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Abstract

This article examines group ring codes over finite fields and finite groups. We also present
a section on two-dimensional cyclic codes in the quotient ring F,[x, y]/(z! —1,y™ —1). These
two-dimensional cyclic codes can be analyzed using the group ring F,(C; x Cy,), where C)
and C, represent cyclic groups of orders [ and m, respectively. The aim is to show that
studying group ring codes provides a more compact approach compared to the quotient
ring method. We further extend this group ring framework to study codes over other group
structures, such as the dihedral group, direct products of cyclic and dihedral groups, direct
products of two cyclic groups, and semidirect products of two groups. Additionally, we
explore necessary and sufficient conditions for such group ring codes to be self-orthogonal
under Euclidean, Hermitian, and symplectic inner products and propose a construction for
quantum codes.

Keywords: Group rings, two-dimensional cyclic codes, quantum error-correcting codes (QECCs).
Mathematics Subject Classifications(2010): 94B05, 94B15, 94B60.

1 Introduction

Group ring codes were first introduced by Berman [3, 4], with the initial focus on abelian and semisimple
abelian codes. Significant advancements in this area were made in subsequent works [13, 15, 18, 19].
Hurley [14] discovered an isomorphism between a group ring and a matrix ring, which simplified the
encoding of group ring codes. This paper primarily utilizes this matrix representation of group codes
in our study. More recently, group ring codes following this matrix approach have been explored by
Dougherty et al. [10, 9, 11]. In [5], it was shown that group codes over fields are asymptotically good in
any characteristic. Additionally, the family of group codes has been used to construct new linear codes
through group ring codes [16].

Quantum error-correcting codes (QECCs) are vital for preserving quantum information from the
detrimental effects of decoherence and quantum noise, making them crucial in both quantum computing
and quantum communication. While quantum computers hold the potential to solve certain problems
much faster than their classical counterparts, they are highly susceptible to errors caused by environmen-
tal interactions. Addressing these errors is a major challenge, and QECCs have become a key strategy for
protecting quantum information in both computational and communications contexts. The concept of
QECCs was initially introduced in foundational works such as [8, 20, 21]. The Calderbank-Shor-Steane
(CSS) framework [7] has provided a cornerstone for much of the subsequent research in the field. Tech-
niques for constructing non-binary quantum codes have been further investigated in works like [1, 2, 17].

The primary motivations for studying linear codes using group rings and constructing quantum codes
stem from two key factors. First, group rings provide multiple ways to generate a generator matrix for
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a linear code of fixed length. For example, to construct a code of length 12 over F,, we can utilize
the group ring F,G, where G is a group of order 12. There are five distinct small groups of order 12:
C12, Dg, Cy x Cg, Ayg, C3 x Cy; here, C), denotes the cyclic group of order n, D, is the dihedral group of
order 2n, Ay is the alternating group of order 12, x represents the direct product, and x represents the
semidirect product. For a fixed code length of 12, we can generate different types of generator matrices
based on these five group structures. By exploring these diverse structures, we gain flexibility in designing
codes and may discover better code parameters. Studying codes via group rings thus offers more options
for generating linear codes and can lead to the construction of codes with improved performance.

Second, group rings simplify the analysis of these codes compared to quotient rings. For instance,
in the study of one-dimensional cyclic codes, we often use the quotient polynomial ring F,[z]/(z'% — 1),
which corresponds to the group ring F,C}2. Similarly, for two-dimensional cyclic codes, we work within
the quotient polynomial ring F [z, y]/(z? — 1,4° — 1, zy — yx), which can be compactly represented using
the group ring F,(Cs x C). Similarly, codes in the polynomial ring F,[x,y]/(z® — 1,4% — 1,yz — 2~ 1y)
can be compactly studied using the group ring F;Dg. This group ring framework can also be extended
to study codes based on other group structures, such as direct products of cyclic and dihedral groups,
or semidirect products of two groups.

This paper is organized as follows. Section 2 covers the basics of group ring codes. In Section 3, we
examine two-dimensional cyclic codes in the quotient ring F, [z, y]/(z!—1,y™ —1), establish conditions for
such codes to be self-orthogonal, which present a framework for constructing quantum codes from them.
This approach highlights a comparative perspective, relating these codes to group ring codes viewed as
a direct product of two finite groups. We further demonstrate that this framework can be compactly
represented using the group ring Fy(C; x Cy,,), where C; and C,, represent cyclic groups of orders [ and
m, respectively, as shown in the next section. In Section 4, we present the formulation of group ring
codes derived from the group rings F,G for various groups G, including D,,, C; x D,,, and C; x Cp,.
Section 5 provides necessary and sufficient conditions for these codes to be self-orthogonal under the
Fuclidean, Hermitian, and Symplectic inner products. We also construct quantum codes based on these
findings. Section 6 concludes our study.

2 Preliminaries

Let G be a group and R a ring. We denote by RG the set of all formal linear combinations of the form

a= Zagg,

geG

where oy € R and oy = 0 for all but finitely many g € G, that is only a finite number of the coefficients
a4 are nonzero. Since our focus is primarily on codes of finite length, we restrict our attention to finite
groups.

Given two elements a = 3 ;s agg and b =3 - B9 € RG, we have a = b if and only if ag = 4
for all ¢ € G. To define an algebra structure on the set RG, we first show that RG forms a ring and
then introduce a scalar multiplication.

We define the sum of two elements in RG as:

Z Qagg + Z Beg = Z(ag + Bg)g-

geG geG geG

Additionally, for two elements a = deG aggand b=}, - Brh in RG, their product is defined as:

ab = Z agBrgh = Z Vg9, where g, = Z agBh-
g,heCG g'eG gh=g’

It is straightforward to verify that with these operations, RG is a ring with a unity element, specif-
ically 1 =7 geG Ugg, where the coefficient corresponding to the identity element of G is 1, and uy = 0
for all other g € G. Suppose R is a ring with m elements and G is a group with n elements. Then RG
is a finite group ring with |R|/¢l = m” elements.

We can further define scalar multiplication for A € R and a € RG as:



MY agg | =3 (ay)g

geG geG

Once again, it is easy to verify that RG is an R-module. In fact, if R is a field, then RG is a (group)
algebra over R. Let F, be a finite field with ¢ elements, where ¢ is a power of a prime. A cyclic code
of length n over F, can be described as an ideal in the quotient ring Fy[z]/(z™ — 1). Alternatively, this
code can be understood as an ideal in the group ring IF,G, where G is a cyclic group of order n. From
this point onward, we assume R is the finite field IF;, where ¢ is a prime power and G is a finite group
of order n. We express any element a € F,G in a compact way as a = Y, agg. The support of a is
defined as the set

geG
supp(a) = {g € G | oy # 0}.

The Hamming distance between two elements a = deG agg and b = deg Bgg in F,G is given by
d(a,b) = g € G | ay # By}

The weight of an element a, denoted w(a), is the Hamming distance between a and the zero element:
w(a) = d(a,0) = [supp(a)| = {g € G | ag # 0}].

Explicitly, we write the elements of the finite group G as {g1,g2,...,9»} in some order, and take
a=o0101 + @92+ -+ angn € FyG, where o; € Fy for i =1,2,...,n. Then the matrix o(a) € M, (F,)
is defined [14] as follows

o — o — o — o _—
91 191 91 192 91 193 91 lgn

o —1 o — Q. —1 o —
9o 91 9o 192 9o 93 9o lgn

o(a) = : . : .
Qgitar Yonter Ygnles Ygrlgn

Theorem 2.1. [10, 14] The map o : F,G — M,,(F,) is an injective ring homomorphism.

We define a linear code C(a) whose generator matrix is o(a). We note that C(a) is a linear code of
length n over F, with dimension n — rank(o(a)).

It appears that for each element of F,G, there is a corresponding matrix as described above, and
from each matrix, a code is derived. However, this is not the scenario we are dealing with here. We
observe that each row of the matrix o represents the coefficients of an element of F,G, and no two rows
are identical. If we choose any row of the matrix as the first row, corresponding to an element of F,G, we
will end up with the same code. This is because the code is generated only by the linearly independent
rows of the matrix. Intuitively, this suggests that multiple elements can generate the same code. Our
goal now is to identify which elements produce the same code. To do this, we look at the following facts.
Iy []
(xzn—1)"
ap + a1 + asx® + -+ + ap_12" Y, with a; € Fy for i = 0,1,...,n — 1. Now, if we examine an element
of F,C,,, where C), is a cyclic group of order n, any such element can be written as aggo + 191 + -+ +
Qp—19n—1, where {go = 1,91,...,9gn—1} are the elements of C,, with gy being the identity element, and

a; € Fy. Tt is easy to observe that

We consider the quotient polynomial ring where any polynomial in this ring takes the form

We also know that an ideal in ggi[f]l)
principally generated by an element of the quotient ring. This intuitive connection suggests that the
structure of codes in F,C,, relates to the ideal structure of F,C,.

From this discussion, we can relate the code C(a) to the ideal generated by a € F,G. Thus, we arrive

at the following result.

corresponds to a cyclic code of length n over [y, which is

Theorem 2.2. [10] Let a € F,G and C(a) be the corresponding code over F,. Suppose I(a) is the set
of elements of F,G such that > a,g; € I(a) if and only if (a1, 2,...,a,) € C(a). Then I(a) is a left
ideal in F,G.



A group code or, more precisely, a G-code over F, is an ideal of the group algebra F,G.

Any element a = a191 + 2292+ - - + angn € FyG, where G is a finite group of order n with elements
{91,92,--.,9n} in a fixed order, can be represented as the n-tuple (ay, s, ...,a,) € Fy. The Euclidean
inner product of two elements a = Y1 | a;g; € F,G and b= >"""_ | Big; € F,G is defined as

(a,b)e = Z a;f3;.
i=1

Two elements a and b are orthogonal if (a,b). = 0. The dual code C;- is defined as
Cr={acF,G|{a,b).=0forallbe C}.

If C C C*te, then C is Euclidean self-orthogonal, and Euclidean dual-containing if cte CC.

Now, for n = 2m, the symplectic inner product of two elements a = Zf;”l a;g; € F,G and b =
212:1 Bigi € FyG is defined as

(a,b)s = (1Bmt1 + - + amPom) — (ms1B1 + -+ + Q2mfBm)-

This inner product can also be written as

0, I,
{a,b)s = (a1, 0, ..., 02m)B1, B2, .., Bam)t, where Q = (—I 0 ) ,

with I,, denoting the n x n identity matrix and O,, the n X n zero matrix.

The symplectic weight wts(a) is defined as the number of indices ¢ for which (a;, am+i) # (0,0), i.e.,

wtg(a) = {7 | (as, amyi) # (0,0)}.

The symplectic distance ds(C) of a linear code C' is the minimum nonzero symplectic weight of any
codeword in C.
The dual code of C' with respect to the symplectic inner product is given by

Ct ={a €F2™ | (a,b)s =0 forall b€ C}.

If C C Ct, then C is symplectic self-orthogonal, and symplectic dual-containing if C++ C C.

3 Two-dimensional cyclic codes

In this section, we study two-dimensional cyclic codes using approaches similar to standard one-dimensional
ones.

Definition 3.1. Suppose C is a linear code of length lm over Fy. Consider a codeword ¢ = (co,0,¢o,1,- - -,

COU—15C1,05-+»Clim1s--+>Cm—1,05---+Cm—1,i—1) € C. We can express this codeword as
€0,0 €o,1 Co,1—1
C1,0 C1,1 C1,1—1
C =
Cm—1,0 Cm-1,1 Cm—1,1—1

If C is closed under row shift and column shift of codewords, then C' is a two-dimensional cyclic code of
length lm that s,

Co,l—1 Co,1 T Co,1—2 Cm—1,0 Cm-1,1 *°° Cm—1,-1
C1,01—-1 C1,1 T C1,0-2 €0,0 Co,1 te Co,1—1
. . . e C, and . . . . eC.
Cm—1,0—1 Cm-—-1,1 " Cm—1,1—-2 Cm—2,0 Cm—-21 Cm—2,1—1



We consider a bivariate polynomial ring F,[z, y]; any element of this ring is of the form

ni no

= E E rijx'a’; i € Fg,ni,ne € N.

i=0 j=0

Let Z be the set of integers, and Z3 = {(4,7) : i,j > 0,i,j € Z}. We consider a lexicographic order
on Z2 as (i,§) = (k,1) if and only if > k or both i = k and j > I. If (4,5) = (k,1) and (¢,7) # (k,1),
then ( j) = (k,1). We note that (Z2,>) is a totally ordered set.

A nonzero polynomial f(z,y) in Fo[z, y] is said to have a degree (I1,13) if there exists a nonzero term
;. ;2 y!2 such that (I,l2) = (m1, mz) for any other nonzero term s; ;2™ y™? within f(z,y). In such a
case, r; ; is the leading coefficient of f(x,y).

We define two relations over F,[z,y| as follows; for any two polynomial f(z,y),g(z,y) € Fqlz,yl,
F(z,y) = g(w,y) ifand only if deg(f(z, y)) = deg(g(z,y)), and f(z,y) > g(z, ) if and only if deg(f (z, 1))
deg(g(z,y)), where we take (Z2,>) as a partial ordered set with (4,7) > (k,1) if and only if ¢ > k and
Jj=l

We denote R = F[z,y]/(z! — 1,y™ — 1) and R = F,[z]/(z' — 1). We have that R = R[y]/(y™
1). In polynomial representation, we can write the corresponding polynomial of the codeword c as
c(z,y) = colx,y) +ycr(x,y) +y%ca(x,y) +- - +y" Lemoi(z,y) € R, where ¢;(z,y) = cio(x) +xei1(x) +
22¢;2(x) + -+ 27 1e; _1(x) € R. With this correspondence, it can be shown that there is a one-to-one
correspondence between a two-dimensional cyclic code of length Im over F; and ideals of Si. This type
of generator is not general; it is specifically considered when a two-dimensional cyclic code is principally
generated.

Y

Theorem 3.2. Let C be a two-dimensional cyclic code of length Im over F,. Suppose g(x,y) is the
monic bivariate polynomial with a minimal degree in R with respect to >. The following holds

1. C is an ideal of R, and C = (g(z,y));

2. g(x,y) | (@' = 1)(y™ = 1); and
3. the dimension of C is k = (I —a)(m —b) with S as a basis, where

S={g,z9,...,2"" g,yg. xyg,...,a" " lyg, ... .y Vg ay" " g, eyt g

and deg(g(z,y)) = (a,b).

Proposition 3.3. The dual of a 2D-cyclic code of length lm over Fy is also a 2D-cyclic code of length
Im over Fy.

Proposition 3.4. If f(z,y) € Fy[z,y], its reciprocal polynomial is defined as f*(x,y), where

Zquxy, and f*(z,y) szm hi—igla=j

=0 j=0 =0 j=0

Then, fO’I" f1(:177y),f2(9c,y) € Fq[l',y], (f1(x,y)f2(x7y))* = fl*(xvy)f;(‘r7y)
Proof. We note that for any f(z,y) € F,[x,y], f*(x,y) = zy'2f; j(z=1,y~1). Suppose

ZZf”xy] and, fa(z,y) = ZZ

1=0 j=0 =0 j=0
Then
fi(ey) =a fi(@ty™h) and, f3(z,y) = 2%y fala™ty ).
We also note that fi(x,y)f2(x,y) is a bivariate polynomial of z degree ac and y degree bd. Then

(fi(@,y) fo(z, )" = (frfo(z,y))"
_ a+c b+df1f2(x717y71)
_ l,aJrcberdfl (xfl,yfl)f2 (1:717y71)



Remark 3.5. We emphasize the fact that Proposition 3.4 holds true for any two polynomials over

F,[x,y]. However, the same proposition does not hold over for any two polynomials over R = F, [z, y]/(z! —

1,y™ —1). Proposition 3.4 remains valid for any two polynomials, denoted as fi(x,y) and f2(z,y), in R
if the z-degree of fi(x,y)fo(x,y) is less than [, that is, a + ¢ < I and the y-degree of fi(z,y)f2(z,y) is
less than m, that is, b + d < m. We illustrate this discussion with the following example.

We consider [ = 8, m = 6, f1(x,y) = 25y* + 2%9? + 2° and fo(z,y) = 25¢° + 25y* + y*. Then,

fl(x,y)fQ(fL',y) _ x11y9 +$11y8 +(£11y7 +£U11y6 +£C11y5 +1,11y4 +£L’5y8 +$5y6 +£L’5y4,

fi(z,y) f2(z,y) mod(x! —1,y™ — 1) = ay* + 25y% + 2° + 2395 + 23y + 239> + 23y + 23y + 23,
fi@y) =y +y* +1, fi(zy) =y +y+1,
fi(@ ) fs (w,y) = 2%° + 2% + 2 +y* +y + P+ Fy + L
(fi(z,y) folw,y))" = 2®y° + a?y" + 2°y° + 2%y + 2y + 2% +y° + % +y.
We have that f{(z,y)f5(z,y) # (f1(z,y) f2(2,9))"
On the other hand, if we consider the above polynomials over F,[z,y], we get the following
iy =y +y* +1, f3(xy) ="y +y+1,
fi(@y) f3(xy) = 2% + 2% + 2% +y° ' + P +y" +y 1,
P y) falz,y) = 292 + 20y + aMy7 + 2y 4 ayS 4 2yt 4 2ByS 4 25y + 2By,
(fi(z, ) fal, )" = 2% + 2% + 2% +9° + o' + o+ +y + 1.
)

Therefore, fi(x,y)f5(x,y) = (fi(z,y)f2(z,y))*. The above discussion is also applicable for any two
polynomials over Fy[z,y] and over Fy[z,y]/(z! — 1,y™ — 1).

Proposition 3.6. Given (' — 1)(y™ — 1) = g(x,y)h(x,y), we have h*(z,y) | (z' — 1)(y™ —1). We
define C* = (h*(z,y)), where deg(h*(x,y)) = (a/,b'). Then, dim(C*) = (I —a')(m —¥'), and C* C C*.

Proof. We observe that (2! —1)(y™ — 1) = g(x,y)h(x,y), then

y
bymh(at y gz y )

Therefore h*(z,y) | (z! — 1)(y™ — 1). O
Proposition 3.7. C* C C if and only if g(z,y)g* (x,y) | (x' — 1)(y™ — 1).

Proof. Let C* C C. As C* = (h*(z,y)) and C = (g(z,y)), we get h*(z,y) = g(z,y)k(z,y) for some
k(x,y) € R. From the definition of the reciprocal polynomial we note that deg(h(z,y)) = deg(h*(z,y)),
also deg(h*(x,y)) < (I,m). Therefore, by Proposition 3.4, we get h(z,y) = g*(z,y)k*(x,y). Then,

(' = 1) (y™ = 1) = gla, y)h(z,y) = g(x,y)g" (x, y)k* (2, y).

ThUS, g(xay)g*(xay) | (xl - 1)(ym - 1)
On the other hand, suppose r(z,y) € C* (h*(z,y)), then r(xz,y) = h*(x,y)s(z,y) for some

) =
s(z,y) € R As g(a,y)g" (2,y) | (28 — 1) (y™ — 1), we get (! — 1)(y™ — 1) = g(z,y)g*(z,y)t(z,y), for
some t(x,y) € R. Then by Proposition 3.4,

h(z,y) = g"(z,y)t(x,y) implying h*(z,y) = g(z,y)t"(z,y).

Therefore, r(x,y) = h*(x,y)s(z,y) = g(z,y)t*(x,y)s(z,y) € (9(z,y)), and we conclude that, C* C
C. O



Example 3.8. We take [ = 15,m = 12, and consider g(z,y) such that g(z,y) | (z1° —1)(y'? — 1), where

9(1'7:1/):$4y4+$492+x4+m3y4+$3y2+$3+y4+y2+1,

h(z,y) = 215 + 20 + 2My? 4 210 4 210y 4 2100 4 2102 4 10 4 5908 | 0906 | 4920
22 + 28y + 255 + 152 + 28 + 259® + 2590 + 2592 + 26 + 2%y® + oty + 2y + i+
Py + %y + a2yt 2 S S+ L
Then C = (g(x,y)) is a 2D-cyclic code with parameters [180, 88, 6], and C* = (h*(x,y)) is a 2D-cyclic
code with parameters [180, 16, 32], where
W (2, y) = oS 4+ 20+ 2 y? 4 a1 4 28y 4 aBy0 4 25y + oS
2T+ 2Ty0 + 2Ty + 27 + 25y + 250 + 25y + 28 + Py + 2B+
2 2P+ 22 4 220 + a2y + 2 oS 4 e oyt oS+t + g%+ 1
We also note that, g(z,y)g*(z,y) | (215 — 1)(y*2 — 1), where g*(z,y) = 2*y* + 2¢y? + 2* + 2y + 2y? +
z+y*+y?>+1,and
g9(@.v)g" (z,y) = 2%y" + 2%y + 2% +2Ty® + 2Tyt + a7 + 2%yt + a2ty
DBt at a4t PS4 Byt 2 e oyt oS+t 41,
Therefore, C* C C.
Proposition 3.9. C C C* if and only if (v — 1)(y™ — 1) | g(x,y)g* (z,y).
Proof. Let C C C*. As C* = (h*(z,y)) and C = (g(z,y)), we get g(x,y) = h*(z,y)k(z,y) for some
k(x,y) € R. As deg(g(z,y)) < (I,m), by Proposition 3.4, we get ¢*(z,y) = h(z,y)k*(x,y). Then,

9(z,y)g* (z,y) = g(x, y)h(z,y)k* (z,y) = (&' = 1) (y™ — Dk*(z,y),
and we have (2! — 1)(y™ — 1) | g(z,y)g* (x,y).

On the other hand, suppose c(z,y) € C = (g(z,y)), then c¢(z,y) = g(z,y)s(x, y) for some s(z,y) € R.

(z,
As (' =1)(y™—1) | g(z,y)g* (z,y)), we get g(x,y)g* (z,y) = (a' = 1)(y™ —1)t(x,y), for some t(z,y) € R,
and

9" (xz,y) = h(z,y)t(x,y) implying g(z,y) = h*(z,y)t"(z,y).
Therefore, c(z,y) = h*(z, y)t*(z,y)s(x,y) € (g(x,y)), implying c(z,y) € (h*(x,y)), and, C C C*. O

Proposition 3.10. C C C* if and only if («' — 1)(y™ — 1) | g(x,y)g* (x,y).

Proof. We observe that C C C* if and only if (2! — 1)(y™ — 1) | g(x,9)g*(z,y), and C* C C+. Thus
C C C+ if and only if (z! — 1)(y™ — 1) | g(x,y)g*(z, ). O

Remark 3.11. Propositions 3.7 and 3.9 are true only when dim(C') > 0 and dim(C*) > 0.

4 Group ring codes and their generator matrices

The generator matrix for a cyclic code can be represented in two ways. First, it can be presented in
standard form, where the rows are independent of each other. Alternatively, the same matrix can be
expressed in circulant form, which has more rows than the standard form, and the rows may not be
linearly independent. We primarily use the circulant form of the generator matrix when constructing
generator matrices for group rings. To do this, we define the following two matrix forms: the circulant
matrix and the reverse circulant matrix, as follows:

a1 as cee ap a1 as PN [e2%
. an ar -+ Qp-1 . az az ‘- a
Circ(ay,as,...,an) = | . . . ,  RevCirc(ay, as,...,a,) =
az az - ai ap ai -+ Q4p-1

We start with the group ring F,D,; this will help us implement the idea in the other case easily.



4.1 Group ring F,D,:

Consider the dihedral group D,, = (a,b | a® = b? = e,bab~' = a~!), which has order 2n. Since this is a
non-abelian group and ba = a~'b, the elements of the group can be expressed in two different forms:

1. D, ={e,a,a,...,a" 1, b,ba,ba?, ... ba" "'},

2. D, ={e,a,a?, ...,a" 1 bab,a?b,...,a" " 1b}.

Remark 4.1. It is important to note that the two listings of elements above differ only in the order of
their arrangement. For instance, in the first form, ba appears in the (n 4 2)-th position, while in the
second form, it is in the 2n-th position, where the element at that position is a® b = a~'b = ba. Thus,
the elements are simply presented in two distinct arrangements. This arrangement of elements is crucial
for identifying a generator matrix. O

Depending on how the elements are listed, the corresponding generator matrix will differ. We present
both forms as follows.

4.1.1 Form 1:

Suppose the elements of D,, are listed as {1,a,a?,...,a" "1 b, ba,ba?,...,ba" 1}. Then, any element of
the group ring F,D,, is of the form:

c=ap+ara+aa’ + -+ an 10"+ Bob+ firba+ -+ Br1ba" T,

where «;, 8; € Fy for i =0,1,...,n — 1.

If the coeflicients of ¢ form the first row of the generator matrix, the second row is given by the
coefficients of ac, which is:

ac = apa+ a1a® + -+ ap_0a™ + ap_1a™ + Boab + Braba + - - - + Br_1aba™ " .
Using the relation ba = a~'b, i.e., aba = b, this simplifies to:
ac = op_1 4+ apa+a1a® + -+ an_2a""t + b+ Baba + - - - + Bn_1ba™ "% + Byba" L.

Similarly, the third row consists of the coefficients of a?c, the (n + 1)-th row contains the coefficients
of be, and the (n+2)-th row has the coefficients of bac, and so on. After applying the relation ba = a~'b,
the generator matrix can be written as

%)) Qp Qg - Qp_1 Bo Br B2 - Baaa
Op_1 o ai -+ oan_a PB1 P2 Bz - Po
G, = [e51 Qg Qg - Qo Bn-1 Bo Pr1 -+ Pn-2
Bo B1 B2 0 Bur o a1 az o Qpg
Br B2 Bz -+ Bu ap1 @ a1 o Qpoa
Bn-1 Bo B1 -+ Pn—2 o1 az a3 -

In short we can write it as,

A B
gl:(B A)v

A = Circ (ag, Qp,- - ,an_l) and B = RevCirc (50,51, e ,ﬁn_l).

where

4.1.2 Form 2:

Suppose the elements of D,, are listed as {e,a,a?,...,a" 1, b, ab,a®b,...,a" 1b}. Then, any element of
the group ring FyD,, is of the form:

c=ap+ara+asa? + -+ an_1a" L+ Bob+ frab+ - -+ Br_1a™ " th.



Following the approach described above, we obtain a generator matrix of the form:

Qg aq as - ap—1 Bo B1 B2 -0 Bu-a
Qp—1 (&7)] aq MR € 77 ﬁn—l 60 61 ce Bn—Z
G, = | @ 1e%) ag - Qg B1 B2 Bs - fo
Bo  Bn-1 Bu—2 -+ B o) Op—1 Qp_g - a1 |’
B1 Bo B -0 PBo o ap  Qpoy O
Bn-1 Bn—2 Pn-—z -+  Bo Qu-1 Qp_2 Qp_3 - Qo

that is,
A D
g2 = <DT AT) )
where AT and DT represent the transpose of the matrices A and D, respectively. These matrices are

defined as:
A = Circ (a07a1, ey an,l) and D = Circ (50, Biy... 757;—1)-

Remark 4.2. The elements can also be listed in other ways. For example, from Form 1, we derive a new
listing, Form 3: {e,b,a,ba,a? ba?,...,a" 1, ba""1}. Similarly, another listing, Form 4 can be derived
from Form 2: {e,b,a,ab,a?, a®b,...,a" 1, a" 1b}. However, we focus primarily on Form 1 and Form
2, as the generator matrices based on these listings can be represented by two matrices of order n X n,
specifically A and B for Form 1, and A and D for Form 2. If we were to consider Forms 3 and 4, then
each matrix within the block circulant generator matrix would have order 2 x 2, with n such matrices,
which can sometimes make it more complex to express them explicitly within the generator matrix. [

Remark 4.3. The generalized quaternion group of order 4n shares a structural similarity with the
dihedral group D,, and is defined by the presentation:

Qan = (a,b | a® =1,a" =% b lab=a™"),
where n > 2, with the usual quaternion group Qg corresponding to the case n = 2. The elements of Q4
can be listed in either of the following two forms:
L. Q4n = {17 a, a2a R a2n—1, b; ab, a2b, ceey a2n—1b}7
2. Q4n = {17 a, a’27 RS a2n_1a b; ba/, bagg ey bCLQn_l}.

Using similar reasoning as in the case of D,,, the generator matrices for the group ring F,Q4, can be
determined. O

Now, we turn our attention to the group rings IF;G, where G is a direct product of two finite groups.
From the previous discussion, we have observed that element listing plays a crucial role in the construction
of the generator matrix. In the case of a direct product of two groups, there are many more ways to list
the elements. Before going into that, we highlight the following point:

Suppose the elements of G are of the form
{aibjer :i=1,2,...,1; j=1,2,....,m; k=1,2,...,n}.

We note that ¢ represents the inner loop, j represents the middle loop, and k represents the outer
loop. These can be thought of as three nested loops. From now on, we denote ¢ = 1,2,...,[; j =
1,2,...,m; k=1,2,...,n collectively as (¢, J, k).

Here, both the form a;bjc; and the order in which (7, j, k) are considered are important. Fixing the
form a;b;ck, we can vary (4,7, k) in six distinct ways:

(i’j7 k)’ (Z’ k?«j)’ (J’ Z" k)’ (J’ k7i)7 (k"ihj)? (k’-j’ Z)

We can observe that each permutation of the order yields a different element listing.



For example, consider an element listing of a direct product group G, denoted by
{aibjck i=1,2; 7=1,2,3; k= 1,2},

where we vary the loops in the six different orders: (i, 74, k), (¢, k,7), (4,4, k), (4, k,4), (k, i, 5), (k, 4,7). We
have for, example,

{aibjck i=1,2; 7=1,2,3; k= 1,2} (We denote this loop as (3, j, k))
- {{{aibjck Li=1,2}: j=1,23} k= 1,2}
- {{{albjck,@bjck} =123} k= 1,2}
= {{{alblck7a2blck}, {arbacy, asbacy}, {arbscr, azbscr}} 1 k = 1,2}
= {{015161761251617@117261,a2b261,011736176125361}, {alblcQ»a2b102»a1b2027a2b202,a1b302,a2b3c2}}
= {alblcl,agblcl,albgcl,agbgcl,albgcl,agbgcl,alblcg,agblcg,mbzcg,agbzcg,albgcg,agbgcQ}.
Similarly,
{aibjck :j=1,23,i=1,2; k= 1,2} (We denote this loop as (j,i,k))
= {a1b101,@1[)201,a1b301,a2b101,a2b201,a253C1,a15182,albzcz,alb:aCQ,a2b162,a25262,a25362},
and
{aibjck :j=1,23;, k=1,2; i = 1,2} (We denote this loop as (j,k,i))
= {alblcl,albgcl,albgcl,alblcg,aleCQ,a1b362,agblcl,agbgcl,agbgcl,agblcQ,angCg,agbgcg}.

We have shown only three forms above, there are three more forms. Our main objective is to explain
that by fixing the element form a;b;c;, and varying the order of (i, j, k), we obtain six different element

]‘IStlngS for (i7j’ k;)7 (Z? k7j)’ (j7i7 k)’ (]7 k’ Z)? (k7i7j)7 (k.7j’/i)'

Now, if we fix the order of the loops as (3, j, k) and vary the element form from a;b;ci, to aicib;, bja;cy,
bjcrai, craibj, cpbja;, we again get six different listings. For example,

1. {aickbj i=1,2; j=1,2,3; k= 1,2} (aibjck changed to a;cib; fixing (i, 7, k:))
= {6101517a101527a101537a1c2b17(1162527(1162537a261517(12015276120153,a202bl,a202bz,a202b3}
2. {bjepa; :i=1,2; j=1,2,3; k=1,2}  (a;bjci, changed to bjcxa; fixing (i, j, k))

= {b101a17b101a27b102a1,b102a2,5201a1,b201a2,b202a1,b2€2a27536166175361&27b302a17b302a2}-

Thus, we observe that by varying the element form a;b;c, and the ordering of the loops (i, 7, k), we
can obtain a total of 36 different listings. In some cases, if there are commutative relations between a;,
bj, and cg, so there may be some repetition among the 36 different listings.

4.2 Group ring F,(C; x C,,)
To build intuition before addressing the general case of arbitrary [ and m, we start by discussing specific
values, setting [ = 3 and m = 5. Consider the direct product C3 x Cs, where C3 = {1,z,2?} and
Cs = {1,y,y2,y3,y*} are cyclic groups of orders 3 and 5, respectively. To list the elements of C3 x Cj,
we consider the two types of multiplications discussed above:
Form 1. {{x"yﬂ' i=0,1,2},j =0, 1,2,3,4}
= {{y/ o/ 0%y}, = 0,1,2,3)

= {1,x,w2,y,wy,w2y,y2,xyz,x2y2,y3,Iy3,w2y3,y4,a:y4,x2y4},
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and
Form 2. {{ziyj £ j=0,1,2,3,4}, i =0,1,2}
= {{xi,xiy,xin,xiy3,xiy4},i =0, 1,2}
_ {1,y,y2, oyt zy, w2, 1wy, oyt 12, 22y, 122, a2y, x2y4}.

We again emphasize that the elements in the two listings are identical but appear in different index
orders. Our discussion primarily focuses on these two types of listings.

If we consider the Form 1, then any element of the group ring F,(Cs x Cs) is of the form

fi = o0 + aor + asz® + auy + aszy + asz’y + ary’

+ aszy? + agr®y? + aroy® + anay® + a1y + arzyt + anary® + agsaiyt

Multiplying g; f1 and considering the coefficients we get the i—th row of the generator matrix, where
g; belongs to the element listing of Form 1. So the first row of the generator matrix correspond to the
coefficients of g1 f = f, i.e. is

(Oél Q2 Q3 Qg4 @5 Qg Q7 Qg Qg @190 Q11 @&12 Q13 Q14 0415)-
Multiplying go = x with f; we get

gofi = a1x + a2x2 + a3x3 + oy + a5a:2y + a6x3y + 047333/2 + agx2y2

+ agz’y? + anory® + ana®y® + 0122%y® + arszyt + 01ax’yt + arsaiyt
Using the fact 3 = 1, and considering coefficients of g5 f1 = 2 f1 gives the second row:
(a3 ap Gy @ 4 Q5 Qg9 Q7 Qg Q12 Q10 11 Q15 013 Oél4) .
Similarly, from gsf = 22 f1 we get
(2 as a1 a5 o au ag a9 ap Q1 Mz Qg Q4 g5 0q3) .

Considering the coefficients of g;f1 for i = 1,2,...,15 we get the following matrix, where for better
readability we replace a; by ¢ in the matrix:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
3 1 2 6 4 5 9 7 8 12 10 11 15 13 14
2 3 1 5 6 4 8 9 7 11 12 10 14 15 13
13 14 15 1 2 3 4 5 6 7 8 9 10 11 12
5 13 4 3 1 2 6 4 5 9 7 8 12 10 11
4 15 13 2 3 1 5 6 4 8 9 7 11 12 10
10 11 12 13 14 15 1 2 3 4 5 6 7 8 9
Gi=(12 10 11 15 13 14 3 1 2 6 4 5 9 7 8
11 12 10 14 15 13 2 3 1 5 6 4 8 9 7
7T 8 9 10 11 12 13 14 15 1 2 3 4 5 6
9 7 8 12 10 11 15 13 14 3 1 2 6 4 5
8 9 7 11 12 10 14 15 13 2 3 1 5 6 4
4 5 6 7 8 9 10 11 12 13 14 15 1 2 3
6 4 5 9 7 8 12 10 11 15 13 14 3 1 2
5 6 4 8 9 7 11 12 10 14 15 13 2 3 1

If we look into the matrix, G; we observe that, it is actually a block circulant matrix, and can be
written as

Ay Ay A3 Ay As
As Ay Ay Az Ay
gl = A4 A5 A1 Ag A3 = CiI‘C(Al, AQ, A3, A47 A5),
A3 Ay As Ar As
Ay Az Ay As A



where A; for i = 1,2,3,4,5 are denoted as follows

A, = Cire(1,2,3), Ay = Circ(4,5,6), Az = Cire(7,8,9), Ay = Circ(10,11,12), and A5 = Circ(13, 14, 15).

Using similar arguments in case of the Form 2 type multiplication, we get the following

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
5 1 2 3 4 10 6 7 8 9 15 11 12 13 14
4 5 1 2 3 9 10 6 7 & 14 15 11 12 13
3 4 5 1 2 8 9 10 6 7 13 14 15 11 12
2 3 4 5 1 7 &8 9 10 6 12 13 14 15 11
1 12 13 14 15 1 2 3 4 5 6 7 8 9 10
5 11 12 13 14 5 1 2 3 4 10 6 7 8 9
Go=1|14 15 11 12 13 4 5 1 2 3 9 10 6 7 8
13 14 15 11 12 3 4 5 1 2 8 9 10 6 7
12 13 14 15 11 2 3 4 5 1 7 8 9 10 6
6 7 8 9 10 11 12 13 14 15 1 2 3 4 5
0 6 7 8 9 15 11 12 13 14 5 1 2 3 4
9 10 6 7 8 14 15 11 12 13 4 5 1 2 3
8 9 10 6 7 13 14 15 11 12 3 4 5 1 2
7T 8 9 10 6 12 13 14 15 11 2 3 4 5 1
Then
Ay Ay As
g2 = A3 Al A2 = CiI‘C(Al, AQ, Ag),
Ay Az Ay

where A; = Circ(1,2,3,4,5), Ay = Circ(6,7,8,9,10), and A3 = Circ(11, 12,13, 14, 15).

With this understanding, we can now present the results for general values of [ and m. Let C; and C,,
be two finite cyclic groups consisting of [ and m elements, respectively. We denote their direct product
as C; x C,,,, where

Cyx Cpy=(z,y |2t =y™ =1, 2y = yz).

As discussed above, the elements of the product groups C; x C,,, denoted by {z'y? : i = 0,1,...,l; j =
0,1,...,m}, can be represented in the two different following forms

%mﬂd{@@ﬁi:QLmJ}j:QL“wm}

and
Form 2. “ﬂf:j:QL”mei:QL“”4.
4.2.1 Form 1:
Let C; x C, = {91,92,---,9n}, where n =lm and g, for r = 1,2,...,n is defined as follows:
Gigivy =2y, 0<i<l—1;0<j<m-—1

We consider an element f € F,(C; x Cy,) such that

n
fl = Z QG-
r=1

By multiplying g, with f; and considering the resulting coefficients, we obtain the r-th row of the
generator matrix, defined as follows:

Ql = CiI‘C(AAl,qu7 . 7Am)7

where A, are [ x [ circulant matrices over I, defined as

A= Circ(al-l-l(s—l)a Qo4 (s—1)r+ -+ al-i—l(s—l))a s=1,2,...,m.
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4.2.2 Form 2:
Let C; X Cry = {91,92,---,9n}, where n =Im and g, for r =1,2,...,n is defined as follows:

Grijrmi =2y, 0<j<m—-1;0<i<l—1

We consider an element fo € F,(C; x Cy,) such that

n
f2 = Z QrGr-
r=1

By multiplying g, with fo and considering the resulting coefficients, we obtain the r-th row of the
generator matrix, defined as follows:

g2 = CiI‘C(Al,AQ, ‘e ,Al),

where A; are m x m circulant matrices over F, defined as

At = Circ(a1+m(t71)a a2+m(t71)7 s 7am+m(t71))a t= la 2) R L.

Remark 4.4. We can extend the above discussion to the finite direct product of cyclic groups. For
example, if we consider the direct product of three cyclic groups, Cy x Cy X Cp, = {91, 92, - - -, gn }, Where
n = kim and g, for r = 1,2,...,n, the listing of elements can be given in the following ways:

Form 1: giiasrornie =27y°2% 0<a<k-1;,0<b<i-1; 0<c<m-—1,
Form 2: giyaihernn =2°9’2% 0<a<k-1;0<c<m-—-1; 0<b<I-1,
Form 3: giypiratrhic = 2%9%2¢, 0<b<l—1;0<a<k—-1; 0<c¢<m-—1,
Form 4: g1ypiperria = 2%9%2¢, 0<b<l—1;0<c<m-1; 0<a<k-1,
Form 5: gl+c+ka+klb:xaybzc, 0<c<m—-1;0<a<k-1;, 0<b<I-1
Form 6: gl+c+kb+kla:x“ybzc, 0<c<m—-1;0<b<Il-1;, 0<a<k-1.

Similarly, we can extend this concept to any finite product of cyclic groups.

Remark 4.5. Considering the semidirect product of two cyclic groups C; and C,, we can express it as

C’l X Cm = <1'7y | ‘rl = 1’ym = 1ay‘ry_l = xk>a

where ged(k,l) = 1. By fixing [ and m, we can also construct generator matrices for the semidirect
product of these two cyclic groups.

4.3 Group ring F,(C; x D,,)

The number of generators in a group and the relations between them influence the number of distinct
ways in which elements can be listed. In the case of the group ring F,(C; x D, ), there are three generators
and three relations among them, leading to multiple possible listings. Before discussing the general case
for arbitrary [ and m, we examine specific values of [ and m to help illustrate the general structure.

If we let [ = 3 and m = 3, we have C3 = {1, x, 2%}, which is the cyclic group of order 3 generated by
x, where 1 is the identity element. We also define D3 = (y,z | y> = 22 = 1, 2yz~! = y~1), the dihedral
group of order 6. According to our discussion on the group ring FyD,,, we can list the elements of D3
in two distinct ways D3 = {1,,9?, 2, 2y, 24*}, and D3 = {1,y,v?%, z,yz,y?2}.

For the direct product C'5 x D3, we can list the elements in two different ways based on how we order
the elements in D3. The two possible listings are: {{1,95,302} x {1,y,v%, z, zy,zyQ}}, and {{l,m, 2?2} x

{1,y,9°%, z,yz,yQZ}}-

From {{1, z, 2%} x {1,9,v%, 2, 2y, zy2}}, we consider the following two types of listing
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Form 1 : {{cd cceCsl,de D3}
= {1,x7x2,y7xy7x2y7y2, :EyQ,nyQ, Z7.TZ,£L'QZ, zy7xzy,x22y, zy27xzy2,m2zy2}
- {{{xizjyk £i=0,1,2},k=0,1,2},j =0, 1}
={z'z9y*; i=0,1,2; k=0,1,2; j=0,1}.

Form 2 : {{cd :d e Ds},ce Cg}
= {1,y,yz7 2, 2y, 2y°, @, yx, yix, zx, zyx, 2ytw, o2yt yia?, za?, zya?, zy2x2}
- {{{zf‘ykxi k=0,1,2},j=0,1},i =0, 1,2}
={y*2’y k=0,1,2; j=0,1; i=0,1,2}.

From {{1,3:,:52} X {1,y,y2,z,yz,y22}}, we get

Form 3 : {{cd tceCslde Dg}
= {1,$7$2,y,$y,$2y,y2, $y2,$2y2, Z,.’IJZ,LUQZ,yZ,$yZ7.’I}2yZ, yZZ,l‘yQZ, l‘QyQZ}
_ {{{xiykzj £i=0,1,2},k=0,1,2},j =0, 1}
={z'y*2d; i=0,1,2; k=0,1,2; j=0,1}.

Form 4 : {{cd :d € D3}, ce C’3}
= {l,y,yQ7 z, yz,yZz,x,ya:,yza:, zx,yzx,y%x,x?,ya:z, y23:2, sz,yzzZ, y2zx2}
— {{{ykzjxi k=0,1,2},j=0,1},i =0, 1,2}
={y"i2’; k=0,1,2; j=0,1; i=0,1,2}.

Remark 4.6. As discussed earlier, for a fixed form x4 2*, depending on the choice of the inner, middle,

and outer loops, there are six possible orderings of the indices. Similarly, each of z*z7y"*, yiad 2F yiziak,

ZadyP and z'ylz* can also be written in six different ways. This results in a total of 36 possible
orderings. While some of these orderings may be identical, we primarily focus on the four Forms of
listings discussed above. [l

We define the direct product of the cyclic group C; of order [ and the dihedral group D,, of order
2m as follows:

Cy X Dy, = (2,9, 2 | 7! =y =22=1, 2y = yzx, xz = 2z, 2Yz " :y*1>.

This group has 2ml elements. We denote n = 2ml.

4.3.1 Form 1:
Let C; X Dy, = {91,92,---,9n}, Where each g, for r =1,2,...,n is defined as follows:

Givitkmajml = 22y% 0<i<i—1;0<k<m—-1,0<j<1.

We consider an element f; € Fy(C; x D,,) such that
fl = Z QrGr.
r=1

14



By multiplying g, with f; and considering the resulting coefficients, we obtain the r-th row of the
generator matrix, defined as follows:

_(My M\
Q1 = <M2 M1> = ClI‘C(Ml,MQ),

where M; = Circ(41, Aa, ..., Ay) and My = RevCirc(Amt1, Amta, - -5 Aam), with Ay denoting [ x [
circulant matrices defined as

Ag = Circ (a(s—l)l+13 Qs—1)142y++ + a(s—l)l+l)7 s=1,2,...,2m.

Example 4.7. Let [ = 3 and m = 3. Then, according to the structure given in Form 1, the elements
are listed as: o
Givitkmajm =2 20y" 0<i<l—-1,0<k<m—1,0<j<1.

Following the procedure outlined above, we obtain the generator matrix as follows:

1 2 3 4 5 6 7 & 9 10 11 12 13 14 15 16 17 18

3 1 2 6 4 5 9 7 8 12 10 11 15 13 14 18 16 17

2 3 1 5 6 4 8 9 7 11 12 10 14 15 13 17 18 16
T8 9 1 2 3 4 5 6 13 14 15 16 17 18 10 11 12

9 7 8 3 1 2 6 4 5 15 13 14 18 16 17 12 10 11

8§ 9 7 2 3 1 5 6 4 14 15 13 17 18 16 11 12 10

4 5 6 7 8 9 1 2 3 16 17 18 10 11 12 13 14 15

6 4 5 9 7 8 3 1 2 18 16 17 12 10 11 15 13 14
!5 6 4 8 9 7 2 3 1 17 18 16 11 12 10 14 15 13
G1 = 10 11 12 13 14 15 16 17 18 1 2 3 4 5 6 7 8 9
12 10 11 15 13 14 18 16 17 3 1 2 6 4 &5 9 7 8
1 12 10 14 15 13 17 18 16 2 3 1 5 6 4 8 9 7
13 14 15 16 17 18 10 11 12 7 &8 9 1 2 3 4 5 6
15 13 14 18 16 17 12 10 11 9 7 8 3 1 2 6 4 5
14 15 13 17 18 16 11 12 10 8 9 7 2 3 1 5 6 4
6 17 18 10 11 12 13 14 15 4 5 6 7 8 9 1 2 3
8 16 17 12 10 11 15 13 14 6 4 5 9 7 8 3 1 2
17 18 16 11 12 10 14 15 13 5 6 4 8 9 7 2 3 1

We can also write G; = Circ (Ml,Mg), where M; = Circ(Ay, Az, Az), and My = RevCirc(Ay, As, Ag)
with A; the 3 x 3 circulant matrices defined as

Ay = Cire(1,2,3), Ay = Cire(4,5,6), As = Circ(7,8,9),
Ay = Cire(10,11,12), As = Cire(13,14,15), and Ag = Circ(16,17,18).

4.3.2 Form 2:
Let C; X Dy, = {91,92,---,9n}, Where each g, for r =1,2,...,n is defined as follows:

Githtjmeimt = 2y, 0<k<m-1,0<j<1L;0<i<1I—1.

We consider an element f> € Fy(C; x D,,) such that

n
fa= Z QrGr.
r=1

Then the generator matrix corresponding to this element listing is defined as follows:

g2 = Circ (Ml,MQ, .. .,Ml),

where each M, for s = 1,2,...,1 is defined as

Ms = Circ (A2s—17 A2$)7
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and A; is an m x m, defined as follows:

- If ¢ is odd, then
Ay = Cire (a(t—l)m—i-la Q(t—1)ym+25 -+ > a(t—l)m+m)~

- If ¢ is even, then
A; = RevCirc (a(t—l)m+17 A(t—1)m+25 - - - aa(t—l)m+m)7
where t =1,2,...,2t.

Example 4.8. We consider [ = 2,m = 5 with element listing following Form 2. The generator matrix
corresponding to this listing is

1 2 3 4 5 6 7 8 9 12 13 14 15 16 17 18 19 20

5 1 2 3 4 7 8 9 10 11 12 13 14 17 18 19 20 16

4 5 1 2 3 8 9 10 6 15 11 12 13 18 19 20 16 17

3 4 5 1 2 9 10 6 7 14 15 11 12 19 20 16 17 18

2 3 4 5 1 10 6 7 8 13 14 15 11 20 16 17 18 19

6 7 8 9 10 1 2 3 4 17 18 19 20 11 12 13 14 15

7T 8 9 10 6 5 1 2 3 18 19 20 16 15 11 12 13 14

§ 9 10 6 7 4 5 1 2 19 20 16 17 14 15 11 12 13

9 10 6 7 8 3 4 5 1 13 14 15 11 12
10 6 7 8 9 2 3 4 5 16 17 18 19 12 13 14 15 11
G2 = 11 12 13 14 15 16 17 18 19 2 3 4 5 6 7 8 9 10

— [ T e S e e e ] e
CLCHXTAINWHER TS 00wk ok

I

S

—

>

—

\]

—

0

B
S

= e e e e = DD —

RO WER GO0 NWR IO 0T o

15 11 12 13 14 17 18 19 1 2 3 4 7 8 9 10 6
14 15 11 12 13 18 19 20 16 5 1 2 3 8 9 10 6 7
13 14 15 11 12 19 20 16 17 4 5 1 2 9 10 6 7 8
12 13 14 15 11 20 16 17 18 3 4 5 1 10 6 7 8 9
16 17 18 19 20 11 12 13 14 T8 9 10 1 2 3 4 5
17 18 19 20 16 15 11 12 13 § 9 10 6 o5 1 2 3 4
18 19 20 16 17 14 15 11 12 9 10 6 7 4 5 1 2 3
19 20 16 17 18 13 14 15 11 o 6 7 8 3 4 5 1 2
20 16 17 18 19 12 13 14 15 6 7 8 9 2 3 4 5 1

We can express Gs as

M, M.
g2 = <M; M?) = CiI‘C(Ml,MQ),

where My = Circ(A;, Ag) and My = Circ(As, A4). Here, A7 and Az are 5 x 5 circulant matrices defined
by
Ay = Cire(1,2,3,4,5), Az = Cire(11,12, 13,14, 15),

and A, and A4 are 5 X 5 reverse circulant matrices defined by

As = RevCire(6,7,8,9,10), Ay = RevCirc(16,17, 18,19, 20).

4.3.3 Form 3:
Let Cy X Dy, = {91,92,---,9n}, where each g, for r = 1,2,...,n is defined as follows:

Gititkmigm =2y 27 0<i<l-1;0<k<m-1;0<j<1.

We consider an element f3 € F,(C) x D,,) such that

n
f3 = Z QrGr-
r=1

Then the generator matrix corresponding to this element listing is defined as follows:
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My M,

gS = MQT M]if )

where M; = Circ(Ay, A, ..., Ap) and My = Circ(Amt1, Am2, - -, Aom) and Ag are I x [ circulant
matrices defined as

AS = Circ (a(s—l)l-‘rla A(s—1)14+2y -+ a(s—l)l+l)7 § = 17 27 LR 2m.

Remark 4.9. If M is a block circulant matrix defined as M = Circ(By, By, B3), then M7 is defined as

B1 Bg Bg T Bl BB B2
MT=|By; B, Bs| =|By By Bjs
BQ Bg Bl B3 BQ Bl

Example 4.10. We consider [ = 5,m = 3 and the element listing following Form 3. The generator
matrix Gz corresponding to this listing is

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
5 1 2 3 4 10 6 7 8 9 15 11 12 13 14 20 16 17 18 19 25 21 22 23 24 30 26 27 28 29
4 5 1 2 3 9 10 6 7 8 14 15 11 12 13 19 20 16 17 18 24 25 21 22 23 29 30 26 27 28
3 4 5 1 2 8 9 10 6 7 13 14 15 11 12 18 19 20 16 17 23 24 25 21 22 28 29 30 26 27
2 3 4 5 1 7 8 9 10 6 12 13 14 15 11 17 18 19 20 16 22 23 24 25 21 27 28 29 30 26
11 12 13 14 15 1 2 3 4 5 6 7 8 9 10 26 27 28 29 30 16 17 18 19 20 21 22 23 24 25
15 11 12 13 14 5 1 2 3 4 10 6 7 8 9 30 26 27 28 20 20 16 17 18 19 25 21 22 23 24
14 15 11 12 13 4 5 1 2 3 9 10 6 7 8 29 30 26 27 28 19 20 16 17 18 24 25 21 22 23
13 14 15 11 12 3 4 5 1 2 8 9 10 6 7 28 29 30 26 27 18 19 20 16 17 23 24 25 21 22
12 13 14 15 11 2 3 4 5 1 7 8 9 10 6 27 28 29 30 26 17 18 19 20 16 22 23 24 25 21
6 7 8 9 10 11 12 13 14 15 1 2 3 4 5 21 22 23 24 25 26 27 28 29 30 16 17 18 19 20
10 6 7 8 9 15 11 12 13 14 5 1 2 3 4 25 21 22 23 24 30 26 27 28 29 20 16 17 18 19
9 10 6 7 8 14 15 11 12 13 4 5 1 2 3 24 25 21 22 23 29 30 26 27 28 19 20 16 17 18
8 9 10 6 7 13 14 15 11 12 3 4 5 1 2 23 24 25 21 22 28 29 30 26 27 18 19 20 16 17
7 8 9 10 6 12 13 14 15 11 2 3 4 5 1 22 23 24 25 21 27 28 29 30 26 17 18 19 20 16
16 17 18 19 20 26 27 28 29 30 21 22 23 24 25 1 2 3 4 5 11 12 13 14 15 6 7 8 9 10
20 16 17 18 19 30 26 27 28 29 25 21 22 23 24 5 1 2 3 4 15 11 12 13 14 10 6 7 8 9
19 20 16 17 18 29 30 26 27 28 24 25 21 22 23 4 5 1 2 3 14 15 11 12 13 9 10 6 7 8
18 19 20 16 17 28 29 30 26 27 23 24 25 21 22 3 4 5 1 2 13 14 15 11 12 8 9 10 6 7
17 18 19 20 16 27 28 29 30 26 22 23 24 25 21 2 3 4 5 1 12 13 14 15 11 7 8 9 10 6
21 22 23 24 25 16 17 18 19 20 26 27 28 29 30 6 7 8 9 10 1 2 3 4 5 11 12 13 14 15
25 21 22 23 24 20 16 17 18 19 30 26 27 28 29 10 6 7 &8 9 5 1 2 3 4 15 11 12 13 14
24 25 21 22 23 19 20 16 17 18 29 30 26 27 28 9 10 6 7 8 4 5 1 2 3 14 15 11 12 13
23 24 25 21 22 18 19 20 16 17 28 29 30 26 27 & 9 10 6 7 3 4 5 1 2 13 14 15 11 12
22 23 24 25 21 17 18 19 20 16 27 28 29 30 26 7 8 9 10 6 2 3 4 5 1 12 13 14 15 11
26 27 28 29 30 21 22 23 24 25 16 17 18 19 20 11 12 13 14 15 6 7 8 9 10 1 2 3 4 5
30 26 27 28 29 25 21 22 23 24 20 16 17 18 19 15 11 12 13 14 10 6 7 8 9 5 1 2 3 4
20 30 26 27 28 24 25 21 22 23 19 2 16 17 18 14 15 11 12 13 9 10 6 7 8 4 5 1 2 3
28 29 30 26 27 23 24 25 21 22 18 19 20 16 17 13 14 15 11 12 8 9 10 6 7 3 4 5 1 2
27 28 29 30 26 22 23 24 25 21 17 18 19 20 16 12 13 14 15 11 7 8 9 10 6 2 3 4 5 1
Here G5 is of the form
G My M,
3 MQT MiT )

where M7 = Circ(41, Aa, A3) and My = Circ(Ay, 45, Ag) and Ag are 5 x 5 circulant matrices defined as

Ay = Cire(1,2,3,4,5), Ay = Circ(6,7,8,9,10), As = Circ(11,12,13, 14, 15),
Ay = Circe(16,17,18,19,20), As = Circ(21,22,23,24,25), and Ag = Circ(26, 27, 28, 29, 30).

4.3.4 Form 4:
Let Cy X Dy, =4{g1,92,---,9n}, where each g, for r = 1,2,...,n is defined as follows:

Dthtjmeimt =Y 272, 0<k<m-1;0<j<1L;0<i<I—1.
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We consider an element fy € Fy(C; x D,,) such that

n
f4 = Z QG-
=1

Then the generator matrix corresponding to this element listing is defined as follows:

g4 = Circ (M17M2, .. .,Ml),

MS _ A23—1 A2s ’
Ags A%;,1

for s=1,2,...,m, and A; are m X m circulant matrices defined as

where each M, is defined as

Ay = Cire (a(t—l)m-‘rla A(t—1)m+25 - - - 7a(t—1)m+m); t=1,2,..., 21.

Example 4.11. We consider [ = 2, m = 5, and the element listing following Form 4. The generator
matrix corresponding to this listing is

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

5 1 2 3 4 10 6 7 8 9 15 11 12 13 14 20 16 17 18 19

4 5 1 2 3 9 10 6 7 & 14 15 11 12 13 19 20 16 17 18

3 4 5 1 2 8 9 10 6 7 13 14 15 11 12 18 19 20 16 17

2 3 4 5 1 7 8 9 10 6 12 13 14 15 11 17 18 19 20 16

6 100 9 8 7 1 5 4 3 2 16 20 19 18 17 11 15 14 13 12

T 6 10 9 8 2 1 5 4 3 17 16 20 19 18 12 11 15 14 13

8§ 7 6 10 9 3 2 1 5 4 18 17 16 20 19 13 12 11 15 14

9 8 7 6 10 4 3 2 1 5 19 18 17 16 20 14 13 12 11 15
1w 9 8 7 6 5 4 3 2 1 20 19 18 17 16 15 14 13 12 11
G1 = 1 12 13 14 15 16 17 18 19 20 1 2 3 4 5 6 7 8 9 10
15 11 12 13 14 20 16 17 18 19 5 1 2 3 4 10 6 7 8 9
14 15 11 12 13 19 20 16 1v 18 4 5 1 2 3 9 10 6 7 8
13 14 15 11 12 18 19 20 16 17 3 4 5 1 2 &8 9 10 6 7
12 13 14 15 11 17 18 19 20 16 2 3 4 5 1 7 8 9 10 6
6 20 19 18 17 11 15 14 13 12 6 10 9 8 7 1 5 4 3 2
17 16 20 19 18 12 11 15 14 13 7 6 10 9 8 2 1 5 4 3
8 17 16 20 19 13 12 11 15 14 8 7 6 10 9 3 2 1 5 4
19 18 17 16 20 14 13 12 11 15 9 8 7 6 10 4 3 2 1 5
20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

Here, G4 is defined as

Gy = Circ (M, Ms),

A A A A
w= (4 4) = (0 4

The matrices A1, As, Az, and A, are defined as follows:

where

A; = Cire(1,2,3,4,5), Ay = Cire(6,7,8,9, 10),
Az = Cire(11,12,13,14,15), A4 = Circ(16, 17,18, 19, 20).
0

Remark 4.12. Using a similar line of argument as in the above cases, we can also find generator matrices
for the group ring Fy(C) X Quy), where Qu, is the generalized quaternion group of order 4n. O
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5 QECCs from self orthogonal codes

n

Let G be a finite group of order n, and let a = Y. ;| a9, € F G, where g; € G for i =1,2,...,n. We
define a” = 32" | a;9; ' € F,G. By [10], o(a”) = o(a)”, here o(a)” denotes the transpose matrix of of

o(a).

5.1 QECCs from Euclidean self orthogonal group ring codes

Proposition 5.1. Let M be a generator matriz for a linear code C. Then, C is an Fuclidean self-
orthogonal code if and only if the matriz MMT is the zero matric.

Proof. Suppose C is an Euclidean self-orthogonal code, meaning C' C C*<. This implies that

CCCt Vel zelCt,
—=VrxeC, Maz'=0,
<= for all rows r of M, MrT =0,
— MMT =0,

where O is the zero matrix. O

Using this property, we derive a necessary and sufficient condition for a G-code to be Euclidean
self-orthogonal.

Proposition 5.2. Let C be a linear G-code of length n over F,, with a generator matriz M = o(a) for
some a € F,G, where G is a finite group. Then C is Euclidean self-orthogonal if and only if aa™ = 0.

Proof. Suppose C' is a linear code of length n over F, with generator matrix M = o(a). Since M7 =
o(a)T, by Proposition 5.1, we have

MM = o(a)o(a)” =0,

— o(aa’) =0,

<« adl =0.

Corollary 5.3. [10] If a = a’ and a®> = 0, then C is Euclidean self orthogonal.

A QECC with length n, dimension k& and minimum distance d over F, is denoted by [[n, k, d]],. Here,
we present the result from [2], which enables the construction of quantum codes from any self-orthogonal
linear code.

Theorem 5.4. ([2]) Let C be a [n,k,d] linear code over F,. If C C Cte, then there exists a QECC with
parameters [[n,n — 2k, > dyll,, where dy is the minimum Hamming weight of C*+< \ C.

Using Theorem 5.4 and Proposition 5.2, we derive the main result for constructing quantum codes
from group ring codes.

Theorem 5.5. Let C be an [n, k,d] linear G-code over F,, and let a € F G, where G is a finite group. If
aa® =0, then there exists a quantum error-correcting code (QECC) with parameters [[n,n—2k,> du],,
where dg is the minimum Hamming weight of C*+e \ C.

Proof. Let C be a linear G-code with parameters [n, k,d] over F,, with a generator matrix M = o(a)
for some a € F,G, where G is a finite group. If aa” = 0, then by Proposition 5.2, C is Euclidean
self-orthogonal. The result then follows directly from Theorem 5.4. O

Example 5.6. We consider the group ring F,(C; xCy,) with ¢ = 2,1 = 5, and m = 3. Let the cyclic group
Cs be generated by x and C3 be generated by y, so that C5 = {e;,x, 22, 2%, 2*} and C5 = {em,y,y*}.
The elements of the direct product group C; x C,, are given by:

3 4

_ 2 2 2 2 2,2 3 3 2 4 4. 2
C1 x Cry = {eim, v, y°, x, xy, xy”, x°, 27y, oy, o°, x°y, x°y~, ", 2"y, 2 y* }.
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Consider a € Fy(Cy x Cy,) defined as:
a = e+ y? + 2% + 2292 + 23y + 252 + oty + 2ty
Then, its transpose is:
al = elm+y+xy+acy2+x2y+x2y2 + 23 +x3y.

Let G = o(a) and C be the G-code generated by G. The code C is a linear code over Fy with
parameters [15,4,8]. By direct calculation we get aa’ = 0, it follows from Proposition 5.2 that C
is Euclidean self-orthogonal. Therefore, using Theorem 5.5, we construct a QECC with parameters
[[15,7,3]]2. These parameters correspond to the best-known QECC parameters of length 15, as noted in
[12]. O

5.2 QECCs from Hermitian self orthogonal group ring codes
Suppose ¢ = p?, where p is a prime number. Let a = (a1, as,...,a,),b = (by,b2,...,b,) € ;. Then, in
[y, the Hermitian inner product is defined as
(a, b>h = albzf + -4 anbﬁ
The dual code of C' with respect to the Hermitian inner product is defined as

ctr ={ceFy | (c,d), =0, foralld e C},

and C is a Hermitian self-orthogonal code if C' C Cn,
Let a =), a;g; € F G, where g; € G for i = 1,2,...,n. We define a? by

n
a?l = Zafgi e F,G.

i=1
If M = (m;j), then we define M = (my;) fori,j =1,2,...,n.

Proposition 5.7. Suppose M is a generator matriz of a linear code C of length n over Fp2. Then, C

is a Hermitian self-orthogonal code if and only if the matriz MM is the zero matris.

Proof. Suppose C is a Hermitian self-orthogonal code, meaning C' C C*». This implies that for any
x,y € C, the Hermitian inner product (z,y)y = 0. We can express each codeword = € C' as x = uM for
some u € F’;, where M is the k x n generator matrix of C.

Then, for any two codewords z = uM and y = vM in C, the Hermitian inner product of x and y is

(x,y)g = (uM)WT = uMM 7.

We note that, (x,y)g = 0 for all u, v, if and only if MM =o0. Thus, C is Hermitian self-orthogonal
if and only if M3 = 0. O

Proposition 5.8. Suppose C is a linear G-code of length n over Fy, with a generator matrizc M = o(a)
for some a € F,G, where G is a finite group. Then, C is a Hermitian self-orthogonal code if and only if
a(a?)t = 0.

Proof. Suppose C' is a linear code of length n over F, with generator matrix M = o(a), then M=
o(aP)”. By Proposition 5.7, we have

20



We recall the following result from [2], which provides a necessary and sufficient condition for a
Hermitian self-orthogonal code to construct a quantum code.

Theorem 5.9. ([2]) Let C be a [n,k,d] linear code over Fpz. If C C C**, then there exists a QECC
with parameters [[n,n — 2k, > dy|],, where dg is the minimum Hamming weight of C+» \ C.

We now present the following result for constructing a quantum code from a Hermitian self-orthogonal
G-code over F,.

Theorem 5.10. Let C be a [n, k,d] linear G-code over Fy, and a € F G, where G is a finite group. If
a(aP)? =0, then there exists a QECC with parameters [[n,n — 2k,> dg],, where dy is the minimum
Hamming weight of C+n \ C.

Proof. This proof follows from Proposition 5.8 and Theorem 5.9. O

Example 5.11. We consider the group ring F,D,,, with ¢ = 32, and m = 5. Then element listing of the
dihedral group Ds is as follows

Ds = {1,b,b%,b,b*, a, ab, ab®, ab®, ab*}.
We consider a € FgDs such that
a=1+w’b+2b% + wob + w3b* + w?a + wlab + w ab® + wab® + w ab?,

where w is a generator of the multiplicative cyclic group Fj. Then a® and the transpose of a® are as
follows,
a® =14 w'b+ 26® + w?b® + wb* + wla + w?ab + wW’ab® + wlab® + wlab,

(@®)T =1+ wb + w?b* 4+ 2b* + w b* + w'a + w?ab + w’ab® + w’ab® + woab®.

Let G = o(a) and C be a G-code generated by G. The code C' is a linear code over Fg with parameters
[10,4,6]. By direct calculation we get (a®)T = 0, then from Proposition 5.8 that C' is Hermitian self-
orthogonal code. Therefore, using Theorem 5.10, we construct a QECC with parameters [[10, 2, 4]].
These parameters correspond to the best-known QECC parameters of length 10 ([12]). O

5.3 QECCs from symplectic self orthogonal group ring codes

In this subsection, we discuss two methods for implementing a necessary and sufficient condition for
a G-code to be symplectic self-orthogonal. Before going into these methods, we recall the following
result, which provides a necessary condition for constructing a QECC from a 2n-length symplectic self-
orthogonal code. We note that the length 2n is connected to the definition of the symplectic inner
product, as outlined in Section 2.

Theorem 5.12. ([1, 2/) Let C be a [2n, k, d] linear code over F,. If C' C C*=, then there exists a QECC
with parameters [[n,n — k,> dsl|,, where dg is the minimum symplectic weight of C+=\ C.

First, in Theorem 5.14, we present a result demonstrating how a 2n-length group ring code can be
symplectic self-orthogonal, and then in Theorem 5.17, we show an alternative approach that does not
require a 2n-length code; instead, two n-length group ring codes can be used and horizontally joined.
The key difference is that for the 2n-length case, a group ring of order 2n is needed, whereas for the two
n-length codes, a group ring of order n suffices.

We recall the following result, which provides a necessary and sufficient condition for a 2n length
linear code to be symplectic self-orthogonal.

Theorem 5.13. [22] Let C be a linear code of length 2n over F, with generator matriz M. Then C is a
symplectic self-orthogonal code if and only if MQMT is the zero matriz, we recall that Q = (OI é) ,

O is the zero matrix and I is the identity matrices of order n.
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Proof. Let us assume C is a symplectic dual-containing code, which means C++ C C. This gives us:

CCCH«=Vrel, zeC,
= VreC, Mzl =0,
<= for all rows r of M, MQrT =0,
— MQM" = 0.

O

Using the above result, we present a necessary and sufficient condition for the symplectic self-
orthogonality of a 2n-length G-code.

Theorem 5.14. Suppose C' is a linear G-code of length 2n over F, with generator matriz M = o(a) for

some a € F G, where G is a group of order 2n. Then C is a symplectic self-orthogonal code if and only
if MQMT is the zero matriz.

We have a following framework to construct a QECC from a 2n-length symplectic self-orthogonality
G-code.

Theorem 5.15. Let C be a [2n,k,d] linear code over Fy with generator matrix M = o(a), where
a € F,G and G is of order 2n. If MQUM™ is the zero matriz, then there exists a QECC with parameters
[[n,n —k,> ds]]y, where dg is the minimum symplectic weight of C+< \ C.

Proof. This proof follows from the proof of Theorem 5.14 and Theorem 5.12. O

Example 5.16. We consider the group ring F,D,, with ¢ = 3, and m = 11. The element listing of the
dihedral group Dy is as follows

Dy1 = {1,b,6%, 63,6, 6%, 65,07, 6%,0%, b0 a, ab, ab?, ab®, ab*, ab®, ab®, ab”, ab®, ab®, ab'’}.
We consider a € F3Dq1 such that

a =07+ 2b* +b° + 25 + 207 + 268 + 207 + 2b*°
+ 2a + 2ab + 2ab® + 2ab® + 2ab* + 2ab® + 2ab® + 2ab” + 2ab® + 2ab°® + 2ab'°.

The transpose of a is as follows

al = 2b+ 2b% 4 20% + 2b* + 20° + b5 4 207 + b°
+ 2a + 2ab + 2ab® + 2ab® + 2ab* + 2ab® + 2ab® + 2ab” + 2ab® + 2ab? + 2ab™C.

Let G = o(a) and C be a G-code generated by G. The code C' is a linear code over F5 with parameters
[22,11,6]. By calculation we get GQGT is the zero matrix, then from Proposition 5.14, C' is symplectic
self-orthogonal code. Therefore, using Theorem 5.15, we construct a QECC with parameters [[11,0, 5]]s.
These parameters correspond to the best-known QECC parameters of length 11 ([12]). O

Now, we present the above results from the perspective of an alternative form for symplectic self-
orthogonal G-codes. To fully use the definition of the symplectic inner product, we can state the necessary
and sufficient condition as follows:

Suppose a,b € F,G, where G has order n, and consider two generator matrices G = o(a) and
Go = o(b). The horizontal join of these two matrices, denoted as G = (Gy | G2), generates a 2n-length
G-code, where | denotes the horizontal join. We note that in this context, G is assumed to have order
n. This approach provides a more intuitive and structured characterization of symplectic self-orthogonal
codes in terms of elements of the group ring.

Theorem 5.17. Let C be a linear 2n-length code over F,, with generator matriz G = (G1 | G2), where
G1 = o(a) and Ga = o(b), with a,b € F,G and G of order n. Then C C C*t= if and only if ab” = ba™.
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Proof. Suppose G = (G | G2) is the generator matrix of C. Then, we consider

T
gOg" = (61 Ga) (_Of é") (G G)" = (-G G) (g;) = G201 +GiGs

Therefore,
Gagt =0
ngg - ggg? =0
o(a)o(b) —o(b)o(a)’ =0
o(a)o(bT) = o(b)o(a) =0
o(ab’ —ba’) =0
0

ab? —ba® =

Here, we present our main result for constructing a QECC using this alternative form.

Theorem 5.18. Let C be a [2n, k,d] linear code over F, with a generator matriz of the form G = (G |
G2), where Gy = a(a) and Go = o(b), with a,b € F,G and G of order n. If ab” —ba® = 0, then there
exists a QECC with parameters [[n,n—k, > dsl,, where dg is the minimum symplectic weight of C++\C.

Proof. This proof follows from Theorem 5.12 and Theorem 5.17. O

Example 5.19. We consider the group ring F,D,, with ¢ = 2, and m = 5. The element listing of the
dihedral group Ds is as follows

Ds = {1,b,b%,b,b*, a, ab, ab?, ab®, ab*}.
We consider a, b € F3D1; such that
a=1+b4+b>+b>+ab+ab®>, b=1+a+ab+ab’.

Then we get
al =14+ +3+v +ab+ab?, b =1+a+ab+ab’

We note that ab” — ba” = 0. Thus, the linear code C with parameters [20,9,6] over Fo, and a
generator matrix of the form G = (G1 | Ga), where G; = o(a) and Go = o(b), is symplectic self-orthogonal.
By Theorem 5.18, we obtain a QECC with parameters [[10,1, 4]]3. These are also the parameters of the
best-known QECC of length 10, see [12]. O

Remark 5.20. In Proposition 3.10, we present the self-orthogonality conditions for two-dimensional
codes. We note that this proposition corresponds to the standard Euclidean inner product. Using
Theorem 5.4, we can construct quantum codes from two-dimensional self-orthogonal cyclic codes over
F,. Furthermore, using Theorem 5.14, we can construct quantum codes from two-dimensional cyclic
codes in a symplectic structure. To achieve this, we require a generator matrix of a two-dimensional
code, which can be constructed from the basis vectors provided in Theorem 3.2. All computations are
done using MAGMA [6]. O

6 Conclusion

Group rings provide a powerful framework for exploring coding possibilities, allowing us to extend our
intuition and methods to work with various finite groups. This approach can serve as an alternative
to studying the corresponding polynomial rings, which involve additional variables (generators) and
complex relations between them. This study presents code formulations over certain finite group rings
F,G, where G = D, Qan,C; X Dy, and C) x C,,,. We also establish necessary and sufficient conditions
for these group ring codes to be self-orthogonal under standard inner products, including Euclidean,
Hermitian, and symplectic inner products. Additionally, we propose a method for constructing quantum
codes from two-dimensional cyclic codes and group ring codes. These codes come with multiple generator
matrices for a fixed-length code. In this paper, we construct codes using only a subset of these generator
matrices. Exploring a larger selection of generator matrices could be interesting for identifying codes
with improved parameters. We believe that further studies in this area may reveal additional structural
properties and lead to codes with improved parameters.
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