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1 Introduction and summary of results

With the advance of integrability methods, more and more exact or very precise non-
perturbative data becomes available for N = 4 Super-Yang-Mills (SYM) theory in the planar
limit. In particular, the spectrum is the most well understood part of the theory, and the
methods based on Quantum Spectral Curve (QSC) [1, 2] can readily generate the spectrum
analytically at weak coupling [3, 4], or numerically at finite coupling [5–8]. Concerning
OPE coefficients, whereas they are well understood at weak coupling thanks to the hexagon
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approach [9], the finite coupling regime for finite length operators remains challenging. The
methods based on Separation of Variables [10–19] or hybrid approaches combining the QSC
data with the hexagon method [20] could lead to very promising results, but they are still
in the development stage. There has also been some recent progress in understanding the
OPE coefficients of finite length operators at strong coupling [7, 21–26].

On the other hand, the OPE coefficients are not completely independent from the
spectrum, and conformal bootstrap methods can be used to constrain them. In this paper
we continue our program of Bootstrability [27–29], where we try to answer the question of
to which extent the full CFT data in theories like N = 4 SYM can be obtained by knowing
only the spectrum of the theory itself and its deformations. This question currently is being
under active investigation by other groups in different setups [30, 31] and methods [32, 33].
Furthermore, the information about the spectrum can also be very useful for the analytic
bootstrap at strong coupling, where it helps to check or further constrain the assumptions
on an analytic ansatz for 4-point functions [34].

As N = 4 SYM is a gauge theory, its observables are not limited to the local operators,
but also include other gauge-invariant observables like the Wilson loops. Strictly speaking,
the Wilson loops are the only non-trivial observables in the strictly planar limit in addition
to the two-point functions of local operators, as the OPE coefficients of local operators
are 1/Nc suppressed.

In particular, the supersymmetric Maldacena-Wilson loops, defined with a specific
coupling to a scalar field of the theory and on contours conformally equivalent to straight
lines, are the simplest and the most understood. One can study them using the point of
view of a defect CFT living on the Wilson line [35–37] with a variety of non-perturbative
approaches such as supersymmetric localisation [13, 38], integrability [39–41] and conformal
bootstrap [42, 43].

The states in the defect CFT correspond to the insertions of local operators on the
Wilson line, and their OPE coefficients are not suppressed even in the planar limit. The
integrability of this class of Wilson lines [44–47] manifests in the access to the high precision
spectral data [27, 40, 41, 48, 49]. A rich source of analytic data beyond the spectrum is
also available from the four-point correlation functions, which were computed analytically
perturbatively up to certain orders at both weak [50–53] and strong [42, 43, 54–56] coupling,
which one can use to test other methods.

In this paper, we continue the Bootstrability program for this defect CFT, using the
numerical conformal bootstrap [57–59] supplemented with exact integrability data for the
spectrum. We focus on the mixed-correlator setup introduced in [42]. The main challenge of
the numerical conformal bootstrap in this setup is that we need to scan a multidimensional
space of CFT data to find a consistent solution. As the dimensionality of the space of
OPE coefficients can grow to as high as the number of states exchanged in the system,
the problem becomes computationally challenging and requires a special algorithm to scan
the space efficiently.

Let us summarize the main results of this paper. First, we discuss the consequences of
discrete symmetries [29] of the theory for the mixed-correlator setup. We show a significant
simplification in the bootstrap problem compared to that formulated originally in [42], which
reduces the search space of OPE coefficients by roughly half. In addition, we obtained a new
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analytical result for one of the OPE coefficients involving three BPS operators, which are
non-trivial, exact functions of the ’t Hooft coupling, derived using localisation arguments.
Furthermore, by exploiting new spectral data for charged sectors, we perform a numerical
bootstrap study of the mixed-correlator system using the spectrum of low lying states as
input and leveraging all the discrete symmetries. To achieve this, we use a bespoke algorithm,
largely inspired by [60], for scanning efficiently over a large set of OPE coefficients. As an
outcome, we obtain new rigorous bounds for several new OPE coefficients involving charged
non-protected operators.

The paper is organized as follows. In section 2 we review the CFT living on the Maldacena-
Wilson line. In particular, we specify which operators are present in the theory and what are
their correlation functions. In sections 2.1 and 2.2 we focus on non-protected operators in
long multiplets and outline how their dimensions can be found using integrability. We provide
the spectrum of first low-lying operators used in the bootstrap. In section 3 we describe
the mixed-correlator setup and discuss how discrete symmetries simplify it. In section 4
we describe our algorithm for scanning over OPE coefficients. In section 5 we present the
results of the numerical bootstrap study. Finally, in section 6 we conclude and discuss future
directions. Supplementary material is provided in appendices.

2 Maldacena-Wilson defect CFT

As reviewed in the introduction, in this paper we study the CFT data from integrability and
conformal bootstrap perspective for the one-dimensional defect superconformal field theory
(dCFT) living on the Maldacena-Wilson line (MWL) [61, 62] in N = 4 Super-Yang-Mills
theory. Below we review the setup and specify which observables we focus on.

The Maldacena-Wilson line. The MWL is defined as Tr W +∞
−∞ , where

W t2
t1 ≡ P exp

∫ t2

t1
dt

[
i Aµ(t)ẋµ +Φ||(t)|ẋ|

]
. (2.1)

The W t2
t1 is the path-ordering P (in the order: latest first) along the (t1, t2) segment of the

line. Here x(t) is the parametrisation of the straight line, and Aµ and Φ|| are the fields of
4D N = 4 SYM theory. There we split the six scalar fields of N = 4 SYM Φi i = 1 . . . 6
into two groups: one Φ|| ≡ Φ6 is the same scalar as appearing in the definition of the line,
and then another five fields we denote as Φi

⊥ with i = 1, . . . , 5.
Symmetries of the full 4D N = 4 SYM theory are broken by the line defect, however,

partial symmetries are still preserved. Let us summarise these partial symmetries:

• Spacetime symmetry. The 4D conformal symmetry is broken in the presence of the
line. There is the 1D conformal group SO(1, 2) preserved on the line as well as the
SO(3) group of spacetime rotations orthogonal to the line. Overall spacetime symmetry
group is then SO(1, 2)× SO(3).

• R-symmetry. Five scalar fields Φi
⊥ with i = 1, . . . , 5 perpendicular to the line preserve

the SO(5) R-symmetry.
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• Supersymmetry. The MWL is a 1
2 -BPS observable which preserves a half of the

supercharges.

The full symmetry group of the 1D dCFT living on the MWL is OSp(4∗|4) which is a subgroup
of the symmetry group PSU(2, 2|4) of N = 4 SYM.

Correlation functions of operators inserted to the line. Let us specify on which
observables of 1D dCFT we focus. We consider correlation functions of operators inserted
along the line defined as

⟨⟨O1(x1)O2(x2) . . . On(xn)⟩⟩ =
⟨Tr P[O1(x1)O2(x2) . . . On(xn)W +∞

−∞ ]⟩
⟨Tr W +∞

−∞ ⟩
, (2.2)

where the operators are path-ordered as above (2.1), and O(t) are composite operators
constructed from the fields of the theory. Correlation functions (2.2) are non-trivial functions
on ’t Hooft coupling g.

Due to the conformal symmetry of the theory, the most fundamental quantities are
the two- and three-point functions as they are the building blocks of all other correlation
functions. These functions can be found to have the following form

⟨⟨Oi(x1)Ōj(x2)⟩⟩ =
δij

|x12|2∆i
,

⟨⟨Oi(x1)Oj(x2)Oj(x3)⟩⟩=
Cijk

|x12|∆i+∆j−∆k |x13|∆i+∆k−∆j |x23|∆j+∆k−∆i
x1 <x2 <x3,

(2.3)

where we choose the standard normalisation.1 In (2.3) ∆i are scaling dimensions of the
operators Oi and Cijk are the operator product expansion (OPE) coefficients. The scaling
dimension in general depends on the coupling and can be separated as ∆ = ∆0 + γ(g), where
∆0 is the bare dimension of operators and γ(g) is the anomalous dimension. We point out
that for the operators with non-trivial R-charges the above normalization may not be the
most convenient and we describe those in case by case basis below in section 3.1.

Due to superconformal symmetry, we have further simplifications. Operators can be
assembled into supermultiplets so that their anomalous dimension is the same within the
multiplet. Furthermore, the 3-point correlators of different representatives of the multiplet
are related by supersymmetry. Let us describe the details of the supermultiplets are present
this CFT, relevant for this paper.

Supermultiplets. They are specified by the quantum numbers of the superprimary operators:
the scaling dimension ∆ of the SO(1, 2) 1D conformal group, the transverse spin spin s of SO(3)
rotations around the line and the Dynkin labels [a, b] of the SP(4) ∼= SO(5) R-symmetry.2
For the current setup the full classification was done in [63, 64].

There are three sets of supermultiplets: short, semi-short and long. The semi-short
multiples are only relevant at zero coupling since normally become long at finite g, so we

1The Ō is defined via Hermitian conjugation and reflection ∂t → −∂t, needed for positivity.
2Note that the irrep of SP(4) corresponding to the Dynkin labels [a, b] corresponds to the irrep [b, a]

of SO(5).
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Degeneracy at g = 0
∆0 1 2 3 4 5 6
L∆

[0,0] 1 2 6 25 128 758
L∆

[0,1] 2 6 28 167 1134
L∆

[0,2] 3 12 76 588
L∆

[2,0] 2 16 128 1038

Degeneracy at g = ∞
∆∞ 2 3 4 5 6 7
L∆

[0,0] 1 0 2 0 4 1
L∆

[0,1] 1 1 2 2 6
L∆

[0,2] 1 1 3 2
L∆

[2,0] 1 0 3

Table 1. Degeneracy of states of the long multiplets exchanged in our mixed-correlator system, at
g = 0 and g = ∞. Data taken from [55].

do not consider those separately in this paper. The scaling dimension of operators in short
multiplets is protected by the supersymmetry as they preserve a half of the supercharges.
They are denoted as Bk and have zero anomalous dimension and are constrained to have
the following quantum numbers

{∆, s, [a, b]} = {k, 0, [0, k]}, k ∈ {1, 2, 3, . . . }. (2.4)

In our setup, we mainly focus on the first two short multiplets with k = 1 and 2, even though
3 and 4 will also play some minor role. The first multiplet B1 contains the superconformal
primary operators Φi

⊥, it has the protected scaling dimension ∆ = 1 and is also known as
the displacement multiplet. The second multiplet B2 contains the superconformal primary
operators Φ{i

⊥Φ
j}
⊥ − 1

5δij(Φ⊥ · Φ⊥).
Long multiplets can, in principle, have any quantum numbers {∆, s, [a, b]} as long as

the unitarity bound is not violated.3 In this paper we only consider the long multiplets
with zero spin s = 0, and thus we denote them as L∆

[a,b], with only three quantum numbers.
Specifically, long multiplets which are relevant for our setup are L∆

[0,0], L∆
[0,1], L∆

[0,2] and L∆
[2,0].

Long multiplets may become semi-short if their scaling dimension saturates the unitarity
bound which usually happens at strictly g = 0.

2.1 Integrability description of the spectrum

The 1D dCFT on the MWL is integrable [35, 40] in the planar limit, which means that
the non-trivial scaling dimensions of the operator insertions can in principle be computed
analytically. There have been a variety of results applying integrability methods in this
context, analytically in the weak coupling regime [39], numerically in the finite coupling
regime [27, 40, 41, 49], as well as in a special integrability preserving limit called the ladders
limit [12, 65]. The integrability is inherited from the parent 4D N = 4 SYM theory, where the
non-perturbative spectrum of long multiplets can be described using the Quantum Spectral
Curve (QSC) [1]. In this section, we provide detailed description of the low-lying spectrum
of long multiplets and discuss their description via the QSC.

First of all, the dimensions ∆ of long multiplets L∆
[a,b] become integer and degenerate both

at weak (g = 0) and strong (g → ∞) coupling. The degeneracy of states can be computed
by free fields counting [55]. We collect part of this result in table 1.

3The unitarity bound for long multiplets in this theory is ∆ > 1
2 s + a + b + 1.
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Figure 1. Scaling dimensions ∆ of long multiplets displayed in the range of coupling g = [0, 4]. Here
the plain lines correspond to parity-even operators (P = +1), and the dashed lines to parity-odd
(P = −1), see section 3.1.2 for a discussion of this symmetry. Some of the lowest-lying states that will
be relevant in section 5 are labelled with their Tag defined in (2.5).

Let us give some flavour of what are these long multiplets at weak coupling. For the
scalar operators, the authors of [39] successfully derived explicit form of the 1-loop dilatation
operator, in the same fashion of what it was done for the single-trace operators problem [66].
The problem of finding the spectrum of long multiplets at the one-loop order in this sector is
then equivalent to finding eigenstates and eigenvalues of an explicit Hamiltonian. Therefore,
we are able to build explicitly some of the operators. The Hamiltonian is only known for
operators composed exclusively of scalars without spacetime derivatives (we denote states
composed without derivatives along the MWL line at g → 0 as “highest twist” states).

Even though the Hamiltonian is not known beyond this sector, it was noticed in [27]
that the one-loop anomalous dimensions of insertions can map to local operators scaling
dimensions of the N = 4 SYM theory. The map obtained in that paper was for states that
are neutral under all the global symmetries of the defect CFT, i.e. for the superprimaries of
long multiplets of type L∆

[0,0]. Here we generalise the map to include states with arbitrary
R-charge, namely, a state with quantum numbers of the 1D dCFT {∆1D, 0, a, b} is mapped
to the local operators of 4D N = 4 SYM with bare dimension 2∆1D + 1, Lorentz spins [0 0]
and Dynkin labels of the SU(4) R-symmetry of the bulk theory [a 2b a] additionally restricted
by the parity symmetry u → −u (for the spectral parameter u) with the simultaneous
exchange of the Left and Right wings. Based on this observation, we are able to identify
all multiplets in accordance with the counting in table 1 and their one-loop dimensions and
weak coupling fields representation.
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In table 2 we provide the lowest lying spectrum of long multiplets. We give their bare
dimensions ∆0, one loop anomalous dimension, and for the operators built out of scalars
their wavefunction. We identify our states by defining their State ID which looks as follows

State ID ≡ ∆0 [s; a b ; twist]sol,

where ∆0 is the bare dimension, s is the transverse spin, [a, b] are the R-symmetry Dynkin
labels (of the defect theory),

twist ≡ ∆0 − number of derivatives along the MWL at zero coupling ,

and sol labels states with all other quantum numbers being the same. Furthermore, every
state has an associated parity P as defined in [29], and discussed further in section 3.1.2.
In order to simplify notation throughout the paper, we also introduce a shortened version
of the state label that we call Tag, which is defined as

Tag ≡ ∆[a,b]P
n (2.5)

where n identify the ordering of the states at weak coupling. As an example see table 2
and for a complete list see appendix C.

The numerical non-perturbative results, obtained with Quantum Spectral Curve method
for the first low-lying multiplets are presented on figure 1. Next we describe the technicalities
of the Quantum Spectrum Curve method.

2.2 Quantum Spectral Curve for Operator Insertions

We proceed now in describing the peculiarities of the QSC for the operator insertions. Our
numerical method is well-suited to track a number of states from weak to strong coupling
(we collected data for g ∈ [0, 4]) such that we have plenty of spectral data available for our
purposes. The procedure of finding the spectrum of operators via QSC numerically is described
in many sources (see e.g. [67]). So we focus on specifics of the current setup in what follows.

To begin with, we assign to any state a set of eight functions of the complex spectral
parameter Pk(u), Ql(u) with k, l = 1, . . . , 4, such as a state is described by a set of “curves”.
The P-functions have one cut on u-plane for u = [2g,−2g], and the Q-functions have a
infinite ladder of cuts in the lower half plane. The P-functions can be parametrised as follows:

Pk(u) = xpowPkAk

(
1 +

∞∑
n=1

dk,n

xn

)
, x(u) = u +

√
u − 2g

√
2g + u

2g
, (2.6)

where powPk =
{
−a − b − 5

2 ,−b − 3
2 , b + 1

2 , a + b + 3
2

}
k

is the power in the asymptotics of
the P-functions in the large-u limit. Here the asymptotics provided is for the states of the
1D dCFT and depends on their quantum numbers as defined previously. The coefficients dk,n

introduced above depend on g and are different for each state. They are initially computed
perturbatively at weak coupling providing initial “seeds” for the numerical procedure. The
perturbative values of P- and Q-functions at weak coupling can be found using the Baxter
equation, following [40].
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State ID Tag ∆0 ∆0 +# g2 One-loop wavefunction for h.w.s P

1[0; 0 0 ;1]1 ∆[0,0]+
1 1 4 Φ|| +1

2[0; 0 0 ;2]1 ∆[0,0]+
2 2 2.763932022500210 Φ2

|| −
1√
5Φ

i
⊥Φi

⊥ +1

2[0; 0 0 ;2]2 ∆[0,0]+
3 2 7.236067977499789 Φ2

|| +
1√
5Φ

i
⊥Φi

⊥ +1

2[0; 0 1 ;2]1 ∆[0,1]−
1 2 2 Φ||Φi

⊥ +Φi
⊥Φ|| −1

2[0; 0 1 ;2]2 ∆[0,1]+
1 2 6 Φ||Φi

⊥ − Φi
⊥Φ|| +1

3[0; 0 2 ;3]1 ∆[0,2]+
1 3 4 Φ||(Φi

⊥Φ
j
⊥ +Φj

⊥Φi
⊥)

−(Φj
⊥Φi

⊥ +Φi
⊥Φ

j
⊥)Φ||

−δij 2
5 (Φ||Φk

⊥Φk
⊥ − Φk

⊥Φk
⊥Φ||)

−1

3[0; 2 0 ;3]1 ∆[2,0]−
1 3 2.535898384862245 (

√
3 + 1)(Φi

⊥Φ||Φj
⊥ − Φj

⊥Φ||Φi
⊥)

+(Φi
⊥Φ

j
⊥Φ|| − Φj

⊥Φi
⊥Φ||)

+(Φ||Φi
⊥Φ

j
⊥ − Φ||Φj

⊥Φi
⊥)

−1

Table 2. Examples of first states in long multiplets with the following information: their StateID,
their Tag, their bare dimension ∆0, their one-loop anomalous dimension, corresponding wavefunctions,
parity.

The prefactor coefficients Ak and similar coefficients Bl for large u asymptotic Ql ∼
Bl upowQl are also given in terms of the quantum numbers as follows

powQl =
{
∆+ 3

2 ,∆+ 1
2 ,−∆− 3

2 ,−∆− 5
2

}
l
,

Ak =
{
1, 1,−(∆− b + 1)(∆− b)(∆ + b + 2)(∆ + b + 3)

2(a + 1)(b + 1)(a + 3b + 3) i,

−(∆− a − b)(∆− a − b − 1)(∆ + a + b + 3)(∆ + a + b + 4)
2(a + 1)(a + b + 2)(a + 3b + 3) i

}
k

,

Bl =
{(∆− b + 1)(∆− a − b)(∆ + b + 3)(∆ + a + b + 4)

2(∆ + 2)(2∆ + 3) i,

(∆− b)(∆− a − b − 1)(∆ + b + 2)(∆ + a + b + 3)
2(∆ + 1)(2∆ + 3) i, 1, 1

}
l

.

(2.7)

Given the large u asymptotics, the relations between P- and Q- functions (QQ-relations)
are used to shift them from the large-u domain to close to the cuts on the real line at
u ∈ [−2g, 2g]. Once the numerical values of the functions are obtained close to the cut,
we impose the “gluing” conditions. For the 1D dCFT, they differ from those of the local
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operators and are expressed as follows [48]
q̃1(u)
q̃2(u)
q̃3(u)
q̃4(u)

 =


1 0 0 0
0 1 0 0

α sinh(2πu) 0 1 0
0 −α sinh(2πu) 0 1




q1(−u)
q2(−u)
q3(−u)
q4(−u)

 , (2.8)

where qi ≡ Qi/
√

u and q̃i(u) denotes their value at another side of the cut [−2g, 2g]. The
gluing conditions can be imposed by computing the values of Qi at the branch cut [−2g, 2g],
which depend, in a complicated way, on the coefficients dc,n and of ∆ thus (2.8) provide an
involved set of equations on these parameters, which can be solved numerically. The procedure
to solve the QSC numerically for the given setup is described in more details in [5, 7, 40, 67].
Due to the difference in the gluing conditions imposed, the spectrum of 1D dCFT converges
to different values compared to full 4D N = 4 SYM beyond the one-loop order.

Using the above procedure, we produce the spectral plots on figure 1, tracking the
spectrum from weak all the way to strong coupling. The spectrum condenses to integer
values at g = ∞ and agrees with the counting of [55], cf. table 1. Therefore, we can be
confident we have the complete spectrum up to some cut-off (which is the top level on each
of the plots). In the next section, we describe how this spectrum is used in combination
with the conformal bootstrap.

3 Simple mixed-correlator system

In this paper we focus on the constraints following from the known parts of the spectrum
presented in the previous section and from the crossing condition of a system of 4-point
correlators, which contain these non-protected states in their OPE expansion.

Thus we consider a system of correlators of operators belonging to the short multiplets B1
and B2, which is the smallest mixed-correlator setup as was pointed out in [42]. Schematically
our system contains four independent correlators

⟨⟨OB1(x1)OB1(x2)OB1(x3)OB1(x4)⟩⟩, ⟨⟨OB2(x1)OB2(x2)OB2(x3)OB2(x4)⟩⟩,
⟨⟨OB1(x1)OB2(x2)OB1(x3)OB2(x4)⟩⟩, ⟨⟨OB1(x1)OB1(x2)OB2(x3)OB2(x4)⟩⟩.

(3.1)

In the following, we review the bootstrap problem following the analysis of [42]. The new
ingredient added in this paper is the implementation of the discrete parity symmetry of
the theory, which, as anticipated in [29], allows us to further restrict the possible values
of OPE coefficients.

In the product of two short multiplets B1 and B2, at a generic coupling g, only short or
long multiplets are exchanged. Moreover, as outlined in [42], their possible quantum numbers
are strictly constrained leading to the following selection rules

B1 × B1 = I + B2 +
∑
∆≥1

L∆
[0,0] ,

B1 × B2 = B1 + B3 +
∑
∆≥2

L∆
[0,1] ,

B2 × B2 = I + B2 + B4 +
∑
∆≥1

L∆
[0,0] +

∑
∆≥3

(
L∆

[0,2] + L∆
[2,0]

)
,

(3.2)
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where I is the identity. In the following, we explore the OPE coefficients and the corresponding
conformal blocks of all multiplets exchanged above.

3.1 Crossing equations and selection rules on OPE coefficients

The operators at the top of the Bmi supermultiplet are in the R-symmetry representation
[0, mi] corresponding to traceless symmetric tensor with mi indices, which can be contracted
with a polarisation 5D null vector Yi. We thus use the standard notation Omi(xi, Yi), which
encodes both spacial location of the operator on the line and the R-symmetry polarization
of the operators in Bmi .

Following [42], the 4-point correlators of these superprimary operators can be written
in the following form

⟨⟨Om1(x1, Y1) . . . Om4(x4, Y4)⟩⟩ = Km1m2m3m4 Am1m2m3m4(x, ζ1, ζ2), (3.3)

where m1 +m2 +m3 +m4 should be even due to the R-symmetry constraint and Km1m2m3m4

is a kinematic prefactor given by

Km1m2m3m4 = (12)
m1+m2

2 (34)
m3+m4

2

((14)
(24)

)m1−m2
2
((13)
(14)

)m3−m4
2

, (ij)≡ Yi · Yj

x2
ij

. (3.4)

The amplitude Am1m2m3m4 depends on the one-dimensional spacetime cross-ratio x, as well
as on 2 independent cross-ratios ζi built with the polarisation vectors defined as

x = x12x34
x13x24

, xij ≡ xi − xj , (3.5)

ζ1ζ2 = (Y1 · Y2)(Y3 · Y4)
(Y1 · Y3)(Y2 · Y4)

, (1− ζ1)(1− ζ2) =
(Y1 · Y4)(Y2 · Y3)
(Y1 · Y3)(Y2 · Y4)

.

Notice that the l.h.s. of (3.4) is polynomial in Yi, which is somewhat hidden in the r.h.s.. The
system of correlators (3.1) is invariant under crossing symmetry, which can be understood
as a cyclic invariance mapping the positions 1234 → 4123. Under this relabelling, the cross
ratios transform as follows

x → 1− x , ζ1 → 1− ζ1 , ζ2 → 1− ζ2 . (3.6)

The crossing equations implies the following constraints on the non-trivial part of the
correlator4

X̃A1111(x, ζi) = XA1111(1− x, 1− ζi) ,

X̃2A2222(x, ζi) = X2A2222(1− x, 1− ζi) ,

X̃
3
2A1212(x, ζi) = X

3
2A2121(1− x, 1− ζi) ,

X̃2A1221(x, ζi) = X
3
2A1122(1− x, 1− ζi),

(3.7)

4Notice that the third crossing equation above was written differently in [42], namely in the form

X̃
3
2 A1212(x, ζi) = X

3
2 A1212(1 − x, 1 − ζi).

The two crossing equations are simultaneously true, due to the parity symmetry of the 1D dCFT (related to
changing orientation on the line), which we discuss next and which was analysed systematically in [29]. This
symmetry proves explicitly that A1212(x, ζi) = A2121(x, ζi). We will see in the next sections how it simplifies
the bootstrap problem.
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where

X ≡ x2

ζ1ζ2
, X̃ ≡ (1− x)2

(1− ζ1)(1− ζ2)
. (3.8)

These additional powers come from the transformation of the kinematic prefactors in (3.3).

3.1.1 OPE coefficients of the operators in non-trivial R-symmetry irreps

Let us introduce the definition of OPE coefficients, following the conventions of [42]. In
particular, this section explains the convention for stripping off appropriate combinations
of polarisation vectors Yi, giving a precise definition of the OPE coefficients which we
bound by the numerical bootstrap below, extending the definitions (2.3) for R-symmetry
scalar operators.

We are interested in the OPE channels (3.2). For simplicity, we will only explicitly
introduce OPE coefficients relating three superconformal primaries. These contain all the
information since the superconformal blocks deduced in [42] allow one to reconstruct the
OPE coefficients for all other members of the supermultiplets involved.

Representation [0, 0]. Let us start from the OPE of the channel Bm ×Bm → L∆
[0,0] (where

in this paper m = 1 or m = 2). For the case of these correlators the SUSY relates the
CFT data for all members of the intermediate long multiplet. We can thus focus on the
super-component with lowest scaling dimension. Such an operator is neutral under the
R-symmetry, and we denote it as O

[0,0]
∆ . Assuming the canonical normalization (2.3) for

the structure constant, we get

C
Om(Y1),Om(Y2),O[0,0]

∆
≡ (Y1 · Y2)m Cmm∆[0,0] , (3.9)

where we stripped the polarization dependent part, as it is the only structure consistent with
R-symmetry. This definition implies that there is the following term in the OPE expansion
associated with this multiplet:

Om(0, Y1)Om(1, Y2) ∼ (Y1 · Y2)m Cmm∆[0,0] Ō
[0,0]
∆ (0) + (super)-descendants. (3.10)

Representations [2, 0] and [0, 2]. In the fusion channel B2 ×B2, we can also produce long
superprimary operators in the representations r = [0, 2] or r = [2, 0] of the R-symmetry. The
lowest-dimension component O

[2,0]
∆ and O

[0,2]
∆ have a pair of R-symmetry indices, with [0, 2]

being symmetric and traceless tensor and [2, 0] is anti-symmetric tensor. In order to preserve
the covariance in R-symmetry, the standard normalization (2.3) is replaced by

⟨⟨Ō[0,2]
∆,a1a2

(0) O
[0,2]
∆,b1b2

(1)⟩⟩ =
(1
2δa1b1δa2b2 +

1
2δa1b2δa2b1 −

1
5δa1a2δb1b2

)
, (3.11)

⟨⟨Ō[2,0]
∆,a1a2

(0) O
[2,0]
∆,b1b2

(1)⟩⟩ = 2
(1
2δa1b1δa2b2 −

1
2δa1b2δa2b1

)
, (3.12)

where the expressions in the r.h.s. are the projectors on the corresponding representation. No-
tice the extra factor of 2 for antisymmetric representation, which follows the conventions of [42].
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In addition we assume that the conjugate operator is different only by a phase factor
from the original operator (as otherwise the spectrum would be degenerate for generic g).
We fix the remaining phase freedom in the normalization so that

Ō
[0,2]
∆,a1a2

= +O
[0,2]
∆,a1a2

, Ō
[2,0]
∆,a1a2

= −O
[2,0]
∆,a1a2

. (3.13)

With these normalisations, the OPE coefficient is normalized so that the corresponding
terms in the OPE expansion is

O2(0, Y1)O2(1, Y2) ≃ (Y1 · Y2)
[
C22∆[0,2] O

[0,2]
∆,a1a2

(0) + C22∆′[2,0] O
[2,0]
∆′,a1a2

(0)
]

Y a1
1 Y a2

2 + . . . (3.14)

with . . . representing super-descendants and operators with other dimensions.

Representation [0, 1]. Finally, let us consider the operators in the representation [0, 1] of R-
symmetry in the OPE channels B1×B2 and B2×B1. Being in the fundamental representation
of the SO(5) R-symmetry, they carry a single index, and we denote them as O

[0,1]
∆,a (x). We

normalize these operators in the standard way (2.3). We assume that the complex conjugation
acts trivially on these operators and that we can set

Ō
[0,1]
∆,a = O

[0,1]
∆,a , (3.15)

to fix the phase factor. Then the OPE coefficient is defined by the following contribution

O1(0, Y1)O2(1, Y2) ∼ (Y1 · Y2) C12∆[0,1] O
[0,1]
∆,a (0)Y a

2 + . . . , (3.16)

O2(0, Y1)O1(1, Y2) ∼ (Y1 · Y2) C21∆[0,1] O
[0,1]
∆,a (0)Y a

1 + . . . . (3.17)

Some comments on our conventions are necessary. We have defined the operators such that
the 2-point functions are normalized as in the previous section, eliminating the freedom
to define the operators with an additional phase. However, the operators are still defined
up to a sign, and consequently, our OPE coefficients are also defined up to a sign. This
sign, however, is irrelevant in the OPE expansion of four-point functions, as it cancels in
the combinations of the OPE presented there

A1111 ≃
∑
∆

C2
11∆[0,0] × (superblock) +

∑
n=0,2

(CBPS
11n )2 × (superblock),

A2222 ≃
∑

r∈{[0,0],[2,0],[0,2]}

∑
∆

C2
22∆r × (superblock) +

∑
n=0,2,4

(CBPS
22n )2×(superblock),

A2121 = A1212 ≃
∑
∆

C2
12∆[0,1] × (superblock) +

∑
n=1,3

(CBPS
12n )2 × (superblock),

A1221 ≃
∑
∆

C12∆[0,1] C21∆[0,1] × (superblock) +
∑

n=1,3
CBPS

12n CBPS
21n ×(superblock),

A1122 ≃
∑
∆

C11∆[0,0] C22∆[0,0] × (superblock) +
∑

n=0,2
CBPS

11n CBPS
22n ×(superblock),

(3.18)

where the superblocks are those found in [42] and reported explicitly in appendix A. In
the above relations, we introduced the OPE coefficients for the exchange of BPS multiplets
Bn (where n = 0 stands for the identity multiplet) according to the selection rules (3.2).
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By definition CBPS
110 = CBPS

220 = 1. The other OPE coefficients involving the BPS multiplets
entering the above equations are CBPS

112 , CBPS
222 , CBPS

224 , CBPS
123 , CBPS

121 = CBPS
112 . These are

non-trivial functions of the coupling that can be computed exactly as discussed in section 3.2.
In the next section we present the selection rules which the discrete symmetries of the

theory impose on the combinations of non-BPS OPE coefficients entering our system.

3.1.2 Discrete symmetries and their impact on OPE coefficients

Parity. As discussed in [29], the defect CFT possesses a discrete parity symmetry, which
allows us to define a parity charge PO ∈ {+1,−1} associated to any primary operator O.
By construction, the parity charge commutes with R-symmetry generators (as well as with
the dilatation operator on the line). This implies that we can define a basis of operators
with fixed parity, and, for operators Or

∆ with R-symmetry representations r such as the ones
introduced above, there is a charge PO that is independent of the R-symmetry polarization.

The charge can be read from the perturbative construction of the operators, which,
at every loop order, are built as products of fundamental fields of N=4 SYM, all in the
adjoint representation of the gauge group (these products of fields are then inserted inside
the path-ordered exponential defining the Wilson line). On such products of fundamental
fields, parity acts as follows (we assume the operator is at the point t = 0)

ParityTransform [f1 · · · · · fn] = (−1)n fn · · · f1|t→−t, Φ||→−Φ||
, (3.19)

i.e., for operators built as products of n fundamental fields, we write them in reverse order,
and in addition act with the discrete symmetries Φ|| → −Φ|| and t → −t, where t is the
coordinate along the defect (this changes e.g. the sign of derivatives ∂t). The operators can
be chosen to have a definite parity charge P = ±1 which should hold non-perturbatively. The
charge can also be computed in terms of integrability data at weak coupling, see [29]. For the
bootstrap problems considered in this work, we computed the dimensions of several operators,
and for all of them we also determined the parity charge, see e.g. table 2 and appendix C.
We also point out that the BPS multiplets Bk have the parity P = (−1)k.

The parity symmetry has an immediate consequence for correlation functions. As noted
in [29], correlation functions of scalar operators satisfy the following transformation rule

⟨⟨O1(t1) . . . On(tn)⟩⟩ = P1 . . .Pn⟨⟨On(−tn) . . . O1(−t1)⟩⟩. (3.20)

Applied to the 4-point function ⟨⟨OB1OB2OB1OB2⟩⟩, this symmetry immediately implies the
relation mentioned above among two amplitudes, namely A1212(x, ζi) = A2121(x, ζi).

Similarly, in [29] the parity transformation for 3-point functions was analysed and the
following identity for OPE coefficients was obtained, for the operators neutral under the
global symmetries:

CO1O2O3 = P1P2P3CO3O2O1 . (3.21)

This relation implies that in addition to the cyclic property of the OPE coefficients, the
order of the operators can be reversed taking into account an additional parity prefactor. An
immediate consequence of (3.21) is that for O2 = O1 we have CO1O1O3 = 0 when P3 = −1

– 13 –



J
H
E
P
0
6
(
2
0
2
5
)
1
6
5

since P2 = 1. As in our case the external operators are not literally equal, as they may come
with different polarizations, we have to generalize this selection rule.

In order to generalize the selection rule for the case with non-trivial R-symmetry structures,
we have to get back to the definitions (3.9) and (3.14). We notice that for the case [2, 0] the
additional R-symmetry factor is antisymmetric in interchange of the protected operators

⟨⟨O2(t1, Y1)O2(t2, Y2)O[2,0]
∆,a1a2

(t3)⟩⟩ = −2(Y1 · Y2)Y [b1
1 Y

b2]
2

C22∆[2,0]

t4−∆
12 t∆

13t∆
23

, (3.22)

leading to the following selection rules

Cmm∆[0,0] = 0 if PO∆ = −1,

Cmm∆[0,2] = 0 if PO∆ = −1,

Cmm∆[2,0] = 0 if PO∆ = +1 .

(3.23)

Reality. The other symmetry analysed in [29] concerns complex conjugation. It was shown
that correlation functions under complex conjugation are related to correlators of conjugated
operators Ō as follows,

⟨⟨O1(t1) . . . On(tn)⟩⟩ = P1 · · ·Pn⟨⟨Ō1(t1) . . . Ōn(tn)⟩⟩, (3.24)

where Ō is defined by taking the Hermitian conjugate of O seen as an N × N matrix, and in
addition changing the sign of the coordinate parallel to the defect, i.e. t− ti → ti − t (affecting
possible sign of ∂t in each of the operators). This definition is such that ⟨OŌ⟩ ≥ 0, due to
the reflection-positivity principle. For the structure constants, defined as 3-point function
of a normalized operators (2.3), this has the following implication

C̄O1O2O3 = P1P2P3CŌ1Ō2Ō3
. (3.25)

Under the conjugation, the operators in our system transform in a simple way as we have
already imposed a convention on the normalization of the non-protected operators, so that
their conjugation acts as in (3.13) and (3.15). Furthermore, the protected operators has an
explicit, protected operatorial form which implies that

Om(x, Y ) = Om(x, Ȳ ) . (3.26)

Then applying (3.25) for the case (3.22) we get

P∆⟨⟨O2(t1, Ȳ1)O2(t2, Ȳ2)
[
−O

[2,0]
∆,a1a2

(t3)
]
⟩⟩ = −2(Ȳ1 · Ȳ2)Ȳ [b1

1 Ȳ
b2]

2
C̄22∆[2,0]

t4−∆
12 t∆

13t∆
23

, (3.27)

and now, taking into account the selection rule (3.23), we conclude that C22∆[2,0] is always
real for our conventions. Similarly, we can repeat almost identically the argument and prove
reality of the other OPE coefficients exchanged in B2 × B2 and B1 × B1. In total,

Cmm∆r ∈ R, r ∈ {[0, 0], [0, 2], [2, 0]} , m = 1, 2. (3.28)

For the OPE coefficients in the B1 × B2 channel, we have more interesting properties.
Applying (3.25), repeating the same steps as before, we get

C12∆[0,1] = P2P1PO∆ C12∆[0,1] , (3.29)
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and since P2 = 1, P1 = −1, this implies that C12∆[0,1] is either purely real or purely imaginary,
depending on the parity of the operator,

C12∆[0,1] ∈
{
R for PO∆ = −1,

iR for PO∆ = +1 . (3.30)

The reality properties (3.28) and (3.30) yield positivity constraints for the combinations of
OPE coefficients appearing in the decompositions (3.18). In particular, (3.28) implies that

C2
11∆[0,0] , C2

22∆[0,0] , C2
22∆[2,0] , C2

22∆[0,2] ≥ 0, (3.31)

while (3.30) yields

C2
12∆[0,1]

{
≥ 0 for PO∆ = −1,

≤ 0 for PO∆ = +1 . (3.32)

From (3.30) we also deduce that one particular combination, the one appearing in the
decomposition of A1221, is always positive,

C12∆[0,1]C21∆[0,1] = |C12∆[0,1] |2 ≥ 0. (3.33)

It was observed in [42] that in the defect CFT the reality of OPE coefficients such as C12∆[0,1]

is not guaranteed, and they were treated as generic complex numbers in the bootstrap analysis
of that paper. Here we showed that, taking into account the parity symmetry of the operators,
the result is sharper, as these OPE coefficients are either purely real or purely imaginary,
thus reducing by half the space of OPE coefficients to bootstrap. The selection rules and the
final form of the OPE decompositions are summarized in appendix A.

3.1.3 Crossing equations

Combining the crossing conditions (3.7) in conjunction with the OPE decomposition, one
obtains relations depending on various R-symmetry polarisation structures. It was shown
in [42] that these can be reduced to a few independent constraints which involve only the
cross-ratio x. Keeping into account the selection rules and reality properties we have described
above, there are in total seven independent constraints.5 To write the equations taking into
account the selection rules, we distinguish the following types of spectra that are playing
a distinguished role in the system

S[0,0]+ , S[2,0]− , S[0,2]+ , S[0,1]− , S[0,1]+ , (3.34)

where the ± superscripts denote the values of the parity charges P. We can forget about S[0,0]− ,
S[0,2]− and S[2,0]+ since we know from the selection rule that these states have vanishing
OPE coefficients in the channels we consider.

5This is one less than those written down in [42], since in this earlier work the reality property (3.30) was
not imposed.
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The system of independent relations can be written as6

0 =
∑

∆∈S[0,0]+∪S[2,0]−∪S[0,2]+

(
C11∆r C22∆r

)
V∆r

(
C11∆r

C22∆r

)
+
∑

∆∈S[0,1]±

|C12∆[0,1] |2Ṽ∆[0,1]±+ BBPS, (3.35)

where with a slight abuse of notation we denote with r ∈ {[0, 0], [2, 0], [0, 2]} the R-symmetry
representation of the state exchanged in the first sum, and the 7-component vectors V

and Ṽ are defined as

V∆r =



θ(r)
(
[xf1,∆r(x)]s 0

0 0

)
(
0 0
0 [f1,∆r(x)]a

)
(
0 0
0 [f2,∆r(x)]s

)
(
0 0
0
[
f3,∆r(x)

]
a

)
(
0 0
0 0

)
θ(r)

2

(
0 [xf1,∆r(x)]s

[xf1,∆r(x)]s 0

)
θ(r)

2

(
0 [xf1,∆r(x)]a

[xf1,∆r(x)]a 0

)



, Ṽ∆[0,1]± =



0
0
0
0

∓[f1,1
∆ ]s

[f1,−1
∆ ]s

−[f1,−1
∆ ]a


, (3.36)

in terms of the reduced superblocks from [42] whose definition is reviewed in appendix A.1.
In (3.36) we use the following notations

[f(x)]s ≡ f(x) + f(1− x), [f(x)]a ≡ f(x)− f(1− x), (3.37)

and
θ(r) =

{
1 if r = [0, 0],
0 otherwise . (3.38)

Finally, in (3.35) the sums run over superconformal primaries of the exchanged non-protected
multiplets, while the contribution of all BPS states and the identity in the OPE is collected in

BBPS ≡
(
1 1

)
VI

(
1
1

)
+ (ṼB3)11(CBPS

123 )2 + (VB4)22(CBPS
224 )2

+
(

CBPS
112 CBPS

222

) [
VB2 +

(
(ṼB1)11 0

0 0

)](
CBPS

112
CBPS

222

)
,

(3.39)

where we used that CBPS
121 = CBPS

112 , and where the vectors VBk
, ṼBk

, containing the superblocks
for the exchange of short multiplets, are reviewed in appendix B. Using a further relation

6In detail, this is a system of 7 equations since V and Ṽ are vectors with 7 components each. The first
equation rewrites the 1st crossing constraint (3.7), the second to fourth relations are equivalent to the 2nd
crossing constraint in (3.7), the fifth relation is equivalent to the 3rd crossing constraint (3.7), while the last
crossing constraint is expressed by the last two relations of (3.35).
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from [42], that we report below in (3.45), we can conveniently eliminate this coefficient and
rewrite the above quantity to obtain

BBPS ≡
(
1 1

)
VI

(
1
1

)
+ (ṼB3)11 + (VB4)22(CBPS

224 )2

+
(

CBPS
112 CBPS

222

)VB2 +
(
(ṼB1)11 0

0 0

)
+

−(ṼB3)11
(ṼB3 )11

2
(ṼB3 )11

2 0

(CBPS
112

CBPS
222

)
.

(3.40)

As we present in the next section, all CBPS are computable as exact functions of the coupling.
Thus, BBPS collects all explicitly known pieces of the system of bootstrap equations and
sources as an inhomogeneous term in the crossing equations on the unknown structure
constant of unprotected operators (3.35).

3.2 Constraints from localisation: topological structure constants

Structure constants for exchange of the BPS multiplets are determined by the vev of the
circular Wilson loop and its derivatives. The logic behind this statement strongly relies on the
fact that, for an infinite family of 1/8 BPS Wilson loops defined on curves of arbitrary shape
on a two-sphere [68, 69], there exists an exact localisation to 2d Yang-Mills (YM) theory [70].
Given the invariance under area-preserving diffeomorphisms of 2d YM theory, the vev of the
1/8 BPS Wilson loop depends only on the area A of the region enclosed by the loop and it reads

w(λ′) = 2√
λ′

I1(
√

λ′), λ′ ≡ A(4π − A)
4π2 λ , (3.41)

where for A = 2π, the loop reduces to the maximal circle on the sphere (1/2 BPS) with
vev given by λ′ = λ [62].

The localisation to the 2d theory holds also in presence of 1/2 BPS operators [54, 71–73].
In these cases, superconformal primary operators of N = 4 SYM are associated to the
Hodge-dual of the field strength of 2d YM. The key observation of [37, 44] is that small
deformations of the path of the Wilson loop (and consequently of its area) correspond to
the insertion of a field strength (displacement operator) along the contour. Consequently,
exploiting the relation to 2d YM, derivatives of (3.41) respect to the area A are equivalent
to insertions of 1/2 BPS operators along the loop. In our case, the n-point function of
appropriately normalised topological operators OB1 of the simplest short supermultiplet can
be written as the n-th derivative of (3.41) as follows

⟨⟨On
B1⟩⟩ =

∂n
Aw

(
A(4π−A)

4π2 λ
)

w(λ)

∣∣∣∣∣
A→2π

(3.42)

where, after setting the area to be half the surface of the two-sphere, only derivatives of
the 1/2 BPS Wilson loop w(λ) will appear.

This leads to a set of relations that exactly fix three-point functions as explicit functions
of the coupling. Indeed, the localisation formula for the OPE coefficient corresponding to
the B1 × B1 → B2 fusion rule was derived in [38, 42] and reads

(CBPS
112 )2 = −1 + 3w w′′

w′2 . (3.43)
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Formula (3.43) can also be derived considering solely observables accessible with integra-
bility [28] exploiting the same techniques presented in [74] to prove the integrated corre-
lator constraints.

In the current setup, we need to consider additional topological OPE coefficients. They
are related to the selection rules B1 × B2 → B3, B2 × B2 → B2, and B2 × B2 → B4 and
we denoted them as CBPS

123 , CBPS
222 and CBPS

224 respectively. In [42], the authors obtain CBPS
222

in terms of CBPS
112 as follows

CBPS
222 = w′CBPS

112
(w′2 − 3w w′′)2

[
15w2 w(3) + 2w′3 − 9w w′ w′′

]
, (3.44)

and a relation between CBPS
123 and the previous two that reads

1 + CBPS
112 CBPS

222 = (CBPS
112 )2 + (CBPS

123 )2 . (3.45)

In order to obtain the missing topological structure constants CBPS
224 , we follow the same logic.

Using the OPE decomposition (3.2) and the orthonormality of the operators we have

⟨⟨O4
B2
⟩⟩

⟨⟨O2
B2
⟩⟩2 = 1 + (CBPS

222 )2 + (CBPS
224 )2 , (3.46)

where OB2 is the element of the supermultiplet B2. Finally, using OB2 = 1
CBPS

112
(Õ2

B1
−1) where

⟨⟨Õn
B1
⟩⟩ = ⟨⟨On

B1
⟩⟩/⟨⟨O2

B1
⟩⟩n/2 and plugging everything into (3.46) we obtain

(CBPS
224 )2 =

3
(
35w3 w(4) − w′4 − 20w2 w(3)w′ + 6w w′2 w′′

)
(w′2 − 3w w′′)2 − 1− (CBPS

222 )2 . (3.47)

that completes the set of BPS structure constants appearing in (3.40). In the following we
present the last ingredient of our setup, i.e. the exact integral constraints on the simplest
four-point function.

3.3 Integrable deformations and integrated correlators

The 1D dCFT is embedded into a larger 4D theory, as such it carries some memory about
the bulk theory. In particular, some specific correlation functions in the 1D dCFT can be
used to parametrise local deformations of the line within the 4D space. For instance, to the
first order, the infinitesimal deformations of the line are encoded by the insertions of the
operators of the B1 multiplet, which is called the displacement multiplet. The top component
of this multiplet — known as the “tilt” operators [75] i.e. Φi

⊥ –, generate an infinitesimal local
deformation in the R-space i.e. changes scalar field running in the MWL. Another member of
the same supermultiplet, i.e. the conformal primary with the largest dimension, generates an
infinitesimal transverse bump in the contour. Thus, up to some complication of the additional
contact terms, which have to be analysed carefully, any infinitesimal deformation of the
contour in the R-space or in the 4D bulk space can be recast as an integrated correlator of
the members of this multiplet in the original 1D dCFT.

In addition, there is a class of deformations which break the 1D conformal symmetry
but preserve integrability. In particular, a very important class of deformations consists of
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acting with a global rotation (in actual space as well as internal couplings space) on the
half of the line, thus forming a cusp. The cusp is associated to a regularisation-independent
anomalous dimension, which can be computed with integrability [45, 47] with the help of
a specially adapted version of the QSC [48].

We are particularly interested in the case where the cusp is formed by a rotation of an
angle θ in R-space in the polarization of the scalars on half of the line. The expansion of
the cusp anomalous dimension in the limit of small θ reads as follows

Γcusp(θ) = B(g) sin2 θ + 1
4(B(g) + C(g)) sin4 θ + O(sin6 θ), (3.48)

where we introduced two functions of the coupling B(g) and C(g). The Bremsstrahlung
function B(g) has a meaning of the normalisation of the metric of the defect conformal
manifold. It was first computed with localisation arguments in [44] and it is given by

B(g) = 8g2∂g log (w(g)), (3.49)

where w(g) is the vev of the circular Wilson loop given by (3.41) for A = 2π and λ = 16π2g2.
The second quantity appearing on the r.h.s. of (3.48) is the curvature function C(g) computed
analytically from the QSC in terms of a double integral representation in [48]. These integrals
were evaluated perturbatively and numerically in [28]. In [74] we provided an attached
Mathematica notebook to evaluate them numerically at high-precision for a given value of
the coupling g. These two functions can be related with integrated correlators in the original
dCFT, providing non-trivial additional constraints on its CFT data.

This is achieved through a relation involving two integrated correlator identities, first
found in [28] and then rigorously derived in [74, 76]. It gives the two above functions in
terms of the 4-point function ⟨⟨OB1(x1)OB1(x2)OB1(x3)OB1(x4)⟩⟩ integrated with a certain
measure. The set of constraints can be compactly written in terms of the reduced correlator
f(x),7 as follows∫ 1/2

0

(
f(x)− x + (CBPS

112 )2

2 x2
)

µa(x)dx +Ka(g) = 0 , a = 1, 2 , (3.50)

where the integration measures µa(x) are

µ1(x) =
1

x − 1 + (x − 1)2

x3 , (3.51)

µ2(x) =
2x − 1

x2 , (3.52)

and the constants Ka, a = 1, 2 are

K1(g) =
B− 3C
8B2 + (CBPS

112 )2
(
log(2)− 7

8

)
+ log(2), (3.53)

K2(g) = − C
4B2 − 7

8(C
BPS
112 )2 + 1 + log(2), (3.54)

where CBPS
112 is given explicitly in (3.43).

7The reduced correlator is introduced in appendix A, and it just a part of the simplified expression for
⟨⟨OB1 OB1 OB1 OB1⟩⟩.
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Note that the two constraints (3.50) can be recast as the following sum rules:∑
∆[0,0]

n ∈S[0,0]+

C2
11∆[0,0]

n
ba(∆[0,0]

n ) + r.h.s.a = 0, with a = 1, 2, (3.55)

where ba(∆) ≡
∫ 1

2
0 µa(x)F∆(x)dx are defined in terms of the superblock F∆(x) and the

measures µa(x), and r.h.s.a(g) are explicit functions of the coupling. Expressions for these
building blocks are presented in appendix A.2.

In closing this section, we comment that these are certainly not the only integrated
correlator constraints one can derive by similar arguments. In fact, one can compute from
integrability not just the standard cusp anomalous dimension, but also an infinite spectrum
of excitations obtained by inserting local operators at the cusp location. They are simply
additional solutions to the QSC equations, and their dimensions are expected to be related
to additional integrated correlator constraints, for different correlation functions which may
involve also non-protected operators. It would be interesting to deduce such extra conditions
on the theory and exploit them in the bootstrap program.

4 Numerical bootstrap setup

In this section we describe how we impose the crossing constraints (3.35) with the numerical
bootstrap in the current setup. Since the spectrum is accessible with the QSC, we will
treat the crossing equations as constraints on the possible values of OPE coefficients for
non-protected operators and obtain bounds on this missing data.

4.1 SDPB implementation

Numerical bootstrap algorithms allow one to bound the values of conformal data compatible
with a given system of crossing equations [57, 59, 77–82], also see reviews of the main
developments of these methods [58, 83].

In the approach taken below, which follows the main logic of the cutting-surface algorithm
of [80], we try to find the boundaries of the allowed region by asking a sequence of questions,
where each time the bootstrap operates in oracle-mode: we test some given CFT data with
an option to exclude it if SDPB can prove it to be inconsistent. For simplicity we refer to
those outputs as True/False where False means that the data is rigorously excluded. Since
every negative answer actually excludes a whole region and not just a point, by scanning over
the data appropriately we can get a better and better determination of the allowed region.
While the main ideas follow [80], our setup is different since we have exact knowledge of the
spectrum. We will also adopt some different technical solutions as described below. More
modern methods such as the navigator [81] or the skydiving [82] methods adopt a different
logic and might be advantageous to study our theory as well, but they were not necessary for
the present setup. Let us start by describing the elementary oracle-mode step.

Setup of the oracle. Generally, the data of which we want to inspect the consistency are
the scaling dimensions for a number of low-lying operators, and the corresponding OPE
coefficients. Schematically, for a, b being either 1 or 2 for our system,

candidate data = {{∆O, Cab∆O
} , O ∈ Ba × Bb}|∆<cutoff ,
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where we keep only the operators below a certain threshold in ∆. More precisely, the spectra
we exchange are naturally divided into the five groups (3.34), where we drop the ± superscript
for S[0,0]+ , S[2,0]− and S[0,2]+ since we know from parity considerations that these states are
the only ones with non-vanishing OPE coefficients. We consider independent spectral cutoffs
for the 5 different types of spectra entering our system denoting them as

∆[0,0]
gap , ∆[0,2]

gap , ∆[2,0]
gap , ∆[0,1]−

gap , ∆[0,1]+
gap . (4.1)

Concretely, in our Bootstrability setup each ∆gap is taken to coincide with the last spectral
level computed from the QSC in each channel. In this way we maximise the information
on the spectrum fed into the algorithm.

In our setup, the scaling dimensions of low-lying states coming from the QSC can be
considered exact.8 Therefore, the only actual unknowns in the candidate data are the
values of the OPE coefficients below each spectral cutoff. In addition, we do not make any
assumptions, apart from the reality and parity selection rules described above, about what
happens above the cutoffs. Using well known semi-definite programming methods available
in SDPB [59, 84], we can build an oracle which, given a CFT data, is sometimes able to
exclude it by proving it to be inconsistent.

candidate data︸ ︷︷ ︸
QSC spectrum+candidate OPE coeff’s

⇒ allowed? ⇒ SDPB ⇒ maybe/no. (4.2)

Here, ‘maybe’ means that the SDPB algorithm (operating with some search parameters), is
not able to rigorously exclude the data by manifesting their inconsistency. Thus, we can say
that when we get ‘no’ for an answer, the data are surely inconsistent (provided we control
effectively any systematic errors), while the data passing the test of a specific SDPB run might
still potentially be excluded, as we show below, by asking a more refined question, where we
input more spectral data, increase the resolution of the algorithm (controlled by the cutoff
Λ, see below) and/or scan over a larger OPE space.

Let us review how this is done. First, we split the crossing equations (3.35) as

BBPS +
∑

∆<∆gap

(. . . )

︸ ︷︷ ︸
≡F(candidate data)

+
∑

∆≥∆gap

(. . . ) = 0, (4.3)

where the ellipses denote that we just rearrange the terms of (3.35) separating the spectral
sums in the low-lying part below our chosen cutoff(s). We call F the combination of these
truncated sums together with BBPS. It is a 7-components vector of functions of the cross
ratio, depending explicitly on the candidate data. We give its form explicitly in (3.36)
and appendix B.

The strategy is now to build an exclusion plot for the data. To do that we search for
an appropriate linear functional that, acting on the system of relations (3.35), manifests
an inconsistency. As standard in the numerical bootstrap, this linear functional will be

8The errors in these data coming from the numerical solution of the QSC can be controlled easily. In our
studies we used data with ∼ 20 digits for the spectrum, and we estimate that this uncertainty has negligible
effects on the scale of the bounds we report for the OPE coefficients.
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represented as a linear combination of derivatives of the equations (3.35) with respect to
the cross ratio, at the crossing-symmetric point x = 1

2 , i.e. such a functional acts on vectors
of functions of the cross ratio x as

α :


W1(x)
W2(x)

...
W7(x)

→
7∑

k=1

Λ∑
n=1

αk,n
dn

dxn
Wk(x)

∣∣∣∣
x= 1

2

∈ R, (4.4)

where Λ is a truncation parameter which can be increased in order to get more and more
precise bounds.

Our candidate data will be excluded if a functional with the following two proper-
ties exists:

• Normalization:
α [F (candidate data)] = 1. (4.5)

• Semidefinite positivity: when acting on the blocks with ∆ above the cutoff(s), the
functional returns a semi-definite positive result (which is a 2× 2 matrix in the case
of the V -type blocks and a single element for Ṽ -type blocks (3.35)). Precisely, the
conditions are

α [V∆[0,0] ] ≽ 0, ∆ ≥ ∆[0,0]
gap ,

α [V∆[2,0] ] ≽ 0, ∆ ≥ ∆[2,0]
gap ,

α [V∆[0,2] ] ≽ 0, ∆ ≥ ∆[0,2]
gap ,

α
[
Ṽ∆[0,1]±

]
≥ 0, ∆ ≥ ∆[0,1]±

gap .

(4.6)

In semidefinite programming approaches, the way this kind of semidefinite positivity conditions
on a semi-infinite interval can be imposed is by using a rational-type approximation for the
blocks as functions of ∆ [85]. This approximation is easy to find and we review the details
in appendix D.1. As we discuss there, the precision of this approximation of the blocks
depends on one truncation parameter which we denote as Npoles. This is a potential source
of systematic errors in the bootstrap bounds which should be controlled. Upon varying this
parameter, we estimate that its impact is not visible on the scale of our bounds.

Given the reality properties for the OPE coefficients entering the system, it is clear that,
if a functional satisfying these conditions is found, the candidate data is excluded, since
otherwise we would have the following impossible equation

0 = α [ (4.3) ] = α[F(candidate data)] +
∑

∆≥∆gap

α[(. . . )] = 1 + positive ≥ 1. (4.7)

We have therefore an elementary ‘oracle’ working as depicted in (4.2): given some candidate
data, the SDPB algorithm searches for a linear functional proving their inconsistency.
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Figure 2. The allowed 2-dimensional region (in red) for the structure constants C11∆[0,0]
1

(x-axis)
and C22∆[0,0]

1
(y-axis) for g = 1/5, Λ = 60 and Npoles = 30. Red dots are the points evaluated to be

inconsistent by the ‘oracle’ while dashed black lines are the related quadratic equations cutting the
surface as in (4.9). In this sequence, the non-convex region on the left is divided in two unconnected
ones by a single cut and at the end reduced to a single region by two subsequent iterations.

Exclusion region after an SDPB run. As mentioned above, when a run of SDPB excludes
a given point in OPE space, then it automatically excludes a region defined by an inequality,
quadratic in the OPE coefficients [80].

In fact, suppose that, testing some candidate data encoded in the vector F∗, we find
a functional α∗ excluding it. Then we have by construction

α∗ [F∗] = 1, (4.8)

but the same functional can also be used to exclude all the candidate data such that
α∗ [F (candidate data)] > 0. Turning this around, CFT data should satisfy

α∗ [F (candidate data)] ≤ 0, (4.9)

which is valid in general, even if the functional α∗ is found by SDPB in order to exclude
some specific candidate OPE coefficients.

Since F , defined explicitly in (D.1), is a quadratic combination of the OPE coefficients
below the cutoffs, this means that for each functional α∗ found by SDPB we gain a new
quadratic inequality (4.9) delimiting the allowed values of OPE coefficients as in figure 2.

The path is now clear: we want to perform a sequence of runs of SDPB that each time
collect new constraints and progressively shrink the allowed space of OPE coefficients. This
is non-trivial, since we are exploring a higher-dimensional space. The most challenging step
of the procedure is finding the next point to use as candidate data after each SDPB run. At
certain point SDPB will fail to find a new excluding functional, and at this point we start
exploring the bounds of the allowed region as we describe in the next sections.

Pointwise positive conditions: skipping states. So far we described the situation where
we treat all states below the gaps on the same footing, with their OPE coefficients as data
we want to test. We search for a functional satisfying the positivity conditions which, if
found, excludes a particular choice of OPE data for all these states. This method exploits the
knowledge of the exact spectrum below the gaps, but it has the disadvantage that, to build
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the boundaries of the allowed region, we need to scan over a large number of parameters,
i.e. all the OPE coefficients for the states below the gaps.

Alternatively we can focus on a smaller subset of the OPE coefficients, but still take
advantage of the sharp knowledge of the spectrum of multiple low-lying states. To do this we
want to impose positivity of the functional only where it is actually required, relaxing this
condition for the values of ∆ where we are certain there are no physical states.

This method provides a certain compromise, as it avoids the need to scan over a large
space of OPE coefficients, but still allows us to use a large number of spectral data as input.

It works as follows. We divide the spectral levels in two groups: Dpick and Dskip, i.e.

levels below gaps=
{
∆∈ S[0,0]∪ S[2,0]∪ S[0,2]∪ S[0,1]−∪ S[0,1]+

}∣∣∣
∆<gaps

= Dpick∪ Dskip, (4.10)

where the states in Dpick are the ones of which we want to test the OPE data,

candidate data′ = {{∆O, Cab∆O
}, O ∈ Ba × Bb}|∆∈Dpick

. (4.11)

To exclude these data the positivity of the functional is imposed as before for states above
the gaps (4.6), as well as pointwise for the states in Dskip:9

α [V∆r ] ≽ 0, ∆r ∈ Dskip and r ∈ {[0, 0], [2, 0], [0, 2]} ,

α
[
Ṽ∆[0,1]±

]
≥ 0, ∆[0,1]± ∈ Dskip.

(4.12)

If we want to bound only a few OPE coefficients, this method is more economical.
However, scanning over a larger OPE space can be expected to lead to tighter bounds. This
is what was found in [79] (see also [80, 83, 86]), where it was shown that, for mixed-correlator
bootstrap problems, the scan over OPE coefficients can lead to tighter bounds on the rest
of the CFT data (in that case, the spectrum). In that setup, this gain is due to the fact
that scanning over the OPE coefficients that enter the equations with a non-trivial matrix
structure allows one to relax conditions on the functionals searched by SDPB, and thus allows
one to prove the inconsistency of more data.

As we discuss in section 5, also in our system, scanning over a larger OPE space leads to
tighter bounds. A combination of the two techniques is also very useful in practice to narrow
the allowed region for the OPE coefficients gradually before increasing the dimensionality of
the parameters to scan over, a strategy which gives a significant speed gain.

Including integrated correlators. We have described the core SDPB step of the algorithm
using only the crossing equations as constraints. As done in [28], one can easily also include
the two integrated correlators conditions (3.50). This is simple to do since these two equations
are already written in the form of sum rules (3.55) involving the exchange of the S[0,0]

spectrum only. Thus, they can simply be added to the system of constraints obtained as
derivatives of the crossing equations. Concretely, the linear functionals searched by SDPB will
then act on a space with two extra directions, one for each integrated correlator constraint
(see [28] for details). The inclusion of the integrated correlators makes the size of the allowed
region shrink dramatically.

9By default SDPB imposes positive definitiveness on a semi-infinite interval. But one can use various tricks,
known in the literature, to also impose positivity on a discrete set or on a finite intervals as e.g. described
in [29].
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4.2 Scanning algorithm for OPE coefficients

When scanning for the allowed region of OPE coefficients, we need to find the next point to
test after each SDPB run. The new point should be chosen in such a way that it is roughly in
the centre of the remaining allowed region, in order to shrink it quickly.

To achieve this, we have developed an algorithm that we describe here. There are a
number of more advanced algorithms [81] available, which we use for inspiration (for a
comprehensive review see [60]). However, our goal is to develop an algorithm specifically
for the large number of dimensions of the OPE coefficients that we are considering, and to
make it as simple as possible to use in our setup.

Basic idea and challenges. We start by choosing an initial scanning area for the values of
the OPE coefficients we want to inspect. This is done by making an educated guess on an
area bounding the actual allowed island, based on previously obtained data. In particular,
we make the following choice

−2 ≤ C22∆[0,0] ≤ 2 0 ≤

C11∆[0,0]

C22∆[0,2]

C22∆[2,0]

C2
12∆[0,1]−

≤ 2 − 2 ≤ C2
12∆[0,1]+ ≤ 0, (4.13)

and this also takes into account that OPE coefficients can have a negative sign as in (3.32).
Note that we can always pick the arbitrary sign in the normalisation of the non-protected
operators to ensure the validity of the first 3 inequalities in the middle column of (4.13); but
we do not have freedom left to fix the signs of C22∆[0,0] , which is why we keep them arbitrary.

As explained in 4.1, after each run with some candidate data (which are represented as
a point in the region), the answer ‘no’ excluding the data means that SDPB finds a linear
functional satisfying certain positivity constraints, which defines a new quadratic inequality
on the OPE data. This is added to the list of previously obtained inequalities, and thus the
allowed region shrinks further. The inequalities defining the allowed space are of the general
form CiCjM ij > M0, where M ij is some symmetric constant matrix and M0 is a constant
and Ci’s are the OPE coefficients we are scanning over.

Given that at a generic iteration the allowed domain is defined by a large set of inequalities,
there are two main tasks:

1. Finding a point approximately in the center of the domain, to be used as candidate
data in the next iteration.

2. Finding the maximal and minimal allowed values of any given OPE coefficient Cij∆k

(we call these shadows, and they are simply the projections of the allowed domain on
the axis corresponding to a particular OPE coefficient).

The main challenge is that, especially in multidimensional space, there are not many efficient
and reliable algorithms for these tasks. Partly, this is due to the fact that the region of
allowed data is in general non convex (see figure 2). Non-convex optimisation problems are
hard to solve in general and NP-hard in the worst case. On top of this, the domain is defined
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Figure 3. Example of search of a point roughly at the centre of the domain of OPE coefficients
C11∆[0,0]

1
(x-axis) and C22∆[0,0]

1
(y-axis) at g = 3/2, Λ = 60 and Npoles = 30. The Yellow dot is

the point found at any iteration and used as starting point for the next. Blue dots represent the
intersections between the random line (dashed) and the boundary of the allowed region in red. At
each step, the algorithm moves (black arrow) to the mid-point between the blue dots. In the current
case, the search stops after 221 iterations obtaining centricity>0.95.

by a large number of inequalities and the number of dimensions of the scan may also in
general be large. Thus, the range of tools we can use is rather limited. One thing which
works well is reducing the set of inequalities along a line in the multidimensional space. We
found that the built-in Reduce function in Mathematica is a good tool for this task.

Finding a point in the centre of the domain. For the first task, we adopted an algorithm
known before (see e.g. [60]). First of all, given the set of inequalities, we need to find a point
inside the domain they define. For that, we can, for example, generate a large number of
random points in our original scanning area and check if they satisfy all the inequalities. Even
though this is quite an efficient and fast method, depending on the domain, sometimes it still
takes a long time to find a point inside. To optimise the process, we sample the random points
within the hyper-rectangle defined by the shadows of the region (we will explain shortly how
the shadows are computed). Just to give a simple example: imagine the domain is a sphere;
then the probability of finding a point inside in the smallest box containing the sphere in
the 10D case is already quite small ∼ 0.002, becoming ∼ 2 × 10−8 in the 20D.

Having found a point inside the domain, we pick a random line passing through this point.
The direction is chosen randomly and the space is rescaled by rescaling the hyper-rectangle
defined by the shadows to the unit hypercube, to ensure that the randomisation of the direction
of the line probes all directions in the space equally. Then, we reduce the set of inequalities
so that they become linear inequalities for points of this line. Considering this system of
one-dimensional inequalities, we choose the point in the center of the intersection of the line
with the domain. In the most general case, the inequalities reduce to a set of disconnected
intervals; in this case, we pick the biggest interval and select its center. Then we repeat this
process several times, changing the direction of the random line each time. The convergence
is estimated by how central the previous point is along the random line, giving a centricity
rating between 0 and 1 (1 is given when the starting points happen to be on the center of
the random line). Then we average the centricity over several iterations to determine the
exit condition. After this process, we have a point approximately in the center of the domain
allowed by all the inequalities hitherto collected. The process is illustrated in figure 3.

Now, we use this point as the candidate data for the test by SDPB. If this new point is
excluded, we gain a new inequality excluding some portion of the space. We then have an
updated allowed domain. We now describe how to recompute the shadows of the new domain.
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Figure 4. Example of reduction of the allowed domain of OPE coefficients C11∆[0,0]
1

(x-axis) and
C22∆[0,0]

1
(y-axis) at g = 1, Λ = 60 and Npoles = 30. The sequence of pictures starts in A2 and

continues from left to right up to G9. Since they become too small in the original scale, each region in
column 10 is rescaled to the unit hypercube at the beginning of each row (column 1). The starting
region A2 is bounded by our initial choice for the OPE coefficients (4.13). In this example we are not
using parallelisation, then at any step the algorithm chooses one point (highlighted with black border)
to be analysed by the oracle. If the point is excluded (red), the domain is reduced by means of the
quadratic inequality as in (4.9). After few steps (28 in this case in D3), the first True point (green) is
found. From then on, the goal is to find the size of the smallest hypercube containing the allowed
region. Its size bound the possible values of the individual OPE coefficients. The algorithm stops in
G9 when the rescaled distances between allowed points and the boundary are all less than a target
value we call stopper, in this case it is 1/100 assuring that the error on the bounds data is less than
1% of the rescaled distance.

Finding the shadows. We call shadows the extreme values of the structure constants in the
potentially allowed region defined by the quadratic inequalities. To the first approximation,
one can use the built-in Minimize and Maximize functions in Mathematica. However, this
method fails quite quickly as the number of dimensions and inequalities grows and also is
quite slow. Thus we adopted a different method. We start again from some point inside
the domain. We then linearise the inequalities around this point (by re-centering around
these values of the OPE coefficients and dropping quadratic terms). After that, we can
extremise the simplified inequalities with a built-in highly efficient linear optimisation. In
most situations, this gives a rather good approximation right away, as many of the original
quadratic inequalities typically have huge coefficients and are effectively linear. However,
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sometimes the point extremising one of the OPE coefficients within the linearised set of
equations may appear outside the domain defined by the initial exact inequalities; in this
case, we connect this point by a straight line to the previous point and find the extremum
along the line, ensuring the point is at the boundary of the domain. After that, we repeat the
linearisation procedure again. Various variations of this strategy include limiting the range
by which the new point is moved from the previous one, to avoid the situation when the point
is moved too far away from the linearisation point and the linear approximation is not valid
anymore. Or we can re-run the process several times with different random starting points to
ensure the robustness of the result. Of course, there is no method which is guaranteed to work
in all cases, but the method we adopted works well in most of the cases we tested on real data.

One challenge is that the domain may become disconnected like on figure 2. In this
case, the determination of the shadow may find the extremum in one of the domains only.
However, we observed that in most cases the disconnected domain gets removed after several
iterations, as the domain is reduced to a single connected region.

Estimating the bounds for the OPE coefficients. As long as the oracle keeps excluding
the points we test, i.e. as long as it keeps finding new functionals α satisfying all semidefinite
positivity constraints, the allowed region for the OPE data keeps shrinking. This allowed
region is delimited by the set of inequalities we are collecting along the runs.

At some point, we pick a point to test inside this region for which the functional cannot
be found. Within the parameters of fixed OPE scan space and fixed truncation Λ, this point
belongs to the island of allowed data. For simplicity, we refer to such a point as a True point.
Now our task becomes finding the actual size of the island, so we want to find True points lying
as close as possible to the boundary of the region delimited by the inequalities (see figure 4).

Let us explain how this is done. Suppose we have found a number of True points. We
connect the one with the smallest/biggest value of a given OPE coefficient with the point
minimising/maximising the value of this OPE coefficient according to the hitherto-known
inequalities. Then we used randomly several strategies — a) hit at the centre of this line
with the oracle test b) cut the domain with a plane going through the True point and hit
the centre of the domain given by the intersection of the plane with the allowed region c) a
combination of a) and b) where we find the centre of the line connecting the True point with
the extremum and then hit the centre of the portion of the plane intersecting the allowed
region orthogonal to this point. In this way we either find a new True point, closer to the
boundary, or find a new constraint, thus reducing the domain further and reducing the
distance between the boundary and the True point. The process is illustrated in the last
4 rows of figure 4 (from the D3 tile and upwards).

Iterations are terminated when all the rescaled distances between True and False points
reaches a pre-defined threshold we name stopper. This is equivalent to assure that the
relative error on the shadows is less than stopper.

Parallelisation. Whereas SDPB can use multiple cores, its productivity does not grow
linearly, at least in our setup, with the number of cores. So we introduced a higher-order
parallelisation. For example, instead of finding the centre of the domain, we first divide the
domain roughly into n chunks and apply the method in parallel for each of the sub-domains,
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generating n inequalities simultaneously. Or at the stage after finding the allowed point,
we can use the method described above to proceed in parallel reduction of the domain in
various projections, reducing the error of the determination of the allowed range for different
OPE coefficients at the same time.

5 Numerical results

In this section we present the analysis of our numerical results for several OPE coefficients
in our mixed-correlator setup which are reported fully in appendix E.

5.1 Harvesting the data

The mixed-correlator system introduced in section 3 allows one for the simultaneous compu-
tation of multiple OPE coefficients. Exploiting the algorithm described in section 4 together
with the standard semi-definite programming tool SDPB [59, 84], we are able to scan a multi-
dimensional allowed region in the space of the structure constants. From this compact region,
one can extract upper and lower bounds for each individual OPE coefficient.

Our data is obtained by incorporating in the algorithm the two integrated correla-
tors (3.50), the parity selection rule (3.23) and the reality condition (3.32). For the SDPB
input we use a truncation to Λ = 60 derivatives, and a polynomial approximation of the blocks
with polynomials of degree Npoles = 30. We also integrate the knowledge of the dimensions
of all the lowest-lying states available for the spectra participating to the mixed system as
described in section 3. In particular, considering the parity/reality discrete symmetries, we
have used 9 parity even states for the spectrum S[0,0], 3 parity even states for the spectrum
S[0,2], 3 parity odd states for the spectrum S[2,0] and 3 parity even and 6 parity odd states for
the spectrum S[0,1]± , which are depicted in figure 1. The local operators’ dimensions computed
with QSC have at least 20 digits of precision. The systematic error coming from the truncation
involved in the approximation of the blocks and the numerical uncertainty of the spectral
data is negligible with respect to the significant digits of the numerical bootstrap bounds.

For each type of spectrum exchanged in our crossing equations, in order to maximise
the information injected from the integrability data, we always set ∆gap equal to the largest
scaling dimension available from the QSC. Based on the states included in our construction
from integrability and considering the choice for ∆gap, the structure constants that can be
analysed by our algorithm are the following

S[0,0]+ ↗ C11∆[0,0]
n

↘ C22∆[0,0]
n

n = 1, . . . , 8 ,

S[0,2]+
→ C22∆[0,2]

n
n = 1, 2 , S[2,0]− → C22∆[2,0]

n
n = 1, 2 ,

S[0,1]− → C2
12∆[0,1]−

n

n = 1, . . . , 5 , S[0,1]+
→ C2

12∆[0,1]+
n

n = 1, 2 .

(5.1)

We select a subset of the OPE coefficients appearing in (5.1) to be scanned by our algorithm
forming a D-dimensional space of parameters where D is the number of structure constants
included. This means that we consider these states on the spectra to be in the set Dpick,
with the notation introduced in the previous section 4.1. All the remaining states up to ∆gap
are included in Dskip and implemented in our system as presented in 4.1. It is important to
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Figure 5. The evolution of the relative error on the 24 shadows of a 12D dataset for g = 1/2, Λ = 60
and Nder = 30. The error computation starts as soon as the algorithm finds a True point and it stops
as soon as all the lines reach the tolerance parameter stopper that in this case is 1/100.

note that in the crossing equations (3.35), once we include a state in the spectrum S[0,0], the
OPE coefficients C11∆[0,0]

n
and C22∆[0,0]

n
are always computed simultaneously due to (3.38).

As a result, the dimension of the scanned space, D, increases by 2. In contrast, for states in
other sectors, only a single structure constant needs to be considered.

At each iteration of the code, the algorithm presented in section 4.2 is used to select points
of the D-dimensional space to be tested by the oracle. In the current case, six points are
collected in parallel. This choice represents the most effective balance between computational
performance and execution time. In practice, this choice optimises the search for the first
allowed point by dividing the region into 6 portions and searching for the centre within each
subregion. Testing revealed that parallelising the code to search for more than six points
simultaneously increases the overall search time, as the subregions become too small, leading
to several redundant inequalities. Iterations are terminated when the precision of the shadows
(projections of the D-dimensional region on the axes) reaches the pre-defined threshold
stopper. For the datasets presented in this section, we impose stopper= 1/100 assuring
an error for the bounds of less than 1% with respect to the difference between the upper
and lower bounds, estimated by the shadows. This value ensures that the computational
process is both accurate and efficient.

In figure 5, we present the relative error of upper and lower bounds for a 12D region.
The error is computed from the moment in which the first allowed point is identified and
it ends when all the bounds pass the stopper threshold. In the example of figure 4, this
process starts in D3 and it ends in G9.

Studying the bounds on various structure constants varying the dimension D of the
scanned space, we observe an interesting feature. Defining the thickness of the allowed region as

δCij∆ = 1
2(C

upper bound
ij∆ − C lower bound

ij∆ ) (5.2)

we find that it gradually reduces as the size of the scanned space increases.
In figure 6, we analyse how the thickness of the bounds on C22∆1 evolves as additional

unknowns are introduced into the system, up to D = 12. The order in which variables
are introduced can vary, leading to different paths to the target D = 12 space. The three
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Figure 6. Bound thickness of C22∆1 with ∆1 being the first state of S[0,0], S[2,0] and S[0,2] spectra
defined by (5.2) as a function of the dimension of the scanned space of OPE coefficients for g = 1/2,
Λ = 60 and Npoles = 30. At any point, the label indicates which OPE coefficient is added to the system
respect to the previous point. Error bars represent the propagated uncertainty of data obtained with
stopper= 1/100.

plots in figure 6 illustrate three distinct paths, distinguished by the order of the labels
appearing on the data points. All curves exhibit a decreasing trend, highlighting how a
higher-dimensional space results in narrower bounds. We compare the discrepancy between
consecutive points with the associated error bars. We notice that δC jumps when we add
OPE coefficients depending on ∆[0,0]

1 (which are very narrow due to the integrated correlators)
to the scanned variables. So even though the integrated correlators do not impose constraints
directly on C22∆1 , they do still impact considerably their bounds. Notice also that the S[0,0]

spectrum is also the one entering the bootstrap system with a non-trivial matrix structure
for the blocks, thus scanning over its OPE coefficients is expected to have an impact on the
bounds [79, 80, 83, 86], consistently with what we see here.

Following the previous arguments, data collection follows a carefully designed order
to optimise the performance of our computational runs. Although the sequence in which
data are collected does not affect the final output, following a specific order reduces the
computation time. In particular, we choose the following one

D =2 C11∆[0,0]
1

+C22∆[0,0]
1

D =4 ↪→+C11∆[0,0]
2

+C22∆[0,0]
2

D =5 ↪→+C22∆[2,0]
1

D =6 ↪→+C22∆[0,2]
1

D =7 ↪→+C2
12∆[0,1]−

1

D =8 ↪→+C2
12∆[0,1]+

1

D =9 ↪→+C2
12∆[0,1]−

2

D =10 ↪→+C2
12∆[0,1]+

2

D =11 ↪→+C22∆[2,0]
2

D =12 ↪→+C22∆[0,2]
2

(5.3)
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Figure 7. Bound thickness for C2
11∆[0,0]

1
(left) and C2

11∆[0,0]
2

(right). Data points correspond to the
current dataset while the line represents the same quantity computed with a single correlator and the
old optimisation algorithm in [29]. We omit error-bars on data points since their size is negligible.

that corresponds to the one of figure 6 on the left. We begin by scanning structure constants
involving operators from the S[0,0] spectrum, followed by those from the other spectra. This
order is optimal considering that D increases by 2 rather than 1 for any state in the S[0,0] sector.
Therefore, it is more efficient to handle these states early in the process, as the algorithm
becomes more computationally expensive when D grows larger. An additional motivation
to choose a specific order is that it enables the initialisation of systems with additional
variables from the bounds identified in the previous iteration, accelerating convergence toward
the final results.

5.2 Data analysis

Comparison with known data. A subset of the OPE coefficients analysed in this paper
overlaps with those previously computed by the Bootstrability program. Specifically, these
coefficients are the structure constants appearing in the OPE decomposition of the single
correlator ⟨⟨OB1OB1OB1OB1⟩⟩, namely C11∆[0,0]

1
and C11∆[0,0]

2
. It is therefore natural to

compare the tightness of their bounds, as computed in [29] with parity symmetry included,
against our current dataset.10 This comparison provides a direct measure of the effectiveness
of the earlier single-correlator optimisation approach versus our current mixed-correlator
setup, while also assessing the consistency of our data.

Data are presented in figure 7. In order to compare the two datasets, we need to square
our current results, as opposed to the previous computations, since now the structure constants
of interest appear linearly in the crossing equations. This analysis reveals that the bound
thickness of the mixed-correlator data precisely matches that of the single correlator setup.
On one hand, that means that the current method does reproduce the correct result very
precisely, which indicates we have good control over systematic errors. On the other hand,
one would like to see further improvement of the bounds when the information about other
correlators and the corresponding constraints from the spectrum and conformal symmetry are
incorporated, like in the prototypical example in the three-dimensional Ising model [77, 79].

10In [29], C11∆[0,0]
1

and C11∆[0,0]
2

are referred to as C1 and C2 respectively.
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Figure 8. Bounds for C22∆1 with ∆1 being the first operator in S[0,0], S[0,2] and S[2,0] spectra.
Data are obtained with Λ = 60 derivatives, Npoles = 30 and stopper= 1/100. Dots represents the
sampling of data obtained by our algorithm. Dashed lines correspond to weak and strong coupling
predictions (5.4) and (5.5).

At the same time, as discussed in the previous section, incorporating C11∆[0,0]
1

as a
parameter within the full mixed-correlator setup offers a clear advantage in generating bounds
for structure constants in other channels.

There could be various reasons why the bounds for C11∆[0,0]
1

do not shrink further. First
of all, its bounds are already extremely sharp, due to the existence of the integrated correlator
constraints. The introduction of more correlators in the current setup also introduces
additional spectra into the game, and thus both a larger number of unknown parameters
and a correspondingly larger number of constraints on the functional searched by SDPB. In
particular, this happens due to the presence of different R-charges of the external operators.

An interesting future exploration, given the current algorithm which can tackle a multi-
dimensional space of structure constants, would be considering a system of mixed-correlator
involving unprotected states with the same quantum numbers as external operators. In this
way, the structure constants would be more tightly interconnected since the matrix structure
would increase its rank. We also expect that a large number of integrated correlators identities
can be used to inject additional information from outside the 1D CFT.

New numerical bounds. Expanding on the analysis of C11∆[0,0] in the previous section,
the bounds for the remaining OPE coefficients examined in the D = 12 run are presented
below. In figure 8 we give bounds for the C22∆1 structure constants with ∆1 being the first
operator (smaller dimension) in the S[0,0], S[0,2] and S[2,0] spectra. Figure 9 shows bounds for
C2

12∆1
where ∆1 here stands for the first operator in S[0,1]− and S[0,1]+ . All the remaining

bounds correspond to structure constants C22∆2 and C2
12∆2

with ∆2 referring to the second
operators of the spectra. They are reported in figure 10 left and right respectively.
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Together with the numerical bounds, we provide analytic weak and strong coupling
expansions for some of the studied structure constants to compare with. At weak coupling,
we exploit the four-point functions ⟨⟨OB1OB2OB1OB2⟩⟩ and ⟨⟨OB1OB1OB2OB2⟩⟩ computed
analytically in [53]. Incorporating analytic expansions of the spectral data given in (C.1), (C.2)
and [28], one can extract structure constants, leveraging the analytic form of the correlators
through their OPE decomposition. Similarly to what was observed in [28], the integrability
input allows us to untangle the averages of OPE coefficients obtaining

C2
22∆[0,0]

1
= 2g2 + 4(π2 − 6)g4 − 4

45(19π4 + 420π2 − 3600)g6 +O(g8),

C2
22∆[0,0]

2
= 1

10 + 10π2 − 3
√
5− 25

50 g2 +O(g4),

C2
22∆[0,0]

3
= 1

10 + 10π2 + 3
√
5− 25

50 g2 +O(g4),

C2
12∆[0,1]−

1
= g2 + 2

3(π
2 − 9)g4 + b1g6 +O(g8),

C2
12∆[0,1]+

1
= −g2 − 2

3(π
2 − 24)g4 + b2 g6 +O(g8),

(5.4)

where 3b1 + b2 = −4
9(279+6π2 +π4). Notice that in (5.4), all structure constants are squared

as they naturally appear in the OPE decomposition of a single correlator while C22∆[0,0] show
up linearly in our mixed system. Analytic data for C2

22∆[0,2] and C2
22∆[2,0] are missing due

to the lack of available data for ⟨⟨OB2OB2OB2OB2⟩⟩. Similarly, given the amount of spectral
data we have computed in the S[0,1] sector, given the increasing degeneracy of states at weak
coupling we cannot completely untangle averages for C2

12∆[0,1]
n

with n > 1.
Another set of structure constants can be expanded at strong coupling following the

arguments of [56]. There, the authors reconstruct a family of four-point functions exploiting
a set of stringent constraints at strong couplings. As a by-product, they obtain analytic
expansions for the averages of structure constants. However, in some cases where the
degeneracy of states at strong coupling is 1 (see figure 1), the averages coincide with the
OPE coefficients themselves. In our setup this leads to the following expansions11

C
qq∆[0,0]

1
=
√

2
5q − q(36q + 7)

12
√
10
√

λ
+

q
(
864q2 + 2448q − 3961

)
576

√
10λ

+O(λ− 3
2 )

C
qq∆[0,2]

1
= 2

3(q − 1)q − (q − 1)(8q − 3)q
4
√

λ
+

(q − 1)
(
160q2 − 88q − 419

)
q

64λ
+O(λ− 3

2 )

C
qq∆[2,0]

1
= (q−1)q√

6
− (q−1)(144q−125)q

48
√
6
√

λ
+

(q−1)
(
1920q2−1024q−9417

)
q

512
√
6λ

+O(λ− 3
2 )

C
12∆[0,1]−

1
= 2√

7
− 71

12
√
7
√

λ
− 1153

576
√
7λ

+O(λ− 3
2 )

C
12∆[0,1]+

1
= 1√

5
− 9

5
√
5
√

λ
− 126

25
√
5λ

+O(λ− 3
2 ),

(5.5)

where λ = 16π2g2. Part of these expansions holds for generic external operators belonging to
the short multiplet Bq. In our case, we specialise them for q = 2. The structure constants
in (5.5) appear linearly as they are naturally extracted from the analysis of [56].

11We thank Pietro Ferrero for sharing with us the results of [56] priori to the publication.
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Figure 9. Bounds for C2
12∆1

with ∆1 being the first operator in S[0,1]− and S[0,1]+ spectra. Data are
obtained with Λ = 60 derivatives, Npoles = 30 and stopper= 1/100. Dots represents the sampling of
data obtained by our algorithm. Dashed lines correspond to weak and strong coupling predictions (5.4)
and (5.5).

Figure 10. Bounds for C22∆2 (left) and C2
12∆2

(right) with ∆2 being the second operator of the
analysed spectra. Data are obtained with Λ = 60 derivatives, Npoles = 30 and stopper= 1/100. Dots
represents the sampling of data obtained by our algorithm. Dashed line on the left correspond to the
square root of the weak coupling prediction in the second line of (5.4). As those states are nearly
degenerate with other states with the same quantum numbers, we do not expect narrow bounds.

In both cases, weak and strong coupling expansions (5.4) and (5.5) nicely match with
the numerical bounds. It is interesting to notice that strong coupling predictions in figures 8
and 9 approach very closely either the upper or the lower bound of the allowed regions, even
at middle range coupling. This is similar to the single-correlator setup, where the upper
bound was significantly more precise, as it was given by a functional which the algorithm did
not force to change sign, thus making the optimisation problem less tightly constrained. The
available weak coupling data align well with our results and lie inside the allowed regions,
even though in this region the bound thickness is larger.
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Figure 11. Bound thickness δC22∆1 (left) and δC2
12∆1

(right) with ∆1 being the first operator of the
analysed spectra. Solid lines corresponds to data obtained with Λ = 60 derivatives and Npoles = 30
while dashed lines to a similar run with Λ = 30 and Npoles = 15. Both datasets are computed with
stopper= 1/100. Dots represents the sampling of data obtained by our algorithm.

Comparing figures 8 and 9 with figure 10, one striking feature becomes immediately
apparent: the difference in the width of the bounds. The difference reflects the fact that the
lowest lying operator dimensions in any spectra in figure 1 are very isolated from the rest,
whereas the excited states are very nearly degenerate with some other states with the same
quantum numbers. The degeneracy of higher states increases rapidly, with spectral lines
remaining close to one another even at intermediate coupling, giving rise to a demanding
mixing problem for the bootstrap. We notice that, the shape of the upper bounds on the
right side of figure 10 resembles the one computed in [28] (figure 6) for similar structure
constants precisely when integral relations were not included. In the single correlator case,
the excited states were only possible to disentangle with the help of the integrated correlators,
so it is not surprising that the bounds for those are not narrow. However, one should be able
to set much better bounds on some linear combinations of these structure constants.

Bounds thickness. In figure 11, we present the bound thickness computed using the
definition in (5.2) for two different datasets, obtained with different truncations in the
approximations of the superconformal blocks. We only display data for the bounds in
figures 8 and 9, since for most of the bounds in figure 10, δC corresponds to half the value
of the upper bound. As observed for the OPE coefficient bounds, the precision improves
rapidly with stronger coupling, yielding, for example, 4–5 digits of precision for C2

12∆[0,1]−
1

.
The bounds become tighter at strong coupling because the spectra in this limit is more sparse
compared to weak and intermediate coupling regimes, as seen in figure 1. We note that the
curve peaks around g = 0.2− 0.4 as previously observed in single-correlator computations
in [27–29] (see also figure 7, left).

6 Conclusions and outlook

In this paper we explored conformal bootstrap methods in combination with integrability
data for the Wilson line 1D defect CFT in the N = 4 SYM theory at finite coupling. We
considered a mixed system of correlators, originally introduced in [42], which contains the
correlator of four tilt operators previously studied in [27–29]. The current mixed system
presents a number of challenges, related to the multi-dimensionality of the space of OPE
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coefficients and the non-convexity of the problem. We developed an efficient algorithm to
scan over the D-dimensional space of structure constants and we exploit it to obtain upper
and lower bounds for up to 12 OPE coefficients at finite coupling. This produces results
for novel structure constants which did not appear in the previous Bootstrability studies in
agreement with analytical predictions at weak and strong coupling.

However, expanding the system of crossing equations has not led to any improvement
in the precision of the bounds for the OPE coefficients associated with the decomposition
of the simplest correlator of four tilt operators. For these coefficients, the bounds remain
consistent with the results obtained in earlier works. The benefit of expanding the system
of constraints appears to be entirely compensated by the introduction of additional sets of
intermediate states. Though, for the lowest lying states in the other channels, the existence
of the narrow bound for the previously studied structure constants does produce a serious
gain in precision. For the excited states, the problem is, as usual, more complicated due
to the mixing with other states nearby.

We hope that the methods developed in this paper will be useful for further studies
of this system. In particular, it would be interesting to consider the case of non-protected
external operators, which allows us to build a bigger system where all external states have
the same quantum numbers. This is a situation that has not been studied in the literature
so far, particularly not in conformal bootstrap studies of N = 4 SYM or the related 1D
defects. This setup would be interesting as it would allow one to increase the number of
correlators without increasing the set of intermediate states, and could potentially help to
resolve bounds for OPE operators which have very close dimensions.

Another future direction would be to add into the system additional integrated correlator
constraints: we expect that there should be new integrated identities both for the correlators
from the charged sectors we consider here, as well as for other situations such as correlators
with external non-protected states. This could be a crucial step, as in various setups integrated
correlators allow us to shrink quite dramatically the bounds on the OPE coefficients [28, 31, 87].
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A Details of OPE decomposition of correlators

The OPE decompositions of the correlators entering our system can be written as follows,
taking into account the parity selection rules (3.23) and positivity properties (3.31) discussed
in the main text:

A1111(x, ζ1, ζ2) = 1 + C2
112 F0,0

B2
(x, ζ1, ζ2) +

∑
∆n ∈ S[0,0]+

C2
11∆[0,0]

n
F0,0

∆[0,0]
n

(x, ζ1, ζ2), (A.1)

A2222(x, ζ1, ζ2) = 1 + C2
222 F0,0

B2
(x, ζ1, ζ2) + C2

224 F0,0
B4

(x, ζ1, ζ2)
+

∑
∆n ∈ S[0,0]+

C2
22∆[0,0]

n
F0,0

∆[0,0]
n

(x, ζ1, ζ2)

+
∑

∆n ∈ S[0,2]+
C2

22∆[0,2]
n

F0,0
∆[0,2]

n

(x, ζ1, ζ2)

+
∑

∆n ∈ S[2,0]−
C2

22∆[2,0]
n

F0,0
∆[2,0]

n

(x, ζ1, ζ2), (A.2)

and for the mixed channels

A1212(x, ζ1, ζ2) = C2
112 F1,1

B1
(x, ζ1, ζ2) + C2

123 F1,1
B3

(x, ζ1, ζ2)
+

∑
∆n ∈ S[0,1]±

(−P∆n) |C12∆[0,1]
n

|2 F1,1
∆[0,1]

n

(x, ζ1, ζ2), (A.3)

and

A1221(x, ζ1, ζ2) = C2
112 F1,−1

B1
(x, ζ1, ζ2) + C2

123 F1,−1
B3

(x, ζ1, ζ2)
+

∑
∆n ∈ S[0,1]±

|C12∆[0,1]
n

|2 F1,−1
∆[0,1]

n

(x, ζ1, ζ2), (A.4)

A1122(x, ζ1, ζ2) = 1 + C112C222 F0,0
B2

(x, ζ1, ζ2)
+

∑
∆n ∈ S[0,0]+

C11∆[0,0]
n

C22∆[0,0]
n

F0,0
∆[0,0]

n

(x, ζ1, ζ2). (A.5)

Above, the sums run over long multiplets in the spectrum denoted as S[0,0]+ , S[0,1]± ,
S[0,2]+ and S[2,0]− . Furthermore, Fm,n

∆r (x, ζ1, ζ2) and FBk
(x, ζ1, ζ2) are superconformal blocks,

which depend on dimensions of operators of the correlator m, n ∈ {{0, 0}, {1, 1}, {1,−1}}
and on the R-symmetry representation of the superprimary r ∈ {[0, 0], [0, 2], [2, 0], [0, 1]}.
The superblocks were determined in [42], and are explicit functions of the cross ratios and
of the scaling dimension of the exchanged multiplets. It was shown in [42] that the long
blocks can each be written in terms of three functions fm,n

i,∆r(x), i = 1, 2, 3, which depend
only on the line cross ratio. Below, we give more details on the structure of superconformal
blocks and on the reduced functions A.1.

We recall that, as discussed in the previous sections, the OPE coefficients C11∆r and
C22∆r are real. The OPE coefficients C12∆[0,1] are either real or imaginary depending on the
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parity of the exchanged state, and we have explicitly introduced this grading and written
the equations in terms of the absolute values of these OPE coefficients.

Finally, let us also comment that one of the correlators can be written in a simplified
form [63]

A1111(x, ζ1, ζ2) =
x2

ζ1ζ2
F+ D(x, ζ1, ζ2)f(x), (A.6)

where f(x) is a reduced correlator, the differential operator D is given as follows

D(x, ζ1, ζ2) =
(
2x−1 − ζ−1

1 − ζ−1
2

)
− x2(ζ−1

1 − x−1)(ζ−1
2 − x−1)∂x, (A.7)

and the constant is given as F = 1 + (CBPS
112 )2. The reduced correlator has the following

block expansion

f(x) = x + (CBPS
112 )2 FB2(x) +

∑
∆n ∈ S[0,0]+

C2
11∆[0,0]

n
F∆n(x), (A.8)

where the relation between the blocks of the reduced correlator and the superconformal
blocks introduced above (A.1) is given as

F0,0
B2

(x, ζ1, ζ2) =
x2

ζ1ζ2
+ D(x, ζ1, ζ2)FB2(x),

F0,0
∆[0,0](x, ζ1, ζ2) =

x2

ζ1ζ2
+ D(x, ζ1, ζ2)F∆(x).

(A.9)

A.1 Superblocks

Here we give more details on the superblocks provided in [42]. The superblocks depend on
the dimensions of external operators, and for the correlator Am1m2m3m4 they are labelled by
the difference between the dimensions of external operators as {m, n} ≡ {m2 −m1, m4 −m3}.
For our system, these labels can have possible values {m, n} = {{1, 1}, {1,−1}, {0, 0}}.
Furthermore, the blocks are labelled by the scaling dimension of the superprimary operator
∆ and by its R-charge r. For instance, the superblocks for long multiplets read

Fm,n
∆r (x, ζ1, ζ2) =

∆+4∑
h=∆

∑
R

ch,R gm,n
h (x)Bm,n

R (ζ1, ζ2), (A.10)

where the sum runs over primary operators in the multiplets. Above, gm,n
h (x) is the 1D

conformal block given as

gm,n
∆ (x) = χ∆

2F1

(
∆+ m

2 ,∆− n

2 ; 2∆;x
)

, (A.11)

and Bm,n
R (ζ1, ζ2) are SP(4) R-symmetry structures of the conformal primaries of the multiplet.

The coefficients ch,R are determined in [42] by imposing the superconformal Ward identities.
The superblocks for short multiplets, which contain less conformal primaries, are in-

troduced as

Fm,n
Bk

(x, ζ1, ζ2) =
k+2∑
h=k

∑
R

ch,R gm,n
h (x)Bm,n

R (ζ1, ζ2), (A.12)
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where the superprimary operators of Bk operators have the scaling dimension k and the
[0, k] R-charge.

Finally, we introduce reduced functions following [42]. Firstly, the action G on the
superconformal blocks is defined as follows

G[F ]p,q ≡
(

∂p∂q

∂ζp
1 ∂ζq

2

F(x, ζ1, ζ2)
X2

)
|ζ1=ζ2=χ. (A.13)

Then, by acting on the superconformal blocks (A.12), we get the reduced functions which
enter the crossing equations (3.36)

f0,0
1,∆r

= 1
2G[F0,0

∆r ]0,0,

f0,0
2,∆r

= 2G[F0,0
∆r ]0,1 +

1
2(1− x)G[F0,0

∆r ]0,2,

f0,0
3,∆r

= G[F0,0
∆r ]2,2
4 −

G[F0,0
∆r ]1,2 + ∂xG[F0,0

∆r ]0,2
x

,

where r ∈ {[0, 0], [0, 2], [2, 0]},

f1,1
∆[0,1]

= x

2G[ 1√
X
F1,1

∆[0,1]
]0,2,

f1,−1
∆[0,1]

= x

2G[ X̃√
X
F1,−1

∆[0,1]
]0,2.

(A.14)

Analogously, for short multiplets, reduced superblock are defined as

f0,0
1,Bk

= 1
2G[F0,0

Bk
]0,0,

f0,0
2,Bk

= 2G[F0,0
Bk

]0,1 +
1
2(1− x)G[F0,0

Bk
]0,2,

f0,0
3,Bk

=
G[F0,0

Bk
]2,2

4 −
G[F0,0

Bk
]1,2 + ∂xG[F0,0

Bk
]0,2

x
,

where r ∈ {[0, 0], [0, 2], [2, 0]},

f1,1
Bk

= x

2G[ 1√
X
F1,1
Bk

]0,2,

f1,−1
Bk

= x

2G[ X̃√
X
F1,−1
Bk

]0,2,

(A.15)

and finally, for the identity operator, the reduced superblocks are defined only for the
{0, 0} channel:

f0,0
1,I = 1

x2 f0,0
2,I = 1

x2 + 2
x

f0,0
3,I = 1

x4 . (A.16)

A.2 Contributions of superblocks to the integrated constraints

The building blocks ba(∆), which are the part of the constraints (3.55), are given below. Here
the conformal blocks of the reduced correlator (A.8) are integrated with the measures (3.51)
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producing the following exact expressions:

∫ 1/2

0
µ1(x)F∆(x)dx = −2−∆−13∆(∆(∆ + 3) + 4)

∆(∆ + 2)(∆ + 4)(∆2 − 1)2

[
2F1

(
∆+ 1,∆+ 3; 2(∆ + 2); 12

)
+ 8 +∆(∆ + 3)(∆(∆ + 3) + 4)

∆(∆(∆ + 3) + 4) 2F1

(
∆,∆+ 3; 2(∆ + 2); 12

)]
,

∫ 1/2

0
µ2(x)F∆(x) dx = 2−∆

∆(∆2 − 1)

[
(∆ + 1)2F1

(
∆,∆+ 2; 2(∆ + 2); 12

)
−∆2F1

(
∆− 1,∆+ 1; 2(∆ + 2); 12

)]
.

(A.17)

B Details of the system of crossing equation

We clarify contributions from the BPS operators and the identity (3.40) to the crossing
equation (3.35). The similar vectors (3.36) are introduced as for the long multiplets but with
reduced superblocks corresponding to short multiplets (see appendix A.1):

VBk
=



θ(r)
(
[xf1,Bk

(x)]s 0
0 0

)
(
0 0
0 [f1,Bk

(x)]a

)
(
0 0
0 [f2,Bk

(x)]s

)
(
0 0
0 [f3,Bk

(x)]a

)
(
0 0
0 0

)
θ(r)

2

(
0 [xf1,Bk

(x)]s
[xf1,Bk

(x)]s 0

)
θ(r)

2

(
0 [xf1,Bk

(x)]a
[xf1,Bk

(x)]a 0

)



, ṼBl
=



0
0
0
0

[f1,1
Bl

]s
[f1,−1

Bl
]s

−[f1,−1
Bl

]a


, (B.1)

where Bk with k ∈ {2, 4} and Bl with l ∈ {1, 3} are short multiplets exchanged in the system.
The parity of Bl multiplet is P = (−1)l = −1, such as the vector for these multiplets is
introduced only for contributions with negative parity. Finally, let us clarify that in (3.40)
the notation (ṼBl

)11 means that only a particular {1, 1} element of matrices in the vector
is taken, and the same notation is used for (ṼBk

)22.
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The contribution of the identity to (3.40) looks as follows:

VI =



θ(r)
(
[ 1
x ]s 0
0 0

)
(
0 0
0 [ 1

x2 ]a

)
(
0 0
0 [ 1

x2 + 2
x ]s

)
 0 0
0
[

1
x4

]
a

(
0 0
0 0

)
θ(r)

2

(
0 [ 1

x ]s
[ 1
x ]s 0

)
θ(r)

2

(
0 [ 1

x ]a
[ 1
x ]a 0

)



, (B.2)

where the reduced functions of the identity operator (A.16) are used.

C Spectral data

Here we collect spectral data for the charged sectors, obtained with the QSC. This data
was produced by generalising the methods developed in [27, 40, 41]. Details of the QSC
description used to obtain this data will be presented in the upcoming work [49]. We will
go by multiplet-type. For the L∆

[0,0] multiplet, all the data is already published in [28] and
can be accessed in appendix D of that paper.

Therefore, we begin with the L∆
[0,1] type multiplets. The scaling dimensions of the

superconformal primaries of the first nine such multiplets for the first few orders in perturbation
theory is given below. We have

2[0; 0 1 ; 2]1 : ∆[0,1]−
1 = 2 + 2 g2 − 4 g4 +

(
16− 4

3π2
)

g6 +O(g8) , (C.1)

2[0; 0 1 ; 2]2 : ∆[0,1]+
1 = 2 + 6 g2 − 24 g4 + (168− 4π2) g6 +O(g8) , (C.2)

3[0; 0 1 ; 3]1 : ∆[0,1]−
2 = 3 + z1 g2 + a1 g4 +O(g6) , (C.3)

3[0; 0 1 ; 3]2 : ∆[0,1]+
2 = 3 + 11−

√
17

2 g2 − 1207− 225
√
17

68 g4 +O(g6) , (C.4)

3[0; 0 1 ; 3]3 : ∆[0,1]−
3 = 3 + 4 g2 − 12 g4 +O(g6) , (C.5)

3[0; 0 1 ; 3]4 : ∆[0,1]+
3 = 3 + 11 +

√
17

2 g2 − 1207 + 225
√
17

68 g4 +O(g6) (C.6)

3[0; 0 1 ; 3]5 : ∆[0,1]−
4 = 3 + z5 g2 + a5 g4 +O(g6) , (C.7)

3[0; 0 1 ; 3]6 : ∆[0,1]−
5 = 3 + z6 g2 + a6 g4 +O(g6) , (C.8)

4[0; 0 1 ; 4]1 : ∆[0,1]−
6 = 4 + w1 g2 + b1 g4 +O(g6) . (C.9)
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Here zi, i = 1, 5, 6 are solutions of the equation

z3 − 21 z2 + 126 z − 168 = 0 , (C.10)

arranged in increasing order of magnitude, ai, i = 1, 5, 6 are solutions of

567 a3 + 44226 a2 + 824544 a + 570016 = 0 , (C.11)

in increasing order of absolute value, w1 is the solution to the equation

w8 − 62w7 + 1618w6 − 23116w5 + 196644w4 − 1011840w3

+ 3039600w2 − 4790400w + 2959488 = 0 , (C.12)

with lowest magnitude, and b1 is the solution of

29045897561620224 b8 + 6408891967861027072 b7 + 579482092904176351152 b6

+ 27742806477747634595596 b5 + 757061839838707131304283 b4

+ 11731093466662770554932380 b3 + 95371750707579774337996884 b2

+ 318992809404389038136720288 b + 67201030403179647033207584 = 0 , (C.13)

with lowest absolute value.
Next we consider the L∆

[0,2] superprimaries. There are four multiplets in total that we
consider here. For the first three of them, we have

3[0; 0 2 ; 3]1 : ∆[0,2]+
1 = 3 + (4− 2

√
2) g2 − (14− 9

√
2) g4 +O(g6) , (C.14)

3[0; 0 2 ; 3]2 : ∆[0,2]−
1 = 3 + 4 g2 − 12 g4 +O(g6) , (C.15)

3[0; 0 2 ; 3]3 : ∆[0,2]+
2 = 3 + (4 + 2

√
2) g2 − (14 + 9

√
2) g4 +O(g6) , (C.16)

4[0; 0 2 ; 4]1 : ∆[0,2]+
3 = 4 + w1 g2 + b1 g4 +O(g6) , (C.17)

where w1 is the solution to the equation

w7 − 46w6 + 852w5 − 8144w4 + 42784w3 − 121536w2 + 170496w − 89856 = 0 , (C.18)

with least magnitude, and b1 is the solution of

768717064 b7 + 121457296112 b6

+ 7280058966424 b5 + 204908723870632 b4 + 2674078437270158 b3

+ 12476257788725865 b2 + 24571867339368970 b + 8490367768144676 = 0 .

(C.19)

with the least absolute value.
Finally, we consider the L∆

[2,0] multiplets. There are three such multiplets which we
consider. The one loop scaling dimensions of the first two are given by

3[0; 2 0 ; 3]1 : ∆[2,0]−
1 = 3 + (6− 2

√
3) g2 − (20− 10

√
3)g4 +O(g6) , (C.20)

3[0; 2 0 ; 3]2 : ∆[2,0]−
2 = 3 + (6 + 2

√
3) g2 − (20 + 10

√
3)g4 +O(g6) , (C.21)

4[0; 2 0 ; 4]1 : ∆[2,0]−
3 = 4 + w1 g2 + b1 g4 +O(g6) , (C.22)

(C.23)
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L∆
[0,0]

State ID Tag ∆0 # g2 ∆∞ Wavefunction for highest twist states P

1[0; 0 0 ; 1]1 ∆[0,0]+
1 1 4 2 Φ|| +1

2[0; 0 0 ; 2]1 ∆[0,0]+
2 2 2.764 4 Φ2

|| −
1√
5

Φi
⊥ Φi

⊥ +1

2[0; 0 0 ; 2]2 ∆[0,0]+
3 2 7.236 4 Φ2

|| + 1√
5

Φi
⊥ Φi

⊥ +1

3[0; 0 0 ; 3]1 ∆[0,0]+
4 3 2.132 6 Φ3

|| + a3,1;1 (Φ|| Φi
⊥ Φi

⊥ + Φi
⊥ Φi

⊥ Φ||) + a3,1;2 Φi
⊥ Φ|| Φi

⊥ +1

3[0; 0 0 ; 3]2 ∆[0,0]+
5 3 5.103 6 Φ3

|| + a3,2;1 (Φ|| Φi
⊥ Φi

⊥ + Φi
⊥ Φi

⊥ Φ||) + a3,2;2 Φi
⊥ Φ|| Φi

⊥ +1

3[0; 0 0 ; 2]1 ∆[0,0]+
6 3 5.639 6 N/A

3[0; 0 0 ; 3]3 ∆[0,0]−
1 3 9 7 Φ|| Φi

⊥ Φi
⊥ − Φi

⊥ Φi
⊥ Φ|| −1

3[0; 0 0 ; 2]2 ∆[0,0]+
7 3 9.694 6 N/A

3[0; 0 0 ; 3]4 ∆[0,0]+
8 3 11.765 8 Φ3

|| + a3,4;1 (Φ|| Φi
⊥ Φi

⊥ + Φi
⊥ Φi

⊥ Φ||) + a3,4;2 Φi
⊥ Φ|| Φi

⊥ +1

4[0; 0 0 ; 4]1 ∆[0,0]+
9 4 1.742 8

Φ4
|| + a4,1;1(Φ2

|| Φi
⊥ Φi

⊥ + Φi
⊥ Φi

⊥ Φ2
||)

+a4,1;2 Φ|| Φi
⊥ Φi

⊥ Φ|| + a4,1;3 Φi
⊥ Φ2

|| Φi
⊥

+a4,1;4(Φ|| Φi
⊥ Φ|| Φi

⊥ + Φi
⊥Φ|| Φi

⊥ Φ||)

+a4,1;5 Φi
⊥ Φi

⊥ Φj
⊥ Φj

⊥ + a4,1;6 Φi
⊥ Φj

⊥ Φi
⊥ Φj

⊥

+a4,1;7 Φi
⊥ Φj

⊥ Φj
⊥ Φi

⊥ +1

Table 3. The states belonging to the L∆
[0,0] multiplets. We display the State ID, the Tag, which can be

used to identify the state in the bootstrap implementation, the bare and one-loop scaling dimension at
weak coupling, and scaling dimension at infinite coupling. Then, we display the one-loop wavefunction
and Parity charge. In some cases the explicit numerical coefficients of various combinations of fields
are cumbersome to write. In such cases we denote them using the letters a∆0,sol,i, ensuring still that
the charge under Parity can be inferred.

where w1 is the solution to the equation

w4 − 28w3 + 272w2 − 1040w + 1184 = 0 , (C.24)

with least magnitude and b1 is the solution of

20228 b4 + 1885872 b3 + 54962272 b2 + 494844174 b + 325918891 = 0 , (C.25)

with lowest absolute value. In tables 3–6 below, we summarise the field content of the one-loop
wavefunctions of the highest-twist states in the four types of supermultiplets.

D Some details on the SDPB algorithm

To complete the description of the method let us give the explicit form of F introduced
schematically: this is a vector of 7 components representing the contribution of all the states
below the gaps to the crossing equations, and it is parametrized in terms of the (known)
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State ID Tag ∆0 # g2 ∆∞ Wavefunction for highest twist states P

2[0; 0 1 ; 2]1 ∆[0,1]−
1 2 2 3 Φ||Φi

⊥ + Φi
⊥Φ|| −1

2[0; 0 1 ; 2]2 ∆[0,1]+
1 2 6 4 Φ||Φi

⊥ − Φi
⊥Φ|| +1

3[0; 0 1 ; 3]1 ∆[0,1]−
2 3 1.858 5

Φ2
||Φi + ΦiΦ2

|| − b3,1;1Φ||Φi
⊥Φ||

+b3,1;2(Φj
⊥Φj

⊥Φi
⊥ + Φi

⊥Φj
⊥Φj

⊥) + b3,1;3Φj
⊥Φi

⊥Φj
⊥ −1

3[0; 0 1 ; 3]2 ∆[0,1]+
2 3 3.438 6 (Φ2

||Φ
i
⊥ − Φi

⊥Φ2
||) + 1−

√
17

8 (Φj
⊥Φj

⊥Φi
⊥ − Φi

⊥Φj
⊥Φj

⊥) +1

3[0; 0 1 ; 3]3 ∆[0,1]−
3 3 4 5 Φj

⊥Φi
⊥Φj

⊥ + Φ2
||Φ

i
⊥ + Φi

⊥Φ2
|| −1

3[0; 0 1 ; 3]4 ∆[0,1]+
3 3 7.562 6 (Φ2

||Φ
i
⊥ − Φi

⊥Φ2
||) + 1+

√
17

8 (Φj
⊥Φj

⊥Φi
⊥ − Φi

⊥Φj
⊥Φj

⊥) +1

3[0; 0 1 ; 3]5 ∆[0,1]−
4 3 8.491 9

Φ2
||Φ

i
⊥ + Φi

⊥Φ2
|| − b3,5;1Φ||Φi

⊥Φ||

+b3,5;2(Φj
⊥Φj

⊥Φi
⊥ + Φi

⊥Φj
⊥Φj

⊥) + b3,5;3Φj
⊥Φi

⊥Φj
⊥ −1

3[0; 0 1 ; 3]6 ∆[0,1]−
5 3 10.651 9

Φ2
||Φ

i
⊥ + Φi

⊥Φ2
|| − b3,6;1Φ||Φi

⊥Φ||

+b3,6;2(Φj
⊥Φj

⊥Φi
⊥ + Φi

⊥Φj
⊥Φj

⊥) + b3,6;3Φj
⊥Φi

⊥Φj
⊥ −1

4[0; 0 1 ; 4]1 ∆[0,1]−
6 4 1.613 9

Φ3
||Φ

i
⊥ + Φi

⊥Φ3
|| + b4,1;1(Φ2

||Φ
i
⊥Φ|| + Φ||Φi

⊥Φ2
||)

+b4,1;2(Φ||Φi
⊥Φj

⊥Φj
⊥ + Φj

⊥Φj
⊥Φi

⊥Φ||)

+b4,1;3(Φ||Φ
j
⊥Φi

⊥Φj
⊥ + Φj

⊥Φi
⊥Φj

⊥Φ||)

+b4,1;4(Φ||Φ
j
⊥Φj

⊥Φi
⊥ + Φi

⊥Φj
⊥Φj

⊥Φ||)

b4,1;5(Φi
⊥Φ||Φ

j
⊥Φj

⊥ + Φj
⊥Φj

⊥Φ||Φi
⊥)

+b4,1;6(Φi
⊥Φj

⊥Φ||Φ
j
⊥ + Φj

⊥Φ||Φ
j
⊥Φi

⊥)

b4,1;7(Φj
⊥Φi

⊥Φ||Φ
j
⊥Φj

⊥Φ||Φi
⊥Φj

⊥) −1

Table 4. The states belonging to the L∆
[0,1] multiplets. We display the State ID, the Tag, which can be

used to identify the state in the bootstrap implementation, the bare and one-loop scaling dimension at
weak coupling, and scaling dimension at infinite coupling. Then, we display the one-loop wavefunction
and Parity charge. In some cases the explicit numerical coefficients of various combinations of fields
are cumbersome to write. In such cases we denote them using the letters b∆0,sol,i, ensuring still that
the charge under Parity can be inferred.

spectral levels and (unknown) OPE coefficients of those states. Given the candidate data,
this is a vector of functions of the cross ratio defined as

F ≡ BBPS +
∆<∆r

gap∑
∆∈S[0,0]+∪S[2,0]−∪S[0,2]+

(
Cr

11∆ Cr
22∆

)
V∆r

(
Cr

11∆
Cr

22∆

)
+
∆<∆[0,1]

gap±∑
∆∈S[0,1]±

|C [0,1]
12∆ |2 Ṽ∆[0,1]± . (D.1)

D.1 Approximation used in SDPB

The SDPB algorithm works by using a certain polynomial-based approximation for the
dependence of the blocks on ∆ above the gaps.
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[0,2]

State ID Tag ∆0 # g2 ∆∞ Wavefunction for highest twist states P

3[0; 0 2 ; 3]1 ∆[0,2]+
1 3 1.172 4

√
2(Φi

⊥Φ||Φ
j
⊥ + Φj

⊥Φ||Φi
⊥)

+Φ||(Φi
⊥Φj

⊥ + Φj
⊥Φi

⊥) + (Φi
⊥Φj

⊥ + Φj
⊥Φi

⊥)Φ||

−δij 2
5

[√
2Φk

⊥Φ||Φk
⊥ + Φ||Φk

⊥Φk
⊥ + Φk

⊥Φk
⊥Φ||

]
1

3[0; 0 2 ; 3]2 ∆[0,2]−
1 3 4 5

Φ||(Φi
⊥Φj

⊥ + Φj
⊥Φi

⊥) − (Φj
⊥Φi

⊥ + Φi
⊥Φj

⊥)Φ||

−δij 2
5 (Φ||Φk

⊥Φk
⊥ − Φk

⊥Φk
⊥Φ||) −1

3[0; 0 2 ; 3]3 ∆[0,2]+
2 3 6.828 6

−
√

2(Φi
⊥Φ||Φ

j
⊥ + Φj

⊥Φ||Φi
⊥)

+Φ||(Φi
⊥Φj

⊥ + Φj
⊥Φi

⊥) + (Φi
⊥Φj

⊥ + Φj
⊥Φi

⊥)Φ||

−δij 2
5

[
−

√
2Φk

⊥Φ||Φk
⊥ + Φ||Φk

⊥Φk
⊥ + Φk

⊥Φk
⊥Φ||

]
1

4[0; 0 2 ; 4]1 ∆[0,2]+
3 4 1.293 6

Φ2
||(Φ

i
⊥Φj

⊥ + Φj
⊥Φi

⊥) + (Φi
⊥Φj

⊥ + Φj
⊥Φi

⊥)Φ2
||

+c4,1;1(Φ||Φi
⊥Φ||Φ

j
⊥ + Φ||Φ

j
⊥Φ||Φi

⊥

Φi
⊥Φ||Φ

j
⊥Φ|| + Φj

⊥Φ||Φi
⊥Φ||)

+c4,1;2Φ||(Φi
⊥Φj

⊥ + Φj
⊥Φi

⊥)Φ||

+c4,1;3(Φi
⊥Φ2

||Φ
j
⊥ + Φj

⊥Φ2
||Φ

i
⊥)

c4,1;4(Φl
⊥Φl

⊥(Φi
⊥Φj

⊥ + Φj
⊥Φi

⊥)

+(Φi
⊥Φj

⊥ + Φj
⊥Φi

⊥)Φl
⊥Φl

⊥)

+c4,1;5(Φi
⊥Φl

⊥Φj
⊥Φl

⊥ + Φj
⊥Φl

⊥Φi
⊥Φl

⊥

+Φl
⊥Φi

⊥Φl
⊥Φj

⊥ + Φl
⊥Φj

⊥Φl
⊥Φi

⊥)

+c4,1;6(Φi
⊥Φl

⊥Φl
⊥Φj

⊥ + Φj
⊥Φl

⊥Φl
⊥Φi

⊥)

+c4,1;7(Φl
⊥Φi

⊥Φj
⊥Φl

⊥ + Φl
⊥Φj

⊥Φi
⊥Φl

⊥)

−δij 2
5

[
Φ2

||Φ
k
⊥Φk

⊥ + Φk
⊥Φk

⊥Φ2
||

+c4,1;1(Φ||Φk
⊥Φ||Φk

⊥ + Φk
⊥Φ||Φk

⊥Φ||)
+c4,1;2Φ||(Φk

⊥Φk
⊥ + Φk

⊥Φk
⊥)Φ||

+c4,1;3Φk
⊥Φ2

||Φ
k
⊥

+c4,1;4(Φl
⊥Φl

⊥Φk
⊥Φk

⊥ + Φk
⊥Φk

⊥Φl
⊥Φl

⊥)
+c4,1;5(Φk

⊥Φl
⊥Φk

⊥Φl
⊥ + Φl

⊥Φk
⊥Φl

⊥Φk
⊥)

+c4,1;6Φk
⊥Φl

⊥Φl
⊥Φk

⊥ + c4,1;7Φl
⊥Φk

⊥Φk
⊥Φl

⊥

]
1

Table 5. The states belonging to the L∆
[0,2] multiplets. We display the State ID, the Tag, which can be

used to identify the state in the bootstrap implementation, the bare and one-loop scaling dimension at
weak coupling, and scaling dimension at infinite coupling. Then, we display the one-loop wavefunction
and Parity charge. In some cases the explicit numerical coefficients of various combinations of fields
are cumbersome to write. In such cases we denote them using the letters c∆0,sol,i, ensuring still that
the charge under Parity can be inferred.
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L∆
[2,0]

State ID Tag ∆0 # g2 ∆∞ Wavefunction for highest twist states P

3[0; 2 0 ; 3]1 ∆[2,0]−
1 3 2.536 5

(
√

3 + 1)(Φi
⊥Φ||Φ

j
⊥ − Φj

⊥Φ||Φi
⊥)

+(Φi
⊥Φj

⊥Φ|| − Φj
⊥Φi

⊥Φ||)

+(Φ||Φi
⊥Φj

⊥ − Φ||Φ
j
⊥Φi

⊥) −1

3[0; 2 0 ; 3]2 ∆[2,0]−
2 3 9.464 7

(
√

3 − 1)(Φi
⊥Φ||Φ

j
⊥ − Φj

⊥Φ||Φi
⊥)

−(Φi
⊥Φj

⊥Φ|| − Φj
⊥Φi

⊥ Φ||)

−(Φ||Φi
⊥Φj

⊥ − Φ||Φ
j
⊥Φi

⊥) −1

4[0; 2 0 ; 4]1 ∆[2,0]−
3 4 1.939 7

Φ2
||(Φ

i
⊥Φj

⊥ − Φj
⊥Φi

⊥)

+d4,1;1(Φ||Φi
⊥Φ||Φ

j
⊥ − Φ||Φ

j
⊥Φ||Φi

⊥)

+d4,1;2(Φ||Φi
⊥Φj

⊥Φ|| − Φ||Φ
j
⊥Φi

⊥Φ||)

+d4,1;3(Φi
⊥Φ2

||Φ
j
⊥ − Φj

⊥Φ2
||Φ

i
⊥)

+d4,1;4(Φi
⊥Φ||Φj

⊥Φ|| − Φj
⊥Φ||Φi

⊥Φ||)
+d4,1;5(Φi

⊥Φj
⊥Φ2

|| − Φj
⊥Φi

⊥ Φ2
||) −1

Table 6. The states belonging to the L∆
[2,0] multiplets. We display the State ID, the Tag, which can be

used to identify the state in the bootstrap implementation, the bare and one-loop scaling dimension at
weak coupling, and scaling dimension at infinite coupling. Then, we display the one-loop wavefunction
and Parity charge. In some cases the explicit numerical coefficients of various combinations of fields
are cumbersome to write. In such cases we denote them using the letters d∆0,sol,i, ensuring still that
the charge under Parity can be inferred.

Specifically, since we consider derivatives of the crossing equations we are interested
to build approximations of the objects

vr
n(∆) ≡

(
d

dx

)n

V∆r(x)
∣∣∣∣
x= 1

2

, r = [0, 0], [2, 0], [0, 2], (D.2)

ṽn,±(∆) ≡
(

d

dx

)n

Ṽ∆[0,1]± (x)
∣∣∣∣
x= 1

2

, (D.3)

for n ≤ Λ, n ∈ N. The approximation depends on a parameter called Npoles and takes the form

vr
n(∆) ≃ pos(∆)× P r

n(∆), (D.4)
ṽn,±(∆) ≃ pos(∆)× P̃n,±(∆), (D.5)

where the positive prefactor pos(∆) is defined as

pos(∆) ≡ (4ρ0)∆∏
p∈poles(∆− p) , (D.6)

with ρ0 ≡ 3 − 2
√
2,

poles≡{−5,−4,−2,−1,0,1,1,2,2,3,3,5,5}∪
{
−n+4

2

∣∣∣∣n=1,2, . . .Npoles+4
}

, (D.7)
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and with Pn(∆), P̃n(∆) polynomials in ∆ of degree growing linearly with Npoles/2. A canonical
way to derive such approximation is to first expand the full superblocks as a fastly convergent
series in the reparametrisation of the cross ratio given by the variable ρ(x) = x

(1+
√

1−x2)2

(see [88]), truncating the series to Npoles terms, and then taking the derivatives in (D.2)–(D.3).
The precise form of the prefactor above comes from this computation. Such approximation
is valid in a semi-infinite region ∆ ∈ [∆gap,+∞]. Notice that in order to find this common
approximation it is important that all the blocks in the crossing equations have a common
exponential growth at large ∆, i.e. F∆ ∼ (4ρ0)∆

∆k for ∆ → +∞, where k is a finite integer
depending on the block.

Finally, as explained in [28], with the same trick one can build an analogous approximation
also for the quantities ba(∆) entering the sum rules (3.55), which are defined as integrals
of a superblock. The approximation for the integral constraints can be written with the
same positive prefactor as (D.6), which allows one to treat these constraints together with
the crossing equations within the same SDPB setup.

Taking a larger value of Npoles makes the approximation more precise, on the other hand
this parameter strongly affects the running times of SDPB. We experimented with values of
Npoles = 15 and Npoles = 30, and estimated that raising this parameter further would not
affect the order of magnitude of our bounds.

E Bounds data

In this appendix we report the data obtained by the 12D run described in section 5. Each
table corresponds to data obtained for a single OPE coefficient with a sampling in the
coupling g. We provide the significant digits of the upper and lower bounds together with
their error computed as explained in section 4. Lastly, we include the bound thickness
computed using (5.2).

C
11∆[0,0]

1

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
0.01413830433461

3.9 × 10−13 2.0 × 10−11 0.80
0.5198908444

4.2 × 10−9 2.1 × 10−7
0.01413830437405 0.5198912628

0.05
0.07023603993

3.4 × 10−10 1.7 × 10−8 0.90
0.5322954903

2.4 × 10−9 1.2 × 10−7
0.07023607429 0.5322957334

0.10
0.1377295758

4.1 × 10−9 2.1 × 10−7 1.00
0.5422313021

1.5 × 10−9 7.5 × 10−8
0.1377299866 0.5422314517

0.15
0.200229969

1.7 × 10−8 8.5 × 10−7 1.25
0.56015765526

5.5 × 10−10 2.7 × 10−8
0.200231668 0.56015771019

0.20
0.256277407

3.7 × 10−8 1.9 × 10−6 1.50
0.57214789533

2.5 × 10−10 1.3 × 10−8
0.256281136 0.57214792034

0.25
0.305183182

5.2 × 10−8 2.6 × 10−6 2.00
0.587185793429

7.7 × 10−11 3.9 × 10−9
0.305188409 0.587185801170

0.30
0.346852511

5.8 × 10−8 2.9 × 10−6 2.50
0.596233240015

3.3 × 10−11 1.7 × 10−9
0.346858305 0.596233243344
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0.40
0.410349494

4.7 × 10−8 2.3 × 10−6 3.00
0.602272707302

1.8 × 10−11 8.8 × 10−10
0.410354183 0.602272709053

0.50
0.453235326

2.8 × 10−8 1.4 × 10−6 3.50
0.606589105502

1.1 × 10−11 5.3 × 10−10
0.453238112 0.606589106556

0.60
0.482743102

1.5 × 10−8 7.4 × 10−7 4.00
0.6098270833838

6.9 × 10−12 3.5 × 10−10
0.482744591 0.6098270840779

0.70
0.5039575262

7.7 × 10−9 3.8 × 10−7
0.5039582936

C
22∆[0,0]

1

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
0.00920

0.00012 0.0060 0.80
0.88662

0.00014 0.0072
0.02116 0.90106

0.05
0.04718

0.00058 0.0289 0.90
0.92599

0.00010 0.0052
0.10501 0.93633

0.10
0.1034

0.0010 0.051 1.00
0.957829

0.000077 0.00385
0.2051 0.965538

0.15
0.1711

0.0013 0.064 1.25
1.016001

0.000042 0.00212
0.2993 1.020242

0.20
0.2506

0.0013 0.066 1.50
1.055518

0.000026 0.00132
0.3836 1.058159

0.25
0.3328

0.0013 0.064 2.00
1.105880

0.000013 0.00065
0.4602 1.107189

0.30
0.4159

0.0011 0.057 2.50
1.1366904

7.6×10−6 0.000382
0.5295 1.1374545

0.40
0.56772

0.00077 0.0386 3.00
1.1574860

5.0×10−6 0.000252
0.64499 1.1579897

0.50
0.68573

0.00048 0.0240 3.50
1.1724733

3.6×10−6 0.000178
0.73382 1.1728302

0.60
0.77213

0.00031 0.0156 4.00
1.1837884

2.7×10−6 0.000134
0.80340 1.1840554

0.70
0.83679

0.00021 0.0105 5.00
0.85779

C
11∆[0,0]

2

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
0

0.0045 0.224 0.80
0.208195

0.000050 0.00250
0.4470 0.213185

0.05
0

0.0012 0.059 0.90
0.202565

0.000038 0.00190
0.3866 0.206364

0.10
0

0.00056 0.0282 1.00
0.198065

0.000030 0.00149
0.34443 0.201043

0.15
0

0.00041 0.0203 1.25
0.189998

0.000018 0.00091
0.33245 0.191819

0.20
0

0.00031 0.0154 1.50
0.184655

0.000012 0.00062
0.32187 0.185904
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0.25
0

0.00023 0.0115 2.00
0.1779896

7.3×10−6 0.000363
0.31021 0.1787165

0.30
0

0.00019 0.0094 2.50
0.1739900

5.0×10−6 0.000252
0.29702 0.1744934

0.40
0

0.00015 0.0073 3.00
0.1713164

3.9×10−6 0.000194
0.27109 0.1717044

0.50
0.23821

0.00012 0.0060 3.50
0.1694014

3.2×10−6 0.000161
0.25013 0.1697230

0.60
0.225019

0.000093 0.00463 4.00
0.1679624

2.8×10−6 0.000139
0.234286 0.1682412

0.70
0.215455

0.000067 0.00337
0.222195

C
22∆[0,0]

2

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
-0.595

0.013 0.67 0.80
0.0230

0.0065 0.326
0.738 0.6749

0.05
-0.305

0.010 0.52 0.90
0.0193

0.0065 0.327
0.733 0.6727

0.10
-0.258

0.010 0.50 1.00
0.0200

0.0065 0.324
0.746 0.6685

0.15
-0.2149

0.0097 0.484 1.25
0.0200

0.0064 0.321
0.7541 0.6612

0.20
-0.1515

0.0091 0.453 1.50
0.0088

0.0066 0.328
0.7538 0.6646

0.25
-0.1099

0.0086 0.432 2.00
-0.0116

0.0069 0.345
0.7544 0.6786

0.30
-0.0686

0.0082 0.410 2.50
-0.0291

0.0072 0.360
0.7506 0.6905

0.40
-0.0219

0.0075 0.374 3.00
-0.0459

0.0074 0.372
0.7266 0.6988

0.50
0.0049

0.0070 0.350 3.50
0.750349

0.0076 0.379
0.7050 0.754023

0.60
0.0155

0.0067 0.337 4.00
-0.0630

0.0077 0.387
0.6901 0.7118

0.70
0.0227

0.0066 0.329
0.6805

C
22∆[2,0]

1

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
0

0.00015 0.0077 0.80
0.4811

0.0011 0.057
0.01535 0.5960

0.05
0

0.00077 0.0384 0.90
0.52503

0.00090 0.0451
0.07678 0.61521

0.10
0

0.0015 0.075 1.00
0.55969

0.00070 0.0351
0.1500 0.62995
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0.15
0

0.0022 0.109 1.25
0.61814

0.00041 0.0205
0.2176 0.65913

0.20
0

0.0028 0.140 1.50
0.65448

0.00026 0.0132
0.2797 0.68096

0.25
0

0.0033 0.166 2.00
0.69758

0.00013 0.0065
0.3328 0.71051

0.30
0

0.0038 0.190 2.50
0.722556

0.000077 0.00385
0.3797 0.730251

0.40
0

0.0045 0.226 3.00
0.738857

0.000051 0.00257
0.4529 0.743990

0.50
0.1857

0.0032 0.158 3.50
0.750349

0.000037 0.00184
0.5015 0.754023

0.60
0.3353

0.0021 0.104 4.00
0.758889

0.000029 0.00146
0.5434 0.761804

0.70
0.4222

0.0015 0.075
0.5728

C
22∆[2,0]

2

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
0

0.00030 0.0149 0.80
0

0.0074 0.372
0.02970 0.7436

0.05
0

0.0015 0.073 0.90
0

0.0073 0.367
0.1466 0.7332

0.10
0

0.0028 0.138 1.00
0

0.0072 0.361
0.2767 0.7218

0.15
0

0.0039 0.193 1.25
0

0.0071 0.353
0.3862 0.7052

0.20
0

0.0048 0.238 1.50
0

0.0070 0.348
0.4759 0.6955

0.25
0

0.0055 0.276 2.00
0

0.0069 0.343
0.5511 0.6865

0.30
0

0.0062 0.309 2.50
0

0.0068 0.341
0.6189 0.6817

0.40
0

0.0074 0.372 3.00
0

0.0068 0.340
0.7436 0.6805

0.50
0

0.0080 0.398 3.50
0

0.0068 0.338
0.7970 0.6758

0.60
0

0.0077 0.387 4.00
0

0.0067 0.337
0.7744 0.6746

0.70
0

0.0075 0.376
0.7522

C
22∆[0,2]

1

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
0

0.00014 0.0069 0.80
0.73837

0.00043 0.0216
0.01381 0.78157
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0.05
0

0.00069 0.0345 0.90
0.79783

0.00032 0.0161
0.06892 0.83002

0.10
0

0.0014 0.068 1.00
0.84655

0.00025 0.0124
0.1367 0.87130

0.15
0

0.0020 0.101 1.25
0.93723

0.00014 0.0071
0.2028 0.95150

0.20
0

0.0027 0.133 1.50
0.999784

0.000090 0.00452
0.2668 1.008823

0.25
0

0.0033 0.163 2.00
1.080160

0.000045 0.00226
0.3262 1.084675

0.30
0

0.0038 0.192 2.50
1.129716

0.000025 0.00124
0.3845 1.132193

0.40
0

0.0022 0.109 3.00
1.162836

0.000018 0.00089
0.2696 1.164616

0.50
0.4421

0.0014 0.069 3.50
1.186876

0.000012 0.00061
0.5791 1.188101

0.60
0.56862

0.00089 0.0446 4.00
1.2049308

9.6×10−6 0.000479
0.65789 1.2058886

0.70
0.66418

0.00061 0.0303
0.72479

C
22∆[0,2]

2

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
0

0.00033 0.0167 0.80
0

0.011 0.534
0.03335 1.067

0.05
0

0.0017 0.083 0.90
0

0.011 0.542
0.1669 1.084

0.10
0

0.0033 0.166 1.00
0

0.011 0.549
0.3325 1.099

0.15
0

0.0050 0.249 1.25
0

0.011 0.567
0.4985 1.135

0.20
0

0.0066 0.330 1.50
0

0.012 0.578
0.6591 1.157

0.25
0

0.0080 0.401 2.00
0

0.012 0.594
0.8012 1.188

0.30
0

0.0093 0.464 2.50
0

0.012 0.603
0.9277 1.205

0.40
0

0.010 0.506 3.00
0

0.012 0.609
1.012 1.217

0.50
0

0.010 0.514 3.50
0

0.012 0.612
1.028 1.224

0.60
0

0.010 0.518 4.00
0

0.012 0.615
1.036 1.229

0.70
0

0.011 0.525
1.050
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C2

12∆[0,1]−
1

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
0.00006931

5.3×10−7 0.0000267 0.80
0.287574

0.000060 0.00298
0.00012268 0.293530

0.05
0.001760

0.000013 0.00065 0.90
0.313386

0.000046 0.00230
0.003068 0.317990

0.10
0.007404

0.000047 0.00235 1.00
0.335111

0.000036 0.00182
0.012095 0.338741

0.15
0.017479

0.000092 0.00461 1.25
0.376566

0.000022 0.00109
0.026698 0.378745

0.20
0.03245

0.00014 0.0068 1.50
0.405952

0.000014 0.00068
0.04597 0.407304

0.25
0.05182

0.00017 0.0086 2.00
0.4444695

6.4×10−6 0.000319
0.06895 0.4451083

0.30
0.07466

0.00020 0.0098 2.50
0.4685187

3.7×10−6 0.000183
0.09425 0.4688846

0.40
0.12530

0.00018 0.0092 3.00
0.4849418

2.4×10−6 0.000119
0.14369 0.4851799

0.50
0.17524

0.00014 0.0071 3.50
0.4968623

1.7×10−6 0.000083
0.18948 0.4970292

0.60
0.21938

0.00011 0.0053 4.00
0.5059039

1.2×10−6 0.000062
0.23004 0.5060280

0.70
0.256597

0.000079 0.00396
0.264527

C2

12∆[0,1]−
2

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
0

0.0038 0.189 0.80
0

0.0029 0.145
0.3786 0.2908

0.05
0

0.0038 0.189 0.90
0

0.0029 0.145
0.3784 0.2908

0.10
0

0.0037 0.187 1.00
0

0.0029 0.145
0.3743 0.2909

0.15
0

0.0037 0.185 1.25
0

0.0029 0.146
0.3698 0.2926

0.20
0

0.0036 0.182 1.50
0

0.0027 0.134
0.3642 0.2675

0.25
0

0.0036 0.178 2.00
0

0.0021 0.106
0.3550 0.2110

0.30
0

0.0035 0.173 2.50
0

0.0018 0.092
0.3456 0.1840

0.40
0

0.0033 0.163 3.00
0

0.0017 0.084
0.3256 0.1681

0.50
0

0.0031 0.155 3.50
0

0.0016 0.079
0.3093 0.1578
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0.60
0

0.0030 0.150 4.00
0

0.0015 0.075
0.2990 0.1509

0.70
0

0.0029 0.147
0.2940

C2

12∆[0,1]+
1

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
-0.0001695

1.6×10−6 0.000079 0.80
-0.13811

0.00015 0.0077
-0.0000113 -0.12269

0.05
-0.004163

0.000039 0.00193 0.90
-0.14355

0.00012 0.0059
-0.000296 -0.13179

0.10
-0.01520

0.00014 0.0069 1.00
-0.148126

0.000092 0.00460
-0.00146 -0.138916

0.15
-0.03035

0.00026 0.0132 1.25
-0.156996

0.000055 0.00275
-0.00391 -0.151495

0.20
-0.04623

0.00038 0.0188 1.50
-0.163363

0.000036 0.00179
-0.00866 -0.159787

0.25
-0.06220

0.00047 0.0233 2.00
-0.171877

0.000019 0.00093
-0.01557 -0.170023

0.30
-0.07626

0.00051 0.0256 2.50
-0.177242

0.000011 0.00056
-0.02500 -0.176129

0.40
-0.09761

0.00049 0.0244 3.00
-0.1809276

7.5×10−6 0.000374
-0.04885 -0.1801803

0.50
-0.11222

0.00038 0.0191 3.50
-0.1836014

5.4×10−6 0.000268
-0.07404 -0.1830655

0.60
-0.12318

0.00028 0.0141 4.00
-0.1856280

4.1×10−6 0.000203
-0.09497 -0.1852224

0.70
-0.13152

0.00021 0.0104
-0.11079

C2

12∆[0,1]+
2

g
Lower bound

Error Thickness g
Lower bound

Error Thickness
Upper bound Upper bound

0.01
-0.2513

0.0025 0.126 0.80
-0.1303

0.0013 0.065
0 0

0.05
-0.2507

0.0025 0.125 0.90
-0.1252

0.0013 0.063
0 0

0.10
-0.2468

0.0025 0.123 1.00
-0.1214

0.0012 0.061
0 0

0.15
-0.2426

0.0024 0.121 1.25
-0.1157

0.0012 0.058
0 0

0.20
0-0.2320

0.0023 0.116 1.50
-0.1123

0.0011 0.056
0 0

0.25
-0.2243

0.0022 0.112 2.00
-0.1077

0.0011 0.054
0 0
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0.30
-0.2122

0.0021 0.106 2.50
-0.1050

0.0010 0.052
0 0

0.40
-0.1874

0.0019 0.094 3.00
-0.1031

0.0010 0.052
0 0

0.50
-0.1649

0.0016 0.082 3.50
-0.1014

0.0010 0.051
0 0

0.60
-0.1488

0.0015 0.074 4.00
-0.1001

0.0010 0.050
0 0

0.70
-0.1376

0.0014 0.069
0
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