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ANALYTICAL OBSTRUCTIONS TO THE WEAK APPROXIMATION
OF SOBOLEV MAPPINGS INTO MANIFOLDS

ANTOINE DETAILLE AND JEAN VAN SCHAFTINGEN

ABSTRACT. For any integer p > 2, we construct a compact Riemannian manifold N
such that if dim M > p, there is a map in the Sobolev space of mappings W' (M, N)
which is not a weak limit of smooth maps into A/ due to a mechanism of analytical
obstruction. For p = 4n — 1, the target manifold can be taken to be the sphere
S?" thanks to the construction by Whitehead product of maps with nontrivial Hopf
invariant, generalizing the result by Bethuel for p = 4n — 1 = 3. The results extend to
higher order Sobolev spaces W*? with s € R, s > 1, sp € N, and sp > 2.
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1. INTRODUCTION

1.1. The weak approximation problem. Given p € [1,00) and Riemannian manifolds
M and N, the Sobolev space of mappings from M to N is defined as

WYP(M,N) = {u € WHP(M,R") | u(z) € N for a.e. z € M},

where N is isometrically embedded into R”, without loss of generality by the Nash
isometric embedding theorem [49,50]. The Sobolev space W1P(M, N') naturally inherits
the distance on W1P(M,R¥), with respect to which it enjoys completeness properties.
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Sobolev spaces of mappings are the natural functional analytic framework for partial
differential equations and calculus of variations problems arising in many contexts such
as harmonic maps [25,38], the modeling of ordered media in condensed matter physics
[9,43], the study of Cosserat models in elasticity [27], or the description of attitudes of a
square or a cube and meshing of domains for numerical graphics [39].

A classical fundamental property of linear Sobolev spaces is the density of smooth
maps in WHP(M,RY) [23,44]. This question of approximation happens to be much more
delicate for spaces of mappings W1P(M,N). Indeed, whereas the definition and the
classical theory of linear spaces yield for every u € WP (M, N) a sequence (u)pen in
C>°(M,R") that strongly converges to u, there is no reason to hope that the standard
linear convolution construction would provide a map satisfying the nonlinear manifold
constraint.

The strong approzimation problem asks whether

HE"(M,N) = W (M, N), (1.1)

where Hé’p(./\/l,./\/') is the strong closure of C*° (M, N) in WP (M, N)). When p > dim M,
Sobolev mappings are essentially continuous and the strong approximation property
holds; see [20L/58]. When p < dim M, the answer depends on the topology of the manifolds
M and N. For instance, when 71 (M) =~ --- =~ 7, 1|(M) ~ {0}, which includes the
sphere M = S§"™ with m > p, Bethuel [6] has proved that the strong approximation
property holds if and only if 7|, (N') ~ {0}, where m;(N) denotes the ¢/*" homotopy
group of N. (In the general case, holds if and only if there is no obstruction to the
extension of a continuous map from a |p|-dimensional triangulation of M into N to a
continuous map from M into N [32].)

When smooth maps fail to be strongly dense in the space of Sobolev mappings, a
natural approach is to investigate approximation with respect to weaker but still useful
other notions of convergence. One can thus consider the sequential weak closure of
smooth maps H;(,p(/\/l,/\/') as the set of mappings v € WP(M,N) that are almost
everywhere limits of a sequence (uy)rey in C°°(M, N) that is bounded in WP (M, N).
This set Hé{,p (M, N) is quite natural in partial differential equations and calculus of
variations, where sequences of approximate solutions or minimizers typically converge
weakly rather than strongly. Moreover, weak convergence may sometimes be sufficient to
extend desirable properties from smooth to Sobolev mappings; see [45, Theorem 3] for
one instance of such phenomenon.

The weak approximation problem is to determine whether

HiP(M,N) = WP (M, N). (1.2)

It follows immediately from the definitions that Hg?(M,N) C HyP (M, N), so that the
strong approximation property implies the weak one .

When p ¢ N, Bethuel has proved [6, Theorem 3] that Hg” (M, N) = HzP (M, N) and
that the strong and weak approximation properties and are hence equivalent.
In the only remaining interesting case where p € N and the strong approximation fails,
weak approximation may still hold. If m,(N') % {0}, then Hé’p(./\/l,/\/) - H&I}p(./\/l,N) 6,
Theorem 5; 33, Theorem 5.5]. In a first instance, Bethuel has proved in [5] that

H§’2<B3,S2) g HI%‘}2(IB3,S2) _ Wl’Q(BS,SQ).
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More generally, Bethuel |6, Theorem 6], and finally Hajlasz [30] have proved that if
p€Nand if m(N) >~ ~m,_1(N) ~ {0}, then the weak approximation property
holds. In particular, (|1.2)) always holds when p = 1. (By lack of reflexivity for p = 1, the
space Hé{,l(./\/l,./\/ ) need not be the sequential closure of C°(M, ) with respect to the
weak topology of W11 (M,R¥) induced by its dual space which Hang has shown to be
WhHi(M,N) [31].)

Further relevant research on this question includes the work of Pakzad and Riviere [52]
who showed that, when M is simply connected and p = 2, holds for more general
target manifolds A than those covered by Hajtasz’s result, including some non-simply
connected N, which are not handled by [30]; the adaptation of the methodology to give
a new proof of when p =1 [51]; the development of the concept of scan, in order to
provide a new tool for understanding strong and weak approximation problems, in the
case of W13(M,S?) and in the more general case of a topological obstruction induced
by any nontorsion part of m,(N) [34,35].

1.2. Analytical obstructions to the weak approximation. All these partial results
suggested that no local obstruction might arise for weak density when p € N, that is,
when M is topologically sufficiently simple, then Hvl",p (M, N) = WHP(M, N) regardless
of N [6; 32, Conjecture 7.1]. However, in a groundbreaking contribution, Bethuel [§] has
shown the presence of analytical obstructions to the weak approximation problem: if
dim M > 4, then
HiiP (M, S?) € WM, S?). (1.3)

Whereas the role of analytical obstructions had already been well-understood for the
lifting [9,|12,/45] and for the extension of traces [7,/10,|46] for Sobolev mappings, Bethuel’s
result was the first and only known instance of analytical obstruction for the weak
approximation problem for compact manifolds — noncompact manifolds can exhibit
analytical obstructions provoked by the geometry of their ends [15].

The main result of the present work is that analytic obstructions to the weak approxi-
mation actually occur for every p € N\ {0, 1}.

Theorem 1.1. For every p € N\ {0,1}, there exists a compact manifold N such that if
dim M > p, then

HyP (M, N) € WP (M, N).

In particular, Theorem is the first instance of the failure of the weak approximation
property when M is a ball for p # 3.

The manifold N is defined explicitly, depending on p; it retracts onto the p-dimensional
skeleton of a (p + 1)-dimensional torus. Moreover, one can show that A/ can be obtained
as

N~ (TP BPTL) S Uy SP x B™,

where m € N, is a parameter involved in the construction. There is a trade-off in the
choice of the parameter m. On the one hand, one can choose it to be minimal, that is,
take m = 1, in order to obtain a target of dimension as small as possible. In this case, it
can be observed that N is actually a connected sum of two tori:

N ~ TP+1 i TP+1
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On the other hand, one can try to choose m in order to have as much information as
possible on the topology of the resulting target N. In this case, this leads to taking m
large. For instance, choosing m > p, one can ensure that mo(N) ~ -+ ~ 1, 1 (N) ~ {0}
while 71 (N) is abelian and 7,(N) is finitely generated as a w1 (N )-module but not as
a Z-module. The precise description of the target N that we construct, as well as the
proof of its topological properties, will be given in Proposition and Remark

Let us explain how Theorem fits into the existing weak approximation results. So
far, there are three strategies to prove the weak density. The first one is to deduce it from
the strong appproximation; this works when m,(N') ~ {0}, which will not be the case in
the setting of Theorem A second strategy relies on a controlled almost retraction
[30] (see also [11]); for topological reasons, the restriction mj(N) =~ -+ ~ m,_1(N) ~ {0}
is essential. The last class of methods is based first on the construction and analysis of a
topological singular set and of minimal connections, and second on the elimination of the
topological singularities via a dipole construction; see e.g. |2,3.5,[17,21] for mappings
into the sphere, and [52] for more general targets. Although there is no evidence that
the assumption m(N) ~ -+ ~ m,_1(N) =~ {0} should be essential, it simplifies the
setting considerably, since one then only has to consider the charges in m,(N') without
having to take into account their interplay with lower-dimensional phenomena. In a
situation like ours, where the only nontrivial lower homotopy group is 71 (N'), one could
naturally try to use the universal covering N for which m;(N) o~ - ~ 1, ;1 (N) ~ {0}.
Although from the point of view of homotopy theory, the (p — 1)-dimensional skeleton of
N is homotopically equivalent to a point, there is no reason to believe that there is in
general a reasonable quantitative control on the resulting homotopy that could be used
for analytical constructions. Actually, in our situation, the non-simple connectedness
of N can be exploited to thwart the such weak approximation scheme. More details
about the phenomenon at work here will be given after Proposition [3.7] where the precise
topological properties of the target manifold we construct are proved.

Even though Theorem [I.T]covers all the integer exponents p > 2, the resulting manifold
N is not as simple as the sphere S? in Bethuel’s result . Using a variant of our
construction, we also recover Bethuel’s counterexample, and show that it is actually part
of an infinite family.

Theorem 1.2. For every n € N\ {0}, if dim M > 4n — 1, then
H&{,;lnfl(M’SQn) g W1,4n—1(M782n)‘

1.3. Analytical vs. topological obstructions. The obstructions in Theorems [1.1
and [I.2] are called analytical, in opposition with the other already known topological
obstructions. This states that, if p € N and if density ([1.2)) holds, then one has [32]

£y g1 (C(M, N)) = tr o1 (C(MP, N)). (1.4)

In other words, if all Sobolev mappings are weak limits of smooth mappings, then the
restriction of a continuous map from the p-dimensional component MP of a triangulation
of M to its (p — 1)-dimensional component MP~! is the restriction of a continuous map
defined on the entire manifold. If M is a ball, a cube, a sphere, or more generally if
m(M) >~ - ~m,_1(M) =~ {0}, then the condition is satisfied independently of .
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The difference between topological and analytical obstructions can be formalized by
considering the strong closure Hy?(M,N) of Hy?(M,N) in W'?(M,N). This set
can be characterised as the set of mappings W' (M, N) that are connected by a path
to C°(M,N) [33, Theorem 5.5], which is weakly sequentially closed and open [32}
Proposition 4.1] (see also [62]). The topological obstruction can be refined |6, Theorem 5
and its proof; 33, Theorem 5.5] into the equivalence between and equality in the
second inclusion in

HyP(M,N) C Hy? (M, N) € W (M, N). (1.5)

The analytical obstructions in Bethuel’s work and ours exhibit a failure of equality in
the first inclusion in ([1.5)); the proofs even show that Hé[’,p (M, N) is meager relatively to
H&I}p(/\/l,./\/') with respect to the strong topology (see [47, Theorem 3.3]).

1.4. About the proof. For a given integer p > 2, the basic construction in our proof
of Theorem [I.1] defines u: RP*!\ & — N as the (singular) retraction of R?+1\ ¥ to
No, where N is the p-dimensional component of the decomposition of RPT! into cubes
with vertices in ZP*! and ¥ = (Z + 1/2)P*! is the corresponding 0-dimensional dual
complex. More specifically, u is defined on every cube centered at the point ¢ € ¥ as
u(z) =oc+ (xr—0)/2)z — lso).

For every ¢ € N, we have by periodicity of u

/ IDul? = P+ / |DulP.
[07Z]1H’1 [071}p+1

The relaxed energy of a Sobolev map w on a domain M is defined as

ELP(w, M)

rel

k—o0

= inf{lim inf El’p(uk, M)

w, — w a.e. and uy € WHP (M, No) N C(M,/Vo)}, (1.6)
where the Sobolev energy is defined by
£ (w, M) = / Dul?.

M

Although our definition of the relaxed energy is not identical to the usual definition where
the infimum is taken over sequences of smooth maps, they are nonetheless equivalent, as
any continuous Sobolev mapping may always be strongly approximated by smooth maps
by a classical regularization and reprojection argument, and the equivalence follows then
from a diagonal argument, since the convergence in measure is metrizable.

If we can show that the relaxed energy Srléf’ (u, [0, £]PT1) of won [0, £]P™! grows faster than
the Sobolev energy £ (u, [0, /]PT1) as £ — oo, the obstruction to the weak approximation
will follow from a nonlinear uniform boundedness principle [33, Theorem 9.6] (see also [47]),
which is a kind of nonlinear counterpart of the classical Banach—Steinhaus theorem in
functional analysis.

In order to achieve this, we will compare €7 (u, [0, 507+1) to EXP(u, [0, /JPT). A simple
additivity and translation argument shows that

Exel (u, [0,50P+1) > 5711 (u, [0, 47); (1.7)

rel
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FI1GURE 1. On a generic square, a smooth map uy approximating u should
take at most points a value close to u while engulfing at the other points
all the singularities through the creation of bubbles.

we are going to strengthen this inequality. For this purpose, we consider a sequence
(u)ken in WE2([0,50P11 No) N C([0, 50T, Ng) realizing the infimum in (L.6). By
a classical Fatou and Fubini-Tonelli argument, the sequence converges weakly on the
boundary 9Q of some cube @ with the same center as [0, 5/]P™! and edge length between
3¢ and 5¢, with

k—o0 k—o0

liminf/ |Dug|P < Chmmf/ |Duy P. (1.8)
¢ [0,50p+1

The sequence (ug|pg)ken is thus a sequence of maps homotopic to a constant converging
to ulpg which is not homotopic to a constant. Using the fact that dim9dQ = p, we
show in Section [2| that, when k is sufficiently large, there is a finite family of disjoint
balls such that u; and u are homotopic outside these balls. (Although such bubbling
phenomena are ubiquitous in the analysis of Sobolev and harmonic mappings, we had to
develop a statement providing all the information we need in Proposition ) The gap
in homotopy classes between u; and u needs thus to be compensated by the homotopical
charge beared on the small balls. In geometric terms, every singular point should be
engulfed in the image of u; on some singular ball. By the isoperimetric theorem, if
up = b on 0B,(a) N 0Q, the number of singularities engulfed in the image of a small ball
B,(a) N 0Q is controlled by

1+% 1+1
(/Bp(amacy juk) = (/Bpm)macz'mk’p)

(where Juy, = |det(Duy)| is the Jacobian of uy), leading to a total contribution to the
energy E1P(ug, Q) of those small disks containing /77! singularities of the order of ¢P,
and thus by (1.8 to a contribution /P! to the energy ELP(uy, [0, 5/]PT1).



ANALYTICAL OBSTRUCTIONS TO THE WEAK APPROXIMATION OF SOBOLEV MAPPINGS 7

In order to transform this idea into an improvement of ([1.7]), we localize the estimate
on the number of engulfed singularities: assuming that B,(a) C [0, ¢]P*!, the number of
singularities in the cube [2/, 3(]P*! can be controlled by

1

1+
([ puwp-[  paewpr) .
B, (a)NoQ B, (a)ndQ

where IT is a suitable retraction from N to [0, gp+t NNo. For such a retraction, we have

k—o0

lim inf / ID(IT © w)|” > £7(u, [0, P+ 1 0Q).
0,47+1M9Q

Combining these ingredients, one gets

£ (u, [0,50PFY) > 5PFLE P (u, [0, P TH) + cr T

I

with ¢ > 0, from which it follows that

: grel ( [O g]p+1)
elggo (ptl

If N o were compact and a manifold, we would have our conclusion by the uniform
boundedness principle. In order to remedy these issues, we first consider the space
Ny = Ny /ZP*!. By construction, N is the universal covering of Ny, and the latter
is compact. Since p > 2, the results of the analysis above can be transferred to get a
mapping v: RPT! — Af such that

= OQ.

: grlel ( [0 E]p+1)
P ¢l -
While NV is a compact simplicial complex, it is not yet a manifold. In order to fix this last
issue, we define explicitly a manifold containing N and retracting to Ny. (Alternatively,
this could be done in a more abstract fashion, constructing a simplicial embedding of Ny
in a Euclidean space, giving it a tubular neighborhood, and endowing the boundary of

the latter with a smooth structure.)

Concerning Theorem [I.2] a quite delicate part of Bethuel’s proof is the construction of
mappings having a prescribed number of singularities of the same degree, starting from
the spaghetton map on S? and then defining a map on R* by a Gordian cut through a
suitable deformation.

The presentation is substantially simplified and the transfer to higher dimension is
eased by noting that there is a periodic map u € I/Vll dn— 1(R4” S} constructed by
Whitehead product. This map can be constructed thanks to periodic smooth maps
R?" — S§?" which are constant on the boundary of unit cubes and have Brouwer degree
1 in these cubes, so that the resulting homotopy class is the Whithead product of the
(2n)-dimensional homotopy classes and has Hopf invariant 2. When n = 1, we have
a short construction of a map having the same properties as Bethuel’s. Having Hopf
invariant 2 is essential for covering the full range of n € N'\ {0}, since maps having Hopf
invariant 1 only exist when n € {1,2,4} [1].

At a more technical level, this periodic character of the maps we construct and the
arrangement of the singularities on a regular grid eliminate the need of relying on the
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notion of scans introduced by Hardt and Riviére [34}35] to analyze the concentration,
and allow using instead more elementary arguments.

The lower estimate on the relaxed energy is performed thanks to a branched transport
argument, as in [§].

1.5. Higher order spaces. We close this introduction with a short word on extensions
of the results in this paper to higher order Sobolev spaces of mappings. Just as we defined
the space of first order Sobolev mappings, we may define the space of W*P mappings
from M to N, with 0 < s < oo a real number, as

WP(M,N) = {u € W¥P(M,R") | u(z) € N for a.e. z € M}.

Higher order Sobolev spaces of mappings arise, for instance, in the study of biharmonic
maps (s = 2) or more generally polyharmonic maps (s > 2 integer); see e.g. [22,26}28,|61]
and the references therein.

The problem of strong approximation has been addressed for the whole range 0 <
s < oo: the counterpart of Bethuel’s theorem for W*? states that, when 7 (M) ~ - ~

T|sp—1) (M) =~ {0}, then
HPP(M,N) = WP(M,N) (1.9)

if and only if 7|4, (N) =~ {0}; see [14,[1924]. (In the general case, holds if and only
if there is no obstruction to the extension of a continuous map from a |sp|-dimensional
triangulation of M into A to a continuous map from M into N, as in [32] for s = 1.)

Similarly, one may consider the weak approximation problem for spaces of W#P
mappings. As above, we define the sequential weak closure of smooth maps H &’/p (M, N) as
the set of mappings u € WP (M, N') for which there is a sequence (uy)ren in C° (M, N)
converging almost everywhere to u and such that (E%P(ug, M))ken is bounded, where
the Sobolev energy is now defined by

EP(w, M) = / |D%wl|P if s € N,
M

and

IDUlw(z) — DEw(y) P .
s?p
et M) //MXM dist g (z, y)dim M+(s=[s])p dz dy if s ¢ N.

One may then ask when
HP(M,N) = WHP(M,N). (1.10)

Following [6, Proof of Theorem 3], HZ” (M, N) = H;’ (M, N) when sp ¢ N, as when
s =1, so that the only interesting case is once again when sp € N, and strong density
fails.

In this setting, some partial results have been obtained for s > 1. In [13], Hajlasz’s
theorem was extended to the full range s > 1, proving that, if sp € N and m(N) ~ -+ ~
Tsp—1(N) =~ {0}, then the weak approximation property holds. In [36], Hardt and
Riviere proved that H%’,Z (B®,S3) = W22(B®,S3). Although their work is restricted to
second order Sobolev maps and the target A" = S? for technical reasons, the key feature
in their analysis is the fact that the relevant homotopy group 74(S%) ~ Z /27 is finite.
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To the best of our knowledge, no analytical obstruction to the weak approximation
was known until now for s # 1. In Section [5| we prove that both our main results admit
a natural counterpart for any s > 1. Namely, we prove the following theorems.

Theorem 1.3. For every 1 < s < oo and 1 < p < oo such that sp € N\ {0,1}, there
exists a manifold N such that if dim M > sp, then

HEP(M,N) C WP (M, ).
It will appear in the proof that the manifold A/ only depends on the number sp > 2.

Theorem 1.4. For every n € N\ {0}, if dim M > 4n — 1, for every 1 < s < co and
1 < p < oo such that sp = 4n — 1, then

HyP (M, S*) C WoP(M,S*").

Our results are restricted to s > 1 since our proof relies on the Gagliardo—Nirenberg
inequality to use the fact that HpP (M, N) C H&I’/Sp (M, N). Since this procedure
is not available for 0 < s < 1, the study of this case is not a byproduct of our method,
although several of the ideas developped in this work could be useful.

2. BUBBLING OF SEQUENCES OF SOBOLEV MAPPINGS

In this section, we take as a target space a set N' C R” which has the property of
being a uniform Lipschitz neighborhood retract, that is, there exists ¢+ > 0 such that there
is a Lipschitz-continuous retraction ITx : N+ B, — N. This includes the particular case
where N is an embedded smooth compact manifold, but also more general cell complexes.
For instance, one may take N to be a skeleton of R”, which will be crucial for us in the
sequel.

The goal of this section is to prove the following bubbling proposition.

Proposition 2.1. Let M be a compact manifold and let p = dim M. For every e €
(0,00) and M € (0,00), there exists 6 € (0,00) such that, given py € (0,9) and u,
v € WEP(M,N) N C(M,N) satisfying

/ Dul? < M, (2.1)
M
[ o<, (2.2)
M
sup / |DulP < 6P, (2.3)
a€EM J By (a)
and
[ ol < (2.4)
M

there exist w € WYP(M,N)NC(M,N), J €N, a1,...,a5 € M, p1,...,p; € (0,p0),
and by,...,by € N such that
(i) the balls B, (a;) are disjoint,
(ii) Y-y pi < po,
(iii) bj € w(0By,(a;)),
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FIGURE 2. Given u and v, the map w is constructed so that it coincides
with v outside the larger balls, it is constant on the intermediate sphere
and it is a rescaling of v on the smaller balls; the map wq defined similarly
outside the intermediate balls and constant inside those is homotopic to
u.

(iv) w|aBpj/2(aj) =b;,
(v) w(Bp,;(aj) \ By, a(a;)) € Be(b;),
(vi) w=v on M\ U], By, (a;),

J
(vit) Z |[Dw|P < &P,
j=1"Bp;(a;)\B,, /a(a;)
(viii) for every x € B, /4(a;), w(z) = v(4x) in exponential coordinates,
(iz) w is homotopic to v,
(x) wq is homotopic to u, where

wo = {U) ZnM\Uj:l Bpj/Z(a’j),

. (2.5)
bj m Bpj/Q(aj).

Results similar to Proposition [2.1] are well established for sequences of harmonic
maps Theorem 2; Proposition 4.3 & Theorem 4.4]. Also in works related to
density questions in Sobolev spaces of mappings, bubbling constructions have proved
their usefulness in numerous places. Examples include, but not only, Remark 1;
Proposition 3.4], and also the study of the relaxed energy, see for instance
Theorem 3.1.5.1]. The estimate in the proof generalizes the Courant—Lebesgue
lemma Lemma 3.1]. The main conceptual difference between most of the above
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quoted results and our proposition is that, most often, bubbling statements are formulated
as limiting results, stating that, if a sequence (ug)ren converges weakly in WP to a
limiting map u, then the gradients |Dug|P converge weakly as measures to |DulP plus a
weighted sum of Dirac masses, which account for the formation and concentration of
bubbles around isolated points.

Our statement in Proposition [2.1] on the contrary, is concerned with two fized maps,
stating that, if they are taken to be sufficiently close and with suitable control on
their energy, then they are homotopic to each other, upon removing a finite number
of bubbles which are located in small balls. This quite sharp — and inevitably more
complex — statement will be needed to locate precisely enough the bubbles when applying
Proposition [2.1

Before we move to the technical ingredients required in the proof of Proposition [2.1
and then to the proof itself, we give an informal sketch of the argument, in order to allow
the reader to have in mind the main lines of the proof.

The first step is to choose a finite collection of disjoint balls that contains the region
of M where the energy of v is concentrated. Letting these balls grow exponentially and
merge for a well-chosen time, we may further take them so that the energy of u and v as
well as the integral distance between v and v are controlled on their boundary. Thanks to
the Morrey—Sobolev embedding WP (9BP) — C°(0BP), u and v both take their values
on a common small ball on the boundary of these enlarged balls.

The map w is then constructed from v as follows. Outside of the selected balls B, (a;),
the map v is left unchanged. The values of v inside the balls are then shrunk by a linear
change of variable in exponential coordinates to make them fit into the four times smaller
balls B, /4(aj). Finally, since v takes values in a small ball B:(bj) C N on 9B,,(a;), we
may use an interpolation between the values of v and b; plus a reprojection procedure to
fill in the annulus By, (a;) \ B, 4(a;) with values in Be(b;) so that w is constantly equal
to bj on 9B, 5(a;). This already shows assertions |(i)[ to in Proposition

The proof that u is homotopic to the map wg defined through relies essentially
on a VMO (vanishing mean oscillation) criterion for homotopy. Indeed, since the balls
B, (a;) have been chosen to contain the region of energy concentration of v, the map wo
can be proved to have small energy on all balls of radius pg. On the other hand, the map
u satisfies the same property by assumption. This combined with the integral estimate of
the distance between u and v allows to apply the VMO criterion for homotopy to deduce
that v and wy are homotopic as continuous maps.

The following proposition will allow us to perform the growing of balls procedure
mentioned at the beginning of the above sketch.

Proposition 2.2 (Growing balls). Given a Riemannian manifold M and given balls
B, (a1),...,B,,(a;) C M, there exist balls

Boiwy(ar(®)s- -5 By, (@ (t))

such that for every t € [0, 00),
(i) the balls Bpl(t)(al(t)), e BPJ(t)(t)(aJ(t) (t)) are disjoint,
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J J(t)
(ii) | By, (a;) € | By, (a;(t)),
j=1 j=1

J(t) J
(i) Y pi(t) < e pj,
j=1 j=1
(v) if f: M — [0, 00] is Borel-measurable, then
J(t)

/OOO< > pi(t) /ij(t)(aj(t)) f) dt < /M f

j=1
Even though there is no upper bound on ¢ appearing in the statement of Proposition [2.2
if M is bounded, then for ¢ sufficiently large, one will inevitably have aBp]. wlaj) = (), and

the statement will give no information about such ¢. Also, the conclusions are the most
useful when p;(t) is sufficiently small to have 0B, (;)(a;(t)) diffeomorphic to a sphere.

Proof of Proposition 2.3, The proof follows the Euclidean case [57, Theorem 4.2] (see
also [40L56]). Roughly speaking, one defines for t € (0,77)

a;(t) = a;j and p;i(t) = e pj,

in such a way that the closed balls Bpl(t) (a1(t)),..., B, t)(t)(aJ(t) (t)) are disjoint for
t < Ty and not for t = T7. The assertions and are immediate. For we

have by the coarea formula and a change of variable

pje’l
/ = (L, D)
By, (1y)(@)\By; (0)(a5) o 0By (ay)

J

= /OTl p;(t) (/8Bpj(t>(aj) f) dt.

To continue the construction, we apply Lemma[2.3]sufficiently many times to the collection
By y(a1(t)), -, By, @ (asw(t)) to get a disjoint collection. Repeating this procedure
at most J times, we get the required collection of families of balls. O

Lemma 2.3 (Merging balls). If M is a complete Riemannian manifold, and if Bpo (ap)N

B, (a1) # 0, then there exists a ball By(a) such that
B,(a) 2 By, (ap) U By, (a1)
and
p<po+p1.

Proof. This is again a classical argument (see for example |57, Lemma 4.1]). If B,,(ao)
By, (a1) or B, (a1) C By, (ag) we can take a = ay and p = p1, or a = ag and p =
po- Otherwise, we take a point a on a minimising geodesic from ag to a; such that
po + d(ag,a) = p1 + d(a1,a) and p = (po + d(ao, a1) + p1)/2. O

As already mentioned, we will also use a VMO criterion for homotopy, whose statement
is as follows.
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Proposition 2.4. There exist € (0,00) and p. € (0,00) such that, if ug, uy €
C(M,N)NWEP(M,N) and p € (0, ps) satisfy the condition that for every a € M,

1

7 |UO — U1| S 0
p By (a)

and

/ Duol? + [Dus P < 67,
p(a)

then ug and ui are homotopic.

Even though the statement of Proposition might not be found under this exact
form in the literature, it relies on classical arguments that go back to the work of Schoen
and Uhlenbeck [58], and Brezis and Nirenberg [20].

Proof of Proposition [2.4 Define

ui(x) = ][ uj.
B (x)

Since M is a Riemannian manifold, its injectivity radius is positive; we assume that
it is 2p, with p, € (0,00); in particular, for every a € M, the exponential map at a is
uniformly controlled on B, (a). Therefore, by the Poincaré-Wirtinger inequality, for
every 0 < r < p < ps, we have

dist(u(z), ) < cl][ ][ lu;(y) — u;(2)] dy dz < Co </ |Duj|p)p < ¢y,
@) 3@

By (a)
whereas by the triangle inequality

(@)~ uf@)] < 2 [ ol < G,
p By(x)
Hence, if 6 was chosen sufficiently small, we get the required homotopy. Indeed, one
first goes from ug to uf via the uf, then from uf to u} via linear interpolation plus
reprojection, and finally from v/ to uy via the u}. More precisely, one may e.g. use
H:[0,1] x M — N defined by

ud' (x) if0<t<1/3,
H(t,z) = { Uar((3t — Duf (z) + (2 — 3t)uf(x)) if 1/3 <t <2/3,
W3R (g) if2/3<t<1,
where I is the Lipschitz-continuous retraction onto N. O

Proof of Proposition[2.1] Since Proposition [2.1] depends on quite a few parameters —
either part of the statement, or specific to the proof — that may depend from each other,
we adopt the following convention. All constraints for the various parameters involved in
the proof will be displayed inside boxes. Then, at the end of the proof, we give the exact
relations that explain how and in which order to choose those parameters so that they
satisfy the required constraints.
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FIGURE 3. Thanks to an averaging argument, the spheres 0B, (a;) (in
blue) can be chosen out of the growing balls generated by the balls B,(a)
(in red) so that u and v have a small Sobolev energy and are at small
average distance on them.

We again assume that the injectivity radius of M is 2p, with p. € (0,00), which
implies a uniform control on the exponential map on any ball B, (a), and we assume

Given 7 € (0,00) and p € (0,00) to be chosen later on, we consider the set
A= {ae./\/l ‘ / |Dv|p2np}, (2.6)
Bp(a)

and a maximal subset A, C A such that the balls {B,(a)}.ca, are disjoint. In particular,
we have by disjointness and by ([2.2))

#A, <Z/ \Dv\p</\D \p<7 (2.7)

a€Ax

On the other hand, by maximality of A., A C Uueca, B2p(a), so that for every a €
M\ Upea, Bopld'), a ¢ A. (If A, = 0, the following arguments remain valid albeit
unnecessarily complicated in this trivial case.)

Applying Proposition to (Bap(a))aca,, we get a finite collection

By y(a1(t); -+ By, (@ (t)
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for t € (0, 00); by Proposition it satisfies for every T} € (0, 00)

T. )
[ (o] Duf)at < [ up <
0 N\j=1 9B, (1) (a;(1)) M

J()
pj(t)/ ]Dv]p) dt < / Dol < M,
9By, (1)(a;(t)) M

&

=1
and
J(t)

[

i) [ u—ol)dt< [ ol < oo,
=1 9B, (1) (a;j (1)) M

in view of (2.1)), , and ([2.4). There exists thus t, € (0,7) such that, if we set
J = J(ty), and for j € {1,...,J}, aj = a;(ts) and p; == p;(ts), then we have

J

3M
S pups i (2.8)
j=1 7 9Bp;(a;) T
J 3M
ij/ [DolP < ——, (2.9)
j=1 J0By;(a;) T

and

J p
3000
S pj / fu—v| < 2=, (2.10)

j=1 J0Bp;(a)

We observe now that

J
Ac | Bapla) < U Byy(a) (2.11)
acA, j=1
and, by ,
J x
JetX i = jz::lpj = 2eTn’f)M SP0SP (212)
so that holds, provided
2pMeT* < ponP. (2.13)

By the Morrey—Sobolev embedding, we have for every j € {1,...,J} and =, y €
0B,,(a;), in view of (2.8), , and by the choice of p, in terms of the injectivity
radius,

(2.14)
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We also have for every j € {1,...,J} and every z, y € 0B,,(a;), by (2.14), (2.9)), (2.10),
by (2.12)) and the conditions on p,, since p < pj,

u(z) —v(y)|
< sup Ju(@) —wu(z)|+  inf  Ju(z) —v(z)[+  sup  [u(z) —v(y)|
2€0B,(a;) z€0B,, (a;) 2€0B,(a;)

S =

1
1 » 1
sol(/ rDu|P) o + fﬁ‘l/ \u—v\wl(/ \Dv\”)pp; (2.15)
8Bﬂj (aj) P aBPj (a5) 8Bpj (a5)

J
1/p
< 2C’2i\4 . C4p]85'
T* /P ppT*

Using the fact that A is a uniform Lipschitz neighborhood retract, we fix 7 € (0,¢)
such that for every b € N, Il is well-defined on B (b), and such that for every z € B, (b)
and t € [0,1],

|b—TIn((1—t)z +th)| <e.
If

2C, M/P N Caphd

T T, S T, (2.16)

taking b; € u(9B),(a;)), for every x € 9B, (a;), we have in view of (2.14) and ({2.15)),

lu(z) — bl <7 and lv(z) —bj| < 7.

We can thus define now, in exponential coordinates, by (2.12) and the choice of p,,

v(x) if 2 € M\ U/ By, (ay),

o) Ty (2 — o(Ea) + (2 - 2E0p,) if 2 € By, (a;) \ B, alay),
I (2 — 4Eho(fe) + (4Bl = b)) itz € B, o)\ By, alay),
v(de) if . € By, aay).

Since v is continuous, we have trop, (4;)v = vlap, (4;)» SO that w € WhP(M,N).
J J

Properties |(iii)}, |(iv)} [(vi), and |(viii)| clearly hold by construction of w. Moreover, the
map defined in exponential coordinates as

v(x) if 2 € M\ Uj_, By, (ay),
(22 = 1)o(fha) + (2 = 2800)) if 2 € By, (a5) \ By, (a),
Ht,z) = { T ((5 = 3t — 42h)o( )
+(4E 4 36— aypy)
v(z/(1—3t/4)) if z € B1_s1/a)p,(a;),

can be checked to be a homotopy between the maps w and v, so that holds.

if z € B1_t/2)p;(aj) \ Ba-3t/4)p;(a5),
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Via an integration of (2.15]), we have for every j € {1,...,J},

_ 1 p
I ey e == MR
9By, (a;) 9By, (a;) i JoB,, ()
+ Crpf} |Do|?,
aBPj (a;)
and thus, by the conditions on p, and p < p;
C.
/ Dup<Copy [ pupe ot [ e
By, (a;)\By, /a(a;) 9By, (a;) I a;)
A P
< C’lopj/ |IDvlP + C11 (p;/ \u—v\)
8Bl)j (a;) p aBPj (aj)
+Cuops [ Dup.
Pj (aj)
Therefore, in view of (2.8)), (2.9), and (2.10)), we find
CisM d \P
Z/ [Dwl? < 71; + 014( igT ) : (2.17)
Pg (aj \B/J /4 (aj) * P Ly

In particular, if

My oy (L2 <o,

2.18
T, (o (2.18)

then follows from (2.17)).

We now prove that u and wqy are homotopic, relying on Proposition Since wg = w

on By, (a;)\ By, /4(a;) and wo = b on B, 4(a;), we have by (2.17)

J D
ClgM ,005 p
E P < E P <L . .
j=1 /Bp.( |Dw0| / ’Dw| T, +Cu (ppT*> (2 19)
= J

Bp] a‘])\Bp /4 (aj)

Given a € M, we have, either B, /s(a) C U}I:l By, (aj), and thus, by (2.19),

CiaM P
/ D[P < =2 ~I—C14( i )p,
B, /5(a) T pP T

*

or there exists a’ € M\ szl B,,(a;) such that B,y(a) € B,(a’), and thus, by (2.19)

again

J
/ |Dwg|P < / i |Du|P + Z/ |Dwg|P
Bp/Q(a‘) Bp(a/)\U i1 Bpj (aj) =1 Bpj(‘lj)
Cis pho \P )

D
<ot +01(pT*
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in view of (2.11)), (2.6) and (2.17)). In particular, if

then

construct wg from v. More specifically, given o1, ..

CisM

P+ —— +Cu

T

)
(4

)p <P

/ Duso|? < 67
Bp/Z(a)

In order to verify the assumptions of Proposition we actually need to work with
a modified version of u, constructed from u by a similar process to the one used to

define the map ug: M — N by

u(z)

up(z) =< b;

u(g—jx)

(2 = 2l fa) + (7

||

|| o

—1)b))

if x € M\ Uj:1 Bpj(a‘j)7

Iy (28 - Du(fgz) + (2 - 2108y if @ € By (a)) \ By, alay),

ifx € Bpj/z(aj) \ Bzaj(aj)7
if * € Bao,(aj) \ By, (aj),
if S ij(aj)‘

(2.20)

.,07 such that 0 < o < p;/4, we

We observe that the map u is homotopic to ug. Therefore, it suffices to show that wyg is

homotopic to ug.

As we did for v above, we have for every j € {1,...,J} that, by (2.14)),

/ u(@) — byl? < Crseh / Duf?,
9By, (az) 9By, (a;)

and thus, by (2.12]) and the conditions on p,,

/Bpj (a; )\ng (aj)

J
> |Dug|? < .
j=1 /Bpj (a;)\Bs; (a;) .

Therefore, by (2.8),

[Dug|P < Cl6pj/ [Dul”.

aBP]' (aj)

Ci7M

We also have, by (2.12)), the conditions on p,, and by the assumption (2.4)),

/ |Dug|P < C'ls/
ng(a]-) Bpj(aj)

[DulP < C1567,

with C1g > 1. (In the case where M is flat, one can take C1g = 1; the constant comes
from the bound on the geometry of M on scales below p..)
Given a € M, we consider two cases. If B,,5(a) C B, (a;), then

/ ’DU()’p S
Bp/?(a)

CiiM

*

+ C1867,
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provided (2.13) holds. Otherwise, since p < p;/2 and 05 < p;/4, B,2(a) N By, (aj) = 0,
and thus by (2.3)),

Ci7M
IDugl? < % + 87,

Bp/2(a‘) *
provided 2p < pg, which follows from the condition (2.13)), assuming without loss of

generality that
(221)

CirM

*

/ Duol? < 07.
Bp/Q(a)

Finally, since ug = u and wop = v outside of the balls B, (a;), we find that

If

+ 0185]3 < Hp, (2.22)

we then have

J
/ ]uo—w0| S/ ‘U—U‘+Clgpp€+ZCQQO"];
B, a(a) M j=1

J
< p{)’5+019pp5+02020§’.

j=1
We note that here Cyp depends on v and v through their L* norm. If
J
0
Pg5+019pp€+c'20;0’§ < ;)2%7
]:
we have g
/ ‘UO — 'U}()‘ < P;;p (2.23)
Bp/Z(a)
If
p
Po 0
Eé + Chog < (2:24)

then o1,...,0, can be chosen sufficiently small, depending on v and v, so that
holds. By Proposition wp is homotopic to ug and thus to u, proving |(x)|

It remains to show that 7, p, and T satisfying the conditions (2.13)), (2.16]), (2.18),
(2.20), (2.21)), (2.22), and (2.24) can be found. We first assume without loss of generality
that

< i d <
(SRS WTC’IQ an PO > Px-
We next choose successively
. 0 € (402)17M ClgM 2017M
— 1/p N
77 = Imin (M 5 731/1), 421/}7)7 T* o maX( Tp ) np b Op )7
np

T NPT T APy 0 oNP )

pi=Apo, 0= min( 2C; " (Cra) /P’ (2C15)1 /0" 2012

= oMl
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and check that all the conditions are satisfied. O

3. ANALYTICAL OBSTRUCTION FOR INTEGER EXPONENT

This section is devoted to the proof of Theorem [I.I} We start by explaining some tools
that will be crucial to construct a suitable family of Sobolev mappings with values into a
skeleton of R™ and prove that their relaxed energy grows superlinearly with respect to
their Sobolev energy. We then explain the procedure to transfer these constructions, first
to a compact skeleton, and then to a compact manifold without boundary, yielding the
proof of Theorem [I.1] via the nonlinear uniform boundedness principle.

3.1. Conical joint estimate on the Brouwer degree. Our goal in this section is to
establish an analytic estimate of the joint Brouwer degrees of a map f € C1(S"~1,R")
with respect to a finite number of points in R™ that are avoided by f.

We first recall that Brouwer’s topological degree of a map f € C1(S"~!,S§"71) can be
computed by the formula

/ (detDf)wo f
S§n—1

deg(f) = ,
/S w

for any weight function w € C(S* !, R) with [,_, w # 0. (The determinant in (3.1) is
computed on the tangent space with the orientation induced by the canonical orientation
on the ambient space R™.)

Actually, formula is still valid for computing the degree of a continuous map
which is not C*, but merely W"~! see [16,20]. Therefore, from now on, we will work
with continuous and W1"~! maps — this notably avoids some technical issues when
working with smooth maps between cell complexes. For every open set G C S*71, taking
w = wg, where (wg)gen 1S a sequence approximating the characteristic function of G,
and letting k — oo, we get the estimate

(3.1)

|deg(f)| < anll(G) /f_l(G)|Df‘n1‘ (3.2)
Given f € Wln=l(§»=1 R?\ {0}) n C(S"~1,R™\ {0}), we have
deg f := deg(f/|fI). (3.3)

We say that a set C C R™ is a cone whenever, for every ¢t € (0,00) and =z € C, tx € C. If
C C R™ is an open cone, then it follows from (3.2)) and (3.3)) that

1 DA
deg(f)| < / _ 3.4
A= e as ) Ja T 34
since |D(f/|f])| < |Df|/|f| everywhere on S*~1.
We will use the degree with respect to a point o € R™, defined for f € C(S"1, R"\ {c})
as

deg, (f) = deg(f — o).
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We are now going to give a joint estimate on the degrees with respect to a finite set of
points 3 C R”. We start by observing that (3.4) implies that

IDf*!
Z’dega( )|—’Hn 1(CﬂSn 1 Z/ _O-|n 1f _ s|n—1

[ 1(C+o) |f

1
>~ H”*I(C ﬂS”fl) (Al(c+2)| f| ) sup Z _ O'|n T£0-Y _ n—1"

zeSn—1

(3.5)

We now estimate the sum that appears on the last line of .

Proposition 3.1. If X C Z", y € R", and if dist(y, ) > 1/2, then
1

Z 0-|n Ty — =1 = (#E)n

062
where the constant C > 0 depends only on n.

Proof. We have

1 o —1
Z]y—(f\”—lz/o #(EﬁBr(ZJ))nrn dr

ceEY

© 1
< Cl/ min(#E,r”)—n dr
0 T

(#E)H/n o0
ol [T [T #24)
0 (#E)l/” T

=Ci(1+ )(#E)
In the first inequality above, we have used the fact that
#(X N Br(y) < LB,y ymja(y)) = L(B1)(r + Vn/2)" < Cor”
provided r > 1/2, whereas #(X N B, (y)) = 0 when r < 1/2. O

Injecting Proposition in (3.5)), we obtain the following conical joint estimate on
the degrees.

Proposition 3.2. Given a finite set > C Z", an open cone C C R"™, and f €
whn=l(gn=1 Rn\ (Bij2 +3%))N C(S™ 1 R™\ (Bij2 + X)), one has

1—1
" c n—1
(Staer ) "= gmragem J, g P

(DY

where the constant C > 0 depends only on n.

Proof. Without loss of generality, we assume that for every o € ¥, deg,(f) # 0. We then

have by (3.5)) and Proposition

CL(#3)w / 4
deg, (f)| < -— — Df|"
%‘ ( )’ Hn 1(008” 1) f*l(c+2)| ’
o) n

n—1
= ’Hn—l(c N Sn—l) (g‘dego(f)o /]”1(C+E)|Df| )
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and the conclusion follows. O

3.2. Lower bounds on energies on spheres. In this section, we combine our conical
joint degrees estimate with our bubbling construction to give a lower estimate on the
Sobolev energy of approximating sequences in different homotopy classes.

We first get a lower bound in a general setting in terms of joint degree differences
between two continuous Sobolev maps.

Proposition 3.3. Given a finite set ¥ C Z", open cones Cy,...,Cr CR"™, and open sets
G1,...,Gr C R™ such that for every i € {1,...,I}, G;N (C; + %) = 0, there exists a
constant C such that, given w € WH"1(S" 1 R"\ (By )5+ X)) NC(S* 1, R™\ (By 2+ %))
satisfying

I
u(STL—l) - U Gi;
=1

Jor every M € (0,00), there exists n € (0,00) such that, if v € WH= LS 1L R™ \ (By )5 +
D) NCE™ LR\ (B2 + ), if

/ D" < M,
Sn—l

| _Ju=vi<n

1-1 I
(Z deg, (u) degc,(v)r) <oy / Do,
ufl(Gi)ﬂ’Ufl(Ci-f—Z)

oEX i=1
Moreover, the constant C' > 0 depends only on n and on H"~1(C; N S"~1).

and if

then

Proof. We choose ¢ sufficiently small so that for every 2 € S*~!, there exists i € {1,...,1}
for which Ba.(u(z)) C G; (in other words, 2¢ is the Lebesgue number of the covering of
the compact set by u(S"~1) by G1,...,G).

Without loss of generality, we may also assume that

/ |Du|"1 < M.
Sn—l

We take pg such that for every z € S"™', u(B,,(z)) C B.(u(x)). Invoking Lebesgue’s
lemma, we may furthermore assume that py has been chosen so that py < ¢ and

w [ s
a€sS™=! J By, (a)

where 6 € (0,00) is given by Proposition Finally, we let n = pg_lé . Let us note that
po, and therefore 7, depend on u via the use of Lebesgue’s lemma. On the other hand,
the constants that will appear in the proof, and therefore the final constant C', do not
depend on wu.
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Let w be given by Proposition . Defining w; = w| By, a(a;)r We observe that for
every o € X,

J

deg, (v) — deg, (u) = deg, (wo) + ) deg, (w;) — deg,(u Z deg, (w;)-
j=1
It follows thus by the triangle inequality and sublinearity that

(32 et dera) < (32 S laceotigl) < 303 o))

gEX j=1lo€ex =1 ‘o€X

1—L

n

1_,

By the choice of pg and of ¢, for every j € {1,...,J}, there is ¢ € {1,...,I} such that
u(By,(a;)) € Be(u(ay)) € Gi. (3.6)
Therefore,
w;(By, j2(a;) \ By, a(a;)) € Bae(u(a;)) € Gi,
where we have used assertions and in Proposition . It follows thus from
Proposition [3.2] that

1—-1
(Sldegofwpl) "< [ | puypt

oeY
= Cl / ‘ij’n—l
By ja(a;)Nw; ! (Ci+X)

< 02/ [Do|" 1,
By, ()01 (Ci+5)

since (j) w; (By,(a;)\ By, /ala;)) € Gi, (ij) Gi 0 (Ci + ) = 0, and (jjj) v(4z) = wy() on
B, /4(aj). We note that actually, in order to apply Proposition one needs to view the
map w;, which is originally defined as a map on the disk B, /2(aj) with constant value
on the boundary, as a map defined on the sphere S”~!, which can be done extending w;
to the exterior of the ball by a constant. We also note that C; depends on the measure
of C; NS™! through the use of Proposition while Cs is a purely geometric constant

that depends only on n.
It follows thus, using also (3.6)), that

1-1 J
> (Shegtwp)) <) [ Duf!
je{l,...J} o€ex j=17uHGi)NBy; (az)Nw=1(Ci+X)
Be(u(a;))CG;
e / Do,
u=1(G) -1 (Ci+E)
The conclusion follows by summing the above estimate over all i € {1,...,I}. O

In order to get a lower estimate on sequences of maps on spheres related to our
counterexample, we will choose some specific sets C; and G; in Proposition [3.3] We define
the cube

Qg = [O, g]n
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FIGURE 4. The sets Q¢ o, G¢n, and Gy for v = (=1, —1). The colored
cubes on the boundary form the set Gy, and the cubes that are further
colored in blue form the set G, for v = (=1, —1).

For every a € A = {—2,-1,0,1,2}", we set
Qro = Qo+ Lla+(2¢,...,20),

so that
Qse = |J Quas (3.7)

acA

and the interiors of the (Qya)aca are mutually disjoint. We also define, for every
v €T :={-1,1}" and for every v € I, the cone

Cy={(x1,...,2y) € R" |for every i € {1,...,n}, viz; > 0}.

Setting
Ag={acA| lrél%xn|ai| =2}, Gy = int (ag Qg’a>,
O
A, ={acA| 1r§nii%1n a;y; = =2}, Gy = int (ag Qg’a),
Y

and viewing @5, as made of 5" cubes of sidelength ¢ according to , we observe that
Ap is the set of all indices « such that the cube @)/ lies on the boundary of Q)5¢, while
Gy is made of the interior of the union of all such cubes. The set of indices A, is
a refinement of Ag, corresponding to cubes that lie on the boundary of (5, on some
specific faces, indicated by the multi-index v — more precisely, A, selects the cubes
on the boundary of @5, that lie at the opposite of at least one face indicated by v (see
Figure . We observe that

Geo = | Gy
~yel'

Indeed, given z € Gy N Qy,n, we have x € Gy, with any v € T such that for every
1€ {1,...,77,}, ;i 7é 2.
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We now introduce some notation for the centers of the cubes of our decomposition.
More precisely, we define

Sy = Quo N (Z+1/2)",
Otherwise stated, if we consider the standard decomposition of R™ into unit cubes, such

that the origin is a vertex of a cube, then X is the set of all centers of those cubes that
lie inside to (Qr,0. We observe that, for every v € I' and every a € A, it holds that

disteo (v, Qr.a) > £ for every y € C, + Xy. (3.8)

Indeed, by definition, there exists an index i € {1,...,n} such that a;y; = —2. Assume
without loss of generality that v; = 1. Then, for every y € C, + ¥y and z € @y, we have
y; > 20+ 1/2 while z; < ¢, so that

[y — 2|oo > yi — 2 > £,

which proves our claim.
Finally, we define a retraction from R" into Q.. More specifically, given any a € A
and x € R", we let

Opa(z) =

otherwise,

{I if v € Qua,

é(x_cl,a)
Cf,a T 2|xfcé,a|oo

where ¢/, is the center of the cube Q4.

We can now state and prove the main result of this section, which is a lower bound
on the energy gap of approximating sequences that will be the key ingredient in order
to prove the required estimate to strengthen inequality [I.7] according to the strategy
described in the introduction.

Proposition 3.4. Given u € W'~ HS" 1 R™\ (By 2+ ¢)) N C(S" 1, R™\ (By 2+ %))
such that

u(S") € Gy,
M € (0,00), and (Eg)acay a family of subsets of S*™1 such that for every v € T,

GZ “Y U Eou (39)

aEA

there exists n € (0,00) such that, for every v € WhH'1(S""LR™ \ (By)5 + %)) N
C(S" 1, R™\ (B2 + X)) satisfying

/ D]t < M
Sn—l
/ |U - ’U| S mn,
Sn—l
we have

(3 Ideg, (u) — deg, ()] "< 3 /E Dot — D(©pa o v)",

oEYy acAn

and
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where the constant C' > 0 depends only on n. Moreover, the above statement remains
valid if the domain S~ is replaced by the boundary 0Q of any cube Q C R", with a
constant C > 0 independent of the choice of the cube.

Proof. Given an open set 2 C S"~! and v € WHn=1(S*~1 R"™) we have for every x € {2

< |Do(x)|
T 14 2disteo (v(2), Qra) /0

ID(O¢a o v)(x)

and therefore

Do(@)[" " ~ [D(Opa o v)(z)["! > !

= (1 - (1 + 2distoo(v(x)7 Qeya)/g)n_l)u)’l)(l')‘n—l,

(3.10)

Hence, for every a € A, we deduce from (3.8]) and (3.10)) that

1
/ Do st | Do~ [D(Or0 0 )" (311)
Eonv=1(Cy+3¢) -3~ EaMv=1(Cy+5¢)

On the other hand, Proposition ensures that we can choose 7 € (0, 00) such that

1—-1

(3 ldeg,(u) ~deg, 0)l) "<y [ D!
O'GZ[ 'Yer u_l(GZ,’Y)ﬂv_l(C"/+ZZ) (3'12)
<oy ¥ | Dol
vel acA, M= 1(Cy+2y)
in view of (3.9). We deduce from (3.11)) and (3.12) that
1—1
(3 leg, ()~ deg,0)]) <Y ¥ / D! — ID(©pa o v)""!

o€, veT acAp ¥ Po

< Ch2" Z : |Dv["™! — |D(Orq o v)|" 1,
acAp ]

since #I' = 2". Moreover, since fz'-[”_l(CW N'S"1) only depends on n, the constant Cy
only depends on n.

This proves the proposition when the domain is S*~'. The fact that the statement
remains valid if the domain is instead the boundary of a cube follows from the fact that
there is a bi-Lipschitz transformation between S*~! and the boundary of a unit cube in
R", along with the scaling invariance of the W"~! energy in dimension n — 1. (]

3.3. Lower bound on the relaxed energy. In this section, we give the final and key
estimate that allows to prove that the maps we construct indeed lead to an analytical
obstruction to weak density. Given n > 2, we define the set

Ny = {(z1,...,2,) € R" | there exists i € {1,...,n} such that z; € Z}.

We observe that N is actually the (n — 1)-skeleton of the standard decomposition of R”
into unit cubes, such that the origin is a vertex of one cube.
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Proposition 3.5. Let u € Wl’”*l(Gg,D,./\%) NC(Gea \ (Z+ 1/2)",]\vf()) be such that, for
every o € Ap,

U(Qf,a) - Qé,a- (313)
Assume also that v, € C(Q5g,/\~/()) and that (Uk‘Gm)keN converges weakly to u in
Wn=1(Gypm, No). Then,

liminf /Q IDug|" ™! — D(Orq o wy)|" "t > CF, (3.14)
l,a

k—00 aEAn

for some constant C > 0 depending only on n.
Proof. We consider Q' to be the cube of edge length ¢ € (0,5¢) and same center as Qsy.

For almost every ¢ € (3¢, 5¢), the map |yt is continuous, and by (3.13)), for every o € ¥y,
deg, (u|gg:) = 1. On the other hand, we know that deg, (vi|sqt) = 0. Hence,

> |deg, (ulagr) — deg, (vilage)| = €™
0'62[

By Fubini—Tonelli’s theorem and Fatou’s lemma, we can assume up to a subsequence
that

lim inf Du|" ! — |D(© n-l
mint [ Dul D o w)

acAn
1
< Dliminr 3 / Do — DO 0 ve)"L, (3.15)
E k—o0 Q ’
aEAn £
that
sup/ D"t < oo,
keN JoQt
and that
lim |vp —v| = 0.
k=00 [t

Taking E, = 0Q" N Qr,a, we observe that (3.9) is indeed satisfied. Therefore, if k is
sufficiently large depending on 7, we deduce that Proposition applies and yields

1 < O lim inf /
k—o0 acAn 8thQZ,o¢

The conclusion (3.14)) follows then from (3.15). O
We recall the definition of the relaxed energy of a map u € WP (M,N 0) as
Enef (u, M)
= inf{lign inf EMP (vy,, M) ) vy — u a.e. and vy € WHP(M, No) N CO(M,/VO)}.
—00

IDug[" = |D(Opq 0 vi)[" .

Using the tools constructed before, we may finally give a lower bound on the relaxed
energy of maps with values into Np. More precisely, we work with the map u defined as
the retraction from R™ to N.
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Proposition 3.6. For every n > 2,

l n—1
N rel (U Qe )
Rt TN

Proof. If v € Wl’”*l(QM,./f\vfo) and v € Wl’”*l(Qg)g,./\N/b) N CO(Qg,g,./VO) are such that
v — v almost everywhere, then

/ Do[" =" / D[
QE)Z acEA Qla

= / Do |~
Qéa

a€A\AQ

+ > /Q ID(Oq 0 vg)|" !
L,

acAp

> 0.

/ Dug™™! = DO © v)".
aEAD

If v(Qp,a) € Qrar We have Op 4 0 vilg,,, — U\QM almost everywhere, and thus, invoking
Proposition we deduce that

1 1 1 1
reln U QM Z re n ’U Qf,a) + ce.
acA

In particular, if we take v = u, we have

1” 1(“ Q5ﬁ) > 57161‘1” 1(u7 Q@) + anv

rel
or equivalently,
(. Q50) _ E T (. Q0) | C
(50)™ - Vg 5n

It follows by induction that

1 1
& (u,Qsm) _ Cm
Fmn — 5n ’

and the conclusion follows. O

As explained in the introduction, if ]\70 was a compact Riemannian manifold, we would
be done with the proof of our main result. In the next section, we explain how to remedy
the non compactness issue, by taking a suitable quotient space of Nj.

3.4. Analytical obstruction with values into a skeleton. In this section, we explain
how to construct a sequence of Sobolev mappings whose relaxed energy grows superlinearly
with respect to its Sobolev energy when the target is not a manifold but merely a skeleton
of the n-dimensional torus T". Later on, in Section we will explain how to move
from a skeleton to a legitimate compact manifold without boundary, while preserving all
the required properties of our construction.

We define Ny to be the (n — 1)-skeleton of the torus T", or equivalently the quotient

No :No/Zn.
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In particular, Ny can be isometrically embedded into a Euclidean space, as a subset of
the compact Riemannian manifold T" C R?". It enjoys the following properties.

Proposition 3.7. The quotient map m: ]\70 — Ny is a universal cover, and

m(Noy) ~Z",
Wn—l(NO) = @Z" Z;

and
7T2(N0) ~ 7Tn_2(./\f0) ~ {0}

In addition, m,—1(No) is finitely generated over the action of w1 (Np). Finally, the
higher order homotopy groups of Ny, m(No) with k > n — 1, may be computed as the
corresponding homotopy groups of a bouquet of infinitely many (n — 1)-spheres, one for
each element of Z".

Proof. First of all, it is straightforward from the natural cell complex structure of No
that its integer homology groups of are given by

H;(No) = {@an if j=n—1.

Actually, there is one copy of Z in Hn,l(]\vfo) for every boundary of an n-cube in j\N/b.

Therefore, Hurewicz’s theorem or a direct argument implies that m; (/\70) o~ o
Tn—2(No) ~ {0}, while 7,1 (No) ~ @yn Z. Since w: Ny — Nj is the covering associated
to the action of Z" on Ny, we deduce that m (Np) = Z", mn_1(Ny) ~ @y Z, and
mo(Np) =~ -+ =~ m_2(Np) =~ {0}. Moreover, we know that m(Np) acts as Z" by
translation on ]\Nfo; see e.g. [37, Proposition 1.40]. Let us investigate the effect of this
action on 7,_1(Ny) =~ 7rn_1(./\~/'0). Assume without loss of generality that the origin
0 has been chosen as the basepoint for the homotopy groups of ./\N/b. Then, any loop
in v € m(Ny) ~ Z" can be lifted to a path in ./\N/b connecting the basepoint 0 to the
associated endpoint z, € Z". Let a be the element of m,_1(Ny) obtained by projecting
the element of 7rn,1(./\~/b) that covers once the cycle 90, 1]". By construction, the element
va € mp_1(Np) lifts to the element of m,_1(Np) that covers once the cycle 2y 4 0[0,1]™;
see also [37, §4.1, Exercise 4]. (The action can also be described as a particular case
of a general bijection between pointed homotopy classes and free homotopy classes in
the covering space [59, Corollary 7.3.7; |64} IIT (1.15)].) When ~ runs over 1 (Np), it is
readily checked that we obtain the generating family of Wn_l(]\v/b) associated with the
homology basis shown above, one element for each boundary of a unit n-cube in ]\v/b.
Therefore, m,-1(Np) is generated by one element over the action of 7 (Np).

Finally, the affirmation concerning the higher order homotopy groups of Ny comes
from the fact that N is homotopically equivalent to a bouquet of infinitely many (n — 1)-
spheres, one for each cube in /\Nfo. This can be proved by a hand-made construction.
However, for the sake of completeness, we sketch a proof, relying on a more general
argument. We start with the following exact sequence, which is a part of the long exact
sequence relating the homology of a space, a subspace, and the associated quotient space,
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see e.g. [37, Theorem 2.13]:

{0} = Hy (N772) ———— Ho (o) — 2 Ho y(No/ N2
d (3.16)

Hy—(N™2) ——— H,—2(No) = {0},

where ﬁg_Q is the (n — 2)-skeleton of Ng. The quotient space No/ﬁg—Q is a bouquet
of (n — 1)-spheres, one for each (n — 1)-cell in Ny, the map j is the quotient map that
sends each cell to the corresponding sphere, and the map 0 sends every sphere to the
boundary of the associated cell, which is an (n — 2)-cycle. The exact sequence (3.16])
implies that the map 0 is an epimorphism. Since H,,_ 2(/\/ n=2) is free, this map admits
a section o, and moreover, it can constructed so that its image Im o is the submodule
generated by a subset of the spheres constituting No/N 3_2. This section induces the
direct sum decomposition

Hy 1(No/N?2) ~ H,_(No) ® Imo.

Collapsing the spheres which generate Im o, the map j induces a map h from N o to a
(possibly smaller) bouquet of spheres, and our argument shows that this map induces an
isomorphism in homology in degree n — 1. It also induces an isomorphism in homology in
all the other degrees, since all the other homology groups of both spaces involved are trivial
(except for the Hp, which are both Z, and on which this map also induces an isomorphism).
A corollary of Whitehead’s and Hurewicz’s theorems, see e.g. |37, Corollary 4.33], allows
to conclude that h is a homotopy equivalence. O

__ We note importantly that, although there is a correspondence between the cubes in
Np and the spheres of the bouquet to which it is homotopic, the homotopy equivalence
between the bouquet of spheres and Ny does not map each generator associated to
a sphere to the generator associated to the corresponding cube. Instead, a generator
associated to a sphere may be mapped to a generator associated to a cycle containing an
arbitrary large number of cubes in No This can be intuitively seen from the proof: N o0 is
sent to a bouquet of spheres by collapsing its (n — 2)-skeleton, sending all (n — 1)-faces to
spheres, and then collapsing a certain number of those spheres. Therefore, the spheres of
the bouquet are in correspondence with a family of cycles that form a basis of H,,—1(N)
chosen such that the faces that have not been collapsed are part of one and only one
cycle. However, it is readily seen that it is impossible to select some faces of Ny in such
a way that the corresponding family of cycles can be chosen to be all boundaries of unit
cubes.

This can be put into the framework of the third strategy for proving weak approximation
explained in the introduction, based on the construction and elimination of connections
[2,13,/5,/17,121,/52]. Indeed, by composing an Ny-valued WH"~! mapping u with the
homotopy equivalence h: N 0 — Vzn S*71 constructed above — which can be taken to
be Lipschitz, as it merely amounts to collapse some cells of N o and map the other ones
to spheres — one can proceed with the first part of the strategy, namely construct and
analyze the topological singular set of the map u and obtain a minimal connection for
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this set, whose length is controlled by the Sobolev energy of u, identifying separately
the contributions of the different spheres of the bouquet. However, one cannot proceed
with the second step of the strategy, as eliminating the singularities corresponding to
the different spheres of the bouquet cannot be done with uniformly controlled maps
for creating the dipoles, due to the fact that some of these spheres are associated with
arbitrarily large cycles in Ay. This explains why this strategy cannot be applied to
obtain weak approximation in our context.

We now provide an instance of a sequence of Sobolev mappings with values into the
compact skeleton Ny whose relaxed energy grows up superlinearly with respect to the
Sobolev energy. We define v = 7 o u, where the u is the map from Proposition In
particular, we note that the map v is Z™-periodic.

Proposition 3.8. For every n > 3,
gl (v,Q)
lim inf rel ’
e mind

The map v being Z"-periodic, it satisfies in particular £4"~1(v, Q) < ¢, so that the
above theorem indeed provides a superlinear growth of the relaxed energy with respect
to the Sobolev energy.

> 0.

Proof of Proposition[3.8 Assume that we are given a sequence (wy)ken of mappings in
Whn=1(Q,, No) N C(Qy, Np) that converges weakly to v in W1"~1 on Q,. We perform a
lifting in the spirit of [9,11,|{12]. Since Q) is simply connected, the maps wy, may be lifted
as maps w: Qp — ]\vf(). In addition, since 7 is a local isometry, it holds that

‘Dwk’n_l :/ ’Dﬂjk’n_l
Qe Qe

Moreover, taking profit of the fact that Z™ acts on ]\Nfo and that those deck transformations
are translations, we may choose the liftings wy, so that

<][ @k) is bounded.
Qe keN

Therefore, the Poincaré—Wirtinger inequality ensures that the sequence (wg)ren is
bounded in L™ !, and hence, up to extraction of a subsequence, it converges weakly to
some map w € WH"=1(Q, Ny). Here we use the fact that n — 1 > 1. By the continuity
of the covering map 7, we have almost everywhere

mow= lim 7o W= lim wy=v=m o u. (3.17)
k—o0 k—o0

Since the action of Z™ by translation is transitive, by the uniqueness of liftings in Sobolev
spaces (see e.g. [9; [11; 12; 45| Proposition 4.2]), it follows that w = u + a for some a € Z".
Hence, we deduce that

liminf [ |Duwg|"! = liminf/ D"t > 51’"_1(U,Qg).
k—o00 QZ

k—o00 QZ rel
Taking the infimum over all sequences weakly converging to v, we obtain
1,n—1 1,n—1
grein (U, QZ) Z Ereln (’U,, QZ)
The conclusion follows from Proposition [3.6] O
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We point out that all our analysis before Proposition [3.§ did not rely on the fact that
n > 3. Since weak density always holds in W1, a uniform linear bound on the relaxed
energy must hold and thus Proposition [3.8] cannot be extended to that case. Let us
examine why our construction does not contradict weak density in W1, Proposition
yields

EE rel ( QZ)

e
When n = 2, /\70 is the 1-skeleton of R?, and N is a bouquet of two circles. In particular,
m: Ny — Ny is no longer the universal cover, but it is nevertheless a covering. Actually,
the effect of passing from N to N is to abelianize the my: the covering map m: Ng — Np
is normal, maps 71 (Np) to the commutator group of 71 (Np), and has the abelianization
of m1(Np) as a group of deck transformations. This is however no obstruction to construct
the map v, and to proceed to the above reasoning up to included. However, the
main difference is that here, n — 1 = 1, and hence, boundedness in W' only implies
weak convergence to a BV map, not to a W map. Since there is no uniqueness of
lifting in BV, one cannot conclude that w = u + a and hence transfer the energy gap
estimate for u to v. Actually, it is not difficult to construct by hand a BV lifting of v such
that there indeed exists a sequence of continuous maps, bounded in W1, that converges
to this lifting almost everywhere. Of course, it is therefore not W1 itself.

> 0.

3.5. From the skeleton to a manifold. We now transfer our construction to a manifold.
Given m € N and X € [0, 00), we define the set

Ny =V {AD),
where the function V: T" x R™ — R is given for z € T"™ x R™ C R” by

1+ x2 1
Vix) = H — Z|x2"+ﬂ
j=1
‘We observe that
No=V1{0}) ={z € T"| min z9; 1 = —1} x {0}
1<j<n

is the set that was used in the previous section, along with its universal covering N, 0-

Proposition 3.9. For every X\ € (0,1), Ny is a smooth manifold and there exists a
Lipschitz map from Ny to Ny. If moreover m > 0,

Ny DN x S”\El,

and the restriction of the Lipschitz map Ny — Ny above to Ny x S:'El coincides with
idpag x 0. If i < m, then
zn ifi=1,
mi(Ny) =~ mi(No) ~ ¢ {0} if2<i<n-—2,
7i(Vzn S™7Y) ifi>n—1.

Moreover, if n — 1 < m, then m,—1(N)) is finitely generated over the action of mi(Ny).



ANALYTICAL OBSTRUCTIONS TO THE WEAK APPROXIMATION OF SOBOLEV MAPPINGS 33

Proof. In angular coordinates © = (cosfy,sinfy,...,cosb,,sinb,, 21, ..., zy), we have
" 14 cosb; L
Vi) =[] =5+ = [T (cos )" + |2/"
j=1 j=1

In particular, if V(x) < 1, we have 6 # 0. Taking the gradient, we have, if 0 < V(z) < 1,
VV (z (Ztan 3) ) I (cos 2) +4|z)* > 0.
j=1
Hence, for every A € (0,1), the set Ay :== V~1({\}) is a smooth submanifold of T™.
Next, we define for (0,2) € V~=1([0,1)) C ([-7,7]" \ {0}) x R™,

O(1,0,2) = (1 + (= — )0, (1= 1)z) = (1 = 1)(0, 2) + tO(1,0, ).
We observe that if g, € [0,1] satisfy tg < t1 and if z & Ap, then
V(O(tg,x)) > V(O(t1,x)).

It follows from the facts that (1) O is continuous, (ii) O([0, 1]x V=1([0, A])) € V=1([0, A]),
(iii) ©{1} x V~ ([0 /\])) L({0}), and (iv) for every z € V— ({ 1), ©(t,x) = (t,x),
that the set Ny = ({O}) is a (strong) deformation rectract of V=1([0, A]). In particular,

for every j € N, we have
m(V7H((0,A])) = 75 (No).
Moreover, it is readily checked that the map ©(1,-)|x;, is the required Lipschitz map
N)\ — N().
The map Ol 1yxny ¢ [0,1) X Ny = V71((0,]]) is a bijection. An inspection of its
definition shows its injectivity. For the surjectivity, defining for (6,2) € V=1([0,1)) C

([=m, " \ {0}) x R™,

1—1t7/]0]s z
A(t,0,z) ::< 1_/L| 9’1—75)’

we observe that if t < |0]o /7, A(t,0,2) € V71([0,1)) C ([-m,«]" \ {0}) x R™ and
O(t,A(t,0,2)) = (6, 2). Since t € (0, |0|oc/m) — V(A(t, 0, 2)) is increasing and continuous
and since lim;_,9 /= V(A(t,0,2)) > 1, © has the required surjectivity property.

For every € € (0, \), the set @1V ~=1([e, A])) € [0,1) x Ny C [0, 1] x Ny is closed and
thus @\[0 1%, [V-1(e,A) 18 continuous. Since V' is continuous, @‘[o 1)xN; 18 continuous

on V71((0,\]). Writing (T, R) = @\ 0.)xn, With T € C(V=1((0,A]),[0,1)) and R €
C(V=L((0,)]),Ny), we note that the map
Z: (t,z) €[0,1] x V7IH((0,\]) = ©((1 — t)T(x), R(x))

is continuous, that Z(0,-) = id, and that =(t,-)|n;, = idy,. Therefore, V"1({\}) is a
(strong) deformation retract of V~1((0, \]), and thus for every j € N,

T (VH(0, ) 2= 5 ().

By a cellular or simplicial approximation (see [37, Theorem 2C.1 or 4.8]), since Ny =
~1({0}) and dim Ny = n — 1, we have if j € {1,...,m — 1},

mi(V7H(0,]) 2= m5(V=H([0, M)
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It remains to prove that, if n — 1 < m, then m,_1(N)) is finitely generated over
the action of 71 (Ny). Since Ny ~ V=1([0,)]) and V=1((0,)]) ~ N, it suffices to
prove that this property is preserved when passing from V=1([0, \]) to V=1((0, \]). But
this follows from the same general position argument. Indeed, let g be a generator
of 1 (V7([0,A])) =~ mn1(V=1((0, A])) over the action of 71 (V ~1([0, A])), where the
equality has been proved above. Let also a be any element of m,_1(V=((0,\])) =~
7n_1(V7L([0,A])). By assumption, there exists v € w1 (V=([0,\])) =~ 71 (V=1((0, A]))
such that vg = a in 7, 1(V71([0,A])). But an additional application of the general
position argument shows that this equality then also holds in 7,1 (V ~1((0, \])), which
establishes our claim and concludes the proof. O

Remark 3.10. Let us write
Ny = NP UNT,
where
NY =M\ (R? x B 55(0)) and NY = Man(R* x B s55(0)).
We observe that
N~ (T"\B") x S 1 NP~ S"1xB™,  and NJNNL~STxsm

Without giving detailed arguments, these claims can be justified as follows. In the sequel,
we denote an element of Ay, C R?" x R™ as (x, z). For the description of Ny, we first note
that, for a fixed x € R?", the set of those z € R™ such that (z, z) € N, forms a sphere
centered at the origin, unless it is empty. In order to enforce the additional constraint
that this sphere should have a radius at least v/A/2, we have to remove those = such that
) m% > +/\/2, which corresponds to removing from T™ a set homeomorphic to a
ball, centered at the point (1,...,1), hence yielding NY ~ (T™ \ B") x S™~1.

For the description of A}, we argue in the other direction, by first observing from the
definition of V' that, for a fixed z € R™, the set of those z € R?" such that (z,z) € N
is homeomorphic to the sphere S”~!, unless it is empty. The fact that we restrict to
z € Bﬁ/Q(O) yields the homeomorphism N ~ §"~1 x B™.

The description of N /{) NN, )% follows from a careful combination of the considerations
above for both V¥ and N§.

This shows that

Ny~ (T"\B") x S™ LUy S*~t x B™,
where Uy denotes the attachment along the boundary (see e.g. [42, Theorem 9.29]).

In the special case where m = 1, then (T™\ B") x S~ = (T" \ B") x {0,1} consists
of two disjoint copies of (T™ \ B"?), and S"~! x B™ = S"~! x (—~1,1) is a cylinder that
collapses after attaching, so that

Ny ~ T 4 T".
We extend now to Proposition [3.8 to a map in a manifold.
Proposition 3.11. For everyn >3 and X\ € (0,1),

1n—1
lim inf —grel (v, Q)

l—o0 mind > 0.
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The difference between Propositions [3.8 and [3.11] is that the relaxed energy is taken
with respect to sequences respectively in Ny and N).

Proof. We view the map v from Proposition [3.8| as a Sobolev mapping into N}, taking
advantage of the inclusion Ny C N, exhibited in Proposition [3.9, The conclusion
hence follows from Proposition and the fact that any weakly converging sequence
of continuous Sobolev maps into N, can be projected to a weakly converging sequence
of continuous Sobolev maps into Ny through the Lipschitz map ®: N, — Ny provided
by Proposition We note that this relies on the fact that ® is a left-inverse of the
embedding of Ny into N). O

We are now in position to prove our first main result as stated in the introduction.

Proof of Theorem[1.1]. Tt suffices to apply the nonlinear uniform boundedness principle
for the weak approximation |33, Th. 9.6] (see also [47]). O

We observe that this proof yields a slightly stronger conclusion than required: it shows
that the obstruction to weak approximation already arises if one considers continuous
Sobolev maps rather than smooth maps.

4. WHITEHEAD PRODUCTS AND SPHERES

4.1. Construction of mappings. We now move towards our second main result,
Theorem We first use the Whitehead product construction [63] to construct a
periodic map R%" — S?" with singularities located at every point in Z*" and Hopf degree
2 around each singularity.

Proposition 4.1. For every n > 1, there exists a mapping u: R*™ — S? such that

(i) for every h € Z*n,
u(x 4+ h) = u(x),

(i) degp ulo—1/2,1/214n = 2,
(iii) u € Wlifn_l(R‘l”,SQ") N C(R4\ 74" §?") and |Du(x)| dist(z, Z*™) < C for a.e.
r € R\ 74",

Proof. We consider a mapping f € C®(R?",S?") such that f = b in R?"\ [~1/2,1/2]*"
and deg f = 1. We note that, since f is constant outside a compact set, it can be
associated thanks to a stereographic projection to a map from S?" to S**. Therefore,
deg f is well-defined. In fact, such a map f can actually be defined as a truncated inverse
stereographic projection.

We define then v: O([—1/2,1/2]*") — S?" as the Whitehead product of f with itself |63].
More precisely we set, for x = (2/,2”) € 9([—1/2,1/2]*") C R*"* = R?" x R?",

Fa') i ol < 1/2,
o(, ") = { f@") i o] < 1/2, (4.1)
b otherwise.

The Hopf invariant of v can be computed by classical properties of the Whitehead product
as degy (v) = 2(deg(f))? = 2; see e.g. |64, XI (2.5)]. Here we use the fact that we work
with a sphere of even dimension. Indeed, the exact same construction could have been
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performed to obtain a map v: 9[—1/2,1/2]**+2 — §?"*1 but one would then have had
degy(v) = 0. More generally, the Hopf degree of any continuous S+ — §2"+1 map is
zero; see e.g. [64, XI (2.4)].

We extend then v homogeneously to [—1/2,1/2]4"\ {0} by setting v(z) == v(z/(2|2]x0)).
It follows from that, if z, y € [~1/2,1/2]4"\ Z*" and = — y € Z*", then v(z) = v(y),
so that v can be extended periodically to R*". O

4.2. Lower estimate on the relaxed energy. Below, the target A is assumed to be
a compact manifold without boundary. In the application we have in mind, N will be a
sphere. We start by describing a basic cylinder-type construction. Given m > 1, we let
Q = [0,1]™ be the unit m-dimensional cube. If u, v € W1P(Q™~ 1 N)NC(Q™~, ), then
there exists ¢ € (0,00) such that, if [[u — v|| e ggm-1) < J, then the map w: 0Q™ — N
given by

u(x') if xp, =0,
w(x', xm) = S Ty (1 — 2)u(z’) + xpo(z’))  if 2/ € Q™ L,
v(x) if z,, =1

is well-defined and belongs to W1?(dQ™, N') N C(0Q™, N'). Moreover, for every such 4,
a straightforward computation shows that

/ |Dw|p§/ ]Du\p—i—/ ymyuc/ \Du]p+C’/ Dol + CoP. (4.2)
6Qm Qm—l Qm—l 8Qm—1 an—l

With this construction at hand, we prove the following lower estimate on the relaxed
energy. In order to state the following proposition, we recall that any (subset of a)
hyperplane can be endowed with two different orientations. For a face o of Q™ C R™,
we consider the natural orientation induced by the outward normal vector with respect
to Q™. Of course, if o is now viewed as a face of a skeleton made of several cubes,
then it may receive both orientations, depending on the cube with respect to which it is
considered. We will view the two copies of the same face with reverse orientations as two
distinct oriented faces. Moreover, we will denote by |o| the unoriented face o.

Proposition 4.2. Let Lg be the j-dimensional skeleton of the cube Qp = [0, £]*". Assume
that (ux)ren is a sequence in C(Qq,S?™) N WLAn=1(Q,,S?") converging weakly to some
u e C(L;" 1,2 nWhan=Y(Lg"~1 S and such that the traces on L;"~2 also converge
weakly in W41 Then, for every oriented face o of L;}”fl, there exists some d, € 7
such that d_, = —d,, where —o denotes the face o with reverse orientation, and there
exists some ki € N such that for every cube @ of LZ}”, up to a subsequence,

> do = degy(ulog) — deg(up,
o face of Q

0Q);

and

Z ’da\l—ﬁ < liminfC(/ ]Duk\‘m_l +/ ]Duk\4”_1>_
k—o0 L?nfl Lz}n72

o face of L4n—1

The apparent notational complexity of the statement should not obscure the intuition
behind it: the difference of degrees between the maps uy, for large k and the limiting map
u can be attributed in a coherent way to the different faces of L;}”_l, so that the difference
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of degrees on one cube is the sum of the contributions of all its oriented faces. Moreover,
we have an estimate available for these partial degrees on faces by the Sobolev energy
of the approximating maps, involving a power 1 — ﬁ, whose importance will become
apparent later on, in relation with branched optimal transportation considerations.
Proposition leaves some freedom to the d, on the boundary. Indeed, whereas
interior faces all belong to two cubes and are involved, since d, = —d_,, in two degree
conservation constraints, the interior faces are merely involved in a single one, so that

they are much less constrained.

Proof of Proposition[{.2. By compactness of the embedding Wh4n—1 <y [ in dimension
4n — 2, we assume without loss of generality that

g — u||LOO(L?n72) <.

For every face o of Lé‘"fl, we consider u, and u,} the restrictions of u and uy to o,
and we let w, j, be the map obtained using the above cylinder construction with respect
to u, and u,, with the following orientations: o is placed in R4~ x {0} so that the
orienting normal vector points upwards, the map u,} is placed at the bottom of the
cylinder, and the map wu, is placed at the top of the cylinder. We define d, ;. to be the
Hopf degree of the map w, . With our orientation convention, we have d_, j, = —dg j:
Indeed, reversing the orientation in our construction amounts to reflect the domain with
respect to the hyperplane R**~! x {1/2}, which, in terms of homotopy, corresponds to
taking the inverse.
We first prove that

Y dog = degy(ulog) — degp (uklag)-
o face of Q

For this purpose, we consider the set @ obtained by taking the union of ¢) and all the
cubes congruent to ) and sharing exactly one face with it. We observe that 9@ is
homeomorphic to the boundary of a cube. We define a map w on the (4n — 1)-skeleton of
@ by letting w be equal to u on 9@, and to w, j on the boundary of the cube that has
been glued to @ along the face |o| (after a suitable rotation so that both maps coincide
on |o|). It is straightforward to see that w|,5 is homotopic to ulgq, since the maps we
are constructed on the vertical faces as the projection of a linear interpolation between
Uy and us on d|o|. On the other hand, we have the identity

deg (w‘aé) = Z do e + degy (uk|3Q)‘
o face of Q

This follows directly from the construction of w, since gluing two maps defined on
the boundary of two neighboring cubes corresponds exactly to taking the sum of the
associated homotopy classes. Combining both these pieces of information, we deduce
that

deg(ulog) = degg(wlyg) = S doy + degir(uelog):
o face of Q

which proves the required formula.
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It remains to prove the integral estimate. For this purpose, we recall Riviere’s estimate
on the Hopf invariant [53]

_1 e
degu(DIH <1 [ DA

Applied to the maps wy 1, this yields
os' % < Co [ w1,
8Q4n
Invoking ({4.2)), the compactness of the embedding W14"~! < L in dimension 4n — 2,
and the weak lower semicontinuity of the norm of the gradient, we obtain

lim sup Z \dgk|l_ﬁ < Cslim inf(/ Day, |47 +/ ]Duk\4"_1>.
) k—o00 L?nfl L?n,Q

k=00 face of LAn—1

The conclusion then holds provided k. € N is taken sufficiently large. (]
Corollary 4.3. Under the assumptions of Proposition if for every cube Q of L;}",
degp(ulg) =2,

then

liminf/ Dy, |71 +/ |Duy |1 > Ce* In .
k—ro0 Lzln—l Lzm—z

Proof. This follows from the lower estimate on branched transportation [8, Theorem A.1],
and is linked to the fact that the exponent & =1 — 1/N is the critical exponent for the
irrigability of the Lebesgue measure in dimension N; see [4] and the references therein for
a detailed discussion about branched optimal transportation problems. Indeed, since the
maps uy, are assumed to be continuous on the whole @y, it follows that degy ux|ag =0
for every cube @Q of Lé‘”, which implies that

do e = 2. (4.3)
o face of Q

We define a transport plan to the boundary for the measure that consists of one Dirac
mass with weight equal to 2 at the center of each cube of L?” by connecting the center
of each cube to the centers of all the neighboring cubes by a segment, where each
segment is weighted by the number d, j, corresponding to the only face o that it crosses.
The orientation of the segments is determined by the sign of d, ;. By the fact that
d_s ) = —ds ) and , this indeed defines a transport plan from the above described
measure to the boundary, and the mass of this transport plan with respect to the branched

optimal transportation with power o =1 — ﬁ is exactly given by

3 ldy|
|o]
We conclude by combining the lower estimate on branched transportation and Proposi-

tion O

Remark 4.4. Strictly speaking, our lower bound just uses sublinear transport (without
branching), which means that a self-contained analysis would not require to take into
account the appearance of additional points.
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4.3. The counterexample. We take u given by Proposition Thanks to Fubini—-
Tonelli and Fatou, we can apply Proposition [£.2] and we get the conclusion by the uniform
boundedness principle for the weak approximation.

5. OBSTRUCTION FOR HIGHER ORDER SOBOLEV ENERGIES

In this final section, we briefly explain how a higher order counterpart can be deduced
from our main results by adapting our previous constructions so that the higher order
nonlinear uniform boundedness principle [47, Theorem 6.1] can be applied. In order to
do this, we need maps with improved regularity and with a control on the energy on
an enlarged domain; the explicit construction that we made in Sections [3| and [4] can be
adapted with reasonable effort.

We start with the construction in Section [3]| of the map into the skeleton of the torus.
Let n > 3,let s > 1, and let 1 < p < oo be such that sp = n— 1. We keep denoting by L’
the j-dimensional skeleton of R™. In Section [3.5] our counterexample was built up from
v := 7 o u defined in Proposition [3.8], where 7: Ng — Ny was ‘the universal covering and
u was the homogeneous extension of the inclusion i: L"~! — N. This construction can
be adapted to higher order regularity.

Lemma 5.1. Givene > 0, there exists a map v®™ € C®°(R"\ X, N)), with ¥ = (Z+1/2)",
such that

(i) v*™ is periodic under the action of Z",
(ii) for every k € N\ {0}, supxeRn\lekvsm(m)] dist(z, 2)F < oo,
(i7) [|v — v poomny < €.

Proof. By convolution of the map v with a suitable mollifier and projection on Ny via the
smooth nearest point projection, we obtain a smooth periodic map v***: L1 4+ Bs — Nj.

Then, we rely on a thickening procedure to extend v*** smoothly to R™ \ ¥. More pre-
cisely, on each cube of L™, that we identify with the cube [—1,1]", instead of precomposing
vt with z/|7|o as we would do for homogeneous extension, we precompose it with a
map of the form A(|z|zq)z, where A: (0,00] — [1,00) is a suitable smooth nonincreasing
map which is constantly equal to 1 in a neighborhood of [1,00) and ¢ € N is chosen
sufficiently large so that {z € R" | |z]oq > 1} C 9([—1,1]") + Bs; see [14, Section 4]. Let
us call v™ the map obtained through this process.

Since the thickening procedure was applied to the periodic map v***, the map v*™
is periodic. In addition, a suitable choice of the number §, the convolution parameter,
and the function A, ensures that holds. Property follows from the estimates for
thickening. ([

We may now compose v*™ with the Lipschitz map ®: N\, — Ny provided by Proposi-
tion which yields a map v''? := ® o v*™: R” — N with the following properties:

(i) v € WLPH (R, NG) NCR™ \ 2, Ab);
(ii) ' is periodic under the action of Z";
(iif) [[v" — ]| poo(mn) < Che.
Assertion follows from the fact that ®: N, — N is a left-inverse of the embedding
of N into N,.
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If Q; = [0,4]", the map v'"P|g, can then be lifted to a map u € Wl’”*l(Qg,/\Nfo) N
C(Qe\ Z,./\N/b), which can easily be checked to satisfy the assumptions of Proposition
with the exception that should be replaced by u(Qy,a) C Qr,a + Bc,e. However, it
is readily verified that the conclusion of Proposition [3.5| remains valid under this slightly
weaker assumption, provided that € > 0 is chosen sufficiently small. Therefore, as the
reasoning carried out in Section does not depend on the specific form of the map, we
deduce that the map v also satisfies the estimate

1,n—1 i
gre,{l (Uhp’ QZ)

R TV
This implies that also
1,n—1,/ sm
lim inf b (v, Q0) > 0, (5.1)

f—00 {mIn/
since any sequence of smooth maps that weakly converges to v can be projected
to a sequence of Lipschitz maps weakly converging to v'"P through the Lipschitz map
®: Ny — Ny provided by Proposition [3.9

By compactness of Ny, we have W*P(M,N,) C L*> and thus, by the Gagliardo—
Nirenberg interpolation inequality WP N L>® C WP, see e.g. |54, Lemma 3.1 p. 329]
or [18, Corollary 3.2], for every w € W%P(Q,, N,), we have

17 (w, Q0) < CollwllF (€% (w, Qo) + € F|lwll},) < C3(€7(w, Q) +0),  (5.2)
so that by definition of relaxed energy and (j5.1)),
o E (00 Q)
B

On the other hand, by the periodic character of the map v5™, it is straightforward to
check that, if 2Q, denotes the cube with the same center as (), and double edge length,
we have

> 0.

ESP (v 2Q,) < Cyl" and EVP (™ 2Q,) < Csl™.

The case where s ¢ N might be somehow more subtle, since the Gagliardo seminorm is
not additive. Working with mixed integrals, one has

s —Dls] P
[ Dho-bhr
QmXRm |.%' — y|m+(5—LSJ)p

and one can conclude then by additivity and periodicity (see |24, Lemma 2.1] for a precise
statement and a brief history of such techniques).

We are thus in position to apply the higher order nonlinear uniform boundedness
principle [47, Theorem 6.1], which proves the existence of a map u € WP(M, N,) which
cannot be weakly approximated by smooth maps in W*?(M, N, ), hence completing the
proof of Theorem [I.3]

A similar process applied to our construction involving the Whitehead product yields a
higher order counterpart to Theorem [I.2] Since the procedure is actually simpler than for
Theorem [I.T], as there is no lifting or passing from a cell complex to a manifold involved,
the target being a sphere, we omit the details. However, we importantly mention that
there is indeed a smoothing procedure to be performed. Indeed, even though the map f
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in the proof of Proposition [£.1] is taken to be smooth, the resulting map u does not need
to be smooth, not only because of the homogeneous extension procedure, but already
in the definition of v, which need not be constant near the boundaries of the faces of
d([—1/2,1/2)*"). (The image of the construction on d([—1/2,1/2]?) is misleading as it is
the only dimension where v is constant near the boundary of the faces.) Therefore, we
need to argue as for the higher order counterpart of Theorem build a smooth variant
of the original construction by first extending continuously on a neighborhood of the faces,
then use regularization by convolution and thickening to replace homogeneous extension,
and finally study the relaxed energy thanks to the Gagliardo—Nirenberg interpolation
inequality to get Theorem

Let us close this section with some thoughts about the case 0 < s < 1. In this case, there
is no smoothing needed for our constructions to be in WP but the Gagliardo—Nirenberg
interpolation inequality cannot be used to estimate the relaxed energy. Although it
should be possible to adapt the essential part of the slicing and bubbling arguments,
the crucial lower estimates on energies would require more work. In order to extend
Theorem to 0 < s < 1, one would need a fractional version of the localized degree
estimate of Proposition for Theorem Proposition relies on Riviere’s Hopf
invariant estimate [53|, which has only been partially extended to the fractional case for
s>1— 2L [60].

REFERENCES

[1] J. F. Adams, On the non-existence of elements of Hopf invariant one, Ann. of Math. (2) 72 (1960),
20-104, doi:10.2307/1970147.

[2] G. Alberti, S. Baldo, and G. Orlandi, Functions with prescribed singularities, J. Eur. Math. Soc.
(JEMS) 5 (2003), no. 3, 275-311, d0i:10.1007/s10097-003-0053-5.

[3] F. Almgren, W. Browder, and E. H. Lieb, Co-area, liquid crystals, and minimal surfaces, Partial
differential equations, 1988, pp. 1-22, |doi:10.1007/BFb0082921.

[4] M. Bernot, V. Caselles, and J.-M. Morel, Optimal transportation networks. Models and theory, Lect.
Notes Math., Springer, 2009, doi:10.1007/978-3-540-69315-4.

[5] F. Bethuel, A characterization of maps in H'(B* S%) which can be approzimated by smooth
maps, Ann. Inst. H. Poincaré C Anal. Non Linéaire 7 (1990), no. 4, 269286, |d0i:10.1016/S0294-
1449(16)30292-X.

[6] F. Bethuel, The approzimation problem for Sobolev maps between two manifolds, Acta Math. 167
(1991), no. 3-4, 153-206, |d0i:10.1007/BF02392449.

, A new obstruction to the extension problem for Sobolev maps between manifolds, J. Fixed

Point Theory Appl. 15 (2014), no. 1, 155-183, d0i:10.1007/s11784-014-0185-0.

, A counterezample to the weak density of smooth maps between manifolds in Sobolev spaces,

Invent. Math. 219 (2020), no. 2, 507651, |d0i:10.1007/s00222-019-00911-3.

[9] F. Bethuel and D. Chiron, Some questions related to the lifting problem in Sobolev spaces, Perspectives
in nonlinear partial differential equations, Contemp. Math., vol. 446, Amer. Math. Soc., Providence,
R.I., 2007, pp. 125-152, d0i:10.1090/conm /446 /08628.

[10] F. Bethuel and F. Demengel, Eztensions for Sobolev mappings between manifolds, Calc. Var. Partial

Differential Equations 3 (1995), no. 4, 475-491, doi:10.1007/BF01187897.
[11] F. Bethuel and X. M. Zheng, Density of smooth functions between two manifolds in Sobolev spaces,
J. Funct. Anal. 80 (1988), no. 1, 60-75, doi:10.1016,/0022-1236(88)90065-1.

[12] J. Bourgain, H. Brezis, and P. Mironescu, Lifting in Sobolev spaces, J. Anal. Math. 80 (2000), 37-86,

doi:10.1007/BF02791533.



http://dx.doi.org/10.2307/1970147
http://dx.doi.org/10.1007/s10097-003-0053-5
http://dx.doi.org/10.1007/BFb0082921
http://dx.doi.org/10.1007/978-3-540-69315-4
http://dx.doi.org/10.1016/S0294-1449(16)30292-X
http://dx.doi.org/10.1016/S0294-1449(16)30292-X
http://dx.doi.org/10.1007/BF02392449
http://dx.doi.org/10.1007/s11784-014-0185-0
http://dx.doi.org/10.1007/s00222-019-00911-3
http://dx.doi.org/10.1090/conm/446/08628
http://dx.doi.org/10.1007/BF01187897
http://dx.doi.org/10.1016/0022-1236(88)90065-1
http://dx.doi.org/10.1007/BF02791533

ANALYTICAL OBSTRUCTIONS TO THE WEAK APPROXIMATION OF SOBOLEV MAPPINGS 42

[13] P. Bousquet, A. C. Ponce, and J. Van Schaftingen, Density of smooth maps for fractional Sobolev
spaces W*P into € simply connected manifolds when s > 1, Confluentes Math. 5 (2013), no. 2, 3-22,
doi:10.5802/cml.5.

, Strong density for higher order Sobolev spaces into compact manifolds, J. Eur. Math. Soc.

(JEMS) 17 (2015), no. 4, 763-817, |d0i:10.4171/jems /518l

, Weak approximation by bounded Sobolev maps with values into complete manifolds, C. R.
Math. Acad. Sci. Paris 356 (2018), no. 3, 264-271, doi:10.1016/j.crma.2018.01.017.

[16] H. Brezis and J.-M. Coron, Large solutions for harmonic maps in two dimensions, Comm. Math.
Phys. 92 (1983), no. 2, 203-215, |d0i:10.1007/bf01210846.

[17] H. Brezis, J.-M. Coron, and E. H. Lieb, Harmonic maps with defects, Comm. Math. Phys. 107
(1986), no. 4, 649-705, doi:10.1007/bf01205490.

[18] H. Brezis and P. Mironescu, Gagliardo-Nirenberg, composition and products in fractional Sobolev
spaces, J. Evol. Equ. 1 (2001), no. 4, 387404, |doi:10.1007/pl00001378.

, Density in WP(Q;N), J. Funct. Anal. 269 (2015), no. 7, 2045-2109,
doi:10.1016/j.jfa.2015.04.005.

[20] H. Brezis and L. Nirenberg, Degree theory and BMO. I: Compact manifolds without boundaries,
Selecta Math. (N.S.) 1 (1995), no. 2, 197-263, doi:10.1007/BF01671566.

[21] G. Canevari and G. Orlandi, Topological singular set of vector-valued maps, I: applications to
manifold-constrained Sobolev and BV spaces, Calc. Var. Partial Differential Equations 58 (2019),
no. 2, Paper No. 72, 40, |d0i:10.1007/s00526-019-1501-8l

[22] F. Da Lio and T. Riviére, Three-term commutator estimates and the regularity of %-harmom’c maps
into spheres, Anal. PDE 4 (2011), no. 1, 149-190, |doi:10.2140/apde.2011.4.149.

[23] J. Deny and J.-L. Lions, Les espaces du type de Beppo Levi, Ann. Inst. Fourier 5 (1954), 305-370,
doi:10.5802/aif.55.

[24] A. Detaille, A complete answer to the strong density problem in Sobolev spaces with values into
compact manifolds (2023), available at https://arxiv.org/abs/2305.12589,

[25] J. Eells and L. Lemaire, A report on harmonic maps, Bull. London Math. Soc. 10 (1978), no. 1,
1-68, |d0i:10.1112/blms/10.1.1.

[26] J. Eells and J. H. Sampson, Variational theory in fibre bundles, Proc. U.S.-Japan Seminar in
Differential Geometry (Kyoto, 1965), Nippon Hyoronsha Co., Ltd., Tokyo, 1966, pp. 22-33.

[27] J. L. Ericksen and C. Truesdell, Exact theory of stress and strain in rods and shells, Arch. Ration.
Mech. Anal. 1 (1958), 295323, [doi:10.1007/BF00298012

[28] A. Gastel, Partial regularity of polyharmonic maps to targets of sufficiently simple topology, Z. Anal.
Anwend. 35 (2016), no. 4, 397-410, |doi:10.4171/ZAA /1571l

[29] M. Giaquinta, G. Modica, and J. Soucek, Cartesian currents in the calculus of variations II:
Variational integrals, Ergeb. Math. Grenzgeb., Springer, 1998, doi:10.1007/978-3-662-06218-0.

[30] P. Hajtasz, Approzimation of Sobolev mappings, Nonlinear Anal. 22 (1994), no. 12, 1579-1591,
doi:10.1016,/0362-546X (94)90190-2,

[31] F. Hang, Density problems for W (M, N), Comm. Pure Appl. Math. 55 (2002), no. 7, 937-947,
doi:10.1002/cpa.3020.

[32] F. Hang and F. Lin, Topology of Sobolev mappings. 11, Acta Math. 191 (2003), no. 1, 55-107,
doi:10.1007/BF02392696.

, Topology of Sobolev mappings. 111, Comm. Pure Appl. Math. 56 (2003), no. 10, 1383-1415,
doi:10.1002/cpa.10098.

[34] R. Hardt and T. Riviere, Connecting topological Hopf singularities, Ann. Sc. Norm. Super. Pisa Cl.
Sci. (5) 2 (2003), no. 2, 287-344.

, Connecting rational homotopy type singularities, Acta Math. 200 (2008), no. 1, 15-83,
doi:10.1007/s11511-008-0023-6\

[36] R. Hardt and T. Riviére, Sequential weak approzimation for maps of finite Hessian energy, Calc.
Var. Partial Differential Equations 54 (2015), no. 3, 2713-2749, doi:10.1007/s00526-015-0881-7.

[37] A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002.

[38] F. Hélein and J. C. Wood, Harmonic maps, Handbook of global analysis, Elsevier, Amsterdam, 2008,
pp. 417-491, 1213, d0i:10.1016/B978-044452833-9.50009-7.

(14]

(15]



http://dx.doi.org/10.5802/cml.5
http://dx.doi.org/10.4171/jems/518
http://dx.doi.org/10.1016/j.crma.2018.01.017
http://dx.doi.org/10.1007/bf01210846
http://dx.doi.org/10.1007/bf01205490
http://dx.doi.org/10.1007/pl00001378
http://dx.doi.org/10.1016/j.jfa.2015.04.005
http://dx.doi.org/10.1007/BF01671566
http://dx.doi.org/10.1007/s00526-019-1501-8
http://dx.doi.org/10.2140/apde.2011.4.149
http://dx.doi.org/10.5802/aif.55
https://arxiv.org/abs/2305.12589
http://dx.doi.org/10.1112/blms/10.1.1
http://dx.doi.org/10.1007/BF00298012
http://dx.doi.org/10.4171/ZAA/1571
http://dx.doi.org/10.1007/978-3-662-06218-0
http://dx.doi.org/10.1016/0362-546X(94)90190-2
http://dx.doi.org/10.1002/cpa.3020
http://dx.doi.org/10.1007/BF02392696
http://dx.doi.org/10.1002/cpa.10098
http://dx.doi.org/10.1007/s11511-008-0023-6
http://dx.doi.org/10.1007/s00526-015-0881-7
http://dx.doi.org/10.1016/B978-044452833-9.50009-7

(39]
(40]
[41]
42]
(43]
(44]
(45]
[46]

(47]

(48]

ANALYTICAL OBSTRUCTIONS TO THE WEAK APPROXIMATION OF SOBOLEV MAPPINGS 43

J. Huang, Y. Tong, H. Wei, and H. Bao, Boundary aligned smooth 3D cross-frame field, ACM
Transactions on Graphics 30 (2011), no. 6, 1-8, doi:10.1145/2070781.2024177.

R. L. Jerrard, Lower bounds for generalized Ginzburg—Landau functionals, SIAM J. Math. Anal. 30
(1999), no. 4, 721-746, doi:10.1137/S0036141097300581.

J. Jost, Harmonic maps between surfaces, Lecture Notes in Mathematics, vol. 1062, Springer-Verlag,
Berlin, 1984, doi:10.1007/BFb0100160.

J. M. Lee, Introduction to smooth manifolds, 2nd ed., Grad. Texts in Math., vol. 218, Springer, 2013,
doi:10.1007/978-1-4419-9982-5.

N. D. Mermin, The topological theory of defects in ordered media, Rev. Modern Phys. 51 (1979),
no. 3, 591-648, |doi:10.1103/RevModPhys.51.591.

N. G. Meyers and J. Serrin, H = W, Proc. Nat. Acad. Sci. U.S.A. 51 (1964), 1055-1056,
doi:10.1073/pnas.51.6.1055,

P. Mironescu and J. Van Schaftingen, Lifting in compact covering spaces for fractional Sobolev
mappings, Anal. PDE 14 (2021), no. 6, 1851-1871, doi:10.2140/apde.2021.14.1851.

, Trace theory for Sobolev mappings into a manifold, Ann. Fac. Sci. Toulouse Math. (6) 30
(2021), no. 2, 281-299, |doi:10.5802/afst.1675.

A. Monteil and J. Van Schaftingen, Uniform boundedness principles for Sobolev maps
into manifolds, Ann. Inst. H. Poincaré C Anal. Non Linéaire 36 (2019), no. 2, 417-449,
doi:10.1016/j.anihpc.2018.06.002.

N. Nakauchi and S. Takakuwa, A remark on p-harmonic maps, Nonlinear Anal. 25 (1995), no. 2,
169-185, |d0i:10.1016/0362-546X(94)00225-7.

J. Nash, C' isometric imbeddings, Ann. of Math. (2) 60 (1954), 383-396, |doi:10.2307/1969840.

, The imbedding problem for Riemannian manifolds, Ann. of Math. (2) 63 (1956), 20-63,
doi:10.2307 /1969989,

M. R. Pakzad, Weak density of smooth maps in W''(M, N) for non-abelian m1(N), Ann. Global
Anal. Geom. 23 (2003), no. 1, 1-12, doi:10.1023/a:1021227017504.

M. R. Pakzad and T. Riviere, Weak density of smooth maps for the Dirichlet energy between manifolds,
Geom. Funct. Anal. 13 (2003), no. 1, 223-257, d0i:10.1007 /s000390300006.

T. Riviere, Minimizing fibrations and p-harmonic maps in homotopy classes from S° into S?, Comm.
Anal. Geom. 6 (1998), no. 3, 427-483, d0i:10.4310/cag.1998.v6.n3.a2.

T. Runst, Mapping properties of nonlinear operators in spaces of Triebel-Lizorkin and Besov type,
Anal. Math. 12 (1986), no. 4, 313-346, |d0i:10.1007/BF01909369.

J. Sacks and K. Uhlenbeck, The existence of minimal immersions of 2-spheres, Ann. of Math. (2)
113 (1981), no. 1, 1-24, |doi:10.2307/1971131/

E. Sandier, Lower bounds for the energy of unit vector fields and applications, J. Funct. Anal. 152
(1998), no. 2, 379403, doi:10.1006/jfan.1997.3170.

E. Sandier and S. Serfaty, Vortices in the magnetic Ginzburg—Landau model, Progress in Non-
linear Differential Equations and their Applications, vol. 70, Birkhduser, Boston, Mass., 2007,
doi:10.1007/978-0-8176-4550-2.

R. Schoen and K. Uhlenbeck, Boundary reqularity and the Dirichlet problem for harmonic maps, J.
Differential Geom. 18 (1983), no. 2, 253-268, |d0i:10.4310/jdg/1214437663.

E. H. Spanier, Algebraic topology, McGraw-Hill, New York-Toronto-London, 1966, doi:10.1007/978-1-
4684-9322-1.

A. Schikorra and J. Van Schaftingen, An estimate of the Hopf degree of fractional Sobolev mappings,
Proc. Amer. Math. Soc. 148 (2020), no. 7, 2877-2891, |d0i:10.1090/proc/15026.

H. Urakawa, Geometry of biharmonic mappings: Differential geometry of variational methods, World
Scientific, Hackensack, N.J., 2019, |d0i:10.1142 /10886

B. White, Homotopy classes in Sobolev spaces and the existence of energy minimizing maps, Acta
Math. 160 (1988), no. 1-2, 1-17, doi:10.1007/BF02392271.

J. H. C. Whitehead, On adding relations to homotopy groups, Ann. of Math. (2) 42 (1941), no. 2,
409-428, doi:10.2307,/1968907.

G. W. Whitehead, FElements of homotopy theory, Grad. Texts in Math., Springer, 1978,
doi:10.1007/978-1-4612-6318-0.



http://dx.doi.org/10.1145/2070781.2024177
http://dx.doi.org/10.1137/S0036141097300581
http://dx.doi.org/10.1007/BFb0100160
http://dx.doi.org/10.1007/978-1-4419-9982-5
http://dx.doi.org/10.1103/RevModPhys.51.591
http://dx.doi.org/10.1073/pnas.51.6.1055
http://dx.doi.org/10.2140/apde.2021.14.1851
http://dx.doi.org/10.5802/afst.1675
http://dx.doi.org/10.1016/j.anihpc.2018.06.002
http://dx.doi.org/10.1016/0362-546X(94)00225-7
http://dx.doi.org/10.2307/1969840
http://dx.doi.org/10.2307/1969989
http://dx.doi.org/10.1023/a:1021227017504
http://dx.doi.org/10.1007/s000390300006
http://dx.doi.org/10.4310/cag.1998.v6.n3.a2
http://dx.doi.org/10.1007/BF01909369
http://dx.doi.org/10.2307/1971131
http://dx.doi.org/10.1006/jfan.1997.3170
http://dx.doi.org/10.1007/978-0-8176-4550-2
http://dx.doi.org/10.4310/jdg/1214437663
http://dx.doi.org/10.1007/978-1-4684-9322-1
http://dx.doi.org/10.1007/978-1-4684-9322-1
http://dx.doi.org/10.1090/proc/15026
http://dx.doi.org/10.1142/10886
http://dx.doi.org/10.1007/BF02392271
http://dx.doi.org/10.2307/1968907
http://dx.doi.org/10.1007/978-1-4612-6318-0

ANALYTICAL OBSTRUCTIONS TO THE WEAK APPROXIMATION OF SOBOLEV MAPPINGS 44

(A. Detaille) UNIVERSITE CLAUDE BERNARD LyoN 1, CNRS, CENTRALE LyoN, INSA LYON,
UNIVERSITE JEAN MONNET, ICJ UMR5208, 69622 VILLEURBANNE, FRANCE
Email address: antoine.detaille@univ-lyonl.fr

(J. Van Schaftingen) UNIVERSITE CATHOLIQUE DE LOUVAIN, INSTITUT DE RECHERCHE EN MATHEMA-
TIQUE ET PHYSIQUE, CHEMIN DU CYCLOTRON 2 BTE L7.01.01, 1348 LOUVAIN-LA-NEUVE, BELGIUM
Email address: Jean.VanSchaftingen@UCLouvain.be



	1. Introduction
	1.1. The weak approximation problem
	1.2. Analytical obstructions to the weak approximation
	1.3. Analytical vs. topological obstructions
	1.4. About the proof
	1.5. Higher order spaces

	2. Bubbling of sequences of Sobolev mappings
	3. Analytical obstruction for integer exponent
	3.1. Conical joint estimate on the Brouwer degree
	3.2. Lower bounds on energies on spheres
	3.3. Lower bound on the relaxed energy
	3.4. Analytical obstruction with values into a skeleton
	3.5. From the skeleton to a manifold

	4. Whitehead products and spheres
	4.1. Construction of mappings
	4.2. Lower estimate on the relaxed energy
	4.3. The counterexample

	5. Obstruction for higher order Sobolev energies
	References

