Plasma Sources Sci. Technol. 27, 015003 (2018)

 Projection along the y – azimuthal direction

Bz
Ex

x

y

z -Ex×Bz

𝑑

𝑑𝑡
𝑚𝑒𝑛𝑒v𝑒,𝑦 +

𝑑

𝑑𝑥
𝑚𝑒𝑛𝑒v𝑒,𝑥v𝑒,𝑦

𝑦

= 𝑒𝑛𝑒 𝐸𝑦 + v𝑒,𝑥𝐵𝑧 −
𝑑Π𝑒,𝑥𝑦

𝑑𝑥
+ 𝑅𝑒𝑛,𝑦 + 𝑅𝑒𝑖,𝑦

𝒚

𝐹𝐸,𝑦
𝐹𝑘,𝑦
𝐹𝑡,𝑦
𝐹𝑒𝑛,𝑦
𝐹𝑒𝑖,𝑦
𝐹𝐵,𝑦
𝐺𝑦

−𝑒𝑛𝑒v𝑒,𝑥𝐵𝑧 =
𝑑

𝑑𝑡
𝑚𝑒𝑛𝑒v𝑒,𝑦 +

𝑑

𝑑𝑥
𝑚𝑒𝑛𝑒v𝑒,𝑥v𝑒,𝑦 +

𝑑Π𝑒,𝑥𝑦

𝑑𝑥
− 𝑒𝑛𝑒𝐸𝑦 − 𝑅𝑒𝑛,𝑦 + 𝑅𝑒𝑖,𝑦

𝐹𝐵,𝑦 𝐹𝑡,𝑦 𝐹𝑘,𝑦 𝐹𝐸,𝑦 𝐹𝑒𝑛,𝑦 𝐹𝑒𝑖,𝑦

𝐺𝑦

Τ𝒙 𝑳𝒙

𝐹𝐵,𝑦 ~ 𝐹𝑒𝑖,𝑦
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Landmark project https://www.landmark-plasma.com/

T. Charoy et al. , Plasma Sources Sci. Technol. 28, 105010 (2019)

Test Case 2a results

W. Villafana et al. , Plasma Sources Sci. Technol. 30, 075002 (2021)
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Numerical models – Test Case 2a

T. Charoy et al. , Plasma Sources Sci. Technol 28, 105010 (2019)
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3D PIC simplified model (1/2)
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G. Fubiani et al.

ICPIG (2023)

E
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(k
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/m
)

y
 (

c
m

)
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 Ey fluctuating field divided by 2-3

 Compared to 2D simulations

more closer to Thomson scattering measurements

S. Tsikata et al., Phys. Plasmas 17, 112110 (2010)



21Laurent Garrigues10th-12th October, 2023 Noordwijk, The Netherlands

3D PIC simplified model (2/2)
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 AVIP-PIC code developed @ CERFACS, Toulouse, France (tetrahedra)

 Very long time consuming – 1-2 months on 3000 cores (1Mhrs)

 Very close results than standard 3D Cartesian PIC approach

W. Villafana et al.,

Phys. Plasmas

30, 033503 (2023)
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Gridded ion engine (GIE)

 3D hybrid model – electron-fluid and ion-PIC

J. Perales-Diaz et al. , Plasma Sources Sci. Technol 30, 105023 (2021)

 Beamlet extraction

𝑧
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Inductively coupled plasma thrusters

 Plasma coupling with the antenna - GIE - RIT

∆ − 𝜇0𝜀0
𝜕2

𝜕𝑡2
𝑬 𝒓, 𝑡 = 𝜇0

𝜕

𝜕𝑡
𝒋 𝒓, 𝑡

 Harmonic expansion – azimuthal component

∆ + 𝜇0𝜀0𝜔
2 ෨𝐸𝜃 = 𝑖𝜔𝜇0 ǁ𝑗𝜃=𝑖𝜔𝜇0 ǁ𝑗𝜃,coil + ǁ𝑗𝜃,electron

R. Henrich et al., IEPC (2017)

 3D parallelized EM-PIC applied to the mN-RIT operation

1003 cells
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mW driven ECR plasma thrusters

 Magnetostatic field + mW to enhance electron heating

 Feedback of the plasma on EM ignore if plasma density < nC

Y. Yamashita et al. ,

Phys. Plasmas

26, 073510 (2019)

mECR-GIE

 Coupling waves and plasma, 1D J. Porto et al. , Phys. Plasmas 30, 023506 (2023)
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Methods to overcome explicit constrains

 Easy to implement but constrains on
• Time step (plasma frequency) and grid spacing (Debye length)

• High computational time: large density and/or large dimensions

• Coupling with EM waves: FDTD scheme needs with CFL condition with c (light 

velocity)

 High Performance Computing techniques

 Overcome time step and grid mesh size constrains?
• “scaling” method, reduced plasma density

• Fully implicit method

• Energy conserving scheme (ECSIM)

G. Fubiani et al. , New J. Phys. 19, 015002 (2017)

G. Lapenta, J. Comput. Phys. 334, 349 (2017)

G. Chen et al., J. Comput. Phys. 230, 7018 (2011)

 Reduce statistical error – numerical noise?

Use of a sparse grid approach
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Sparse grid methods

 Classical discretization on uniform Cartesian grid meshes: the total number of 

unknowns is proportional to 𝑀𝑑 (𝑀 degree of freedom in each direction, 𝑑
dimensionality of the problem)

 Sparse grid methods: reduction of  the complexity of discrete problem by 

breaking the exponential increase of the number of degrees of freedom with 

respect to the dimensionality of the problem

 Sparse grid techniques
o Define a hierarchy of anisotropic grids with a coarser resolution

o Reconstruction of the solution on the initial Cartesian grid using combination techniques

o Preserving second order approximation (for 𝑑 > 1)

 Examples
o Resolution of Navier-Stokes equation 

o Quantum mechanics: Schrödinger equation

o Plasma physics: gyrokinetic Vlasov equation

o Financial mathematics: Black-Scholes equation

A. Rütgers and M. Griebel, Applied Math. and Comp. 319, 425 (2018)

J. Garcke and M. Griebel, JCP 165, 694 (2000)

H. J. Bungartz et al., J. Comput. Applied Math. 236, 3741 (2012) 

D. Pflüger et al., Euro-Par 2014: Parallel Processing (2014) 
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Construction of sparse grid domains

Regular grid

∆𝒙 = ∆𝒚 = 𝟐−𝒏

G4,1 G1,4G3,2 G2,3

k+𝒎 = 𝒏+ 𝟏 = 𝟓 𝐚𝐧𝐝 𝒌,𝒎 ≥ 𝟏

G2,2G3,1 G1,3

k +𝒎 = 𝒏 = 𝟒 𝐚𝐧𝐝 𝒌,𝒎 ≥ 𝟏

Smolyak’s grid

𝟏𝟔 × 𝟏𝟔
𝟐𝑰 × 𝟐𝑱

𝑰 = 𝑱 = 𝒏 = 𝟒

Component grid

𝑬𝒑 ≅ ෍

𝒌+𝒎=𝒏+𝟏

𝑬𝒌,𝒎
𝒑

− ෍

𝒌+𝒎=𝒏

𝑬𝒌,𝒎
𝒑

+ + +

- - -

Combination technique

𝑬𝟒,𝟏
𝒑

𝑬𝟑,𝟐
𝒑 𝑬𝟐,𝟑

𝒑
𝑬𝟏,𝟒
𝒑

𝑬𝟑,𝟏
𝒑 𝑬𝟐,𝟐

𝒑
𝑬𝟏,𝟑
𝒑

𝑬
𝒑
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x

ES-PIC cycle revisited with sparse approach

Integration of the 

equations of motion
Particle losses/injection

at boundaries/volume 

(absorption, emission)

CollisionsDt

Assignation of the 

particle sources

to the grid nodes of the

component grids

Resolution of the Poisson’s

equations on each of the

component grids

Interpolation of the E 

field to particle positions 

using the combination

technique

Calculation of the E field

on each component grids

V1

V2

E1

E2

E
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Error: Sparse vs Std PIC approaches (1/2)

 Numerical noise
o Reduction with sparse grids thanks to large volume

o Error associated 𝜀𝑠= logℎ𝑛
𝑑−1 1

𝑁ℎ𝑛

Τ1 2
≤

1

𝑁ℎ𝑛
𝑑

Τ1 2

Regular grid

hn

 Much less particles with sparse 

approach for same statistical error

sparse standard

Component grid
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Regular grid

hn

 Others benefits for sparse grid PIC algorithms
o Gain in memory footprint with less total number of particles

o Saving time in the resolution of Poisson’s equation

 Grid-based error
o A slight increase with sparse grids

o Error associated 𝜀𝑠= logℎ𝑛
𝑑−1ℎ𝑛

𝑑 ≥ ℎ𝑛
𝑑

sparse standard

Component grid

Error: Sparse vs Std ES-PIC approaches (2/2)

 Momentum and total charged are conserved, not energy (as explicit 

standard ES-PIC)
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 Applicability to ES-PIC techniques
o Ions at rest

o Periodic boundary conditions

o No collisions

First plasma simulations

L. F. Ricketson and A. J. Cerfon, PPCF 59, 024002 (2017)

 Numerical tests
o Linear/non linear

Landau damping

o Diocotron instability

3D non linear Landau damping

Comparison of density reference solution computed (128 × 128 × 128)

using regular PIC (left), ~ 30 simulations, 

sparse solution on grid with Npc = 800 (center), 

and regular-PIC solution on grid with Npc = 800 (right)

 Extension to low 

temperature 

plasmas?
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RF capacitive discharges

 Self-consistent description of the discharge

 Motion of ions

 Time and space evolution of sheaths

 Collisions between electrons/ions and neutrals

 Single-frequency RF capacitive discharges
L. Garrigues et al.,

J. Appl. Phys. 129, 153303 (2021)

ni

2×1014 m-3

Source term Max: 3.4×1020 m-3 s-1

L. Garrigues et al., ICPIG (2023)
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HT - 2D benchmark, axial-azimuthal directions
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Sparse N = 9

Npc: 400

Gain in comp. time: 6.5

L. Garrigues et al., J. Appl. Phys.

129, 153304 (2021)

Sparse N = 9, offset

Npc: 400

Gain in comp. time: 4

L. Garrigues et al.,

ESCAMPIG (2022)
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Number of cells in 3D
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Conclusions

 Applicability of PIC simulations to model plasma 

thrusters
• More studies with the electrostatic approximation (Hall Thruster, GIE)

• Electromagnetic PIC algorithms more difficult to implement

• Very time consuming

 PIC schemes take advantages of efficient parallelization 

techniques (OpenMP-MPI hybrid parallelization)

 Acceleration of PIC schemes
• Sparse approach seems promising (cusp magnetic field can be included)

• Others approaches exist (implicit version, reduced dimensional order method, 

etc.)
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Open questions/Perspectives

 A full coupling between Maxwell’s equations and the plasma 

is difficult to achieve but a self-consistent calculation of 

power absorption is reachable

 Heterogeneous architecture of computers (GPU/CPU)

 Plasma-wall interactions and necessary data

 Elementary data - cross sections for new propellant gases 

(iodine)
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For more details

 To appear in Journal of Applied Physics

 https://arxiv.org/abs/2304.05103
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Additional slides
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PIC cycle with the electrostatic approach

Integration of the 

equations of motion
Particle losses/injection

at boundaries/volume 

(absorption, emission)

Collisions

Assignation of the 

particle sources

to the grid nodes of the

regular grid

Dt

Interpolation of the E 

field to particle positions

Resolution of the Poisson’s

equations on the regular

grid

Calculation of the E field

on the nodes of the 

regular grid

V

E

x
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More about the grid-based error
component grid

 Grid-based error in 2D
o Terms along 𝑥 and 𝑦 directions cancel out with 

combination technique … but not along mixed directions

o Error associated with 𝜌

ℎ𝑦

ℎ𝑥

𝜀𝑠= 𝑏1
𝜕2𝜌

𝜕𝑥2
ℎ𝑥
2 + 𝑏2

𝜕2𝜌

𝜕𝑦2
ℎ𝑦
2 + 𝑏1,2

𝜕4𝜌

𝜕𝑥2𝜕𝑦2
ℎ𝑥
2ℎ𝑦

2 + 𝑂(ℎ𝑥
4, ℎ𝑦

4)

error along 𝑥 error along 𝑦 error along mixed directions

Y. Jiang et al., Phys. Plasmas 27, 113506 (2020)

 Oversampled method to reduce the grid-based error 

in the mixed directions

S. Muralikrishnan et al., J. Comput. Phys. X 11, 100094 (2021)
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The offset sparse method – component grids

G4,1
G3,2 G2,3

G1,4 G3,1 G2,2 G1,3

+ + + - - -

𝒍𝟎 = 𝟎, 𝒍𝟏 = 𝟎 𝐚𝐧𝐝 𝒌,𝒎 ≥ 𝟏

𝑘 +𝑚 = 𝑛 + 𝑙0 − 𝑙1 + 1 = 5 𝑘 +𝑚 = 𝑛 + 𝑙0 − 𝑙1 = 4

𝒍𝟎 = 𝟏, 𝒍𝟏 = 𝟎 𝐚𝐧𝐝 𝒌,𝒎 > 𝒍𝟎

G3,2 G2,3G2,4G4,2 G3,3

𝑘 +𝑚 = 𝑛 + 𝑙0 − 𝑙1 + 1 = 6 𝑘 +𝑚 = 𝑛 + 𝑙0 − 𝑙1 = 5

+ + - -

G3,2 G2,3 G2,2

+ -

𝑘 +𝑚 = 𝑛 + 𝑙0 − 𝑙1 + 1 = 5 𝑘 +𝑚 = 𝑛 + 𝑙0 − 𝑙1 = 4

𝒍𝟎 = 𝟏, 𝒍𝟏 = 𝟏 𝐚𝐧𝐝 𝒌,𝒎 > 𝒍𝟎

𝟏𝟔 × 𝟏𝟔
𝟐𝑰 × 𝟐𝑱

𝑰 = 𝑱 = 𝒏 = 𝟒
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Simplified 2D modeling of a cusp discharge

Y. Jiang, G. Fubiani, L. Garrigues, and J. P. Boeuf,

Phys. Plasmas 27, 113506 (2020)

Discharge characteristics

Magnetized electrons, argon ions

Initial electron temperature (eV)  3

Thermalization temperature (eV) 3

Initial ion temperature (eV) 0.1

Electron-neutral collisions

Initial conditions

Pressure (mTorr) 0.1

Neutral density (1018 m-3) 3.2

Initial plasma density (1015 m-3) 1

Magnetic field max (G) 400

Simulation conditions

Lx = Ly (cm) 4

d1, d2 (cm) 1.6, 2.4

Number of grid cells (std) 2562

Time step (s-1) 0.2/wp

NPC 50

d
ie
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tr

ic
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x e
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Results @ 0.1 mTorr - 400 G
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Error (%)

𝑛𝑖 (2D) 4.5

𝑛𝑒 (2D) 4.5

𝜖 𝜑 =
𝜑 − 𝜑ref 𝐿2

𝜑ref 𝐿2
=

׬ 𝜑 − 𝜑ref
2du

׬ 𝜑ref
2du


