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INFINITE DIMENSIONAL INVARIANT TORI FOR NONLINEAR
SCHRODINGER EQUATIONS

JOACKIM BERNIER, BENOIT GREBERT, AND TRISTAN ROBERT

ABSTRACT. We prove that nonlinear Schrodinger equations on the circle, without external pa-
rameters, admits plenty of almost periodic solutions. Indeed, we prove that arbitrarily close to
most of the finite dimensional KAM tori constructed by Kuksin—Poschel in [KP96|, there exist
infinite dimensional non resonant Kronecker tori, i.e. rotational invariant tori. This result an-
swers a natural and longstanding question, well identified by the Hamiltonian PDE community
since the first KAM-type result for PDEs in [Kuk87].
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1. INTRODUCTION

We consider the emblematic nonlinear Schrédinger equation on the circle T := R/277Z

(NLS) 0+ 02u= f(lu*)u, €T, teR
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where f is a real entire function such that f(0) = 0, f/(0) # 0 (i.e. the cubic term is present) and
2 — f(2%) grows at most exponentially fast!. For instance, f(|u|?)u = (sinh |u|)?u or f(|ul?)u =
|u|?u+|u|*u are possible choices of nonlinearity. We point out that (NLS) is a classical Hamiltonian

system whose structure is recalled in Subsection 1.5.3 below.

We are looking for solutions with Sobolev or analytic regularity in the space variable, i.e. we

consider solutions living in the phase space

2= {ue ) | full =3 fun=} < oo}
keZ
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lie. there exists C' > 0 such that for all z € C, |f(2)] < Cexp(C/|z]).
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where the sequence of weights (wy)kez is given by
@y = (k)*e®™  with a>0 and s>1

and we always identify functions u € L?(T) with their Fourier coefficients
(1) up = (2m) 7! / u(z)e**dz, ke Z.
T

The phase space £2 is foliated by invariant tori for the linear part of the equation (NLS). Namely
for all ¢ € (R, )% the torus

(2) Te:={uel’|VkeZ, |ul®=26},
is an invariant set for the system
(3) i0;u = d2u.

The dynamics on these tori is trivial, it consists of parallel translations. Such tori play an impor-
tant role and are often called Kronecker tori or rotational tori (see for instance [KP03]). In this
linear case the velocities of translation, or frequencies, are w; = 42, j € Z. This set of frequencies
is totally resonant : the solutions are periodic.

When we consider small solutions of (NLS), the nonlinear part is perturbative. Then a natural
question is:

Which linear tori persist, slightly deformed, as invariant sets of (NLS)?

Kuksin-P6schel proved in [KP96] that most of the finite dimensional tori, close to the origin,
persist as KAM tori (i.e. Kronecker tori that are linearly stable). Unfortunately, their result
suffers a limitation : the larger the dimension of the torus is, the closer to the origin it has to
be. This limitation is not specific to the work of Kuksin—P6schel, it appears in all the papers
about existence of finite dimensional invariant tori. Thus, up to now, there have been no results
concerning the existence of infinite dimensional invariant tori to (NLS) and, more generally, for
(non-integrable) Hamiltonian PDEs without external parameter. Let us define the kind of tori we
are going to prove the persistency of:

Definition 1.1 (Non resonant infinite dimensional Kronecker tori). A subset T of 2 is a non
resonant infinite dimensional Kronecker torus (for (NLS)) if there exists a homeomorphism? W :
TN — T and a sequence of rationally independent numbers w € RN such that

VO € TN, t s U(wt + 0) is a global solution to (NLS).

Since the frequencies are rationally independent (or non resonant), i.e. k-w # 0 for all 0 #
k € ZN of finite support, on these tori each orbit is dense and the flow is ergodic (for the product
measure). Our main result can be summarized in a very short theorem:

Theorem 1.2. There exists non resonant infinite dimensional Kronecker tori for (NLS).

Actually, in Theorem 1.6 below, we construct a whole family of non resonant infinite dimensional
Kronecker tori which accumulates on the finite dimensional Kronecker tori constructed by Kuksin—
Péschel in [KP96.

Another classical way of considering this kind of problems, consists in looking for almost periodic
solution (which are not quasi periodic). Up to now, there have been no results concerning the
existence of such solutions to (NLS) and more generally for not completely integrable Hamiltonian
PDEs without external parameter.

2Naturally, we always equip TV with the product topology.
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Definition 1.3 (Quasi-periodic function). A continuous function q : R — R is called quasi-
periodic with frequencies w = (w1, - ,wy), if there exists a continuous function, @ : T" — R,

such that q(t) = Q(wt) for all t € R.
Then following H. Bohr (see [Boh47|) we recall the definition of almost-periodic functions

Definition 1.4 (Almost-periodic function). A continuous function is called almost-periodic if it
s a uniform limit of quasi-periodic functions.

Of course a function leaving on an infinite dimensional torus could be quasi-periodic or even
periodic, depending on resonances. In Corollary 10.3 of the Appendix, we prove that each orbit
on a non resonant infinite dimensional Kronecker torus corresponds to an almost periodic solution
which is not quasi-periodic. Therefore, as a corollary of Theorem 1.2, we get:

Corollary 1.5. There exist almost periodic solutions to (NLS) which are not quasi periodic.

1.1. Context. For several decades now, many mathematicians have been interested in KAM
theory for nonlinear Hamiltonian PDEs. The aim is to show the existence of invariant sets for
such PDEs, which is quite natural for conservative dynamical systems. Typically, the flow of
the linear part of the PDE foliates the phase space (of infinite dimension) into invariant tori of
different dimensions - finite or infinite. As for (NLS), the general question is whether these tori
persist, slightly deformed, in the presence of nonlinear perturbations. From a more PDE point
of view, finite-dimensional invariant tori correspond to quasi-periodic in time solutions, while
infinite-dimensional tori correspond to almost periodic in time solutions.

For finite dimensional Hamiltonian system, standard KAM theory ensures that, under some
non-degeneracy assumptions, most tori survive and thus most of the solutions are quasi-periodic
(see e.g. [KP03]). Naturally, in an infinite-dimensional phase space, infinite-dimensional invariant
sets are expected. In other words, for PDEs, we expect almost periodic solutions to be typical.

The construction of invariant tori of infinite dimension was first achieved for certain models
with short range interaction (see [FSW86, Pos90]). But clearly the interactions in nonlinear PDEs
(in Fourier variables) are long range. Then Cherchia—Perfetti [CP95] constructed invariant tori of
infinite dimension for Hamiltonian systems with long range interactions but they require a very
rapidly increasing frequencies. Again this does not correspond to standard PDEs. On the other
hand, there exists some completely integrable Hamiltonian PDEs (such as Korteweg de-Vries,
cubic nonlinear Schrédinger or Benjamin-Ono equations) for which it has been proven that all
the linear tori survive (see [KP03, GK14, GK21]). Nevertheless, although very interesting, these
systems are very specific and, as for finite dimensional systems, this property is not expected to
be true in presence of perturbation.

Concerning non integrable Hamiltonian PDEs, many results have been obtained, but mainly
concerning the existence of finite-dimensional invariant tori (see e.g. [Kuk87, Way90, CW93,
Bou94, Pos96, KP96| for the earliest results for 1d PDEs, [Bou98, EK10, BB13, PP15, EGKI16,
GP16] for some results in higher dimension, [BBHMI18, FG24, BHM23| for some results about
quasi-linear equations and [BKM18] for large amplitude solutions) and often at the cost of adding
external parameters to the equation to simplify the treatment of the small denominators inherent
in KAM theory. Most of these results allow to get invariant tori of arbitrarily large dimension.
Nevertheless, in the proofs, the larger the dimension is, the smaller the perturbation parameter
has to be. Therefore, they say nothing about the existence of infinite dimensional invariant tori.

The desire to show the existence of almost periodic solutions of (NLS) or other Hamiltonian
PDEs is obviously not new. The grail would be to show that these almost periodic solutions
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represent the typical behavior of small solutions. We are still a long way from that, at best, it has
been proved the existence of some almost periodic solutions and until now only for PDEs with
external parameters. The first result in a PDE context is due to Bourgain in [Bou96b| who proved
the existence of almost periodic solutions to the wave equation in presence of a random potential.
Then, few years later, in [Bou05], the same author considered (NLS) but with an extra random
convolution potential V' as external parameter:

(4) 0+ Pu+Vsu=f(lu*)u, =T, tecR.

Again he proved the existence of almost periodic solutions but, this time, with more reasonable
decrease of the Fourier coefficients of the solution. This result has been revisited and improved by
a series of paper (in particular [BMP20, Con23| and [CY21] for the wave equation). Further, using
sparsity arguments, Biasco-Masetti—Procesi proved in [BMP23] the existence of almost periodic
solutions of finite regularity. In all these results the Fourier coefficients of the potential V are
bounded and does not converge to 0. This is a critical ingredient of these proofs which is used to
deal with the small divisors (since the linear frequencies for (4) are w; = j2 —V;, j € Z). This
assumption on V seems to be the major obstruction to get similar results for other models or
just to remove V in (4) (and so to get (NLS)). Indeed, following an observation due to Kuksin—
Péschel in [KP96], it can be proved that (NLS) is somehow equivalent to (4) where V' would
depend nonlinearly on u through the relation V; = |uj|2, j € Z. It therefore makes sense to
try to match the regularity of V' and w in (4) in order to get rid of the external parameters. In
this direction, introducing a new approach based on tree expansions and renormalization groups,
Corsi—Gentile—Procesi (see [CGP23]) succeeded in greatly improving the regularity of V', indeed
they can consider V' of any finite regularity C". Unfortunately, their almost periodic solutions
are still Gevrey in the space variable. Very recently, Biasco—Corsi—Gentile-Procesi extended this
result (in [BCGP24|) by proving that their set of almost periodic solutions is asymptotically of
full measure.

Without external parameters, the only known results prove that most of the linear infinite
dimensional tori are almost preserved for very long times (see e.g. [Bou00, BFG20, LX24, BC24|
for (NLS) and [BG21] for perturbations of KdV or Benjamin-Ono equations). The proofs of these
results (somewhere between Birkhoff normal forms and KAM) deal with many similar difficulties
(in particular the degeneracy of small divisors) but make crucial use of the fact that time (although
potentially very long) is finite.

1.2. About the approach. First, we present our approach without going into technical details.

e Our approach is different from that adopted in the above-mentioned articles which concern
infinite-dimensional tori (in particular in [Bou05, BMP20]): we don’t try to construct an
infinite-dimensional torus directly, but, iteratively, a convergent sequence of invariant tori
whose dimension goes to +00. This was the scheme of proof proposed by Poschel in [Pos02]
but then rarely used because it requires the nonlinearity to be regularizing which is not
the case for (NLS) (neither for most of the Hamiltonian PDEs).

e However, revisiting techniques from the world of dispersive PDEs, and in particular tech-
niques used to get nonlinear smoothing [ErTz13a, ErTz13b, ErTz13¢, ErTz19, McC22]|, un-
conditional uniqueness [GKO13, Kil9], or invariant renormalized Gibbs measures [Bou96a,
DNY24|, we succeed (in Theorem 2.1 below), by a canonical change of variable, in making
the nonlinearity of (NLS) regularizing up to a gauge transform®. This step is fundamental

3Roughly speaking, it means that the only obstruction transform (NLS) into a Hamiltonian PDE with a regu-
larizing nonlinearity is the existence of terms depending on the mass ||ul|7.
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in our approach and deeply uses dispersive properties of (NLS). We think that Theorem
2.1, although probably not surprising in the dispersive community (where this kind of
result are obtained without preserving symplecticity), could be useful for other purpose
in the Hamiltonian PDEs world. Note, however, that this regularization modulo a gauge
transform has already been observed in the integrable case (see Theorem 2.1 in [KST17]).
In the preamble to section 2, we give more details about this dispersive effect.

e With this "regularizing normal form", the Poschel’s scheme makes sense but it is not
the end of the story since, first, the regularization is just partial, but also Pdschel was
considering external parameters (namely the Fourier coefficients of a potential) and we
don’t. Nevertheless, as in [Pos02|, we iterate a loop that consists in adding one mode to
the finite-dimensional tori already constructed. The central tool for achieving this loop is
a KAM theorem. So we iterate an infinite number of KAM theorems. The main difficulty
lies in preserving the so called twist condition which provide small divisor estimates at the
cost of excluding few internal parameters (which are essentially the squared moduli of the
initial datum’s Fourier coefficients).

e To do this, we revisit the classical KAM theorem: we prove a normal-form theorem (see
Theorem 5.3) where we eliminate much more than, as usual in KAM scheme, the 2-jet
of the perturbation. Roughly speaking we eliminate something between the 3-jet and
the 4-jet, see Definition 5.2. This forces us to have a stronger smallness condition on
this perturbation and leads us, between each application of KAM (each loop), to apply a
Birkhoff procedure (see Theorem 6.3).

We expect that our approach is quite robust and not too specific to (NLS). Indeed, on the one
hand, there exist many Hamiltonian PDEs without external parameters for which it is possible
to modulate similarly the frequencies using initial data (perturbations of KdV and Benjamin—
Ono equations [BG21], (NLS) on non rectangular flat tori [BC24|, the pure gravity water waves
[FG24]...). Moreover, in general, the way in which frequencies depend on external parameters is
rarely as favorable as for NLS with a convolutional potential (4) while the kind of dependency with
respect to the internal parameters is more universal. On the other hand, the fact that dispersion
provides regularizing effects is a quite general idea which has been applied in many contexts. So
we do not expect our regularizing normal form to be specific to (NLS), but to be equally valid for
other one-dimensional periodic dispersive PDEs (see e.g. [ErTz13b, ErTz13c|).

1.3. Extended version of the main result. Now, we give a more precise version of our main
result which include some information about the shape of the infinite dimensional tori. Actually,
we prove that they accumulate on the finite dimensional Kronecker tori constructed by Kuksin—
Poschel in [KP96] for the Hausdorff distance®

dist(Ty, T5) := max ( sup inf [|u—v|e, sup inf |lu—v|pe), Ei,E»C (2.
ueTy vET2 “ veTy ueTt “

Theorem 1.6. Let S; C Z be a non empty finite set and let Eg be a compact set included in
(0,1)51. For all e < 1, there exist a Borel set 2. C Zg, a family (T¢ )eez. of subsets of 2 a

family of homeomorphisms = TSt — 7? indexed by & € 2, and an injective map w'© : =, — RS
such that

(i) for all € € =, ¢ 1s a Kronecker torus of frequencies w® | e

VO € TS, t ‘IJZ(w(a)t + 0) is a global solution to (NLS).

4it is indeed a distance on the set of the compact sets of ¢2 .
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(i) for all & € Ee, ’7? is close to €T¢ for the Hausdorff distance induced by the 02 norm

(5) dist(7¢,eTe) < ',
(iii) the set Z. is asymptotically of full measure, i.e.

lim Leb(Z,) = Leb(Zy),
e—0

(iv) for all j € Sy, there exists a 1-Lipschitz function® )\g-a) 1 2. = R, bounded by 1, such that
for all £ € =,

(6) WP (€) =2 -2 0)(g -2 &) + A (@),

IS
(v) forall € € 2, ¢ 1s accumulated by infinite dimensional tori: for all p < 1, there exists a
non resonant infinite dimensional Kronecker torus 7?’p C (% such that

dist(777, T¢) < p.

Let us comment our result, in particular comparing it with Kuksin—Poschel result [KP96].

e items (i)-(iv) are consequences of the result by Kuksin-Pdschel [KP96]. In particular
items (ii)-(iv) ensures that, up to an asymptotically zero measure set, we consider the
same invariant tori of finite dimension that Kuksin—Poschel. More precisely, items (iii)
and (iv) imply that we could parametrize finite dimensional tori by frequencies living in
the same set as Kuksin—Pdschel tori (up to an asymptotic zero measure set) while item
(ii) ensures that the tori we consider indeed bifurcate from the linear ones.

e item (v) is the new part: it says that we are able to construct infinite dimensional invariant
tori (as stated in Theorem 1.2) but furthermore, that Kuksin—Péschel tori, which are in a
sense exceptional since of finite dimension, are not isolated in the phase space: they are
accumulated by infinite dimensional invariant tori.

e All the finite dimensional invariant tori we construct are KAM tori, i.e. with linear flow
and linearly stable, but we cannot conserve the linear stability when we pass to the limit
(essentially because the normal form that we construct is only defined on the torus). Thus
our infinite dimensional invariant tori are Kronecker tori.

e The infinite dimensional tori that we construct are not maximal in the sense that they
are built on a set of Fourier modes which is sparse in Z. To be more specific, in assertion
(v), the frequencies vector w*?(£) € RN of the tori TP satisfies wi”(€) = 57 + o(1) for
some rapidly increasing integers j;, i € N (see section 9.3.1). Ideally we would like a full
dimensional torus, i.e. j; = ¢. This restriction, although technical, does not seem easy to
remove.

1.4. About the proof. A detailed scheme of proof would be very long and maybe too technical,
here we just want to give the principal keys in an informal way. Note that each section has a short
introduction that attempts to clarify the section’s place in the overall proof. Now, we assume that
the reader is familiar with the techniques of KAM theory and Birkhoff normal form theory.

> Modulation of frequencies and twist condition. The crucial hypothesis in any KAM theorem is
the twist condition: assume that the frequencies vector w = (wj)jes, S being finite or infinite
subset of Z, depends smoothly on parameters & € RS, we want to be able to modulate the
frequencies when moving the parameters. So we want the derivative of w, denoted dw, to be

5for the ¢* norm.
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invertible in some sense depending on the topology we choose on the set of frequencies and on the
set of parameters. In the case of (NLS) with f/(0) = —1 the first correction to wj is &; (it comes
from the term %|u] |* in the Hamiltonian which, once you recenter around & ; writing |u; |2 = &+,
shows up a quadratic term &;y;). Let us write w; = {; +e@; where ¢ is a small parameter linked to
the size of the perturbation (i.e. of the solution here). The twist condition results in invertibility
of Id 4+ ed@ and, if we want a diagonally dominant matrix®, can be rewritten as

sup Y 9, @] S 1.

keS jes
The non-linearity regularization improves the estimate on @. By d-regularizing Hamiltonian we

mean an analytic Hamiltonian P that satisfies (locally) VP : €} — E;O +s Where

b, ={ue CZ | Z(k:>s°|uk| < oo}, for some sy > 0.
keZ
Without regularization (§ = 0) we expect estimates on @ of the type |0g,@;| < 1 and we cannot
expect to prove the twist condition except if S is finite (this is actually the case in [KP96]). When
S is infinite, we need regularization (6 > 0) and we can still distinguish two cases:

e with a regularization without loss (6 > 0 and sp = 0) we expect estimates on @ of the type
|0¢, @] S # uniformly in k and we can prove the twist condition for § > 1 or S sparse.
e with a regularization with loss (§ > 0 and sy > 0), which is actually our case with sy = 20,
we prove estimates on @ of the type (in fact £ — @ will be only Lipschitz and we have to

adapt the twist condition but we omit this problem here)
(7) 96,251 S 1A ()70 (k)P0 A (k)0 (5)%

and we prove the twist condition for § > 0 and S sparse. For instance, when sy = 29, we
can take S = {ip, p € N} with 4,41 > i} (see section 9.3.1).

> About the sparsity condition on S. We can try to explain why estimate (7) is natural and thus
why, for the meantime, sparsity seems unavoidable without a significant improvement in our
regularizing normal form theorem (section 2). In fact the problem comes from integrable terms in
the Hamiltonian. Theorem 2.1 allows terms of the form ¢y, ¢ j|u;|?|us|?|ug|* in the nonlinear term
with, if we assume (k) > (£) > (5), the estimate” |c ;| < (k) 70(€)49(5)4. After opening modes
j and £ this term generates a contribution to the frequency of index k: @y (&) = cp ;€& and we

have O¢, @k, = ck ;€. If § is very small, this term could be of order (k)= (€)%,

> KAM with internal parameters. To perform a KAM theorem using internal parameters we know,
after Kuksin-Poschel [KP96|, that we first need to perform a Birkhoff normal form up to order
four which brings out the 4th-order integrable terms, >_, |u|*, from the cubic term in the original
equation. As we have seen above these terms are used to satisfy the twist condition. Actually, after
our regularization step, we obtain a normal form ready for the first KAM step which essentially
constructs the Kuksin-Po6schel invariant tori. Then our strategy consists in adding a new internal
site and to apply again a KAM theorem, and then to iterate this loop. So we need, at the loop
output, a Hamiltonian in normal form up to order four. We have two possibilities:

6which is equivalent to consider w : £'(S) — £'(S) and to apply a Neumann series argument
"Indeed we can compute explicitly all the sixtic terms and we obtain (see for instance [BFG20] where these
4 2
terms are very useful) Zg = 37, , |“&U£;§‘
expect such "convolution" structure to be stable at higher degree. So in general we cannot expect better estimate
than the one given by Theorem 2.1.

which leads to a quite better estimates of c¢,;, but it is difficult to
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e Following the standard KAM theorem we remove the 2-jet of the perturbation during the
KAM step and then we apply a Birkhoff normal form procedure to eliminate the order
3 terms and order 4 terms that are not integrable. This strategy seems to be the most
reasonable, just mimicking [KP96], but it faces an obstruction. In fact when eliminating
order 3 terms by Birkhoff, we will create terms of order 4 by taking the Poisson bracket
between terms of order 3 (typically {Ps, x3} where P is an order 3 term of the perturbation
and xs3 is an order 3 term coming from the resolution of the cohomological equation).
Among them we can create ay, ;|ug|?|u;|*> where, a priori®, ay ; is of size 1. Then, when we
open the site k, |ug|> becomes & + y and this generates the term ay j&g|uj>. In other
words, we have created a contribution to w; equals to ay ;& whose C ! (or Lipschitz) norm
is, a priori, of size 1. Thus, as seen above, we cannot satisfy the twist condition at the
next step. We note that this obstruction does not appear when eliminating order 4 terms.

e We remove all the 3-jet (and actually a part of the 4-jet) during the KAM step. This
is very expensive in terms of small divisors. In fact to perform such KAM theorem, we
have to solve successively 6 cohomological equations and at the end we have to assume
that this part of the jet of our perturbation is very small (%% where r is the size of
the neighborhood of the current torus). Then after each KAM step and before each new
opening step we will apply a Birkhoff procedure to make much smaller the terms of the
perturbation that will appear in this jet when we open the new site. Then for the next
KAM step this jet will be small enough to eliminate it by applying our KAM theorem.

Clearly, although less natural, we adopt the second solution in this paper.

> About our choice of Hamiltonian class. As explain previously, in order to be able to get the twist
condition, we need to propagate (in our normal form construction) sharp Lipschitz estimates on
the modulated frequencies (like (7)). In particular, it requires to have sufficiently good estimates
on the Hamiltonians appearing in our construction (implying in particular vector field estimates
from ¢! to £!). Since these estimates are quite involved, we have chosen the most direct option:
we simply propagate estimates on the coefficients of the Hamiltonians and we do not modify the
phase space and its topology. It generates spaces of analytic functions (see Definition 3.1) but the
drawback of such approach is that the stability of such spaces with respect to the composition by
Lie transforms is not automatic. Nevertheless, we prove it (in Lemma 3.10) by using an ad-hoc
Cauchy Kowaleskaya theorem (see Lemma 10.1).

> About our small divisor estimates. To prove our KAM theorem (see Theorem 5.3), but also our
Birkhoff theorem (see Theorem 6.3), we need to control more small divisor than usual (e.g. to
remove the 3—jet in the KAM theorem). Therefore, at each step, we impose a fourth Melnikov
condition on the frequencies (see (66)). We prove that they are typically satisfied using arguments
similar to those developed by two of the authors in [BG21] to perform Birkhoff normal forms for
PDEs in low regularity®.

> About the amplitudes of the tori. Very schematically, if we denote by (r,)pen the sequence of
sizes of the circles that make up the infinite dimensional tori we are constructing, we strongly use,
as in |Pos02], that r,41 can be chosen much much smaller than r,. In a way we have an infinite
reservoir of smallness and this enables us to make assumptions such as "the adapted jet is of size

8Here P3 and X3, as part of the residual terms of KAM, do not have small coefficients.
9Note that the situation is actually quite similar here in the sense that the estimates we propagate implies that
the Hamiltonians enjoys vector fields estimate from ¢! into £*.
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740000 in our KAM theorem. The downside is that we relinquish all reasonable control over the

decay of 1, (contrary to [BMP20] or [Con23|). More generally, we are not trying to optimize sizes.

> About the geometry of our invariant sets. For simplicity, we only focused on topological consid-
erations about the geometry of the Kronecker tori we constructed. In particular, we do not think
there is any serious obstruction to proving that the associated embeddings W are in fact analytic
(as it is usually done for finite dimensional tori, see e.g. [KP96]). However, it would generate, of
course, technicalities we preferred to avoid to lighten the proofs.

> On the smoothness assumption on f. We require f to be an entire function such that z — f(z?)
grows at most exponentially fast. It is clearly more than just analytic in a neighborhood of the
origin (i.e. as |[KP96]). Actually, by a Cauchy estimate, it can be seen as a smoothness assumption :
we require bounds of the form |f®(0)| < (p!)~'CP instead of the classical bounds |f®)(0)| < p!C?
(for a constant C' > 0 independent of p). We use this extra (p!)~2 factor to perform the Wick
resummation of the nonlinearity in order to put the equation in regularizing normal form (see
Section 2).

1.5. Notations, constants and Hamiltonian formalism.

1.5.1. Global constants. Three global constants are omnipresent in the paper :
0:=1, mp=10 and nmax = 100.

It is convenient to fix them once for all to do avoid to generate irrelevant dependencies. The first
one, 0, correspond to the smoothing effect we get from the regularizing normal form. It could
be any number between 0 and 1 (but of course, it would influence a lot the numerology of most
of our exponents). The two others, 79 and 7Mmax encode respectively the minimal and maximal
radii of analyticity of the Hamiltonians we consider from Section 3. These are just normalisation
constants.

1.5.2. Notations. We use some quite standard notations. For all a,b € R, a A b := min(a,b) and
a Vb := max(a,b). The Japanese bracket is defined by (a) := V1 + a? for a € R. We shall use
the notation A < B to denote A < C'B where C is a positive constant depending on parameters
fixed once for all. We will emphasize by writing <, when the constant C' depends on some other
parameter o. The phase space 2 and the nonlinearity f are also considered as fixed once for all.
Finally, all along the paper, we will use the following notation to rearrange the indices. If F is a
set 1 denotes the indicator function of this set. If P denotes a property 1p is equal to 1 is P is
true and it is equal to 0 is P is false.

Definition 1.7 (Rearrangement £;). Given ¢ > 0 and a vector £ € Z%, £7,--- , £, denotes a
rearrangement of £y, - -+ , £y satisfying [€]] > --- > |£,].

1.5.3. Hamiltonian formalism. As usual, discrete Lebesgue spaces are defined, for 1 < p < oo, by
P o= fueC? | fulfh = 3l < oo}, 1= {ue €| flull = suplug| < o0},
keZ keZ

We extend these definitions for sequences indexed by subsets of Z. Recalling that we identify func-
tions with their sequence of Fourier coefficients (defined by (1)), the Fourier—Plancherel isometry
writes

dz
vue , Jullh = [ lu@Pgr =l
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We equip £? of the standard real scalar product (u,v)s defined by

——dz
2 . = —
Vu,v € L4(T), (u,v)p := %kgezukvk = §R/Tu(a;)v(a;)27r

Given an open subset U C (%, a smooth function P : U — R and u € U, its gradient VP (u) is

W

the unique element of 2 _, (Z)'? satisfying
Yo € 2, (VP(u),v), = dP(u)(v).
It can be easily checked that
(®) ke Z, (VP = 205 P(u) i= (D, +i0u,) P(0).

We always equip £2 with the usual symplectic form (i-,-),2. Therefore (NLS) is a Hamiltonian
system as it writes

() 0 = VHEOS (), with HOW(w) = / 10, u(x)? —I—F(\u(:z:)\z)(;—m
T n

where F is the primitive of f vanishing at the origin. Finally, we recall that a C! map 7 : U — (2
is symplectic if
Vu € U, Yo, w € 12, (iv,w)pe = (idr(u)(v),dr(u)(w))e.

Moreover, if H, K : U — R are two smooth functions such that VH (or VK) is /2 valued then
the Poisson bracket of H and K is defined by

{H,K}(u) = ((VH(u), VK (1)),2.
Note that, as usual, it also satisfies

(10) {H K} =2 0 HOuW K — 0y, HOm K.
kEZ

1.6. Organization of the paper. Section 2 is independent of the rest of the paper and provides
a regularizing normal form result result, Theorem 2.1, that is crucial in the proof of Theorem 1.6
and that is interesting in itself. The other sections are all related and focus on proving our main
result, Theorem 1.6. The heart of the proof is in section 8, where we show how to go from a
Hamiltonian in normal form with p internal modes to a Hamiltonian in normal form with p 4+ 1
internal modes, and therefore how to go from p-dimensional invariant torus to a p+ 1-dimensional
invariant torus. Then in section 9 we implement the iterative scheme that allows us to take the
limit p — +o00. Sections 3 4 5 6 7 are preparatory, providing all the necessary tools, in particular
a KAM theorem (Theorem 5.3) and a Birkhoff theorem (Theorem 6.3) adapted to our purpose.
Each section has a short introduction that attempts to clarify the section’s place in the overall
proof.

1.7. Acknowledgments. During the preparation of this work the authors benefited from the
support of the Centre Henri Lebesgue ANR-11-LABX-0020-0 and J.B. was also supported by the
region "Pays de la Loire" through the project "MasCan". T.R. was partially supported by the
ANR project Smooth ANR-22-CE40-0017. J.B. and B.G. were partially supported by the ANR
project KEN ANR-22-CE40-0016.

Owhere (1) := w, ' forallk € Z
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2. REGULARIZING NORMAL FORM

As explained in the introduction, the first step towards the proof of Theorem 1.6 is to put the
NLS equation (NLS) into regularizing normal form. Indeed, it is known in the dispersive PDE
community [ErTz13a, ErTz13c, McC22| that by using a Poincaré-Dulac normal form reduction
after a suitable gauge transformation, one can show a nonlinear smoothing effect for the periodic
NLS equation with polynomial nonlinearity. Namely, after transformation of the equation, the
nonlinear part of the Duhamel formula can be controlled at a higher regularity than the initial
data. In this section, our goal is to establish a similar result for (NLS), but through a kind of
convergent Birkhoff normal form transformation. While the Poincaré-Dulac transformation works
well to show nonlinear smoothing at the level of the equation, it does not preserve symplecticity.
Here we instead work directly at the level of the Hamiltonian.

The first step is to remove trivial resonances. At the level of the equation, this is usually done
by a suitable gauge transformation. Here we instead expand our Hamiltonian in terms of Wick
products, which are known in the quantum field theory literature to be the suitable renormalization
of usual power nonlinearities obtained by removing single pairings (leading to the so-called UV
divergencies in EQFT). Then we remove non-resonant interactions through a convergent Birkhoff
procedure.

2.1. Statement. In the following theorem, which is the main result of this section, we conjugate
the Hamiltonian of (NLS), HNS) | defined by (9), to a 1-smoothing Hamiltonian.

Theorem 2.1. There exist some constants p,C > 0 and a C' symplectic map T - Bz (0,p) — 2
such that for all u € By (0, p)

NS =1 Lo 2n o
H )oT—Hl (u) + Z Z Z H ||u||L2 H Up,
2n+¢>6 oe{—1,1}9 011+ +0gly=0 157<q
o1++0o4=0

L= % and where

OEES S

keZ

with the usual convention o

|ug|®
2

/'(0)
2

) url? + 72

and the coefficients HY e satisfy the bound

niy p (6
SO (1A <Z’{> ).

Moreover, the map T satisfies the following properties for all u € ngv(O,p) :

£
| H,7

e it preserves the L? norm and commutes with the gauge transform : ||7(u)||p2 = ||lullz2 and
7(e®u) = 7(u) for all § € T,
o it is close to the identity : ||7(u) — ullz < [lull?:

e its derivative is close enough to the identity : ||dr(u) —1d[[p2 e < z.
Remark 2.2. A quite direct extension of our construction would allow to prove that 7 — Id is
actually smoothing up to a gauge transform, i.e. that for all u € By (0, p), there exists 0(u) €
T such that ||7(u) — ew(“)uﬂezW < lull, where (wy)r == wi(k). It would make Theorem 2.1

more similar to [KST17| (dealing with the cubic (NLS) case) but since this is not useful for our
application, we did not include it.
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This theorem is proven in subsection 2.7. We point out that all the notions and notations
introduced in this section are specific to it and will not be used in the rest of the paper. Never-
theless, to make the paper more consistent, we use a formalism very close to the one we use in
the other sections (and which, at first glance, may seem surprising for a kind of Birkhoff normal
form procedure).

2.2. Classes of analytic functions and pairing. Let us introduce some further notations and
basic definitions to prove Theorem 2.1.

First, we define a special set of indices which will correspond to monomial whose highest index
is associated with an action.

Definition 2.3 (Set of indices Py). Being given ¢ > 0, P, denotes the set of indices (£, 0) € Z1 x
{—1,1}4 such that there is a pairing between the two highest indices: there exist j1,7j2 € {1,...,q}
such that

J1 7& J2, ej1 = £j27 Oj; = —0j,, ‘Ej1| = ‘Eﬂ

Then, we define two spaces of homogeneous polynomials.

Definition 2.4 (Spaces P, and R, ). Givenn > ng and r € (0,1), we denote by P, the set of
the formal series P of the form

Pun=Y Y SR ]

>0 oe{—1,1}9 £€Z9 n>0 1<j<q

whose coefficients Pf’a € C satisfy the following conditions
(i) reality condition : P&~ = P&
(ii) preservation of the mass : if Pbe #0thenoy+---+0,=0,
(iii) zero momentum condition : if PET £0 then o1y + - + o.ly =0,

(iv) bound :
E*
IPlp,, = sup Z \Pf"’ r2”+qe”q+2”°”AZ}7 < oo where AZ}T =1V e_q<<£*1>>2 Lig,0)ep,-
o b 5 ;

We denote by R, the subspace of Py, of the formal series P satisfying the extra bound

e*
Pz, == _sup Z |PEo r2Haenit2np ol < oo where Byli=1Vve ™ <*1>2,
2t )

Remark 2.5. The definition of these quite unusual norms are motivated by Lemma 2.21 and
Lemma 2.15 which are crucial in our proof.

Lemma 2.6 (Formal series define functions). Let r € (0,1), n > ng and P € P,,. Then
us P(ul7z,w) =: P(u)
defines a smooth function from Bz (0,3r) into R and enjoys the estimate

sup \P(U)’ § HPHPW'
’U,EBEZW(O73T)
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Proof. Tt suffices to prove that the formal series defining P(u) converges uniformly for u €
Bz (0,3r). By definition of the norm [|P||p, ., it suffices to prove that

Z Z 2T 20 (3gr) 20 Z we, - we, 1

neN geN Le7, oe{—1,1}4

where w; = |u;|r~! for j € Z. Noticing that, since s > 1, w € ¢! with |Jw|[p < 57 ull,z < 15
for u € Byz (0,3r), we deduce

Z we, - we, S 307
LeZ4, oc{—1,1}4
On the other hand the summability with respect to (g, n) is ensured by the exponential e~"79~2m0n
with n > ng. O
Definition 2.7 (Projection II, and Il<,). Let a > 0, r € (0,1) and n > ng. We denote by I1, the
projection defined for all P € &, , by

I, P(p,v) := Z Z ZPS’UM” H Uz_j.

oe{—1,1}2 LeZ* n>0 1<j<q
Moreover, we set ll<, =1Ily + --- +1l,. If a < 0 we set II, = 0.

Definition 2.8 (Degree and projections Ilgeg<q). Let d > 0. Some coefficients (n,l,0) € N x
749 x {=1,1}4, with ¢ > 0, have degree d if 2n + q = d. We denote by Igeg—q the associated
projection defined by restriction of the coefficients to the indices of degree d. Moreover, we set
Hdeggd = Hdeg:O + o+ Hdeg:d—l'

2.3. Laguerre polynomials and Wick renormalization. This subsection is devoted to the
proof of Proposition 2.9 below in which we prove that the nonlinearity of (NLS) belongs to some
spaces Py .r, for some rg > 0. Actually, the algebraic decomposition we prove is much stronger
but not useful in this paper. Before stating the proposition, we recall that F’ denotes the primitive
of the nonlinearity f vanishing at the origin and that we only have assumed that, F'(0) = f(0) =0
and that it is a real entire function such that z +— F(22) grows at most exponentially fast!®.

Proposition 2.9. There exists 7o € (0,1) and PANLS) ¢ P3uo,ro, such that the nonlinear part of
the Hamiltonian of (NLS) satisfies

1 dx
B ~ | F =
Vue By 03m), 5 [ Flu@Pg

The proof of this proposition (given at the end of this subsection) requires one more definition
and a preparatory lemma.

= PN (y)  with  TaPNYS) = Mg PNES) = 0.

Definition 2.10 (Laguerre polynomials, Wick-ordered polynomials).
(i) Given p >0, the p-th Laguerre polynomial is defined as

Ly(z) = z,,: (—n1!)n <z> 2",

Monomials can then be expanded as

(1) = @) S () i)

m=0

Hand that F”(0) = f/(0) # 0 but it is not useful in the section
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(ii) Given p > 0, we define the Wick-ordered homogeneous polynomials of degree 2p by

ul? b
(12) Juf = (=17 (1)l 5 Lo ’u’z )= 2 ( )H 17 fuf.

ul2.) ~ 2

Our interest in these homogeneous polynomials comes from (the proof of) [DNY24, Proposition
2.2] that we recall in the next lemma. For convenience of the reader we also repeat the proof in
our context.

Lemma 2.11. Given p € N, we have
dx
2p. —
(13) Wap(u) = /T P @)= S S Wt I uf
oc{—1,1}?P LczZ?r 1<5<2p
where the coefficients (ng)e’” € R satisfy
(Wop)b% =0 if o1+ +025#0 or ol +-+0aolsy #0
and
(14) |(Wap)57| < pl2?.
Furthermore for any (€,0) € Z2 x {—1,1}?P, if (Wa,)57 % 0 then any pairing in (£, o) is over-

paired: if there exist 1 < i < j < 2q such that £; = £; and o;0; = —1 then there exits 1 <k < 2p
with k ¢ {i,j} such that £, = £; = ¢;.

Proof. First, we note that, for any ¢ > 0, by elementary combinatorial calculus, we have the
expansion
n

DS 3 q! q! P
||u||L2q - n n u g,
! | Je "It
[To—y e TTi—; B! —1 ¢

1<n<2¢ j,<-<g,, 1+ +an=q
Bit++B, —q
j-(a=B)=0

Then using (12), we deduce that

Wop(u Z Z Z W2n ) H ua‘*’u

1<n<2q j,<-<j,, x1++on=p
/31+ “+B,=p
J(a—pB)=0

where

(meB) N, g (PP (p—q) (¢))?
= ()5 X T i =

q=0 Tt Y =p—q
0<y,<ayNBy
P 1
= (=DP(p))? ) (-1) :
q:ZD 71+-~~+Z%p_q [Ti—1 vel(ae = v (Be — o)
0<y,<aynBy

As a consequence, coming back in the original variables, we have

Waw= Y Yt TT

oc{-1,1}?r £c72p 1<j<2p
o1t +02p*001e1+ +02plap=0
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where
? az'ﬁ
(15) (Wap)®7:=270(=1) 3 (-1)T > H 7
4=0 Vit =p—g =l N Be =y
0<~,<a,NB,

n > 1,a, B8 € N" denoting indices such that the monomial ng i<op uZJ can be written under the

form [}, u?f@ﬁf for some j; < -+ < g,.

With these notations, if for some ¢, ay = B, = 1, then 7, € {0,1} and moreover the g-th
coefficient in the sum for v, = 0 exactly cancels out the (¢ + 1)-th term for 7, = 1. This shows
that (ng)e"’ = 0, i.e. that any pairing in W»,, is always over-paired.

It only remains to estimate (Wa,)%?. It is not clear how to get a good estimate from (15), so we
prove another formula. First, we note that for all p > ¢ there exists a set E, , (whose definition
is simple but long and not useful for us) such that

) |
lal 3™l = > Y Veeopen, 11 v
£e7?r oe{—1,1}?r 1<5i<2p

Thus, by symmetrizing this coefficients, it follows of (12) that

where

SK:OUP#I Z :H' gol,cpo‘ Gqu
90662;)

So using that [Sgepq| < 1, it comes

p
|(Wap)| SZS( >\ < pl2”.
q=0

Proof of Proposition 2.9. From (11)-(12) and denoting p = [|u|?, we formally expand

FOO) < . pl
[ F(utarian = 5 O S me B (P

p>2 q=0

(g+n) n o
(16) :Z Z Z Z(WQq)e’aFJ;!(O)(q+ > H g "

¢>0 oc{—1,1}29 £€729 n>0 4 1<j<2q

Let us denote 2P(NES) (14, u) the formal series (16). It remains to prove that for a convenient choice
of ry

Lo ‘F(q—HL) (0)’ (q + n) —2n—q 377 +2non <£T>
sup  sup E Woo )9l | ————+— 0g <m0 <1\/e A N ) < 00
>0 oe{—1,1)2 qn>0‘( 20)"” q! q "o (52 (b)P2

L7214
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First we note that, taking into account the over-pairing property satisfied by Wy, (see Lemma
2.11) we deduce that if (€,0) € Py, and (Wa)%® # 0 then (€;) = (£3). As a consequence it
suffices to prove that

Flatn) (o —on—
(17) sup sup  sup Z |(W- £ "|M (q T n> o 2n=q 3n0g+2m0n
420 oe{-1,1}9 £€Z9 q! q

Let p > 2. From the assumption on F' together with Cauchy’s integral formula, we get that
there exist ¢ > 0 such that for any r > 1,

1
cr2
<p

(p)
‘Fp(0)|r\./ 'rp+17

which, after optimizing in r, gives

(p) < 1€
|F (0)\NP-(2p

Using the bound (14) on |(Wa,)%|, this gives

)2P+1 < C2p(p!)—1.

~

+
|(Wag) 27| [t (0)] (q+n P14 3m0g+2non < 2q02(q+n)lr—%—qei’moqﬁnon
q q! q 0 ~ n! 0 .

Therefore, setting ro = 4c2e=3™, (17) holds true and thus P € Psno,ro-
Finally in view of (12)-(13) we have Wy = 0 and then, using (16), we get I, P(NLS) —
Furthermore since (16) contains only monomials with even degree and F(0) = F'(0) = 0, 1t

follows that Myeg<3 PN = 0
O

2.4. Vector field estimates, Poisson brackets and flows.

Lemma 2.12 (Vector field estimates). Let r € (0,1), n > no and x € &, . Then Vx defines a
smooth function from By (0,3r) into 2, and enjoys the estimates

(18) Vj >0, sup [/ Vx(u)llezyisee S5 X,
uEBégw(O,Sr)

Proof. We assume without loss of generality that the coefficients of x are symmetric and that
x| 2,, = 1. First, we note that we have, for all u € By (0, 3r)

V Z Vl_[deg dX Z 2u0 Hdeg dX( ) + vadeg:dX(u) :
d>1 d>1 ) )

On the one hand, proceed as in the proof of Lemma 2.6, we have that for all u € £2
(19) 19D ()llez, S (4r) "l

On the other hand, by symmetry of the coefficients, we have for all u € ¢2 and k € Z

Yoo Y Y e I u

g+2n=d oc{-1,1}9-1 Lcza-1 1<j<q—-1
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By definition of ||x||#, , and using the zero momentum condition, it implies that

W< Y 2 Y 3 g r=a=2memma=2mom - T Jug, |

q+2>n2:d oe{-1,1}1"to1b1++o¢-1£4—1=k 1<j<q¢-1
q=z

d
S N D SRS DU | (U]
q=2

oc{-1,1}1"t o1y +Foq1£4 1=k 1<j<q—1

=: ,Sq)(u)
Now, we note that by Jensen, if 161 +--- + aq_lﬁq_l = k then

q—
o < (g —1)° Z a(len |-+ -11)
=1

.

Thus applying the Young convolutional inequality and the Cauchy—Schwarz inequality, it comes
) 1
17Dz, < (0 = 1l (3 uele®™) 2 < (g = 1) 47wl
keZ
As a consequence, applying the triangular inequality, it comes (since n > )
d
(20) 1D W), < 5~ ullf Y 2qe™ F98%(g = 1)* < 5"
w q:2 w
Putting (19) and (20) together, we have proven that
Vue & [ Viaogmax(w)le, S 57l

Then, noticing that VIlgeg—qX is a homogeneous polynomial of degree ¢ — 1 defined on a Hilbert
space (here £2), this last estimate implies'? that VI geg—a is smooth map from ¢2 to (2 satisfying
foralluEEE_J andall 0 <j<d—-1,

(d—1)!
(d—1—j)!
Moreover, we also note that d’ Vgeg—gx = 0 for j > d. It follows of (21) that the series
>4 @ VIgeg—aX converge uniformly on By (0, 3r) and so that Vi is a smooth map from By (0, 3r)
to 2 enjoying the estimate (18). O

(2]‘) ”djvndeg:dX(U)||(Z2w)j_w2w 5 5_d’l“_d||

1 —d—1—j, .—dy, jd—1—j
||£2 < 47y lullps ™

As a corollary of the previous lemma a result about the existence of Hamiltonian flows generated
by Hamiltonian in &7, ,. This kind of corollary is standard in Hamiltonian PDEs. Moreover, in
Lemma 3.10 of the next section, we prove a very similar result in a context slightly more complex.
So we omit the proof.

Lemma 2.13 (Hamiltonian flow). Let r € (0,1), n > no and x € Py, be such that

(22) IxXll2,, < 7°.

Then the flow of the equation i = Vx(v) defines a smooth map @ (-) = ®4(-) : (t,u) €
[—1,1] x Bgz (0,2r) — (2 enjoying the following properties:

12We refer to [BS71] for basic properties of polynomials on Banach spaces.
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(i) for each t € [—1,1], <1>§< defines a symplectic change of variable from By (0,2r) onto an
open set of £2 included in By (0,3r),
(ii) @ and d®% are close to the identity: for all u € By (0,2r), all t € [0,1]

195, (u) — ullz, + 7A@ (u) = Tdllz ez S 77 X2,
(ili) d?®! is bounded: for all u € By (0,2r), all t € [0,1]
142 ®% (W) llez, xez 2, S 7770\,

Corollary 2.14. In the setting of Lemma (2.13). If moreover ll<sx = 0 then for all u €
B2 (0,2r)

3 ,.—4
12 (w) = ullez, < lullie v lIxll2,,-
Proof of Corollary 2.14. Let u € By (0,2r). If ’I"_1||’U,||gz2z > 1 there is nothing new to prove. So
we assume that p := [|ul;z, <. Since Il<3x = 0, by homogeneity, we have that
P4
Ixllz,., < () Ixll 2,
Thus, applying Lemma 2.13 with r < p, we get as expected that

- —4
195 (u) —ullee, S p~ixllz,, S PP X2,

Now we estimate the Poisson bracket between an elements of P, . and an element of R, ;..

Lemma 2.15 (Poisson bracket). Let ¢ > 4, r € (0,1), n > no. There exists a bilinear map
b(,) + Py X Mg Ry = (Vo <iy<y P such that for all P € Py and all x € llyRy.,, we have

(23) Vu € B (0,3r), (P, x)(u) = {P, x}(u),

(24) Yg" > 0,¥0 € [no,m),  |Tgd(Px)llp,, Sr2¢"e "My g ioPlp, , () lIXIIR,,-
From now, in view of (23), by a slight abuse of notations, we set

{P,x} := (P, x)-
Proof. We divide the proof in two steps.

e Step 1: Setting. By definition, using that P and y commute with || - ||%2 (conservation of the
mass), we have

{P,x} =21 0Py, X — O5xOu, P.
JEZ
By uniform convergence of the series defining P € Py, (and its derivatives) on By (0,3r), it
suffices to consider the case when P = II,P € P, is homogeneous (in v) of degree ¢ > 2. In that
case, using the zero momentum condition we get

{(P.x} =1L
where for each £/ = (£,€0') € 27! x 297!, 6" = (0,0") € {—1,1}0 1 x {-1,1}9"1 0" >0
(2i)71LfL////’UH _ Z <P7(L£’j)i’(a’+1)i X’ES/’J)Z 7(01771)1‘ _ Pée’j)i’(a’il)i ngld)z ,(0'/,+1)i >

1<i<q, 1<i'<¢’
n''=n+n’
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where (£, j)¢ denotes the multi-index (€1, ,£;—1,7,€i+1, -+ ,£€4—1) (and similarly for (o, +1)%)
and as a consequence of the zero momentum condition,

q—1
—j = Z Uzez
=1

By definition of the norms | - ||z, , and |- ||z, ., since Ag s and By do not depend on the order
of the multi-indices, we deduce that

_ / // e _ o
(2qq) 71 Y A e a2 | LEL0T) < 9y =2em2ed e Ay o (1P, Be xR,
n''>0

Thus, to prove (24) it suffices to prove that
(25) Ay o)Bej S (@) Agron.

e Step 2: Core of the proof. Now, we aim at proving (25). First we note that (25) is trivial when
(£",0") ¢ Pyr. So from now we consider the case (£”,06”) € P, and we are going to prove

L (D) _ () (€, 9)7)
26 q/ 2 < N x Lie, ), (o t o e
(26) e = (e g2 @ et (i i
which clearly implies (25). In order to prove (26) we distinguish 3 cases .
e Case 1: ((£");) = (€7) > ((£)T). We decompose this case in 3 sub-cases.
— Sub-case 1.1 : (j) < (£5). In this case ((€,7),(0,1)) € Py, ((€,7)1) = (€7) = ((£")})
and ((€,7)3) = (€3) < ((€¢")3). Thus
(@ . (e
<(£//)§>2 = <(€,j)§)2 ((€.4),(0,1))€Py"
— Sub-case 1.2 : (£3) < (j) < (€7). In this case we still have ((¢,j),(o,1)) € P, and

((,7);) = ((€")3). Furthermore, since (£”,0") and ((€,j), (o, 1)) satisfies the zero
momentum condition, ((¢,7),(o’,—1)) has also zero momentum and thus (j) <
q{(€)1) < ¢'{(£")%). On the other hand we also have ((£,7)5) < (j). All together we

get
(€")1) n2 (6, 5)1)
e < g e mer
— Sub-case 1.3 : (j) > (£7). In this case ((£,7);) > ((€")%) and ((£,5)5) = ((£)3) <
((£")%) and thus

(1) _ (&)1
(€5 = (€, 5)5)*

e Case 2: ((£")1) = ((€)f) > (£}). Since (£",0") € P, we know that (¢',0') € P, and in
particular ((€')5) = ((€)}). Let us denote £ the multi-index £’ from which we removed the
two largest indices and a7, the corresponding part of ' . By construction, the momentum
of ((4,,0]),(j,—1)) is still zero and thus

(€, 5)3) < (€, 9)7) < d((€,5)3) = d((€,1)7) < q((€)3) < ¢{(£")3).

Therefore "
e gy

(€, 5)7)
(€55
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o Case 3 : ((£")]) = (€1) = ((£)7). Then ((¢,7)3) < ((£')3) < ((£")3) and thus

(@) _ (€D
(@37 = (€57

O
Optimizing the Poisson bracket estimate with respect to ¢”, we get the following useful result.
Corollary 2.16. In the setting of Lemma 2.15, we have that
P, XY e, < 72— o) HIPlp,, (@) °lIXIR,, -
We end this section with a result on the action of the Hamiltonian flow @; by composition.

Lemma 2.17. Let r € (0,1), n > no, o € (0, — o], ¢ > 4 and x € Wy Hy,. Assume that x
satisfies

<27) (q/)5HXH=@n,T r§ OZT'Q.
Then for any P € 2, , and any t € [0,1], there exits P, € &, _q, such that
Po q); =P on Bp(0,2r)

and, identifying the formal series and the functions'®, we have
<28) Hpoéi“yn—am S 2 Hpuﬁn,r
Moreover, if IlIoP = 0, we have that

(29) My Po® =Ty P.

Proof. Without loss of generality, we assume that I[IoP = 0. Indeed, since x commutes with the
L? norm, we have (IlpP) o ®! =TIy P.

Then, we want to apply the Cauchy—Kowaleskaya lemma proven in the appendix (see Lemma
10.1). So we set, for p > 1, E®) = I,P,, , and | - || g = || - |,,~- We note that, with the
notations of Lemma 10.1, we have for any 8 > 0

Ep = (Id =1lo) Zyyi 5, and |- [lg = |2, 5.
By Lemma 2.15, we have for all 0 < 3 <np—1, allp>1,all P € Eg

L {P, X pw S peIIPllgr—2(d)°Ix]l2,,

and thus the linear map L := {-, x} satisfies (167) with C ~ r=2(¢)%||x||,,. As a consequence
of (27) we have 2C, < a.

Now let P € 2, ,. Applying Lemma 10.1, there exists t — P, € C1([0,1]; 2, _q,,) solution of
the transport equation

{ O = {Fx}, te01] such that  sup [|P]|»

<2||P||le, ..
oo P s I1Pl5,,

n—o,r —

Now consider g(t) = P; o ®*(u) for some u € By (0,2r). We have

d

7 9(1) = 0P 0 &7 (u) + dP(® (1)) (99, ()

= {Pi,x} 0 @ (u) = (VP(Py" (1)), VX (P (u)2 = 0

13 e. identifying P o <I>§< and P,
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and thus P; o (I>_t( ) =g(t)

= g(0) = P(u). Therefore P, = P o <I>t and we deduce that P o (IDt
belongs to &), for all t € [0, 1

| and satisfies (28).

Finally it remains to prove (29). First, we note that by Lemma 2.15 and preservation of the
mass <y _1{P;, x} = 0. Since ¢’ > 4, it follows that 0;II<o P, = Il<o{P;, x} = 0. Since I[P =0
(and II; P = 0 by preservation of the mass) it follows that II<oP; = II<oP = IIgP. Therefore,
applying again Lemma 2.15 and using the preservation of the mass, we get II<y_1{P;, x} = 0 and
it follows that Oll<y Py = <y {P;, x} = 0. Thus, we have that II<, P o (D; =<y P =1Il<y P .

O

2.5. Terms in normal form and cohomological equations. In this subsection, we first define
a notion of normal form and introduce a notation for the quadratic part of the Hamiltonian of
(NLS). Then we justify it by two useful lemmas.

Definition 2.18 (Z3). We define the quadratic part of the Hamiltonian of (NLS) by
1
Vue X, Zy(u) = 3 > kgl
kEZ

Definition 2.19 (Terms in normal form). Let r € (0,1) and n > 0. A Hamiltonian P € &, , is
in normal form if its non zero coefficients Pt % 0 satisfy

(30) (£,0) P, or ‘0'16% +- 4 a'qﬁg‘ < 47104,
We denote by Iyt the associated projection defined by restriction of the coefficients.
Then, we prove that the terms in normal form are actually smoothing (up to a gauge transform).
Lemma 2.20 (Terms in normal form are smoothing). For allr € (0,1) and n > ny, we have that
ot Py C By

Proof. We have to prove that if ¢ > 0, £ € Z% and o € {—1, 1}9 are such that, 01€;+- - -+0.£, = 0,
(£,0) ¢ Py and |07 + - - +aqe§\ < 471069 then (£7) < ed(£5)2.
The cases ¢ < 2 are implied by the case ¢ = 3. So we assume from now that ¢ > 3 and,
moreover, without loss of generality, that [£;| > --- > |€,]. We distinguish two cases.
o Case (£1,01) = —(£2,02). Using the zero momentum condition, we have that

2061 = |osls + -+ agly| < (g — 2)[3].

e Case (£1,01) # —(£2,02). Since by assumption, we also have that (£1,01) # (€2, —02),
we deduce that

[61] < |o1€] + o263] <4710 + (¢ - 2)45.
We conclude by noticing that both estimates imply that (£1) < e?(€3)2.
g

Finally, we prove that the solutions of the cohomological equations are also smoothing (up to
a gauge transform).

Lemma 2.21 (Solutions to the cohomological equations are smoothing). For allr € (0,1), n > no,
q >3 and P € Py, there emists x € II;R,,; such that

(31) Vu € BZQW (07 3T)’ {227 X}(’LL) = _Hq(ld - an)P(U)
and
(32) | <Sa’|Pll,,-
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Proof. Without loss of generality, we assume that P = II;(Id — II,¢) P. First, we define a Hamil-
tonian x € I, P, , by setting Y47 = 0if P57 =0 and, else

Lo
to . P

i,

where Qp 5 = E 0']-632.
1<j<q

We note that it is clear that x € II;P,, and a standard direct calculation proves that x solves
the comohological equation (31). The main point is to prove that x € II;R, , and satisfies the
bound (32).

By definition, to prove it, it suffices to prove that if (£,0) € Z? x {—1,1}7 are such that
(6,0) ¢ Py, 0181 + -+ 04y =0 and || > 471%° then

and e ¢ <£>{> ’ Z,a" < 79|P£,o"
The first estimate is a direct consequence of the lower bound on | |. For the second one, we
assume moreover, without loss of generality that [€1| > --- > |£,| and we aim at proving that

IXET| S ¢ 0Pt

(1) 1 2
33 Q < el/2,
( ) <£3>2‘ &0" ~ €
We have to distinguish 2 cases.
e Case (£1,01) = —(£2,02). Using the zero momentum condition, we have that
(34) 2161| = o3l + -+ ogbg| < (g —2)|85].

o Case (£1,01) # —(£2,02). Since by assumption, we also have that (£1,01) # (€2, —02),
we deduce that

[61] < lolf + o265 < [Qeo| + (¢ - 2)45.

As a consequence, we have

1
(35) cither |1 < (¢ —2)€3 or 5]&] <o

Finally, recalling that, by assumption, we also have [ | > 1, it suffices to conclude to note that
both (34) and (35) imply (33). O

2.6. Iterative lemma. In this subsection, we prove a lemma which is somehow the heredity step
of our regularizing normal form procedure.

Lemma 2.22 (Iterative lemma). Let r € (0,1), ¢ >4, =n—q 2 >ny and P € Py, be such
that
Meg 1P =Myll<g 1P, IP=0 and |P|p,, S

Then, there exists x € II;Ry and Q € Py, such that

e () is in normal form up to order q, i.e.

IM<,Q = yll<, P,
e 7o+ P is conjugated to Zo + Q, 1i.e.
(Zy+ P)od®, =Z,+Q on Bp (0,2r)
e () and x satisfy the bounds

Xz, S ¢ °IPllp,, and [Qllp, < (1+a)|Plp,,.

n',r
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Proof. Let x be the Hamiltonian given by Lemma 2.21. We note that ||x|/p,, < [|P|»,, and so,
provided that 7~ 2||P||p, , is small enough, ®! is well defined up to time 1 by Lemma 2.13.
Then, by Taylor expansion, we have on By (0,2r) that

(Zo+ P)o®L =2+ K+RY + R® = Z, + Q
where K = {Zy, x} + P,

1 1
R<l>_/0 {P,x}o®ldt and R@)_/O (1= 0){{Z2,x}, x} o DLdt.

Then, we recall that by construction of x, we have {Z, x} = —II;(Id — II¢) P € P, . Therefore
we deduce that K € P, satisfies

IKllp,, < IPlp,, and TegK = MyTl<,P.

Now, we focus on RV, Since Ixllz,, < a?l|Pll2,,, provided that r~2||P|| », . is small enough,
we can apply Lemma 2.17 with a = ¢~ 2, to deduce that R e Py » and
1
IRV 2, < 1{x: P}z,

Then applying the Poisson bracket estimate of Corollary 2.16, we deduce that
18Dl 720 =) P lxlle, NPl S a2 (2Pl )Pl

and so, provided that 7~2[|P||, , is small enough that ||R(1)||§7’n, < 3q7%|P||»,,. Using that

T

{Z2,x} = —T1,(1d — Ty) P € P, -, we deduce similarly that R € 2,/ and that it also satisfies

T

Finally, to conclude the proof it suffices to prove that M<,R") = TI<,R® = 0. By Lemma
2.15, since IIoP = 0, we have that II<sP = IIyP and so by preservation of the mass that
e {P, x} = O {IIo P, x} = 0. Therefore since ¢ > 4, using the relation (29) of Lemma 2.17,
we have that II<,{P, x} o ® = 0 (for t € [0,1]) and so that M<,R™M) = 0. The same arguments
apply to prove that HSqR(Q) =0.

O

2.7. Convergence of the regularizing normal form : proof of Theorem 2.1. We divide
the proof in 4 steps.

Step 1: Setting. First, we recall that by Proposition 2.9, there exist 7o € (0,1) and PWNNLS) ¢ Psno,ro
such that

H(NLS) — 22 + P(NLS) on B€2w (07 3T0)7
Mgeg<3 PN = 0 and T, PNES) = 0. Therefore, we have by homogeneity that for all r < rq,

vr <ro, PN |p@gen St

From now, we fix a radius r < ry such that HP(NLS)Hp(gnw) < r? and that we assume small

enough (i.e. in other words, we will assume a finite number of extra smallness assumptions on 7).
We set
ng=3m— Y p 2 for ¢>4.
4<p<q
Applying the iterative lemma, provided that r is small enough, we get some families of Hamilto-
nians x(? e IRy, » and P@ ¢ P, such that for all ¢ > 4
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p) = p(NLS)

e Pat1) ig in normal form up to order ¢ and stationary in some sense, i.e.

(36) M., PYtY = M, P9,
e Zy+ P is conjugated to Zo + Plt1) e,
(37) (Zo+PW)od), = Zy+ P on Bp (0,2r)
e they enjoy the bounds
(38) IX9Np,,, Sa % and |[PD|p, < Cpr® where Cg:= [[ 1+p2
4<p<q

Thanks to the bound (38) on 9, we know, by Lemma 2.13 that, provided that r is small

enough, for all ¢ > 4 and X € (1,2), (I);(‘” maps By (0, Ar) into By (0, (1+ £q~2)Ar) where £ > 0
is a constant so that

H 1+ 5q_2 <2

q>4

As a consequence, for ¢ > 4, the map

7@ = @)1((4) 0---0 @i(q_n : Byz (0,7) = Byz (0,3r) is well defined.
Moreover, for all ¢ > 4, 7@ is clearly smooth, symplectic and satisfies, by (37),
(39) (Zo+ PN o 7@ = 7, + P on Bg (0,r).

Step 2: Convergence of P(9. We aim at passing to the limit as ¢ goes to +oo. First, thanks to
the relation (36), it make sense to define P(>) € P, _ . by

Vg >4, T, P> =TI, P

and by the estimate (38), it satisfies HP(OO)”Pnoo,r < Coor3. Moreover, we note that by (36), P(>)
is in normal form, i.e.

P — 1, P>,

Then, we aim at proving that P@ converges pointwize to P(>) on B@(O,r). So let u €
By (0,7), ¢ > 4 and set p := ||lul[,2, < r. First, we note that by construction,

ng_lp(q) — ng_lp(m).
Therefore, we have by homogeneity that
Pya 3/P\q
1PD = P, < (B)IPD — PO, 50 (2)"

~

Thus, applying Lemma 2.6, we get that
PO () = P )| S|P~ POlp,_, $7%(5)" — 0.

Noo,p N r g—00

Step 3: Convergence of 79, We aim at proving that 7(9) converges in C,}(ngw(o, r);£2) to a map

7). We are going to prove that it is a Cauchy sequence. So let 4 < p < g and u € By (0,7).
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Applying the triangular inequality and the mean value inequality, we get that

17D () = 7P (), < Z 179 () = 707D (),
J=p+1
q .
<> sup 14797V () 2, szl — @10 (w)lez,

j=p+1 UEBﬂw (0,(1+e5=2)r)
Then, we note that, by Lemma 2.13 we have
- o (¢ (38)
AT D)z < [T 1+ IX9lp,,. S 1.
4<0<j—2

Therefore, using (38) and the bound given by Corollary 2.14, we have that

+o0
(40) 17D () = P w)llez, S v Ml Y 5

Jj=p+1

Similarly, still using the bound given by Lemma 2.13 and (38), we get that

q q
(41) lar D () = A7 (W)llz e, § Y M =A@ (Wl S Y 57
Jj=p+1 j=p+1

The estimates (40) and (41) prove that (1(9)), is a Cauchy sequence in Cy (B (0,7); £2,) which

is a Banach space. Thus it converges in this space and we denote by 7(>) € C} (B2 (0,7); /%) its
limit.

Step 4: Conclusion. Passing to the limit in (39), we have that

(Zo+ PN 07090 = 7, 4 P on B (0,7).

Since the maps 7@ preserve the L? norm, are symplectic and are invariant by gauge transform,
the same is true for 7(>). Moreover passing to the limit as ¢ — co in (40) and (41) for p = 4, we
have that (provided that 7 is small enough)

1
1P () = 1dllz, S 77 M lullf, and  [[dr)(u) = 1d]l g, e < 3
Since P(®) is in normal form, we have by Lemma 2.20 that P(*°) ¢ Rijeo,r- Finally, to conclude
this proof it suffices to prove that Hdeggg,P(oo) = Hl(o) — Zo.

First, we note that by conservation of the mass, Hdeggg,P(oo) = Hdeg§4P(°°). Then, we note
that by construction

Maeg<a P = Maegeallcg PO = Myegaa s PW = Tgegeally Ty PNES) = T 00 <y PNES).
Moreover, by uniqueness of the Taylor expansion, we have that for all v € £2

f'(0) f'(0) -
Hdeg§4P(NLS) (v) = 4 HUH%4 = 4 E : Ve, Vey Vs Ve, -
l1+€o—€3—£4=0
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Finally, we note that, as in [KP96] that if £y 4 £y — €3 — £4 = 0 and |£3 + €3 — €2 — €3] < 3 then
(51,52) = (£3,£4) or (51,32) = (£4,£3). Thus, we deduce that

= (HY — Z)(v).

/
0
Mgz P ) = T o
keZ

3. ANALYTIC HAMILTONIANS IN PARTIAL ACTION-ANGLE VARIABLES

In this section, we define the framework within which we will present and prove our results,
and the basic tools that will help us to do so.

3.1. Spaces of Hamiltonians.

Definition 3.1 (Formal series without parameters %Csw) Let S C Z be a finite set, r > 0 and
n > 0. We denote by %”Cf,tg, the set of the formal series P, of the form

m
P Plfa
:u Y, %, U n,k,m ,LL UZ
n€N kecZS meNS ¢eN£Le(S5¢)1 oc{—1,1}¢ i=1 ]es
S—— ———
::’l)g =ym 2k

with the usual convention v[l := Ty and whose coefficients Pf:g’m € C satisfy the relations

o reality : P57 o = Pf,:m,
o symmetry : P‘pi’fz = Pfgm forall p € &,

e preservation of the mass : if Pf,’:m # 0 then Z k; + Z og; =0,
JES

e preservation of the momentum : if Pf’gm % 0 then ijj + Z o, =0
= i=1
and the bounds

HP||(%2C;%S = ) ksipe i \pﬁ:gﬁm|en(Hk||[1+2||m||21+q+2n)r2llmllgl+q+2n@€—1 < 00
where 11
Ty ()P ()
42 Or:i=1 A wh - wh A d
(42 é SR = CIEE
w? = (j) '@ and £, £} is a rearrangement of £1,- - ,£q satisfying [€}] > - > |£].

We will justify this definition, and in particular the choice of the weight ©,, in Remark 3.5.
Definition 3.2 (Functions v, 0, z, i1). Being given u € L*(T), ¢ € (1(Z;R), k € Z we define

e the re-centered action yy(&;u) = |ugl? — &,

e the angle O (u) € T as an angle satisfying Meiek(“) = ug,

e z.(u) € C, is the complex number of modulus one defined by zj,(u) = €',
o the re-centered mass p(&;u) = [lull3s — [|€]|pr-

14by conventions, ©, = 1 if ¢ = 0 and the second factor equals (’Wg*{)71 when ¢ = 1.
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Definition 3.3 (Annulus). Being given £ € Ei—ﬂ and p > 0, we set
Ac(p) = {ue | 3 |lurl? - &l < o2}

kEZ

Lemma 3.4 (Formal series define functions). Let S C Z be a finite set, r € (0,1), n > no,

4
P e A5 and € € ((4r)%,1)°. Then
u = P(p(&u), y(§u), 2(uw), u) =: P& u)
defines a smooth function from A¢(3r) into R and enjoys the estimate

sup |P(§u)| Ss 1P| seste,
u€Ag (3r) B

Proof. Tt suffices to prove that, for & € ((47)2,1)%, the formal series defining P(£;u) converges
uniformly for u € Ag¢(3r). First we note that for u € A¢(3r) we have u(&;u) < 9r? and y; < 9r?
for j € S. So by definition of the norm || P|| seste, it suffices to prove

7,

Z Z Z ZgZHmH@Jr?n eIkl 1 +2[[m] 1 +g+2n) Z we, -+ we, sl

nEN keZS meNS ¢eN £6(8°)9, oc{-1,1}9
M(k,£,0)=0

where w; = |u;|r~! for j € 8¢ and the momentum M(k, £, o) is defined by

q
M(k, L, 0) = ij:j + Zai&.
JjES i=1

Noticing that, since s > 1, w € £1(8°) with ||w|[p(sey < 3r7H|ullpz (se) < 9 for u € Ae(3r), we

deduce
Z we, - we, < (18)%
Le(8°)4, oe{-1,1}2
On the other hand the summability with respect to k,q,n,m is ensured by the exponential
eIkl +2lmla+a+2n) with g > pg. O

Remark 3.5. The definition of the class n‘:’;tg has been chosen in such a way the function
u— P(u(&u),y(& ), z(u),w) has good property. In particular, in (42), the third term encoded
the d-regularizing property inherit from Theorem 2.1 while the second term will be used to obtain
a regularity property for the gradient: it maps A¢(3r) into €2 (see Lemma 3.8).

Definition 3.6 (Hamiltonians with parameters 7, 0.s). Let S C Z be a finite set, r € (0, %),
O C ((4r)%1)%, n > 0. We denote by

Ay 10,5 =: Lip(O; A5315)

the space of the Lipschitz functions from O into the space of the formal series %Citg Naturally
we equip ) 0,5 with the norms

1P| 1Pl 1P| IP(€) = P(O)ll sees,
PSP = Sup cste i = sup iy
K r,0,8 £€O Hs '%ﬁn,f,o,s f,g‘;é? ||£ — CHZI

3

and
1Pt s = 1Pz, o 2P e
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Being given € € O, thanks to Lemma 3.4, to shorten the notation, we set

P(&u) == P(§)(§ ).

To avoid possible confusion, we denote by P[{] := P(&;-) the smooth function from Ag¢(3r) into R
defined just above.

Finally, we define a useful projection to identify some terms which require more attention.

Definition 3.7 (Projection Il,—g m=0). Let S C Z be a finite set, r > 0 and n > 0. We denote
by I,—0,m=0 the projection defined (by restriction of the coefficients) for all P € %fff:tg

e?
MiomeoP(ry.20) = 30 3 3 30 PEg ™
keZS qeN ee(S¢)1 oe{—1,1}4

3.2. Vector field estimates, Poisson brackets and flows. In this subsection, we prove all
the basic estimates we will need later.

Lemma 3.8. Let S C Z be a finite set, r € (O,i), O c ((4r)?, 1%, n > n, € € O and
Pe A, 0s. Then VPE] defines a smooth function from Ag(3r) into €% and enjoys the estimate

sup VP& u)llee, Ss 72 NPl

u€Ag (3r)
sup  [[AVP(& u)llz oz, Ssr IP e,
u€Ag (3r) e
sup [|A*VP(&u)llez w2 2 Ss T_GHPH;fS“POS-
ueA¢ (3r) 0,

Moreover, if x = Il,—0m=0P we have

sup  [[Vx(&u)lle, Ss Pl s
u€A§(3r) 7,0,

sup ([ AVx(&u)llz ez Ss 2Pl s
u€Ag (3r) e
Proof. We first consider VP. The smoothness will be a consequence of the uniform conver-
gence in (2 of the formal series defining VP(&;u) on Ag(3r), so we focus on the estimate of
>iez wj2-|8u—jP(£;u)|2. We note that for j, k € Z
2

Z5
a _ 5) _ _ J
u; = Uy, u; Yk = 5j,kuj’ 5ujzk = 5j,k2|uj’

and thus for j € S

O P (& u) = w0, P(& u) + udy, P(&u) — ; 9., P(&u)
and for j € §°¢
Oa; P (& u) = u;0,P(&u) + 95 P(& u).
Since & is finite, one easily obtains (note that 9, P and 9, P lose r* and that |u;| > r)

> oGP (E )l s Pl
jes
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by the same kind of estimates as in the proof of Lemma 3.4. So we can focus on the sum over
S¢ which is an infinite sum and for which we have to deal with the weight @,. Notice that using
again Lemma 3.4 we have

Y @0 P& u)l* Ss 2| P e

n,r,0,8"
jese

Therefore it remains to estimate >, qe w]2|8@P(£, u)l?.

metry condition on the coefficients Pf‘fc m

05 Py, 2,0) [ <> > Y g > |PUEL) g ym ok ).

nEN keZS meNS ¢>1  £e(5°)9, oe{—1,1}1
M(k:,(],é),(—l,a)):o

To begin with, one has using the sym-

Notice that

@O0 < W Wy Wy
where we recall that £7,---, £ is a rearrangement of £y, - - - , £, satisfying [€]] > --- > [€;] and
w]b = (j)"'w@;. Therefore, by definition of the norm ||P|| A and of the domain A¢(3r), it
suffices to prove

2
Z Z q32HmHel+2n eIkl 1 +2[ml 1 +(g+1)+2n) Z torwey - - we <s1
JES® | neN, kezZS LE(S8), oe{—1,1}4

mEN37 420 M(k:(.]:e)z(_laa)):o

where w; = w?\uj\r_l and t; = wjlu;|r~! for j € 8¢
First, since nn > 19, we can get rid of the sum with respect to m and n using the exponential
e 12lmlla+27) 4nq then it remains to prove that

Z Z Z qe Ikl +(a+1)) agq,k) <s1

JES® |keZS ¢>0

where
k
ag-q ) = Z ta’wg; --'we; < q Z tglwg2--'wgq.
Le(S8°)4, oe{—-1,1}1 Le(8°)1, oe{—1,1}1
M(k’y(jve)v(*l:a-)):o M(kr(]v‘e)v(flvo-)):[)

We note that t € ¢2(S¢) and w € £1(S¢) with ||w|,, [[t]le <1 for u € Ag(3r). Therefore by

Young convolutional inequality we get that (agq’k)) jese belongs to ¢? and we have uniformly in ¢
and k

| ®®] 2 < qC°
for an universal constant C'. Thus, by triangular inequality, we have
(Z’ Z qu—n(llk\\eﬁq) agqvk) ‘2)% < Z Ze_n(”ngl‘i‘Q)( Z |a§q,k)|2)% <s1.
JES® KkeZS ¢>0 kezS ¢>0 Jjese

The estimate of dVP(¢;u) and d2V P(&;u) are obtained in a similar way. Moreover, the esti-
mates concerning x = Il,,—g m=oP follow by noticing that only the derivatives with respect to
or to y lose 72, the derivatives with respect to u or to z lose only . O



30 JOACKIM BERNIER, BENOIT GREBERT, AND TRISTAN ROBERT
Now we want to estimate the Poisson bracket between to elements of J7, ;. 0 s but first we prove
a technical lemma that we will need.

Lemma 3.9. Let SCZ, ¢,¢ >0 and ¢" = q+¢. Let (S9)7 30" = (£,£) € (5% x (8 and
j € 8¢ then

(43) 0, <0,'0,'
and

—1 —1 —1
(44) O =040, -

Proof. Without loss of generality we can assume that £, £ and £” are ordered and non negative
(i.e. £, > ---£,> 0 and the same for £ and £”) and that j is non negative. The definition of O,
(see (42)) contains two special cases ¢ = 0,1. In this proof we will consider only the generic case,
i.e. ¢, > 2, all the remaining special cases are treated similarly (i.e. without extra trick). First
we focus on (43), we recall that by definition (since we assume g > 2)

£>25_“<£ >26
@:1/\ bbeQ/\(l q

¢ Wey we"wel ) ’
b

where @) = (k) 'wwj. To begin with, let us denote

(£1)%--- (£,)°
(e)s

Assuming for instance £] = £ (the case £] = £] is treated in the same way), we have

Cp —

2 2
cpr = <£1>2 U <£q>2 <£l >2 o <£//>2 > <£1>2 e <£q>2 <e/1> o <£:1/> = cpcp
(£1)° ' T ) (€)°
So it remains to prove that
T ptt T pt
b b £ b b Wy _p _p A
T Ty oy = Tl P, T e,
1 1
We first notice that
b %:Gebe
25 % o,
where
L (€2)
ag=—— 5" and by = —.
(@, ) (1)
We note for further use that by < 1. In the same way than we estimate c,» we easily get
Qprr > Qplypr.
On the other hand, when £] = £; then bys > by and thus using by < 1 we obtain
be// > bebel.

The case £} = £] is handled in the same way. This conclude the proof of (43).
Now we focus on (44). We verify that

L max((), () max((), (5))°
e (€ (5)

which leads to ¢pr > c(g jyc(p j)- Now it suffices to prove that

Qg > (I(aj)(l(g/’j) and bZ" = b(eaj)b(‘el:j)'
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We begin with we prove the second estimate:
o If £/ < j then

(€2) (05) _ (L) _ <ﬁ2,; — by,

Yeden =Gy Gy =) <

1
o If £5 < j < £ then either £/ = £, and thus bej) = <2?>, b ) = % < %, or ] =¥}
and thus b(f’yj) = <<£];1,>>, beej) = % < %, which in both cases leads to
(45) ()

benbe s =y ey = e

o If j < £7 then either £; = £/ and then bej) = max((b).() < (&) _ ber or £} = £ and

(.00 < (&) o
max ,(j o
<e’f> < <f'f'> = byr. In both cases we get byr > b(e ;)b 5y

then by ;) =

Finally it remains to prove apr > ae jyaep j):
11 1
(T, =) (=h)? (1T =) (=)
a‘e’.ale/74 = = :al”'
(€T 9) max(wzl,w;)Qmax(wz,l,w?)Q (wz,l,)2(wz)2

We also have to control flows of Hamiltonians in 7, . 0 s.

Lemma 3.10. Let S C Z be a finite set, r € (0,1), O C ((4r)%,1)5, n > no and x € 7,05
Assume that

o Sgrd
(15) Il e, Ss 7,
or, in the case X = Il,,—0 m=0X,

oS < 2
(46) I, | s 7.

Assume also that
(47) r SJS 1.
Then, for all £ € O, the flow of the equation 10w = Vx(&;v) defines a smooth map @;(5; )=
®! () s (t,u) € [-1,1] x Ag(2r) — €2, enjoying the following properties:
(i) for eacht € [=1,1], @ defines a symplectic change of variable from A¢(2r) onto an open
set of 12, included in Ag(3r),
(i) for all < p < 2r, &, maps A¢(p) into Ae(p') with 0 < p/ —p Ss T*QHXHC%?;?O’S.
(iti) ®¢ and d®! are close to the identity: for all u € Ag(2r), all t € [0,1]
9 () — ulle, +r2AP () — Wz e Ss T2l
and, in the case x = Il,—0,m=0X,
9 (1) — ulle, + A9 (0) ~ Wz e, S 7 o, .
(iv) d*®!, is bounded: for all u € A¢(2r), all t € [0,1]

[ (u)llz xiz 2 Ss T‘*GHXH%;]S";?M-
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Proof. Since, by Lemma 3.8, the vector field Vx is locally-Lipschitz, the local existence and the
smoothness of the flow <I)§< is ensured by the Cauchy-Lipchitz Theorem. So, to prove assertion (i),
we now have to check that the flow exists for |t| < 1. Without loss of generality we only consider
positive times. More precisely, let T > 0 and v € C*([0,7);¢2) be a solution of the Cauchy
problem

—idw(t) = Vx(&w(t)) and v(0) =u € Ag(2r).

It suffices to prove that if 0 < ¢ < T and ¢ < 1 then v(t) € Ag(3r). We set I = [0,7) N[0, 1] and
we aim at proving that J = I where

J={tel|vre0, o) e Ag(gr)}.

Since v is continuous, J is clearly non-empty and closed in I. Moreover, if ¢ € J then, using
Lemma 3.8,

S llon(o)F = aleet < 3 [l — aleet + [ 3 200t

keZ keZ kEZ

<442 swp  ([Vx(Ew)le lwle)-.
wEAg(3r)

Thus, using that w € A¢(3r) implies [|wll,2 Ss 1, we get

2 2 2 —2
%‘Uk(t” — &} — 42 S5 772X,
S

Then, using (45) and (47), we get v(t) € A¢(5r) for all t € J. Therefore, since v is continuous, J is
open and so, since I is connected, we have J = I. Moreover, we notice that, when x = Il,,—0 m=0X,
Lemma 3.8 gives us a better estimate and the same conclusion remains true under the hypothesis
(46). Since the symplecticity is ensured by the fact that ®, is a Hamiltonian flow, we have proved
assertion (i).

Similarly, if initially v(0) = u € A¢(p) then we get

2 2 2. 2 "
Z“Uk(t)| &klor —p° Ssr Ixllzer,
kEZ
/ ; N2 _ 2| < -2 su
and therefore v(1) € A¢(p") with |(p')* — p”| Ss 7 ||XH%{;,TI,DO,S'

To prove assertion (iii) we note that, by Lemma 3.8,

t
o) ~uley < [ sup VX w)ledr Ss g,
0 weA(3r) e

Now we focus on d® (u). If w € 72 | we have
(48) —10yd®] (u)(w) = dVx(v(1)) (AP} (u)(w))
and thus by Lemma 3.8

t t
140 (u)w) — wl, < [ AT @B @) e S5 77 L, o [ 198 @)0)] a7
Therefore, we get by Gronwall’s inequality:

142 () (@)l < ]z, exp(Csr xlLen, 1):
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for all ¢ € [0,1] where Cs > 0 is a constant depending on S. Using hypothesis (45), we get that
for all ¢ € [0,1], [[d®S (u)(w)]e2, < 2[|wllgz . Then we deduce

1A% () (w) = wllez, Ss 7 XN, lwle, -

,r,0,8

Again we notice that, when x = II,,—0,m—oX, Lemma 3.8 gives us a better estimate which leads
to better estimates of [|® (u) — ull,2, + r[|d®! (u) — Id|[;2 e as stated in (iii).
To prove (iv) we derive once again (48) to get for w,w’ € (2

—i0, @} (u) (w, w') = A*Vx(v(£)) (AP (u) (w), dP} (u)(w')) + dVx(v(1))(d* P} (u) (w, w'))
and thus by Lemma 3.8

t
0 0o, S, + 7 Il o [ 192050 )

Then we conclude by Gronwall’s inequality. U

We define in ,}f cst¢ the projection on the total degree by

I,P := > oS P gy

neN, keZS, meNS, geN £e(8°¢)9 oe{—1,1}9
Ikl g1 +2[7ml 1 +g+2n=p

Lemma 3.11. Let S C Z be a finite set, v € (0,1), O C ((4r)2,1)S, n > mny, 8> 0E& € O,
P,Q € 7,05 . There exists a unique R € 75 0.5 for any 0 < a <n—no such that

{P(&), Q&) = R(&;+)  on Ae(3r)

and
< 1
(19) 1Blger, oo Ss el Pl IQlger,
If furthermore Q € 7,1 3r0,s for some 3> 0 then for any p € N, we have
(p+1)e
(50) o Rllgges o S5 gL M@, o

Since R is unique from now on we set {P,Q} := R.

Proof. To keep the notations simple, we identify, for fixed £, the formal series P and the function
P(&;u). By definition, using that P and Q commute with p (conservation of the mass), we have

{P.Q} =Y 09,P0,,Q — 0,,Q00,P + 2y 95P0,,Q — 95:Q0,, P

jeES jeS®

K L

First we consider the finite sum. We have, taking into account the symmetry condition (here ¢”
the cardinality of £”)

2 o 2" o'
(51) ﬁ(un)K m”: Z K‘p ® .

TL”,k://, n! k:"
(pEGq//

where
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=0 o . / Lo e o’
=S % ke 0P )
JjE€S Z”:(Z»'Zl)y O'//:(U,O'/),
k'=k+k', m"=m+m’, n' =n+n’

/ 0,0 0o
- k](l + m])Pn,k,(m—l—e]-)Qn’,k/,m

where (ej)jes denotes the canonical basis of R®. The two terms of the right hand side are
essentially the same, it suffices to switch P and Q). So we focus on the first term, i.e. (note that
the sum with respect to j is finite and thus not important). More precisely, we want to estimate
II,» K for p” > 0. Thus we have to estimate

Nea
Ij = Z [kl (m + )| P, km} ‘Qn K, m/+eJ)|
2'= L), o"=(o,0'),
k:"=k+k/, m”:m+m/, n'=n4n’
19”1 2l 1+ ="

Let p = ||k||p +2[|m|p +q+n,p = ||[K'|n +2[|m/|n +¢ +n'+2 (here q, ¢ denote as usual
the cardinality of £, £ respectively). Since n” =n +n/, |[m”||p = [|m/||p + [|m|pa, ¢ =g+
and [[K" || — | | < ||kl < K" ||or + ||E' ||, we get p”" < p+p' —2 and also p < p/ +p”. Thus,
we have

Ijé Z ‘ nk:m‘ |Q’k’

l&ll 1 +2]lm || 1 +g+n=p
&' (| 1 +2]m/ || 1 +¢'+n'+2=p
p"—p'+2<p<p’+p’

Therefore, using Lemma 3.9, we deduce

Ty K| e Ss 77 > 2pp/||TIp P 5w

a,r,0,8 —a,r,0,8
p,p'>1

p' —p' +2<p<p”’+p’

Ly QLo

a,r,0,8

. . . . . . //
and since our previous estimates are uniform with respect to permutation on £” and o” we conclude

(52) Wy Kl oS r? > 20 [T, Pl e My Qe -
p,p'>1
p" —p'+2<p<p" +p’

Now we focus on the infinite sum L. Following the same strategy as above (i.e. a decomposition
of L as in (52)), we have to estimate

7 7+1 e/7 * 771 e/a'* ) /7+1
Z (Q+1)(q +1)11*€Sc <’ nkm )anlif / ‘+’ nkma )Q;’,lg/,zﬁrs’ )‘)
2'=(e,0), a' '=(o,0'),
k'=k+k',m/'"=m+m/,
' =n+n’

where ¢ and ¢’ denote the cardinality of £ and £ respectively and, as aconsequence of the zero
momentum condition,

ij —I—Zaﬂ

JES
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So we obtain, using again Lemma 3.9, the same estimate for L than estimate (52) for K and all
together we get

—2
(53) My R seve o ST > TP e
p.p'>1
P —p' +2<p<p”+p

MLy Qs

arOS

Now we prove (49). We use ||II,, - ”%ﬁimo,s <e P - ||jfr]Sl:‘pO$ to get from (53)

_ _ /
1Ql e, o > pple e

p,p'>1

< 2
||Hp//R||jionSEI;m 0.5 ~SST ||P||jfs‘ip0$

Then we use that ZPElpe*ap <2 f0+°° te=dt = %, to conclude that, uniformly in p” € N,

1
Iy Rl S5 5 1Pllgoon,

1Rz,

We also get for all p > 0
1
I, 55 g (1P Il 1P, 1@l )

and thus (49) follows.

< e (@B || || s to get from (53)

Now we prove (50). We use ||IL, - || e s

a,r,0,8

! ,—ap ,—(B+a)p’
pSUp (& &
A s > pp
pp'>1
p"'—p'+2<p<p’’+p’

[Ty |

o oo ST Pl 10

_ P ’
We have e ™ < e ¢*” and thus

Z ppfefape*(ﬁ+a)p’ < Z o' (p" +p)ple —op” o=Pp < A" + 1e —ap’ Zp/?»efﬁp

pp'>1 p'>1 p’'>1
P —p'+2<p<p’’+p’

Finally we use 35, p’ Be=hr < L B to conclude

(p+1)e @
MRl eee o Ss WHPH%S“P Q] =ve

n+B8,r,0,8"

This prove (50) for the sup norm. We also get

(p+1)e” P
HHpRH%@Mst o HPH%@ Q1| youe + [Pl HQHfhp .

7"254 n+8,r,0,8

from which (50) follows.
g

We end this section with a result on the action of the Hamiltonian flow <I>§< by composition.

Lemma 3.12. Let S C Z be a finite set, r € (0, %), O C ((4r)%,1)%, Nmax > 1 > 0o, a € (0,7—10)
and X € Hyiar0,s- Assume that x satisfies (45) (or (46) if x = Il,—0,m=0x) and

5,2

<
(54) oo oo S5 @7
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Assume also that r satisfies (47). Then for any H € 5,05 and any t € [0,1], there exits
Hy € #5) o0, such that, for all € € O, H(E;-) o @ (&) = Hy(&;+) on Ag(2r) and, identifying

the formal series and the functions'®, we have
(55) 1 o @l <2 [Hll .
1
(56) |H 0@ = Hlspor o Ss sslixlogg, o JHlee,
and
1
1 2
(57) |Ho®, — H—{H, X}ij;ggmoys Ss WHX”%,?L,T,@,SHHHWJﬁfo,s

where, with a slight abuse of notation, we have written H o <I>§< instead of H(;-) o <I>§<(f; ).

Proof. We want to apply the Cauchy—Kowaleskaya lemma proven in the appendix (see Lemma
10.1). So we set EPT) = 11,7, .05 and || - | gosny = | - H%;t&tno’s. We note that, with the

notation of Lemma (10.1), we have for any 8 > 0

Eg = Aylisros ad |- lg =1 lge,
By Lemma 3.11 we have for all 0 < 8 < n —1nyg
I {H, X} o Ss g I e, lxllogse o

and thus the linear map LH := {H, x} satisfies (167) with Cf, := ¢(S )Hxﬂjftit Os(r2a4)_1. As
nrao,r,d,

a consequence of (54) we have 20, < a. Now let H € J7 . 0,s. Applying Lemma 10.1, there
exists t — Hy € C1([0,1]; #)_a.r.0,s) solution of the transport equation

O Hy = {Hy, x}, te€][0,1]
{ H(0) = H.

Now consider g(t) = Hy o ®,*(u) for some u € Ag(2r). We have
d _ _ —
9(t) = OpHy 0 @ (u) + dH (@, (1)) (9D, (w))
= {Hu, x} 0 2" (u) — (VH(®"(u), V(@5 (u))2 = 0
and thus H; o ® *(u) = g(t) = g(0) = H(u). Therefore H; = H o ®! and we deduce that H o ®}
belongs to %ﬂtog ros forall t €[0,1] and satisfies (55). To prove (56) we write

Ho@t H= / (H o ®7)d

and we use d%(H 0®7) = {H, x}o®] to conclude using an adapted version of (55) with 7 replaced
by n — § and « replaced by § (and thus adapting (47))

|H 0@, — Hll o <2 [{H,xHl o

—aros’

Then we use (50) and the uniform estimate (p 4+ 1)e” 2?7 < & o to get

1
HH oo, S5 s, o I H Ly

%J’(’),S n+a,r,0,S n,r,0,8

15;.¢. identifying H o ®, and H,
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which completes the proof of (56). The proof of (57) is obtained similarly, writing

1 /ta?
Ho(I)i—H—{H,X}:2/O @(Hotb;)dt

and using %;(H o®L) = {{H,x},x}o P,
g

3.3. Spaces of integrable Hamiltonians. The integrable part of Hamiltonians plays an impor-
tant role in our context, we cannot eliminate them by normal forms and they nature may change
when we open a new site. Thus they must be carefully followed. With this in mind, we define
different spaces of integrable Hamiltonians and show embedding properties.

3.3.1. Spaces.

Definition 3.13 (Integrable Hamiltonians). Let S C Z be a finite set, r € (0,1), O C ((4r)%,1)°,
n > 0. A Hamiltonian P € J} ;0.5 is integrable if its non zero coefficients Pf’gm % 0 satisfy

(58) k=0 and dJpe Gy pl=~Land po=—0o
We denote by Il the associated projection defined by restriction of the coefficients'.

Definition 3.14 (Quartic integrable Hamiltonians 2%, 20 s). Let S C Z be a finite set. We
denote by 2", the set of the formal series Q, of the form

Q(u,y,w) == Y QuaVeYe+ Y QuYap + Qop’

k (€T, kez

where Yy = lpesyr + Lrese|ux|* and whose coefficients Qr.o, Qk, Qp € R satisfy the symmetry
condition Q¢ = Qr and the bound

Q|| geste = sup |Qu,el A p V 1QkI(R) v Qy < o0
SLe

where
<k>46 <£>45

(59) Ak,g =1A <€>6 A W

Moreover, if O C R‘i, we set
20.s = Lip(0; 2%*).

Definition 3.15 (Linear Hamiltonians in the actions .Z§¢, Z» s). Let S C Z be a finite set. We
denote by L&, the set of the formal series L, of the form

L(y) =Y _ LY

k€EZ

where Yy, := Lpesyr + Lrese|ux|? and whose coefficients Ly, € R satisfy the bound

| L || geste := sup |Ly|(k)° < oco.
kEZ

Moreover, if O C R‘i, we set
Zo.s = Lip(0; £&).

16i e for K € I r0,5, I =Iline K is the Hamiltonian whose coefficients are defined by If;’,:,m = 1(58)Kf;”2’m
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Definition 3.16 (Almost constant Hamiltonians &%, @/ ). We denote by &/*, the set of
the affine functions A of the form

A(p) == Ao+ A1p
with Ag, A1 € R, that we equip with the norm
A ese = 37| o] V |4y,
Moreover, if © C RS, where S C 7 is a finite set, we set
Hp,s = Lip(O; /).

Remark 3.17. The coefficients 3 is convenient but of minor importance in this paper. It is only
used to have a factor close to 1 in the estimate (117). We introduce the factor 3 in Definition 3.23
below for the same reason.

Definition 3.18 (Hamiltonians in normal form Ao s). Let S C Z be a finite set and O C RS.
An Hamiltonian is said in normal form if it belongs to the space Ao s defined by

(60) Nos = PosDLos D Zo,s.

3.3.2. Lipschitz norms. We are going to define some well suited norms on the Lipschitz spaces
defined above.

Definition 3.19 (Norms for @/ s). Let S C Z be a finite set, O C ]R‘_g|r and A € @ps. We set

[A(E) = A(Q)] argote
[All e = ES(ISHA(QH,Q@“% 14 e = sup —,

eceo €= Clle
EAC
1AL g, == Al + 1Al g -

Definition 3.20 (Some norms for Zp s). Let S C Z be a finite set, O C R‘i and L € Los. We

set
IL€) = L(O)llgge

| L] gsue := sup [[L(E)|| geste, [ L]l rp := sup
05 ¢eo s Zo's T ¢ceo 1€ = ¢l ’
E#C
= su 2 i
1Ll ey o o= I Ll g+ HLHg(ggS-

Definition 3.21 (Norms for 2o s). Let S C Z be a finite set, O C R‘JSF, Qe 2os andr > 0.
We set

1Q(&) — Q(Q) || geste
Q| gsue = sup [|Q(E) ]| geste, ||Q|| jup = sup s
Q155 = 509 1Q(E) g, 121, o el

1Qll otz o = QU35 + 21ty

The elements of £ s are frequencies on which we need strong Lipschitz estimates to be able to
prove small divisor estimates (see Lemma 4.1). The most critical terms appear when we "recenter"
an element of 2p s (see Proposition 7.2 and in particular equations (119) and (121)). Therefore,
we now introduce a more subtle Lipschitz norm on .Zp s allowing to control these critical terms.
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Definition 3.22 (Directional Lipschitz norms for Zos). Let S C Z be a finite set, O C RS,
LeZos. We set
|L1(€) = Li(O] 1

|L|| gaix. := sup  sup
205 T reneoeno 16— Gl

where (recalling that Ay ; is defined by (59))

1
(61) Fk,i = Ak,i V W
and
(62) NO={(60) €O | €#¢ and VE#i, & = G}

Definition 3.23 (A well suited norm on Aps). Let S C Z be a finite set, O C RS, N =
A+L+Q e Ms andr > 0. We set

IV s o = Aoy VLN o VL] g V 311 @ gey -

3.3.3. Embeddings and projections. First, by definition of the the norms, we get the following
straightforward embedding estimates.

Lemma 3.24 (Pointwise Embeddings). Let S C Z be a finite set. Then for all v € (0,1] and
N < Nmax, P, L& and 2F%° are subspaces of %’jﬁ% Moreover, the associated embeddings
enjoy the following continuity estimates

Pl Al S NAlLggrs, SNAllee, 1Ll ~s PILLzote, Qg ~s Qo
for all (A, L,Q) € a7/°% x ggste % o@gste.

Remark 3.25. As a consequence of Lemma 3.4, it follows that A, L, Q define smooth functions
on some annulus of (2.

Corollary 3.26 (Embeddings with parameters and definition of the projections). Let S C Z be
a finite set, r € (0,1/4), O C ((4r)%1)5, 1 < Nmax. Then 905,205,205, V0,5 are subspaces
of 76 r0,s. We denote, respectively, by 11,11, o, g, 1o the associated projection (defined
by restriction of the coefficients).

Corollary 3.27 (Equivalence of the norms). Let S C Z be a finite set, r € (0,1/4), O C
((4r)?; 1)5, N < Mmax, A € Gos, L€ Zos and Q € 2o .s. Then, we have

Al ey o S5 1AlLgrer, o Ss 1AL s
1Ll en, o ~s Pl gy o and (|Qlygter,, o ~s 7 Q) grey -

Lemma 3.28 (Continuity estimate for Il,.). Let S C Z be a finite set, r € (0,1/4), O C
((4r)%1)%, 0 < Nmax and P € %”nt,?tos then we have

—4
Mor Pllyrres o S5 7 1P logret, -
Proof. Thanks to Corollary 3.27, since » < 1, by definition of the norms, it suffices to prove that
w <gr 2 i
ML Pl g Ss 7 I1Plyeto |
Therefore it suffices to prove that for all L € Zp s, we have

(63) 120 g, < LI e,
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Indeed, by Corollary 3.27, we will have

Ty Pl g, < TPl o < r TPl ggor. S5 77 1 Pllagrer,, -

So, from now, we focus on proving (63). Let i € S, k € Z and (,{ € A;O. Noticing that, by
definition of A;O, we have ||§ — (|| = [& — |, we have

L4(€) = Lu(©)] < (07 lE = CllallZl i, < Tl = GlILI

By considering the supremum with respect to £, (, 7, we get, as expected, (63). O

4. SMALL DIVISOR ESTIMATES

All the small divisor estimates of this paper will rely on the following basic technical lemma.

Lemma 4.1. Let S C Z be a finite set, O C (0,1)5 be a Borel set, k € RS\ {0}, g : O — RS,
a: O — R be some measurable functions satisfying

©)  HESHEN EA0. KO a0l Tln(©) 00l < G
E
where A;O is defined by (62). Then for all v > 0, we have
Leb({¢€ 0 | [a(¢)+ D il + )] < L=
ic
Proof. Let v > 0 and i, € S be such that

(65) [ki. | = max k.
Then, we note that by Tonelli’s theorem, for all Borel set Z € (0,1)° and all j € S, we have

Leb(E) = Leb({¢ e R[ £ € B} d(§)ig; < sup Leb({§; e R | £ € E}).

/(€)i¢j€(0:1)$\{j} (€)i;€(0,1)S\ 17} ~

Applying this estimate with j = i, and
=:={¢€O|hE)] <~} where h():=a(&)+) kil&+(6),
€S
we get

Leb(E) < sup Leb(EEg)- B
()i, €(0,1)S\ ix] iix

Therefore, to conclude the proof, it suffices to prove that EES)# is included in an interval of length

47|K|[ ;o In other words, it suffices to prove that if &, ¢ € A;, (O) are such that &, ,(;, € Eg?)#
then &, — G.| < 47||k||g_o<1>'
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Indeed, if £, ¢ € A;,(O) are such that &, (;, =(t) _ then we have

€ 2@
29> [h(€) = O] = ki ll&s. = Gl = D [Killga(€) = 5:(0)] — la(€) = a(C)|
€S
(65)
> [kllee (165, = Gl = D 194(6) = O] = 1Kl a(€) — a(Q)1)
€S
Dbl ¢

In our normal form theorems we will apply the following proposition.

Proposition 4.2. Let S C Z be a finite set, O C (0,1)° be a Borel set, e <1, M >2, L € Zo.s
and set

VieZ,¥Ee O, wji(§):=2eL;(§) +{ 0 if jese
Assume that L satisfies the estimates

1Ll zge VLI e, < 4
and, recalling that the coefficients T' are defined by (61), assume that € satisfies

e< (240! and ¢ supZF,“ < 1073
€S kes
Then, for all v € (0,1) there exists a Borel subset O" C O such that
Leb(O\ O) <~

and for all ¢ € O, all k € Z9\ {0}, all d € [0,4], all vector j € (S¢)?, all b € (Z*)?, alln € Z,
provided that ||bl|, <IN, we have

d
(66) ‘g_zn + Z kiwi(€) + Z bpwjp (f)‘ >sm (LQ#S)Cd
ies =1 1kl %
where'” cg =1, c1 =3, co =9, c3 =34 and ¢4 = 166.
Proof. We set

E={(k,d,j,b,n) | k€ Z5\ {0}, dc[0,4], 5 € (S) ne€Zbec (2 and ||b]|p < M}

and Ve = (k.d,j,b,n) € B, he=c"n+) kw;+ Zbkw]k
1€S
o Step 1 : local estimates. Let e = (k,d,j,b,n) € E. We aim at proving that

(67) ¥y >0, Leb({¢ € O] |he| <7}) < 4[kl| -

[1]

ey

these exponents are far from sharp, we could improve them proceeding as in [BGR23].
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To prove it we apply Lemma 4.1 with
a=¢c"2n+ Z bpwjp and g = 2e(Lg)kes-

So we just have to check the estimate (64). So let i € S and (£,¢) € A;O. On the one hand, by
definition of HL||$8% (see (3.22)), using the smallness assumptions on || L|| 24w and ¢, we have

S () — gr(Q) < 2> |Li(¢ & — Gl

kes kes keS 100

|‘ C’L‘_

On the other hand, using the smallness assumptions on || L] ain and €, since the coefficient Ty ;
are smaller than or equal to 1, we have ’
d

d
§i— G
€00 = 33yl (€143, 0 < 23103, Ll 661 < 8= < Sl
Since 1 3+ 100 < 1, the estimate (64) is satisfied and so (67) holds.

e Step 2 : global estzmates. Now, let v € (0,1). We first note that if e = (k,d,j,b,n) € E
satisfies [n| > 1+ 8(#3S)||k||¢c + 8N then =, , = (). Indeed, it suffices to observe that, thanks to
assumption on ||LH$(sgug, if there exists £ € Z¢ 4 then

e <14+ [killwi(€)] + Z [bplw;, ()] < 1+ 8(#S)|kl|¢ + 8.
€S
Then, we set
—2#S /. \— oy —
ve =7 cs [kl (31) ™ - (Ga)
where o = 11/10 and cson € (0,1) is a constant depending only on S and 9t that will be
determined later. Using (67) we have

Leb( | Zew.) S 89csm . (1+8(8) [l -+8M0) ||| {75 Z S oG G

ecE keZS\{0} d=0 je(8¢)d

It follows that, provided that csgp is small enough

Leb( U Eeﬂ,e) <.

eck

= O\ U Ee,ve7

eckE

Consequently, setting

we have Leb(O \ O') < v and for all £ € O,
(68) Ve € B, |he(€)] > ve = yesamllkll G Ga) ™

e Step 3 : uniform estimates. Finally, in order to improve estimate (68) we have to remove the
factor (§1)~%---(34) . We follow the approach introduced in [BG21] to get small divisor estimate
strong enough to prove long time stability of small solution to nonlinear dispersive PDEs at low
regularity. We decompose E depending on the value of d :

0 ={(k,d,j,b,n) € E | d=d,}.
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Now, let £ € O'. First, we note that if e € Ey then (68) gives (66) with ¢y = 1. Then, we
proceed by induction. We assume that (66) holds for all e € E;_1 with 1 < d < 4. We fix
e=(k,d,j,b,n) € E; and we aim at proving (66). Without loss of generality, we assume that

dal = max |7,].

Thanks to the induction hypothesis and the assumption on || L|| 5w, we have

ol Cd—1 Y Cd—1 C—
[he(&)] 2 ud_lvsm(W) = [ballwz, (©)] > ud_l,s,m(W) — 8MM(jg)
{2 £

where v4s9n < 1 is a constant depending only on d, S, 9. Either, |j,| is large enough, i.e.

- Vd—1,8m Y Cd—1
<.7d> b < 47 7 ( 2 5)
2\ k72

and so

Vi—1,89m 9 Cd—1
ne(€)) 2 " ()
Y

lGa) < (de?iéfém)_w(uk‘éﬁsy ’

and so, since |j,4| = maxi<,<q|j,|, thanks to (68), we have

c ad
7 Vd—1,5,m\ /9 g kN
- S, .
|he(§)] > CSvakH?ﬁS (( 24 ) (||k||zﬁs>

Since § > a~! = 1Y, it follows that (66) holds with

or j, is not too large, i.e.

cg =1+ [a*deg_1].

Since ¢y = 1, we have ¢; = 3, co = 9, c3 = 34 and ¢4 = 166.

5. A KAM THEOREM

In this section we state and then prove a normal form theorem of KAM type adapted to our
problem. Basically it is just an adaptation of the standard Theorem (see [Kuk87, Pos96]) but with
one principal modification: we eliminate more terms in our Hamiltonians (that we call "adapted
jet", see Definition 5.2).

5.1. Statement and strategy of proof.
Definition 5.1 (Non perturbative part). Being given € € (0,1), we set

1 _ lug|? 1
HO (u) = 5 3~ (e 2k + =5 ) fuel = Gl
keZ

Definition 5.2 (Adapted jet and remainder terms). Let S C Z be a finite set, r € (0,1/4),
O C ((47)%,1)° be a Borel set, n > 0. A Hamiltonian P € £, 05 is an adapted jet (a-jet) if
I P = 0 and its non zero coefficients Pf’,‘:m # 0 satisfy |m|p <2, n <2, #£<3.

We denote by Iluer the associated projection defined by restriction of the coefficients and we set
Lem := Id — I — Hjet .
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Theorem 5.3 (KAM). Let S C Z be a finite set, r € (0,1/4), OF C ((4r)%,1)S be a Borel set,
Max > 77 > 1 > 1o, € <1 and P € Hyp o5 s.
Assume that the following assumptions hold

e the adapted jet is small enough, the remainder term and the normal form part are not too
large, 1.e.

(69) ||Hajetp||ifth°t < 5%T40007 HHnorPHJV‘;Dt <4 and HHremP”%m“ < 7"3,
n ,r,@h,s r,Oh,S nh,r,Oh,S

e the frequencies can be modulated, i.e.
£<107? and 5(supZFk7i) <1073,
€S kes
e 1 is small enough, i.e.

(70) rS 1.

Sni—n

Then, there exists a Borel set O C O and a Hamiltonian K € I 0,8, such that

o O is relatively large in the sense that
Leb(0%\ 0) < 2l

e the adapted jet has been removed, the remainder term is not too large, and the mormal
form part does not have changed too much, i.e.

HajetK = 0, HHremKH‘%gnt,c')rt,(’),S S 1 and HHnor(K — P)”'/Vrf%ts S T

and for all £ € O, there exists a C1 symplectic map 7¢ : Ae(r) — Ag(2r) commuting with the
gauge transform and enjoying, for all u € A¢(r), the bound

(71) Ime(w) = ullz, + r®ldme(u) = Idllz e, < 77'/2

and the property that

(72) (HO +eP) (& 7e(w) = (HO + eK) (& w).

Remark 5.4. We notice that R := (I — .y — 1)K satisfies O,R, 02R and dyR vanish when
u=0 andy =0 (in the new variables), i.e. on T¢ (see (2)). Therefore, for all & € O, T¢ is an

mwvariant torus for the Hamiltonian system governed by Héo) +eK and Te 1(Tg) s an invariant

torus for the Hamiltonian system governed by Ha(o) + eP. So we recover the conclusions of a
standard KAM theorem. In particular we note that the constructed tori are linearly stable.

Let us explain the KAM strategy in our context. The aim of the KAM theorem is to make
IL,jet P disappear by changing the variable. In fact we will eliminate I, P iteratively writting
Ky=Pandfor k>0

(73) (HO + eKy) 0 @) = (HO + Ky 1)

where @1 . is the time-one flow-map generated by the Hamiltonian xj which is chosen in such a way
the size of et K41 is, roughly speaking, the square of the size of Il,;et K. This allows a quadratic
scheme which is rapidly convergent and can absorb all the unfavorable constants that will appear
in our estimates. To obtain the equation that yj has to satisfied (the so called cohomological
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equation) we can do the following formal calculation based on the fact that Iajetxx = X% and xx
has the size of Il,jet K (of course everything will be justified later on)

(HO 4 eKp) o @y, = HO + eKp + {HO + e Ky, xi} + hoo.t.
= Ha(o) + EHajeth + Hajet{Ha(O) + 5(Kk - Hajeth), Xk} + Ri. + h.o.t.
where Ila5e¢ f2, = 0. Therefore to achieve our goal we want xy to solve the cohomological equation
(74) Majet K1, + Majer { HY + (K}, — Majes K1), X} = 0.

So we will focus on the resolution of this equation in the next subsection.
5.2. Preliminaries.

5.2.1. Cohomological equation. First we decompose HE(O), which is an integrable Hamiltonian in
normal form, according to (60)

HO — 7, + A©) 4 QO
where A© = g (&) — pl/€]|p is the almost constant (see Definition 3.16) part of HE(O),

1 2.2
Zy =3 Z(g 37+ &ljes)Y
JEZ
is a linear in actions Hamiltonians (see Definition 3.15) and Q) = T3 ke Y2 — Ap% is an

integrable quartic Hamiltonian (see Definition 3.14). We note that both A and Q© do not
depend on e.

We first solve a linear cohomological equation.

Lemma 5.5. Let S C Z be a finite set, r € (0,1/4), O C ((4r)2,1)S be a Borel set, > 19, € < 1,
LeZos and R € I, 0.5 be an adapted jet, i.e. Iee R = R.
Assume that L satisfies the estimates

Ll ey, V IEl g, < 4
and assume that € satisfies

e< (7271 and 6(supZFk7i) <1073,
€St %

Then for any v € (0,1) there exists O C O satisfying

Leb(O\ O") < v
and there exists x € A+ . o+ s (for all mg < nt <n) with Majeex = x such that
(75) {Z2(&) +eL,x(& )} + R(§) =0, V€€ O™

Furthermore x satisfies the following estimate

1
Xl o, o S5 G rymsses 1Bl

(76)
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Proof. For k € Z5, g € N, £ € (5°)? and o € {—1,1}7 we define the small divisor

q
A&k L,0) = kjwi(&)+ ) oiwe,(§)
i=1

JjeS
where
(77) wj(€) = e )% + &l jes + 2¢Ly(€), j € L.
Then for k € Z8, m ¢ N g,n € N, £ € (§°) and o € {—1,1}9 we set

—RyG ()

Lo
’ = DML when Q(6; K, £, 0) #
Xn,k,m(g) 19(6, k, £7 O') €1 (57 k7£7 ) 07

Nofm(€) =0 when Q(&k,£,0) =0,
Then we have

(78) {Zo(& )+ L& N+ RE) = > RIG ufy™ 2 u,
Q(&k,L,0)=0

We note that if k = 0 then Q(&; k,£,0) = 0 implies S_¢_, 047 = 0. Furthermore if RnOm #0
then ¢ < 3 (since I it R = R) and by definition of our class of Hamiltonians y 7 ; o; = 0 and
Zg 10:#; = 0. Since ¢ < 3 these three equalities are incompatible for a non-integrable term and
thus ©(&;0,£,0) can vanish only when Rn ‘om =0

On the other hand, in view of the hypothems, we can apply Proposition 4.2 (with 9t = 3 and
d = 3) to obtain that there exits O C O satisfying Leb(O \ O1) < « such that for all £ € OF,
keZ3\{0},q<3, £c (S8 and o € {—1,1}9 the small divisor Q(¢; k, £,0) does not vanish
and furthermore

0 34
(79) (& kL, 0)| 2s <||’<7||2#8) .
goo

Thus the right hand side of equation (78) vanishes and thus the cohomological equation (75) is
satisfied. Furthermore using (79) and the fact that ;4 jPe= <, =P for all a > 0 and all
p > 0, we conclude that x € #+ , o+ s and

1

ors g IRl

su <
HXH%’;’ ots S (n— o+

It remains to consider the Lipschitz norm. We have for £, € OF
Lo
‘ (5) Ao (C)’ < |Rnkm(£) _Rn,k,m(C)‘ ‘RZ,G (C)|‘Q(§aka£’ 0') —Q(C;k,f, U)|
(&) =m0l = G R g o) nkm S IO(E K 6 )G R b o))
The first term is treated as above. To estimate the second one, we note that by definition

&5k, £,0) = QG ke £,0) < 1§ = Cllar (Kl + @) (A + 2] L] v )

and we get using (79)
. 34§ 68#S o= (=0 )I N1 RIl s
HX”’}f;f,r,ot NS’Y J>1] H ajet ||jf771,570+

—68 136#S 1 — )
;a AR | R RN 1 PP
J=Z
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Using again } ;4 jPe= <, =P we obtain (76).
O
Now we want to solve the nonlinear cohomological equation, i.e. equation of the form (74) but
first we introduce a new projection:
1_[four =1Id - H,i” - H.QY - Hajet
and note that if I, R = R then the Hamiltonian R starts with terms of degree'® four.

Lemma 5.6. Let S C Z be a finite set, v € (0,1/4), O C ((4r)2,1)° be a Borel set, fmax > 1 > 1o,
e<land R € 76 ,0,s with ||l R|| a2 < 9r2.

Assume that L = Il ¢ R satisfies the estzmates

(80) ILlLzeey o VL gir, < 4

and assume that € satisfies

(81) e<(72)7' and E(supZF;m) <1073
€5 kes

Then for any v € (0,1) there exists OF C O satisfying
Leb(O\ O") < v
and there exists x € H+ . o+ s (for allng < nt <n) with Majeex = x such that
(82) Moot R(E; ) + Tajer {HL (65) + £(R = Tajet R) (€5 ), X(&5 )} = 0, €€ O

Furthermore x satisfies the following estimate

g
(83) N
nt,

BAB#S 408 ||HajetRH—7f;§fo,5

<
vors > = n7)
Proof. First, taking into account that x commutes with p and that, since I jex = x, (Id —
ajet){Z2 + €L, x} = 0, we rewrite (82) as follows

(84) (Zy + €L, x} + ellajer R + Majer { Q) + el R, X} = 0

where L = Il R. Then using Lemma 5.5 we can solve successively the following six linear
cohomological equation
{ZQ +elL, XO} + 5I_Iaujet]%

0,
{Zs+eL,x1} + Majet R = 0, Ry = {Q® + el R, X0}
{Zs+eL, x2} + Tyt Ra = 0, Ro = {Q') + ellgour R, X1},
{Za+eL,x3} + ajet R3 =0, Rz = {Q(O) + ellfour R, X2},
{Z2 +eL, X4} + HajetR4 =0, Ry= {Q © + ellfou R, X3}7
{Zs+eL, x5} + MajerRs = 0, Rs = {Q©) + ellour R, x4}

We note that, by construction, Q(O) and Ilg,, R start with terms of degree 4 while an adapted
jet has only monomials of degree less or equal than 11. Furthermore the Poisson bracket of two
monomials of respective degrees p and ¢ has degree p+q—2. So Ry starts with terms of degree 2 and
the same holds for y1. Thus Ry and x» start with terms of degree 4, R3 and 3 start with terms of

degree 6, R4 and x4 start with terms of degree 8 and Rs and x5 start with terms of degree 10. As
a consequence Hajet{Q(O) +ellto R, x5} = 0 and therefore, setting x = xo0+ x1+x2+ X3+ X4+ X5,

18The degree of the monomials uf y™ z* u" is 2||m|; + #£ + 2n.
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we have solved (84) and thus (82). Estimates (83) follows by iterating (76), using the Poisson
1

bracket estimate (49) and HHfourRHffyfﬁfo,s < 972. Namely, denoting X = GRS s ) We have
for all ng < N < N < Nmax
Ixollrer . o S5 eXMajee Rl grer,

from which we deduce, using (49) and [|Q(®) +5H4RH%7toto s < 72, that for all ng < 07 < 7 < Dmax
mr,,

<o .
HRl ||t%‘;7°_‘f_tmo+78 ~S € (77 — n+)4 HHaJetR||antf;fo’5'

Iterating this process we get for i = 0,--- ,5 and for all ng < 0" < 1 < Nmax
X i
il o, S5 % (e ) MRl o
Therefore )
HXH‘%;:?,r,ots s 5m||ﬂajetm|%;gfoﬁ
which leads to (83). O

5.2.2. New remainder term. We begin with the so called KAM step, i.e. we estimate R", the new
remainder term, given by the formula

(85) (HO +eR)o @} = (HO +eR")
when x satisfies the cohomological equation (82).

Lemma 5.7. Under the hypothesis of Lemma 5.6 and assuming that x, constructed in Lemma
5.6, satisfies the hypothesis of Lemma 3.12, we have for all ng < n™ < n < Nmax
€

H . + Apto < H 1 2 pto
(86) | ajet 12 HJ?;:_,_ET.’O_,_’S ~S 7‘4’7816(7] _ 77+)1706ﬂ$ | aJetR‘ A% o.s
and
1
- + o < H i zpto .
(87) ||R R ||,9f7:+tmo+’s ~S 7"4’7816(7] — 77+)1706ﬁ8 || aJetRH,jf;,t’rt’oﬁ

Proof. We first introduce a local notation: for x satisfying hypothesis of Lemma 3.12 and F a
Hamiltonian defined on A¢(2r) we denote

Ty(F)=Fo®, — F—{F,x}.
We have
(HO) +eR)o®) = Zo+{Zs+eL, x} + Ty (Z2) + QW +eR+{Q) +e(R— L), x} + Ty(Q'”) +¢R)
and thus using (84) we get
(HY +eR) 0 &) = H" + £(Id — Myjet) R+ (Id — Majer) { Q' + ellgour R, X} + e{TTajer R, X}
+ T(Z2 4+ QY +¢R).
Therefore we obtain an explicit expression for R*:
(88) eR" = (Id — Majer) R+ (Id — Majer) { Q) + ellrour R, X} + e {Tajet Ry X} + Ty (Z2 + Q) +€R).
Furthermore we have

(89) lajet BT = Majes ({Majec Ry X} + Tx(Z2 + Q) + £R)).
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In view of (89) we have
elMajec B e, Sell{Majec R Xl A 1T Z2 + L)

FITQ N pry .+ IR = D)l

nt,ro0t.s

ot.s

and it remains to estimate the four terms on the right hand side. Using the bound on y (83) and
the Poisson bracket estimate (49) we get

€ 2
||{HajetRa X}H%i;it,r,ohs SS 7“2(7] — 77+)848ﬁ$+4fy408 HHaJ'etRHJf;ng’S'

By Lemma 3.12 and (83) we have

2
€ € 9
IR = DDl S s —epwgsn ) Mo Pl VRl o

.. L (0) o < 4
Similarly using that ||Q ||ant77‘t70’5 Ssrt we get

1 € 2
0) . 2
||7;<(Q( )||,%‘;]°$t,7_’o+’8 53 (77 — 7]+)10 ((’I’] — 77+)848ﬁ87408> HH&JEtR||jfnt,(it,O,$'

Thus the sum of the last two terms is less than

62

, 2
1A~816 (1) — ) 17068S ”HaJetRHﬁfgﬁfoﬁ

and it remains to estimate 7y (Z2 4+ ¢L). By Taylor expansion we have

1
To(Za+ <L) = /0 (1= O{{(Zs + eLo )} o DLat

and thus using Lemma 3.12 and (49) we get

1
ITZe + Doy, S mpprysl (et el Xl

== rot.s n—1=l—rot.s

Then we replace {Zs + L, x} by the expression given (84) and we use (83) and (49) to get, first
that

3
(90) || {Q(O) + EHfourR> X}|

(77 _ 77+)848#S+47408 ||HajetRH;f$t,o+’sa

<
stot NS
%nﬂr,m,s
and then

62

2
||7;<(ZQ + EL)ijntit,r,O*',s SS 7'2’7816(77 — n+)1706ﬂ3 HHajetRij;’(:ﬁt’O’S.

All together we obtain (86).
Now we estimate R — R using (88). Since we already estimated the last two terms of (88) to
obtain the estimate (89), it remains to estimate

—ellajet R 4 (Id — et ) {Q”) + ellgoue R, X}
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So using (90) we get
€
)BIS#S+1, 108 ||HajetR\|;;e;’3fo+ .

—_— + P10 < j (i
le(R—R )||%7;+t’r’o+’s NSEHHaJGtRHji’;yTt’OJF’S + (n—nt
62

2
+ P A816 () — g+ ) TT06ES HHajetRH,;ﬁf;t’as

€
Ss 74816 () — ) IT06ES ”HajetRH%J,‘ifo,s

g

5.3. Proof. As we explain, our strategy of proof consists in eliminating Il,je¢ P iteratively. First
we choose a set of parameters in order to realize the iteration equation (85). We set

h_

n
no =n* and ny, — Npy1 = 2k+1 " for k >0,

2 103

y=r‘¢ and v = for k > 0,

2k+1

vp = r%% and Vg1 = Z/k§ for k > 0.

Then we set Ky = P and Oy = OF.
5.3.1. Iterative lemma.

Lemma 5.8 (Iterative lemma). Under the hypothesis of Theorem 5.3, for all k > 0 there exist
e O, C O a Borelian set,
o Ky € Iy, r04,8;
® Xk € Ky r,0411,S
such that
(HO +eky) o @) = (HO + eKpyr)
Furthermore for all k > 0 we have
® Opy1 C O and Leb(Oy, \ Ok+1) < 7k

[ ||Hajcthij’t°t < 610 Vi
1
4
o || Kyt — Kk”"”nfil "o s v
° HXkijtot < EI/k

Me417O0k41,8

Proof. The proof is done by recurrence.

9
e [nitialization step. We just have to verify that ||Iajet Kol| S s < €101y which is clear since
0o

Ky = P and P satisfies the hypothesis of Theorem 5.3. We also note that Il ¢ Ky which satisfies
(80) and that hypothesis (81) is part of the hypothesis of Theorem 5.3.

e [teration step. Let k > 0, we assume that we have construct O;, K; and x;_1 up to i = k (by
convention we take x_; = 0) and that the estimate of the Lemma are satisfied for these objects.
Now we want to construct Ogy1, K11 and xg. First we note that

Jun

o
| Kk — KOH‘%gnt]?,tr,(’)k,S < Z [ K — Kz’—‘,—l”jfntﬁsﬂ’ o5 Z; i
1= =
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1
and thus || K — Kol yptot o, s < V- Therefore, since Il Ko already satisfies (80), we have that
M"Yk

[Ty K} also satisfies (80). Thus, by Lemma 5.6 we can construct a set Ory1 C Oy satisfying
Leb(O \ Og41) < 7 and an adapted jet xx € 74, | r0,.,.s solving the homological equation

k+15
Majer K + Majer {H? + (K — Majet K1), X} = 0

and satisfying
[k [| ot Ss < £T6 1
KA O y1.8 ™ (1 — N1 )SHH#S 108 .

Using the definition of 7 and ~; we get

9

£2(k+1)(8484:5+408) (1:4000) (4
N gio0y

”XkH""fnt;:ivakHvS ~S (nh — 77)848#8(7"251073)408

LN

Thus by imposing a condition of type r Sg,s_, 1 we obtain, uniformly'® in k,

N

HXkHyf;;j_lmOHLS <evt.

Then we construct K1 by the formula (88) with R = Kj and we get that (73) is satisfied at
rank k. Furthermore by Lemma 5.7 (note that hypothesis of Lemma 3.12 are clearly satisfied for

r small enough uniformly in k) Ki11 € 74, | 10,5 and
£9(k+1)(170645+816) s

HHajeth+1”jf”tljilv’”’okJrl«s ~S 7“4(7“251073)816(7%1 — 17)1706ﬁs(€ﬁyk'

Thus by imposing a condition of type r Sg 5, 1 we obtain, uniformly in &,

4

18 = 9
Iaiet K tot <etop? <eloygyq.
Majer Kkl e o S0V S et00ep
1
Similarly, using (87), we prove || Kxy1 — Kgl| yptot <y
M+1>70k41>S

g

5.3.2. Transition to the limit and end of the proof. We set O = Np>0O} by Lemma 5.8 we have
Leb(O%\ 0) < 3 Leb(Op \ Opy1) = >y = =120,
k>0 k>0
Using Lemma 3.10 and Lemma 5.8 we get that CI);k is a C'! symplectic change of variable mapping
1
A¢(pr) into Ag¢(pr41) where pp = r + Zf:_ol r~lyt < 2r (for r small enough).
Then for £ € O and all k£ > 0 we set

(k) _ 51 1
Te =®y, 000,

By construction Tg(k) : Ag(r) = Ag(2r) is a C! symplectic map commuting with the gauge
transform. By Lemma 10.4 (an adaptation of the mean value theorem for annulus) we have

for all £ > 0 and all u € A¢(2r)

/41 l Y4
I @) = 7w, Ss - sup | (@)l e |91, (u) — ull, -
¢ ¢ wede(2r) © N

19i e. one condition on r suffices to obtain the estimate for all k.
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Thus, using Lemma 3.10, we get

€+, () o2
170 @ = @, Ss 2l o

)

Similarly, using the control we have on dzTg by Lemma 3.10 , we obtain

), () S
ldrg () — drg " (Wlle, Ss ™ lxenllge o

Therefore, for all u € A¢(2r) and all 0 < £ < k, we get

T

k
(k) (0) 2y 3.-(k) (0) —4 —4
1780 = 7l + 21470 = o S5 7 Uil o, <7 e
1=

which leads to

1

(91) 17 () = 70 W) |z, + r2|dri () — a7 W)z, e, < €707

for r <s 1 small enough. As a consequence (Tg(k))kzo is a Cauchy sequence in C(Ag(r),(2)
and thus converges in this Banach space to an element that we denote 7.. By construction
Te + Ag(r) — Ag(2r) is a C! symplectic map commuting with the gauge transform and taking

¢ =0 and the limit k£ — 400 in (91) we get

1
I7e(u) = 1d|| o, + 72 dre(w) — 1|l i, < e70g <e7r.

Using again Lemma 5.8 we have for 0 < /¢ < k

I

k 1
15 — KZijnt,?t,O,S < Z Vi < st
=L

for r small enough and therefore (Kj),>o is a Cauchy sequence and thus converges in 7, 0.s.
We call K its limit. Passing to the limit in the previous estimate leads to

[un

1K — P

5
Iy o.s < v
from which we deduce

”HremKH,%ﬁff;faS <1 and [IIner(K — P)H/VTWO“S <
4
On the other hand, since by Lemma 5.8 HHajethH,;f;’gfo’s < g, we get [ e K = 0.
Finally by construction (see (73) and (91))
(HO +eP) ol = (H + eky,)
we deduce, passing to the limit, that for all £ € O and all u € A¢(r)
(HO) +eP)(& 7e(u) = (HO) + eK) (& u)

which ends the proof of Theorem 5.3.
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6. A BIRKHOFF NORMAL FORM THEOREM

In this section we prove a Birkhoff normal form theorem that will be useful to prepare our
Hamiltonian perturbation before each opening step. Roughly speaking, without this Birkhoff
step, after an opening step our adapted jet would be too big to apply our KAM theorem. So we
prepare the Hamiltonian by making the terms, possibly linked to the new site (corresponding to
the index j, below) and that will be part of the adapted jet after opening, much smaller.

Definition 6.1 (Terms to be removed). Let S C Z be a finite set, r € (0,1/4), O C ((47)%,1)5,
n >0 and M > 2. A Hamiltonian P € I} . 0 s is a term to be removed if Ilin P = 0 and its non

zero coefficients Pf’zm % 0 satisfy
(92)  q=#€<M, #{g|1<j<q} <4 and Fj. €S8 #£7(S°\ {5}) <3
We denote by H?gr the associated projection defined by restriction of the coefficients.

In the following lemma we prove that all these terms are non resonant (for the linear equation)
or depend on the angles (0;)res. It will be crucial to get non resonance estimates by Proposition
4.2.

Lemma 6.2. Let S C Z be a finite set and M > 2. Ifn €N, k € Z°, m € N®, ¢ > 0, (£ € S°)1,
o € {—1,1}9 are indices associated with a non-zero coefficient of a Hamiltonian to be removed,
then k # 0 07“0'1£%+"‘+qu3 # 0.

Proof. By contradiction assume that k = 0 and o1£7 + - - - + aqig = 0. We aim at proving that
ug is integrable which is impossible by definition of H?gr. Thanks to the two last assumptions
of (92), we assume without loss of generality (it would suffices to re-order the indices) that there
exists a < 3 such that

Vi > a, ﬁj = £a+1 and Vj <a, Ej 7'5 £a+1.
We set p = 0441 + -+ + 04. Without loss of generality, we assume that p > 0. We note that

oc_ ,01_ _ ,0aq,DP q—a—p
ul - uel ula u£a+1 |u‘ea+1’

p

and that ¢ — a — p is an even number. Therefore is suffices to prove that uy' - --ug“u; is
1 a a+1
integrable.

Then, using the preservation of the mass and the momentum, we have
Vo€ {0,1,2}, oy + -+ 0.l +pls =0

By preservation of the mass (i.e. @ = 0), we deduce that p < 3 and so that there are only few
cases to consider.

e Case p = 0. By preservation of the mass, we deduce that a =0 or ¢« =2 and o1 = —02.
Moreover by preservation of the momentum, if a = 2 then £; = £5. In any case, it follows
that ug! -- -uzlauga+1 is integrable.

e Case p = 1. By preservation of the mass, either a =1 or a = 3. If a = 1, by preservation
of the momentum, we get that ugll e ug:ugaﬂ is integrable. Now, if a = 3, we can assume
that (without loss of generality) oy = o3 = 1 and 3 = —1. As a consequence, using the

cases o € {1,2}, we have
0= 0'12% +---+ 0'3£§ -l-pf?l = 2(£4 — El)(£4 — EQ)

20i.e. they do not satisfy the integrability condition (58) but they satisfy (92) and >, 5%k, + > 7, 0ili =0
for o € {0,1}
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which is impossible by by definition of a (we know that £4 ¢ {£1,£2}).

e Case p € {2,3}. By preservation of the mass we deduce that a =p and oy =--- =0, =
—1. Moreover using the cases a € {1, 2}, we get that
O+ + L2
anH :a(%) =04 40
By strict convexity of the square function, it implies that £y = -+ = £,41 which is

impossible by definition of a.
O

Theorem 6.3 (A la Birkhoff). Let S* C Z be a finite set, W, M > 2, p € (0,1/4), 0" C ((4p)%, 1)’
be a Borel set, Nmax > 1" >0 > 19, € < 1 and K* € %]b’p’obysb.
Assume that the following assumptions hold

e K’ is not too large, i.c. HHnoerH(/Vtotb : < 4,
p,O%.S

b < P9/2,

IMacomeo(d — Moo KL < 972, (1 = T mo) (1 — Taor e
n”,p,0 n”,p,0

b sb bs

e the frequencies can be modulated, i.e.

e< (247" and e(sup Z Iyi) <1073,
€S pesp
e p is small enough, i.e.

p 55" 777b _nh 7mvm 1 ’

Then, there exist a Borel set @' C O° and a Hamiltonian R € %n7p70/78b, such that

e (0 is relatively large in the sense that
(93) Leb(O”\ ©') < p'0~°

e the terms to be removed are very small, the normal form part does not have changed too
much and the other terms are not too large, i.e.

||ngl§rR||ﬁ?f’t§’t b < pm’ ||(Id_H%}§r_Hnor)R| SOt <1 and ||Hnor(R_Kb)||</Vt°t < P1/4
ni,p,07,S b /. sb 0,0,

Sh

n,pe,Un,

and for all § € O, there exists a smooth symplectic map @¢ : A¢(p) — Ae(2p) commuting with
the gauge transform and enjoying, for all u € A¢(p), the bound

1
(94) e (u) — ullez, + p*lldpe (u) = Tdlp2 2 < p** o
and the property that
(95) (HO +eK*) (& pe(u) = (HL +eR) (€ w).

Proof. We divide the proof in 5 step and we introduce the local notation

ng}m = 1d — I} — oy

e Step 1 : Decompositions. As in proof of the KAM theorem, we decompose HE(O) as

HO) = 7, + A© 4 Q)
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0
where A® = H(€) — pllé]ln, QO = 137, V2 — 1u? and
1 .
Zo ;:52(5 27+ &lee)Y;
JEZ

Then, we decompose K’ as
Kb _ Ab —|—Lb +Qb +K10W +Khigh
where A := I, K", [’ := T4 K", Q* := K’ and
K'Y .= Tl m=0(Id — Top) K.

Note that by assumption ||K1°W||%otbot o, S p’/? and HKhlthjftot o s < p°/2.
n°,p,0 ,8b

o Step 2 : O and small divisor estimates. For € € O, k € ZS ,q €N, £ e (8§ and o €
{=1,1}7, we define the small divisor

q
Q& k. L, 0) Z kjw;( )—G—Zingi({)
i=1

jesh

where

(96) wi(€) = e 3% + &1 e + 26L(€), j € Z.

Let @ C O be the Borelian set given by Proposition 4.2%! such that
Leb(O°\ O') < Pl =y

and, if k # 0, ¢ <M and #{¢; | 1 < j < ¢} <4, then for all £ € O

~ 166
. > _

It follows that if n € N, k € ZS', m € NS, ¢ > 0, £ € (Z\ 8°), o € {~1,1}7 are indices
associated with a non-zero coefficient of a Hamiltonian to be removed (i.e. as in Lemma 6.2) then
for all £ € O, we have

2/10

(o7) 06k, £.0)| > s

Indeed, we got it by construction of O" when k # 0 (using the smallness assumption of p).
Conversely, if k = 0, we know by Lemma 6.2 that 0'13% 4 -+o'q£3 = 0 and, since it is an integer,
it follows that
Q& K, £,0)] > 672 — 2€||L| ypoon M > 1.
p,0b sb
e Step 3 : One first step of normal form. We set, for all k£ > 1,
e =27 + (1= 27F )

Then, we define, thanks to the small divisor estimate (97), a Hamiltonian x(¥) € Ay o050 bY
22

the relation .
M I o
(thrK Ow)n km

(0)\¢,0 —
(X )n,k,m : € 1Q(-,k,£,0')

2INote that the requirement on L and & of Proposition 4.2 are satisfied by assumption.
22with the implicit convention that (x(®)%7 (&) =0 when Q(; k, £,0)(£) = 0.

n,k,m
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Indeed, using the small divisor estimate (97) and proceeding as in the proof of Lemma 5.5, we get
that (thanks to the smallness assumption on p)

(98) IOl < ep™BIE g < epPhan,
n1,0,0",8 n?,p,0°.S

Note that it ensures the existence of its flow for [¢| < 1 by Proposition 3.10. Moreover, by
construction, we have that Hn:07mzox(0) = v and that y(© solves the cohomological equation
(99) {Zy +eL’ O} 4+ eIl K% = 0.

Then, using as in the proof of the KAM theorem the local notation (defined as soon as it makes
sense)

Ty(F):=Fo® —F—{F,x} and A(F):=Fo®, —F
we get the expansion

HO 4 eK' = (H® +eK") o ) = HO 4 eK’ 4+ {Zy +eL’, X0} +eA

(100) o)
= —elliy K'Y

where
eN =T o) (Zo+ L) + A0 (Q +£(Q + KV + KMeh)) .
=:eA1 =2
To continue the discussion, we have to show that Aj, Ay € ‘%f?z, p,0,s> and to prove that they are
small enough. On the one hand, by Taylor, we have

1 1
It follows by Lemma 3.11 and Lemma 3.12 that Ay € 7 , » o and

7/2p3+%

A o <ep €.
| 1”%”;2;,0/,9 NS ap

On the other hand, since by assumption ||TI,er K], yror <4, we have by Corollary 3.27 that
p,O%.S

1Q° +eQ ey | Ss o™
n,p,0,
It follows by Lemma 3.12 that Ay € | » s and
7/2 3+
p'/2pTT a0
Ao|| jypto Sgp -
| 2”@2;,@/@ NS 3P — gy
Putting these bounds on A; and Ay together, we get

Al < o2
" ng.p,07,8P

Coming back to (100) and using that x(°) solves the cohomological equation (99), we deduce
that

H%}I;‘K/ = H?btrKhlgh + ]'_‘[%)grAJ HHOI‘K/ - ]-—-[IIOI‘-[(b + HnorA, H%ZptK/ = H?()etpt(Kb + A)

and thus, we get the bounds
(101) DK g 4 [or (K = K)|| ren
n2,0,0’,8 12,05

7/2
<o
p,0!,5"

9/2 m
f,p/ ’ Hl_[kept}’(/Hthot ’ eb
n2,p,0’,8



INFINITE DIMENSIONAL INVARIANT TORI FOR NLS 57

e Step 4 : Iteration. We are going to design, by induction, two sequences of Hamiltonians ) €

Hopy pr 50 KD €Ay o0 g for 1< j <9, such that K© := K’ and for 1 < j <91
(102) H +eKY) = (HY +eKU™D) 0 d) (),
(103) IR KO e + Mo (K9 — KTt < 02+
n2j42:0,:0',S? n2j42:0,0',5
(104) I KD e <5972,
n2j+2:7,0".S
(105) x| ot < epttitas,
7]2j+1,p,0’,5b

Note that, since K(©) := K, the initialization is given by (101).
Let 1 < j < 91 and assume that K, x(®) are given for i < j. We set
NU™D = I (KUY — K)
and we note that, by (103) and (101), we have
(106) 1INV o
o’,sb

125,007,

<i 0’

Note that by construction, we have the following decomposition
(107) KU =&+ 4+ @+ NO-D 4R KUY 4l KU,

Then, we define, thanks to the small divisor estimate (97), the Hamiltonian y¢) € A i 11.p,0', S
by the relation
g TR,
o ik, L, 0)
Indeed, using the small divisor estimate (97) and proceeding as in the proof of Lemma 5.5, we get
that (thanks to the smallness assumption on p)

; _9 P i1
D por < ep BT e S5 pi 5,
n"P,

o’.s

1254+1:2.0", b sb

Note that it ensures the existence of its flow for |t| < 1 by Proposition 3.10. Moreover, by
construction, x) solves the cohomological equation

(108) (Zy + el xO} + el KUY = .

Then, we get the expansion

(109)  HO +eKD = (HO + K0 D)ol ) = HO 4+ KU 4 {2y + 2L’ xV)} + AV

where

eAV) =T ) (Za+eL) + A, (QY +e(KU™Y — A" — 1))

/

::eAgj) ::sAgj)

On the one hand, proceeding as previously, we get (by Lemma 3.11 and Lemma 3.12) that Agj ) e

‘%772#27[%0’79 and

. /245 ,3+i+ 35
AP o < gl P 7
141 H%"zﬁzvpﬁo”sb 7S P2 (P — )t
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On the other hand, using the decomposition 107 of KU=1 the bounds (103), (104) and (106) on
Hf{er(j_l), ngtK(j_l) and NU=1_ we have that

QW + (KUY — A7 — L7)|| yren Sis PR
772j»ﬂaolvsb ’
It follows by Lemma 3.12 that Agj) € A inp0r,s» and
p7/2p3+j+%

A(j) tot < Qb T Ao L L = -
143 H%;%Jrz’/”o”sb IS P2’ — )
Putting these bounds on Agj) and Aéj) together, we get

AP o< P12
n2j42,0,0",S

Now, coming back to (109) and using that xU) solves the cohomological equation (108), we deduce
that

H?bTrK(j) — H?{;A(j), Hpor K9 = Mpoe KUY 0, AD), H%ptK(j) — H?(?gpt(K(j—l) + AUy
and thus, we get the bounds (103) and (104).
e Step 5 : Conclusion. It suffices to set

VEe O, gog::q)?((o)o-~o<l>>1<<m(§;-) and R=K.

Indeed, thanks to the bounds (98),(105) on the ), we know by Lemma 3.10 that ¢ is well
defined and that it is close enough to the identity (i.e. it satisfies (94)). The fact that (H§0) +

eK") o = HY 1 R is a direct consequence of the construction (see (100) and (102)). The
bounds ||H?grR||jfthot < Pt and ||H?§ptR||%t§t , < 1 are given by (103) and (104). Finally,
nl,p,0!.8 n4,p,0’.8

by Lemma 3.28 and using by (101) and (103), we get that [Ty (R — K?)|| ytot < pl/4. O
p,0'.S

7. OPENING

In this section we describe the process of opening new sites to increase the cardinal of S. We
distinguish between two cases: the general case, in which we allow an arbitrary number of sites
to be opened (this case will be used for the initialization step in the proof of Theorem 1.6, see
section 9.1.4), and the case of normal forms, in which we allow only one new site but require more
precise estimates.

7.1. General case. In itself this step could be very short : it expresses that if we have a Hamil-
tonian depending analytically on the variables (6, y,u) then, when we open new sites, i.e. when
we write u; = (/& + yjeigf for some j € §¢ we get a new Hamiltonian that depends analytically
on the new variables (6,y,u) in an adapted domain. But since we encode the analyticity in the
estimates of the coefficients of the Hamiltonian (see Definition 3.1), this step becomes heavy and
actually we "waste" a lot of the size of the radius r to make it simpler.

Proposition 7.1. Let S C S C Z be some finite sets, A > 1, 1 € [0, Tmax], 7o, ps7 € (0,1/4),
O° C ((4r)?, 1)517 be a Borel set and P € H,, . o g»-

57,
Assume that the radii enjoy the estimates

(110) T SSA P SSA T
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Then, there exists a Hamiltonian R € 7 . 0 s, where
0= 0 x (o, A%\,

such that

(1) 1Bl o S 1Pl o

n,m,,0P,SP

and for all € =: (£,€") € O and all u € A¢(3r),
R(&u) = P(&5u).
Moreover, if Ilj P = 0 then Iljy R = 0.

Proof. The proof is divided in 3 steps. The expansions will naturally make appear the generalized
binomial coefficients which are defined by

Chi=®)" J[ (@=j), keN, acR
0<j<k-1

e Step 1 : Identification of R. First, we denote
S\S& =: {iy, - ,in}

where 41,--- ,i5 are distinct. Then, we note that, by symmetry of the coefficients of P, being
given fb € (9b and u € A¢(3r,), we have

Z Z Z Z Z Pﬂa' )uz y(é’ )m ik-0(u)

kP 75" mpeNs® 420 oe{—1,1}9 £c((S)°)4

Bl by . llall,1 £,4%,0,6 (b b.
Pk:;-mb (&5u) = Z Z Z C||aH:1+an7;bﬂzb§(f Ju(€ ,U)"UEAa

neN qeNN ¢e{-1,1}2
and {—1,1}%:= H]])Vzl{_]-u 1}er = {1, 1}\\a||Z1’

where

.a . [ . . .

1 = ('Lla"' s, TN, 7'LN)-
——— —_——
a1 times an times

Now, assume that 9%r < 9p < 7, and let £ € O and u € A¢(3r). Thanks these estimates on p
and 7, we have that for all i € S\ S” and all ¢ € {—1,1}

uf = V& + (G and  p(&u) = w5 ) - &l

where & := (&,,- - ,&, ) (this convention will be used in all this proof). It follows that

INGENED S5 SIS DI SIS TR e cayutel (O TIINE131

neN d=0 qeNN ¢e{—1,1}=

N
x [I 3 elmttsnan)iy u)fapm a,,/z(y%&(,&u))bp
ip

p=1byeN
and so we get that R(&;u) = P(€°;u) with
N
£, dllalln d 4 s /2 my m;
(112) Rd,z,m Z Z Z H&Hn C’||a||£1—&-qc1" nlzcb :ﬂ H pcap/]g?

acNN GERg  n>d p=1
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where
Rarp=1{s€{-1,1}*|Vp, sp1+---+Spa, = ki, }

Here, we note that all the integrable terms of R come from integrable terms of P. As a
consequence, we have that if II;y P = 0 then I R = 0.

Now, the point is to estimate these coefficients to prove that R € 777 ;. 0 s and satisfies the bound

(111). To lighten the estimates, without loss of generality, we assume that || P|| o =1
77 07,8

e Step 2 : Uniform estimate of R. We aim at estimating |dem(£)|. First, we note that, since

(V¥ < w, we have
Opie <Or [[ =i"

1<p<N
Moreover, since &; € (p?, Ap?)YN and ||P| s o, S1owe deduce that
n,r,,0%,8
H
—1 2\n— dellallen —n(lk || 1 +2]lm? || 2 +a+ +2
|dem( )e,! < Z (NAp?) CCHGHZI e e UK [ g1 +2[|m?[| 1 +g-+|al[ 1 +2n)
aeNY, n>d
SERa K
% b_z”mbHel q— ”aHel —2n H p 2m1pw0p|0m1p|
1<p<N
Then, using that Cj” < 2lelate, Cf < 27 and |[k|lp — [K]lp = [[kilo < [lallp, we have
that
b
(113) e”(”"’“el+2Hmb”el+q+2d)r§“m ”151+q+2dp2Hmi”g1 |R2:Z7m( )|@71

is smaller than

leley  all,. —2(n—d m;
Z 222\\0\\g1+n+q(NAp2)n—d+ et lalle, —2(n—d) H ap|C' zp|
aeNN n>d 1<p<N

Provided that 9(NA)Y/2p < r,, summing in n, we get

llallpy

d —llal m;
(113) s 24 Y 22lelata(vap?) =T T @i ).
acNV 1<p<N

Now, to estimate C™ 02 when a/2 is possibly not an integer, we apply the Cauchy estimate to the
holomorphic function

Z aj2? =(14+2)% on D={zeC]||z| <1}

m>0
and we get that
g' )(

3
| <92m sup |g(2) < zm(i)“/?
|21=1/2

It follows that provided that 103N3/2A1/2p maxi<p<n(w;,) < 7, we have

’ a/2|_‘

(113) < 2dtatlimilla Z (6N1/2A1/2p7“b_1)||““¢1 < gdtatlmilia
aeNN
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As a consequence, provided that p < r,, we have proven that

_ b _ —a— .
(RS (€)] S e~ Iklla-+2lm ln-+0+24) p=2lml 1 —g—2dodta+imalla o,

and provided that 9r < pe™", we get (as expected)

‘R(‘;»Zm( )‘@ n(llkll 2 +2llmll 2 +q+2d) .2[lm| 2 +g+2d < 9d-+g+msll 1 277Hmz||41( )2||m1||¢1+q+2d <1,
’ p
ie. su < 1.
IRl

~

e Step 3 : Lipschitz estimates. Being given &, € O, we have

£, £, new £, £, new
<114) ‘Rd,z:.,m(é-) B Rd,z,m< )‘ < ‘de m €b7 C ) - Rd,z,m( )’ + |de m(g) - Rd,Z,m(§b7< )‘ :

=1 =II

First, we note that, by definition of || - ||t%0tbot . _,» the estimates of the previous step prove that
n?,r, ,O%.S

(115) I< r;2®e6_n(uk”gl+2”mH£1+Q+2d)7=_2‘|m”41_q_2d||£b — .

So we only have to focus on II. Coming back to the equation (112) giving the coefficients of R,
we get (with multi-index notations)

<y, X ZC||||Z||||ff+q P H‘CZ%

acNN §€Ra rn>d
B - 2-m; - 2—m; 2—m,;
x (el — el les mw+um&@mﬁ gl

=A

Then, recalling that ¢;,&; € (p?, Ap?)™, by applying the mean value inequality, we have
A lallp

<(n—d+
ng C'LHEI ( 2

[lall
S p2(2NAY) 2

llall 1 lall,1
+ ”mi”51)(NA)Te+||mi||l1+n_d_1(pZ)Té—Hmnglﬁz—d—l

+Hmi||51 +n*d£g/2*mi ||§1||n_d

The estimates are almost the same as the ones at the previous step. The only difference is that
we have to strengthen a little bit the smallness assumptions on r and p (see (110)) to absorb the

llell 1
losses generated by the factor (2NA?) 2 Hlmillatntd  pg o consequence, we have that

(116) II S p_2@£e_n(“k||gl+2||m||el+q+2d)7n_2Hm”g1 _q_2d||§i _ C’i”@l’

Putting together (114), (115) and (116), we have proven that ||R|| i < p~% which is slightly
© 77,0,8

better than what we aimed at proving. ! O

7.2. The normal form case.

Proposition 7.2. Let S C S C 7Z be some finite sets, ry, p,7 € (0,1/4), O° C ((4r,)2, 1)5b be a
Borel set and N’ € Now -
Assume that the following assumptions hold

o S contains ezxactly one extra site, i.e. #8 =1+ #8°,
e the radii enjoy the estimate r < p Sg 1.
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Then, there exists a Hamiltonian N € Np s, where
0 =0 x (p*20%),
such that
P b
(117) IV T ey o < (14 rb)HN meéb’sb
and for all € =: (£,€"°%) € O and all u € A¢(3r),

N(&u) = N*(&; ).
Moreover, setting L = ILgN, L’ =Ly N’, Ag+ Aip = Iy N and A + A = I, N°, for all
£=:(€,6") € O and k € Z, we have

(118) A1) = O] + (B)°ILLE) = Lr©)] < ANy

or s>
Proof. We decompose the proof in 4 steps. We denote by i, € Z\ S’ the index such that
S={i,}uS".

e Step 1 : Construction. Naturally, we decompose N > as

N =A+L+Q € dpp g ® L5 ® Loy o0
Then, we note that for all £ € (€°,&,) € O, u € ¢2 and k € Z we have
p&u) = p(€5u) — &G, and  yp(&u) = yr(§5u) — Tpi, &,
It follows that for all & =: (£°,&;.) € O and all u € A¢(3r),
A (&5 u) = A(€) + ALE ) (& u) + AL(E)é,
L& u) = (Y LiE)ur(&w) + L, ()&,

kEZ
= Y Q@& Wye(Ew) + D> QUE k(& w) (& w) + Q4(E (€ u)?
ke keZ
+23 Qi k(G W, + Qi ()& + D QUEn(& Wi, + Q3 (€&, (&5 )
kEZ kEZ

+EQ) (&) +E.Qp(E) +2Qp(&) & (& ).

As a consequence, setting (for k, ¢ € Z)

Qre(€) = Q4 4(€), Q&) = QL(E), Qu&) == Q}(&),

(119) Li(€) := Li(€) + 26, Q5. (&) + &.Q0(€),
Ar(€) = AL(E) + Q) ()&, +2Q4(€)&i.,

Ao(€) = A0(€) + Qi (€€, + QL) + E.Qp(E) + A&, + Li. (€6,
provided that N = A+ L+ Q € Np s (that we will prove at the next steps), we have that

N°(&;u) = N(&w).
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e Step 2 : Non critical estimates. We estimate the different terms of || V||, NI separately. Only

the estimate of ||L|| . 2w and || Al o/lv, BTe critical and requires a careful analysis (done in the next

steps). So we begin with the other ones.

e Fist, we note that since the coefficients of Q and Q” are the same, we have Q € 2o,s and
(since r < 1)

b - b
RS e PR L PR

e Then we note that, provided that p <s 1, since |¢;,| < 2p?, we have for all k € Z
ILk(€) = L&) < 1@l mw | (2160, 160" (k) 7" + 2160, (1)) < ER) Q]| oo

b.sb
and so

b b b
1Ll < 12w+ pl @ zmow . < (14 )N o
’ ov.s ov.s Th s

,,0P,8P

Similarly, we prove that [[A[| ;e < (1 + P)||IN?||_ytot ., and
) Tb,o S

406 - (@) < §

Note that these estimates on A and L implies (118).
e Finally, we estimate || L] 2l It is not critical because the weight r2 in the definition

on the "total" norm allows to absorb almost any loss. Indeed, being given &, € O and
k € Z, noticing that A;, , < (k)7%(i,)*, we have

1L (&) — Li(Q)] <ILR(E) — Lp(O)] + 216 1Q4.1. (€) — Qi ()] + €. 11Q5(E7) — Q1)
+ 2[&, — Ci*HQII)c,i* () + &, — ¢ 11QL ()
<€~ Cb”el(HLnggr; . (k)= + 4,02\\@”,@3 it 2p2||czbuggpb . (k)~°)

+ 16, = GLl2IQ N gme Ak + ||Qb|‘£f“bp k)70
ov, ov.s

b sb
— _ P2, .
<INy, (070 (16 =l 12+ 6(2)0¥] + 30026, - 6. 1)
7'b,(9 ,S rb
Provided that r <g r,, we deduce that

PIEk(E) = L) <INy, ()7 =l

b
5)Sup .
Qob,sb

and s0 12| L g <INy

e Step 3 : Estimate on HLH:féﬁg. Now, we estimate ][L\\ggig. Let i € 8", k€ Z, (¢, &) € A(0).
We recall that by definition of A;(O), || — &l = |& — G| and &, = (;,. Therefore, we have that
Li(€) = Li(Q)] < [LL(E) = L) + 20601 QR . (€7) = Qi ()] + €. 1| QR () — QR(S)]
b A AT 210P1 . =0\ _ ¢
(120) <L Hffgl{sb [$ Czyrz,k +2p7°(|Q Hglggysb (2Az,k + (k))& — Gl

b AT P2
< ||N H'/Vrz(jéﬁ,sb’& Cz|rz,k(1+6(Tb) )
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Now, let k € Z, (¢,€) € Ay, (0). We recall that by definition of A;, (0), we have & = ¢°. Tt
follows that®®

1Li(€) — Li(O)] < 16 — ¢ |(21@04. ()] + 1Q3(E0)])
< 16 = GullQ g (A0 ke + (k)77

\Sb
<316, — G.|Q°

< &, = GllIN? || yeor
m,,0

(121)

S
.80
Putting together the estimates (120) and (121), provided that 6p < r,, we get that

‘ P b
120z, < (14 2 ) IV

e Step 4 : Estimate on \|A||%(19ip5. First, we focus on A;. Let &, € O. Proceeding as previously,

provided that 6p < r,, we get that

2
41(6) = A1 QI <INy, 1€ = ¢l (14625 ) + 31
r,,0%.S Tb

P
<INy, e = Clla (14 2).
m,,0%,S Tb

o (€ = Gl
(122) ’

Then, we focus on Ay. Proceeding as previously, provided that 9p < r,, we get that

P >
+ 4772) + (24 12p7)[&, — Ci*|)

b b b
40(€) = A0(O1 < IV Lo, (16" = Clls (341275 + 47

(123)

p
<INy NE= ¢l (1+2).
'rb,O ,S Tb

Finally, putting together the estimates (122) and (123), provided that 9p < r,, we get that

4 LAYING
4Ly, < (14 5 ) IV Ly,

&

8. THE LOOP

In this central section we describe the process to put in normal form (i.e. to eliminate the
adapted jet of) the perturbation after an opening step. More explicitly, given an adapted jet
K’ e ‘%’%b,m,ob, s» with Ilyjee K > = 0, we want to construct a symplectic change of variable e and

an other adapted jet K € 77, 0.5 with?* IL,jet KX = 0 such that
(HO + eK°) (€3 ¢(w) = (HO) + eK)(& ).

Here it is crucial that we open only one new site: #S = #&” 4+ 1. This loop will be achieved
through the combined application of our KAM theorem (Theorem 5.3) and our Birkhoff theorem
(Theorem 6.3).

23pecall the factor 3 in the definition of the .4** norm.
24Note that the projection ITajet changes after each opening step.
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Proposition 8.1 (The loop). Let S € S C Z be some finite sets, r,r, € (0,1/4) , O C
((4r,)2, 1)5b be a Borel set, Nmax > 1" >n > 1m0, € <1 and K° € oy 4, O0 S
Assume that the following assumptions hold

e there is no adapted jet, the remainder and the normal form part are not too large, i.e.

< M
ob,.sb

Majer K =0 and | Tor K°||_ptor 4 [Meem K[| jptor
r,,0b,sP n’.ry,
e the frequencies can be modulated, 1i.e.

£<107? and 5supZF;m~ <1073,
icS

keS
e S contains exactly one extra site, i.e.
#8 =1+ #8,
e 1 is small enough
(124) T SSirye L

Then, there exists a Borel set O C ((47)%,1)° and a Hamiltonian K € I r,0,8 such that

e O is smaller than O° in the sense that*

OcC O x (¥ 2r?) = O, where v=19/20.

O is large in the sense that

Leb(ob,e \ O) < T21/+10*5

there is still no adapted jet and the remainder term is not too large, i.e.

Majer £ =0 and ||HremK||3fyf,c;t,o,s =1

the normal form part does not grow too much, i.e.

b -3
”HnorKH“Vrf%t,s < [Maor K HJVrZOEobsb +rt0

the frequencies do not move too much, i.e. for all € =: (€,6"V) € O and all j € 7, we
have

(125) (G)°1L5(€) = L) + [Ai(6) — A3 ()] < v
where we have set L= oK, L’ =11 4K, A% + /LA? =T, K" and Ay + Ay =14, K,
and for all € =: (€,£%%) € O, there exists a C* symplectic map Ve Ag(r) = Ag (1) commuting
with the gauge transform and enjoying, for all u € A¢(r), the bounds
(126) () = ull, + lldvg(u) ~ 1]z, e, < 7o
and the property that
(HO +eK°) (€5 (w) = (H) + eK) (& ).

25with a slight abuse of notation.
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Remark 8.2. We are going to use (and abuse) zooms, i.e. contractions of the annulus on which
we consider the Hamiltonian. These contractions allows to decrease the norm of the Hamiltonians
(depending of their homogeneity). More precisely, being given a finite set S C Z, 0 < p <r < 1/4,
a Borel set O C ((4r)%,1)°, p>0,n>ny and P € 0,8, we have

P\p
Man2pm s +a2p Pl o < () I1Per,, o

Proof of Proposition 8.1. The proof is divided in 3 steps. At the first and the last step, the radius

of analyticity of the Hamiltonians will decrease by the same amount given by
b
- Ml /|
nt—n: 5

-

e Step 1 : First zoom and Birkhoff normal form. First, we set

pi=rl /20,
and we note that, since II,jet K > = 0, by homogeneity, we have
_ b P4
M0 m—0(1d = Maor) Kl < 3( )7,
5
(1 = Thp—0 m=0) (Id — Moor) K[ ypier < 3(£)°.
n?,p,0P,SP T

Moreover, by monotonicity, we have

Moo yer < [ Maoe Ky <3
p,O%,S r,,0%,8

Finally, we set

oM =9 = 10°.
As a consequence, provided that r is small enough in the sense that it satisfies an estimate of the
form (124), we have

3(?”%)4 §,07/2, and 3(%)5 §p9/2

and s0%® the assumptions of the Birkhoff normal form theorem (i.e. Theorem 6.3) are satisfied.

As a consequence, we get a Borel set @ ¢ O, a Hamiltonian R € %]u7p70/75b and a family of
symplectic maps ¢¢ satisfying the properties described in the statement of Theorem 6.3.

e Step 2 : Second zoom and opening of a new site. First, let us note that, by assumption, there

exists a unique new site i, € Z '\ S” such that
S={i,}US".
Then, we split R in several pieces that are
R=N+I+J+F
where N := I, o, R is the normal form part of R, I := II;;; R — N contains the other integrable

terms of R and F contains the terms of R which are not integrable and at least of order 4 with
respect to (u;)iese.

26even if it means adding another smallness assumption on 7 of the form (124).
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Then we note that (Id — Hgﬁr)J is a least of order 9t with respect to u;,. It follows that, for
homogeneity reasons, we have
18

P M 10°/20 4500
. <) ()Y <2 <
Y +( p ) <2 ST

18 18

Po\4 39 PN6_ 5 2
HEH:yf;ﬁcpw’o/’Sb < (7) =7r°p” and HIH%,;E);MO/y < ( ’ ) =rp

We set
O — O x <p2~19’2p2.19) c RS.

By applying Proposition 7.1, since we can impose that r is small enough in the sense of the

estimate (124), we get 3 Hamiltonians, I, J%, B € }f%thof, o 5 satisfying the estimates
20 Pl <% [Pl <™ ad Bl <0
ni,r,O8,S n,r,08,8 ni,r,08.8

and such that for all £ =: (€”,£"V) € OF and all u € A¢(3r),
(&) = 1(&5u), (&) = J(€5u) and  EX&u) = E(Eu).

Similarly, by applying Proposition 7.2, we get a Hamiltonian N € 08,5 in normal form such
that
IN*lpeor < (L4 )N ptor < (14 9" ) (Mo K[ yton + p*)
r,0l,8 p,0!,Sh r,,0!,8b
(128) b 1/5
< [ Mnor K7 ytor +p
,,0%,sb

for all £ =: (£,£%°V) € O and all u € A¢(3r),
N¥(&u) = N(€5u)
and, for all j € Z
(129) DI = L5 +A5(€) — AL < p
where we have set Lf := Iy N% L/ :=TloN, A) + pA, := N and Ag + ,uAi := I N?.
In order to apply the KAM theorem at the last step, we set
P=N'+ T+ '+ E e A o s

Note that, by construction, P is just a way of rewriting R, i.e. for all £ =: (£°,£"%) € OF and all
u € Ag(3r) we have

(130) P(&u) = R(&;u).

Since E is at least of order 4 with respect to (u;)iese, the same is also true for E% and so
HajetEh = 0. Moreover, since [ is integrable, I » is also integrable27 and so et/ 2= 0. It follows
that

HajetP = I_IajetJu and IlenP = rIrernIu + l_IremJu + HremEh'
Moreover, since by construction Il J = I, & = 0, we know by Proposition 7.1 that IljyJ b=
i B? = 0. Tt follows that
Mo P = N* + o, 1P

27because, since I and I” are the same function, as I, I? commutes with all the actions.
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As a consequence, thanks to the estimates (127), we have
9/10,.4000
IMajet Pl ot < ||t < %10
nf.r,08.5 nf.r,08.5

[Mrem Pl

ot <ot A | T lprer A B e <7
/T]hn',@h,s ’nh,v-,oh,s /nh,r,oh,s ’nb,r,oh,s
Moreover, applying the continuity estimate on Il given by Lemma 3.28, we have
Maor ¥l yrer. S| Ssrp
r,0l.s nil,r,00.8
and so, thanks to the estimate (128) on N¥, we have (provided that r is small enough)

(131) ||Hnorp||</1/t°t < ||1_Inoer||,/Vt°t +P1/6 <4.
r,08,8 7,07, 8P

e Step 3 : KAM and conclusion. The previous estimates on P ensure that the assumptions of the

KAM theorem (i.e. Theorem 5.3) are satisfied. As a consequence, we get a Borel set O C 0% a
Hamiltonian K € 7 ;. 0 s and a family of symplectic maps 7¢ satisfying the properties described
in the statement of Theorem 5.3.

Now, we just have to check that all the properties claimed in the statement of Proposition 8.1
are satisfied.
e First, O is indeed smaller that ©” because by construction

O C OU — O/ X (2 . p1972p2~19) C Ob X (p2~1972p2-19) = Ob’e.
e Then, provided that r is small enough with respect to r,, we have the measure estimate
Leb(ob,e \ O) < Leb([(’)b \ O/] > (p2-197 2p2-19)) + Leb((’)h \ O) < p10*3p2~19 + 7,261073

-5
< ,r.21/+10 .

e The KAM theorem directly ensures that ITajec /X = 0 and || Hyem K| ot o S 1.
nrY,
e The normal form part is controlled as followed

(131)
HHHOFKHJV“?;S < ||Hn0rP":/Vt<(>9tS +r < H]._.[noerH’/Vtot + p1/6 +r.

e A 7, 00,87 N et

§r10_3
o Setting L := MMy K, I/ := MoK, A+ pA} := ,K* and Ay + pA; = I, K, for all £ =:

(€2,6"%) € O and all j € Z, we have

()P 1L5(6) = L€V [A41(6) = ALE)] <IThaor (K = P) s + [Mhnor (B = ) yeos,

T p, 07,

+ (GYILL(E) — L5(€)| v AL (€) — AL(€)]
(129) 1 1
< r+pit+p<rs

b

where the estimates of |[Inor(K — P)|| yror - and [[Tnor(R — K V|| ytor , are given by Theorem
r,0, 0.8
5.3 and Theorem 6.3 respectively. ’

Finally, we just have to define the change of variable 1)¢ and to check its properties. For all
£ =:(€,6") € O, we set
1/)5 = @gb (¢] 7'5.
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By composition )¢ is clearly symplectic and invariant by gauge transform. Then by construction,
for all u € Ag(r), we have
(95)

(130) (72)

(HO + eK")(€5e(u) = (H + eR)(€57¢(w)) =" (H) + eP)(& 7e(u) = (H + eK) (&5 ).
Finally, the fact that ¢¢ is close to the identity is a direct corollary of the fact that ¢, and 7¢ are
close to the identity (see (71) and (94) respectively).

O

9. PROOF OF THE MAIN THEOREM

In this section, we prove Theorem 1.6. Basically, after some reductions, rescaling and an initial
opening (section 9.1), it consists in a first application of our KAM theorem (Theorem 5.3) to
obtain the finite dimensional KAM tori of Kuksin-Pdschel (section 9.2), then we iterate the loop
described in section 8 to obtain tori of arbitrary dimension but whose size does not depend on
the dimension (section 9.3) and we pass to the limit to obtain tori of infinite dimension (section
9.4). Finally, we prove that they contain infinite dimensional invariant tori which are non-resonant
(section 9.5) and we finish the proof (section 9.6).

9.1. Preparation. Let & C Z be a non empty finite set.

9.1.1. Some reductions. To lighten the notations, without loss of generality, we assume that

F(0) = —1.
Indeed, the value of this non zero constant plays no role and, as we will see, this normalization
allows to have modulated frequencies of the form w; = e72j2 + & + - -+ which is convenient.

Then, we will assume that the parameter € is small enough, i.e. smaller than a constant
depending only on f, Zy and S;. Indeed, it suffices to set, in the main theorem, Z. = () if € is too
large.

Finally, we assume, without loss of generality that

o = (of, Ao})™!
where A > 1 and p; is smaller than a constant depending only on f, S; and w (see (132)). Indeed,
by applying a change of variable of the form (¢, ¢) = (A2¢, \~1¢) and choosing \ arbitrarily small,
we can assume without loss of generality that =y is a compact set included in (g%,Ag%)Sl. The
only thing we need to bear in mind it that to prove the bound on the Hausdorff distance (estimate
(5)) and the frequency estimate (6) with constants 1, it suffices to prove these bounds with betters
exponents with respect to ¢.

Y

9.1.2. Regularizing normal form. Now, let us explain why, by Theorem 2.1, instead of considering
solution to (NLS), it suffices to consider solutions to a Hamiltonian system of the form

(NLS™®) iOyu = VHT9) (u)

where

re 1 u|? 1
09 w) = L5 (k24 ) 2 — L, R
keZ

_y©
1 (w)

satisfies R € %7??% p for some 7o € (0,1) and Ilz,14<6 R = 0. Note that the function u — R(u)
does not depends on some parameters .
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Indeed, we define (up to a trivial symmetrization), with the notations of Theorem 2.1, the non
zero coefficient of R by the relation
Lo L Lo
Rn,@,@ = H>7.
Then by Theorem 2.1 there exists a constant C' > 0 such that
£5)?
|Rf;,%'0’ S CQn—i—q << 3*> Al).
™ (£1)
Thus to get that R € s#ste g for some 7y, it suffices to note that if 0141 + -+ + o¢£; = 0 then

70,70
el < el el and  (e) < (g — 1)(€5)

and therefore, recalling the definition (42) of ©y, one verifies

£3)?
<<<li{>> A 1) < q8+1@g < 270,.

It follows that (by Theorem 2.1), on a centered ball By (0, p), we have

HNLS) o 7 — Hfo) 4+ R=: H(re9),

Now, assume that Theorem 1.6 has been proven for (NLS™#) instead of (NLS) (with slightly better
constants). To deduce Theorem 1.6 for (NLS), it suffices to invoke the following arguments. First,
we note that thanks to the mean value inequality and the fact that [[d7(u) — Id||;2 2 , we have

1
Slu=vlle, <llir(uw) = 7()]le, < 2u-vle, Vuve Bpl(0p).

It follows that it preserves (up to a factor 2) the distance estimates between tori, that 7 is an
homeomorphism onto its image and so that the image of a torus by 7 is also a torus. Moreover
since it is symplectic and its derivative is invertible (by a Neumann series argument), it transforms
solutions to (NLS™®) in solutions of (NLS) (and so it transforms an invariant torus of (NLS™#) in
an invariant torus of (NLS)). Finally, since it is close to the identity, it satisfies, for £ € (0,1)%1,
dist(eTe, 7(eTe)) < 5.

Thus, from now, to lighten the notation, we only aim at proving Theorem 1.6 for (NLS™#)
instead of (NLS).

9.1.3. Rescaling. For € € (0,1), we set
He9) (4) = e H) (ew) and  R.(u) = e °R(cu).

€

As a consequence, we have
H) = HO) 4 ¢R,

)

where HE(O) we recall that

1 _ lug|? 1
HO(w) o= 5 7 (2K + =5 )kl = 5 [l 2
keZ
Note that if v € C°(R;¢%) is solution to the rescaled equation
(NLSEe8) i = VH) (v)

then u := t — ev(e?t) is solution to (NLS™®).
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Thanks to this dilatation, we have that, provided that ¢ is small enough, P. € 57 CSJ 0 and,
757
since Ilg,y4<6f = 0, that
|Re || speste. < 29730,
47]0,1};,(0

9.1.4. First opening. Let denote by ¢, s and Csa > 1 the two constants appearing implicitly
in the assumption (110) of Proposition 7.1, i.e. so that (110) rewrites ¢y sa 7 < p < Csa 1. It
allows us to make explicit the smallness assumption on g1, that is

C*l
(132) o < o

Proposition 7.1 ensure the existence of a constant
t1 SSA 01

and a Hamiltonian P; € 7, ., =,,s, such that

28/30
HP H’%ﬂ‘f’?g t1,20,51 s¢€

and for all £ € = and all u € A¢(3v1),
Pe(&u) = Re(u).

9.2. Finite dimensional tori based on S;. We aim at applying Theorem 5.3 (i.e. our KAM
Theorem), with nt =4ng,n =31y, S =81, P = P., O" = Zg and r = r; where r; < t; is a constant
depending only on S; and Zg which just has to be small enough so that the smallness assumption
(70) on r is satisfied. The only assumption we have to check is the smallness assumption (69) on
P.. But since 1 < t1, by monotony, we have

28/30
1P <.

Therefore, provided that e is small enough with respect to 71, the smallness assumption (69) is
satisfied. In particular, thanks to the continuity estimate of Lemma 3.28, we have

Maor Pell jroe < 1.
T1,=0:°1

Hence, by Theorem 5.3, we get Borel set 0. C Zp and a Hamiltonian K. € 7%, ,, ¢..s,, such
that

e (. is relatively large in the sense that
(133) Leb(Zg \ 0.) < €'°

e the adapted jet has been removed, the remainder term and the normal form part are not
too large, and the normal form part is not too large, i.e.

Hajeth =0, ”Hresz-:H%t;t + HHnOI‘K H/V“’t <2

r1,0¢ ,0e,81

and for all £ € 0., there exists C'! smooth symplectic map TE t Ae(r1) — Ag(2r1) commuting
with the gauge transform and enjoying, for all u € A¢(rq), the bound

(134) 1789 () — ez, + r21dr{ (u) = 1d]lgz e, < M2
and the property that
(HO +eP.)(& 78 (w) = (HO + eK.) (& w).
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In the next subsection, we will design a Borel subset =. C .. For the moment, we can just check
properties (i), (ii) and (iv) of Theorem 1.6 for £ € 0, (which is slightly stronger).

9.2.1. The frequencies. For £ € 0., we define the renormalized frequencies of ngeg ) by
(135) () = 2+ e (& ljes, —2 ) &) + 23 (L () + AP (9)), j e 2,
1€S]
where L) =TI oK. and Aéa) + Aga) u =11, K.. This definition is natural, in order that equation
(137) below holds. Then we set
AP () = 2L () + AP (€)
in such a way we have
WO =7+ g -2 D0 &) + DT ).
1€S]
We just have to check that

Lemma 9.1. A9 is 1—Lipschitz and bounded by one.
Proof. Indeed, by definition of the A4*%, ¢ norm (see Definition 3.23), since |[yor Kel| tot <

r1,0¢,51

2, for all &, ¢ € O, we have (provided that ¢ is small enough)
A < 26V Toor |y, < 1

r1,0¢,81
and ©) gy 2O
IA57(€) = A7 (O < 202V Mor K| yper, 1€ = Cller < 1€ = Cller-

O

9.2.2. The homeomorphisms. Being given S C Z (not necessarily finite), £ € £1 ,(S;R%), we set
TS — TeC (2
Tf 'y 0 = Z \/Fje_iejeizj
JES

where T¢ (the image of T¢) is defined by (2). Note that T‘g is a homeomorphism. Indeed, it is

clearly bijective, continuous by the Lebesgue’s convergence theorem and defined on TS which is
compact by Tychonoff’s theorem. Thus its inverse is also continuous by a standard argument.

For ¢ € O, and we set

T = 57%(5) (T¢) and Vg := erés) o T?l.

Lemma 9.2. \I/Z : TS — 725 18 a homeomorphism.

Proof. 1t suffices to prove that (TE(E))‘T ¢ is an homeomorphism on its image (that is 6_17?).

Applying Lemma 10.4 of the appendix with g = 7'5(8) —id, we have that for all u,v € Tk,

17 w) = 7 W) ez, — = vl | Ssv €22 = vl

~

As a consequence, provided that e is small enough, we have

1
(136) Slu=vlle < 77w - 7E @)l < 20w =vle.
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It implies that (7’5(6))|T . Is injective. Since 5*1’728 is its image, it is a bijection between TS and
5*17%E . Moreover, (136) implies that it is continuous and that its inverse is also continuous : it is
an homeomorphism. O

9.2.3. Invariance. Now, we aim at proving the following lemma.
Lemma 9.3. Let £ € 0., 0 € TS and w'® defined by (135). Then
t— ‘I’Z(w(a)t + 6) is global solution to (NLS™®).

Proof. We set, for t € R,
z(t) = Tgl (e 2wt 4 0) e Te.
Since Il,jet K. = 0, we have that
(137) 0z = V(HO 4 eK.)(&; 2).
Then, we set for t € R
v(t) == e TE (e 2wt + 0) = 77 ((1)).
(5)(

argument using (134)), by applying Lemma 10.5 of the appendix, we deduce that v is solution to
the equation

(e)

Since 7.~ is symplectic and d7, " (w) is surjective for all w € A¢(ry) (by a Neumann series

i = V(HO 4 eP.)(&v) = VH) (v)
Finally, it suffices to note that, thus, t — cv(e?t) = \Ilz(w(g)t + 6) is solution to (NLS™#). O

9.3. Tori of arbitrarily large dimension. Now, we aim at constructing finite dimensional tori
of arbitrarily large dimension whose size does not go to zero as its dimension goes to infinity.

9.3.1. Choice of the other sites. Now, we aim at proving the following lemma.

Lemma 9.4. There exists a strictly increasing family (Sp)p>2 of finite subsets of Z of the form
\V/p Z ]., Sp+1 =: Sp U {ip+1}.

and satisfying

Cs,, = sup Z Iy < o0
ZESOO kES

where Ty ; = Ag.; V (k)70 is the weight associated with the || - ||$giis norm and was defined by (61),
Api = 1A @70k A (k) 70(i)* and
Seo i= U Sp-
p=21

Once Lemma 9.4 will be proven, we will consider a sequence of sites (Sp)p>2 satisfying properties
of Lemma 9.4 as fixed. In particular we will not track the dependency of the parameters with
respect to (Sp)p>1. Moreover, we will assume that € is small enough so that

(138) e<107?a107%Cg!

which implies that the bound of Proposition 8.1 to modulate the frequencies is satisfied. To lighten
the notations, we will use the following convention.

Definition 9.5 (£P). If ¢ € R” and p > 1, we denote by £P) € RS» its restriction to Sp, i.e.
¢P) = Tlg €.
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Proof of Lemma 9.4. A possible choice is

. 55P4ng

iy =2
where ng > 1 is an index such that

max(i) < 2"0,
1€S]

> (k) < oo

k€S

Indeed, first it is clear that

So we just have to focus on the coefficients A ;. On the one hand, if ¢ € S;, we have the bound
Api < (k)79(i)% <s, (k)~° so the estimate is almost the same. On the other hand, if i € Sx \ Si,
we have

Z Api= Z Api + Z Api+ N+ Z Ap i

k€S~ keSS, k€S \S1 k€S~
k<i k>1
<2V N )T+ > @R 1+ Y (k)Y = T+ IT+ TIT+1V.
k<i k>i

The terms I and II] are clearly uniformly bounded with respect to i. Then, let p > 2 be such
that 7 = 4,. It follows that 28

IV = Z<iq>_5<ip>45 < Z 2—5q6—n0624-5p5+4n05+45 551 Z 2—(5‘1—4~5P)6 581 22_(51_1)5
q>p q>p qa>p J=20
which is uniformly bounded with respect to p. Finally, if p = 2 then I = 0 and if p > 3, by
monotonicity, we have

1T = Z(ip>_6<iq>46 < plip) " (ip-1)* — 0.

p—00
q<p

O

9.3.2. Iterations of the loop. Let p > 0 be a small parameter. Up to a positive exponent, ¢ will be
the distance between 726 and the infinite dimensional torus we are going to construct. Without
loss of generality, we will assume small enough with respect to r1 and . We set,

p—2

Vp>2, mpi=3m—my 27
q=1
K''=K., O,:=0. and ry:=p.

Applying iteratively Proposition 8.1, we get for all p > 2, a radius 7, € (0,1/4), a Borel
set Op C ((4rp)2,1)51’, a Hamiltonian K? € 77, ; o,s, and for all £ € O, a C' symplectic
map wg t Ag(rp) = Agw-1)(Tp—1) (commuting with the gauge transform) satisfying the following
properties.

28using the basic bound 57 — 4 - 5P > 59 — 5P+ = 5pHi(50-r=1 _ 1) > (59-P~1 _ 1),
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e The sequence (rp),>2 is decaying moreover it satisfies
(139) Vp > 3) Tp < g(p7 Tp—l,Sp,5)

where ¢ is a given function of p, 7,1, € and S, that could be specified (but we will not?%).
It is just a way to say that we can still impose a finite number of upper bounds on r, with
respect to r,_1, € and Sp30. We have indeed this degree of freedom because Proposition
8.1 only requires an upper bound on r with respect to r,, € and S.

e The sequence (Op)p>2 is decaying in the sense that for all p > 2

(140) Op C Op_y x (r2",2r2).

e The sets O, are asymptotically of full measure

(141) Vp>2, Leb(Opo1 x (r2,2r2)\ O,) < r2/+10°
e KP is not too large
p—2
<24) 277<3

0p,S,

Vp>1, ||Hnoer”,/Vt°‘o s + ”HremKwHJZ”“’t
mp,Op,Sp p>Tp> g=1

and its adapted jet is equal to zero
vp > 1, Hajeth =0.
. 1/12’ is a change of variable such that, for all p > 2, for all { € O, all u € A¢(ry),
(HO + eKP)(&u) = (H + KPP 4 (w)).

Moreover, it is close to the identity, i.e. for all p > 2 and all u € A¢(rp),

1
(142) 198 (uw) — ullgz, + [|dyg(v) —1d]lez e <15
e the frequencies do not move too much : we have, for all p > 2, all { € O, and all j € Z,
we have
1
(143) GYILP(€) = L (@ D)) + AP () — AP (P V)| < 152

where we have set, for all p > 1,
LW :=TyK? and AY +pA® =11, K7,

Remark 9.6. Of course, all these object depend on o and e (excepted (rp)p>2 which only depends
on o) as well as many object we are going to construct from now. To lighten the notations (for
readability), we only specify this dependency with subscripts e, o when necessary (essentially in the
last step of this proof, i.e. subsection 9.6). For example, we have ry, =1, and Ky = KP.

29gince many of our estimate are far from sharp (to simplify the proof), it would not really make sense.

30This is actually the big advantage of the Poschel iterative method : at each iteration we can choose r, as
small as it suits us. The disadvantage is that we do not have a realistic lower bound on 7.
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9.3.3. Homeomorphisms. We aim at proving the following lemma.
Lemma 9.7. For allp > 1 and all { € Oy, the map

(144) 7= i) 0 e 0 0l Agn (1) = Agy (2r1).
is well defined, satisfies for all u,v € A¢(rp)

1+ 92— (=1
4

p . . . .
Moreover, (’7’5 )‘T5 is an homeomorphism on its image.

(145) lu = vlle, < |7 (u) = 7 (0) 2, < 4(1 =27 FD)Ju = vlgz .

Of which we directly deduce the following corollary.

Corollary 9.8. For allp > 1 and all § € O, selting 72(”) = 67‘§)(T5), we have that
(146) \Ifép) i=erf o Tf”
is a homeomorphism from TS onto 7;([)).

Proof of Lemma 9.7. To prove that this definition makes sense it suffices to proceed by iteration
noticing that being p > 2 and ¢ € O, we have (thanks to the decay property (140)) ¢P=Y € 0,
and

(147) A§(27‘p) C Ag(p—l) (Tpfl).
Indeed, if v € Ag(2rp) then

2 2 2 2 2 0 (139
o @G = wlPl+ D P <+ g, <2h42r) <k,
Z‘ESpfl jGS;,1
Le. u € Agp-n (rp-1).

The fact that (Tg )T, is an homeomorphism on its image is a direct consequence of (145). So
we focus on proving (145). Actually, it suffices to proceed by induction, noticing that thanks to
(142), by Lemma 10.4 of the appendix applied with g = wg —id, we have that for all u,v € A¢(rp),

(139)
g (w) = vE()lle, = llu = vllez | < L+ @O F*)rpaflu—vlle < 2777 |u—vlle.
The case p =1 (i.e. the initialization) has been done in the proof of Lemma 9.2 (see (136)). O

9.3.4. Invariance and frequencies. Since Il,jei KP = 0, proceeding as in the proof of Lemma 9.3,
we have the following result.

Lemma 9.9. For allp > 2, € O, and all § € TSr,
t > O (WP (€)t + 0) is a global solution to (NLS™)
where wP) € R is defined by
(148) V€S, w(€) =32+ -2Y &) +2e3AP(€) + LY (€)).

i€S,
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Remark 9.10. Note that since O : TS» 72(1)) is a homeomorphism on its image, we have

construct invariant tori for (NLS) of dimension #S, > p with p arbitrarily large and size €
independent of p. This result is interesting in itself because in all the previous works € goes to 0
as p goes to 400 (thus preventing a non-trivial result in the limit p — +00).

9.4. Infinite dimensional tori. Now, we pass to the limit as p goes to 4oc.

O = ﬂ@,,

p>1

9.4.1. The parameters. We set

where (with the same abuse of notations as usual)
Op :=0p x [[(r2,2r2")  (0,1)°
a>p

We note that, thanks to the decay property (140) of the sets O,, the sets 6p are decaying

(149) 01203022 0u i=Ou
It is crucial to note that, thanks to this decay property, if £ € Oy and p > 1 then
é’(p) c Op'

Recalling that by construction
ﬁ % H 2v 27“21/

p>2

® ®u 2v 27‘2V

p>2

we equip 51 of the the probabﬂity measure

where U(0) denotes the uniform law on O, (i.e. the normalized Lebesgue measure) and similarly
Z/{(rf)”, 27“127”) denotes the uniform law on the interval (7’]2)”, 27‘3”).

Lemma 9.11. O is asymptotically of full measure in O1, i.e.
P(O1\ Ox) S 0"
Proof. Since the sets (5 are decaying, we have

P(O1\ Ox) = > _P(Op-1\ Op)

p>2
(150) =Leb(0:) ' D ([ o) Leb(Opr x (", 2,3\ Oy)
p>2 2<q<p
(141) 5
< Leb(6) 7Y (I )it
p>2 2<q<p

Then, we just have to use that Leb(&;) goes to Leb(Zg) > 0 as € goes to 0 (see (133)) and rp = o
to get that, provided that (ry), is decaying enough (see (139)),

10—° 10—° 2v
S |
2<q<p-1

and so that P(O; \ Ox) < 010", O
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9.4.2. The frequencies. Thanks to the estimate (143) and the fast decay of the radii (1), (see
(139)), we have the following result.

Lemma 9.12. For all £ € O, there exists Agoo)(f) € R and L) € (2(Z;R) such that

AP(ED) — AP and LOEP) — L) in (@),

p—00 p—00
Moreover, setting, for all j € Seo and £ € O,
e =2 +e2(g -2 Y &) +23(A(©) + L ()
1€S

we have, for all p > 1,

(151) sup sup [ (€0) — Wi ()] < )T
56000 ]ES

Proof. The convergence of A(p ) (€®)) and L®)(£P)) are direct consequences of (143). Note that it

implies the pointwize convergence of w(p ) (£P) to w(oo) (£). Hence we only focus on the quantitative

estimate (151). So let p > 1 and j € Sp. Since w(p) (£)) converges to w](.oo) (&) we have

WP (@) — §°°’ ©)|
< Z ’w(q-i-l q+1 q (S(q )‘

q>p
=26 Y| = e M + LYV (EO) - L) + AT () - AP (69
q>p
(143) 1/82 159) 1/83
= Z q+1+7“qi1 < Tp/ﬂ-
q>p

g

9.4.3. The homeomorphisms. Let £ € Oy. We consider the functions 7
note that by (147), we have

g(m defined by (144). We

Vp 22, Aew(rp) C A1) (rp-1)-
It follows that (since r, goes to 0 as p goes to +00)
Te = ﬂ Aé‘(p) (rp)-
p=1

In particular all the functions 7 5@) are well defined on T¢.

Lemma 9.13. There exists 7200) C 2 and a homeomorphism Té such that 17 cp converges

uniformly to Tt Te — 8_172(00) on T¢. In particular, for all p > 1, we have the quantitative

bound

1/450
sup (|74, (u) = 78°(u) e, < 17"
ueT 3
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Proof. Let u € T¢ and p < ¢. Using that Tgp) is a 4—Lipschitz map (see (145)) and that

@ZJE’(J;L), cee ,wg(q) are close to the identity (see (142)), we have
720y 0 = 78 W)z, = 172 () = 72y (EEEL,) 00 0 ()
g2l oo vl Wl
(152) < 4jzp;1 Wﬁ(ﬂ : §<q)( )—z/ééin : 01/’(51@) (u)lez,
(142) 139
<4 ;1 1/440 < ;44150]0:)000'

Since /2 is a Banach space, it implies that (7 (p))|T€ converges uniformly. We denote by T5
Te — ¢2 its limit, i.e.
. 0 2
70 = lim (5<))|T£ in C™(T¢;lz).

p——+00

Then, passing to the limit in (145), we get that for all u,v € T¢,
1
(153) gl =vle <7 (w) =7 (0)lle, < 4flu—vlle,.

In implies that 7.° is a homeomorphism on its image that we denote 5_172( =T¢ > (Te). O

This lemma allows us to deduce the following proposition which prove that the embeddings
\Iléoo) and \Ifép ) are close (and therefore, that the tori 72( and T(p> are close).

(p)

Proposition 9.14. For all ¢ € O, the map \Iléoo) =eTCo T‘g‘” : T~ — 72(00) is a homeomor-
phism satisfying, for all § € TS> and all p > 1 (recall the definition of \Ilg()g) in (146)),

(154) 105 (0) — w8, (0P|, < ey

where OP) = Is,6.

Proof. Let & € O4. Since by Lemma 9.13, 70 Te — 8*17;(00) is a homeomorphism, it is clear
by composition that \Iféoo) is a homeomorphism. So we only focus on proving the quantitative
bound (154). Let 6 € TS~ and p > 1. We set
U= Tf‘x’(ﬁ) and ulP) = Tgm(e( ).
Note that this notation is consistent because by definition of Y,0® and &), we have that
u®) = s, u.

By definition of u and u(P), we have that \Iléoo)(ﬁ) = e7¢%(u) and \Ilép) (o®) = €T§(u(p)). Applying
the triangular inequality, we have

e WD 0) — 0D (0P e, < N7 (w) — 72 (W), + 172 (w) = 72 (P,

=:1 =11
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On the one hand, by Lemma 9.13, we have I < 7"1/450

»1 - On the other hand, using the Lipschitz

estimate (145) on Tg since u(P) = IIs,u, we have

11 1/2 (139) 1/2
— < lu—u®lle, = Tspulle = (3 &,)"" < )l

q>p

where we have used that, by construction, for all ¢ > 2, & < 27‘3“

O
9.4.4. Invariance. Now we prove that ’72(00) is a Kronecker torus for (NLS™®).
Proposition 9.15. For all § € TS and all £ € Oy,
t— \Iféoo) (W) ()t + 0) is a global solution to (NLS™#).
Proof. By Lemma 9.9, setting %) := IIs,0, we know that ¢ \Il(p)( ®) (@)t 4 9®)) = vP)(¢) is
a global solution to (NLS™®). By continuity of VR on 2 mild solutions of (NLSreg) are Strong

solutions and so it suffices to prove that v®) converges to v(*®) =t — \II w(oo (Ot +0) in
CO(R; ¢2) (i.e. locally uniformly).

Solet @ € TS, £ € O, t € R and p > 2. We use proposition 9.14, the Lipschitz estimate
(145) on Tgp) and the uniform bound (151) of Lemma 9.12 on the convergence of the frequencies,
to get that we have that

[0®) () — v )l < 11)44160 4 ||q,(p)( @) (£®))g 4 gp)) — é(g) (T, w W) (€)t + 9(10))”62

<0+ 4T (@ (Pt 4+ 0P)) — Te, (T, (€)1t + W) |,
<+ 1t sup WP (@) — W ()]

1/460 1/83
< Tp+1 "Ht‘ Tp+1 HO

g
(

9.5. Non resonant tori. At the previous step, we have proven that for all £ € O, 7200) =
‘IJEO(TSN) is an infinite dimensional invariant torus on (NLS™#) whose frequencies are w(®). If
the frequencies w(®) were rationally independent, 72(00) would be non resonant and we could easily
conclude the proof of Theorem 1.6. Unfortunately, we do not know how to prove that there exists

& € Oy such that the frequencies w(®) are rationally independent. To explain it more in details
(and to introduce notations useful later), let us decompose w®) into two parts

(155) W) = 72 + €2 + 28 L (€) + 263470 (6) — 262 Y ¢
’LGSoo

=w{™(¢)
! =:a(¢)

Actually, we will prove in subsection 9.5.1 that for P-almost all £ € Oy, the frequencies w®)(¢)

are rationally independent. Since a(£) does not depend on j, it will imply that the space of the

linear combination vanishing the frequencies w(°°) (£) is of dimension smaller than or equal to 1 and
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so that trajectories of (NLS™®#) living in 72(00) fill infinite dimensional tori which are potentially

smaller than 72(00) (and that we are going to identify).

Finally let us just note that since the maps wg are invariant by gauge transform, we have that
for all t € R, all £ € Oy and all § € TS

TP (W ()t + 0) = e OB (W (¢t + 9).

Therefore, the potential default of rational independency is only due to a gauge transform. Note
that it could be compensated by choosing f(0) # 0.

9.5.1. The parameters. In this subsection, we aim at proving that P—almost all £ € Oy, the
families w®") (£) and (wi(oo)(f))iegl are rationally independent, or in other words, that :

Lemma 9.16. Setting
fo.— (nat) (20) (V). _
(156) Of = {¢ € O | w™(g) and (@ (©))ics, are Q- frec},
we have
Proof. e Step 1 : Lipschitz estimates. We are going to apply Lemma 4.1. So first, we have to prove
Lipschitz estimates for L(>) and Agoo). We recall that by construction [[Ilnoy KP|| ytor, < 3 for
p,Op,Sp
all p > 1 and that L) = 14 K? and A(()p) + Agp),u = II# KP. By definition of the JI{,Z?E“%’SP norm,
it implies that ||[L® || yax < 3 and HAép) + A(lp)uHanp < 3. In particular, for all i € Su, all
Op,Sp “L0p,Sp

(&,¢) € AjO, for all k € Z, and p large enough so that i € S, we have
L) = P ()] < 8Tyile — Gl and AP (EP) — AP ()] < 31 — Gil.
Passing to the limit as p goes to +00 in these estimates (thanks to Lemma 9.12), we get

(157) L) = L(Q)] < 3Tl — G| and A (g) — AP ()] <31 — Gl

e Step 2 : Independence for w™Y) . Let k € ZS= \ {0} be sequence of integers with finite support.
We aim at proving that

B:=P{€O0x| > kw™(€)=0})=0.

1€ESoo
Since the set of such k is countable, it will imply that for P-almost all £ € Ou, w™) is Q-free.

Since k has finite support, there exists p > 2 such that k € Z. Moreover, by definition of the
product measure P, there exists two probability measures Pgs, and Ps., supported on RS and
RS>» respectively such that P = Ps, ® Ps., (where S-) = S \ S). Therefore, setting

VE ERP?, Opp,:={E€RP | E+¢ € Ox),
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we have, for all v > 0

B<P({€O0x || Y k(™€) < e*})

1€S00

(158) = /E S Ps, ({6 € Ogrp | | Y k™ (6 + )] < e29})dPs.,, (€)

i€S,
< sup Leb({€ O, | | Z k'ie_?wi(nat) E+&)] <.
¢€lls, , Oco €S,

In order to estimate this supremum, recalling the definition (155) of w®a) e aim at applying

Lemma 4.1 with S = S, O = Ogrp, a = 72 > jes, k;j? and g = 8(LZ(~OO)(-+£’))¢€3P. We just have
to check the Lipschitz assumption of Lemma 4.1. So let i € S, and (§,() € A;Og 5. Observing
that by construction (£ + {’ (+¢) e AiOy, we have

Kl la(€) = a(Ql + > lgr(€) — gl = > ILr(E+ &) — Li(¢ + &)
keS, keS,
(157)
s Y ne ol < BAl
keSy

Finally, by Lemma 4.1 to estimate the last term of (158), we have that
Vy>0, BZn,

ie. B=0.
e Step 3 : Independence for (wz(oo) (€))ies, - Let k € Z51 \ {0} be sequence of integers with finite
support. We aim at proving that

C =P €0 | Y k™ (6) =0}) = 0.

1E€ST
Let
RSt — RS
D=4¢ = (6-2) &)s,

JEST
We note that D is a symmetric and invertible®! linear operator.
Proceeding as in (158), for all v > 0, we have

C< sup  Leb({E € Opy || ke 2w (e+€)| <))
(159) ¢'€lls,; O i€S1

:Zhg/(f)
From now, we fix ¢’ € IIs_, O (recall that Ss1 = S \ S1). Then, we note that, by definition of
w(®) for all £ € S such that € + & € Oy (with £ € RS!), we have

he(€) =D ki <€72i2 -2 > +2eAT(E+ 5/)> + ) ki((D€)i + 2 L€ + ).

€S JESo\S1 €51 =;(§)
=:a(&)

3lwe can easily check that D™! =Id — (D —1d)/(1 — 2#81).
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and so, using that D is symmetric invertible,

he(§) = a(€) + > (Dk)i(& + 6i(€))  where  g;(&) = (D™ w(§))s.
1€ST
Now we have to check the Lipschitz assumption of Lemma 4.1. So let i € S, and (&, () € A;Og ;.
We recall that, as previously, by construction, we have (£ +¢&',(+¢') € A;Ox. On the one hand,
provided that ¢ is smaller than a constant depending only on S;, we have

_ (157) & — G

DRI 1a(€) ~ a(O)] S5, AT (E+€) - AFC +€)] < S

On the other hand, provided that ¢ is smaller than a constant depending only on &1, we have
< %) / 00 ! (157) "gz - Cz|

> 19k(6) = gk(Q)] S, sup [LF(€+€) - LF(E+E)] < ==

keS, keSy
There, the Lipschitz assumption of Lemma 4.1 holds and, by applying Lemma 4.1 to estimate the
last term of (159), we have that

V’}’ > 07 C 551 Y
ie. C=0. O

9.5.2. The homeomorphisms and the non resonant frequencies. For all £ € (9310, we aim at con-

structing a non-resonant infinite dimensional Kronecker torus close to 7?(1> = 72((112 (the invariant

torus based on the sites S;; see Lemma 9.2).

Proposition 9.17. For all £ € (’)go, there exists a set 7E(nr) C /2, a homeomorphism \Tlg :

™ — 72(”) and a sequence (&) € RN of rationally independent numbers satisfying the following
properties.

(a) For all @ € TN, t s \Tlg(@(ﬁ)t + 0) is a global solution to (NLS™#).
(b) T is close to 7;5(1) (for the Hausdorff distance), i.e.

diSt('E(nr),,]?u)) < 8@1/460.

Proof. e Step 1 : Re-indexation. Let N = #81, (j1,---,jn) € ZY be a sequence of distinct
integers such that

S1={j1,-,Jn}
and set, for k > N,
Jk = l—N+1-
Note that it is just a way to index the sites of S, in the sense that the numbers (ji)r>1 are

distinct and that we have
Soo = {Ji | k > 1}.
Then, for £ € (’)go and 1 < p < 0o, we define the re-indexed quantities
o) (wj(:o))k21’ \I,éwi) _ \I,ép) o‘,B;l
where B, : TS» — T#5r is the natural homeomorphism defined by permutation®?, i.

VO € T Yk < #Sp,  (BO))x := 0,

€.

32with the convention that #S 00 = 00.
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With these notations, by Proposition 9.14 and Corollary 9.8, we know that \Iléoo’ri) TN 7200
and O TN 7;((3 are homeomorphisms, for all § € TN~

)
(160) t— \Péoo’ri) (W (€)t 4 6) is a global solution to (NLS™8)
and
00o,ri 1,ri
(161) 0 (0) = U (M) 2, < 2 0M/1°

where II<n0 = (0;)r<n. Finally, we recall that by construction ;(1) = 72(&2 (see Corollary 9.8).

e Step 2 : Disjunction and linear algebra. Now, we define
OF = {£c Ol | w™® () is Q- free}.
If ¢ € O, it suffices to set 72(“) = Tg(oo), U, = 0 and (&) = w (). Indeed, since £ € O

00 3

the frequencies are rationally independent, the property (a) is given by (160) and the property
(b) is a direct consequence of (161).

So from now we assume that & € O \ OX. By definition of OF, it implies that there exist an
integer M > 1 and a sequence of setwise coprime integers d(¢) € Z™ \ {0} such that

di (O)w™(€) + -+ + du (O (&) = 0.

(c0) (€))ies, are rationally independent (by definition of (500), we note that

(162) M >N and 3i, >N, d; (€) #0.

Since d(§) is a sequence of coprime numbers, as a consequence of Bézout’s identity (and an
induction), there exists a matrix D(£) € SLps(Z) with integer coefficients and of determinant
det D(€) = 1 whose first line is d(§), i.e.

Vk < M, Dig(€) = di(€).

Then, we define an operator by blocks

Since (w

D(¢) N* _, pN*
JAVIRES 'R R™ .
¢ < T, oo -
Note that this operator is invertible, of invert
- D(&)! N* N*
163 A1:<( (RN 5 RN
(163) ¢ Iy, oo

Since the coefficients of D(£) are integers the map
™ — TV
Qﬂ—{e o Al

is well define. Moreover, since det D(£) = 1, the coefficients of D~1(£) are integers and so Dy is
invertible, of invert @5_1 =60 Aglﬁ. We note that D, and @gl are clearly continuous : they
are homeomorphisms.

Now, we define the shift operator

™ - TV

SRt
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and we set

Ve =0 oD los, T = Te(TV) and VE>1, G(€) = (Aew™(€))isr-

Finally, we have to check all the claims of Proposition 9.17.
e First, we note that by composition \Tlg is injective and continuous. Since, by Tychonoff’s
theorem, TV is a compact set, it follows that \Tlg is a homeomorphism.
e Now, we check that 7;(“) is Kronecker torus (i.e. property (a)). Solet # € TN and t € R.
We observe that by definition of d(¢) and D(€), we have (Agw™(¢)); = 0. Thus, by

construction, we get
(164) Te(@(€)t +0) = U 0D (Aew () + 60) = U (WD () + D' S0).

It follows by (160) that, for all € TV, ¢ — \Tlg(ﬁ(f)t—i—ﬁ) is a global solution of (NLS™®#).
e Then, we prove that the frequencies w(¢) are rationally independent. Indeed, let M’ > 1
and ¢ € ZM' be such that
(165) ciwi(§) + -+ errwnr (§) = 0.

We aim at proving that ¢ = 0. Without loss of generality, we assume that M "> M. Then
we set d = (d(€),0,---,0) € ZM',

B = <D(§) IM,_M> and e := (0,¢)B.

By definition of w(&), the linear combination (165) rewrites

elwgri)(f) + -+ ele](\rJi/)(f) =0.

Moreover by definition of El, we also have

di(€)w(€) + -+ dar ()l () = 0.
Then, since £ € 0%, the frequencies w(®at)

cies (w,gn) (&) —m(&))1<k<m are rationally independent. It follows that the vectors e and

are rationally independent and so the frequen-

d are collinear, i.e. there exists a € QQ such that
e=oad.
Finally, since d(&) is the first line of the matrix D, we have
(0,¢) =eB~! = adB~! = a(d(§)D7(£),0, -+ ,0) = (1,0, ,0),

of which we deduce that &« = 0 and so ¢ = 0.
e Finally, we aim at proving that 7" is close to ;(1) (property (b)). Since T C 72(00), by

Proposition 9.14, recalling that by construction ro = o, we have that

Vu e T, Jv e 7;1), Ju = vl < £ p1/160,
Now, we have to prove that for all v € 7?(” there exists u € 7 such that [lu — |z, <

£ 0'/%%0, Since \Ifgll)l )isa bijective, there exists ¢ € TV such that

ri,1
v = \Ijéu) )(90)-
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?\ :RY" — RY is surjective. Passing
to the quotient, it implies that there exists # € TN such that II< N@gIGH = . Moreover,
applying (164) when t = 0, we have

Then, assume for the moment that A — II< NAgl

Ve () = v (D, 160).

Thus, setting u = @5(9) and applying (161), we have [lu — vz <e 01/460

0

)\> : RN" 5 RY s surjective. So let

Finally, we focus on proving that A — HSNAgl <
g € RY be such that

* 1 (0 _1(0
V)\GRN, gl(Agl(/\))1+“'+QN(A§1<)\>)N:O'

By duality, we have to prove that g = 0. We extend g as a vector of RM by g =

(g,0,---,0) € RM. Recalling the block structure (163) of Agl, it follows that (166)
rewrite

RN G0 (§ )t a0 () =0

By duality, it means that there exists 5 € R such that
gD~ (&) = B(1,0,---,0).

Recalling that d(&) is the first line of D(§), it means that
(9,0,--+,0) = g = Bd(§).

But since there exists i, > N such that d;,(£) # 0 (see (162)), it implies that 5 = 0 and
so that, as expected, g = 0.

g

9.6. Conclusion of the proof. To conclude the proof of Theorem 1.6, we still have to define
the set Z. C 0. and to prove items (iii) and (v).

We recall that all the objects we constructs from subsection 9.3.2 actually depend on the
parameters g and €. Nevertheless, for readability, as explained in Remark 9.6, we did not mention
explicitly these dependencies. However, from now, these dependencies are crucial. So we add

subscripts p,e. For example, the Kronecker torus E(nr) of Proposition 9.17 is denoted by 7;(212

and the set of parameters Ok is denoted by OE,,E’OO.

Then, we set

= = (ki =(ko) ._ #
Zom ()20 where 200 | 15,05,
ko>1 k>ko
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9.6.1. Measure estimates. First, we focus on property (iii).

Lemma 9.18. =, is a Borel subset of O of full measure, i.e.
Leb(E;) = Leb(0%).

Since 0. is asymptotically of full measure in =y (see (133) ), as corollary, we directly get
property (iii) of Theorem 1.6, i.e.
lim Leb(Z,) = Leb(Zy),

e—0

Proof of Lemma 9.18. Recalling that (92,75700 is a subset of Oy ¢~ (see (156)) and the decay prop-

erty (149), it is clear that Z. (and actually each set Eé’%)) is a Borel subset of 0.. Now, we aim at

proving that it is of full measure. It suffices to prove that each set ngo) is of full measure. So let
ko > 1. By definition, of the probability measure P, . and of the set O, 1, we have, for all k > ko,
Leb(E4)) _ Leb(Ils, O )

2=k g,00
Leb(0.) — Leb(0y)

Then using the measure estimates of Lemma 9.11 and Lemma 9.16, we have

IP)Q—kﬁ(Oﬁ = P2—k75(02—k’6700) Z ]. - 2710_5]6.

2*’“,5,00)

= Py (01 NG TI5, 05, ) > Pyos (OF

Q*k,s,oo)'

Thus, it suffices to let k£ go to +o0 to have
Leb(EgkO)) —~10~ 5k
—_— 2 >1-2 — 1.
Leb(ﬁs) B k—4-o00
O

9.6.2. Accumulation of infinite dimensional non resonant tori. Finally, to conclude the proof of
Theorem 1.6, we just have to check property (v). So let p < 1 and £ € E.. By monotony, there
exists kg > 1 such that 9 ko/460 p. But by definition of =, there exists k > kg such that

& ells, oF

2=k g,00”

i.e. there exists € (’)g_k - o Such that £ =ILs, (. Thus, by Proposition 9.17, ’725”) = 7;(11;)5 ¢ is a

)

non resonant infinite dimensional Kronecker torus close enough to 77, i.e.
. , —ky L
dlst(7?p,7?) <eg(27%)0 < p.
10. APPENDIX

10.1. A Cauchy Kowaleskaya lemma. In this section, we state and prove a Cauchy Kowaleskaya
lemma. Actually this result is standard and a very similar one can be found in [Saf95]. We prefer
to state and prove our version which is adapted to our Lemmas 2.17 and 3.12.

Lemma 10.1. Let F := szlE(p) where, for each p > 1, E®) is a Banach space for the norm
|- I gw and, forn >0,
Ey = {H = (Hp)p>1 € E ||| Hlly := sup e[| Hpl| g < 00}
p>
Let HO) ¢ E,, withn > 0. Let L be a linear map which maps Eg into Eg_q for all0 < a < 3 <1,
and satisfies, for some constant Cr,, the estimate

(167) (LH)pl gy < Crpe P||H|s, H e Eg, 0<B<m, p>1.
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Take v = 2Cp, and T < L then there exists a solution H € C'([0,T]; Ey—yr) to the linear
differential equation

OH(t)=LH(t), te]0,T]
(168) { H(0) = HO
satisfying
(169) sup 1H ()1t < 21 HO -
0<t<

Notice that (167) implies that L is continuous from Eg to Eg_, for all 0 < a < 8 <7 and
Cr,
LA -0 < SEa),
which is actually the hypothesis in [Saf95].

Proof. As usual we prefer to solve the integral equation. We set

F(T) = {H € C([0,T}; Ey-vr) | |Hllpwr := sup |[H(t)]lg-ve < 2| H||;}
0<t<T
and we search for H € F,(T) solution of
t
(170) H(t) = HO + / LH(r)dr = G(H)(1), ¢ € 0,T].
0

We note that F,(T) is a complete space. For t € [0,7] and 7 € (0,t) we have LH(7) € E,_,; and

ILH (7)ll—t = Sup e e (LH (7))l g -
pz

Then using (167) we have
I(LH())pl g < Crpe™ | H(8)]lg-ur-

Thus, since supy<;<r || H (t)[ln-vt < 2| HO|l,), we get
¢ t
||/ LH(7)dr|[p—vt < 2C'L|H(0)||nsup/ pe PP
0 p=21.J0

We conclude, using f(f pe PYTdr < %, that

t 2C
IG(H)(@®)]lp-vt < HH(O)Hn"‘H/O LH(7)d7|ly-ut < (1+—L)HH Il =21 HO],

and thus G(H) is still in F),(T). Furthermore following the same lines we obtain the Lipschitz
estimate
/ CL ! 1 !/
IG(H) = GH)lgr < =N H = Hlly,r < SIH = Hllpa1.
Therefore by the fix point Theorem we obtain that (170) has a unique solution in F,,(7"). Then we

easily verify that a function in F,(T) solution of (170) belongs to C'([0,7); E,—,r) and satisfies
(168) and (169). O
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10.2. Infinite dimensional invariant tori and almost periodic functions. In this subsec-
tion, we give a general lemma useful to prove that some functions are almost periodic but not
quasi periodic.

Lemma 10.2. Let E be a real normed vector space, T C E, ¥ : TN — T be a homeomorphism
and w € RY be a sequence of real numbers generating an infinite dimensional Q-vector space (i.e.
dimgw = o0). Then, the function u : R — E defined by u(t) = ¥(wt), t € R, is an almost
periodic function which is not quasi periodic.

Corollary 10.3. The solutions of (NLS) generated by initial data in non resonant infinite di-
mensional Kronecker tori are almost periodic and are not quasi periodic.

Proof of Lemma 10.2. First, we recall that TN is a metric space for the distance
d(d, ) = Z 27"l —en| 9, e TV
neN

In other word, the topology induced by d in the product topology. Being given a function @ :
(My,dy) — (My,ds) between two metric spaces, we define its modulus of continuity by

ma(e) ;== sup dao(®(0),P(p)), &> 0.
di(0,p)<e

We recall that, if, moreover, ® is continuous and M is compact, we have (by Heine’s theorem)

me (8) —0.
e—0

o Step 1 : w is almost periodic. We denote by w™) € RN the vector defined by w,(LN) = Lp<nNwp

and we set
uN (@) = U(wNM), teR.

First, we note that by continuity of ¥, u(™) is a quasi-periodic function. Moreover, still by
continuity of ¥ and by compactness of TN (by Tychonoff’s theorem), we have
[ () = w(t)||p < mu(d(wt,w™t)) <me(27VF) — 0.
N—+oo

(N)

Therefore, u'*Y) converges uniformly to u as IV goes to +00. Hence, u is almost periodic.

e Step 2 : u is not quasi periodic. Let n > 1, A € R" and Q : T" — E be a continuous function.
We aim at proving that there exists ¢ € R such that Q(At) # U(wt).

First, even if it means reindexing the indices, we note that there exists m < n such that
(Aj)o<j<m is a basis of Spang A. As a consequence, there exist a € Z* and b € Z™*", such that
for all j < n,

(171) aXj = bij\i
i<m
Furthermore, since dimg w = oo, we note that there exists NV € N such that
wn ¢ Spang .
Then we define v € R™+! by

-1

Vi<m, v;=M\a and v, = wp.
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We note that by construction the frequencies (v;);<n, are rationally independent. It follows that
(tv)ier is dense in T+, As a consequence, for all € > 0, there exists t. € R such that

Vi<m, | —1]<e and [l +1] <e.
By (171) and by construction of v, it follows that

Vi<n, [N —1]<,e and |e*“N +1| <e.
Therefore, t.A goes to 0 (in T™) as e goes to 0 and, so by continuity of @), we have

Q(t-w) — Q(0).
e—0

Moreover, provided that ¢ < 1, we have

my-1(|[¥(0) — ¥(tw)|r) > d(0,tw) > 27N > 0.

Noticing that, by continuity of ¥~! and compactness of T, mg-1(€) goes to 0 as € goes to 0, it
follows that

Jint [¥(0) = ¥(tw) 5 > 0.

As a consequence either W(0) # Q(0), or, provided that ¢ is small enough, U (t.w) # Q(t:-\).
U

10.3. Technical lemmas. This subsection contains two useful technical lemmas. First, we men-
tion a quite direct application of the mean value inequality on annuluses (which are not convex).

Lemma 10.4. Let S C Z be a finite set, r € (0,1), € € ((4r)%,1)S and g € C1(Ag(r); €2). Then
for all u,v € A¢(r), we have

lg(u) = g(v)llez, < (1 + (21)%5)lu — v, up )Hdg(w)He;—w;-
we e\r

Then, we prove in our context that symplectic changes of variable preserve the Hamiltonian
structure.

Lemma 10.5. Let A, B C (%2 be open, I C R be an interval, H: B — R be C*, ¥ : A — B be
C' andu:I— A be C'. Assume that
e u is solution to
10w = V(H o U)(u)
o U is symplectic and for all w € A, dV(w) is surjective.
Then, v = U(u) is solution to
10w = VH(v).

Proof. Let t € I and z € 2. Since d¥(v(t)) is surjective, there exists w € (2, such that z =
dVU(u(t))(w). It follows that, since ¥ is symplectic we have

(10;0(t), 2)¢2 = (10, AW (u(t))(Dru(t)), AV (v(t)) (W) = (iGpu(t), w)e = (V(H o W) (u(t)), w)
= d(H o W) (u(t))(w) = dH (v(t))(d¥ (u(t))(w)) = dH (v(t))(2) = (VH(v(1)), 2) -

This property being true for all z € £2,, we have proven, by duality, that id;v(t) = VH (v(t)).
O
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