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ABSTRACT

To make a choice in the presence of multiple criteria, we generally use an aggregation function which
determines, for each alternative, the balance of its strengths and weaknesses and its overall evaluation.
The aggregation function uses weights to adapt the model to the decision-maker’s value system, by
specifying the importance of the criteria and possibly their interactions. In this paper, we propose a
noise-tolerant active learning method for these parameters, which not only effectively reduces the
indeterminacy of the weights to identify an optimal or near-optimal decision among a given set of
alternatives, but also simultaneously determines a predictive model of preferences capable of making
relevant choices for the decision-maker on new instances. These outcomes are achieved by leveraging
a general disagreement-based active learning approach that is theoretically guaranteed to be tolerant
to noisy answers. The proposed method applies to various weighted aggregation functions, linear or
not, classically used in decision theory.

1 Introduction

In multicriteria choice problems, it is commonly accepted that the exploration of admissible trade-offs should be
restricted to Pareto-optimal solutions, i.e. solutions that cannot be improved on one criterion without having to be
degraded on another. These solutions are, however, potentially very numerous, and it is necessary to collect additional
preference information to define how the evaluations from the different criteria combine to define the overall preference.
Decision theory provides numerous mathematical models to account for agents’ preferences, in particular scalarizing
functions which associate with any vector of partial evaluations a global evaluation defining the overall utility of the
solution for the decision-maker (DM). The multicriteria choice problem can then be reformulated as a problem of
maximizing the scalarizing function over all feasible performance vectors, i.e., the evaluation vectors associated with
the alternatives in the problem under consideration.

In order to explore Pareto-optimal solutions and identify the optimal compromise for the DM, the scalarizing function f
must be monotonically increasing with respect to Pareto dominance. That is, if a solution z is at least as good as =’ on
all criteria, we must have f(z) > f(z'). A wide range of such aggregation functions is available, from the simplest
such as the weighted sum, to more sophisticated and expressive models such as the multilinear model and non-additive
integrals (Choquet or Sugeno integrals), which can be used to model interactions between criteria, without forgetting
weighted norms, which have proved effective for interactively exploring the set of non-dominated solutions in the
Pareto sense. The weights used in these aggregators specify the relative importance of criteria and/or sometimes also
the positive or negative interactions between criteria. They enable us to adapt a generic model to the DM’s particular
value system. We therefore optimize a function f,, parameterized by the weighting vector w. The phase of eliciting
preferences and learning the w weighting vector is absolutely crucial, as it completely determines the nature of the
compromise that will be found by optimizing f,, and the recommendation that will follow.

Various approaches have been proposed for specifying the parameters of a decision model in different contexts and thus
determining an optimal choice. Here, we distinguish three types of approaches.



The local and interactive judgment approach: we choose an initial vector of parameters w, calculate an optimal
solution for f,,, then let w evolve according to user feedback until we arrive at a solution that satisfies the DM. This
approach, widely used in interactive multicriteria optimization [[18, [19], allows a user-driven exploration of the Pareto
set, alternating phases of calculation of the current optimal solution and phases of dialogue with the user. It may
require numerous interactions, and the quality of the solution chosen at the end of the process is only validated by the
decision-maker’s instant sense of satisfaction.

Incremental preference elicitation: a first approach to incremental elicitation consists in progressively reducing the
space of admissible parameters. Iteratively, a preference query is chosen, the answer to which induces a new constraint
on the parameter space. The set of parameters compatible with the constraints induced by the preference judgments
expressed is progressively reduced until the point where an alternative proves optimal for all remaining parameters
(necessarily optimal solution). This approach is introduced in the ISMAUT method [21]. A principle of active question
selection is often used, based on the minimization of maximum regret, to choose the most informative question [20} 5} 3]
and derive a robust recommendation. Another approach, more tolerant to noisy responses, is to manage a probability
distribution (or other uncertainty model [[1]) over the parameter space and revise it according to the answers to questions,
to choose a decision having the maximum expected value [6] or minimizing the expectation of regret [4]. These methods
are question-saving, as they direct the questionnaire towards the resolution of a particular instance. On the other hand,
they do not produce a learned model and are generally not sufficient to solve a choice problem involving a new set of
alternatives.

Complete learning of the decision model: we use a base of preference examples and perform a regression (on the
values or the order induced by the values) to determine the parameter w that best fits the example base [[11} [16]. To
determine the parameters of the aggregation function accurately and reliably, the model must be trained on a large base
of examples, and requires a much larger number of preference queries than in incremental approaches. On the other
hand, the learned model can be reused to treat a new choice problem with the same decision-maker, on new alternatives.

In this paper we propose a hybrid active learning approach that combines the objectives of the last two items, namely
to quickly identify the optimal choice on the instance to be solved while providing a model capable of explaining the
decision-maker’s preferences and predicting his choices or formulating recommendations adapted to his preferences on
new instances of choice problems.

Another aim of the work presented here is to improve the elicitation method’s tolerance to DM’s noisy answers. Indeed,
the aim of minimizing the elicitation effort and the number of questions asked or examples used to determine an optimal
alternative often leads to taking each answer as valid information, likely to definitively constrain the space of admissible
parameters, without any further possibility of questioning or checking. This approach, which aims for questionnaire
efficiency, is of course rather risky, as it omits any validation operation through partial redundancy of questions, nor
any compromise between partially contradictory answers within the framework of a given decision model. The pitfalls
of incremental elicitation by progressive and definitive reduction of possible parameters are well illustrated by the
following example.

Example 1 Consider a set X = {a®,...,a%} of ¢ + 1 alternatives evaluated on two criteria and represented by
performance vectors a* = (i,q — i) fori = 0,...,q. Suppose the DM has expressed a first preference a” = a'
Sor two indices r,t € {0,...,q} such that r > t. Suppose we want to learn the weights of a weighted sum model

of the form f,(z) = wxy + (1 — w)xs for an unknown parameter w € [0,1]. The preference a” = a' implies

wai + (1 —w)ah > wal + (1 — w)ah and therefore wr + (1 — w)(q — 1) > wt + (1 — w)(q — t), or equivalently
w(r —t) > (1 —w)(r —t), hence w > 1 — w and thus w > 1/2. Under this constraint, it’s easy to see that
fw(a?) > fu(a?) foralli < q. We indeed have f,(a?) — fi,(a') = wqg— (wi+ (1 —w)(g—1i)) = 2w—1)(g—i) >0
since w > 1/2 and q > i. Hence a9 is necessarily an optimal solution in X. Note, however, that if the decision-maker
was mistaken in the first answer (a = a” being the actual preference), then the same reasoning would have led to the
choice of a°. In this case, the recommendation a9 is in fact the worst possible recommendation given the actual DM’s
preferences.

Although this example is a bit of a caricature, it does illustrate that a concern for efficiency in the active choice of a
question to ask can lead to choices that are not robust to noisy responses. In this paper, we will propose a non-Bayesian
approach to active learning of decision-maker preferences, which is more robust to noisy responses than usual methods
based on regret minimization and enables us to identify or approximate a necessary winner in a given set of alternatives,
as well as to build an explanatory model of decision-maker preferences. The paper is organized as follows. Section
introduces background and notations. In Section 3] we introduce an algorithm for active preference learning in a noisy
setting, and in Section 4] we demonstrate its benefits on synthetic preference data. Concluding remarks close the paper.



2 Background and Notations

Multicriteria decision-making problems are characterized by alternatives evaluated with respect to n dimensions
representing various points of view (criteria evaluation or individual opinions) possibly conflicting with each other.
In the sequel, N = {1,...,n} denotes a set of criteria. Any alternative 2 € X is represented by an evaluation vector
x = (x1,...,2,) Where z; € [0,1] represents the value of x with respect to criterion i for i = 1,...,n. Thus, the set
X = [0, 1]™ represents the criteria space. Let us consider a choice problem over a finite set X C X representing all
feasible evaluation vectors. The subset of Pareto optimal alternatives in X is denoted by X p.

Let f,, : X — R be the scalarizing function used to represent the DM’s preference >, i.e., :

x =12 = fu(x) > fu(z)), Vr,2'eX (1)
and let W be the associated definition domain of parameter w. A basic example is the weighted sum used in Example
(formally defined as f,, () = >, wiz; with W = {w € [0,1]"| >, w; = 1}). Beyond its simplicity and intuitive
appeal, this linear aggregation function may suffer from well-known limits in view of exploring Pareto-optimal tradeoffs
when the set of alternatives is discrete (or more generally non-convex). Some Pareto-optimal tradeoffs are indeed
impossible to obtain by maximizing a weighted sum (e.g, solutions that are interior points of the convex hull of feasible
points). Such solutions are referred to as unsupported Pareto-optimal solutions. By limiting ourselves to the supported
solutions we deprive the decision-maker of the possibility of examining various interesting trade-offs that could possibly
better correspond to its value system. We give below two major examples of more sophisticated scalarizing functions
able to cover a wider subset of Pareto-optimal tradeoffs.

The Choquet integral [[13]], used in multicriteria decision-making to model preferences in the presence of interacting
criteria, employs a weighting system w : 2 — R that attaches a weight w(.S) to any possible set of criteria S C N, to
aggregate the evaluation vector’s values as follows:

fuw(@) =31 [w(X)) — w(Xgn)]za 2
where (.) is any permutation of NV such that z(;_qy < 2¢;y,7 = 1,...,n, X3 = {(@),...,(n)} and X(,41) = (). The
set function w is called a capacity and is supposed to be normalized, i.e., w(@)) = 0 and w(N) = 1. Also, to guarantee
the monotonicity of f,, w.r.t. Pareto dominance, the capacity is supposed to be monotonic w.r.t. set inclusion, i.e.,
forany A C B, w(A) < w(B) and thus W = {w : 2V — [0,1] | w(A) < w(B) for all A, B such that A C B}. An
alternative representation of any capacity w is given by its Mobius transform m,, defined as follows:

My (S) = ZTQS(_l)IS\le(T) with w(S) = ZTgs M (T) (3)

The values m,,(S5) are called Mobius masses. We remark that we necessarily have .y mw(T) = 1, since
w(N) = 1. Let us also recall that a Choquet integral admits a simple reformulation from m,, [[7]:

fw(x) = Esg\r My (S) minges{z;} “)

This formulation can be further simplified when considering k-additive capacities, i.e., capacities whose Mobius masses
are zero for subsets larger than k£ and non-zero for at least one subset of size k. Whenever w is 1-additive, which is
equivalent to w(A) =, y w({i}), A € N according to Equation |3} the Choquet integral boils down to a weighted
sum. Whenever w is 2 additive, the weighted sum is augmented with a linear combination of pairwise minimum of type
min{x;, z;} allowing the representation of positive or negative synergies for every pair of criteria. Obviously, Choquet
integrals used with k-additive capacities (2 < k < n) involve larger criteria interactions as k increases, with enhanced
descriptive possibilities. In particular, their maximization can lead to unsupported solutions.

Despite its enhanced descriptive power compared to the weighted sum, some non-supported Pareto-optimal solutions
may not be accessible by maximizing a Choquet integral. In contexts where no prior information about the preference
system of the DM is available, it may be the case that any Pareto-optimal solution is of possible interest and must be
accessible by the scalarizing function. In this case, the standard approach is to minimize a weighted Chebyshev norm
measuring the distance to ideal point [22]]. This is equivalent to maximize the following scalarizing function:

fuw(z) =~ %%{wi\xi — wil} 5)

where u = (u1,. .., u,) is the ideal point, defined by u; = max,cx,{x;} and the associated weight definition domain
isW={wel0,1]" >, w; =1}

The relative ability of the three families of scalarizing functions mentioned above to describe observed choices is
illustrated on the simple instance of a bi-objective problem involving 12 Pareto-optimal solutions depicted in Figure
We can see the supported solutions (accessible by maximization of a weighted sum) (blue round) that lie on the upper
part of the convex hull of the alternative set, then those unsupported solutions that are accessible by maximization of a
Choquet integral (green diamond), and finally those unsupported solutions that are only accessible by maximization of
a Chebyshev norm (red square).
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Figure 1: Accessibility of various Pareto-optimal tradeoffs

3 Noise-tolerant Active Preference Learning

Disagreement-based active learning [[15) 9] refers to a branch of theoretically grounded active learning algorithms for
binary classification, that share with incremental preference elicitation methods the common objective of reducing
the space of admissible models as fast as possible (in terms of the number of asked questions). In the following, we
establish a link between both worlds and propose a disagreement-based active preference learning for choice problems,
which we illustrate on the toy case of Example|T]

3.1 Disagreement-based Active Learning

In binary classification, the input consists of data points 2’ belonging to an input space Z and their labels y* € Y =
{—1,+41} distributed according to a joint distribution over Z x Y denoted by Py . In this setting, based on data
samples (z°, )™ |, the goal is to find the classifier h* in a hypothesis class 7 that allows to best predict the target value
of a point z, i.e., that minimizes the expectation of making a bad prediction. More formally, h* = argmin, c,, £(h)
where E(h) = E(Z7y)NPZY []l{h(z)iy}] = ]P)(z,y)NIF’zY (h(Z) 7é y)? for any he™H.

In this setting, the general idea of disagreement-based active learning is embodied by the CAL algorithm [8] (called
after the authors’ names Cohn, Atla and Ladner). Starting with 7 as the space of admissible models (also called the
version space), CAL iteratively proceeds a sequence of unlabeled points (2*)"™ ,, and at each iteration asks for the
label 4 of the point z° if and only if there exist two classifiers /,hs in the current space of admissible model that
disagree on z', i.e., such that h1(2*) # ha(2*). The portion of the input space Z in which this condition holds defines
the disagreement region. If asked, the newly obtained label y provides the additional constraint h(2%) = y* on the set
of admissible models, which now excludes the models classifying z* differently. By doing so, the algorithm asks for a
label if and only if the new constraint h(z*) = y* surely reduces the space of admissible models, allowing to narrow
down the version space around h* with minimal labeling effort.

Obviously, this algorithm works to identify ~* under the separability hypothesis, i.e., h*(2%) = y%,i = 1,...,m. In the
more realistic noisy case where /(h*) > 0 (referred to as the agnostic setting), the hard constraints h(2%) = y* will
eventually exclude ~* from the set of admissible models. Extensions of the CAL algorithm in the noisy case [2}[10]
bypass this issue by defining the set of admissible models as the set of models that proved to yield small errors on the
learning examples (2%, %*)™ ;. Among them, the DMH algorithm [10] (also called after the authors’ names Dasgupta,
Hsu, and Monteleoni), which relies on supervised learning sub-tasks, provides a simple way of cautiously excluding
models associated with significantly high errors. Here we propose to exploit and extend it to the multicriteria choice
problem under noisy answers.

In the multicriteria choice problem setting, the determination of the weight vector w in the preference model (IJ) from
pairwise preference examples x* = z/*, x%,2"" € Xp can be indeed formulated as a binary classification problem
where 2¢ = (z%,2) € Z = X% and y’ = 1if 2 = 2'* and y* = —1 otherwise (z X z'%). In this case, the hypothesis
class can be defined as H = {h : X3 — R|Fw € W, h((z,2")) = sign(fuw(z) — fuw(z’))} where sign(t) = 1if
t > 0 and sign(t) = —1 otherwise, and thus can be identified to the set of admissible weights W. In this set, let w*
denote the weight vector that best represents the DM’s preferences, i.e., w* = arg min,, .y ¢( f,y). The supervised
learning sub-tasks of the DMH algorithm involve minimizations over W of the empirical error on preference examples
S = (2, yl)gl defined as ¢s(f,) = ﬁ Z(xi,x’i,yi)es ﬂ{sign(fw(xi),fw(rli)ﬁgyi}. However, the 0-1 loss £s(fy) is
non-convex and discontinuous and its optimization on a set ¥ is known to be NP-hard in the case of noisy answers,
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even for linear models f,, [12]. To bypass this issue, we use a randomly generated finite approximation Wy C W of W
and solve the optimization tasks by exhaustive search.

In the next subsection, we introduce an algorithm designed to achieve a twofold objective: on the one hand, finding
a near-optimal solution within X p, and on the other hand, assessing parameter w to have a predictive model f,, of
DM’s preferences. To this end, we propose a tailoring of the DMH algorithm to the aforementioned preference learning
setting, extended with a mechanism to control the regret of the recommended solutions.

3.2 A Disagreement-based Active Preference Learning Algorithm

Let us introduce Algorithm E]that takes as input a stream of pairs of alternatives z* = (z*, 2’¥) drawn randomly and
uniformly from the set of alternatives X p and an initial set of admissible weight vectors W), the definition domain of
weight w used in function f,,. This algorithm sequentially proceeds the pairs of alternatives and at iteration &, only
when necessary, asks for the DM to provide an answer 3" to the pairwise comparison query z* = 2/*?. Since the DM
possibly provides answers in contradiction with the preferences induced by f,,«, the obtained preference examples are
not exploited as hard constraints to reduce W), but used to construct a growing learning dataset of preference examples
Ty.

Algorithm 1:
Inputs: Wy, a, p
draw a pair (2, 2’%) uniformly in X%
yY < answer to the query “z° = 2/0?”
To < {(2%,2°,9°)}, MRy < 1, k < 1
while MR;,_; /MR, > p do
draw a pair (2%, z'%) uniformly in X%
W]ijk_ — {’LU S Wk—llfw(xk) > f“,(x’k)},{w € Wk—1|fw(xk) S fw(x/k)}
it W," # 0and W, # () then
wt,w™ < arg minwEW,:r by, (fw),arg minu)ewl: by, (fuw)
Br = V/(4/k) In (8 (K2 + k) [Wo[2/)
Ay 61% + 6/? (\/€ka1 (fw*) + \/£ka1 (fw*))
end
it W, #0and (W, =0or b1, (fF) —lr, ,(fy) > al\y) then
‘ Wi« W Ty T
elseif W," # 0 and (W, = 0orlr,_,(fy)— lr, ,(f) > aly) then
| Wi+ Wi T+ T—s
else
y* « answer to the query “z* >~ 2/¥?”
Wy +— Wy_1,T) {(l‘k,l‘lk,yk)}
end
Wy, = argmin,, ey, O, (fuw)
i‘lmMRk < argmax,cx, f’lﬂk (Qf), maXy/e X p MaXye Wy, (f'w(x/) - fﬂi(ik))
k< k+1

end
Outputs: wg_1,25—1, MRi_1

More precisely, at iteration k, to determine whether query “z* = 2/%?” is worth asking (i.e., whether the answer y* is

likely to provide new information), the algorithm assesses the level of disagreement of the current set of admissible
models W,_; on the pair (z*,2'¥). To this end, Wj_; is partitioned into W, = {w € Wy_1|fu(2¥) > fu(z')}
(set of weights that verify z¥ = 2'¥) and W, = {w € Wj_1|fu(2¥) < fu,(2'*)}(set of weights that verify
x* < 2'F) and the minimal empirical errors on the learning database T}, are computed on both set W,f and W, and
compared. If wT,w™ respectively denote the best elements in W,j and W~ ie., wt = arg min, ew lr,_, (fw)and

wt = arg min,, ¢y - U7, _, (fw), this amounts to assessing the gap {7, _, (fu+) — {1, (fu-)-

If the magnitude of the error difference |01, , (fi,+) — ¢m,_, (fw-)| does not exceed a certain threshold Ay, the
elements of W}_; somehow “disagree” on whether 2% = 2'* or z¥ < 2'*. Indeed, the weight vectors verifying



zk = 2'% (W;1) and the weight vectors verifying 2% 3 2’¥ (W) are attached to similar minimal errors on the learning
database T},_,. Therefore, the answer y* is likely to provide new information, and thus the query “z* >~ 2'¥?” is
asked to the DM. Then, the answer ¥ is stored as a new preference example (z*, z’¥, y*) in the learning database, i.e.,
Ty, = Tp—1 U {(aF, 2% y*)}.

However, if [¢7, _, (fu+) — {1, (fw-)| > Ay, the elements of W},_; somehow “agree” on whether z* = z'* or
xF < 2'*, since one of the two sets W,j , W~ yields significantly higher errors on the learning database T}_; than the
other, and thus is not likely to contain the best predictor w*. Then, the query is not worth asking and the algorithm
exploits the agreement of Wj_1 on the instance (2", 2’%) to reduce, with high confidence, the set of admissible models
by adding the preference as a hard constraint, i.e., Wi = W,j , if the constraint 2% = /% yields the smallest error, and
Wi, = Wk_ otherwise. In this case, no example is added to the learning database, i.e., T, = T} _1. Note that cases
W,F =0 or W, = () are omitted here for clarity but are included in Algorithm

This cautious reduction of the set of admissible weights makes it possible to incrementally control the remaining level
of uncertainty on the DM’s best alternative in X p, as in incremental preference elicitation methods based on the notion
of maximum regret [20, 5, 3]]. Indeed, at the end of iteration &, the learned model is w, = argmin,,cyy, ¢, (fu) and
naturally the recommended solution is &}, = argmax,c v, fa, (). Then, we propose to assess the remaining level
of uncertainty on the DM’s best alternative by computing the maximum regret attached to the recommendation of
21, knowing that the current set of admissible weights is Wy, i.e.,; MRy, = max,ex, maxyew, {fuw(®) — fu(@r)}.
Once MRy, is sufficiently reduced (ratio MRy, /MR below a configurable threshold p € [0, 1)), the algorithm stops and
outputs a recommended solution Zy.

We now establish Proposition [1| showing how threshold values A must be set to make sure that Wy, k > 1 contain
with high probability weight vector w* that best fits to DM’s preferences. This result relies on the known guarantee
attached to the DMH algorithm [10] and shows that MR}, upper bounds the real regret max,e x » { fuw+ () — fu= (%)},
with high probability.

Proposition1 For 6§ > 0, B = /(4/k)In(8(k2+k)[Wo[2/5), and A, = pI +
B (V1o (fur) + /1oy (Fu-)). with probability at least 1 — 6, we have w* € W, and MRy, upper
bounds the real regret, i.e., maxye x p{ fus (€) — fuw- (Zr)} < MRy, for any k > 1, in Algorithm 1.

Algorithm 1 is a specification of the DMH algorithm [10] (with a modified stopping criterion) for the input space
Z = X% associated to the uniform distribution, and the hypothesis class H = {h : X2 — R|Jw € Wy, h((x,2')) =
sign(fuw(z) — fuw(z"))}. Let Hy denote the hypothesis class at iteration k, i.e., Hy = {h : X3 — R|Fw €
Wi, h((z,2")) = sign(fu(x) — fw(2’))}. Then, for § > 0 and v, = /(4/k)In (8 (k2 + k) S(H, 2k)2/5) where
S(H, 2k) is the k-th shatter coefficient of H, with probability at least 1 — §, and all (h, h’) € Hj, x Hj, we have for
any k£ > 1 ([10], Corollary 1):

ng—l (h) - ng—l (h/) < £<h) -4 (hl) =+ 7]% + Yk (\/ng—1 (h) + \/eTk—l (h/))

Recall that the k-th shatter coefficient is defined as the maximal number of ways H can classify k input points. More
formally, S(H, k) is the maximal number of different target vector (h(z1),...,h(zx)) that can be associated to k
input points (z1,...,z2;) by H, i.e., S(H, k) = max ez |{(h(z1),..., (2x))|h € H}|. Then, by definition of the
shatter coefficient, when # is finite, i.e., |H| < oo, for any k > 1, S(H,k) < |H|. Here, |H| < |[Wy| < oo and
thus S(H, k) < |Wp| for any k > 1. Therefore 8, = /(4/k) In (8 (k2 + k) [Wo|2/5) > 7, and thus we have, with
probability at least 1 — 4, for all (h,h') € Hy X Hiandallk > 1:

eTk—l(h’) - ETk—l (h‘l) < E(h) -4 (hl) + 613 + Bk (\/eTk—l(h) + \/ZTk—l(hl))

Therefore, for A, = 87 + 5k<\/€Tk_1 (fut) + VP, (fw_)>, with probability at least 1 — d, we have w* €

Wy, for any k > 1 ([10], Lemma 3 ). Thus, with probability at least 1 — §, max,cxp{fuw () — fur(Zr)} <
maXyew, MaXzeXxp {fw(x) - fw(j:k)} = MR;. U

In the next Section dedicated to numerical tests, we will see that Ay, is an over-cautious threshold, that may induce
many preference queries. In practice, a more aggressive threshold aA; where a € [0, 1] can be used to reduce the
number of preference queries without too much sacrificing the recommendation quality. Parameter « can be set using
cross-validation on a small test set of preference examples {(z*, 2%, y*)}. On the other side, parameter § is set to 0.95.

3.3 Illustration on a Toy Example

To illustrate the benefit of Algorithm 1 for preference elicitation with noisy answers, we exploit the easy-to-grasp
toy case of Example [1]on the choice set X = {a°,...,a?}. The first pair under consideration is (z°, 2"°) = (a”, a)



Table 1: Comparison of Algorithm 1 and CSS over 100 simulations.

p=0.1 p=20.3
Number of query Rec. accuracy Number of query Rec. accuracy
CSS 1.0 89% 1.0 74%
Algorithm 1 3.5 99% 14.0 90%

with r > ¢. Since the first DM’s preference statement is a” > a’, Algorithm 1 starts with the initial learning database
Ty = {(2°,2°,1)}. Then, examples of pairs (z*, 2'¥) = (a"*, a'*) are repeatedly drawn uniformly from X% = X?
(where 7}, > t;,) and Algorithm 1 either asks the query z* = 2'*? or if confident enough to predict the DM’s answer,
does not ask the query and reduces the current set of admissible weights accordingly (either (5 L. 1] or [0; ]) In this case,
the recommended alternative ), = argmax, ¢ x,, fu, (z) with @y, = argmin,, ¢y, 1, fw) is necessarlly a?if Wy, =
(3;1] or a® if W, = [0; 3]. Finally, the recommended alternative being associated with a null maximum regret (for

instance if W, = (1 1], max,¢{o,....q} MaXye(1/2,1](fw(a") = fw(a?)) = max,cqo,... q} MaXype (172,11 (7 — ) (2w —
1)} = 0)), the algorlthm stops. Also, at each iteration k, one can easily see that {7, _, (f,+) = ITkil—ll Zf;ol Tyyizgy

and {7, _, (fu-) = \Tk n ZL o ]l{yz_,l} and thus 7, _, (fw+) and {1, _, (f,-) are respectively the frequencies of

occurrences of preferences of type 2 = 2’* and of type 2° = 2’* in the sequence of the past DM’s preference statements.
Thus, Algorithm 1 recommends a solution when one of the two frequencies becomes significantly higher than the other,
i.e., with a difference higher than aA; which, according to Proposition|l} is decreasing with k. This choice process is
more robust than taking for granted the very first DM’s preference statement, as illustrated below.

In Table [I} we present numerical results obtained for the described toy case with ¢ = 20. To assess the benefit of
Algorithm 1 in the context of noisy answers we introduce a random noise in the simulated DM’s answers which swaps
the answers with probability p = 0.1 and p = 0.3. For the two noise levels, we compare Algorithm 1 to an incremental
preference elicitation method based on the minimization of the maximal regret and the current solution strategy (CSS)
[20, 5, B. CSS consists of asking to compare solution z € Xp that minimizes the maximum regret MR(z) =
max, ¢ x, MaXyew { fu(2') — fuw(z)} and its best opponent ' = arg max, ¢ x, maxyew { fuw(z') — fu(x)}. Then
the set of admissible models W is reduced using the obtained preference as a hard constraint, before iterating on this
new set of admissible models. Parameters o and ¢ of Algorithm 1 are respectively set to « = 0.05 and p = 0. In
Table[I] we compare the results of both methods on 500 simulations in terms of number of queries and accuracy of
the recommendation (number of simulations where the recommendation was correct). Looking at the results, we can
see that CSS, while always terminating after one query, suffers from noisy answers and does recommend the optimal
alternative in only 89% of the time for the low noise level, and 74% of the time for the high noise level. On the contrary,
Algorithm 1 recommends the optimal alternative in nearly 100% of the time for the low noise level while asking only
3.5 questions on average, and in 90% of the time for the high noise level with about 14 questions on average. Further
tests are conducted in the next section.

4 Numerical Tests

In this section, we present the results of numerical tests performed on synthetic preference data. We test the ability of
Algorithm 1 to provide accurate recommendations while receiving noisy answers from the DM, and when possible, we
compare those results to CSS. The tests are conducted with f;, taken as the weighted sum, the 2-additive Choquet integral
and the Chebyshev distance. We consider random finite sets of admissible models Wy C W of size [Wy| = 5000 for
each experiment. For the weighted sum and the Chebyshev distance, W is obtained by uniform sampling of the simplex
W = {w € [0,1]"| >°i~, w; = 1}. For the 2-additive Choquet integrals, the set of admissible weights is the set of
capacities W = {w : 2V = R|A C N,w(A) < w(B),w(?) = 0,w(N) = 1}, restricted to 2-additive capacities. The
set of 2-additive capacities is a polyhedron admitting a polynomial number of extreme points [14] (Theorem 2.65),
namely, the unanimity games defined for any ¢ € [1, o n“ ]] by v;(S) =1ifY; C Sand 0 otherwise, where Y; C N
is any nonempty subset of size at most 2, and the con]ugates of unanimity games defined for any i € [ "H) +1,n?],

by v;(S) = 1ifY; NS # 0 and 0 otherwise , fori € [[HTH + 1,n?]. Hence, any 2-additive capacny w can be
generated by a convex combination w = >.7_, ;v; with ¢ = n2,6; € 10,1], ¢, B; = 1. Thus, we obtain samples
Wy of the set of 2-additive capacities by uniform sampling of the simplex {3 € [0,1]7| >°¢_, 8; = 1}.

For all the experiments, the set X p of Pareto optimal solutions is randomly drawn within X" as follows: vectors p of

size n — 1 are uniformly drawn in [0, 1]"~1, then performance vectors x € X are obtained by setting z; = H(iy — I i—1)
fori =1,...,n, where gy = 0 and p(,) = 1. To avoid that all generated alternatives share the same hyperplane
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Figure 2: Real regret and rank w.r.t. query number for Algorithm 1 (a) and CSS(b).

>, ;i = 1 in the utility space, the square root function is applied on all components z; of each performance vector
x. Also, the DM’s answers are simulated according to a ground truth model f,,,, with a random weight vector
wgt generated in the same way as the elements of Wy. The answers are disturbed with random noises € such that

y* = sign(fuw,, () = fuw,, (@) + €) and € is uniformly distributed within [—o, o] with noise level o > 0, for any k.

In the first experiment, we compare the noise tolerance of Algorithm 1 and CSS when f,, is the Choquet integral,
n =5, and Xp = 100. Parameter o of Algorithm 1 is set to o = 1.7 x 10~2. Figures andrespectively show,
for Algorithm 1 and CSS, the average regret (left) and rank in the DM’s hidden ranking (right) of the recommended
solution over 100 simulations w.r.t. the number of query. More precisely, Zafleft) (resp. 2b[left)) shows the real
regret of the recommended solution in percentage w.r.t. the initial level of uncertainty MR (resp. the initial min-max
regret ming e x , MaXy e x, Maxyew { fuw(2') — fw(z)}) along with the upper bound of the real regret MR, (resp. the
min-max regret of the reduced set of admissible models after k£ queries). In Figure we observe that while the
min-max regret quickly reduces with CSS, it does not induce a reduction of the real regret and yields recommended
solutions with increasing real ranks. On the contrary, in Figure 2a] we observe that while decreasing more slowly, the
bound MRy, of Algorithm 1 decreases accordingly with the real regret and rank of the recommended solution . After
30 queries, the real rank of the recommended solution is about 8§ for Algorithm 1 and 16 for CSS.

In the second experiment, we show the different tradeoffs between quality of the recommendation and number of asked
queries that can be achieved with Algorithm 1 by varying the o parameter, which controls the threshold value aeAy.
The tests are conducted for the Chebyshev distance for n = 10, Xp = 100 and « varying in a uniform grid within
[5 x 1073,5 x 10_2]. The results are averaged over 100 simulations, and for this experiment, the DM’s answers are
disturbed with a random noise which swaps the answers with probability p = 0.1 and p = 0.2. For both noise levels,
Figure 32 (left) represents the average real regret of the recommended solutions (in percentage w.r.t. MRy) versus the
average number of asked queries and Figure [3a] (right) shows the average real rank of the recommended solution, again
versus the average number of queries. For all figures, the higher the o value, the higher the caution level of Algorithm
1, and thus the higher the number of asked queries. For p = 0.1 (red), asking 7 queries yields a real regret of 20% in
average with an average real rank equal to 21 and asking 50 queries reduces the real regret to 10% and the average rank
to 8. When the noise level increases, the performances weaken. For instance, for p = 0.2, 7 questions yield an average
real rank equal to 26.

In the third experiment, we compare Algorithm 1 to another non-Bayesian active learning method recently proposed
for linear models [17]]. This method also exploits the idea of minimizing the 0-1 loss error on the set of admissible
models W instead of irreversibly reducing the set of admissible models such as in CSS. However, while being effective
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Figure 3: Real regret (a) and rank (b) w.r.t. query number (Chebyshev distance).

at solving choice problems with small number of queries, the used querying strategy focuses only on the most plausible
best element of X p, and thus, the learned model is further from the hidden model wg; and shows lower generalization
performances on X’ than Algorithm 1. This can be seen in Table[2] where both methods are compared in terms of query
number and real rank of the recommended solutions; we also give the average absolute distance to wg; of the learned
preference model and the test accuracy defined as the percentage of preference inversion on a test set of pairwise
comparison in X'. The tests are conducted with f,, taken as the weighted sum, n = 10, o = 0.05, | X p| = 1000 and
for Algorithm 1 the parameter are set to o, p = (2 x 10719, 0.5) which allow yielding similar query numbers for both
methods. We observe that while yielding similar results in terms of query number and real rank, Algorithm 1 better
recovers preference model wg; and achieves a higher test accuracy. Computation times are comparable for both methods

(3.35 sec. for Algorithm 1 and 1.33 sec for [Pourkhajouei, 23] on average).
Table 2: Comparison with [Pourkhajouei, 23] over 100 simulations.

Query number Real rank Distance to wy; ~ Test accuracy
Algo 1 68.0 £22.7 40.1/1000 £ 59.8 0.03 £0.01 88.5% + 2.5%
[Pourkhajouei, 23]  60.9+17.3  44.75/1000 + 81.13 0.07 +£0.02 78.0% £+ 5.0%

5 Conclusion

We have presented a new approach for determining an optimal solution in a given set, by actively learning the parameters
of an aggregation function describing the DM’s preferences. This approach is a cautious version of the standard CSS
based on the minimax regret criterion that progressively reduces the set of admissible model parameters, until a zero-
regret (or near-zero-regret) solution appears as a necessary winner. In our view, our approach offers three significant
advantages.

Firstly, it is more error-tolerant, since the DM’s responses are not systematically interpreted as hard constraints on the
parameter space. The numerical tests catried out in Section 4 clearly demonstrated the gain in robustness in the face of
noisy responses. The second advantage is that, beyond the identification of an optimal choice, the method provides a
learned model that can be used to explain decisions and make choices on new instances. Finally, it does not require
the scalarizing function to be linear in its parameters and thus applies to a wider class of aggregators, including the
weighted Chebyshev norm, or the Sugeno integral that is generally not learned by regret minimization.

Algorithm 1 also brings some advantages compared to recently proposed approaches for preference learning with noisy
DM’s answers, whether Bayesian [[6} 4] or non-Bayesian [[17]. On the one hand, being non-Bayesian, the proposed
approach does not require knowledge of a prior distribution on the model parameters, a strong assumption often
necessary to initiate Bayesian learning. On the other hand, concerning non-Bayesian approaches, the numerical tests
presented at the end of Section 4 show that Algorithm 1, while exhibiting comparable performance to recent alternative
proposals [[17] in terms of robustness to noisy responses, achieves significantly better generalization performance and
thus is likely to make better decision on new instances of choice problems.
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