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curves and semi-cuspidal representations

KLR AND SCHUR ALGEBRAS FOR CURVES AND SEMI-CUSPIDAL REPRESENTATIONS

RUSLAN MAKSIMAU AND ALEXANDRE MINETS

ABSTRACT. Given a smooth curve C, we define and study analogues of KLR algebras and quiver Schur
algebras, where quiver representations are replaced by torsion sheaves on C. In particular, they provide
a geometric realization for certain affinized symmetric algebras. When C = P!, a version of curve Schur
algebra turns out to be Morita equivalent to the imaginary semi-cuspidal category of the Kronecker quiver
in any characteristic. As a consequence, we argue that one should not expect to have a reasonable theory
of parity sheaves for affine quivers.
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0. INTRODUCTION
0.1. Motivation. KLR algebras were introduced by Khovanov and Lauda [ ] and Rouquier [ ]
as a tool for categorification of quantum groups. The geometric construction of this algebras was given
by Varagnolo and Vasserot [ ] and Rouquier [ ]. The positive characteristic version of this
construction was done in [ ].

Let us recall this geometric construction. Let I' be a quiver without loops and let @ be the dimension
vector. To this data we can associate a complex variety Z,. Its points are parameterized by triples,
consisting of a representation of I having dimension « together with two full flags of subrepresentations
on it. Then the algebra R(a) is isomorphic to the equivariant Borel-Moore homology H*(Z,), where
G, is a certain group of gauge transformations. The union of categories of (graded, projective, finitely
generated) R(«)-modules can be then equipped with induction and restriction functors. These functors
categorify product and coproduct in the quantum group U, (gr), where gr is the Kac-Moody Lie algebra
associated to I".

One of our motivations was to generalize this construction to other objects. Namely, recall that by a
theorem of Ringel-Green [ , ] the quantum group U, (gr) can be also realized as the spherical
Hall algebra of the category of representations of I. Another class of categories whose Hall algebras
were actively considered is categories Coh C of coherent sheaves over smooth curves, see [ ] for
an overview. In particular, starting with an elliptic curve, we get the elliptic Hall algebra, which was ex-
tensively studied under many different guises [ , , , ]. Proceeding by analogy with
quivers, we expect that KLR-like algebras associated to the category Coh C will provide an interesting
categorification of the Hall algebra of C.
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In the present paper, we are making first steps in this direction. Namely, given a smooth curve
C we consider the moduli stack T¢c = Tor C, which parameterizes torsion sheaves on C. Repeating
the construction of KLR algebras, we consider the moduli of triples, consisting of a torsion sheaf of
length n together with two full flags of subsheaves. Its Borel-Moore homology gets equipped with a
convolution product, and we call the resulting algebra RS the curve KLR algebra. ' Further, replacing
full flags by partial flags, we define and study the curve Schur algebras 8. We obtain the following
explicit description of 8§, see Section 2 for notations.

Theorem A (Theorem 3.15). Let P, = Bjecomp(n) PS1. The algebra 8C can be identified with the
subalgebra of End(P ), generated by multiplication operators P, C End(P,), inclusions of invariants

S’V PS1 < P, o (split), and the merge operators

Ak Ak a
RN B (=)

acG, /6, i=1 j=1 Xt _xAk 1+
where A = (A4, ..., A,) is a composition of n, Ak = Y cick Ais and A = (A1, ..., A1, Ak + At Akszs s Ar).

We also provide an explicit basis and a diagrammatic presentation for 8¢, see Theorem 3.10. It turns
out that the integral version of 8§ for C = P! is intimately related to the representation theory of KLR

algebras in type ;[2.

0.2. Semi-cuspidal categories. Let T be a quiver of affine type. It is known [ , ] (under
some conditions on the characteristic of the base field) that the KLR algebra R(«) is properly stratified,
see [ ] for the definition of this property. Informally speaking, this means that one can slice the
category of R(a)-modules into a collection of categories C(n¢)—mod, where ¢ is a positive root. The
category C(n¢)—mod is the category of semi-cuspidal R(n&)-modules. It is easy to describe if ¢ is a real
root, but becomes much more complicated when ¢ = § is the imaginary root. In the present paper, we
shed some light on this problem by finding an explicit diagrammatic algebra, which is Morita equivalent
to C(nd) in any characteristic.

When working over k a field of characteristic zero, this was already done in [ ]. In this case
C(nd) can be shown to be Morita equivalent to eyC(nd)ey for some simple and explicit idempotent
eg. For any Zs(-graded symmetric algebra F, Kleshchev and Muth introduce the affinized symmetric
algebra 20, (F) of rank n, and then prove an isomorphism eyC(nd)ey = 20,(F) for a specific choice of
F. In particular, in type sl one has F = k[c]/(c?).

In positive characteristic, the algebras C(nd) and ey C(nd)ey are not Morita equivalent any more. It is
possible to find a more complicated idempotent e such that the algebras C(nd) and eC(nd)e are Morita
equivalent. However, no explicit description of eC(nd)e is known in general.

The starting point of our contribution is the following observation:

Theorem B (Theorem 4.15, Section 5.3). We have an isomorphism of algebras RS = 23,(H*(C,Q)).
When C = P!, this isomorphism holds over any field k.

This suggests that the curve Schur algebras 8$ can be related to the imaginary semi-cuspidal cat-
egories. Indeed, let T be the Kronecker quiver, and C = IP!. Using the well-known derived equiva-
lence between coherent sheaves on P! and representations of T, we produce a homomorphism @,
eC(nd)e — 8],1:1. It is constructed in a geometric fashion, and is defined over any field, as well as over
k = Z. It turns out that @, is bijective if k is a field of characteristic zero and is injective for k = Z,
with the image 31,[,)1 := Im®, being a sublattice of full rank in SI,I;I. Note that ®, is not an isomor-
phism; this discrepancy is related to the fact that the integral cohomology groups of the stack J¢ are
not generated by tautological classes, see Example 5.7 and Proposition 7.37. In conclusion, we get the
following result:

Theorem C (Theorem 7.39). LetT be the Kronecker quiver, and let § be the imaginary simple root. Denote

Sy’ = g]}:l ®z F,. For any n > 0 and p prime, we have an isomorphism eCp,(nd)e = gfp.

IKLR algebras are often called “quiver Hecke algebras”, so we could call RS “curve Hecke algebra”. We opted to not use
this terminology, since Hecke algebras already appear in too many different contexts
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Note that H*(IP!, k) = k[c]/(c?), so as a byproduct we obtain a new geometric proof of the isomor-
phism of Kleshchev-Muth in type ;[2.

The sublattice g],lfl can be described in terms of Theorem A. Namely, we give a certain explicit sub-
lattice P, C P, which is preserved under the action of g]}l;l. The algebra g],lfl is then generated by
multiplication operators in P, together with split and merge operators S/ , M?,. This allows us to ob-

tain a diagrammatic description, an explicit basis and a polynomial representation P, ®z F, for glrljp .
We conjecture that this representation is faithful, see Conjecture 7.40.

In Appendix A we discuss a consequence of the fact that the map @, is not surjective over IF,.
We show that for the Kronecker quiver the fibers of the flag version of Springer resolution have even
cohomology groups over Z. For a quiver of Dynkin type, this would be enough to exhibit a nice
theory of parity sheaves on the quiver variety [ ]. However, the existence of such a theory for
the Kronecker quiver would imply surjectivity of ®,,.

0.3. Future work. We expect that applying our approach to curves with orbifold points will shed light
on the semi-cuspidal category C(nd)—mod in other types. It would be also interesting to deduce some
combinatorics of C(nd)—mod from our explicit description of eC(nd)e.

Concerning the categorification questions, the next logical steps would be to consider Schur algebras
for the whole category Coh C, including sheaves of positive rank. We plan to investigate this in the
future. For C = IP!, partial results in this direction were obtained in [ ]. For C = E an elliptic
curve, we hope to obtain a categorification of the elliptic Hall algebra, compatible with the action of
the braid group Bs on D?(Coh E).

0.4. Organization of paper. We start by recalling the theory of convolution algebras and their local-
ization in Section 1. Next, we introduce the moduli stack of (flags of) torsion sheaves on a smooth curve
and prove some of its properties in Section 2. In Section 3 we introduce curve Schur algebras 8¢, and
construct a basis and a faithful representation for them. A certain simple subalgebra of 8¢ is described
by generators and relations in Section 4. In Section 5, we discuss in detail the integral version of 8 for
C = IP!. In Section 6, we recall some properties of KLR algebras and their divided power version. In
Section 7, we provide a description of the semi-cuspidal category of the Kronecker quiver in positive
characteristic in terms of 8. Finally, these results are used in Appendix A to show that there is no
satisfactory theory of parity sheaves for the Kronecker quiver.

Acknowledgments. A crucial role in the development of this paper was played by Alexander Kleshchev.
We thank him for numerous fruitful discussions, for sharing his insight into semi-cuspidal representa-
tions of KLR algebras and particularly for pointing out to us that the map @, should not be surjective
over Z. The authors would also like to thank Anton Mellit, Olivier Schiffmann, Eric Vasserot for stim-
ulating discussions, and anonymous referees for valuable feedback. This collaboration between the
two authors started from a conversation at the workshop “Geometric representation theory and low-
dimensional topology” at ICMS, Edinburgh, and was in parts conducted during the thematic trimester
on representation theory at IHP, Paris.

Notations. All varieties we consider are defined over C, and dim(—) always means the complex dimen-
sion. The coefficient ring of H, is denoted by k. We always assume either that k is a field, or k = Z. In
Sections 3 and 4 we additionally assume that k is a field of characteristic zero. We will almost always
drop the coefficient ring from the notation.

For any G-variety X we define H;(X) := HZ,. . .(X) by abuse of notation. When X is smooth, we
recover the usual cohomology groups, while for general X this is usually not true. We introduce this
notation solely for the purpose of getting correct gradings later on, and will avoid it whenever possible.
We will never consider usual cohomology groups for singular varieties.

1. LOCALIZATION OF CONVOLUTION ALGEBRAS

1.1. Borel-Moore homology and refined pullbacks. Recall that for an algebraic variety X, its Borel-
Moore homology is defined as relative homology with respect to some compactification of X. In what
follows, we will drop the superscript and write H,(X) = H?M(X). For any proper map f : X — Y, we
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have the direct image f. : H.(X) — H.(Y). For any lci* morphism g : X — Y, we have the pullback
map g* : H.(Y) > H.;24(X), where d is the relative dimension of g. Further, let h : Y — Y be an
arbitrary morphism. Form a cartesian square

Y xy X —2 5y’
N
X —2 5y

Then one can define the refined pullback (g’)fg : Ho(Y’) > Hyy24(Y'xy X). In particular, if X, Y’ C Y are

closed subvarieties, and both X and Y are smooth, we get a restriction map H.(Y’) = Hi—scodimyx(Y’ N
X).

Remark 1.1. As notation suggests, (g’ )"g depends on the whole cartesian square (1), and not just the
map g’. However, we will often drop the subscript, when the choice of cartesian square is clear.

For a closed embedding of smooth varieties X C Y, we denote its normal bundle by NxY. We say
that a diagram is a fiber diagram if all squares in it are cartesian.

Proposition 1.2. (a) For any fiber diagram

g gl
Y xy Xy —2— Y/ xy X —— Y’

| | |

X2 82 Xl 81 %

we have (g1 © 8,0, = (89)y, ° (81}, provided that gy and g, are Ici;
(b) consider a fiber diagram

17
X" g y”

b
x &y
e
x %,y

with both g and g’ regular embeddings. Then (g”)‘!g =e(W*(NxY)/Ny Y’)- (g”)ig/;

(c) consider a fiber diagram as in (b). If f is proper, then (g’)ig o fi=flo (g”)ig;
(d) consider a fiber diagram

/7

X7 g y” 7!
e e
X -5y z
X -2y

with g and h Ici morphisms. Then (g”)" o (0')" = (h") = (g')';
(e) suppose g in (1) is a closed embedding. Then (g')" o (g/)«(=) = e((W)*NxY) - —.

Proof. For (a-d), see [ ]and [ , Chapter 6]. The part (e) follows by setting Y/ = X’ in (c), and
further Y/ = Y”” = X’ in (b). O

%that is, a composition of a regular embedding and a smooth map



KLR AND SCHUR ALGEBRAS FOR CURVES AND SEMI-CUSPIDAL REPRESENTATIONS 5

1.2. Localization theorem. Let T C G be a reductive group together with a fixed maximal torus, and
denote by W the corresponding Weyl group. In this paper, we will be chiefly considering equivari-
ant Borel-Moore homology groups. Proposition 1.2 extends to the equivariant case by the argument

in [ , Appendix B.9]. For brevity, we will always denote the G-equivariant cohomology of a point
Hg(pt) by He.

Proposition 1.3 ([ ,1IL.§1)). Let X be a G-variety, and k a field of characteristic0. Then HS(X, k) =
HI(X, k)W.

Let X be a T-variety. The homology group H (X) is naturally an Hr-module; we will write H, (X)joc
for its localization H(X) ®p, Frac(Hr).

Let XT be the subvariety of points in X fixed by T, and the inclusion ix : X7 < X the natural
embedding.

Proposition 1.4 (Localization theorem). Let T be an algebraic torus, and X a T-variety. Suppose that X T
is not empty. Then the Frac(Hr)-linear map ix« : HI (X )ioc = HI(X)1oc is an isomorphism. Moreover,
assume that k is a torsion-free Z.-module. Then for any T-equivariant closed embedding X — Y into a
smooth T-variety Y, the map (ix)i.y : HI (X)10e = HI (X )1oc is an isomorphism as well.

Proof. The first claim is proved in [ , IIL.§1]. The second claim is obtained by applying Proposi-
tion 1.2.(e). O

Remark 1.5. Note that we only need the assumption on k to assure that the Euler class in Proposi-
tion 1.2.(e) is not a zero divisor. Thus the proposition will hold for other k, if we can check this condition
separately.

Applying Proposition 1.2.(e), we get a useful corollary.

Lemma 1.6. Let f : X’ — Y’ be a projective morphism of smooth T-varieties, Y C Y’ is a closed T-stable
subvariety, and X = Y xy» X’. Assume that fixed point sets X', YT are non-empty, and let fr : XT — YT
be the restriction of f. Then we have a base change formula in localized homology groups:

iy (=) = e(NeynrY') - fra (e(Nxeryr X)) 71 - ix(5)) -
Corollary 1.7. Let X be a G-variety. Assume that HS(X) is a torsion-free Hg-module. Then the compo-
sition
HP(X) € H(X) = H] (Xioc = H (X Nioc
is injective.
Proof. It’s enough to check that for any a € HE(X), its annihilator inside the Hr-module H(X) is

trivial. Since HP(X) is torsion free, we have Ann(a) N Hg = 0. If pa = 0 for p € Hr, then [,y o(p)
lies in the above intersection. Since Hy is integral, we conclude that p = 0. ]

Note that for a G-variety X, its homology H/(XT) acquires a W-action, induced diagonally from
the actions on X and T. We therefore obtain an embedding H(X) (H*T (X T)10C> v

1.3. Convolution algebras. Let 7 : Y — X be a proper morphism between smooth varieties. For
any k > 1, define
Z® =Y xyx.oxy Y,

[N
k+1 terms

and let ji : Z0) < Y**1 be the natural embedding. We will write Z = Z(), Z® = Y, and j = jj.

For any finite set of indices I = {i; < i, < ... < ir}, where iy < n, consider the natural projections p; =
Pipip + Y > Yk onto the coordinates contained in I. We will denote the corresponding restrictions
Z=D 5 7= by the same letter. In particular, for any 1 < i < k + 1, we have amap p; : Z® - Y.
Since Y is smooth, the embedding (p;,idz) : Z®) < Y x Z® is regular, so that the pullback along it
provides us with an H*(Y)-module structure on H,(Z*)). We will denote this action by y -; x, where
y € H*(Y), x € H.(Z%).
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Consider the following diagram with cartesian square:

7% 7 (p12.p23) Z(z) b3 A

[ [

Y2xY2 — Y3

For each y € H*(Y), we have the following convolution product on H,(Z):
*y 1 Ho(Z) ® Hi(Z) = Hi—2dim Y—deg v(2),
a® b (pi3)s ()’ 2 (P12, p23)'(a ® b)) ,

where the refined pullback (pi2, p23) is defined with respect to the regular embedding Y3 < Y2 x Y2,
In the same fashion, we have a map

H.(Z) ® H(Y) — *—deg y(Y)’

(2) a® x = (p1):((yx) 2 a).

Proposition 1.8. A, = A, (1) = (H.(2), *,) is an associative algebra. The map (2) defines an A ,-module
structure on H,(Y).

Proof. For y = 1 € H°(Y) this is Corollary 2.7.41, 2.7.42 in | ]. For general y, the proof'is analogous.
O

Notation. In what follows, we will call y the twist, and drop the subscript if y = 1 € H°(Y).

Example 1.9. Consider the identity map Y — Y. The associated convolution algebra is simply H,(Y)
together with intersection product. Moreover, the closed embedding Y = Yxy Y < Y xx Y = Z defines
a homomorphism of algebras H,(Y) — A, and restriction of the action in Proposition 1.8 to H.(Y)
coincides with the left action of H.(Y) on itself.

Suppose now that T is an algebraic torus, X and Y are T-varieties, and r is T-equivariant. Note that
ZT =yT x XT YT, Let us further assume that Tyr YT - XT is a submersion, so that Z®T is smooth
for any k > 1. Therefore, Proposition 1.8 produces algebra structures on H (Z) and H] (Z7)j,.. Let us
call these algebras A. and AT respectively, where subscripts stand for the twist.

Let e(Y) € H3(YT) denote the equivariant Euler class of the normal bundle Ny Y.

Proposition 1.10. The localization map i, induces an algebra homomorphism A — .Ag(y),l.

Proof. Consider the localization diagram:

P12Xp23 P13

ZxZ AL Z

iz XizT i z(Z)T izT

ARVAIE Y Ol

Note that the left square is cartesian, while the one on the right is only commutative. By Proposi-
tion 1.2.(d), we have (iZ(z))Ey4 o(pra X p3)' = (pT)‘!Dlzxp23 ° (izxz)i'm. On the other hand, by Lemma 1.6 we
have

i7p13:(=) = qra(e(Nysr YO f7(e(Nyr Y2)) - (iz);, (5)
= qr- (1) 2 (170);,, )
Finally, Proposition 1.2.(b) shows that (pT)iD12X b, = €(Y) 2 pt. Putting everything together, we get
it o P13« o (P12 ° p23) (=) = qr (e(Y)_2 2 (iz<2))éy4 o(pr2 o P23)!(—))
= qTx (e(Y)_z 2 (pT);thPza ° i!Zz(_)) = qT= (e(Y)_l 2 Pr o l.lzz(_)) >

which proves that i, commutes with multiplication. O
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Proposition 1.11. We have a commutative square

A® H(Y) ———— H.(Y)

K %
lzzxzy lly

‘AZ(Y)’1 ® H*T(YT)IOC — H*T(YT)IOC

where the horizontal maps are defined by (2).

Proof. Analogous to Proposition 1.10. ]

1.4. Convolution from finite group action. Let us conclude this section with an easy example,
which will become useful later. Namely, let I" be a finite group acting on a smooth variety X, and set
Y =T x X, with 7 : Y — X being the projection. We clearly have Z = I'? x X, and

(3) H.(Y) = k[Tl ® H(X), H.(2) =Kk[I®* ® H.(X).

Fix a class y € H*(X), and let y° = der g ® y8 € H.(Y), where x8 denotes the image of x € H.(X)
under the action of g € I'. Consider the algebra A,-. As a vector space, it is isomorphic to H.(Z), while
the product is given by

(4) (E1®82®x)* (h ®hy®y) = 0g,1(81 ® hy ® xyy*),

where Jg, ,, is the Kronecker delta. Note that if we equip Y = I' x X with the diagonal I'-action, 7
becomes I'-equivariant. Moreover, y° € H.(Y) is aT-invariant class. Therefore, I acts on A, via algebra
automorphisms; under the isomorphism (3), it gets identified with the diagonal action on k[I'|®? ®
H.(X). Consider the T'-invariant subalgebra A)F,n C A,-. Its basis is given by elements

g(g,x) = Z h®hg® X"
hel
Using the formula (4), we get
5) Egx) * Ehy) = Z f® fgh®x (yy)'& = Eenxiypy)
fer
In particular, assume that y is invertible and of even degree. Denote g?(g)x) = &(gxy1)- Then E(g’x) *
S?(h,y) = S?(gh,xyg), so that .A,rr*y is isomorphic to the semi-direct tensor product H.(X) x C[T].
In the same way, H*(Y)F is an A; -module. We have

H(X) = H*(Y)F > H(Y), x> x".
Under this identification, the action is given by &, ).y = x(yy)$, or equivalently g(g,x).y = xy8 nyg.
Setting l;y = yy !, we get E(g,x).% = 1/7xyg.

Remark 1.12. The actionmap a : Y = T'x X — X is I'-equivariant, where I' acts by multiplication
on the first coordinate of Y. It is easy to check that the map Y — Y, (g,x) — (g, g.x) induces an
isomorphism of algebras fl,r[*y(a) = A)r,u(n').

2. TORSION SHEAVES ON CURVES

2.1. Flag varieties. In this subsection, we recall some standard facts about flag varieties.

For each n, consider C" together with its standard basis ey, ..., e,, and let Vi = @zkzl Ce; for any
1 < k < n. Let G, = GL(C"), G,, the symmetric group on n symbols, and let T, C B, C G, be the
maximal torus and the Borel subgroup, associated to the basis above. We call a tuple of positive integers
A = (A4, ... Ax) a composition of n, if ) ; A; = n (the length k is not fixed), and denote by Comp(n) the set
thereof. We also set )Ntl- = A1 + ... + A;. We introduce the following index subsets of Z%:

N, = U [ii+1,ii+1]x[1j+1,/i]’+1], Iy =N, u (U[ii+1,ii+1]z>\{(i,i) 11<i < Tl}.

0<i<j<r—1 i
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For each A € Comp(n), denote &, = &;, x...x6,, C &,, G; = Gy, x...x Gy, C Gy, and P; = G)B,,.
The partial flag variety G, /P, will be denoted by .%;; we will also write .%#, := .#1» for the complete
flag variety.
One can identify G, /&, with the set of minimal length coset representatives, which we denote by
&h:
&t = {0 €6, | 0() < a(j)if A <i< j< Agyy for some k}.
We have analogous identifications for right and double cosets:

GI\G, =6 =@ '={c"|oce&"}, G,\6,/6,="c":=rsn6"

For any w € &,, let F,, € %, be the flag w.V), € w.V),44, C ... C C". Note that F,, depends
only on wS,. The flags F,, are precisely the T,-fixed points in .#,. Moreover, they are in one-to-one
correspondence with left B,-orbits in .%):

F) = |_| B,.F,,.

weGh

Let us denote O} = B,.F,, C .%;; we will omit the superscript when the choice of parabolic subgroup
is clear. Each of these strata is an affine space.
The Bruhat order on &, induces a partial order on G*. It coincides with the orbit closure order on
F:
Vwy, wy € &%, [wi] < [wz] & Oy, C O,,.
For any two compositions A, y € Comp(n), the orbits in .%, x %, with respect to the diagonal action
of G, are parametrized by double cosets. Moreover, we have a G,-equivariant stratification

(6) FuxFr= | | Qu
weHGSA
where Q,, = G,,.(F,, F,,). For later use, we denote Pl)“/’1 := P, nw.Py = Stabg, (F,, F,,). It is clear that P;“/’1
retracts to the reductive group G = Gunw.Gy, whose Weyl group is given by &, n w.G,.
We will write H%n(pt) = Kk[x1,..., x,], where x; is the first T,-equivariant Chern class of the line
bundle Ce;, equipped with the T,-linearization by the action of the i-th diagonal element, and deg x; = 2.
We will use x; and Ce; interchangeably. In accordance with Proposition 1.3, we have

Hg (pt) = Klxi, ..., x4] 7, H;, (F3) = Hy, (pt) = k[xi, ..., x, ]2
The Euler classes of tangent spaces at T,-fixed points are expressed by the following formulae:

o(Tr, 7)) = [ G-, e (T, £ Cn(Fup F)) =[] (-

(i.))ewNy, (i.))e w1 N,Uwy N

2.2. Torsion sheaves on a smooth curve. Let C be a smooth projective curve over C, and denote
by O = Oc its structure sheaf. Let T = Tor C be the moduli stack of torsion sheaves on C. It has a
decomposition into connected components T = | |,cz_ Ty, where T, stands for the moduli stack of
torsion sheaves of degree n.

The stack T, possesses an explicit presentation as a quotient. Namely, let Quot,(C" ® O) be the
Quot-scheme for constant Hilbert polynomial P = n. Recall (see [ ] for details) that its C-points
are given by quotients ¢ : C" ® O — &, where € is a torsion sheaf of degree n. This Quot-scheme is
smooth, and its tangent space at ¢ is

(7) T,Quot,(C" ® O) = Hom(Ker ¢, €).

Moreover, the Quot-scheme has a natural G,-action by automorphisms of C" ® O. Define Q, as its
open subscheme, consisting of quotients which induce an isomorphism on global sections:

On= {(p :C"®0O - & | H%¢) is an isomorphism} C Quot,(C"® 0).
Note that Q, inherits G,-action.

Lemma 2.1 ([ 1). We have an isomorphism of stacks [Q,/Gn]| = Th.
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In particular, each T}, is smooth, since the lemma above provides it with a smooth atlas.
When n = 1, we have isomorphisms Quot;(0) = Q; = C, and the action of G; = Gy, is trivial. In
view of this, denote by p;; : Q1 xQ; xC = CxCxC — CxC the natural projections (as in Section 1.3).

Lemma 2.2 ([ , Lemma 3.2]). Let K, & € Coh(Q; x C) = Coh(C x C) be the universal families of
kernels and images of quotients O — & respectively. Then

* * X
praxHom(p3 K, ps &) = ;ZOCXC(A),
1
where A C C x C is the diagonal.

Notation. When working with Qf, we will write X; = p/, X, & = p;,,,E, and further denote the
sheaf py_,.JHom(XK;, €)) of global sections along C by Hom(Xj;, €)).

By [ , Lemma 3.1], we have an identification Q" = (Q;)" = C". The normal bundle to the fixed
point set NorQ, is given by the following formula:
X
(®) Noy Qn = (TQloy /T = €D Hom(K;, €)) = €D L 0(Ay),
i#] #j ot

where A;; C C" is the preimage of A under the natural projection p;; : C" — C2,

For any I C [1, n], write V; = @,; Ce;. Let S € 21" be a collection of subsets of [1, n]. Let S € 217l
be the smallest collection which contains S and is stable under taking intersections and complements.
It gives rise to a disjoint union [1,n] = | | i 1, with subsets I; being subsets in S, which are minimal

under inclusion. Consider the subset Qs C Q,, consisting of quotients ¢ : C" — &, such that

©9) H(@)lvgo : Vi > H'(Im ¢ly,0)
is an isomorphism for any I € S. Further, we denote Qs :=[]; QV1j®o, where QV1j®O is defined in the

same way as Qdim Vi, with C4™ Vi replaced by VI,

Lemma 2.3. Qs is a smooth closed subvariety of Q,. More specifically, Qs is a vector bundle over Qs.

Proof. If S = {I} consists of one subset, then Qs is closed in O, by [ , Proposition 1.8]. For general
S, Qg is closed as an intersection of closed subvarieties.

Let I C [1, n], and J its complement. Consider an action of C* on C", which has weight 1 on V; and
is trivial on V;. This induces an action a; of C* on Q,. Moreover, analogously to [ , Lemma 3.1]
we have (0,)¢ = Qv,e0 X Qv,00, and the corresponding attracting set is Q{I}.

For a general S, consider an action of the torus Ts = [[;cs(Gm); on Qg, where for each I the action
of (Gp,); is given by a;. Taking intersections, we see that the fixed point set of this action is Qg, and the
attracting set is Os. Biatynicki-Birula’s theorem [ ] then implies that Os is a Zariski locally trivial
fibration over Qs, whose fiber is an affine space. In particular, it is smooth. O

Let A = (A4, ..., A¢) be a composition of n. Consider the stack of flags of torsion sheaves of type A:
?)L = {0 = 80 C 81 c...C Ek : deg(Ei/E,-_l) = /11}

Analogously to Lemma 2.1, the stack F; has a quotient presentation F; = [0,/P;]. Here, 0, = Qs for
S = {[1, ]}k ;; we will also call this collection of intervals A by abuse of notation. Analogously to (8),
we have

(10) Not0i = (TQnlgr/TQI = D Hom(¥.£) = P Zo,).

(. )el1.n]A\N, G.en Y
i*j

We have maps

F
AN G(E1 C €y C o C &L = (E1,85/E1 0, E4/Eo1),
/ \ pa(Erc & .. c &) =¢E,
T2 Ta
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where T, := T, x..x 7). Note that the map g, is not representable, since it is not faithful on
automorphism groups of points. However, it is a stack vector bundle, that is it comes from a two-term
complex of vector bundles on the base, see [ , Corollary 3.2]. For instance, when k = 2, this
complex is RHom¢ (€1, €2)[1], where &; is the universal sheaf on T, x C. In particular, pulling back
along g; induces an isomorphism H*(F) = H*(T}).

On the other hand, p; is induced by the embedding Q; < Q,:

pr : Fa=[01/P] =[Gy xp, 01/Gn] = [Qn/Gn] = Ty
In particular, it is a projective morphism.
Denote Y, = G, xp, Q5. Then (Y;)™» = &,/&, x C", and the projection (Y;)™ — Q" gets identified
with the projection G,/&; x C" — C".
Let us denote P, = P,(C) = H*(C")|[x1, ..., x,], where deg x; = 2.

Proposition 2.4 ([ , Theorem 1]). We have H*(T,) = PSn.
Since g is a stack vector bundle, we also have

(11) H'(F) = H'(T) = Q) Py =P

-
Lemma 2.5. Let co be the composition H*(T,) = Hg (Qn) < Hr, (On) LR Hr (C™) = H*(TT). Then
the following square commutes:

H*(T,) —— P&
o]
H*(T]) == Pu

Proof. Consider the following diagram, where the vertical arrows are given by restriction to T,,-fixed
points, and a : &, x C" — C" is the natural action:

HE (Qn) —— HE (Yin) +—— Hj, (Q1r) —— Hj (Q1)

J= l |

H: (C") —“— Hj (6, x C) +“— Hj (C") == Hj (C")

All squares above are obviously commutative, except for the second one, which commutes by [ ,
Lemma A.17]. The proof of Proposition 2.4 in [ ] shows that the composition of upper horizontal
maps coincides with the inclusion H*(T,) = Pf“ C P,,. On the other hand, the lower horizontal row
can be replaced with the identity map without breaking commutativity. This concludes the proof. [J

Corollary 2.6. Let A € Comp(n). The following square commutes:
H*(F)) +——— H*(Ty)
fe |
H;,(6,/6, x C") +“— H;,(C")
wherea : 6,/G; x C" = &4 x C" — C" is the natural action.

Proof. Consider the following diagram:

HE, (Y)) «+——— H;, (Q) HE, (Q)) —— P

| | o]

H; (6,/6, x C") +%— Hi (C") == H(C") P,
The first square commutes by [ , Lemma A.17], and the last one does by Lemma 2.5. We are

done. O



KLR AND SCHUR ALGEBRAS FOR CURVES AND SEMI-CUSPIDAL REPRESENTATIONS 11

Remark 2.7. Recall that T} = C" x BT,,. In particular, its cohomology has pure weight filtration, and
therefore so do H*(7,,) and H*(F)).

2.3. Steinberg varieties.
Definition 2.8. Let A, u € Comp(n). The fiber product

Z,u,/l 1= Y‘u X0, Y, C Yy x Yy
is called the partial Steinberg variety of type (u, A).

For each A € Comp(n), there is a natural map

Yy = Gpxp, Q) = Fa = Go/Ps, (g @) — gPx.

Then the ambient variety Y, xY) comes equipped with a projection to the product of partial flag varieties
fuar @ Yy x Yy = F, x F,. The stratification (6) induces the following stratification on Z,,

zw= L zn= | fid@w.

werGA werGA

Let us compute the fiber f~(F,, F,,). By definition, we have f~!(F,, F,,) = Q, n w.@l C Qn, where
elements of G, are identified with permutation matrices in G,. This subvariety is smooth by Lemma 2.3;
therefore, each stratum Z ;"A is smooth as well.

Lemma 2.9. Let k be a field of characteristic 0. The homology groups H*G"(ZM, k) are torsion-free as
Hg,-modules.

Proof. Without loss of generality, we can assume that k = Q. For each stratum Z 1> We have

HOZ3) = B (Guxp (8un w0) ) = H (8,0 wG) = HP (Quona) = H(Tyoa)

Here, we have used Lemma 2.3. The homology H.(T) sits inside P, by Proposition 2.4, and is therefore
a torsion-free Hg, -module. Moreover, it has pure weight filtration by Remark 2.7.
Let us choose a total order < on #&* compatible with the orbit closure order, and define

<w _ <w
|_| #/1’ Z,u, Z ll)L

w<w
Since each stratum Z; has pure Borel-Moore homology, the associated open-closed long exact se-
quences split into short exact sequences:

0 — HI(ZY) - HYr (Z*W) — HMZY) = 0,

seee.g. [ , Lemma 4.9]. In particular, H, On(z 1,2) has a filtration with associated graded P, HE(Z ;“ )-
Since HS (Z ) is a torsion-free Hg, -module for all w, the same holds for H. On(z Z2)- O

3. SCHUR ALGEBRA OF A SMOOTH CURVE

In this section, as well as Section 4, we assume that k is a field of characteristic 0.

3.1. Schur algebras of curves. Let Y, = | |jccomp(n) Y2, and consider the projection 7 : Y, — Q.
Denote Z, = Y, xg, Y,; we have a decomposition into connected components Z, = |_|,u,)L Zy - Letus
apply the general construction from Section 1 to 7.

Definition 3.1. The (torsion) Schur algebra of C, denoted by 8, = 8C, is the convolution algebra
A(r) = Hg, (Zn).

One can easily check that the map 7 is small, so that dim Z,,; = dim Y; = dim Q,, = n® for any 4, p.
Thanks to our conventions in Section 2.1, 8 is a graded algebra.

Remark 3.2. Since we’re only concerned with torsion sheaves in this article, we will omit the qualifier
“torsion” from now on. We still mention it in the definition, because one would like to eventually
consider a similar algebra for coherent sheaves of positive rank.
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We denote S, ) = Hén(Z/M)' By definition 8, = @M 84,2, and the product in 8, decomposes into a
direct sum of maps 8, , ® §,1 — 8, 5. Moreover, 8, acts on the space

(12) P, =P H; () = Pry
A A

by Proposition 1.8. We call P, the polynomial representation of 8,,. This action decomposes into a direct
sum of maps 8,3 ® Hg, (Y,) — HE (V).

3.2. Localized Schur algebra. Let us apply equivariant localization to the algebra §,,. Under the iden-
tifications in Section 2, the restriction of 7 to T,-fixed points (Y3)™ — (Q,)™ equals to the projection
G,/6, x C* — C"; denote it 7r7. Let us also denote by a; : &,/&, x C* = &* x C" — C" the natural
map induced by action. We also have

Z)™ = @)™ =] |&./6,x&u/&xC".
wA A

For each connected component of (Y™, its normal bundle splits into the direct sum of N¢» @A and the
tangent space to .%;. We identify (Y;)T = [.cs,/s,iw} x C" as above. Denote by y; € Hy,(C") the
Euler class of the normal bundle to {Id} x C" C Y;.

The formula (10) implies that e(N¢n Q ) = H(i’ Der, (xi — xj + Ayj). Therefore,

(13) 12 = e(Nen0))e(Tr, 7)) = H (x; — xj + Ayj) H (xj = xi).
(i.)en (i.))EN;

Proposition 1.10 provides us with an algebra homomorphism
= T, n —-.
O (-Ay—l)G = Slr?c>

where y = @; a;(y2). Furthermore, =, is injective by Lemma 2.9. As a vector space, 8lo¢ is isomorphic
to

8 = (8% = P (k[6,/6,]1 ® K[S,/6:] ® (H (C™x1, s XnDioe)
A A

Let us describe the multiplication in 8! explicitly. Pulling back along the quotient map ry : 6% —
6,/6, x 6,/6,, we obtain the natural inclusion

(14) 89 (K[6,1% ® (H*(C™)[x1. s X Dioe) "

We use the notations from Section 1.4 with X = C" andI' = &, for the right-hand side. The image
of the inclusion above can be obtained by partial symmetrization. Namely, for any g € &, consider
the element (&,,86,) € 6,/6, x 6,/6,. Denote its stabilizer under the diagonal &,-action by

Fg’l :=6,ngS,g". Note that i = S, for some v € Comp(n), and depends only on the image of g
in 6,\6,/6,. We have an inclusion 1"’g”1 < &, x 6, which sends f to (f, g"' fg).
The algebra Sifj is spanned by the elements

y!
Eox) = > hG,®hgS; ®x",
he®,, /T4
JA
where g € &, and x € (H*(C”)[xl,...,xn])lrjc. Moreover, it is clear that §(*?g, o = 5(”;)() for g € G,
and f’;g o) = Sf(”;x) for g € &,. Thus it is enough to consider §(l?x) with g € ¥&*. Let us compute its

image under the inclusion (14):

1
gio= Y h6,0hg6 0x" > — > hhy ® hghy ® x"
heG,,/I“gl |rg |(h,h1,h2)€6nx6Px6A
1
B |1—~,u/1| Z g:(hflghz,xhlfl) - Z f(hlghzaxhl)'
8 1 (hh)e6, xS, (h1,h2)e(S, &) /T

In what follows, we will abuse the notations and identify f(/lg” 0 with its image under (14).
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Consider the following commutative diagram:

G2 x &2 P &3 d &2

n n
l’ lf lf
(6,/6, x 6n/6,u) x (6n/6,u x6,/6,) <L S,/6; x 611/6;1 x&6,/6, *q> 6,/6,x6,/6,
where g is the projection along the second factor, and p is the diagonal embedding of the second factor.
We have p*r* = r*p*, and q.r* = |&,|r” g.. Therefore, up to the factor |&,|, pullbacks along r;,, fit in the
following commutative square, where horizontal maps are given by multiplication in the corresponding
algebra:

loc loc loc
S/Lu ®8u,v — 8y

lmu@ﬁw lr,w

&, &,
Aty @ Ay —— A,
In particular, using (5) we see that
1
A HY
LRI 1E gy * &Gy = 1S, Y agaen || D by
(15) (a1,a2)€6,x6, (b1,b2)e6,x6,

= Z f(agbhc,x“(yygl)“g”) Z r bh| (gbhx(y v R
(a,b,c)e6;x6,x6, beG,

3.3. Generators. Let us introduce some elements in §,, and compute their images under localization.
Polynomials. Let A € Comp(n). Example 1.9 provides us with a homomorphism of algebras §; :
Hg (Y;) > 834 C 8y Forany P € PS) ~ Hg, (Y;), we will identify P with its image under &, by abuse
of notation.

Lemma 3.3. For any P € PS4, we have E,(P) = g(/ll/}nP)‘
Proof. We have inclusions of fixed point sets:

6,/6)x C" <2y (8,/6,)% x C"

J:’ Y, J/le

Y, < Za

where the upper horizontal arrow is given by the diagonal embedding &,/6; — (&,/6,;)% Let
P P2t (6,/6;)?x C" - &,/6, x C" be the two natural projections. Applying Lemma 1.6, we get:

Ea(P) = (pia;(v2) - p3as(v) - A (@5(y) ™" - i3, (P)) = Aw (a@3(ya) - a5 (P)) = &, p.
where we have used Corollary 2.6 to replace iy, by aj. O

Splits and merges. For A, 1’ € Comp(n), we say that A’ subdivides A if 5, C &, and write 1’ C A.

In other words, A’ is obtained from A by replacing each A; with /11(1), v }Ll(ki), which sum to 4;. For such

a pair of compositions, the closed embedding Oy C O, induces a proper map Yy, — Y,. We therefore
have closed embeddings

eva Yy =Yyxy V) o Yyxg Yy=2Zy,, e Yy =Yixy Yo Vixg, Yy =2 p.
In particular, let us define Sﬁ/ = (E)L’,/I)*[Y/l’] (S 8,1/,,1, Mﬁl/ = (SA’A/)*[Y,V] € S)L,)y.
Definition 3.4. We call Sjlv a split, and Mﬁ, a merge.

Lemma 3.5. The images of splits and merges under localization are given by

—_ — A AN
:,n(S ) = 5(1 n? :'n(M,v) 5(1 Y)"
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Proof. Consider the inclusions of fixed points sets:

S,/Cy x C" Py §,/6) x6,/G; x C"

\[l‘YA/ jiz/l,’/l

X2
Yy < A

where the upper horizontal arrow sends (§G 1/, x) to (¢S, g6, x). Let p. : S,/6 ) x6,/GxC" —
S,/6. x C", 1 € {A, 1’} be the two natural projections. Applying Lemma 1.6, we get:

En(Sf{) = (p;{,aj,(y/y) pjaj(n)) 'A* (a;/()q/)_l . i%/[YA/]) = A.k ((,Zjv(}/)v) . a},[YA/]) = g(/lll,))tq),

where we have used Corollary 2.6 to replace i%, by a),. The expression for Z,(M?,) is obtained in an
analogous fashion. |

Lemma 3.6. Let A, A", 1" € Comp(n) such that A’ C 2’ C A. Then Sﬁ:’Sf = Sj}”, Mﬁ,M%/ = Mﬁ,,.

Proof. We will only prove the first equality, the second being completely analogous. Consider the
following commutative diagram:

Y/V/ X Y/V Y/V/ Y/V/

(Y/V/ XQn YA') X (Y/V XQn Y)L) # Yl" XQn YA’ XQn Y/l *q> Y/V’ XQn Y/.t

l [

YA" X YA’ X YA’ X Y/l I YA” X YA’ X Y/l

Here, q is the projection along the second factor, p and p’ are the diagonal embeddings of the sec-
ond factor, and the vertical maps ¢ are as in the definition of split and merge. We have A* = A;J by

Proposition 1.2.(b), and &,A}, = (p’);](e x €), by Proposition 1.2.(c). As a consequence,

SY'Sh = gu(p)ple x ) (] R [Yy]) = eu* (V] R [V3]) = e[ V2] = S7
and we may conclude. O
3.4. Diagrammatic presentation of S,. Let us identify compositions of the operators defined above
with certain cord diagrams. Our strands are allowed to have multiplicities (i.e. non-negative integer

labels), and we always read diagrams from bottom to top.
Polynomials. We depict the polynomial operators as boxes on strands. Namely, let P = Py ® ... ® P,

be an element of PS4 = ), Pili. Then we draw P in one of the two following ways:

Al Ar /11 /1,
Gl 7
Al Ar /11 /1,

When P is not a pure tensor, we have a similar equality between two box notations, but the left hand
side becomes a sum over monomials in P.

Splits and merges. Take A = (A4, ..., A,) € Comp(n), and let A’ = (A1, ..., Ae_1, A, AP, Aeyy ..., 4,) for
some 1 < k < r, where )Lil) + /1%2) = A. For such pair of compositions, we draw the corresponding split
and merge as follows:

M 20 22 A M A A

T N I e |

M Mk A M e e A
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We call such splits and merges elementary. Lemma 3.6 tells us that splits and merges are associative:

a+b+c a+b+c

I N

a+b+c a+b+c

Moreover, for any p C A the corresponding split S} and merge Ml’} can be written as a product of
elementary ones.

Crossings. Let 1, 1’ be as above, and let A" = (44, ...,)Lk_l,/tf), Ag), Ak+41 ..., Ay) be obtained from A/

by permuting )Lg) with AE{Z). Consider the element R%/ 1= Sﬁ" . M%/ € 8y, which we will call an
elementary permutation. Diagrammatically, we will depict it as a crossing:

More generally, let A,y € Comp(n), and assume that 1 can be obtained from A by a permutation of
components. Let us pick such an element w € &,, where r is the number of components in A; note that
it is not necessarily unique. Fix a presentation w = s;, ... s;;, where s; € &, are transpositions, and [ is
the length of w. We then define R (w) as the corresponding product of elementary permutations.

Remark 3.7. Note that braid relations do not hold for elementary permutations R/, . In particular,
the general definition of R%(w) heavily depends on the choice of presentation of w. One could define
these elements in a more canonical way using twisted bialgebra relations, but we do not need this for
our purposes. However, this can be easily done for strands of multiplicity 1, see Theorem 4.15. There,
the elements 7, of 20,(H*(C)) are the “canonical crossings”, which differ from the naive split-merge
crossings above by a constant.

3.5. Basis of §,,. Let A, u € Comp(n), and consider 8, = H(Z, 1,2)- Recall from the proof of Lemma 2.9
that we have a stratification Z,,) = | | ,cse1 Z))) A, which induces a ﬁltratlon {81} on 8 ;) with associated

graded @WH (Z ). We have HE (Z D) =Py S , where A’ € Comp(n) is such that wSw™! = 1"’(M .
T,
Since Z;‘,’ = Gy xp (Q,, n W.QA), the T,-fixed points (le) are given by &,/&,, x C". Note that
N Zp) = e(TirryQuw)e (Nen (G nw.0i)) = [T -x) [T Ga—x+4.
(i,/))EN,UgN; (L )elngl)

Let us denote f,, = e(]\l{l}xanl/l)fly)‘f Yu- Furthermore, for each A € Comp(n) pick a basis B of PS1,

Lemma 3.8. Let{b,p : w € “G* P € B/} be a collection of elements in 8y2. Assume that

—_ A
:n(bw,P) = géuw’ﬁwp) + Z 'f(w’,aw/)

w/<w

forall w, P. Then {b., p} is a k-basis of ..

Proof. It is enough to show that these elements form a basis after passing to the associated graded
hD., HE (Z ). An argument analogous to Lemma 2.5 shows that the composmonH (Z ) = HE ((Z W )T ) C

SLO is given by P — §( P The assumption on b,, p then implies that it is contained in HE (Z ). Con-
sider the following diagram:

HG"(Z ") — HG"(Z ) —* L HSZ Zu2)

[= [ =

H ((Z )T )loc <; H ((Z )T )loc A— Sloc



16 RUSLAN MAKSIMAU AND ALEXANDRE MINETS

We have b, p = i.b’ for some b’ € HS (m) and the image of b,, p in the associated graded is given by
j*(b”). On the other hand, the left square in the diagram above commutes, and by Lemma 1.6 the right
square commutes up to an Euler class, which equals precisely to 5({1 2_1. In fact, the closed embedding

&y contributes e(Njj«cnZ,y,), while E, contributes e(Njjxcn Yy ) Le(Nppeen Y21 = (yury )_1. Thus

By o J (b)) = ho B3M(B)) = & ho B oidb') = Bl s g p = Ep)
Since the localization map =, is injective, we conclude that the image of b,, p in the associated graded

is P. Running over all w € *&G*, P € By, we obtain a basis of 8 e O

Let g € ¥G*. As before, let i/ € Comp(n) be such that FQA = &, and let 1’ be such that & =
§'6,8=6,ngS,g7". Note that g induces a permutation w on the set of components of A/, which

transforms A’ into y’. Pick P € PHGA/. For each such pair (g, P), we construct the following elements of
S

’ v ’ v
(17) vy = M}, R, (w)PS] ¥y = Wy = MRY,(W)S] .

Example 3.9. Let A = (3,1), u = (2,2), g = (1,3,4,2),and P = x¥x,x3. Then X’ = (1,2,1), ¢/ = (1,1,2),
w = (1,3,2), and we have

Theorem 3.10. The following set is a basis for 8, ):
P . A
{\Pg.gE”G ,PEB;L/}.

Remark 3.11. Note that when p = (n) is the trivial composition, we have Z = Y, and this statement
follows from the isomorphism (11).

Proof. In order to simplify the notation, we will write Z = Z,, throughout the proof. In light of
Lemma 3.8, we need to compute highest terms of = n(‘I’ ). From now on, we will denote the presence
of lower terms by ellipsis.

We begin by computing elementary permutations. Let v, A, 1”” be as in the definition of R%l; we write
v instead of A to avoid conflict of notation. Note that the longest element in §,,\&,, /&,, C CTT
the permutation that exchanges the components v( ) and VIEZ); denote it by s. Using formula (15) and
Lemma 3.5, we obtain:

1" 14 17 ey 1 |I-‘A//A/ /‘l//AI
v ( YV (Ly) |6)L”||6)L’| bGZG: (b.yv) ||6/v b;/ (sb.yv)
A//A/
Gy T
Next, consider general permutations. Let w € &, be the permutation of components of N defined by
g, and fix a reduced presentation w = s;.. . We Write Wi i=5;...5 €S, Let Al = wl(/V ), and v’ the
intermediate composition between At and )L’ i.e. v!is such that we have Rﬁ, L= S i1~ Note that

A= /. Let us write M} = [/1}_1 +1, /1j], and Mjk = MJ’- x M}. We also denote by s; the corresponding
longest element in G, \&,:/& -1 as before.

3here, s; does not stand for the transposition (i, i + 1), but rather for some simple transposition (j,j+ 1), 1< j<r—1
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Lemma 3.12. Assume s;bj_ys)_,...b1s{ € &,86,,, where s; € G,;\6,i/G i1, and b; € S)i. Then
s/ = s; foralli.

In particular, the highest term of R%,(w) must be contained in the product of highest terms of elemen-
tary permutations. By definition, conjugation by s; sends &1 to &:. As a consequence s;1bs; defines

. i+19i i+19i-1
the same class in &,i+1\&,/& i1 for any b € S,i. Moreover, we have |1"’81+1’1 | = |F§H1§Sl | = |& 1], so

that all coefficients in (15) cancel out. We get

'u //11 1 AN ‘u//l/
R (w) = Rzl L SZ(sz r * 5oy, ro T = Sz(g’E) *

E= yvz(z/vz—lnzfl) e nll)s’ 7,

Denote {y = yy, and §; = (yv_il Y2i)¢, for i > 0. Recall that r is the number of components in
' and let A, be the subset of [1,7]* such that we have N, = L ie aM jl.k. By analogy, we define

Nui = L pea, Miyo and I; = Ny U (L M NG ) = 1< j < n}).
Lemma 3.13. Let g = s;... 51 € S,. We have
&= H (xq — xp) H (xp = xg + Apg).
(. )€&INUNy, (.Gl
An immediate consequence of the lemma above is that y;,lE( yi)8 = {7 = Be(yay,)~". This formula
allows us to compute the highest term of ‘Ifg :

= (wPy_ o ’ v 24 VA
':‘n(‘{]g) = Zn(MZ/Rﬁ/(W)PS)L )= §(1 Yi) (g(ug,E) +o)* 'f(l Py;)

w10 11Sx] g . oy ||6u a
, 7 1 1
(Lyw) |FA A”rg A | (&ECPYv,M®) |I"1’” ||F | (g Py E(vavy o +

=&y Pgﬁg

Substituting P ~~ P8 we may conclude by Lemma 3.8. ]
Corollary 3.14. The Schur algebra 8, is generated by polynomials and elementary splits and merges.

Proof of Lemma 3.12. The condition on s;’s can be rewritten as g = b;s] ... bys{. Suppose the equality
s/ = s; does not always hold. Let i € [1, r] be the minimal index such that for some k we have w(i) =
wi—1(i) and s # s,. Consider the smallest such k for this i. Pick py € MY = [A{_; + 1, {] such that
sy b 132 1 - bis{(po) lies in M _) and consider the sequence p; = b;si(pj-1). Let a; be such that
p] € Mw (a )’

Plctorlally, we draw the presentation w = s;... s; as a diagram on r strands, going from bottom to
top and numbered 1 to r:

note that ag = i.

o T

Since this presentation is reduced, each pair of strands intersects at most once. Then a; is the number
of strand, on which the image of py is located after applying the j-th crossing. Depending on s, at each
crossing we either swap the strand or not. The condition g = b;s] ... by s{ tells us that as p, traverses
the diagram from bottom to top, it comes back to the i-th strand. The minimality of i implies that we
can only swap the strand on intersections with strands number i, ..., r. However, for iy > i the ij-th
strand has to intersect the i-th strand first before intersecting the aj-th strand. Therefore even if we
swap strands, the new strand cannot intersect the i-th strand again, so that g(py) = p; ¢ g(M?). We
have arrived at a contradiction. ]
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Proof of Lemma 3.13. For i = 0, the claim follows from the definition of y;,. Let i > 0 and proceed by
induction. Suppose s; = (¢, ¢ + 1); then we have I,; = I; UM, ,, Ny = N,i uM; ;. Looking at the
formula for {;, we thus need to prove the following equalities between subsets in [1, n] x [1, n]:

ghn sl = (gL n L) UM,
&iN) U Ny = (8N U siNpi—) UM, 4.
We will only prove the second identity; the first one can be obtained analogously by passing to com-

plementary index sets and substituting (i, j) — (j, ).
It is easy to check that Nj,; \ ;N ;-1 = M;,,,, and conversely s;N, ;1 \ N,; = M;,, ,. Therefore

(18) &Ny UN,; = giNy U ((siNpisi \Mj Ju ML, ).

Assume that t = gi_1(k;), t + 1 = gi_1(ks); note that we automatically have k; < k,. We cannot
have crossings between the strands which split off the same thick strand. Thus k; and k; lie in different
components of A, and Nj > MY ., N\nMy, = @ by definition of N;. Applying g, we get My, , C giN;
and M} ,,, N giN) = @, which together with (18) implies the desired identity. |

3.6. Polynomial representation. The localized Schur algebra 8!° admits an action on

P = @B (H(O®(x, o x))

A
by Proposition 1.8. Similarly to (15), one shows that

773 i L “1\g) ¢
(19) Sz(g,x)-y— |FIM Z (x(y)’/l ) ) .
& | aeq,

By Proposition 1.11, we have a commutative square

8, — End P,

g il

8l — End Plc

Theorem 3.15. Let A, A’ be as in the definition of elementary splits and merges. The algebra 8, has a
faithful representation on P, such that

« polynomials P € PS* act by multiplication on HE (V) = PS1,

* the split Sf acts by the natural inclusion of rings P$* — Pf”,

* the merge Mﬁ, acts by the following operator:

a
A N . - «
P Y |y ] <1 + ”) o NP = A+ LAy + AT x [y + A0 + 1, 44].
a€®;/&yr\  (i.))eN}, X

Proof. The vertical maps in diagram (20) are injective by Lemma 2.9 and Thom isomorphism. Moreover,
the restriction of 81 — End P*° to SE{’; is nothing else than the pullback r/’{p, and is therefore injective
as well. The faithfulness of the polynomial representation 8§, — End P, follows.

Let us compute the action of generators by applying Z,, and using formula (19):

1
AL -1\4
Py =&emy = i) >, (Prayyh)" = Py;

aEGA

/ /7 1 -
Syy=¢80y= M >, (") =y

a€6/1/
a
/ 1 _ [ jyernr, (= x5+ Aij)
Ao A _ 1\¢ _ JDEDNT,
Ml"y - éj(l,y)[)'y - |6A/| Z (y/ly}/l’ ) - Z < H - (x~ _ x-) .y .
aes; e, /6, (LNEN NN \X) — i

We conclude by observing that N)y \ N; = N)’D,, and (i, j) € ) \ Is if and only if (j,i) € Nf,. O
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Remark 3.16. Asin [ ], this polynomial representation can be realized inside a tensor power of
cohomological Hall algebra of torsion sheaves on C. We do not pursue this point of view here.

Example 3.17. Consider the case n = 2. Denote the inclusion PZGZ C P; by f,. We have only one
possible split and merge respectively; we write S = S(1 D' M= M%l 1y and omit labels on strands. Using

Theorem 3.10, one can check that 8, is generated by S, M and the polynomial subalgebras P?Z, P,,
subject to the following relations:

| P
=10+ Sl(Q) — Alz(le:jClz(Q)) ¥ v X A Pe PZG;Z, Q €P,.
|

Remark 3.18. When C = P!, we have P, = k[x,..., xn, €1, ..., ¢]/(c%, ..., ¢2) and A;; = ¢; + c;. For

(c1+e)(1=51)
X1—X2 :

instance, M € S]ZP acts on the polynomial representation by (1 + s;) —

4. KLR ALGEBRA OF A SMOOTH CURVE

In this section we study a subalgebra of 8,, which admits a simpler description.

4.1. Demazure operators. Let usrecall the definition and basic properties of Demazure operators [
Definition 4.1. For r € [1, n — 1], denote by 9, the Demazure operator
9+ k[x1, ..., x5] = Klxi, ..., %], P (P — s,(P))/(xr — Xr41)-

Note that we have 9,(P) = 0 if and only if s,(P) = P. In particular, a polynomial P is symmetric if
and only if it is annihilated by all 9, for r € [1,n — 1].
The following relations are well-known.

Lemma 4.2. We have

#? =0 forre[1l,n—1],
0,0y = 090 forr,te[l,n—1], [r—t| >1,
0r0r110y = 0,410,9,11 forre[l,n-2].

For each w € G, fix a reduced expression w = sy, ... sx, and define 9,, = 9, ... dk,. Since Demazure
operators satisfy braid relations, this definition is independent of the choice of a reduced expression.
Moreover, the square-zero relation implies that we have 9y, ... 9, = 0 if sg, ... S, is not a reduced
expression.

Let wo , be the longest element in &,,.

Lemma 4.3. For any P € k[xy, ..., x,], the polynomial 9., ,(P) is symmetric.

Proof. Since we have (s, wo ) < #(wy,) for each r € [1,n—1], we get 9,9,,,, = 0. Then the polynomial
9, ,,(P) is symmetric because for each r € [1, n — 1] we have 9,(9.,,,(P)) = 0. O

Definition 4.4. For positive integers a, b with a + b = n consider the permutation wy ., € G, given

by
. i+b if1<i<a,
WO,a,b(l)z . . .
i—a ifa<i<n

Lemma 4.5. For any P € k[xy, ..., x,]%%%, we have

p
Owy o, (P) = w( >
ot WEG"/(ZGHXGb) [Tici<a Ha+1§j£n(xi - X))

Proof. Analogous to [ , Lemma 12]. O

Corollary 4.6. For any P € k[xy, ..., x,]%®", we have Oy (P) € k[xy, ..., xS
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Remark 4.7. Applying Lemma 4.5, we can rewrite the action of merge operator Mﬁ, € &, on the
polynomial representation (see Theorem 3.15) as follows:

PHamﬁPII(%—%—%),
(i.))eN},

where a = /153), b = /1%2) and the Demazure operator 9., ,, is applied to the variables in positions
Ake1+ L, A + 2,0, A

4.2. Affinized symmetric algebras. Let F = D, F; be a Z(-graded unital finite dimensional k-
algebra. Further, let o : F ® F — k be a non-degenerate graded pairing, such that o(fg, h) = o(f, gh)
and o(f, g) = o(g, f) for any f, g,h € F. This makes (F, ) into a symmetric Frobenius algebra. An
example of such algebra is given by the cohomology ring H*(X, k) of any smooth projective variety X.

Letm: F® F — F be the product in F,and A : F — F ® F be its dual with respect to o. The tensor
product F®" has a natural G,-action. For any 1 < i < j < n, consider the k-linear map

Lt F 5P fRgm10.010fR1®..010g®1®...0 1,

where f and g appear at the i-th and j-th position respectively. Set A; ; := 1; ;(A(1)) € F®".

Let s; = (i,i + 1), 1 < i < n be the elementary transpositions in G,. We will denote the image of s;
in the group algebra k&, by 7;, and more generally for any w € &, we denote its image by r,,. The
following algebra is defined in [ , Definition 3.2] (see also [ , Definition 3.1] for a version with
non-symmetric F).

Definition 4.8. The affinized symmetric algebra 20, = 20,(F) of rank n is the quotient of the free
product k[x;, ..., x,| * F®" « k&, by the following relations:

xl-f = fxi, Tif = Si(f)’[i for all f (S F®n,
Tixj = Xg(j)Ti — (6ij — Siv1,))Aiis1,
where §; j is the Kronecker symbol.

Remark 4.9. The algebra in the definition above differs from the algebra in [ , Definition 3.2] by
the sign in the last relation. However, we could eliminate this difference if we replace x; by —x;.

For any f € F and 1 < r < n, denote by f, the image of 1*"!' ® f ® 1®"" € F®" in 2J,. While it is
not obvious that the natural map F®" — 20, is injective, this follows from the lemma below.

Lemma 4.10 ([ , Theorem 3.8]). Let Br be a basis of F. The affinized symmetric algebra 20, has
the following basis:

{rwxixg? o x@ FONFP)z e (F ) weGpa, €N, fD e Br ).

Let us introduce a grading on 20, by setting deg 7 = 0, deg x; = 2, deg f = deg f. This makes 20,
into a graded algebra. We write 20, = @, 20,[i], where 20,[i] is the subspace of degree i.

Corollary 4.11. We have the following formula for the graded dimension of 20,,:
; P(F)\"
Z £ dim20,[i] = n! < A )> ,

1—¢2

where P,(F) = Y, t' dim F; is the graded dimension of F.

Let us describe a faithful representation of 20,,. The vector space P,,(F) := k[xi, ..., x,] ® F®" admits
several natural & ,-actions. First, there is an action permuting x;’s and leaving F®" intact; denote the
operators on P,(F) induced by the elementary transpositions by s5, ..., s . Conversely, there is an
action permuting components of F®" without touching x’s; denote the operators on P,(F) induced by

f

the elementary transpositions by s{, s S£—1- Set also s; = si's;, the operators s;, -, s,_1 correspond
to the diagonal &,-action, exchanging simultaneously the x;’s and the components of F®".

Lemma 4.12. The algebra 20, has a faithful representation in P,(F) such that
* x; acts by multiplication by x; € P,(F);
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« f € F®" acts by multiplication by f € P,(F);

1-sX .
s Tyactsby si—A; l-+16iX, where 81-X =S the Demazure operator on k[ xi, ..., x,].
B i Xi+

Proof. The formulas above yield a representation of 20, by [ , Lemma 3.7]. The faithfulness follows
from the proof of [ , Theorem 3.8]. Indeed, it is shown there that the basis elements of 20, in
Lemma 4.10 act on P,(F) by linearly independent operators. ]

4.3. KLR algebras of curves. Let n € IN,, and let 1" be the partition of n into 1’s. Then 8yn3» C §,
is a subalgebra; we denote it by R, = R and refer to it as the (torsion) KLR algebra of C of degree n.
More explicitly, R, is the convolution algebra A(z”) = H, (Z,), where 7 : Yin — Qj is the restriction
of 7 (see Section 3) to Yin.

Notation. In order to unclutter the notation, we will write Z, instead of Z;» ;» for the correspondence
Yin X, Yi» throughout this section.

For any 1 < i < n — 1, let us consider the ordered partition o; of n with i-th term equal to 2, and
other terms equal to 1:
ci=0,..., 2,...,1).
N’
i-th
We have a natural map Y;» — Y, induced by the B,-equivariant embedding éln C Q,l.. Consider the
following correspondences:

Zy = Yixy, Yin,  Z7 :i=ZI\Yin C Zy.

Let us denote 7; := [ZJ] € RS. Unlike for the full Schur algebra, we can use the notations from
Section 1.4 without any adjustments for R,. We set X = C",T' = G,, and y = y;». Lemma 3.3 then
implies that =,(P) = § p) for any P € P, = Hg;, (Yin).

Proposition 4.13. We have E,(7;) = 21 Ajei T é?

> Xit17X Sis1+

Proof. By definition of Z;', we have Z;, = Yi» U ZJi. Since Z,, = Yin xy, Yin, we have [Z]] = SUM{
inside &,,. Using Lemma 3.5 and formula (15), we obtain

En(r) = Ea(Z3]) — EallYr D) = &7y % &Gy = &y

= §(1,yai/yln—1) + §(Si,yai/yln) = §1 A T 'fs,- 14 Diiet s

> Xjt1 X T Xit X

where we have used the fact that y,,/y1» = (%41 — % + Aij+1)/(Xiz1 — %) in the last equality. [l

Aiit1 -
Xit1X

Remark 4.14. It is possible to make this computation directly, without appealing to the results of
Section 3. For this, one can first show that Z;' is smooth (in fact, it is isomorphic to a certain blowup
of Yi»), and then use Lemma 1.6.

The algebra R, acts on P, = HS(Y;») by Proposition 1.8. This is a subrepresentation of 8, ~ Py,
restricted to R, C 8,. P, can be identified with a subspace in (P, )joc, on which iRl,?C acts as in Section 1.4.
Under this identification, we have

En(P).h = & py.h = Phy/y = Ph;
~ ~ A;; Aj; i — Xig1 + A
En(fi)-h = <§1 A1+ gs‘ 14 Dt ) h = il h+ <1 + _ L ) hi <XI it l’l+1>

Feen A Xit1 — X Xit1 — X X — Xiy1 — Aijn
) Aty .
=h"+ ———(h—h%) = (s; = Aji110)h.
Xi+1 — X

Theorem 4.15. We have an isomorphism of algebras RS = 20,(H*(C)).

Proof. Tt follows from the proof of Proposition 4.13 that 7; = Rl:(s;) — 1 in notations of Section 3.4.
In particular, Theorem 3.10 implies that the algebra R, is generated by polynomial operators together
with 7;, 1 < i < n— 1. Both RS and 23,(H*(C)) act on P,(F), and the action of polynomial operators
and 7;’s is given by the same formulas. Since the polynomial representation P,(F) is faithful for both
algebras by Lemma 4.12 and Theorem 3.15, we deduce the desired isomorphism. ]
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4.4. Affine zigzag algebra. Let us write out RS for C = P!, In this case H*(C) = k[c]/c?, and
Ai,j = ¢+ Cj.

Definition 4.16. The affine zigzag algebra 3, is the k-algebra generated by elements x,, ¢,, 1 <r<n
and 7x, 1 < k < n modulo the following relations:

XrXt = X¢Xr, XrCp = Ct Xy, CrCt = CiCr, =0,
=1, TkTk1Tk = Thke1TkTh+1s Tty = Tk if (L= k| > 15
TkCk = Ckt1Tk> ey = T if r # k, k+ 1;
TpXk — Xk+1Tk = —Ck — Ck+1 = Xk Tk — TkXk+1» Txr = x, T ifr =k, k+1.

Corollary 4.17. We have an isomorphism of algebras iR],I:l =3,

Consider the following truncated polynomial ring:
P, = Kk[x1,..., Xn, €15 Ca) /(25 .., C2).

The following lemma is a special case of Lemmas 4.10 and 4.12.

Lemma 4.18. The affine zigzag algebra 3, has the following basis:

{rwxl‘“xg2 Loxnehich by € 6,0, € N, b, €40, 1}}.

e
Furthermore, the algebra 3, has a faithful representation in P, such that
* X, € 3, acts by multiplication by x, € Py,
» ¢, € 3, acts by multiplication by ¢, € Py,
1—sg

1) acts by sy — (cx + Ck+1)k, where 9y := T—x in notations of Lemma 4.12.

Remark 4.19. While the operator dy. is not well-defined on P,, the operator (ci + ci+1)9 is. We could
also write 8;5 instead of 9y as in Lemma 4.12.

4.5. Other examples. For C = C or C*, we have Q, = gl, and Q, = GL, respectively, equipped with
the adjoint action of GL,. We therefore recover Grothendieck-Springer resolution and its multiplicative

version. Furthermore, let C = E be an elliptic curve, and Bun%isn the stack of semistable GL,-bundles of

degree 0 on E. We have an equivalence of stacks T, = Bung’fn essentially due to Atiyah [ , ]

Since it is compatible with embeddings of sheaves®, our map F, — T, produces the same Steinberg

variety that appears in the context of elliptic Springer theory [ ] (for G = GLy).

5. INTEGRAL VERSION FOR P!

In this section we adapt some of the considerations above to homology with integral coefficients,
when C = IP! is the projective line.

5.1. Integral homology of T,(IP!). The following analogue of Proposition 1.3 holds for cohomology
with integer coeflicients.

Proposition 5.1 ([ , Theorem 2.10]). Let G = GL,, T C G a maximal torus and X a G-variety. If
H7(X, Z) is torsion-free as an Hr-module, then we have an isomorphism H (X, Z) = H7(X, Z)%n.

In particular, we have Hj(pt) = Z[xy, ..., x,]®". As for localization, Proposition 1.4 holds over any
coeflicient ring k without Z-torsion, in particular for k = Z.

The proof of Proposition 2.4 uses the decomposition theorem for perverse sheaves in an essential
way, therefore only works for cohomology with coefficients in Q. We expect that it remains true if
we replace Q by Z. Here, we prove an analogous claim for the projective line. Let us denote the base
curve of T, by superscript; thus, here we study ‘J';PI. We also denote by T* C T¢ the substack of sheaves
supported on x € C. Note that we have

T = [gl,/GL,], T% =[N,/GL,],

where N, C GL,, is the nilpotent cone.

4that is, it is an equivalence of stacks, and not just of associated (algebraic) stacks in groupoids
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Proposition 5.2. Let C = IP!. We have

23\ &n
),

H*(Tp,Z) = Sym" (H*(IPI,Z)[x]) = (Z[xl, ey Xy €1y ey Ca) /(2
where deg x; = deg ¢; = 2.

Proof. We will drop the coefficient ring from notations, and write H*(-) = H*(—, Z) throughout the
proof for brevity. Let us decompose P! = C L {oo}, where co € P! is the point at infinity (or any other
point). This induces a stratification S"IP! = | |S;, where S; = S""'C is the locally closed subvariety,
consisting of tuples with exactly i occurrences of co. Taking preimages under the support map, we get

(21) To=| |7k, T =supp ().

Note that we have isomorphisms of moduli stacks T = T x T . In particular, T = [(N; x
g[n_i)/Gg)] =~ [Qg)/Gn], where Gg) = GL;xGL,_; € G,,and Qg) can be seen either as G”XGS{) Nixgl,_;),
or a locally closed subvariety of Q, with prescribed supports.

Recall that Qf» = (IP')". We have Q" n Qg) = Gn X&) ({oo} x C*™), where &, acts on (IP!)"
by permuting the factors. Note that N; x gl,,_; retracts to {oo} x C"™'. Since equivariant cohomology
is homotopy invariant, the pullback map Hy, (N; x gl,_;) — Hf, ({oo}' x C"™) is an isomorphism. In
particular, we see that H*(T%°) = Hén(Q,(f)) = Hé(,.)(fN,- x gl,_;) is even. Therefore the stratification (21)
defines a filtration on Hg; (Q,) with associated graded €p; Hén(Qg)); the same holds if we replace G,
by T,,.

Let us introduce an auxillary grading P, = @, P by the degree of polynomials in ¢;’s. Since ¢? = 0
for any i, we see that P(") = 0 for k > n. Moreover, it is clear that

Pglk) = @ Z[x1, ..., xn]ci; .. Ciy.-

1<ir<.. <ig<n

We write PSk = @K, PO, in particular, PS" = P,,.

Consider the intersection X; = QZ” N Qg). By the computations above, we have X; = &, XS (knty
({oo}f x C"*) and X; = Uyes, 0(foo}* x (PY)" ). Therefore Hi (Xy) = Pk for any k, and an
easy induction argument identifies the short exact sequence H7, X-1) — Hi(?k) — Hr (Xi) with

psk=t  psk , pUO With this substitution, localization to T,-fixed points gives us the following
commutative diagrams:

* k7 * k *
H; (0F7Y) —— Hi () — H; (0P)
P%k*l ¢ ; P%k N P(nk)

By an iterated application of 5-lemma for k descending from n to 1, pullback along the inclusion
(IPY)" < Q, induces an identification

Hr (Qn) =Pp = Z[x1,..., X, Cyoons Cal /(2. C2).
)6

Applying Proposition 1.3, we get H*(T,,) = Hf, (Qn)"", and so we may conclude. O

Remark 5.3. Note that the retractions in the proof above do not come from the global G,,-action on
IP!, since for any such action either 0 or oo € IP! is a repellent point.

Applying universal coefficients, we obtain the following corollary.
Corollary 5.4. For any ring k, we have
H*((‘TI’D ]k) = (Ik[xla L] xn: Cla AR Cﬂ])6n H

where G, acts by simultaneous permutation of the x;’s and the ¢;’s.
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Let A € Comp(n). Since F, — T is a stack vector bundle, formula (11) shows that
« (G]
H (F),7Z) = (Z[xl,...,xn,cl,...,cn]/(cf,...,cfl ) i

Consider the composition

[(]Pl)n/Tn] = [On/Ta] = [Qn/Grl,
where the first map is obtained from closed embedding (IP')" < Q,, and the second map is given by
restricting G,-action on Q, to T,. This composition can be identified with the direct sum map

B:T)" -7 G TP T 0. 8T,
Therefore, the isomorphism in Proposition 5.2 can be regarded as being induced from pullback along
D.
5.2. Tautological subring. Recall that we have the universal sheaf € over T, xIP!. Applying Kiinneth

decomposition to the Chern classes of £, we write ¢;(€) = ¢jo ® 1+ ¢;; ® p, where ¢; j € H2=(T,, Z),
and p € H?(IP', Z) is the class of a point.

Example 5.5. For n = 1, we have H*(T(,Z) = Z|x, c]/c* and & = xO,. Note that under our identifi-
cations, A = ¢ + p. The total Chern class of € is given by

(22) o(&) = o(x)/c(xO(=A)) = % =1+ (c+p)+ Y.(—x) " (2ic - x)p — xc).
i>1

x—A
Comparing coefficients, we see that ¢;o = (—x)"'cand ¢;; = (—x)'"2(2(i—1)c—x); in particular, ¢ = c¢1
and x = 2¢19 — c21.

Definition 5.6. The tautological ring TH*(T,, Z) is the subring of H*(T,, Z) generated by classes c;,
Cip, i € Zso.

If we work with Q-coefficients, this definition is superfluous, since Kiinneth-Chern classes generate
H*(T,, Q) as a ring; see [ ]. The following example shows that this is not the case over Z.

Example 5.7. Let n = 2. By the universal property of &, its pullback under € is isomorphic to the
direct sum of universal sheaves £; @ &,. Since the total Chern class is functorial under pullbacks, we
have ¢(€) = ¢(€1)c(E,). Using the formula (22), we obtain

(&) =1+ (c1 + o)+ (c1c0 — c1x1 — cax2) +...)
+p (2 +(Bcp + 3¢, — x1 — x) + (67 + x5 + 4(ciep — c1x1 — cax2) — (1 + €)1 + x2)) + ) .
As a consequence, we get the following expressions for the first few Kiinneth-Chern classes:
€10 = €1 + 02, €20 = €102 — C1X) — C2X2,
c21 = 3c10 — (x1 + x2), 31 = X2+ xt — (1 + x2)c10 + 4eay.

By definition, TH*(T,, Z) is spanned as a Z-module by ¢}, ¢5,, c1o¢z1, ¢20, ¢3,1. Using the formulae
above, it is easy to check that this sublattice neither contains c;c; nor x;x;; however, we have 2¢;c; =
¢ty and 2x1x; = 6¢§ ) — 5c10C21 + €51 — c31 + 4.

A similar computation shows that Kiinneth-Chern classes fail to generate H *(‘J’f ,Z), n > 2 for any
smooth projective curve C, assuming that an analogue of Proposition 5.2 holds.

5.3. Homology of Steinberg is torsion-free. The proof of Lemma 2.9 works verbatim for C = P!
over any ring k, except we need to replace purity considerations for splitting long exact sequences by
parity of homology groups. The localization theorem can still be applied by Remark 1.5, since classes
Y2 are not zero divisors over any k by formula (13). In particular, the localization map =, remains
injective.

The rest of Sections 3 and 4, notably the proof of Theorem 3.10, goes through for any k without
changes. Note that even though some denominators appear in intermediate computations (essentially
because of coeflicients in (15)), all modules under consideration are free, so one can perform compu-
tations over Z C Q, obtain a result valid over Z, and then change the base ring. One could get rid of
denominators altogether, but it would render the notations even more cumbersome.

In particular, we obtain that Corollary 4.17 holds over any k.
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6. KLR ALGEBRAS OF QUIVERS

6.1. KLR algebra. LetT = (I, H) be a quiver without loops, where I stands for the set of vertices, and
H for the set of arrows. It comes equipped with source and target maps s,t : H — I. Forany i, j € I,
let h;; be the number of arrows from i to j, and define

0 ifi = j,
Qij(u,v) = { (u—v)i(w—wli  otherwise.
Let @ = (ny)ies € leo be a dimension vector. It can be alternatively written as a sum a = ) ;.; n;a;,

where @; = (8ij) jer, i € I. For a dimension vector «, we define |a| := ) ;c; n; and

o]
1% = {i = (it igs oo ileg) €192 Y @ = a}.
r=1

We will also make use of the following refinement of I*:

|at|
I(a) = [1 = (igal),igaZ), cees i;{ak)) tay € Z>0, Z a,a;, = 0(] s
r=1
where we treat i? as a formal symbol corresponding to divided powers (see Section 6.4). To any
i € I'®) we can associate i = G705, ..., ii") € I%, obtained by replacing each divided power i(r“’) with
a, consecutive copies of i,. For each i = (i(lal), igaZ), s igcak)) €I let &; = Gy, x By, x ... x Gy, be the
subgroup of &), associated to (ay, ..., ar) € Comp(|a|).

Definition 6.1. A KLR diagram of weight « is a planar diagram containing |a/| strands such that:
+ the strands connect |@| points on one horizontal line with || points on another horizontal line,
each strand goes from bottom to top;
» each strand is labeled by an element of I;
« for eachi € I, there are n; strands with label i;
« two strands are allowed to cross, and there are no triple-crossings;
+ apiece of a strand is allowed to carry a dot, a dot cannot collide with a crossing,.

We consider KLR diagrams modulo isotopies. In particular, a dot is allowed to move freely along the
strand, as long as it doesn’t slide past a crossing. In what follows, we will denote the crossing between
r-th and (r + 1)-th strand by ¢/,, and the diagram with a single dot on r-th strand by y;,.

Definition 6.2. The KLR algebra R(«) is the k-algebra generated by KLR diagrams of weight « modulo
the local relations below:

_ i
(23) >< >< n
e XK

Ei = Qij(y1, y2) ifi # j, Ei =0,
(25) —

i J i J i i

= unless i = k # j,
(26)

ik i ]k
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| | |
B§< = >§2 - W ifi # .
(27) I I I

The multiplication is given by vertical concatenation; we impose the concatenation of strands with
different labels to be zero.

Remark 6.3. We will be chiefly interested in KLR algebras for the Kronecker quiver I' = (1 =2 0). In

this case we have

Qo1(y3, y2) — Qou1(y1, ¥2) _
3=

For each i € [* we have an idempotent 1;, given by a diagram consisting of |«| vertical strands, with

the r-th strand labeled by i, for any r. The algebra R(«) is clearly generated as a k-algebra by these
idempotents, together with single crossings and dots. Diagrammatically, we have

bl el - X

i iy i|a| i iy irs1 ilal

Qo1(u,v) = Q1o(u,v) = (u —v)?, Y1i—2y2+ ys.

yrli =

and
yr:Zyrlia wrzzlﬁrli.
iel* iel*

For example, relations (23-24) take the following form:

yr¢r = wrerrl - Z 1;, lpryr = Vr+1 ¢r - Z 1;.

€%, ip=irs €%, iy=iry

6.2. Polynomial representation of R(«). Let m = ||, and define Pol,, = k[y, ..., ym]. Let further
Pol, be the direct sum of I*-worth copies of Pol,,. We write Pol, = @D;¢« Pol,, 1;, where 1; is the
idempotent projecting to the i-th copy.

Lemma 6.4 ([ , §3.2.2]). The algebra R(«) has a faithful representation on the vector space Pol,,
such that 1; € R(a) acts by the projector 1;, y, € R(a) acts by multiplication by y,, and for any f € Pol,
we have

—d 1; ifi, = ir41,
(28) l,br 'fli — r(f) i f r r+1
Pi,,iHl(yra yr+1)sr(f)1sr(i) else.
Here P;j(u,v) = (u— )i, and 9, = yl__y”“ is the Demazure operator.

6.3. Geometric construction of KLR algebras. Fix a dimension vector & = ), nie; with |a| =
m. Let V be an I-graded complex vector space of dimension «, that is a complex vector space with
decomposition V' = @,; V;, such that dim V; = n;. Consider the variety E, = @y Hom(Vyp), Vi),
on which we have a natural action of G, = [];;; GL(V;). For i = (i(lal), ig‘”), s igfk)) € I let F; be the
variety of flags in V
p={(0}=V'cVvlic..cvk=v),

which are homogeneous with respect to the decomposition V = @,; V;, and for each 1 < r < k the
graded dimension of V" /V"~! is equal to a,a;,. Further, let F; be the following variety of pairs:

Fi:{(X,¢)EEaXFi s x(V)ycvi,o0<r<k}.

Analogously to Section 2.1, we have an isomorphism Hg, (F;) = PolS:, where for each r € [1, k] the
elements Vg, +. +a,_,+1> Yar+..+a,_1+2> -+ » Yai +..+a, are the Chern roots of the vector bundle V" /V"1. Since
F; is a vector bundle over F;, we also have Hg (F;) = Polg‘.
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We also denote F, = [[icje Fi, Fo = [[ics« Fi. Let m, : F, — E, be the natural projection, that is
7o(x, ¢) = x, and consider the corresponding fiber product Z, = F, xg, F,. We have
2.~ ]2~ [T Foe By
ijere ijere
In other words, Z;; is the variety of triples (x, ¢1, ¢2) € E, x F; x Fj, such that x preserves both ¢; and
@2

Remark 6.5. For now, we only consider i € I%; however, the definition of Z;j makes sense for i,j € I ()
as well. We will make use of these more general varieties in Section 6.5.

By Proposition 1.8, we have an algebra structure on A(r,) = H( (Z4, k), and an action of it on

H, (Fy, k). The following statement is proved in [ , ] for k a field of characteristic zero, and
in [ ] for an arbitrary ring k of finite global dimension.

Proposition 6.6. The KLR algebra R(a) is isomorphic to the convolution algebra H, (Z,). Moreover, the
representation Pol, of R(a) is isomorphic to the representation H(; (F,) of H;, (Z4).

Remark 6.7. The idempotents 1; € R(«) correspond to different connected components. Namely, we
have
H(*;a(ZLJ) = 11R(Q’)1j, H(*}a(Fl) = POlm li.

6.4. Divided powers. The algebra R(ne;) is known as the nil-Hecke algebra of rank n. Let w = s;, ... s;,
be a reduced decomposition of w € &,. Relation (26) implies that the product ¢;, ... ;. is independent
of the decomposition above. We denote this element of R(ne;) by ¢,,.

Let wo, be the longest element in &,. Define yo, := yI 'yi=%...y5y, and L = Yy, Yon €
R(na;). It is easy to check that ., Yo.n ¥, = Vw,,» Wwhich implies that the element 1, is an idempo-
tent. We call 1, the divided difference idempotent. Note that it acts on Pol,,, = Pol, as the projector to
symmetric polynomials.

Let a € ZL, be as in Section 6.3. For each i = ({7, i{, ..., %)) € 1@ let wy; be the maximal length
element in &;, and define the following elements in R(a;a;,) ® ... ® R(ara;,) C R(a):

1 := 1i(1a1) ® ll,(zaz) R...Q 1i(ak), Vi = Yo,a; ® Yo,a, ® ... ® Yo,q;-

The definitions in nil-Hecke algebra imply that y; = yj1; and 1; = ¢, yi.
In graphical calculus we draw divided power idempotents as boxes. For example, the idempotent 1;
withi = (i(lal), i(Z“Z), . igf")) is depicted as follows (we have a, strands with label i,):

i1y i iz iy iz Ik i ik

i) ST N S

For each w € G,, fix a reduced decomposition w = s, ... s,,, and let
wwli = lprl ¢rk1ia lpw = Z lpwli-
i1«
Unlike the case of the nil-Hecke algebra, this definition of ¢,,1; does depend on the choice of the
decomposition. Note that we allow to choose different reduced decompositions of the same w for
different i.

For any i = (i1,i2,...,im) € I™ and w € &y, set W(i) = (iy,-1(1), iy-1(2)s - » bw-1(m))- For any i,j € I,
let 16" = {w € &, : w(i) = ji. More generally if i,j € I, define J&! to be the set of shortest
representatives of cosets in 5;\J&'/&;. The following lemma is proved in [ , Theorem 3.7], see
also [ , Theorem 2.5].

Lemma 6.8. Foranyi,j € I%, each of the following two sets forms a basis of 1;R(a)1;:
iy Lyt 1 w €36 a, € Zsol, Yyl ys? . y™ 1y w eIG a, € Zsol.
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Above we described some bases in 1;R(a)1; for i,j € I*. However, we will need a version of

Lemma 6.8 which allows i, j to lie in I(*). Let us begin with some preparations. For eachi = (igal), ig‘”), e igca")) €

I@ and x € Sy, let

175y _ [ {(am) (@)  (aw)
x'(4) = (lx(l)1 ,zx(z)2 N )

Definition 6.9. Let i,j € (¥, i = (i(lal),ig@),...,igfk)),j = (jl(bl),jz(bZ),...,j,(cb")). We say that j is a

permutation of i if there exists x € & such that x(i) = j. Each such x induces a permutation w € /&,
For j,j’ € I@, we say that j’ is a split of j if we have j = j and Sy C ;. In this case, let wy;y =

Wojj wg’jl, be the longest element in &; nIGY. For any i,j € I and w € J&1, there exist unique i’,j’ € I¥)

such that i’ is a split of i, j’ is a split of j, j’ is a permutation of i’ and &y = wS;w™' n §;, &y =

w~!G;w n &; (compare this to the notation in (17)). Fix a basis By of POIS,)" ; note that By = w(By) is a

Sy

basis of Pol,;’ .

Lemma 6.10. For each i,j € I'¥), each of the following two sets forms a basis of ;R(nd)1;:

(29) Wy PYwlis w e &', P e By}, {Ywyy YowPlis w e i&! P e Byl

It is possible to give an algebraic proof of the lemma above. In order to be more concise, we give a
geometric proof at the end of Section 6.5 instead.

6.5. Geometric construction of divided powers. We begin with the following lemma.

Lemma 6.11. For x € R(a) and i € I9, we have 1;x = x if and only if the image of the action of x on
Pol, is contained in Pol},! 1;;
Proof. Follows from the fact that 1; acts on Pol,, as a projector to Pol! 1. O

Let us consider the following divided power versions of the KLR algebra R(«) and related geometric

objects:
R@) = P Ry, Fo=[]% zw=]] zs

ijer® iel(® ijer@
Similarly to Pol,, let us also consider the vector space Pol(,) = Pjc @ PolS: 1;, where 1; is the projector
to the direct summand labeled by i. For any i,j € I'¥), each element of 1;R(a)1jf yields a linear map
Pol,, 1; — Poly, 1; by Lemma 6.4. In particular, each element of 1;R(a)1; C 1;R(a)1; yields a linear map
Pol,(;,Sj ;- PolSi 1; by Lemma 6.11. This defines an action of I/Q\(a) on Pol(,y. Moreover, since R(«) acts
faithfully on Pol,, the representation Pol(,) of I/Q\(a) is faithful as well.

On the other hand, H; (Z(y)) is a convolution algebra, which acts on Hf;_ (F(a)). We have an identi-
fication of vector spaces

Héa (F(a)) = @ Héa (Fl) = @ POISi 1; = POl(a) .
ie[@ ief@

We will upgrade this to an isomorphism of R(a)-modules in Proposition 6.16.
Note that for any i € I (@) we have a closed embedding

F{ = Fi XE f‘% — Fi XE, f‘% = Zi,i'
Consider the corresponding classes in the algebra H (Z(q)):
25 = [Fixg Fil € HE, (Z;9) € H (Za), zi; = [Fyxg, Fil € HG (Zs,) € HG (Z(a)).
is injective.

Lemma 6.12. The map H;, (Zij) — H, (Zij)’ X > 23 X73

Proof. By the definition of the convolution product, this map is given by the following correspondence:
p = = 4
Ziy < Foxg Zigp F > Zig. 2,355 = up' (%),

Since Z;; = F; x E, Fj, it is clear that the map g is an isomorphism. Note that E — Fj is a locally trivial
fibration in partial flag varieties for any i. In particular, p is a locally trivial fibration in products of
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partial flag varieties, and it is straightforward to verify that p' = p*. Moreover, p* is injective by an
iterated application of projective bundle theorem.
Putting everything together, the map x — z;;xz;; is identified with an injective map p*. ]

Corollary 6.13. The representation H, (ﬁ(a)) of H;, (Z(s)) is faithful.

Proof. Suppose that x € H( (Zij) acts on Héa(F(a)) by zero. Then the element z;;xz;; € Z;; acts on

HE (F,) by zero. Since the action of R(a) on H, (F,) is faithful, we have zi;x255 = 0, and the lemma

above implies that x = 0. O

Recall that wy; is the maximal length element in G;. We view the polynomial y;, defined in Sec-
tion 6.4, as an element of Hf (Z;;).

Lemma 6.14. (a) The element z;; acts on Pol(g) by
zi; : Poly 15 — Pol$i 1, Pl (—1)((W°")8W0’i(P)1;;
(b) the element z;; acts on Pol(g) by
zi,i : POISi 1; — POIm 1;, Plf = Pli.
Proof. See [ , Theorem 4.7]; the proof there is similar to our Theorem 3.15. |
Corollary 6.15. (a) We have z;3yiz;; = 1 in Hg, (Zis);
(b) we have z;;z;;yi = 1; in TR(a)1; = Hg (Z;3).
Proof. 1t suffices to check these equalities on polynomial representations, where they follow from
Lemma 6.14. U
The following statement is the divided power version of Proposition 6.6.
Proposition 6.16. (a) There exists an isomorphism of algebras H;, (Z(a)) = R(a);
(b) this isomorphism restricts to HE, (Z;j) = 1;R()1; for eachi,j € (@),
(c) the H;, (Z(q))-action on H; (F(a)) gets identified with the ﬁ(a)—action on Poly).
Proof. For each i,j € I, consider the maps
pi,j : H(*;a(Zi,j) e Héa(zij), X = ziixzjjyj,
Qi,j : HER(ZIJ) —> Hga(Zi,j), X = Zi,iyixzj,j'
It follows from Corollary 6.15.(a) that gijo p;j is the identity of H§, (Zi;). This allows to identify Hj (Z;j)
with a vector subspace of H(; (Z;;). Moreover, pjj o gy is the projector to the image of H(; (Zj;) in
HE, (Zs3). Let us describe this image.
Let us identify H§ (Z;;) with 1;R(a)1;. By Corollary 6.15.(b), the map pyj o g;j becomes
(30) 1iR(Of)1j — 1;R(a)1j, x = 1ix1;.
This shows that under the identification above H¢; (Zi;) coincides with 1;R(«)1; as vector subspaces in
1;R(a)ljf. Summing over i,j € I yields an isomorphism of vector spaces H (Za)) = I/Q\(a).
Using Corollary 6.15.(a), we see that for any h,i,j € I® and x € Hg (Zn;), y € HE, (Zij) we have

pni(x) - pij(y) = pnj(x - y). Therefore Hf (Z(y)) = I/Q\(a) is an isomorphism of algebras, which proves
(a) and (b).
Let us verify (c). Suppose x € H¢; (Z;) acts on H(; (Fy)) = Pol(y) by

Poly) 1; - PolS' 1, P1j > L(P)1;,

where L : POISj — PolSi is a linear map. Then by Lemma 6.14, the element pij(x) acts on Pol, by

POlm 1JT i POlm 1;, Pl; = L(awo’j(yjP))li.

We see that this action agrees with the action of ﬁ(a) on Pol(,). O
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Proof of Lemma 6.10. This statement follows from [ , Theorem 3.11]. More precisely, Proposi-
tion 6.16 allows us to identify the algebra R(nd) with a (non-unitary) subalgebra of the quiver Schur

algebra. Now, [ , Theorem 3.11] yields a basis of 1;R(nd)1; C IAQ(ncS). This basis coincides with
each of the bases announced in the statement of Lemma 6.10, up to a change of basis by a triangu-
lar matrix. One verifies this by checking how elements of each basis act on the faithful polynomial
representation. ]

7. SEMI-CUSPIDAL CATEGORY OF THE KRONECKER QUIVER

In this section, we establish a link between KLR algebras for the Kronecker quiver and Schur algebras
for IP'. We will assume that either k is a field or k = Z, unless otherwise stated.

7.1. Kronecker quiver. From now on, letI' = (1 = 0) be the Kronecker quiver, and denote by § the
dimension vector «y + a.

Take o = noap + niay, and m = |a| = ng + n;. Let us introduce a more convenient notation for
polynomial variables in the KLR algebra R(«). Let i € I%; it can be thought of as a sequence consisting
of ny zeroes and n; ones. For each 1 < r < m, let k, be the number of r’ € [1, r] such that i,» = i,. Inside
1;R(a)1;, we then write y, = ug, if i, = 0, and y, = vy, if i, = 1.

Example 7.1. Let a = 2ay + 31,1 = (0,1, 1,0, 1). Then we have
u1ly = y1li, upli = yaly,
v1li = ¥21i,  v2li = ¥3li, w3l = ysl;.
In particular, for any non-negative integer n denote
Poll, = k[uy, ..., up,v1,..., Un].

Using the new notation, we can write Pol,,s = @;c;»s Poll, 1;.
For each composition A = (11, ..., Ax) € Comp(n), consider the elements

i) = (040,10, o) 1Ay e 95, = §) = (0M1h L oMk 1) e 1.
Letip = jo = ji» = (0101...01) € 1™ In order to unburden the notation, we will write e; = 1i,, e = 15,
and € = Y jccomp(n) €1- By Lemma 6.4 the algebra R(nd) acts faithfully on Pol,s. This implies that we

have a faithful representation of eR(nd)e on ePol,s. Since e; Pol,s = Pollslel)z, we obtain that eR(nd)e
has a faithful representation on €D ccomp(n) Poll%el)z.

7.2. Semi-cuspidal modules.

Definition 7.2. We say that a sequence i = (iy, iy, ..., i2,) € I nd jg non-cuspidal if there exists an index
r € [1,2n] such that (i1, i, ..., i,) contains more 1’s than 0’s. Denote by Ié’c‘s the set of all non-cuspidal
sequences in I"’, and write 1. = Zielgf 1;.

Given a k-algebra A, let mod(A) denote the category of finitely generated A-modules.

Definition 7.3 ([ , §2.6]). We say that an R(nd)-module M is semi-cuspidal if 1;M = 0 for each
i€ II’}CfS. In other words, M is semi-cuspidal if it is annihilated by 1.

Denote by cusp(R(nd)) € mod(R(nd)) the full subcategory of semi-cuspidal R(nd)-modules. We
clearly have cusp(R(nd)) = mod(C(nd)), where C(nd) is the quotient algebra R(nd)/R(nd)1,.R(nd).

Lemma 7.4. Letk be a field. The C(nd)-module C(nd)e is a projective generator in the categorymod(C(n?)).
Ifk has characteristic zero, then C(nd)ey is a projective generator of mod(C(nd)) as well.

Proof. The second claim follows from [ , Lemma 6.22].

Let us prove the first claim. It is equivalent to the fact that for each simple module L € mod(C(nd))
we can find v € Comp(n) and a surjection C(nd)e, — L. In other words, we need to show that for
each simple module L over C(nd) we can find v € Comp(n) such that e, L # 0. However, this follows
from [ , Theorem 5.5.4].
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Let us provide some additional explanation about the given reference. The algebra .7, is defined in
[ , §4.3] as a quotient of R(nd) by the annihilator of some semi-cuspidal R(nd)-module. In par-
ticular, we a get a chain of surjections R(nd) = C(nd) — .#,, and inclusions of categories mod(.#,) C
mod(C(nd)) € mod(R(nd)). For each v € Comp(n), [ , §5.3] constructs an .%,-module Z" and
[ , Theorem 5.5.4 (iii)] shows that Z = D, ccomp(n) £’ is a projective generator in mod(.#7,).
On the other hand, the proof of [ , Theorem 5.5.4] shows that there is a surjection of R(nd)-
modules from R(nd)e, (denoted by I'T, in [ ]) to ZV. This proves that for each simple module
L € mod(.%,) there exists v € Comp(n) such that the R(nd)-module R(nd)e, surjects to L, in particular
we have 1,L # 0.

In order to complete the proof, we have to show that each simple module L € mod(C(nd)) factors
through the quotient C(nd) — .#,. In other words, we have to show that the categories mod(C(nd))

and mod(.#,) have the same number of simple modules. By [ , Theorem 6], the number of sim-
ple modules in mod(.#,) is equal to the number of partitions of n. On the other hand, by [ ,
Theorem 2] the number of simple modules in mod(C(nd)) is the same. O

Corollary 7.5. For k a field, the algebra C(nd) is Morita equivalent to eC(nd)e. Moreover, if k has
characteristic zero, C(nd) is Morita equivalent to eoC(nd)e.

7.3. Thick calculus in eR(nd)e. In this section we construct some special element in the algebra
eR(nd)e.
Let us introduce some diagrammatic abbreviations. First, we write

a 00 0 11 1

= 0((1) 1(“)

In particular, for A = (14, ..., Ax) € Comp(n), we draw the idempotent e, as k parallel vertical lines with
labels Ay, ..., Ax. Moreover, a strand with label a is allowed to carry a polynomial P € Pollgga)z. In fact,
it would make sense to allow polynomials from Poll,; however, the presence of an idempotent allows
us to replace any polynomial by a symmetric one.

Next, we write

e o [ [@) [ ][]

g | O(Hb)... | | - |

Assume that A, u € Comp(n) are such that y is a split of A at k-th place. Then, similarly to Section 3.4,
we define elements Sﬁ € e,R(nd)e, and Mﬁ € e)R(nd)e, by (16), but using the diagrammatic calculus
defined above for eR(nd)e instead of the analogous calculus for the curve Schur algebra. It is easy to
check that the elementary splits and merges above are associative as in (3.4). This allows us to extend
the definitions of S} and Mﬁ to any A, p with G, C G,.

Remark 7.6. It is not the case that we can write any element of eR(nd)e as a linear combination of
diagrams containing splits, merges and symmetric polynomials. However, we will see in Remark 7.14
that this holds for eC(nd)e. Moreover, it can be shown that eR(nd)e is an idempotent truncation of
the quiver Schur algebra and the diagrams introduced above are nothing else than the diagrams in the
quiver Schur algebra (replacing the label a by ad). However, here we allow only labels of the form ad,
while quiver Schur algebras allow more general labels of the form aga + a; ;. This is the reason why
our thick calculus does not have enough diagrams to represent every element in eR(nd)e.

Let A, 4 € Comp(n) be such that &, C &,. Let us give a geometric description of the operators Sﬁ,

~

Mﬁ. We have an obvious projection Fi“ — Fj,, obtained by forgetting some components of the flag.
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This allows us to define the following correspondences:

S T . CF F =7 . M - F cF
7> . = Fl,, XFiA Fu C Flﬂ xg, Fi, —Zly,u, Zu i, = F ) %5 Flﬂ CFj, xg, F

Lemma 7.7. Under the identification in Proposition 6.16, we have S = [Z3 ; ] and Mfl = [Zli\f,i,,]-

i.i)

Proof. It suffices to check these equalities on the faithful representation Pol(,s) of I/Q\(ncS) The actions of

S” and M’1 can be easily obtained from Lemma 6.4. On the other hand, the actions of [Z$ i, u] and [Zi\fl ]
were Computed in larger generality (for quiver Schur algebras) in [ , Theorem 4.7]; see also [ ,
Proposition 3.4].

By [ , Theorem 4.7(b)], the element [Z?f,i#] acts by

S; G;
POIZn” 11}1 g POIZnA 111, Pliﬂ = Plip
which coincides with the action of Mﬁ.

For S4, assume A = (a + b) and p = (a, b); the general case is proved in the same way, but requires

more complicated notation. By [ , Theorem 4.7(a)], the element [Zf’ i | acts on Pol(,s) by

a atb 2
S; S;
Poly,* 15, — Pol,," 1;,, P1;, — E Wy W, <P | | | | (u ., )(v - )>
i j)\Vi j

Wy, Wy €6, /(6,x6) i=1 j=a+1

where w, permutes u;’s, and w, permutes v;’s. Let 95, be the composition of Demazure operators as
in Corollary 4.6 acting on variables uy, ..., u,, and deﬁne d.,, ., analogously. Applying Lemma 4.5, we
have

a a+b a b
- ')2 u v
E wqu<P| | | | (ul—uj)élvj,—v)>_aw‘“baw° b(Pl | | | (vi—uj)2>,

Wy, Wy€S, /(G x6y) i=1 j=a+1 i=1 j=a+1
and the right-hand side coincides with the action of S} given by Lemma 6.4. ]

As in Section 3.4, we will use the following abbreviation:

b a b a | |
a b a b | | |

Let A, u € Comp(n) be such that y is obtained by permuting componentsin A = (44,...,4,),and w € G,
the corresponding permutation. We can define the permutation element Rﬁ(w) € eyR(nd)e, as in
Section 3.4; recall that it depends not only on w, but also on the choice of a reduced decomposition of
w.

o 1(®)

1(®)

7.4. Basis of eR(nd)e. Let A, u € Comp(n). To each element w € *G!, we can associate a pair (x, y) €
"&*x"&*, where x is the restriction of w to positions colored by 0, and y to positions colored by 1. This
induces a bijection *&¥ — *G* x G, We will use this bijection implicitly from now on, and write
¥(x,y) instead of ¢,. In the case x = y, we may also write /() instead of ¥, ) by abuse of notation.
As in Section 6.4, consider the elements i}, i:, € 1" (both depending on A, y, w) characterized by

7 73 -1 _ -1
i) =1, U =1, 6i;—w GiLW—giAﬂW Giyw.

The elements iy, iy, i) and i}, here play the roles of i, j, i’ and j’ respectively in Section 6.4. Note that in
general i) cannot be expressed as iy for A’ € Comp(n); however, this works if x = y.
The following is a restatement of the second part of Lemma 6.10 for the Kronecker quiver.

Lemma 7.8. For each A, i € Comp(n), the following set is a basis of the k-module e,R(nd)e;:

A
{lpwo,i},,i;, I)D(x’y)PeA tX, Y€ kS*, P e Bi’l} .
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Remark 7.9. (a) The lemma above implies that for any A € Comp(n) we have an isomorphism of
k-modules PollglGA)2 = eyR(nd)ecy), P+ P- S?n);

(b) suppose that we have A, = 1 for some index r, and set k = A; + ... + A,_; + 1. The quadratic

relation Y%, ey = (ux — vg)? 1;, and the fact that the idempotent sy;_;1(j;) is non-cuspidal

implies that the polynomial (u; — vi)? is in the kernel of the map Poll?ﬂ)z — e,C(nd)e),

A
P P-S.

Example 7.10. Let n = 4,1 = (3,1), p = (1,3), w = (1,3,4,6,7,8,5,2). In this case x = (1,2,3,4), y =
(2,3,4,1),and the set Bi; is a basis of the vector space of polynomials in k[ uy, us, us, ug, v1, vz, v3, 04]62%G2,
where G, x G, acts by transpositions u; < u; and v; < v,. For example, take P = ujuyv4. Then the
basis element ¢W0,i‘ ; V. Pe, is given by the following diagram:

1>

0 1 0 0 0 1 1 1

®
| o® | | 1® | 0 1

Lemma 7.11. Let w be such that x # y. Then the reduced decomposition of w can be chosen in such a
way that every basis element ., ., Y.,Pe) goes to zero under the quotient map eR(nd)e — eC(nd)e.
ity

Proof. For a composition g = (yy, ..., gx) and r € [1, n], let L(r) € [1, k] be the unique index for which
P+t pry-1 < r <+ o+ ppy. If x # y, then we can find an index r € [1, n] such that L(x(r)) >
L(y(r)). Indeed, assume the contrary, that is that for every r € [1, n] we have L(x(r)) < L(y(r)). Since
Dicran L(x(r)) = X1 < L(y(r)), this implies L(x(r)) = L(y(r)) for every r. On the other hand, since x
is the shortest element in &, x, the values of L(x(r)) for each r determine x uniquely, so we must have
X =}y.

Let r be as above. Further, let a be the position of the r-th appearance of “0” in j; (counting from the
left), and b is the position of the r-th appearance of “1” in j;. We have 1 < a < b < 2nand w(a) > w(b).
Let ¢ € [a, b — 1] be the unique index such that (j;). = 0 and (j1)c+1 = 1. We have

wi)>wlc—1D>..2wla+1)>w@ > wbh)>wb-1)2>..>w(c+1).

Then we can pick such a reduced decomposition of w that on the bottom of the diagram for v,,1;, we

cross all strands at positions [a, c] with all strands at positions [c¢ + 1, b]. This implies that 1,,1;, is

zero in C(nd) because it factors through a non-cuspidal idempotent, and thus Yw,, , YwPey is zero in
’l}l’l}l

eC(nd)e. O
The following example illustrates the proof.

Example 7.12. Let A = (3,1), g = (2,2), and w = (1,5,6,3,4,7, 2,8). Then we have x = (1,3,4,2) and
y = (1,2,3,4). In this case we can take r = 2, because L(x(2)) = 2 and L(y(2)) = 1. Thena =2, b =5,
¢ = 3, and we should fix a reduced decomposition of w such that on the bottom of the diagram of ¢,,1;,
the second and the third strands cross the fourth and the fifth. The bottom of this diagram will look as

follows:
0 1 1 0 0 1 0 1
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On the top of this diagram we have a non-cuspidal sequence 01100101. Therefore the element ¢/,,1;, is
zero in C(nd), because it factors through a non-cuspidal idempotent.

From now on, we will always assume that the reduced decompositions are chosen as in Lemma 7.11.
The following statement is an immediate corollary of Lemmas 7.8 and 7.11.

Corollary 7.13. The algebraeC(nd)e is spanned by the set{ Yw, w VxPey : x € 6,\6,/6,,P ¢ By }
1 ’l}l

Remark 7.14. Consider a basis element ¢w04
s
Sy =6;nx"'G,xand &, = &, nxS,x"". Then, for an appropriate choice of a reduced decom-

, Yx)Pey as above. Let A/, " € Comp(n) be such that
tu

position of x, the element i,y can be written as () = ¥1¥2¢3, where 3 = Sﬁ’, Yy = Rﬁ: and
Yw,, Y1 = MZ,. In particular, we see that each element of the algebra eC(nd)e is a linear combination
iy

of diagrams containing splits, merges and polynomials.

7.5. Comparison with sheaves on IP'. In this section we will establish a relation between eC(nd)e
and the Schur algebra of the projective line §,, = 81,1:1.

We say that a representation M € E,s is regular if there exists an invertible linear combination of
two arrows in I'.”> Regular representations form an open subvariety E;%g C Eps. Similarly, we define

fFv;eag c Fos, Z;eég C Z,s as inverse images of E;eég under the natural maps Fus — Ens and Z,s — Eys
respectively. We also set F?g =Fn F;eag, Zir?g = Zyn Z;eag. Let us make the following standard
observation:

Lemma 7.15. If a sequencei € I" is non-cuspidal, then Fireg =Q.

Proof. Each sub-representation of a regular representation has dimension vector of the form mgag +
mya; such that my > my. In particular, a regular representation cannot stabilize a flag of non-cuspidal
type. 0O

Corollary 7.16. Ifi € I" is non-cuspidal, then the idempotent 1; lies in the kernel of the pullback map
R(né) = Hg, (Zys) > H, (Z,5).
In particular, the pullback yields a map C(né) — Hf"é(Z;eag).

Remark 7.17. It will be more important for us to have a truncated version by the idempotents e;.
Let us write Zyse = | |3 jecomp(n) Ziyi,- Then the pullback map eR(nd)e = H (Zns.) — Héné(foég’ .
factors through eC(nd)e — H; (Z't

nd,e’"
Recall [ ] that we have an equivalence of bounded derived categories
(31) RHom(O(-1) ® O,-) : D’(CohP!) —» D’(RepT).

Restricting this map to torsion sheaves of length n and representations with dimension vector nd re-
spectively, we obtain an open embedding of algebraic stacks

e : Ty = Rep,sT =[Ens/Gnsl, F < INER) g I'(F(1)) ) )

Moreover, the image of ¢ is precisely the substack of regular representations. Let ¢, : H*(Rep,s T, k) —
H*(Ty, k) be the corresponding pullback map.

Lemma 7.18. The ring homomorphism ¢,, : Pollo™®n — PSn is obtained as a restriction of the following
map to invariants:

(32) Poll,, — P,; U x;, U X+

>One can check that this definition agrees with the standard definition of regular modules [ , Definition VIIL.2.12];
see also Appendix A.



KLR AND SCHUR ALGEBRAS FOR CURVES AND SEMI-CUSPIDAL REPRESENTATIONS 35

Proof. By universal coeflicients, it suffices to prove the statement for k = Z. We have the following
commutative diagram:

g ® g

I !

(Reps )" & Rep,sT

Since pullback is functorial, and the pullback along the lower horizontal map realizes the inclusion
Poll®"®n ¢ Poll,, it suffices to prove our claim for n = 1. We will use the notations from Example 5.5.
The variables u, v are the first Chern classes of tautological line bundles on Rep(lyl) TI', which associate
to a representation U =2 V vector spaces U and V respectively. We denote by 7 the projection map
T, x P! — T,. By definition of the embedding ¢, the restriction of these line bundles to 77 is I'(€)
and T'(€(1)) respectively, where I'(—=) = R%z.(—) denotes the sheaf of global sections along IP!. Let us
compute the Chern character of T'(E(k)), k € Z, by applying Grothendieck-Riemann-Roch theorem.

ch(T(E(K)) = 7. (ch(&) ch(O(K)) td(IP")) = . (exp(x)(1 — exp(~c = p)) exp(kp)(1 + p))
= 1, (exp(x)(c + p + kcp)) = exp(x + kc).
In particular ch(T'(€)) = exp(x) and ch(I'(£(1))) = exp(x + ¢), so that ¢1(u) = x and ¢1(v) = x+c. O
Let A € Comp(n).
Lemma 7.19. We have a natural isomorphism &) = T, Xgep . [EA/Gms].

Proof. Let M € Rep,s T, and M’ C M a subrepresentation with dimension vector n’§, n” < n. Since the
vertex 0 in I has only incoming arrows, M’ uniquely determines a compatible flag M c M’ c M, with
dim M{ = n’ ap. Therefore the derived equivalence (31) provides us with an injective map
Fr— [ﬁ;g/GmS] =Tn XRep,s [FiA/Gn(S],
(&1 C...Cc &) (0==2T(E1(1)) ce(Eq) C... c T(Ex—1) = T(EX(D))) C e(Ep).
Further, let M be regular, and M’ as above. Since the restriction of an isomorphism is an isomorphism,

then M’ is also regular. Therefore every flag in Fir:g comes from a flag in &), and the map above is an
isomorphism. ]

As before, let us define ¢; : PollS*® — PS as pullback along the open embedding F C [F;, /G,s].
The following corollary is proved completely analogously to Lemma 7.18.

Corollary 7.20. The map ¢, is obtained as a restriction of (32) to the invariants.
Lemma 7.21. For k a field of characteristic zero, the maps @, ¢, are surjective.

Proof. 1t is enough to prove the statement for ¢,. By a theorem of Weyl [ , I1.3], the ring PS" is
generated by elements pro = Y, x¥, pry = Y, ¢;x¥. However, these elements can also be expressed as

Pro = on (i uF), pra = Lo (Ti0k = X ub). O

Another immediate corollary from Lemma 7.19 is that we have ), xg, F = [Zir;gu /Gns). The resulting

restriction map eR(nd)e — §, is a homomorphism of algebras by smooth base change and functoriality
of pullbacks. By Remark 7.17, it descends to a homomorphism of algebras

®, : eC(nd)e —> §,.

Remark 7.22. Note that both eC(nd)e and 8, are defined over any commutative ring k, in particular
over the finite field k = IF,. Since @, is essentially a pullback along an open embedding, it is also
defined for any k. This will become important at the end of this section.

Proposition 7.23. The algebra homomorphism &, sends each thick diagram in eC(nd)e to the same
diagram in 8, replacing each polynomial P € PollgG“)z on a strand of thickness a by @,(P).

Proof. Follows from Lemmas 7.7 and 7.18. O
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Restricting to polynomial operators, we have the following commutative square:

PollS" — ", pSs

Eo

eC(nd)e LN Sn

Let J, be the kernel of 1,,. It is clear that J, C Ker ¢,; we will show in Lemma 7.32 that this is actually
an equality. In order to prove this, we will need some preparations.

7.6. Shuffle products. Consider the product = : POHEIG")Z X Pollgng'")2 - Pollgﬁ;’; n’ given by

n+m n+m
(34) [P0 = -
n m

n+m n+m

Thanks to the proof of Lemma 7.7, we have the following expression for shuffle product:
a b
peo-atz (weo ] [To-wr)
i=1 j=a+1
We also consider the shuffle product * : PS» x PS» — P%",*n'", given by the same picture (34), but
using the diagrammatic calculus in 8, instead of the diagrammatic calculus in eR(nd)e.
Lemma 7.24. The map

@ On - QBPollgle")2 - EBPS"
n n n

is a homomorphism of algebras (with respect to the operations *).

Proof. Follows from the definitions and Proposition 7.23. O

For a polynomial f € Poll,, denote by ev(f) the polynomial in k|[uvs,...,v,] obtained from f after
evaluation uy = uy = ... = u, = 0. Set D% = 9%9} ...0_, and D¥ = 99} ...9%_;, where 9¥ denote
Demazure operators in variables uy, ..., u,, and 9} are defined analogously.

Remark 7.25. Note that D*(u"1) = (—1)""!. This identity allows to simplify expressions of the form
ev(D*(P)), where P € Kk[v1, ...,0,]%"[u,]. Write P = Y u!P,, where P, € k[vy,...,v,]®". Then we have

ev(D;(P)) = (=1)""(Py-1).
Denote by O'](Cn) the k-th elementary symmetric polynomial on the variables vy, ...,v,; we use the
convention 0'(()") = 1. We also denote the unit in Poll, by 1,,.
Lemma 7.26. Assume1 < k < n. We have ev(1,_1 * (v — w)uk™1) = (—1)"*1(7,&”).
Proof. Recall that
Lnt % 0 = W™ = DD}, (01 = )’ = wn)? oo (01 = un)*n = un)uy '] -
For k = 1, we have
ev(1n1 * (v —w)) = ev (DyD, [(01 — un)*(v2 = un)? ... (V-1 = un)* (v — un)))
= ev(Dy[(v1 — un)Vz = ) ... (00 — un)l)

= +ot.. v, = crg").
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Now, assume k > 1. We fix k and proceed by induction on n. If n = k, we have
(Lot + (0 — wuk ) = ev (DEDL {01 = un) (02 = )’ o (ot — )00 — u)utl ']
= (—1)" (D" (W20% ...v2_v,))
= (=1)" (0103 .. g0y = (=) .
where the second equality follows from Remark 7.25.

Now assume n > k > 1. Let us write Q(u,v) = (v — un)2(Vz — un)? ... (Vn—2 — u,)? for brevity. We
have

"1 [Q(w, 0)(Wn-1 — un)* (W — un)uk™1] = Q(u, 0)(WVn1 — ) (Vs — un)uk .

This implies

1y = ey (DEDY [Q(u, v)(vn—1 — un)*(vy — un)uﬁ_l])

T (Dz—lDlr)l—l [Q(ua v)(vn—l - un_l)(vn - un—l)”ﬁZﬂ)
= —vpev(1pg # (u—0)u?) + ev(1p * (0 — w)u'™)

— _Un(_l)kfzo_l(crfll) + (_1)k710,](cn71) _ (_1)k710_1(€n)’

ev(l,_1 * (v —wu

where the second equality uses Remark 7.25. ]

For each positive integer k we set fk = (v — w)uF! € Polly, and T,x = 1,4 * fk € PollglG")z. The
following proposition follows from Lemma 7.26.

Proposition 7.27. The commutative ring Pollglen)2 is generated by k[u,, ..., u, | together with elements
Tk fork € [1,n].

7.7. Spanning set of POHEF")Z /Jn-

Lemma 7.28. For each positive integer r, we have the following equality in POH%G")Z [ Jn:

g g g _ 1}1*7‘ * fkl * sz Tk fkﬂ l:fr S n,
tn,lq . tn,kz C tn,k, = 0 ifr >

Proof. First, we prove the case r < n. We prove the statement by induction on r. It is enough to prove
the following equality for r < n:

(1n—r * fk1 *x fk,) ' (1n—1 * fk) =1pra * fk * fkl * sz * ok fk,-

We can rewrite this as the following diagrammatic identity in eC(nd)e:

(35)

n n

where a cross on a strand stands for the polynomial v — u. It suffices to prove an equality of parts below
the dashed line.

First, note that by Remark 7.9.(a) both pictures are equal in eR(nd)e to some polynomials in Poll(n@)z,
where A = (n—r,1,1,...,1). The left picture gives the polynomial

Wn—r+1 = Un—r+1) ... (On — un)DZDlrjl[(Ul - un)2 e (Up-1 — un)z(vn - un)uﬁ]a
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while the right picture gives

Wn—r+1 = Un—rs1) ... (U — un)DZ—rDlr)l—r[(un—r - Ul)z o (Up—y — Un—r—l)z(un—r - Un—r)ulnc—r]-

We want to show that the images of these polynomials in e; C(nd)e(,) coincide. By Remark 7.9.(b), it is
enough to show that these polynomials are equal modulo the ideal generated by (vy—,+1—Un—r+1)% ..., (Un—
u,)?. Note that both polynomials already contain the factor (V11 — Up—r11) ... (Un — un). Therefore, it
is enough to prove the congruence

DZDZ [(v1— un)z e (Op-1— un)z(vn - un)uﬁ] = DZ—rDlr)l—r[(un—r _Ul)z o (Upr _Un—r—l)z(un—r _vn—r)u];;—r]
modulo the ideal (v,_y+1 — Un_rs1,...,Un — Uy). Indeed, we have
DZDZ[(vl - un)z e (Upo1 = un)z(vn - un)uﬁ]
= DZDZ_,[(U] - un)2 i (Unp1 — un)z(vn—r —up) - (g — un)uﬁ]
= D;:—rDl;}l—r[(vl - un—r)z e Upero1 — un—r)z(vn—r - un—r)uﬁ—r]‘

Let us justify the congruence between the second and the third line above. Indeed, when we apply the
sequence of Demazure operators d%_, ... d%_; to

uﬁ(vl - un)z (Un—r—l - un)z(vn—r - un) (Un - un)

(the order is important!) and use the Leibniz rule 9¥(fg) = 9¢(f)g + s¥(f)9}(g), the only situation
when the result is not in the ideal appears when 9%_, hits (v, — u,) and applies s¥_; to the other factors,
o%_, hits (v,—1 — u,—1) and applies s¥_, to the other factors, and so on.

Now, let us prove the case r > n. We need to show that (]?k1 * .k kan) -(1p—1 * f) = 0. For this, it is
enough to show that the left hand side of (35) is zero in eC(nd)e for r = n. This left hand side is given
by the polynomial

(1 —u1) ... (vy — un)DZDlr)l[(Ul - un)2 wo(Op-1 — un)z(vn - un)uﬁ]-

We have
DD} [(01 = n)* .. Vn-1 = n)*(0n = un)us] = D*[(01 = tn) ... (Vn1 — Un)(0n — up)uy] =0,
The congruence is justified in the same way as in the previous case. ]

Corollary 7.29. We have ]Tkl * sz = sz * fkl in POIIEGZ)2 /.

For each positive integer n, let us fix a basis En of kK[uy, ..., u,]%.

Lemma 7.30. The algebra POHELG")2 /Jn is spanned by the following set
(P fo % fo, % fr : r€[0,n,PE€B,,, 0<ky <kpy<..<k}

Proof. By Proposition 7.27, POII%G”)Z is generated (as an algebra) by k[uj, ..., u,]®" and by the elements
?,,,k for k € Z-. Then Lemma 7.28 implies that Im ¢, is generated as a k[us, ..., un]®"-module by
elements of the form 1,_, fkl * sz * ok JTk,' When we multiply 1,_, * ﬁl * f~kz * ..ok JTk, by an
element of k[u, ..., u,]®", we get a linear combination of elements of the form P * fk; * fké * Lk J?k;,
where P € k[uy, ..., up_r]® and k{ > k;. Note that we can also reorder the factors using Corollary 7.29.
This implies that the desired set spans Pollgle")Z /- |

From here until Section 7.9, let us assume that k is either a field of characteristic 0 or Z. Set f; =
cx¥ 1 € Pyand t,x = 1,1 * fx € P97 Under ¢,, the basis B, of k[uy, ..., u,]®" defines an analogous
basis of k[xi, ..., x,]€", which we denote by the same symbol.

Lemma 7.31. The following set is a k-basis of Im ¢,:

B :i={Pxfi, % fi,*..x fi :re[0,n],PeB,,0<k <ky<..<ksl}
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Proof. The fact that the set B spans Im ¢, follows from Lemma 7.30 together with commutative square (33).
Next, we prove linear independence. It is enough to do this for k = Q.
Let us choose a specific basis of Q[xj, ..., x,]°". Namely, let

Po=A=QA1n.... ) eZ" 0< 1 <A <. < Auh
and write B, = {m : A € P}, wheremy = ) s, val(l) va?n) are the monomial symmetric functions.
For any t > 0, consider the element e; = x' € P;. Then the set
B ={ey xep,*xen  *fi, * fio** fisr€[0,n],0< <t <. <tyy, 0<k; < k2 <. < K}

is a basis in P9, see [ ] for details. Consider a lexicographic order on B, where e; > e;, f; > f; for
i< j,and e > fjforalli, j. Let A € P,. An easy induction argument shows that 1, = #(1 * 1% ... %1).
We can therefore write

1 1
my = ;(1 *1%...% my = ) Z hyy * o * €l
' " wes,

where we have used that S." € 8, commutes with any polynomial in PS». Next, we apply the reordering
relations in [ , Theorem 1] to write m; in terms of B’. We get

my =e) x e, x..xe, + lower terms.
Similarly, for A € P,_,, we can write each element m, * fi, * ... * fi, € B as
my * fi, *...x fr, =ey *ey *...xey , * fr, *x..x fr, + lower terms.
Therefore the transition matrix from B to B’ is upper triangular. This implies linear independence of
B. O
7.8. Realization of eC(nd)e inside S,,.

Lemma 7.32. We have J,, = Ker ¢,,.

Proof. The inclusion J, C Ker ¢, follows from diagram (33). Next, the map PollEIG")2 /Jn — PS induced
by ¢, takes the generating set of Poll%G") /Jn from Lemma 7.30 to the basis of Im ¢, from Lemma 7.31.
This implies that this map is injective, so that J, = Ker ¢,. ]

Fix A € Comp(n). Denote by J; the kernel of the map 1, : PollSIG")Z — eC(nd)e, which sends P to
e Pe,.

Corollary 7.33. We have J) = Ker ¢,.

Proof. Thanks to Proposition 7.23, we have the following commutative diagram:

2
Polly’ —%— pS

g /
eC(néd)e LN Sh

Since the rightmost vertical map is injective, it follows that J; C Ker ¢;.
Let us prove the opposite inclusion. Write A = (A4, ..., A¢). By definition of C(nd), the map 1, can be
written as a composition

Gﬁ 13;®...

Q1
Poll, bt N ® eC(A;0)e 8, eC(nd)e.

On the other hand, we have ¢; = ¢, ® ¢, ® ... ® ¢, by Corollary 7.20, so that

2 6 2 2 2
Ker ¢ = <Ker 0, ®Poll @ ... @ Poll "’ )+...+ (Pollyy " @ oIl ®... @ Ker %).

Now, the inclusion Ker ¢, C J) follows from Lemma 7.32. O

Remark 7.34. In view of Corollary 7.33, the statement of Corollary 7.13 remains true if we replace By,

2 2
1516"') / Ker ¢,/. Note also that PollglG’V)

by a basis of Pol /Ker @), = Im ¢ is free over k by Lemma 7.31.
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Proposition 7.35. Let k be a field of characteristic zero or k = Z. Then ®,, is injective and its image is

spanned by split/merge diagrams, whose strands of thickness k are decorated by elements of Im ¢y, C P,? k.
In particular, if k is a field of characteristic zero, then ®,, is bijective.

Proof. The statement about the image of @, follows from Remark 7.14 and Proposition 7.23. For injec-
tivity, note that @, takes the spanning set of eC(nd)e from Corollary 7.13 and Remark 7.34 to a linear
independent set in 8, see Theorem 3.10. Therefore the spanning set of eC(nd)e is automatically a basis,
and @, is injective. Finally, surjectivity in characteristic zero follows from Lemma 7.21. ]

Corollary 7.36. The algebra eC(nd)e is generated by elementary splits and merges, polynomial (v — u)
on thin strands, and symmetric polynomials k[us, ..., uk]Gk on strands of thickness k.

7.9. Counterexamples to injectivity/surjectivity of ®,. Let us begin by providing a certain geo-
metric meaning for the image of ¢,,.

Proposition 7.37. Letk = Z. The Hg,-submodule of H*(T,) generated by the tautological ring TH*(T,)
coincides with the image of ¢y,.

Proof. By definition of the moduli stack Rep, s I, equivariant parameters u;, v; are the Chern roots of
the tautological vector bundles U, V respectively. In particular, restricting to 7, we see that the image
of ¢, is generated over Z by the Chern classes of T'(€) and T'(E(1)).

Let us write c°(€) = Y, ¢;0(€) and c!(€) = Y, ¢i1(E); we have c(&) = c°(E) + c!(€)p. Since p? = 0,
it follows from the definition of Chern character that ch(€) = ch’(€) + pQ, where Q is some class in
H*(T ), and ch’(€) = ch(c’(&)).

By Grothendieck-Riemann-Roch, we have ch(T'(£(1))) — ch(T'(€E)) = . (ch(E) td(]Pl)p) = ch’(&),
and so ¢(T'(£(1))) = ¢(T(€))c’(&). Since the coefficients of c(T'(€)) are precisely the generators of Hg,,
we conclude that Im ¢, C Hg, - TH*(T},).

On the other hand, applying ¢ to the standard resolution of the path algebra of T (see [ , (1.2)])
produces the following resolution of &:

0 T(E1)®H(O(1))® 0 > T(E-1) @O ®T(E)® O — & — 0.

In particular, we have

6 ey CTENTEC) ©0W) | ore)
c(T(E(-1)))? c(T(E(-1)) ® O(-1))

The denominator is a polynomial in the Chern classes of I(£(—1)) and p € H?(IP!). Moreover, we have
c(T(E(=1))) = c(T'(€))?/c(T(E(1))). Therefore the formula (36) shows that the Kiinneth-Chern classes
¢; j(€) are expressed as polynomials of the Chern classes of T'(€) and I'(€(1)). Thus Hg, - TH*(7,) C
Im ¢,, and we may conclude. O

Now let k = Z, and consider the map ¢, : Z[u;, uz,vl,vg]65 — (Z[x1, x2, c1, cz]/(cf,cg))GZ. The
element c;c; does not lie in Im ¢, by Example 5.7 and Proposition 7.37. However, note that 2c;c, =
(c1 + 2)* = p2((v1 +vg — ug — uz)?) € Im s,

Non-surjectivity of ¢, automatically implies non-surjectivity of ®,. Indeed, Im ¢, C Pz62 can be
identified with Im @, N e(2)Sze(2) = PZGZ. Moreover, applying universal coefficients we obtain that & is
not surjective if k = IF,.

Lemma 7.38. Fork = TF, we have J, C Ker @,.

Proof. The inclusion J; C Ker ¢, holds by the same argument as in Lemma 7.32. Let us show that this
inclusion is strict. First, note that both J, and Ker ¢, are homogeneous ideals in PonGé. Let us add
the base ring (Z or IF,) to our notation as a superscript. Since @z((vy + vy — u; — u)?) = 2¢c1c3 = 0
over [F,, the ideal Ker qo]ze contains a generator of degree 2. Thus in order to prove that the inclusion
;F > C Ker (pg:z is strict, it suffices to show that ]2IF * is generated by elements of degrees strictly greater
than 2.
Since Ker(eRp,(nd)e — eCy,(nd)e) is clearly the reduction modulo 2 of Ker(eRz(nd)e — eCz(nd)e),
we deduce that JZ]F 2 is reduction modulo 2 of JZ. So, in order to show that ]Z]F ® is generated by elements
of degrees greater than 2, it is enough to show the same for JZ. At the same time we know that
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J# = Ker ¢%, and it is easy to check that Ker ¢Z has no elements of degree 1 or 2. This completes the
proof. O

The lemma above implies that @, is not injective for k = IF,. Indeed, take P € (Ker ¢,\ J») C P011g62)2.
Then Pe(,) is a non-zero element in eC(26)e that lies in the kernel of @,.

7.10. Positive characteristic. We have seen that the map ®X : eCy(nd)e — 8% is an isomorphism
when k is a field of characteristic zero. However, in general this map is neither injective nor surjective
over a field of positive characteristic, as we have seen in Section 7.9. This behavior is explained by
non-surjectivity of ®Z, because X is obtained from ®Z by base change k ®z —.

Let g% := Im®Z c 8Z. Proposition 7.35 implies that g% is a sublattice of full rank. Now, for any
field k define 8X := k ®z SZ. The following theorem follows immediately from Proposition 7.35.

Theorem 7.39. Let k be a field. We have an isomorphism of algebras eCy(nd)e = g]}f

When chark = 0, we have g%,‘ = 8K, however, the two algebras are quite different in general. The
algebra S¥ is rather explicit: it has nice diagrammatic description and an explicit basis. Moreover, the
action of 8% on the polynomial representation PZ preserves the Z-submodule ﬁ;‘lz = P, Ime, by

Proposition 7.23. In particular, we obtain a polynomial representation g%f N IN’}f =k ®z P;Z We
conjecture the following:

Conjecture 7.40. The polynomial representation ﬁ}f ofgl,lf is faithful.

In positive characteristic neither S¥ nor PX has a concise geometric description, so the argument

from the proof of Theorem 3.15 does not apply here. It would be interesting to realize g%f as homology
of some variety.

Example 7.41. Let us illustrate how properties of g],f" can change for different p. Let n = 2, and
consider 2¢;c; € Im 9% C PZ. 1t defines a non-zero element in the reduction ISZF * by previous consid-
erations. Recall that we have the split operator S = Sgl’l) € $Z; we denote its reduction modulo 2 by
the same letter. Note that S(2¢;¢;) =0 € ZN%F ?, because tautologically ¢;c; € Im q)(ZM) = PZ. This implies
that IN’%F * admits a non-trivial submodule supported completely on the thick string.

On the other hand, it is an easy exercise to verify that Im ¢ together with c;c, generate the whole
PS? as a ring. Therefore glfp = S];" , Igz]F" = P;F P for p > 2. However, the split operator S now acts on
P262 C P;F ? by embedding it into Py, so that no submodule of PéF ? can be supported solely on the thick
string.

APPENDIX A. SEVERAL PARITY QUESTIONS

A.1. Parity of quiver flag varieties, type A(ll). As before, let I' = 1 =2 0 be the Kronecker quiver.
Pick a representation M = (U = V) € Rep I with dimension vector v. For any increasing sequence of
dimension vectors v = (v; < ... < vi = V), consider the quiver flag variety

Fy(M)={M; C..C My =M : dimM; = v;}.
The goal of this section is to prove the following proposition:

Proposition A.1. The flag variety Fy(M) has no odd cohomology groups.

Before giving the proof, we will need some preparations. Let us say that Proposition A.1 holds for a
representation M if we have H Odd(F!(M ), Z.) = 0 for any v.

Recall (e.g., see [ ]) that isomorphism classes of indecomposable representations of I' can be
classified into three distinct families:

preprojective P,, n > 0 | regular R n>o, (A, 1) € C2\{0,0} | preinjective I,, n >0
Aiden +L,
(idgn) C" —=<C", A#pu .
Ccr —— 3 Cntl piden +Ly n+1 (iden 0)
(ido ) cn :&Md@ cn (0 iden)
¢ Aiden +L,
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Here, L, denotes a nilpotent Jordan block of rank n.
Furthermore, for any n,m > 0 we have vanishing of Ext-groups:
Ext'(Py, Puam) = Ext'(Py, R = Ext! (Py, In) = Ext'(R(), I,) = Ext! (Lym, In) = 0.

Two representation of the form R are isomorphic if and only if they have the same n and the same

ratio (A : u) € IP1. We also have Extl(Rg,’L”), R%V’”/)) =0for(A: p)=W : ).
The following lemma is an immediate consequence of [ , Proposition 2.17].

Lemma A.2. Let M; and M, be two representations of T' such that Ext'(M;, My) = 0, and such that
Proposition A.1 holds for My and M,. Then Proposition A.1 also holds for My @ M.

Lemma A.3 ([ , Theorem 3.4]). Let M be a representation of T satisfying Ext'(M, M) = 0. Then
Proposition A.1 holds for M.
Remark A.4. The assumption Ext!(M,M) = 0 in [ , Theorem 3.4] is only required in order

to construct a certain vector bundle on Fy(M) x Fy(M) with a distinguished section, which vanishes
exactly on the diagonal. This assumption can be slightly relaxed. Namely, it may happen that M has
Ext!(M, M) # 0, but there exists another representation M’ such that

+ there exists an isomorphism of I-graded vector spaces f : M - M’,

« for each v, the isomorphism f induces as isomorphism of varieties Fy(M) = F,(M’),

« Ext!(M, M’) = 0.
In this case [ , Theorem 3.4] is still applicable, and Proposition A.1 holds for M. An example of
such a situation is M = RE,A’” ) and M’ = RE{V’” ") with (A : p) = (A : ). More generally, we can take
M=, Rg/}’”) and M’ = @F_, Rg}/’”/) with (A : p) = (A : p) for some positive integers ay, ..., ai.
Proof of Proposition A.1. Any representation M can be decomposed as M = P @ R & I such that P is
preprojective, R is regular and I is preinjective. Since Ext!'(P,R) = Ext!(R,I) = Ext!(P,I) = 0, it is
enough to prove the statement separately for P, R and I by Lemma A.2.

First, let us show that the theorem holds for a preprojective representation P. We know that P can
be decomposed as P = EBf:l P,, for some ay,a;...,ar € Z>,. We have Ext!(P,,P,) = 0 for a < b.
Applying Lemma A.3 and Lemma A.2, we see that Proposition A.1 holds for each P, and then for P as
well. The same argument also proves the statement for preinjective representations.

Now, let R be a regular representation. We can decompose Ras R = @Ile RGr:1) wwhere Ay = py) €
IP! are different for different r’s, and R4 #r) is isomorphic to a direct sum of representations of the form
RE,A””’). Since Extl(R(Ai 1) R ‘“f)) = 0 for i # j, it suffices to prove the statement for each RUrin) We

conclude by applying Remark A.4. O
A.2. Parity sheaves. The theory of parity sheaves has been developed in [ ]. It takes as an
input a complex algebraic variety Y with an action of a complex algebraic group G, such that Y has a
G-invariant stratification Y = []; Y, satisfying some parity conditions [ , (2.1),(2.2)]. For each

stratum Y) and a local system £ on Y}, it produces a certain indecomposable complex (A, £) supported
on Y,, which satisfies a list of properties. (This complex is not well-defined in general, but it is unique
if it exists.)

The case Y = E,, G = G, was studied in [ ] for a Dynkin quiver. In this situation, we have
a finite stratification of E, by G,-orbits, and each stratum admits only trivial G,-equivariant local
systems. The existence of a parity sheaf for each stratum is then proved. However, [ ] did not
prove that in positive characteristics the Lusztig sheaf £, = (7,).k is a direct sum of shifts of parity
sheaves. This was done later in [ , ]. The key point was to prove that the fibers of maps
F; > E, have no odd cohomology groups. Note that Proposition A.1 proves an analogous statement
about the fibers for the Kronecker quiver.

Nevertheless, the proposition below shows that there is no satisfactory theory of parity sheaves for
the Kronecker quiver, already for dimension vector & = 24. So, despite Proposition A.1, we cannot
deduce in this case that the sheaf £, is a direct sum of shifts of parity sheaves.

Proposition A.5. Let I' be the Kronecker quiver. There is no algebraic stratification (in the sense of
[ , Definition 3.2.23]) of Es into smooth connected locally closed subsets such that each stratum is
Gys-invariant and satisfies | , (2.1),(2.2)], and the subset E;gg C E,s is a union of strata.
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Proof. Suppose that such a stratification exists. The first two assumptions are simply the assumptions
in [ ] that allow to apply the theory of parity sheaves. In particular, the constant sheaf k on E,5
is a parity sheaf (up to a shift).

Consider the inclusion map ¢ : E;‘:’Sg — E,;s5. The third assumption together with the argument
in [ , Corollary 4.2] show that the map Ext; | (k, k) — EXt*Gz(s(l*k, *k) must be surjective. Recall
that we have the following commutative diagram, where the horizontal maps are isomorphisms:

E{[Ul,uz,vhvz]@% E— H*Gz‘s(Eza) EE— Extéw(k,k)

J | |

(k[x1, %3, c1, c2]/(c2, ¢2))®? —— H*GZ‘S(E;?) — Extg, ("k, i"k)

However, we have seen in Section 7.9 that the map ¢; is not surjective for k = IF,. O
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