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Abstract

This article studies one-generator and two-generator quasi-cyclic codes over finite fields.
We present two versions of necessary and sufficient conditions for the symplectic self-
orthogonality of one-generator quasi-cyclic codes, using both matrix and polynomial ap-
proaches. We provide two versions of necessary and sufficient conditions for two-generator
quasi-cyclic codes for symplectic self-orthogonality and the symplectic dual-containing con-
dition. Additionally, using these necessary and sufficient conditions, we construct new quan-
tum codes with record-breaking parameters that improve upon current records.

Keywords: Quasi-cyclic codes (QCs), quantum error-correcting codes (QECCs).
Mathematics Subject Classifications(2010): 94B05, 94B15, 94B60.

1 Introduction

Quasi-cyclic (QC) codes are a prominent class of linear error-correcting codes. They possess a well-
developed algebraic structure that generalizes the concept of cyclic codes. This generalization allows for
greater flexibility in code design, enabling the construction of asymptotically good codes that approach
the modified Gilbert-Varshamov bound [14, 18]. The study of QC codes has yielded numerous record-
breaking linear codes, particularly over small finite fields. Several key contributions have been made to
the understanding of QC codes. Research by Conan et al. [9] studied into the structural attributes of
quasi-cyclic codes, providing both an enumeration of these codes and a characterization of their duals.
Another study by Seguin [24] examined the properties of a specific class of one-generator QC codes. Ling
and Solé research deeply into the algebraic structure of QC codes across a series of articles [17, 19, 20, 21].
Lally et al. [16] explored the structure and duals of arbitrary QC codes, with a particular focus on self-
dual QC codes with an index of 2. Aydin et al. [4] investigated the structure of 1-generator quasi-twisted
codes and constructed new linear codes.

Quantum error-correcting codes (QECCs) are essential for protecting quantum information from
decoherence and quantum noise, playing a significant role in both quantum computing and communica-
tion. Quantum computers are theorized to solve problems significantly faster than classical computers.
However, mitigating errors caused by decoherence and noise remains a critical challenge. Here, QECCs
emerge as a powerful tool, safeguarding quantum information in both communication and computation.
The concept of QECCs was first proposed in [7, 25, 26]. The Calderbank-Shor-Steane (CSS) structure
[8] has served as the foundation for a substantial portion of recent research on QECCs. Construction of
non-binary quantum codes techniques is explored in [2, 3, 15].

Symplectic self-orthogonal quasi-cyclic (QC) codes have not only proven themselves to be an excellent
family for constructing new linear codes, but they have also become pivotal in constructing numerous

*Email:  tushar.bag@ens-lyon.fr (T. Bag) [corresponding author], hdinh@kent.edu (H. Q. Dinh),
daniel@math.carleton.ca (D. Panario)



new binary quantum codes. The study of quantum code construction from QC codes began recently
after the work of Galindo et al. [10], where the authors studied a specific class of 2-generator QC codes
using Euclidean, Hermitian, and symplectic structures of QC codes. Following this, Lv et al. [22, 23] and
Guan et al. [12, 13] constructed many record-breaking binary quantum codes utilizing the symplectic
structure of QC codes. Additionally, explicit dual generators of QC codes have been studied in [1, 6].

The motivation for this study is to examine the necessary and sufficient conditions for symplectic self-
orthogonality and the symplectic dual-containing condition in a simplified form that applies to the general
version of quasi-cyclic codes. While some specific forms have been previously studied in the literature,
we aim to encompass all these forms, provide a simpler, more general version, and demonstrate that our
approach can construct new codes with record-breaking parameters.

This paper is organized as follows. In Section 2, we present the basics of linear codes and quasi-
cyclic codes. In Section 3, we study one-generator quasi-cyclic codes and present the symplectic self-
orthogonality condition over finite fields. Section 4 focuses on two-generator quasi-cyclic codes, showing
both the symplectic self-orthogonality condition and the symplectic dual-containing condition for the
general form of two-generator quasi-cyclic codes over finite fields. In Section 5, we construct new quantum
codes with record-breaking parameters based on our study. Finally in Section 6, we conclude our work
giving further research problems.

2 Preliminaries

Let I, be the finite field with ¢ = p” elements, where p is a prime number and r is a positive integer. A
code C' is a linear code of length 2n over F, if C' forms a subspace of the vector space IF‘Z". The elements
of C are called codewords. Suppose a = (ag,a1,...,a2,—1) and b = (bo, b1, ...,b2,—1) are codewords
of C. We define the (minimum) Hamming weight of C' as wy(C) = min{wgy(a) | a € C,a # 0},
where wy(a) is the number of non-zero components of a. The (minimum) Hamming distance of C' is
dp(C) = min{dy(a,b) | a,b € C,a # b}, where dy(a,b) = |{i | a; # b;}|.

The symplectic inner product of u = (u;,up) € F2" and v = (v1,va) € F2" is defined as
<u7v>s = <U1,V2>e - <V1au2>ev

where uy,uz, vy, ve € Fy and (-, ). is the standard Euclidean inner product in Fy. We observed that
this inner product can also be written as

<u7 V>s = uQvt,

O’I’L ITL
= (—In 0n> '

where I,, denotes the n x n identity matrix, and O,, denotes the n x n zero matrix.

The symplectic dual code C*++ of C is defined as C*++ = {u € F2" | (u,v), = 0, forall v e C}.
A linear code C is called symplectic self-orthogonal if ¢ C C*¢, and symplectic dual-containing if
Ct: CC. Letc=(x,y) € Fg”, where x,y € Fyy. We define the (minimum) symplectic weight of C' as
wg(C) = min{wg(c) | ¢ € C, ¢ # 0}, where wg(c) = wg(x,y) = [{¢ | (=i, yi) # (0,0)}].

Suppose C is a linear code of length n over F,. Then C is a cyclic code if for any codeword
(co,c1,...,¢n-1) € C, we have (cp—1,¢0,¢1,...,cn—2) € C. Let us denote by R = F,[z]/(z™ — 1). We
can identify a codeword (cg,c1,...,¢,_1) € C by a polynomial ¢(x) = co+c1x + -+ +cp_12" 1 € R. It
is easy to show that C' is a cyclic code of length n over F, if it forms an ideal of R.

where

Definition 2.1. Suppose C is a linear code of length In over F,. Any codeword ¢ = (co0,¢01,---,

COU—15C1,05 -+ Clim1s--+>Cn—1,05---+Cn—1,1—1) € C' can be written as
€0,0 1t Coi-1
C1,0 C1,1 C1,1—-1
¢ =
Cpn—1,0 Cn—1,1 ="°° Cpn—1,1—1

In this case, C is a quasi-cyclic (QC) code of index 1 if for any ¢ € C, we get



Cn—1,0 ©Cn-1,1 *°° Cn-11-1
€0,0 Co,1 T Co,1—-1

Cn—20 ©Cn-21 *°° Cpn-2]-1

3 Omne-generator QC codes

A QC code of length 2n and index 2 can be represented as C' = (C1, Ca), where each C; is a cyclic code
of length n. Suppose Cj; is generated by a polynomial ¢;j(x) such that ¢;(z) | 2™ — 1 for j = 1,2. Then,
a one-generator QC code with index 2 can be interpreted as a 2-tuple of polynomials (¢1(z), ca(x)).

Any one-generator QC code of length 2n and index 2 can be written as

C = {r(z)(cl (z), cz(x)) | r(z) € R} = {(r(a:)cl (a:),r(:c)cz(a:)) | r(z) € R}.

Theorem 3.1. Let C' be a one-generator QC code of length 2n and index 2 over F,. Then a generator
of C is of the form (ri(z)g1(x),r2(z)g2(x)), where gi(x)h;(x) = 2™ — 1 and ged (ri(x), hi(x)) = 1 for
i=1,2.

Proof. Let C be a one-generator QC code of length 2n and index 2 over F,, generated by (c1(z), c2(x)).
Any element of C' can be written in the form (s(z)ei(x), s(z)c2(x)) for some polynomial s(z) € R.

For i = 1,2, we define a map ¥, : C' — R by

U, (s(z)er(z), s(z)ez(w)) = s(x)ci ().

It is easy to show that, this map ¥; is a module homomorphism. Since ¥,;(C) is the image of C
under a module homomorphism, it forms an ideal of R.

In the ring R = Fy[z]/(z™ — 1), every ideal is a cyclic code of length n over F,. Because R is a
principal ideal domain, any ideal ¥;(C') is generated by a single polynomial g;(x) such that g;(x) | 2™ —1.
Therefore, we can write ¥;(C) = (g;(x)).

Thus, the code C' can be expressed as
C = (ri(z)g1(x), r2(z)g2 (),
where g;(z)h;(z) = 2™ — 1 and ged(r;(z), hi(x)) = 1 for ¢ = 1,2. This completes the proof. O

Definition 3.2. Let C be a one-generator QQC code of length 2n and index 2 over Fy. Then the monic
polynomial h(x) of minimum degree such that

h(z)(r1(2)g1(2), r2(2)g2(x)) = (0,0)
is the parity-check polynomial of C.

Theorem 3.3. Let C = (ri(x )gl( ),72(x)g2(x)) be a one-generator QC code of length 2n and index 2
over F,, where g;(x)h;(z) = 2" — 1 and ged(ri(x), hi(z)) =1 fori=1,2. Then dim(C) = deg(h(z)).

Proof. We define a module homomorphism ¢ : R — C' by
®(a(z)) = a(x) (Tl(x)gl(x), 7”2(55)92(35))-

Let h(z) = lem(hi(x), h2(x)) be the parity-check polynomial of C. We note that Ker(®) = (h(x)).
Since the map ® is surjective, we get R/(h(z)) = C, which implies that the dim(C) = deg(h(x)). O

Remark 3.4. Animportant fact about Theorem 3.3, is that, without the conditions ged(r;(z), hi(z)) =1
for i = 1,2, we cannot assert that dim(C) = deg(h(z)). We illustrate this with the following example.[]

Example 3.5. We consider R = F3[z]/(z!? — 1), and

W l=@+D)(z+2)(a* +2® + 22 + o+ 1)(z* +22° + 2> + 22+ 1) € F3[z].



We take
g(z)=(z+2)(z* + 223 + 22 + 22 + 1), go(z) = (@' + 23 + 22+ 2+ 1)(2 +22° + 2% + 22+ 1),
ri(z) = 22t +22% + 227 + 224+ 2, and 7o(z) = 22° + 22% + 23 + 22 + 22

We have that g;(z) | 2™ — 1, and r;(z) € R, for i = 1,2. Also, as g;(z)h;(x) = 2" — 1 for i = 1,2, we
get
hi(z) = 2° 4+ 22* + 22 + 202 + 20 + 1, and ho(x) = 22 + 2.

From the above we get,
ged(ri(z),hi(z)) =2 + 23 + 22 + 2+ 1, and ged(ra(x), ho(z)) = 1.

Then h(z) = lem(hy(z), ha(z)) = 28 + 2° + 22 + 2, implying deg(h(z)) = 6.

On the other hand, using MAGMA computations, we find that the dimension of the QC code
generated by (r1(x)g1(z),r2(x)g2(x)) is 2. O

Corollary 3.6. [/] Let C = (r1(x)g(z),r2(x)g(x)) be a one-generator QC code of length 2n and index
2 over F,. Then dim(C) = n — deg(g(z)). Moreover, d'(C) > 2dy, where d’ is the minimum Hamming
distance of C' and dy is the minimum Hamming distance of C; fori=1,2. O

Theorem 3.7. [27] Let C be a linear code of length 2n over Fy with generator matriz G. Suppose G is
an m X 2n matriz. Then C is a symplectic self-orthogonal code if and only if GRG? = O,,, where Oy, is
the m x m zero matriz and G* denotes the transpose of G.

Proof. Suppose C'is a symplectic self-orthogonal code and ¢ = uG € C an arbitrary codeword for some
vector u € Fy". Then

(e,c)s = Nt = (UG)QuG)" = (GG )u'.
Therefore, {(c,c)s = 0 if and only if GQG? = O,),. O

We recall a generator of a one-generator QC code of length 2n and index 2 over F, as C =
(r1(x)g1(z),r2(x)g2(x)), and we denote a(x) = ri(x)gi(x) and b(x) = ra(x)ge(x). We note that
a(x),b(x) € R. Then a generator matrix of C' can be expressed as G = (A | B), where A and B
are n X n circulant matrices generated by a;(z) and b;(x), respectively. Here, | denotes the horizontal
concatenation of the two circulant matrices A and B. Then we have the following result.

Theorem 3.8. Let C be a one-generator QC code of length 2n and index 2 over F,, whose generator
matriz is G = (A | B). Then C C C* if and only if AB* = BA!, where A* and B! represent the
transposes of A and B, respectively.

Proof. By Theorem 3.7, C C C*+ if and only if GQG? is a zero matrix. For this one-generator QC code,
the generator matrix G is of the form G = (A | B). Thus, we have

t
coct = (A B) (O; é")(A B = (-B A) (gt):—BAtJrABt.

Therefore, AB* — BA! = O,,, implies AB* = BA*. Hence, C C C*+ if and only if AB* = BA?. O
We can also present Theorem 3.8 in terms of polynomials. To do so, we need to discuss the transpose

of a polynomial, and its relation with the generator matrix described as follows.

Let t(z) = to + t1x + tow + -+ + ty0x" 2 + t,_12" "1 € Fyz]/(z™ — 1). We define the transpose
polynomial #(x) of t(z) as

t(x) =a"t(x™') =to +tn1T +tn ox® + - Ftox" 2 F "
We present the following result on the symplectic self-orthogonality of a one-generator quasi-cyclic
code in terms of the generator polynomials.

Theorem 3.9. Let C' be a one-generator QC code of length 2n and index 2 generated by (a(x),b(x)).
Then C C C*= if and only if a(z)b(x) — b(z)a(x) =0 mod (2" — 1).



Proof. By Theorem 3.8, the condition C' C C*+ holds if and only if AB* = BA?*. We aim to express this
condition using polynomials.

If the circulant matrix A is generated by the polynomial a(z), then its transpose A® is generated by
the transpose polynomial @(x). Similarly, the transpose B? of the circulant matrix B, generated by the
polynomial b(z), is represented by the transpose polynomial b(z).

Additionally, considering that the circulant matrix A is generated by a(z) and B! is generated by

b(z), the product matrix AB? corresponds to the circulant matrix generated by a(z)b(z) mod (z™ — 1).
Similarly, BA! corresponds to the circulant matrix generated by b(x)a(z) mod (z™ — 1).

Therefore, AB* = BA? if and only if a(z)b(x) — b(z)a(x) =0 mod (2™ — 1). O
Here, we present a detailed example explaining all the concepts discussed above.
Example 3.10. We consider R = F3[z]/(z'! — 1), and
ot — 1= (2 +2)(2° + 2% + 22 + 20 + 2)(2® + 2 + 223 + 2 +2) € F3[z].
We take

gi(x) = (z4+2)(@® +2* +22° + 22 +2), and go(z) = 2° + 2* +22° + 22 + 2.

Then
hi(z) = (25 + 223 + 22 + 20 +2), and ho(z) = (z +2)(z° + 22° + 22 + 22+ 2).

We also consider
ri(z) = 228 + 227 + 22° + 225 4+ 227 4+ 223 + 222 + 20+ 2, and

ro(z) = 227 +22% 4225 + 2t + 23 + 222 + 2 € R.
Then C = (r1(x)g1(x),r2(x)g2(x)) is a one-generator QC code of length 22 over F3. We can check that
ged(ri(z), hi(z)) =1 for ¢ = 1,2. Then dim(C) = deg(h(x)) = 6, where
h(z) = lem(hi(z), ho(x)) = 2® 4 225 4 22* + 223 + 22 + 1.

As per Theorem 3.8, we take a(z) = r1(z)g1(z) € R, and b(x) = r2(z)g2(x) € R. Then A is generated
by a(z), B is generated by b(x), A? is generated by @(z) and B? is generated by b(z), where

a(r) =" +2° + 2 + 2 x4+ 1,
a(z) =20 + 2% 42" + 25 22 +1,
b(z) =220 +22% + 22" + 28 +2° + 2?2+ 1,
b(z) =20 + 2% + 25 + 25 + 22% + 223 + 20 + 1.
It is easy to check that AB' = BA?!, also a(x)b(x) — b(x)a(z) =0 mod (2™ —1). Thus, C C C+s. O

Remark 3.11. A key property of the transpose polynomial is that if C' is an [n,dim(C)] code with
generator matrix G € Fy*", where G is the circulant matrix generated by g(z), then the code C* is
also an [n,dim(C)] code with generator matrix G* € F}*", which is generated by g(z), the transpose
polynomial of g(z). This holds because dim(C') = rank(G) = rank(G') = dim(C"). It’s important to
note that the circulant generator matrix is not required to have full rank. O

In the following result, we present a theorem that allows us to determine the dimension of a one-
generator QC code without the ged conditions as in Theorem 3.3.

Theorem 3.12. Let C' be a one-generator QC code of length 2n and index 2 generated by (a(z),b(x)),
where a(x),b(z) € R. Then dim(C) = n — deg(f(z)), where f(z) = ged (a(z),b(z),z™ — 1).



Proof. Suppose ged (a(z),b(xz), 2™ — 1) = f(z). Then the polynomial f(z) divides both a(z) and b(z),
as well as ™ — 1. Thus, f(z) defines a cyclic code of length n over F,, whose dimension is n —deg(f(z)).

The one-generator QC code C' generated by (a(x),b(x)) can be expressed in terms of polynomials as

C ={a(z)p(z) + b(z)q(z) | p(x), q(x) € R}.
We show that {a(z)p(x)+b(z)q(x) | p(z),q(x) € R} is exactly the principal ideal generated by f(x).

As both a(z) and b(x) are multiples of f(z), any linear combination of a(z) and b(x) will also be a
multiple of f(x). This implies that (f(x)), the ideal generated by f(z), is contained in the ideal generated
by a(z) and b(x), denoted as (a(x),b(z)). Thus, (f(z)) C (a(x),b(z)).

For the other side, we take d(z) € (a(z),b(x)), then

(
d(z) = a(z)u(z) + bx)v(z) = f(2)(v'(z) + v'(x)) implies d(z) € (f(x)),

where a(x) = f(z)u/(z) and b(z) = f(z)v'(x), for some u(z), v(z), v (z),v'(z) € R. Therefore, (a(x),b(x))
€ (f(z)).

Thus, (a(x),b(x)) = (f(z)), and the dimension of C is given by the dimension of the cyclic code
generated by f(x), which is n — deg(f(x)). Hence, dim(C) = n — deg(f(z)). O

Remark 3.13. There are no non-trivial dual-containing one-generator quasi-cyclic codes. This is because
the dimension of a one-generator QC code of length 2n and index 2 is given by dim(C) = n — deg(f(x)).
Consequently, the dimension of the dual code is n + deg(f(x)). For a code to be dual-containing, the
dimension of the dual code must be less than or equal to the dimension of the original code, hence
n —deg(f(x)) > n+ deg(f(z)), which implies deg(f(z)) < 0. O

4 Two-generators QC codes

In this section, we present two-generator QC codes, along with the necessary and sufficient conditions
for self-orthogonality and the dual-containing property.

In the earlier section, we discussed one-generator QC codes of the form (a1 (z), b1(x)), where a1 (z) =
ri(x)g1(x), b1 (z) = ro(x)g2(x) such that g;(x) | ™ — 1 and r;(z) € R for i = 1,2. Similarly, we now
introduce two-generator QC codes, where the generators are of the form (a1 (z), b1 (x)) and (az(x), b2(x)).
These generators are defined as follows:

ar(x) = ti(@)gi(x), bi(x) = ta(2)g2(x), az(x) =ts(z)gs(x), ba(x) = ta(z)ga(z), 1)
where a;(z),b;(x) € R, g;j(z) | ™ — 1 and tj(x) € R for j = 1,2,3,4.

In this two-generator case, handling four factors g;(z) of 2™ — 1 and four other polynomials ¢;(x) € R
can be quite involved. Therefore, some special forms have been considered for study. For example, in
[10], [23], and [12] consecutively, the generators are considered as follows:

(F) M) (o) ) g (W e Y,

0 g(x) g2(x)  u(z)ga(z) ga(x)  v(z)ga(z)

In this work, we aim to present a self-orthogonality and dual-containing condition that applies to any
two-generator QC codes and can be viewed as a continuation of the one-generator case study. To achieve
this, we consider the generator matrix corresponding to the generator (aj(z),b1(x)) as G1 = (41 | B1)
and for (as(z),ba2(x)) as G2 = (Az | Ba), where A; are circulant matrices generated by the polynomial
a;(z) for i = 1,2, and B; are circulant matrices generated by the polynomial b;(z) for i = 1,2. A
generator matrix of the two-generator QC code is then constructed as follows:

o= (&)= () >

Next we give the dimension formula for a two-generator QC code of length 2n and index 2 over Fj,.



Theorem 4.1. Let C be a two-generator QC code of length 2n and index 2 over F,, with generator
matriz G of the form (2) given by
_ (G
- ( GQ) .

Then, dim(C) = rank(G) = rank(G;) + rank(Gs) — dim(row space(G1) N row space(Gz)).
Remark 4.2. The result of Theorem 4.1 can also be expressed as
dim(C) = dim(C4) + dim(Cs) — dim(C; N Cy),
where we can think C; as one-generator QC codes generated by G;, for ¢ = 1,2. We observed that
dim(C;) = deg(f;(x)), where f;(z) = ged (a;(x), b;(2), 2™ — 1), for i =1,2.

So far, we have been unable to establish the degree correspondence of dim(C1NCs) using the polynomials
considered in this study. Addressing this issue likely demands further investigation and a more detailed
exploration of the polynomials, which we plan to undertake in a future project concentrating on the
explicit dual construction of two-generator QC codes. O

4.1 Self-orthogonal QC codes

Theorem 4.3. Let C' be a two-generator QC code of length 2n and index 2 generated by (ai(x),b1(x))
and (az(x), ba(x)), where a;(xz),b;(x) € R and are of the form (1) fori=1,2. A generator matriz of this
QC code C is of the form (2). Then C C C*s if and only if the following conditions hold:

AlBi = BlAtl, AQB% = BQAtQ, and AlBé = BlAg,
where Al and B! denote the transposes of A; and B;, respectively, for i =1,2.

Proof. By Theorem 3.7, C is a symplectic self-orthogonal code, if and only if GQG? is a zero matrix.
Here C is a two-generator QC code of length 2n over F,, whose generator matrix is G is of the form (1).

Then
A, B (0) I At AL
t 1 1 n n 1 2
coe = <A2 32) (—In On> (Bi Bé)
_(—By Ay (A} AL
T \-By A/ \B! B
_ (—BiAT + A1B]  —BiAS + A1 By
T \—Bo Al + Ay Bt —Bo AL + AsBL )
Therefore,

GQGt — <—BlA§ + AlBi —BlAé + AlBé) _ (O” On> )

7BQA§ + AQB% 7BQA3 + AQB% 0, O,

By noting that —Bj AL + A1BS = (=B A} + A3B!)!, and comparing both sides, we obtain the
result. O

Remark 4.4. Using ideas from Theorem 3.8, we can consider the conditions A1 B} = B; A} and A3 Bl =
By A% as the symplectic self-orthogonality conditions for the two constituent one-generator QC codes
(a1(z),b1(z)) and (az(z),ba(z)), respectively. Additionally, the condition Ay B = By A% imposes self-
orthogonality between the two constituent one-generator QC codes (a1(x),bi(z)) and (az(x),b2(x)),
which together generate the two-generator QC code. ([l

Similar to the one-generator case, we also present an alternative criterion for the symplectic self-
orthogonality condition in terms of the generator polynomials for the two-generator QC codes.

Theorem 4.5. Let C' be a two-generator QC code of length 2n and index 2 generated by (a1(x),b1(z))
and (az(x),bz(z)), where a;(z),b;(z) € R and are of the form (1) for i = 1,2. Then C C Ct= if and
only if ay(x)by(z) — by(x)a;(z) = 0 mod (2" — 1), az(z)ba(x) — ba(z)a@z(x) = 0 mod (z" — 1) and
a1 (z)ba(z) — by (z)az(r) =0 mod (z™ —1).

Proof. This proof follows a similar line of arguments as the proof of Theorem 3.9. O



4.2 Dual-containing QC codes

We have examined the symplectic self-orthogonality condition C' C C*+ for two-generator QC codes.
Similarly, we can derive a necessary and sufficient condition for the symplectic dual-containing property
C*s C C. Before proceeding, we need the following result.

Theorem 4.6. Let C' be a linear code of length 2n over Fy with a parity-check matriz H. Suppose H is
an m x 2n matriz. Then C is a symplectic dual-containing code if and only if HQH = O,,, where O,,
is the m x m zero matriz and H' denotes the transpose of H.

Proof. Let us assume C is a symplectic dual-containing code, which means C:- C C. This gives us:

CtcCe=VeecC}, zecC
—=VreCt, HUu' =0
<= for all rows r of H, HQr'=0
< HQH'=0.

O

To determine the dual-containing property of two-generator QC codes, we need to construct a parity-
check matrix. Our objective is to start with a generator matrix G of a two-generator QC code of length
2n and index 2 in the form (2). We consider circulant matrices P; generated by the polynomial p;(z) for
1 = 1,2, and circulant matrices @; generated by the polynomial g;(x) for i = 1,2 to form a parity-check

matrix H of the form:
P
H = 3
(PQ Q2) ’ (3)

such that GQHT = O,,,, where Oa,, denotes the 2n x 2n zero matrix.

By solving GQHT = O,,,, we derive the following equations:
A -QT =B, - P!
Ay -QY =B - P}
Ay-Qf =By- Pl
Ay - QY =B, - PL.

The generator matrix G in the form (2) and the parity-check matrix H in the form (3) may not
always have full rank. Consequently, H does not always generate the dual QC code of C'. The condition
GQHT = Oy, indicates that if a two-generator QC code C is generated by the matrix G in the form (2),
and another two-generator QC code C” is generated by the matrix H in the form (3), then all codewords
of C are orthogonal to those of C’. However, C’ is not always equal to C;, the symplectic dual of C. If

the matrix H satisfies rank(G) + rank(H) = 2n, i.e., dim(Cy) + dim(C’) = 2n, we can assert that H is
the parity-check matrix of C' that generates C;-.

Example 4.7. We consider R = F3[z]/(z'® — 1), and
B_1=@+23@*'+2°+ 22 +2+1)° € F3[z].
We take
g@)=(@@+2)@* +22+ 22+ +1), g =C+230@ ' +23+22+24+1),
g3(x) = (@t + 23 + 2 + 2 +1)%, and gu(z) = (z* + 23 2% + 2+ 1)
such that g;(x) | 2™ — 1 for i = 1,2, 3,4. We also take t;(z) € R for i = 1,2, 3,4 such that

t1(z) = 2212 + 221 + 2210 + 22° + 228 4+ 227 + 220 + 22° + 22 + 22° 4+ 227 + 22 + 2,

)=
ta(z) = 221 + 2210 + 229 + 228 + 227 + 22 4 225 + 221 + 223 + 222 + 22 4 2,

t3(x) = 22 + 22% + 227 + 22° + 22° + 227 4 223 + 222 + 20 + 2,

ty(z) = 227 + 225 + 225 + 2% + 22° + 22% 4+ 22 4 2.



Then C'is a two-generator QC code of length 30 and index 2 generated by (a1(x), b1(z)) and (az(x), b2(x)),
where a;(x) = t;(x)g;(x) mod (2" — 1) for i = 1,2 and b;(z) = t;(x)g;(z) mod (2" — 1) for j = 3,4.
Then the generator matrix G is of the form (2).

We consider p;(x) = gi(x)t;(x) mod (2" — 1) for i = 1,2 and ¢;(z) = g; ()t;(x) mod (z" — 1)
for j = 3,4. Then the parity-check matrix H is of the form (3). We can check that GQH” = O,,, and
rank(G) + rank(H) = 2n. Thus H generates the symplectic dual of the QC code C. O

Assuming we have a parity-check matrix for two-generator QC codes of length 2n and index 2 that
generate O, we derive the necessary and sufficient condition for dual-containing two-generator QC codes
of length 2n and index 2 over I, expressed in terms of matrices.

Theorem 4.8. Let C' be a two-generator QC code of length 2n and index 2 over F,. A parity-check
matriz of this QC code C is of the form (3). Then C*s C C if and only if the following conditions hold:

PiQi =1 P, PQhy=Q:P;, and PiQY=Q.P},

where P! and Q! denote the transposes of P; and Q;, respectively, for i =1,2.

K2

Proof. The proof follows a similar approach to the proof of Theorem 4.3. O

A necessary and sufficient condition for two-generator QC codes of length 2n and index 2 over F,
that contain their dual can be expressed in terms of polynomials as follows.

Theorem 4.9. Let C' be a two-generator QC code of length 2n and index 2 over Fy. A parity-check
matriz of this QC code C is of the form (3). Then C+s C C if and only if p1(z)q,(z) — q1(z)p; () =0
mod (2" —1), pa(2)75(7) — g2(#)P2(x) = 0 mod (2" —1), and p1(2)qy(x) —p2(2)q, (z) =0 mod (2" —1),
where p(x) denotes the transpose polynomial of p(x).

Proof. This proof follows a similar line of arguments as the proof of Theorem 3.9. O

Example 4.10. Continuing from Example 4.7, we can demonstrate that the two-generator QC code
C described in Example 4.7 meets both the necessary and sufficient conditions for the dual-containing
property as stated in Theorem 4.8 and Theorem 4.9. Consequently, this code is a dual-containing QC
code of length 2n and index 2 over Fs. O

Remark 4.11. The duals of single-generator QC codes have been addressed in [1, 6]. However, duals of
two-generator quasi-cyclic codes pose significantly greater complexity, primarily due to the management
of the eight polynomials in the generator matrix G. This study aims to identify symplectic self-orthogonal
and symplectic dual-containing codes without explicitly deriving the generators of the dual code. While
minimum distance bounds for specific types of two-generator quasi-cyclic codes have been discussed in
[10, 23], establishing these bounds for general two-generator QC codes remains an open challenge. O

5 QECCs from QC codes

Most of the quantum codes that have been studied in the literature are primarily based on the well-known
CSS structure [8]. The study of quantum codes has also developed through the use of Hermitian and
symplectic structures over Fy, where ¢ is a prime power, as explored in [3, 15]. We recall the symplectic
self-orthogonal result from [15] and present a similar result corresponding to the dual-containing property.

Consider a linear code C. To construct a quantum code from C| it is necessary to satisfy the
condition C C C*s or C+s C €. The primary motivation of this paper is to establish necessary and
sufficient conditions for efficiently constructing such linear codes, ensuring they possess the symplectic
self-orthogonal or symplectic dual-containing property. Based on these two properties, we derive the
corresponding results that we use to construct quantum codes from our study.

Theorem 5.1. ([2]) Let C be a linear code of length 2n over F, with parameters [2n,k]. If C C Cts,
then there exists a quantum error-correcting code Q with parameters [[n,n — k,ds]] over F,, where ds =

min{w,(c) | c € (C*++\ C)}.

We can also state the above result in terms of the dual-containing property.



Theorem 5.2. Let C be a linear code of length 2n over F, with parameters [2n,k]. If C+s C
then there exists a quantum error-correcting code Q with parameters [[n,k —n,ds]] over F,, where d;

min{ws(c) | ¢ € (C'\ C+¢)}.

C,

Proof. Let C be a linear code of length 2n over F, with parameters [2n, k], such that C' C C++. Consider
D = C*+, which is a linear code of length 2n over F, with parameters [2n,2n — k]. Since D = O+ it
follows that D1+ = C. Therefore, C+s C C implies D C D=.

By Theorem 5.2, there exists a quantum error-correcting code ) with parameters [[n,n—(2n—k), ds]],
which simplifies to [[n, k — n, ds]], where ds = min{ws(c) | c € (C'\ C*¢)}. O

For ease of computation, we primarily consider one-generator quasi-cyclic codes C' of the form
(ri(x)g(z),r2(z)g(x)), where g(x) | 2™ — 1 and r1(z),r2(x) € R. We observe that a quantum code
generated from a symplectic self-orthogonal quasi-cyclic code C of this form has a degree given by
n—k=mn-—(n—deg(g(x))) = deg(g(z)). The advantage of this form is that it allows us to fix the
degree of the quantum code to match the dimension of the parameter code we want to improve. All
computations are done using MAGMA [5].

Example 5.3. We consider ¢ = 5 and n = 11. Then R = Fs[z]/(z'" — 1). We take two polynomials
r1(x),r2(z) € R, where

ri(z) = 428 + 427 + 42° + 42® 4 42t + 423 + 42? + da + 4,

ro(z) = 425 + 22° + 42 + 22° + 422, g(z) = 1.

Next, we consider two circulant matrices of size 11, A and B, generated by r1(x) and ra(x) over Fs.
This C is a QC code of length 22 of index 2 whose generator matrix is G = (A | B), where | represents
the horizontal concatenation of the two circulant matrices A and B. We note that AB* = BA?, which
implies C is a symplectic self-orthogonal code with parameters [22, 11, 8] over F5. Therefore, by Theorem
5.1, we obtain a QECC with parameters [[11, 0, 6]], which are record-breaking parameters. The previous
record was [[11, 0, 5]]. This newly constructed code has been already updated to the quantum code table
[11]. O

Example 5.4. We consider ¢ = 3 and n = 13. Then R = 3 [ac]/(ml?’ _ 1>. We take g(m) | 213 1 and
ri(x),r2(z) € R, where
g9(z) =228 + 2% + 22 + 23 + 2t + 2 4 2,

ri(z) = 205 + 22° + 22% + 22 4 22% 4 22 + 1,
ro(x) = 225 + 22° 4 22 + 23 + 227 + 20 4 2.

Next, we consider two circulant matrices of size 13, A and B, generated by g(z)ri(z) and g(x)ra(x)
over F3. Then C is a QC code of length 26 with index 2 whose generator matrix is G = (A | B),
where | represents the horizontal concatenation of the two circulant matrices A and B. We note that
AB! = BA!, which implies C is a symplectic self-orthogonal code with parameters [26,7,12] over Fs.
By Theorem 5.1, we obtain a QECC with parameters [[13,6,4]], which are record-breaking parameters.
The previous record was [[13, 6, 3]]. This newly constructed code is also already updated to the online
quantum code table [11]. O

Example 5.5. We consider ¢ = 3 and n = 23. Then R = F3[x]/(2?3 — 1). We take g(z) | ?* — 1 and
ri(z),r2(z) € R, where

g(x) = ' + 22 + 20 + 2% 4227 + 2% 4 2° + 23 + 1,
ri(z) = 221 4+ 2219 + 229 + 228 + 227 4 220 4 225 + 22 + 223 + 227 + 22 4 2,
ro(z) = 200 4 22° 4 22% + 227 + 225 + 22° + 22% + 23 + 227 + 1.
Next, we consider two circulant matrices of size 23, A and B, generated by g(x)ri(z) and g(z)ra(zx)
over F5. Then C is a QC code of length 46 with index 2 whose generator matrix is G = (4 | B),
where | represents the horizontal concatenation of the two circulant matrices A and B. We note that
AB? = BA!, which implies C is a symplectic self-orthogonal code with parameters [46, 11, 21] over F.
By Theorem 5.1, we obtain a QECC with parameters [[23,12, 5]], which are record-breaking parameters.

The previous record was [[23, 12, 4]]. This newly constructed code already appears updated in the online
quantum code table [11]. O
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Example 5.6. We consider ¢ = 3 and n = 16. Then R = F3[z]/(z'6 — 1). We take g(z) | ' — 1 and
ri(x),re(z) € R, where
g(x) =22% +2* +1,

ri(z) = 22° + 228 + 227 + 220 4+ 225 4 22% 4+ 223 + 222 + 20 + 1,
ro(z) = 2% + 228 + 27 + 225 + 25 + 2% 4 223 4 2.

Next, we consider two circulant matrices of size 16, A and B, generated by g(z)r1(z) and g(z)re(z) over
F5. Then C is a QC code of length 32 with index 2 whose generator matrix is G = [A | B], where |
represents the horizontal concatenation of the two circulant matrices A and B. We note that AB? = BA?,
which implies C is a symplectic self-orthogonal code with parameters [32,10,12] over F3. By Theorem
5.1, we obtain a QECC with parameters [[16, 6, 5]], which are record-breaking parameters. The previous
record was [[16,6,4]]. This newly constructed code is in online the quantum code table [11]. O

Example 5.7. By [7, Theorem 6], if a quantum code with parameters [[n, k, d]] exists then a quantum
code with parameters [[n + 1,k,d]] also exists, when k& > 0. Therefore, from the above-constructed
quantum code parameters [[16, 6, 5]], we get a quantum code with parameters [[17,6,5]] which is also
new and breaks the previous record which is [[17,6,4]]. This newly constructed code is in the online
quantum code table [11]. O

6 Conclusion and Future work

In this work, we study one-generator and two-generator quasi-cyclic (QC) codes over F,, where ¢ is
a prime power. We present a necessary and sufficient condition for symplectic self-orthogonal one-
generator quasi-cyclic codes. Based on this condition, we have constructed new quantum codes that set
new records. Extending our study to two-generator QC codes over finite fields, we present necessary and
sufficient conditions for both symplectic self-orthogonality and symplectic dual-containing properties.
For each factor g(x) of ™ — 1, we choose two polynomials 71 (z) and ry(z) to construct a quantum code
from the one-generator QC codes. We know that skew polynomial rings are not unique factorization
domains; hence, any skew polynomial can have multiple factorizations over our standard commutative
polynomial ring F,[z]. This multiplicity increases the potential to find more factors and, consequently,
more possibilities to construct codes. It will be interesting to study one-generator skew quasi-cyclic codes
and apply our necessary and sufficient conditions to explore new record-breaking quantum codes.
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