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Differential Games for a Mixed ODE-PDE System

Mauro Garavello® Elena Rossi? Abraham Sylla®

Abstract

Motivated by a vaccination coverage problem, we consider here a zero-sum differential game
governed by a differential system consisting of a hyperbolic partial differential equation (PDE)
and an ordinary differential equation (ODE). Two players act through their respective controls to
influence the evolution of the system with the aim of minimizing their objective functionals F; and
Fo, under the assumption that F; + F2 = 0.

First we prove a well posedness and a stability result for the differential system, once the control
functions are fixed. Then we introduce the concept of non-anticipating strategies for both players
and we consider the associated value functions, which solve two infinite-dimensional Hamilton-
Jacobi-Isaacs equations in the viscosity sense.

Key Words: Differential games; value functions; infinite-dimensional Hamilton-Jacobi-Isaacs equa-
tion; zero-sum game; vaccination coverage

AMS Subject Classifications: 35Q91, 91A23, 91A80, 351.65

1 Introduction

We investigate a two-person zero-sum differential game governed by a system consisting of a hyperbolic
partial differential equation (PDE) and an ordinary differential equation (ODE). In this game, two
players use their respective controls to influence the system’s evolution, aiming to optimize their
objective functionals, 1 and F». Notably, we assume F; + Fo = 0 in this zero-sum game, implying
that one player’s gain is the other’s loss.

Here we focus on a specific system, mainly motivated by epidemiology, which aims to consider the
dispute about the vaccination policies between the scientific community and groups of people (no-vax)
against these practices. More precisely, inspired by the classical SIR model and by the paper [16]
dealing with optimal vaccination policies, we introduce a simplified model incorporating vaccination.
Let S = S(t,&) denote the density at time ¢ of susceptible individuals, where £ € [0, 1] represents the
leaning towards vaccination: namely, a value of £ = 0 indicates no vaccination, while ¢ = 1 signifies
guaranteed vaccination. Additionally, I = I(t) denotes the density of infected individuals at time ¢.
The evolution for the S and I populations is described by the following coupled ODE-PDE system

oS + a& (g (57“’1711’2) S) = _(f(g) + a(I))Sa t >0, g € (07 1)’
| 1 (1)
i = —6[+a(])/ S(t,€)dE,  t>0,
0

where « : [0,00) — [0,00) is the infection rate function, § > 0 is a coefficient taking into account
both the death and the recovery rate of the infected individuals, f = f(&) is the vaccination rate
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for individuals based on their vaccination leaning £, the flux function g = g(§, u1,u2) describes the
change of individuals’ leaning towards vaccinations, and u; € [0, M;] and ug € [0, My] are the control
variables, respectively for the first and for the second player. Here the first player can represent
the government, which, supported by the scientific community, implements policies to increase the
number of vaccinated people, while the second player is made up of no-vax groups with the aim of
disadvantaging such policies, for example through the use of social media [17]. Game theory for similar
topics was already considered in the literature; see for example [8, 25, 27]. As pointed out in [1], the
influence of anti-vaccine groups is one of several factors which affects the herd immunity and has a
non trivial economical and healthy cost for the society; see [19] for the case of the pertussis control.

We consider the Cauchy problem for system (1.1) without explicitly prescribing any boundary
conditions, although the PDE is defined on a bounded domain. This is because the chosen flux
function ¢ inherently satisfies zero-flux boundary conditions. First we prove the well posedness of
the Cauchy problem (1.1), both in L' and in L2, for any given choice of the control functions. Then
we pass to a game perspective and we construct the value functions for both players, using non
anticipating strategies, which, roughly speaking, are strategies based on the past and present status,
but not on the future one. The main result consists in the proof that each value function satisfies a
suitable Hamilton-Jacobi-Bellman (HJB) infinite-dimensional equation in the viscosity sense. The key
tool here is a dynamical programming principle, satisfied by each value function. The Hamiltonian
function is strictly related to the choice of a duality, which, in the present infinite-dimensional setting,
is not straightforward. Indeed, the natural space for the unknown S in (1.1) is L! in the variable &,
as usual for hyperbolic conservation laws. However, the Banach space L' lacks reflexivity, since the
bi-dual space strictly contains L'. Hence we use here the L? duality. This has the consequence that
we need to prove the well posedness of the PDE equation in (1.1) in the H' setting, since, otherwise,
the term O (g (£, u1,u2) S) is not well defined in L?.

As intermediate results we also prove that the solution to the PDE is stable with respect to the
flux and that, once the control for one player is fixed, there exists an optimal control for the other
player. The proof of the existence of optimal controls is based on the classical method of the calculus
of variations. We remark that no total variation estimates are needed for the stability result and that
no Lipschitz continuity hypotheses on the flux function with respect to the control variable are needed
in the proof of existence of optimal controls.

A natural question for a two-person zero-sum differential game is whether the value functions
coincide, briefly said as the game has a value. Under the so called Isaacs condition [4, Equation (2.2)],
it is possible to prove that the value functions coincide, provided that the uniqueness property for
viscosity solutions of a HJB equation holds; see [12]. Unfortunately, this is not the case in the infinite-
dimensional setting, see for example [12, 13]. As a consequence, the question whether the game has a
value is still open in general in this context.

The works of Isaacs [22, 23] and of Pontryagin [26] initiated the theory of two-person zero-sum
differential games governed by ordinary differential equations; see also the monographs [18, 23] for
a complete introduction. The original motivation was the study of military problems and the well
known pursuit-evasion game [20] represents the most simple example of a zero-sum differential game
in this subject. The definitions of strategies and of the value were introduced by Varaiya in [30], see
also [14, 28]. The paper [15] contains the first proof that the value function satisfies a Hamilton-
Jacobi-Isaacs equation in viscosity sense. In the context of infinite dimensional Isaacs equation, the
literature contains very few references. We cite here the recent paper [3], where a zero-sum differential
game between a single player and a mass of agents is considered; see also [9].

The paper is structured as follows. In Section 2 we give the basic definitions and hypotheses and
we state the analytic results. More precisely, we introduce the notions of non-anticipating strategies
and of value functions, we state the well posedness and stability for system (1.1). We also provide
results about existence of optimal controls in the case of a single player, and about the fact that the
value functions satisfy a dynamical programming principle and consequently a Hamilton-Jacobi-Isaacs
equation in viscosity sense. Finally, Section 3 contains the proofs of these results.



2 General framework

This section is devoted to present both the general framework of the problem, in Section 2.1 and the
analytical results, in Section 2.2. Throughout, the notation R™ = [0, 00) is used.

2.1 Basic definitions and assumptions

Here the positive constants M; and My describe the maximum strength for the two controls u; and
uy. Therefore the sets

Uy =L®((0,00);[0,M1])  and Uy =L®((0,00); [0, M2]) (2.1)

denote the admissible controls for the first and the second player, respectively. The first equation
in (1.1) is a hyperbolic partial differential equation, while the second one is an ordinary differential
equation.

System (1.1) is supplemented with the initial conditions

S(ng) :So(g)a §€ (07 1)7
I(O) = I,

where S, : [0,1] = R™ and I, € RT are given.

For the functions «, f, and g in (1.1) we introduce the following assumptions.
(@) «a € Lip(RT;R") satisfies a(0) = 0.
(F) f e Lip(]0,1];[0,1]) is non decreasing and satisfies f(0) =0, f(1) = 1.
(G) g€ Co%0,1] x [0, My] x [0, Ma];R) satisfies:

(a) for all (u,v) € [0, M7] x [0, M2] the map & — g(&,u,v) belongs to C2(]0, 1]; R);
(b) for every (u,v) € [0, M;] x [0, Ms], g(0,u,v) = g(1,u,v) = 0;

(c) there exists v > 0 such that |Jgg (&, u,v)| < v for every & € [0,1], u € [0,M;], and
v E [0, MQ]

(G-1) g satisfies (G) and g(&,u,v) = g1(€) + g2(&)u + g3(€)v for some g1, go, g3 € C2 ([0, 1]; R).

Remark 2.1. The infection rate function «, also known as the force of infection, models the rate
susceptible individuals become infected. In classical SIR-type models, the simple linear law

a(l) = al, (2.3)

with @ > 0, is considered. As pointed out in [31], a complex phenomenon like the process of infection
hardly can be represented by a simple law as (2.3). The first nonlinear models, of type aI? with p > 1,
for the rate of infections were proposed in [6, 29, 31].

More realistic rate functions, also called Holling type functional responses, of the type
LI
all) =
14 pIe

with p,¢ > 0 and 8 > 0, were proposed in [7, 21]; see Figure 1. For more details see also [2].
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Figure 1: Left: the graph of the infection rate function (2.4) with p = ¢ = 1. Right: the graph of the
infection rate function (2.4) with p =1 and ¢ = 2.

Remark 2.2. Note that g depends on the tendency variable £ and also on the two controls u; and
u2, which describe the efforts of two competitive players aiming at guiding the choices of individuals
regarding the vaccination. As an example, one player can represent the national health system, which
is worried about the possible spread of an epidemic, while anti-vaccination activist groups can be
identified with the other player. A possible choice of the flux function g is given by a regularization
of the map

(€)= €01-9) (6= 5 - MELO + (1~ V1140, (25)

where the controls u; € [0, M;] and ug € [0, Ma] act respectlvely on the sets A; C [0, 1] and As C [0, 1];
see Figure 2. In formula (2.5), 14, and 14, denote the characteristic functions of the sets A; and As
respectively. The coefficient A € ]0, 1] acts as a weight between the two controls. Clearly, formula (2.5)
represents in general a discontinuous function of £. In order to avoid difficulties arising in conservation
laws with discontinuous flux, we prefer to consider the flux function g in (1.1) as a regularization
of (2.5).

g 19 )
U4
/\ . 3 N .
A
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Figure 2: In the left picture the plot of the function in (2.5) with controls u; = ug = 0. In this case
no regularization is needed.

In the right picture the solid-line plot represents a possible regularization of the map in (2.5), repre-
sented with a dashed line, with controls u; = M; and uz = My acting on the intervals A; = [0.1,0.666]
and Ay = [0.45,0.85].

2.2 Analytical Results

First we introduce the definition of solution for system (1.1)—(2.2) and we state an existence and
uniqueness result for such system.

Definition 2.1. Fix T' > 0, u; € L ((0,7); [0, M1]), and ug € L ((0,7);[0, Mz]). We say that the
couple (S, 1) is a solution to (1.1) on [0,7] with initial condition (S,,1,) € L?((0,1);R) x R if the
following conditions are satisfied.

1. S € C0,T);L2((0,1);R*)) and I € C°([0, T]; R).
2. For all test functions ¢ € CX((—o0,T) x (0,1);R), it holds

+oo
/ /sat¢+g<s,u1<>uz<>>ag¢> (f +a(1))é dfdt+/s 6(0,6)dE = 0. (2.6)
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3. For every t € [0,T]

I(t _I—/ﬁl d7+/ (/ST, dg) (2.7)

Definition 2.2. Fix u; € Uy and ug € Us. We say that the couple (S, 1) is a solution to (1.1) on RT
with initial condition (S,, I,) € L% ((0,1); RT) x Rt if it is a solution to (1.1) on [0, T for every T > 0.

Remark 2.3. With similar reasoning as in [24, Theorem 3.2], if (S, I) is a solution to (1.1) with initial
condition (S,,I,) € L2 ((0,1); R*) x R* according to Theorem 2.2, then

S(t,€) = So(X(0;t,8)) exp <—/0 [f(X(s:t,8)) + all (5)) + Oeg(X (5, £), ua(s), ua(s))] dS) , (2.8)
where X (s;t,€) solves the Cauchy problem

{ ds(t (;g) f)g_g( (S;t7f),u1(8),’l@(8)), (29)

The next result deals with existence and uniqueness of solution to (1.1) together with growth
estimates.

Theorem 2.3. Assume (a)-(F)-(G). Fiz uy € Uy and uy € Us. Then for all S, € L?((0,1);RT)
and I, € R, there exists a unique solution to (1.1) on RY with initial condition (S,,I,) in the sense
of Theorem 2.2. Moreover, for allt > 0,

IS [Lio.m) < 1SollLinm)y:  1SEILz(o.nm < € *1SollL2(0.1)R) (2.10)

and
I(t) < 1SollLr(0,1)r) + Lo- (2.11)

If moreover S, € H' ((0,1); RT), then for all t > 0, S(t) € H' ((0,1); RT).
We state now the well posedness result for (1.1).

Theorem 2.4. Assume (a)-(F)-(G). Fizuy € Uy, us € Us, Sy, S, € L2((0,1);RT), and I,, I, € RT.
Denote by (S, 1), resp. (S, 1), the global solution to (1.1) with initial condition (S,,1,), Tesp. (So, Lo)-
Then for all t > 0,

1@ = SOlg1 (0,1 + ) = 1(1)] o1
< |[Is. - OHLl((O,l);R) M|y = T (14 10K exp (1K) '
where
Ky = B+ Lip(a) [Sollpi(0,1)r) » K> = Lip(a) [|Sol|p1 (0.1):m) (2.13)
depend on 3, on Lip(a), and on the L'-norm of S, and S, respectively, while
K = Lip(@) ([Sullpn oy + €t [Tef) = Ko + Lip(a) [7,] K (2.14)

depends on K1, on Lip(a), and on I,

The proofs of Theorem 2.3 and of Theorem 2.4 are deferred to Section 3.1. They are based on the
separate study of the two equations in (1.1) and an application of Banach Fixed Point Theorem.



Remark 2.4. When dealing with the unique solution to (1.1) with initial condition (S,,I,) and
controls u1, us, it may be relevant to emphasize the dependence on those values. As far as it concerns
the controls, we write

S(t) = Suus (1) I(t) = Tuy uy(t) (2.15)
and we omit to specify the control functions w1, us when they are clear from the context.

Remark 2.5. Theorem 2.4 provides only estimates about stability with respect to the initial datum.
With similar techniques, it is possible to consider also stability estimates with respect to the flux
function ¢ and therefore to the controls. However it would require a bound on the total variation of
the solution to the PDE; see [10] for similar results in this direction.

We now pass to optimal control problems for (1.1). To this aim, for positive numbers &, 6, we
introduce the cost functional F : L? ((0,1); R") x R* x Uy x Uy — R, defined as

F (So, Lo, u1,ug) = H/O+OO e O (I(t) +ui(t))dt
(2.16)

_/0+°Oe—9t {uQ(t)+/019(€aul(t),u2(t))df dt,

where (S, ) solves (1.1) with initial datum (S,, I,) and controls u; and ug. The first term in (2.16)
is proportional to the number of infected individuals and to the efforts of the first player, while the
second term is proportional to the efforts of the second player and to the area of the region where g
is positive. Roughly speaking, this area is related to the change in the leaning towards vaccination.
So the aim of the first, respectively of the second, player is to minimize, respectively maximize, the
functional F in (2.16). The first result deals with the existence of optimal controls.

Theorem 2.5. Assume (a)-(F)-(G) and fiz (S, I,) € L2((0,1); RT) x R*. Then:
(i) for all ug € Uz, the map uy — F (So, Iy, u1,uz) admits a minimizer in Uy ;
(ii) for all uy € Uy, the map ug — F (So, Iy, u1,uz) admits a mazimizer in Us.

The proof is deferred to Section 3.2.
Following [4, Chapter VIII], we give the definitions of non-anticipating strategies for both players.

Definition 2.6. A strategy for the first player is a map &1 : Us — Uy. Moreover, the strategy Sp
is said to be non-anticipating if, for all ¢ > 0 and for all ug,uy € Us, such that ug(s) = wa(s) for
a.e. s € [0,1], then

S1(u2)(s) = S1(u2)(s)

for a.e. s € [0,t]. With the symbol I' we denote the set of all the non-anticipating strategies for the
first player.

Definition 2.7. A strategy for the second player is a map Sy : Uy — Us. Moreover, the strategy
S is said to be non-anticipating if, for all ¢ > 0 and for all uj,w; € Uy, such that ui(s) = uy(s) for
a.e. s € [0,1], then

Sz(u1)(s) = S2(w1)(s)

for a.e. s € [0,t]. With the symbol A we denote the set of all the non-anticipating strategies for the
second player.



For readers’ convenience, define

1
(I, ur,uz) == k(I 4+ uyp) — ug _/0 g(& ur,ug)dE, (2.17)

so that the cost functional F, defined in (2.16), can be compactly written as

F (S, Iy, uy, up) = /;w e OLO(I(t), uy (1), ug(t)) dt. (2.18)

Now we introduce the lower and upper values for the game.

Definition 2.8. Let F be defined by (2.16). The lower value V' and upper value U of the game are
respectively

V(So, I,) = inf sup F(S,, I, S1(u2),us),
S1€T us €U

U(So,1,) = sup inf F(S,, Iy, u1,S2(u1)).
Sa€A ur€ly

(2.19)

The lower and upper values satisfy a dynamic programming principle.

Theorem 2.9. Assume (a)-(F)-(G). Let £ be as in (2.18). For all (S,,I,) € L2((0,1); R) x Rt and
for all T > 0, we have

T
V(S I,) = inf sup { / e—ete(Isl,w(t),sl(ug)(t),uQ(t))dHV(SSIM(T),ISM(T))e—GT},
S1€l uselds 0
(2.20)

where, with the notation (2.15), (S, 1) is the solution to (1.1) with controls Si(us),us, and

T
U(S,,1,) = sup inf { / e 0 (1,,.5,(t),ur (), Sa(ur) (1)) dt + U(Su,.5,(T), Ly 5, (T))e ™7 5,
So €A ui €U 0
(2.21)

where, with the notation (2.15), (S,1) is the solution to (1.1) with controls uy, Sa(uy).

The proof is deferred to Section 3.3. Above, we make a slightly abuse of notation writing only &1
or S instead of Sy (ug) or Sa(uy).

Taking advantage of Theorem 2.9, we prove that V' and U both solve an Hamilton-Jacobi equation.
Define, for all Y = (S,1) € H'((0,1);R) x R and P = (p, ¢) € L2((0,1); R) x R, the pre-Hamiltonian

1
HOY, P ur, ug) = <85(95)+(f+a(1))5,p>m+<ﬁf—a(1) / s<s>df)q—e<1,u1,u2> (2.22)

and the Hamiltonians
H(Y,P):= min  max H(Y,P,us,ug) (2.23)
u2€[0,M2] u1€[0,M]
and
H(Y,P):= ma in H(Y,P,ui,u). 2.24
(Y,P) i ( u1, uz) (2.24)
Remark 2.6. Note that in the definition of the Hamiltonian functions (2.23) and (2.24) we decided to
consider S € H! and the dual variable p € L2. Indeed, there is not any natural duality working in our
setting, because if S € L? then the derivative 0¢(gS) is not well defined in L2. Similarly, choosing the
scalar product of H', and thus p € H', would require higher regularity for S to ensure O¢(gS) € H

We give now the definition of viscosity solution for the Hamilton-Jacobi equation U +H(Y, VU) =
0. The definition with the Hamiltonian H, instead of , is completely identical.



Definition 2.10. Fix 6 > 0 and let / be defined by (2.23). Consider the equation
U + H(Y,VU) =0, Y € H!((0,1);R) x R. (2.25)

We say that U € C°(H'((0,1);R) x R;R) is a viscosity sub-solution of (2.25) if, for every ¢ €
C'(L*((0,1); R) x R;R),

Y, € H'((0,1);R) x R is a local maximum of U — ¢ = 0U(Y,) + H(Y,, Vo(Y,)) <O0.

Similarly, U € C°(H'((0,1);R) x R;R) is a viscosity super-solution of (2.25) if, for every ¢ €
CH(L*((0,1);R) x R;R),

Y, € H'((0,1); R) x R is a local minimum of U — ¢ = 0U(Y,) + H (Y., Vo(Y,)) > 0.

Finally, U € C°(H'((0,1);R) x R;R) is viscosity solution of (2.25) if it is both a viscosity sub-
solution and a viscosity super-solution.

The value functions U and V, defined in (2.19), are viscosity solutions to some Hamilton-Jacobi
equations.

Theorem 2.11. Assume (a)-(F)-(G). Let H and H be defined by (2.23) and by (2.24). Then
(i) V, defined by (2.19), is a viscosity solution to (2.25) with Hamiltonian H.

(ii) U, defined by (2.19), is a viscosity solution to (2.25) with Hamiltonian H.

3 Proofs

This section contains the proofs of the analytic results presented in Section 2.2.

3.1 Proof of Theorem 2.3

The proof of Theorem 2.3 consists in studying the two equations of (1.1) separately and then applying
a Fixed Point Theorem.

3.1.1 The Controlled Partial Differential Equation

Here, let us consider the Cauchy Problem for the partial differential equation:

{ S + O (9(&, ua(t), u2(1))S) = —=(f +a(l))S,  t>0,£€(0,1),
S(O,f) = So(g)v §€ (Oa 1)7

where S, € L2((0,1);R), « satisfies («), f satisfies (F), I € CO(RT;R"), and u; and uy are control
functions. Let us introduce the definition of solution for (3.1).

(3.1)

Definition 3.1. We say that the function S is a solution to (3.1) with initial condition S, €
L2 ((0,1);R) if the following conditions are satisfied.

1. S € COYRT;L2((0,1);R)).

2. For all test functions ¢ € C°(R x (0,1);R), it holds
+o0o 1 1
/0 /0 S0+ 9(&,ur (), ua(£)0e0) — (f + (1)) dE dt + /O 5,(6)6(0.€)dE = 0. (3.2)

Here we state the well posedness for system (3.1).



Lemma 3.2. Assume (a), (F) and (G). Fiz I € CO(RT;R"), and the control functions uy € U
and uy € Us. Then, for all S, € L2((0,1);R), there exists a unique solution S to (3.1), in the sense
of Theorem 3.1. Moreover:

(i) if So > 0, then for allt >0, S(t) >0 ;

(i) for allt >0, we have that
IS (o,1)r) < [19llL1(0,1):R)> (3.3)
and
1S lL2(0,1):r) < em/QHSDHL%(o,l);R)a (3.4)
where v is defined in (G).

Proof. For readers’ convenience, set the flux function

G(&,t) = g(& ur(t), ua(t)). (3.5)

We split the proof into several parts.

Existence of L™ solutions. Let (S((,n))n be a sequence of functions in C2°((0,1); R) such that
lim |[S(™ — S, =
n—+00 L2((0,1);R)

For all n € N, the Cauchy problem (3.1), with initial condition S((,n), admits a unique classical solution
Sp, which can be obtained using the method of characteristics, for instance. Here (G), together with
the regularity of the controls u; and wue, permits to have globally defined characteristics curves. Since,
for every n € N, S, is a classical solution, then S, satisfies condition (3.2) for every test function ¢.
Multiplying the first equation in (3.1) by S,, and integrating, we get that, for all ¢ > 0,

d 1 1 1

aHSn(t)Hi%(o,m;R) = 2/0 S OpSn d§ = —2/0 (f +a(l) Sy d - 2/0 e (G(&,t)Sn) Sp d€
< —2/16 (G(&,1)S,) S d£:2/1G(§ 1)5,0¢ S dg:/lc(g £)0:S2 de¢
= ) 3 , n)Pn 0 , nUgdn 0 ; E°n

1
- /0 DeG(€,6)52 A€ < 1[15u(0) (0.1

where we used («), (F), and (G). Here the constant v is defined in (G). Gronwall Lemma ensures
that, for every n € N and ¢ > 0,

150 ()2 (0,18 < €218 Iz ((0,1)8)- (3.6)

We deduce that, for all T > 0, (S,),, is bounded in L>((0,T); L2 ((0,1); R)). Therefore, for all T > 0,
there exists S € L>((0,7); L2 ((0,1); R)) such that a subsequence of (S, ),, converges to St in the L>°-
weak™ sense. By a standard diagonal process, we can construct S such that there exists a subsequence
of (Sp)n that weakly* converges to S in L>((0,00); L2 ((0,1);R)). By linearity, S satisfies (3.2) for
every test function. Passing to the limit as n — +o00 in (3.6), we deduce (3.4).

Uniqueness. By linearity, it is sufficient to prove that if S, = 0, then any weak solution is also
zero. We follow here a similar technique as in [11]. Fix ¢y € C°(R' x (0,1);R). We claim that

/—1-00 e, t58(t, E)(t,€)dedt = 0
0

so that S(¢,&) = 0 for a.e. (t,€) by the arbitrariness of v; hence uniqueness holds.
To this aim, there exists ¢ € C°(R* x (0,1); R) such that

Orp + G(&,1)0:¢ — (f + ol))d = . (3.7)

9



Therefore, using (3.7) and (3.2), we deduce that
+oo  pl +oo  pl
| [ swoveoaa= [ [ s@o+cenos - (7 +ame

/s $(0,€)dé =0,

since S, = 0. Thus uniqueness holds.

Positivity. The method of characteristics implies that the unique solution to the Cauchy prob-
lem (3.1) can be written in the form

S(t,€) = So(X(0;,£)) exp (—/O [f(X(s:t,8)) + oI () + 0:G(X (551, ), 5)] dS) , (3.8)
where X(s;t,&) solves the Cauchy problem

{ "(s;t,€) = G(X(5;,€), 5),
(t’ Y ) f

In the case S,(§) > 0 for a.e. £ € (0,1), formula (3.8) implies that, for every ¢ > 0, S(¢,£) > 0 for
a.e. £ € (0,1).
L! estimate. For all ¢ > 0, by assumptions («) and (F), formula (3.8) and the change of variable
IS L ((0,1):r)

1 t

= [ 15X 00, exp (— [ it +ate) +61G<X<s,t,f>,s>1ds) a¢
0 0
1 t

- /0 15,(y)] exp (— /0 F(X(5:0,9)) 4+ (I (5))] ds) dy < 1Sullr o),

proving (3.3).
Continuity in time. We exploit an idea from [24, Lemma 2.11]. Fix ¢; > 0 and consider t3 > 0.
Without loss of generality we assume that ¢; < t3. By the method of characteristics we have:

S(t2,&) — S(t1,€) = S (t1, X(t1;t2,8)) E(t1, 12, &) — S(t1,§),

where

E(t1,12,€) = exp (— / (X (5:12,€)) + a(I (5)) + 0eG(X (5:1,€), )] ds) . (3.9)

t1
In particular, adding and subtracting S(t1,&) E(t1,1t2,£), it yields

S(t2,€) — S(t1,€)]* = |(S (t1, X (t15t2,€)) — S(t1,€)) E(t1, t2,€) + S(t1,€) (E(t1, t2,€) — 1)
< IS (t1, X (t13t2,€)) — S(t1, &) (E(t1,12,€))?

) ) (3.10)
+ (S(tlag)) |5(t17t27§) - 1|
+ 2[5 (1, X (t13t2,€)) — S(t1,§)[ - S, &) E(ta, 12, 8) [E(t1, 2, 8) — 1]
By the positivity of f and a, and exploiting also (G), we have that
1
/ |8 (t1, X (tr512,€)) = S(t1,€)[* (E(tr, 12, €))* e
0 (3.11)

1
Sezv(m_tl)/ ’S(tlaX(tﬂtZ?g)) (tla )| d§7
0
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and the right hand side goes to zero as to — t1 by a similar reasoning as in [5, Lemma 4.3].
The definition (3.9) of &, together with («), (F) and (G), yields

1€(t1,t2,) = oo (0,1)m) < (B2 — ty)e7 (=) (HfHLOO((O,l);]R) + Lip(a) |1l oo 2y ta7m) ’Y) , (312)

so that

1
/0 (S(t1,€))? |E(t1,t2,6) — 117 dE < 1St T2 0.1)m) 1€ (E1s 2, ) = U Toe(o1)m)

< (t2 = 01)%® 27 1S (1) |[F20,1)m) (3.13)
2
% (1 huoe 0.) *+ L) 1m0y +7)

and the right hand side goes to zero as ty — t1, since [|S(¢1)[|p2((0,1);g) is bounded by (3.4).
Finally, using Young’s inequality, the positivity of f and «, and exploiting also (G), we have

1
2/ S (t1, X (13 t2,€)) — S(t1, §)] - [S(t1, )| E(tn, 82, €) |E(t1, 12, ) — 1] dE
0
1
<€t t2,7) = Ulgoo (0,1, </ 1S (t1, X (tr;t2, €)) — S<t1,§>\2d«5+/ S (t1, €)1 <8<t1,t2,£>>2d£)
0 (3.14)
<NE(t1st2,+) = Llgeo (0,1, </ 1S (t1, X (13 12,€)) — S(t1,§)[* d€ + &*71271) ||S(t1)||i2((0,1);R)> ’
and the right hand side goes to zero as ty — t; by (3.12), [5, Lemma 4.3], and the boundedness of

Integrating (3.10) over £ € [0, 1] and using (3.11), (3.13), and (3.14) we deduce that

lim {|S(t2) = S(t0)llL2(0,1)%) = 0

to—1t1
proving that S € CY(R*;L2((0,1); R)). O

We provide now a stability result for (3.1). For simplicity, we call “weak solution to (3.1) with
data (S,,I)” a weak solution to (3.1) with initial datum S, and given function I.

Lemma 3.3. Assume (a), (F) and (G). Fiz uy € Uy, ug € Us, 1,1 € C°(RT;RT) and S,, S, €
L2((0,1);R). Denote by S, resp. S, the weak solution to (3.1) with data (S,,I), resp. (So,I). Then
for allt >0,

[S(t) - HLl ((0,1);R <||So =S, HLl((01)R)+L1p a) [|S HLl((Ol)R 17— IHLl ((0,£);R) (3.15)
and
1) = SOz o112 < 7 (150 = Sollga(onyz) + LPOVE[Sollpzgoym I = Ulzonm )
(3.16)

where 7y is defined in (G).

Proof. Let ¥ be the unique weak solution to (3.1) with data (S,, ). Since S — ¥ solves (3.1) with
initial data S, — S,, we deduce from Theorem 3.2 that, for all ¢t > 0,

1S(t) = Z()llL(0,1)R) < IS0 = SollLi((0,1):r) (3.17)

and
1S(t) — () lL2(0.1)®) < 2180 — SollL2((0.1):R)- (3.18)
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The function § := ¥ — S is the unique weak solution to

015 + 0c(G(€,1)8) = —(f + a(D))s — (all) — (1)) 5
5(075) =0,

and therefore, can be written using characteristics as

5(1,6) = — / (a(I(7)) — a(T(r))) S(r, X (7:1,£))
0 (3.19)

X exp <—/T [f(X(s5t,8)) + a(I(s)) + hG(X(s;t,8),8)] ds> dr,

where X = X (7;t,£) and G are defined as in the proof of Theorem 3.2. Using (F') and («), the change
of variable y = X(7;t,£), and formula (3.3), for all ¢ > 0, we obtain that

1 t t
16() L 0,1)m) S/O /0 |(I(7)) = a(I(7))] - |S(7, X (7,1, €))| exp (-/ 51G(X(8;t75)78)d8> drd¢

t 1
< Lip(a) / 1(r) ~ T(r)| / S(r, )|y dr

_ Lip(a / 1(7) = () 15(7) oy A7

< Lip(e)[ 8ol (0.2 / 1(r) = T(7)] dr .
Hence, using (3.17), we conclude that, for all ¢ > 0,
15() = SO s o < 150 = EOllgagonm + 120 = SOl oy
< 1150 = Sulls oy + TP Suli sy [ 117~ T ar.

proving (3.15).
Moreover, using («) and (F), from (3.19) we deduce that

5(4.6)) g/o 0 (I(r) — a ()] - [3 (r. X (:£,6))] exp <—/ PG (X(5:1,6), 5) ds) dr
< Lip(oz)/0 ’I(T) —7(7’)} . }?(T,X(T;t,f))‘ exp (—/T NG (X(s;t,8),9) ds> dr,
so that, by Holder inequality,
16(t,6)|? < (Lip(a / \I(T (T)* - [S(r, X (1:t,))[* exp (—/ 281G(X(s;t,§),s)ds> dr.

Integrating over & € [0,1] and using the change of variable y = X (7;t,£) and (3.4), we obtain that,
for all t > 0,

||5(t)|\i2((0’1);) (Lip(c / |I(r 7)|2/1 1S(r,y)[2e" 7 dy dr
< (Lip(« /|I (7)1 ||S(7) Hi%[o,l];R)dT
< (Lip(0)2 1 [Sol o, / 1(r) = T(r) e dr
< (Lip(@)* t]|Sol g2 0.1y HI—IHL%(OM)'
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Therefore, for all t > 0, using (3.18), we conclude that
|S@t) - S t)HLz((OJ);R) < 1S(1) = 2O ll2o,1)m) + [|2() = S(t) HL2 (0,1);R)

<ef? H50_§0HL2((0 R) + (Lip(a)) V1 t]|S, HL2 (0,1); et7/2 17— THL?((UJ);R) ’
proving (3.16). -

Remark 3.1. Note that the estimates (3.15) and (3.16) in the statement of Theorem 3.3 are symmetric
with respect to the initial data S, or S,. Hence (3.15) can be replace by

[S() ~ < [0 = Soll L 0.1)m)

+ Lip (a )mln{HS et 0.0y + [[Sol g1 0,1 }HI L onm
while (3.16) can be replaced by
) -3

SOl 0,1y

<25, -

200 m) = Sollr2((01)m)

+ e/ Lip(a )\[mm{”s e (0,1)m) }HI Tleeqo e

3.1.2 The Ordinary Differential Equation

In this part we recall classical results about the Cauchy problem

1
i) = =81+ a1(t) [ S(t.€)ac. 520
I(O) = I,
where 8 > 0 and I, € R.

Lemma 3.4. Assume (o). Let S € L®((0,00);L2((0,1);R)). Then, for all I, € R, the Cauchy
problem (3.20) admits a unique solution I € C°(R*;R). Moreover,

(i) if I, > 0, then I(t) > 0 for all t > 0;
(ii) for allt >0,
[1(1)] < [o|e", (3.21)
where Ky := B+ Lip(a) |5l ((0.4)1L1((0,1)R))-

Proof. The proof of the well-posedness as well as Item (i) are standard, hence we omit them. Let us
precise here the importance of the fact that «(0) = 0. Inequality (3.21) comes from an application of
Gronwall Lemma since for all ¢ > 0,

t
10 < 1ol + (84 Lin(@) 1Sl oaymiconm) |, H)ldr.
O

We continue with a stability result for the Cauchy problem (3.20). For simplicity, we call “solution
o (3.20) with data (S, I,)” a solution to (3.20) with initial datum I, and given function S.

Lemma 3.5. Assume (a). Fiz S,S € L>((0,00); L%((0,1);R)) and the initial conditions I,,1, € R.
Denote by I, resp. I, the solution to the Cauchy problem (3.20) with data (S, 1,), resp. (S,1,). Then
for allt >0,

t T p—
[1(t) —1(t)] < eftt (‘Io — I,| + Lip(a) | I,| /0 e =Kn)7 |S(r) - S(T)HLl((O,l);R) d7> (3.22)
where Ky := 3 + Lip(a) [|S|| Lo ((0,6):L1((0,1)r)) and K, = B+ Lip(«a

HSHLOO ((0,£);L1((0,1);R))"
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Proof. We have

1)~ 7(0)| < |1, - 70| T 5/ 1(r) ~ T(r)| dr

/ST, &) d¢ —a(T /ST, €)de¢

Now we can add and subtract o(I fo (1,6)d¢ or (T fo (1,€)d€. In the first case we get

dr.

‘I(t) —T(t)‘ < ‘Io —70{ —1—5/0 ‘I(T) —7(7)‘ dT—l—/O la(I(7))] - HS(T) _g(T)HLl((O,l);R) dr

t B 1
n /0 la(I(7) — a(T(r))| /O [5(r,€)| de dr

<|L~T,|+ 5/0 [I(r) — T(r)| dr + Lip(a) |1,| /0 7 [15(7) = 51 oy 47
— t —
+ Lip(a) HSHLoo((o,t);Ll((o,n;R))/0 |1(r) = I(7)| d7,

where we used also (3.21) with K; = 8 + Lip(e) |S]lge (011 ((0,1)m))-  Setting also Ky = 3 +
Lip(« HSHLOO (0.0)L1((0.1)R))’ by Gronwall Lemma we get

_ 7 t _ -
(1)~ ()] < Ko (\L, _7,| + Lip(a) |L, /O R S(7) = S| o) dT) |

In the second case, analogous computations lead to

1(t) = T(t)| < &5t (yf —T,| + Lip(a) [T, \/ (K=K 7 |18(7) (r)HLl((O,l);R)dT)

Therefore we deduce (3.22). O

Remark 3.2. Clearly, in Theorem 3.5, the roles of S and S are symmetric. Therefore (3.22) can be
changed into

J— _ _ t - J—
I(t) —I(t)] < Xt <{L,—IO\ + Lip(«) \on/o =K g(r) — SLo1ym) dT) :

3.1.3 The Mixed System

This part contains the proofs of Theorem 2.3 and of Theorem 2.4.

Proof of Theorem 2.3. We divide the proof into various steps.
Step 1: Local in time existence. Choose T > 0 such that

(Lip(a))” <|Io| + ||SoHL1((0,1);R)> 10llL1 ((0,1);m) T2 KT <1, (3.23)

where the constant K is defined by

K =+ Lip(@) [[Soll1((0,1)r) -
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Consider the mappings

Ac| OO, TERY) — €0, ;L2 (0, 1): R*))

1 — S,
where S is the unique weak solution to (3.1) with data (S,, I) according to Theorem 3.2, and

T: | CO[0,T|;L*((0,1);RT)) — C°([0,T];RT)

S — 1,

where I is the unique solution to (3.20) with data (S, I,), according to Theorem 3.4. The positivity
of A(I) and Y(S) are ensured by Theorem 3.2 and Theorem 3.4 respectively.

Fix I,I € C%([0,T];R"). By (3.22), defining K7 = 8 + Lip(a) [[A(])|Ige0 (071 ((0,1)r)) 20d
Kr =+ Lip(a HA HLOO((O TYLL(0.1)R)) W have that, for every ¢ € [0,T],

dr

HLl 0,1):R
(O (3.24)

[(F o A(D) () = (T 0 AD) ()] < X7 Tip(a) |1 |77 [A(1)(r) = A7)
< e Lip(a) 1] [ A = A s o4

where we used the fact that K7 < K and K7 < K by (3.3). Using now (3.15) and (3.23), by (3.24)
we deduce that, for all ¢ € [0, T7,
t prT
(T o A(D)) (8) = (Yo AD)) ()] < e (Lip(a))® L] - HSoHLl((o,n;R)/O /0 |[1(0) = I(0)[ do d7

<(Lip(a))2‘10|’||SOHL1((O,1);R)T262KT ;7
= 92 H o HCO([O,T];R)

IN

9 HI o T”CO([O,T];R) )

Therefore

HTOA() ToA(l HCO(OT]]R HI IHCO[OT];]R)’

ensuring that T o A admits a unique fixed point I* € CO([O T];R). By construction and Theorem 3.2,
the couple (S*,I*), where S* := A(I*) € C°([0,T]; L%((0,1); R)), is a solution to (1.1) on [0,7] with
initial data (S,, I,), according to Theorem 2.1.

Step 2: A priori estimate. Let (S, 1) be a solution to (1.1) on the time interval [0, 7] for some
T > 0, according to Theorem 2.1.
Clearly, by Theorem 3.2, the bounds (2.10) for S hold for every t € [0, 7.

We now prove the bound (2.11) for ¢ € [0, T, related to I. Let (S((,n))n be a sequence of nonnegative
C! functions that converges to S, in L! ((0,1);R). For all n € N, call S, the distributional solution to

{atsn + 0e(9(& ua(t), ua(t))Sn) = —(f + a(1))Sn
Sn(0,€) = S5 (€),

which is also a classical solution since Sén) is smooth. Let ¢ € C2°((0,+0c0); RT). For all n € N and
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€ [0, T, we have

[ / 5,(1.9)d€ + 1(0)) di = / e [saoeas [T roma
/+OO/ n(t, &) dfdt+5/ I(t)dt — /0+00 gp(t)a(](t))/ol S(t,€)dedt
I

+oo prl
(5,00, <5,u1<t>,uz<t>>>w<t>dsdt+/ Su(t, ) F(€)p(t) dE dt

+0/+°o /1 S (. )alI(E))p dgdt—/ S (£)p(0) dé dt
+B/+OO —/ ot /Stgdgdt
:/m Su(t,6)f dfdt+/+oo/ S (£, )alI(8))o(#) dé dt

+6/+OO —/0 ot /Stgdgdt
- [ /0 Sult, ) I(H)p(t) de dt — /O ™ otalr) /0 S(t,€)de dt

Using Theorem 3.3, the bound (2.10), and passing to the limit as n — 400 in the previous estimates,

we deduce that
—+o0 1
[ Teo ([ seoawrm)azo
0 0

so that the distributional derivative of

L /1S(t,§) dé + I(t)
0

is a positive measure. Thus, for every ¢ € [0,7T], we obtain that

1
h < /0 S(t,€) A€+ 1(t) < 1Sollgs 0.z + Lo

proving (2.11) for ¢ € [0,T].
Step 3: Global in time existence. Introduce the time

T = sup{T >0 : (1.1) admits a solution on [0,¢] for all t € [0,7’[}.

Step 1 ensures that T is well-defined and 7™ > 0. Suppose, by contradiction, that T < 400 and
choose 0 < 7 < L= such that

2 (Lip(a))Q (‘Io‘ + ”SOHLl((O,l);R)) HSoHLl((o,l);R) et <1 (3.25)

Set T :=T*—7/2. Since T' < T*, system (1.1) admits a solution on [0, 7], say (S1,I1). By (2.10),
(2.11), and (3.25) we deduce that

(Lip(@))? (11 (1) + 151 (D)l gonye)) 151D s oy 7257
< (Lip(e))® <|I |+ 21SollL1(0,1); )HS lLioym) ™ e

< 2 (Lip())? (|f |+ [SollLr((0,1):R )HS L2 (0,1)m) T e
1.

N

IN
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Therefore, by Step 1, we can construct a solution (S2, I) to (1.1) on [T, T + 7] with initial condition
(S1(T), I(T)). Clearly the concatenation (S, I), patching together (S1, 1) and (S2,75), is a solution
o (1.1) on [0,T +7], with T+ 7 =T + 5 > T*, contradicting the choice of T*. Therefore, T = o0,
concluding the proof of the global in time existence.

Step 4: Uniqueness of solution. Assume, by contradiction, that there are two distinct solutions,

namely (5, 1) and (g’, ;), to (1.1) with the same initial condition (2.2). For every t > 0 and £ € (0, 1),
a similar reasoning as in [24, Theorem 3.2] implies that

S(1,6) = S,(X(0:1,)) exp (— [ UG (si8.6) +all (9) + 06X (5:8.6).9) ds) (3.26)
5(t,6) = Su(X(0:1,6)) exp (— / [f<X<s;t,f>> ol (5)) + BeC(X(s:1,6), s>] ds) (3.27)

() =1, /O "BI(r)dr + /0 aI(7) < /0 's(r.) d§> dr (3.28)
T =1,- /Ot BT(r)dr + /Ota(?(r)) </01 S(r,¢) d§> dr, (3.29)

where G is defined in (3.5).
Using (3.26), (3.27), the change of variable y = X (0;¢,€), (o), and (F), we deduce that, for every
t>0,

/ S.XOst.€) e - /t[f(X(s;t,g))+8§G(X(s;t,§)7s)]ds)

exp (- /Ota(l (s))ds) ~exp (- /Ota(? (s))ds)
< [ (- [ rwas)a [

< Lip(@) [|Solp1(o,1)r) |[L — 1

d§

X

~

a(l(s)) —a(l (s))‘ ds

(3.30)

L (0.0:8)

Using (3.28), (3.29), (a), (2.10), (2.11), and (3.30), we deduce that, for every ¢ > 0,

‘ ‘ /01 S(r.€)d — /01 S(r, ) de

~

a(I(7))

d7+/t (I(1)) dr

/ST§ dg‘

[ar+ | H
+ Lip(a )/t

dr

dr
Ll((071);R)

~

S(7) 1(r) = I(r)

L1((0,1);R)

t ~
)| dr + (Lip(@)? ISuls o | |I<T>|HI—I

t
L1((0,1);R) /0

< <B + (Lip(a))? [10llL1((0,1)5%) (Io + HSoHLl((o,l);JR)) t + Lip(«a)

t
X/
0

dr
L1((0,7);R)

L! ((0,1);R)>

+ Lip(«a) S I(t)—I(7)|dr

~

So

~

I(t)—I(r)|dT.
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Gronwall Lemma implies that I(t) = I(t) for every ¢ > 0. Finally (3.30) implies that S(t) = S(¢) in
L' ((0,1);R) for all ¢ > 0.

In the case S, € H!((0,1);R"), the required higher regularity of the solution follows by the
representation formula (2.9). This concludes the proof. O

Proof of Theorem 2.4. By Theorem 3.3, for all ¢ > 0 we have

IS(t) - HL1(01 <|[So - HLI (0,1)r) T LiP( ) [|So HL1 ((0,1);R) 11— IHLl (0,t)R) *

On the other hand, by Theorem 3.5, for all t > 0 we have

— — p— t —
10~ 70| < %0 (12 = 7 + ib(a) [T | €7 15() = Sl 1,7

where K; and K> are defined in (2.13). Hence, for all t > 0

—1(t)]
'y ekt I, - T,|

15 = S@)l11 0,118y + 11®)

< HSO B SOHLl((O,l);R)

— t J— —
+1p() (|5l oy + < 70 [ 27 (11860 = S s oy + 1167) =T ar
Set K¢ as in (2.14). An application of Gronwall Lemma yields

1S@) = SOl (0,1 + 1) = 1(0)]
<[[So— SOHLl((O,l);R) +eKlt Lo — Io|

! t
+zct/0 (150~ olls oy + 7 o~ T 7 (/ eKQS,CSdS> .
< |:HSO - gOHLl((O,l);R) + oKt ‘Io — 70” (1 + teKztICt exp( tefetic ))
concluding the proof. .

3.2 Decoupled optimization

Proof of Theorem 2.5. Observe first that, since (G) holds, for all u; € U; and ug € U, the
functional F, defined in (2.16), satisfies the estimate

E([[SollLr (0,1)m) + Lo + M) + Mo+~

’F(507[07u17u2)| S 6 b (331)
where v is defined in (G).
Consider Item (i). Fix us € Uy and consider a minimizing sequence of controls (ugn))n, taking
values in U1, such that
lim F(S(),IO,Ugn),UQ) = inf F(So, I, ui,uz). (3.32)

n——+00 w1 €U

(n)

The sequence (uy ')n is bounded in L>, therefore it admits a subsequence, which we do not relabel,
that converges in the weak* sense: there exists 1 € U; such that, for every 1 € L}(RT;R),

+o0

lim W™ (#)(t) dt = / +°° (D) (t) dt .
0

n—-+o0o 0
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For all n € N; call (Sp, I,,) the solution to (1.1) with controls (Ugn),UQ) and initial data (S,,I,). By
Remark 2.3, we have that

8.(4.6) = S, 06,00, ) exp (= [ [enls Xalsit.€) + rg( X it () wa(e)] s ) (3:33)

where ¢,(s,() = f(¢) + a(l,(s)) and X,, = X, (s;t,£) solves (2.9) with u; replaced by ug"). Hence,
by (G-1), for every s € R

Xp(s;t,6) =€ + /:g (Xn (m8,€) ,u{™ (7),u2(7')) ar

S

et [ [ o O+ [ (60w

For all (t,£) € (0,00) x [0, 1], the sequence s — X,,(s;t,£) is uniformly equicontinuous and bounded
on any compact subset of R since |01 X,,(s;t,€)| <, by (G). Then, Ascoli-Arzela Theorem implies

that, up to a subsequence, it converges to a function s — Wy ¢(s).

Using (G-1), the Lebesgue Theorem, and the weak* convergence of ugn), we deduce that, for all

s € RT,

Jim [ ()= [ (e ar
Jim [ (G (it ) wa(r)dr = [0 (Wrelr) ualr) dr (3.35)
t t

lim t g2 (Wee (1)) ugn) (r)dr = /ts g2 (Wee (7)) wr(7)dr.

n—-4o0o

Note that

max{t,s}
< [ (X (i) — g (W) [uf () dr

min{t,s}

/ts (92 (X (754,)) = g2 (Wy (7)) ui" (7) dr

max{t,s}
SMl/ o g2 (X (131,€)) — g2 (Wi e(7))|dT
min{t,s

< M, sup 192 (X (736,8)) — g2 (Wi e (7)) |t — 5]

and so s

Jim [ (2 (X (734,0) = g2 (Beg(r) ui () dr =0 (3.36)

Using (3.35) and (3.36) and passing to the limit as n — +oo in (3.34), we deduce that

S

Wyels) = €+ / g1 (Tae (7)) dr + /
_ey /tsg (Wpe (7)1 (7), ua(7)) dr

0 (Ve () m(r)dr + 05 (W (7)) ua(r) dr
¢ (3.37)

for every s € R*. Hence Uy ¢ solves the Cauchy problem (2.9) with the controls @1 and us.

The sequence t +— I,(t) is uniformly equicontinuous and bounded on any compact subset RT.
Indeed, the boundedness follows directly from (2.11), while by («), (2.10) and (2.11), for all ¢ € R™

jn(t)‘ < (5 + Lip(«) HSOHLl((O,l);R)) <||SOHL1((0,1);R) + Io) -

Combining Ascoli-Arzeld Theorem and a standard diagonal procedure, we can find T € C°(RT;R™)
and a subsequence of (I,), that converges uniformly to I on any compact subset of R™.
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Define S, for t € R* and ¢ € (0,1), as

S(t,€) = So(Wie(0))exp ( — [f(\Ilt,g(s)) +a(I(s)) + Oeg(Wye(s),ur(s), UQ(S))] ds |, (3.38)
0

that is, S is a solution to the partial differential equation (3.1) with data (S,, I) and controls (%, uz).
We claim that, for every ¢ > 0,

lim HS

lm (t)HL2 (01)®) =0 (3.39)

Fix t > 0, € > 0, and choose S, . € C* ((0,1); R™) such that ||.S, — SO,EHLQ((O 1)) < € Therefore

</01|so<wt,g<o)>— (X (0:1,6) !d£> (/ 15 (1e(0)) - 0€(¢t7§(0))|2dg>;

([ 1200 5o 00,0 ds)é

N|=

(/ 502X (050,6)) = 80(X, (0.

Using the change of variable y = W, ¢(0) and (G), we deduce that
1 1 B
/ [So(Wt,6(0)) = So,c(Pee(0))]” dé =/ 1S0(y) — Soc(y)|? elo Da¥os (o) m()ua(o)ds gy
0

e7t/ |So(y) — (y)*dy < ete.

Similarly, we obtain that

/ e (X (03£,€)) — So(Xn (051, €))7 dé < 712

and so

N

(/ 15, (0 £(0)) — SulXo <o;t,s>>|2ds)é <ac¥er ([ 10 (0 £(0)) — SoelXo 0. 6)P e

Moreover, Lebesgue Theorem implies that

1
lim / 102 (W6 (0)) — Soe (X (051, )] dé = 0.

n—-+o0o 0

Hence we conclude that

lim (/01 S0 (Wr.g(0)) = (X (0:2,) dé) : <2e%e.

n—-+4o0o

Since the previous inequality holds for every € > 0, we conclude that

1 3
. , 2 _
lim ( /0 18,(Wy.¢(0)) — So(Xn (051, 6))| dg) —0. (3.40)

n——+0o0o

By («), (F), (G-1), (2.11), the uniform convergence of X,, and of I,, implies that the sequence of
functions

v (= [ [10X0(s50:8) + (16D + 19X 558,00 087 5) ualo)] s
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converges in L? ((0,1); R) to the function

§ — exp (/0 [f (Wee(s)) + a (I(s) + 01g(Tre(s), ui(s), ua(s))] dS) :

Thus, using (3.40), we conclude that (3.39) holds, so that the claim is proved.
Since

I(t) = Io+/ot (—Bfn(T) +Oé(fn(7))/01 Sn(T,€) d€> dr,

passing to the limit we obtain that

i) =1,+ t (—mm +a(l) | S df) ar.

that is, I is a solution to (3.20) with data (S, I,).

Therefore, the couple (S, I) is the solution to (1.1) with controls (U1, ug) and initial data (S,, I,).
Finally, using (G-1), (3.32), and (2.16), we deduce that

inf F(So, I, u1,u2) = liminf F(S,, IO,Ug_n),'U/Q)
u1 €UL n——+o00

—+00
> liminf & / e (I, (t) + ul™ (1)) dt
0

n—-+o0o
“+oo

1
— lim e_et[ug(t)—i— /D g(ﬁ,ugn)(t),ug(t))df} dt

n—-+4o00o 0

+oo
— ok /0 (Tt + (1)) it

- /;Oo e 0 [m(t) + /Olg(f,ul(t),uQ(t))df} dat
= F(So, Lo, u1, ug)

ensuring that @; is a minimizer of uy +— F (S,, I, u1, uz) in U;.

The proof of Item (ii) in Theorem 2.5 is similar, thus omitted. O

3.3 Two-player game
3.3.1 Dynamic Programming Principle

Proof of Theorem 2.9. We only give the details for V since the proof for U is similar.
Fix T'> 0 and let us call V(S,, I,) the right hand side of (2.20), i.e.

~ T
V(Sm Io) = inf sup {/ e—6t€ (181,u2 (t)a S1 (U2)(t)7 u2 (t)) dt+V (5817U2 (T))a IS1,U2 (T)) e—GT} )
S1€T ug €U 0

where the couple (Ss, u,, s, u,) denotes the solution to (1.1) with initial datum (S,, I,) and controls
S1(u2) and us.

First we prove that V(S,, I,) < XN/(S?,IO).
Let € > 0 be fixed. Choose a strategy S; € I' such that

~

V(S,,I,) +¢> sup { /O oy (IéhuQ(t),Sl(uQ)(t),m(t))dt—l—e_eTV (Sél,ug(T),I&uz(T))},

ug EU2
(3.41)

where the couple (Sg ) denotes the solution to (1.1) with initial datum (S,, I,) and controls

1,u2’ 151,u2
S1(u2) and ug.
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Fix now ug € Uy arbitrarily. Using (3.41), we obtain that

~

T

V(S I) > / e (I, 1y (0,81 (w2) (1), u2(1)) dt + 7TV (S5, (1), Ig (1)) —c. (3.42)
0

Since, by Theorem 2.8,

1% (Sél?uQ(T),ISWZ(T)) — inf sup f(sgw (T),Igl’UQ(T),Sl(ﬂg),ﬂg),
S1€T uselds

then there exists S; € T such that
V <S31,u2 (T)7 Igl,UQ (T)) + € Z F (531,u2 (T)7 Iél,uQ (T)7 Sl (UQ( + T))7 UQ(' + T)) : (343)

Therefore, by (2.16), (3.42), and (3.43), we get

~

T
(S0 L) > /0 _ (ISU (t),S’l(uQ)(t),ug(t)) dt

+e T F (S5, (1), 1

S1,u2

(1), 81 (uz(- + 1)), uz(-+1)) = (1+7)

L
_ /O T o (Igm (1), S1 (u2) (1), uz(t)) dt — ¢ (1 + e‘)T) , (3.44)

where we use the non-anticipating strategy S; € I, defined as
31 : UQ — UQ

wy — Si(ug)(t) ::{ S(uz)(b), if ¢ € [0, 7], (3.45)

U2
S(ug(- +T))(t—T), ift>T.
Since ug is arbitrary, by (3.44) we deduce that

~

V (S, I,) > sup { /0 T ot (Igm (1), 51 (u2)(t),u2(t)> dt} s (1 + eGT)

ug €U

Z V(Soa Io) - 5(1 + e—()T)’

proving that YN/(SO,IO) >V (S,, I,) by the arbitrariness of & > 0.

We now prove that V(S,,I,) > 17(59,[0).
Let € > 0 be fixed. Choose a strategy S; € I' such that

400 .

V(S 1,) > sup / o0t (IM (t),Sl(UQ)(t),UQ(t)) dt — e, (3.46)
ug€U J 0O

and then a control 1y € Uy such that

T
V(Soa Io) < /0 e—Gtg (Iél Sl (t)a 31 (a2)(t)’ 7:62 (t)> di + e_GTV (‘5131,122 (T)’ Isl,ﬁz (T)> + &, (347)

Lip> 18, 4,) denotes the solution to (1.1) with initial datum (S,, I,) and controls

Sl(uz), iio. Define the map C : Us — Us such that, for all us € Us,

where the couple (S¢

cttg = { 0 HUET o5

and define the non-anticipating strategy S; € I' by

S1(u2)(t) = S1(C(ug))(t +T), (3.49)
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where us € Us and t > 0. Moreover, fix a control s € Us such that
+o0o 0 ~ o
V (S50 1) < [ e (70,810, 00(0)) -+ (3.50)
0

where (&?) is the solution to (1.1) with initial datum (‘931 ar (1) 1g, 4, (T)) and controls Sy (z)

and 9. By construction, we easily deduce that

/0+oo y <; (0,5 (1) 8), o (t)> Y /T+oo —0(t-T) (13170(@)(15), S1(C(a2))(t), C(ag)(t)) dt.

(3.51)
Therefore, using (3.46), (3.47), (3.48), (3.49), (3.50), and (3.51) we deduce that

~

V(S,, I,) < /T o0ty (Igm2 (t), 81 (ti2)(t), aQ(t)) At + e~ Ty (Sél,az 1), I (T)) ..
OT
= /0 et (Isl,f@ (t), S1(ii2) (t), ag(t)> dt
+e 0T /0+°° o0ty <}(7f),51 (2)(t), 112(t)> dt + ¢ (1 i e_eT)

ug EUs

<V(So, 1) + ¢ (2 + e_0T> .
Take the limit as ¢ — 07 to the obtain the second inequality, which concludes the proof. O

3.3.2 Hamilton-Jacobi equations

First we deduce the regularity of the Hamiltonian functions.

Lemma 3.6. Set E := H'((0,1);R) x R x L2((0,1); R) x R. Assume (a)-(F)-(G). Let H and H be
defined by (2.23) and (2.24). Then H,H € C°(E;R).

Proof. Tt suffices to check that for all u; € [0, M7] and uz € [0, M|, the pre-Hamiltonian H, defined
by (2.22), is continuous with respect to its first two variables. To show it, we prove that H is Lipschitz
continuous on bounded subsets of E. Let € be a bounded subset of E and let ¢ € R such that

V(S I,p,q) € @, max{|[S|lg, 1], Iplle2, [al} < e
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Let uy € [0, M1] and ug € [0, My]. For all (Y1,P1),(Y2,P3) € Q, we have

|7‘[(Y2, PQ,ul,UQ) — H(Yl,Pl, ul,u2)|
<[(0e(952) + (f + a(l2))S2, p2 — p1)r2| + [(9: (952 — 951) + f(S2 — S1), p1)rz2|
+ [{aI2)(S2 — S1), pr)re| + {(all2) — a(11)) 51, p1)re |

1
+ 8| — I - || + Bl - g2 — q1| + 04(12)(12/0 (S2(8) — Sl(f))df‘

1 1
T a(l)lg: - a1l ] | sie ds\ +la(i) —a()- | [ s dﬁ‘ T, uz) — (T, )|

<7+ sup \9(§,U1,U2)!+1+Supa( )) S|zt [[p2 — p1llre
£€[0,1] I<

+ (7 + sup |g(&, ur,u2)| + 1) 152 = Sl lIp1llz + sup a(I)|[S2 — Stz ([p1 L2
¢e€0,1] I<c

+ Lip(a)|lz = L] - [S1l[ezllprllee + B2 = Ll - g1 + B4 - lg2 — | + S;;Ic)a(f)\qzl “[152 = Silre
+ il;lza(f)\qz — |- [Sillez + Lip(e) Iz — | - 1| - [[S1llee + k12 — L
<Cmax{|[S2 — Silla1, [l2 — Iu], Ip2 — pallre; @2 — aul},
concluding the proof. O

We now tackle the proof of Theorem 2.11, which is a direct adaptation of [4, Theorem 1.10, Chapter
VIII] to our infinite dimensional setting. The following two results are of use below.

Lemma 3.7. Assume (a)-(F)-(G). Let uy € Uy, us € Us and Y, = (So,1,) € H((0,1);R) x R.
Denote by Y = (S, 1) be the solution of (1.1) with initial datum Y, and controls uy, uy. Then, for all
¢ € CLL2((0,1);R) x R;R) and for all t > 0,

SOV (1) =~ (V10(Y (1), 0e(9(1)) + (F(6) + alT())S D)y
+ V20000 (~910) +alr) [ S(:)dc).

where we denoted by V1@ and Vo the gradient w.r.t. the first variable of ¢ and, respectively, w.r.t. the
second variable of ¢.

The proof is standard and so we omit it.

Lemma 3.8. [/, Lemma 1.11, Chapter VIII]. Let H be defined by (2.23). Let Y, € H((0,1);R) xR
and ¢ € CY(L2((0,1);R) x R) be such that

V= 06(Y,) + H(Yo, Vé(Yo)) > 0.
Then, there exists S§ € I' and T > 0 such that for all ug € Uz and for all t € (0,7),

vt

/ (1(5), 87 (uz), wp)e~" ds + 6(Y ()™ — 6(Y.) <~

where Y = (S, 1) is the solution of (1.1) with the initial datum Y, and controls (S} (u2),u2)).

The proof is exactly the same of that of [4, Lemma 1.11, Chapter VIII] even if the domain here is
infinite dimensional.
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Proof of Theorem 2.11. We only prove the first item of Theorem 2.11, the second one being com-
pletely similar.

Regularity. V € CO(H'((0,1);R) x R;R). It suffices to prove that for all S; € ' and for all
uy € Up, F defined by (2.16) is continuous with respect to its first two arguments. Fix (S,,1,) €
L2((0,1);R) x RT and consider a sequence (S?,I") converging to (S,,I,) in L2((0,1); R) x Rt. We
claim that

lim F(SI, I, S1(u2),us) = F(So, I, S1(uz), us).

n—-+o00

Denote by (S™, I™), resp. (S,I), the solution to (1.1) with initial datum (S?, I"), resp. (S,,I,), and
controls Sy (ug),ue. By (2.17), it is sufficient to prove that
+oo +oo .
lim e (1) dt = / e=OT(1) dt (3.52)
0

n—-+o0o 0

First note that Theorem 2.4 implies that the sequence I™ converges pointwise to I.
Fix now an arbitrary subsequence I™". By Theorem 2.3 we deduce that there exists n € N such
that, for every n > n and t > 0,

0<I"(t) < 155 luro,nym) + Lo < 1195 2 (0,)m) + 1o < H§0HL2((0,1);R) + 1+ 1.

Therefore we deduce the existence of an additional subsequence, say I""+, and a function I such that
I™ converges to I in the weak* topology of L>((0,+00);R). Let ¢ € L!((0,+00);R); then

+o00 ~ “+o00 —+o0 i
/ o(OT(t)dt = Tim (D)™ (1) dt = / o(OT() dt
0 0

k—+oco 0

where the last equality is due to the Lebesgue Dominated Convergence Theorem. This implies, by

the arbitrariness of ¢, that I(t) = I(t) for a.e. t > 0. The Uryshon subsequence principle permits to
deduce that the whole sequence I™(t) weakly* converges to I(t) in L>((0,+00);R). Therefore (3.52)
holds, concluding the proof of the continuity of V.

Sub-solution. Let ¢ € CY(L2((0,1);R) x R;R) and Y, € H'((0,1);R) x R a local maximum
point of V' — ¢. Without loss of generality, we can assume that V(Y,) — #(Y,) = 0. We want to show
that

OV (Y,) + H(Y,, Vo(Y,)) <O0.

Suppose instead that v := 0V (Y,) + H(Y,, Vo(Y,)) > 0. Use Theorem 3.8 to find S§ € I" and 7 > 0
such that for all controls ug € Uy and for all t € (0,7),

vt

/0 U1 (s), 87 (uz), uz)e " ds + @Y (1) ™" — 6(Y,) < -, (3.53)

where Y = (.59, I) is the solution of (1.1) with initial datum Y, and controls (Sj(u2), u2).
Notice that since Y, is a local maximum of V' — ¢, for all ¢ €]0, 7[, we have

V(Y (1) = o(Y(t) <0 = V(Y(t)e ™ < o(Y(1))e ™,

which inserted in (3.53) leads to
/ 0(1(s), Sy (u2),us)e 05 s + V(Y(t))e_et - V(Y,) < ——.

This contradicts (2.20), therefore, V' is a viscosity sub-solution.
Super-solution. Let ¢ € C(L2((0,1);R) x R;R) and Y, = (S,, I,) € H}((0,1);R) x R a local
minimum point of V' — ¢. Without loss of generality, we can assume that V(Y,) — ¢(Y,) = 0. We

want to show that
OV (Y,) + H(Yo, Vo(Y,)) 2 0.
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Suppose instead that 0V (Y,) + H(Y,, Vo(Y,)) =: —v < 0. Consequently, there exists u3 € [0, Mo]
such that for all uq € [0, My],

06(Y ) + {0e(g( 01, u3)S0) + (F(€) + aI)Ss, Vi6(Y o)y
(91— atte) [ 82) Va6(¥0) ~ 1 0.05) < v
For all strategies S; € I, for all t > 0 small enough, we have
08X (1)) + (09, 51 (1), u)S(6) + (F(€) + alI(0)S(0), Vi6(Y (1))
(31— atr0) [ 50) Vao0¥(0) - 10, 51(05).0) < -

where Y = (5,1I) is the solution to (1.1) with initial datum Y, and controls (S7(u2),u2). In view
of Theorem 3.7, the previous inequality can be re-written, for all ¢ > 0 small enough, as

0o(Y (1)) - %@b(Y(t)) — LI (t), S1(uz), up) < —v.

—0t

Multiply by e™* and integrate:

SO (1))e="" — / (1(s), S1(u3), )" ds > V(1 — ), (3.54)

Notice that since Y, is a local minimum of V — ¢, we have for all £ > 0 small enough,
V(Y () = (Y (1) 20 = V(Y()e " = ¢(Y(1)e™".

We insert it in (3.54) to obtain, for all £ > 0 small enough,

e 4 / U(I(s),S1(u3), us)e ™ ds > V(Y,) + g(l —e ) > V(Y,),
which contradicts (2.20). This shows that V is a viscosity super-solution. O
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