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We show the existence of a phase transition between a localisation and
a non-localisation regime for a branching random walk with a catalyst at
the origin. More precisely, we consider a continuous-time branching random
walk that jumps at rate one, with simple random walk jumps on Zd, and
that branches (with binary branching) at rate A > 0 everywhere, except at
the origin, where it branches at rate Ay > A. We show that, if A is large
enough, then the occupation measure of the branching random walk localises
(i.e. when normalised by the total number of particles, it converges almost
surely without spatial renormalisation), whereas, if \( is close enough to A,
then the occupation measure delocalises, in the sense that the proportion of
particles in any finite given set converges almost surely to zero. The case
A = 0 (when branching only occurs at the origin) has been extensively stud-
ied in the literature and a transition between localisation and non-localisation
was also exhibited in this case. Interestingly, the transition that we observe,
conjecture, and partially prove in this paper occurs at the same threshold as
in the case A = 0. One of the strengths of our result is that, in the localisation
regime, we are able to prove convergence of the occupation measure, whilst
existing results in the case A = 0 give convergence of moments instead.

1. Introduction and main results. Branching random walks are a simple probabilis-
tic model for populations that move through space. In the classical continuous time model,
particles all branch at the same rate and between branching events, move according to some
Markov process (e.g. a simple random walk), independently of each other. A natural gener-
alisation of this model is to allow the branching rate to depend on the position of the particle:
from an application’s point of view, one can think of some sites being more favourable to a
growth in population than others (for example if there is more food available at those sites).
In some models such as the parabolic Anderson model, in which the branching rates are
sampled in an i.i.d. way, some sites are sometimes so attractive compared to others that the
population localises at these sites or near these sites. In this paper, we show that localisation
can occur in a very simple model where the branching rate is the same everywhere, except at
the origin, where it is higher.

We consider the following continuous-time branching random walk on Z¢ (d > 1): at
time zero, there is one particle alive in the system, and its position is the origin. Each par-
ticle carries two independent Poisson clocks: the “jump”-clock that rings at rate 1, and the
“branch”-clock that rings at rate A¢g when the particle is at the origin and at rate A everywhere
else. When the jump-clock of a particle rings, then this particle moves to a neighbouring site
chosen uniformly at random among the 2d neighbouring sites. When the branch-clock of a
particle rings, it gives birth to a new particle at the same location. This model is a variant
of the so-called “catalytic branching random walk”, which corresponds to taking A = 0, and
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which has been extensively studied in the literature (we give a literature review on this model
in Section 1.3).

We are interested in the occupation measure of the process, i.e. the process (II;);>¢ where,
forall t > 0,

N,
I, = Z 5Xi(t)a
=1

with IV; the number of particles alive at time ¢, and (X;(t))1<i<n, their respective positions.
We assume in the whole paper that Ay > X\ > 0 (in fact most of our results assume \g > A > 0,
but we also occasionally discuss the case \g = \).

1.1. Results. Our main result is as follows:

THEOREM 1.1. If Ao > 2d — 1 4 2d ), then there exists a deterministic probability mea-
sure v on 7.2 such that, almost surely as t 1 oo,

for the topology of weak convergence on the space of probability measures on Z.°.

The strength of this result is that it gives almost sure convergence of the occupation mea-
sure of the branching random walk. In comparison, existing results in the case A = 0, such
as in [1, 22], only give convergence of all moments (see Section 1.3 for a more detailed dis-
cussion and more references on the case A = 0). Another notable difference is that we use
a random normalisation, namely we divide the empirical distribution of particles by N, and
our limit is a deterministic measure. This contrasts for instance with limiting results in the
case A = 0, such as in Déring and Roberts [22] or Watanabe [45] in a continuous setting,
where the normalisation is deterministic and the limiting measure is multiplied by a random
factor. We believe that our results (Theorem 1.1 and Lemma 3.1 below) may imply conver-
gence of e~ (A (Ro=Mro)TT, Proving this would require to estimate the speed of convergence
in Theorem 1.1, which we have not tried to do so far.

We believe that the condition Ag > 2d — 1 + 2d )\ is not optimal. To support that claim we
first state the following proposition:

PROPOSITION 1.2.  Let (e, ..., eq) be the canonical basis of R4 Ifﬁt — v almost surely
for the topology of weak convergence, then v satisfies

d
1
(1) (1+(A0—A)uo)yw—2d;(ux+ei +vse), (Yz#0)

and

d
) (1= o=\ —m))n 1612 (Ve, + V_e,).

In fact, (2) is redundant. Indeed, by summing over = # O the left and right hand sides
of the equalities in (1), it is readily seen that any probability measure satisfying (1) also
satisfies (2). Our next result identifies a phase transition for the existence of solutions to the
balance equations (1) and (2), which we conjecture to coincide with the transition between a
localisation and a delocalisation regimes.
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THEOREM 1.3.  Let 4 be the probability that a random walk in Z.% started at zero never
returns to zero.

1) If0 < Ao — A <y, then there exist no probability measure satisfying (1).
(ii) If Ao — A\ > 74, then there exists a unique probability measure satisfying (1).

In other words, we prove that, (A) if \g > 2d — 1 4 2d ), then the occupation measure of
the branching random walk “localises” (see Theorem 1.1), and (B) if 0 < \g — A < g, then
localisation cannot occur in the strong sense of (A) (see Theorem 1.3(7)). We stress that the
value of the threshold for the transition observed in Theorem 1.3, namely the constant vy,
is exactly the same as in the case A = 0, see below. However, while the phase transition is
elementary to identify in the latter case, using a direct comparison between the total number
of particles ever visiting the origin and a standard Galton-Watson process (see Remark 2.6
below), it seems less immediate to use such a comparison when A is positive. Actually, it may
even seem counter-intuitive that the threshold for the phase transition between localisation
and delocalisation holds at the same critical value (for the parameter \g — A), no matter the
value of \. Indeed, one could expect that increasing A would favour the natural diffusive
behaviour of the process, while our results tend to show that, on the contrary, it does not play
any role in this respect.

Our last main result shows a weak form of localisation, as soon as Ao > A + 1, in the sense
that almost surely at all large times, a positive proportion of all particles stands at the origin.
It also shows that when A\g < A + 74, almost surely the proportion of particles that stand at
the origin (or in any given finite set) converges to zero as time goes to infinity.

From now on, in a slight abuse of notation, we write 1I;(z) instead of ﬁt({x}) for all
rcZ4,

THEOREM 1.4. () If Ao > 1+ A\ then, almost surely,

e T A—A-1

(i) If\ < Xg < X+ g, then for any finite B C 7%, almost surely,
tllglo II,(B)=0.
In addition to being interesting in itself, the first part of this theorem is used as a prelimi-

nary step in the proof of Theorem 1.1, see Remark 5.9. Concerning the second part, we note
that when \g = J, it is well-known' that, almost surely as ¢ 1 oo,

I, (- V) — N(0,1d),

for the topology of weak convergence on the space of probability measures on R?, where Id
stands for the identity matrix. Based on first moment estimates, we conjecture that such a
strong result should persist in the whole subcritical phase, i.e. for any A < Ag < A + 4.

REMARK 1.5. Several of the assumptions we make on the catalytic branching random
walk are, we believe, not necessary (and are not generally made in the literature on the case
A = 0). For example, the assumption that, at time zero, there is a unique particle and this

'We were unable to find a reference where this is done in our exact setting, but one can apply standard
martingale techniques as in [9] to get this result.
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particle sits at the origin could be replaced by having a finite number of particles alive at
time zero, each of them at any site in Z¢. This is because of the irreducibility of the process.
Also, we believe that the binary branching could be replaced by any supercritical branching
mechanism (even with a random number of offspring). Finally, the particles could move
according to a Markov jump process instead of a continuous time simple symmetric random
walk, as assumed here. Our proofs should be robust under all these modifications, although
the proof of Theorem 1.1 might become more intricate, in particular in the case of a more
general underlying Markov jump process. This is the reason why we decided to keep our
framework as simple as possible.

1.2. Discussion of the proofs (and plan of the paper). The proofs of Theorem 1.4 (i) and
(i) (see Section 2) rely on two different ideas. For the proof of the weak localisation result,
we first show that the number of particles at the origin grows exponentially fast almost surely.
For this we couple our catalytic branching random walk with the classical branching random
walk (corresponding to the case A = \g) and use a second moment method. We then use the
excess of the branching rate at the origin and Borel-Cantelli type arguments, to bootstrap
this estimate, and show that the proportion of particles at the origin remains bounded from
below over time by a positive constant. The proof of the weak delocalisation result relies on
a first moment method and on a direct link between the first moment in the case \g > \ and
the first moment in the case when branching only occurs at the origin, at rate Ay — A, see
Proposition 2.5.

The proof of Proposition 1.2 (see Section 3) relies on (1) finding a good approximation for
the total number of particles alive at large times ¢ (see Lemma 3.1 - this is done by finding
a martingale and proving that it converges in L?), which allows to replace the random nor-
malisation of the occupation measure by a deterministic one (see Lemma 3.2), and then (2)
writing a forward evolution equation for the occupation measure and studying their equilib-
rium.

The proof of Theorem 1.3 (see Section 4) is done by studying the existence of solutions (or
lack of thereof) to the balance equations of Proposition 1.2. To do this, we use the optional
stopping theorem applied to a martingale that naturally arises from the balance equations.

The proof of localisation (see Section 5), i.e. Theorem 1.1, relies on proving that the oc-
cupation measure taken at the times when either a branching or a jumping event occurs is
a measure-valued Polya process (MVPP). MVPPs were introduced in Bandyopadhyay and
Thacker [5] and Mailler and Marckert [37] (see also [6] where the model was first defined
on a particular example) as a generalisation of Pdlya urns to infinitely-many colours. Mailler
and Marckert [37] proved convergence in probability of a large class of MVPPs under an
assumption of balance (in terms of urns, the balance assumption requires that the total num-
ber of balls added at any time-step in the urn is constant and deterministic). They also re-
quired that the replacement rule is deterministic, but this assumption was later removed by
Janson [31]. To prove Theorem 1.1, we use convergence results proved by Mailler and Ville-
monais [38], which apply without the balance assumption, for random replacements, and
hold almost surely. Besides showing that our model is an MVPP, our main contribution is
to check that our MVPP satisfies the assumptions of [38]; to do this, we need to show that
a continuous-time sub-Markovian process admits a quasi-stationary distribution, and this is
done using results of Champagnat and Villemonais [19]. Interestingly, this quasi-stationary
distribution is the limit  in Theorem 1.1, and our Proposition 1.2 provides a characterisation
of this measure for \g large enough.

As already discussed, we believe that the condition A\g > 2d — 1 + 2d A is far from optimal
(and conjecture that there is localisation as soon as Ag > A + 7). The reason for this is that
the proof of Theorem 1.1 relies on [38, Theorem 1] and [19, Theorem 5.1], both of which
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are of the form “sufficient assumptions imply result” as opposed to “necessary and sufficient
assumptions imply result”. To improve our condition on )\g, one would have to come up with
an ad-hoc proof of these two theorems for the catalytic branching random walk, or come up
with a completely different proof that does not involve MVPPs.

1.3. Discussion of the literature. The catalytic branching random walk. The case
when branching only happens at the origin (thus A\g > A = 0) has been long studied in the
literature, under the name of catalytic branching random walk. As far as we know, most of
the results concerning the localisation/delocalisation of the process are about the asymptotic
behaviour of the moments of the number of particles at each site as time goes to infinity.

The first papers on the catalytic branching random walk focused on particles perform-
ing simple random walks on Z?: see, e.g., Albeverio, Bogachev and Yarovaya [1]. Efforts
were later made to generalise these results allowing the particles to perform more general
Markovian trajectories (between branching events). Several methods were used to analyse
the aforementioned moments: Bellman-Harris branching processes in [13, 14, 42, 43], op-
erator theory in [46], renewal theory in [30], and spine decomposition techniques in Déring
and Roberts [22].

More recently, some of the focus has shifted to understanding the spread of the catalytic
branching random walk at large times see, e.g. [15-17, 39]. To the best of our knowledge,
this interesting question is open in our setting (i.e. with branching outside the origin).

Most of these papers consider a more general branching mechanism than our binary fis-
sion: the offspring distribution can be any distribution with finite second moment. They also
consider the case when the offspring distribution is (sub-)critical (i.e. the average number
of offspring is less than or equal to 1). In this paper, we focus on a particular super-critical
case. However, we allow arbitrary rates A and Ao for the branching events, which, at least
phenomenologically, plays a similar role as allowing a general average number of offspring.

To compare the aforementioned results with ours, we now summarise the results of, e.g.
[1] (see also [22] for similar results in a slightly different model). For all y € Z4, t >0, and
k>1, welet M k(t, y) be the k-th moment of the number of particles at position y at time
t, and M*(t) be the k-th moment of the total number of particles in the system at time ¢.
Albeverio, Bogachev and Yarovaya [1] prove that:

e If \g < "4, then, there exist positive constants C, (C(y)),ez« such that, for all y € Z<, as
t — +o0,

3) M'(t,y) = (C(y) +o(1)t~"* and M'(t)=C+o(1),

which corresponds to a non-localisation phase as most particles in the system have drifted
away from the origin.

* If Ao > 4, then, there exist positive constants p > 0, C, (C(y))yeze such that, for all
yEZd,forallkrz 1,as t — 400,

MF(t,y) = (Cly) +o(1))e"" and  M*(t)=(C+o(1))e"",

which corresponds to a localisation phase, as the number of particles at any site y is of the
same order as the total number of particles in the system.

Note that the critical case, when A\g = 74, is also studied in [1], and the growth rate of the
number of particles in this case is sub-exponential (see also Vatutin and Topchii [44]).

We believe that, for most of our results, the assumption that A is positive could be dropped.
In particular, when A = 0, the convergence result of Theorem 1.1 should hold almost surely
on the event that the number of particles grows to infinity. The main challenge would be to
prove an analogue of Lemma 2.1 below, showing that on the event of non-local extinction,
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the number of particles at the origin grows almost surely exponentially fast. While it could
very well be that our proof of Lemma 2.1 could be adapted to this case, using in particular
the asymptotics of the first two moments of I1;(0) (proved in [1]), we have not tried to pursue
in this direction.

Generalisations of the catalytic branching random walk: Since its introduction, the
catalytic branching random walk (with branching only at the origin) has been generalised in
several ways. One direction of generalisation is to add more catalysts (sites at which branch-
ing happens): instead of having one catalyst at the origin, one can have N catalysts at po-
sitions x1,...,x N (see, e.g. Albeverio and Bogachev [2]). Another direction is to allow the
catalysts to move following their own Markovian motion and branching only happens for par-
ticles at the same position as one of the catalysts, with a rate that may depend on the number
of catalysts there (see, e.g. [18, 27, 32]). Finally let us mention the model of inhomogeneous
branching random walk, where the branching rate depends on the position of the particle, as
e.g. in [10, 29].

Multi-type Galton-Watson processes: A natural discrete-time version of our process is
the following. Start with one particle at the origin say, at time 0. Then given two probability
measures L and p, at each unit of time, particles alive at that time give birth to a number
of offspring distributed respectively as p if at the origin or as p if not at the origin, and die
immediately after that, whilst new born particles immediately jump at random to a nearest
neighbor. Interpreting the spatial positions of particles as their types, we can also view this
process as a multi-type Galton-Watson process. There are now a number of deep results
regarding the asymptotic behavior of the empirical distribution of types for such processes,
see in particular [3] and [7], and references therein. It would be interesting to investigate if
for such processes, a sharp phase transition could be derived, depending on the means of g
and p.

Catalytic branching Brownian motion/superprocesses, mutually catalytic processes:
Various models of catalytic branching Brownian motions or superprocesses have also been
considered. The case of inhomogeneous branching Brownian motion, where the branching
rate depends continuously on the position, has received quite some attention, starting with
Watanabe [45], who proves a similar result as our Theorem 1.1, yet with a different (and
deterministic) normalisation and a random limit. More recent results concern the position of
the right-most particle in dimension one (see, e.g., Lalley and Sellke [34, 35]). The question
of localisation as well as other questions are also addressed in a model of catalytic branching
Brownian motion where branching only occurs at the origin in Bocharov and Harris [11,
12]. Finally, catalytic or mutually catalytic superprocesses have been extensively studied,
e.g. in [20, 21, 25].

Branching random walks in random environment and parabolic Anderson model:
To conclude this discussion, let us briefly mention the model of branching random walks in
random environment and their mean-field counterpart called the parabolic Anderson model.
In this model, first introduced by Girtner and Molchanov [28] one considers particles that
move according to a continuous time simple random walk on Z? and branch at rate £, when
they are at position x, where the sequence (£,),cza is a sequence of i.i.d. random variables
called potentials. It is conjectured that, in this model, the occupation measure at large times is
concentrated in a few “peaks” (this phenomenon is called “intermittency”). This is a difficult
problem, and only partial progress has been made towards solving it so far: one important
result of Ortgiese and Roberts [40] is that, when the potentials are Pareto-distributed, there is
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one peak (this phenomenon is called “strong intermittency”’). The mean-field version of this
branching random walk in random environment is the parabolic Anderson model, which is
much better understood. In particular, in this setting a phenomenon of strong intermittency
also arises (see, e.g., Girtner and den Hollander [26], Girtner and Heydenreich [27], Konig,
Lacoin, Morters and Sidorova [33], Fiodorov and Muirhead [24]).

2. Proof of Theorem 1.4. In this section we prove Theorem 1.4. Recall that the first
part states a weak localisation result, namely that almost surely a positive proportion of the
particles stands at the origin at all large times, when A9 > A + 1, while the second part proves
a weak form of delocalisation in the whole subcritical phase, namely that for all A < A\g <
A + 74, almost surely the proportion of particles that stand in any finite set converges to
zero as time goes to infinity. We prove the first part in Subsection 2.1 and the second part in
Subsection 2.2.

2.1. Proof of Part (i) (weak localisation result). We start with a basic lemma ensuring
that almost surely the number of particles at the origin grows sufficiently fast to infinity.

LEMMA 2.1. Assume \o > A\ > 0. Then almost surely, for any o € [0, \),

tgngo e” . T1,(0) = oo.

PROOF. Let I'; be the occupation measure of the branching random walk in which all
particles jump at rate 1 and branch at rate A (in other words, I'; is Il; in the case when A = Ag).
One can couple both branching random walks such that I';(0) < II;(0) almost surely for all
t > 0 (indeed, the extra branching rate at zero can only increase the number of particles at
each state). It is thus enough to prove the result in the case A = )y, which we assume now.
Although we believe this result is folklore, we cannot find an exact reference (see Revesz [41,
Theorem 4.5] for a local limit theorem on the analogous discrete-time branching random
walk) and thus provide a proof for completeness’ sake. We prove this by a second moment
method: first note that

N,
E[Ht(O)] =K [Z 1X1-(t):0:| = E[Nt] ) P(X(t) = 0),
i=1

where (X (t));>0 is a simple symmetric random walk on Z¢ with jump rate 1, and the
(Xi(t))i<n, are the positions of the particles of our branching random walk at time ¢. This
is true because, when A\g = A, (/V¢):>0 is a Yule process of parameter A, independent of each
Xi(t), for any fixed i < N;. Thus,

E[[1;(0)] = e - P(X (t) = 0).

Using the local central limit theorem (see, e.g., [36, Theorem 2.5.6] for the one-dimensional
case, which implies the d-dimensional case as the d coordinates are independent), we then
get, for some constant ¢ > 0,

At

E[I1,(0)] > 7>~

For the second moment, we simply use that /V; is a geometric random variable with pa-
rameter e~ (see [4, Section IIL.5]), implying that E[N?] = (2 + o(1))e?*, as t — oo, and
consequently also

) E[I1,(0)%] < E[N7] < 3¢,
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for all ¢ large enough. Fix a < A. Applying Paley-Zygmund’s inequality, we deduce from the
previous bounds that, for all ¢ large enough, for some possibly smaller constant ¢ > 0,

c
P(I1,(0) > &™) > e
In fact a similar reasoning shows that, for all ¢ large enough,

5 inf  P(IL(z) > e™) > =
® ook PUI(@) 2 %) = 5,

since we also have inf ;) <;/4 P(X (t) = x) > ¢/t%? (again, see [36, Theorem 2.5.6]). Recall
next that for some positive constants ¢’ and C, for all T' > 0,

P(| X (T)|| > T) < Cexp(—T).
Hence Markov’s inequality yields
1 1
1@( 3 () > §Nt1/4) - P(y{i < Npja | X (84 < £/43] > §Nt1/4)
l)|<tr/e
(6) >1— Cexp(—ct'/4).

Combining (5) and (6) yields, by first conditioning on the positions of the particles at time
t1/4, that for all ¢ large enough,

P(I1,(0) > (=) > 1 — Cexp(—c't"/*) ~E|(1 - t%)éNt“‘*]
>1—2Cexp(—k - t'/%),

for some other constant x > 0. Then using Borel-Cantelli’s lemma, we deduce that for any
o/ < a, almost surely,

liminf II,,(0) - e~ %™ = 4o0.

n—oo

Note also that any particle that stands at the origin at some time n will stay there until time
n + 1 with probability 1/e. Hence, by standard large deviations estimates and Borel-Cantelli
lemma again, we get that, almost surely for any o’ < o,

liminf I1;(0) - e =" = 4-00.
t—o00
The fact that this holds for any o’ < o/ < o < A implies the result. O
We next record a simple fact:

LEMMA 2.2. Assume Ao > 1 and let § € (0, g — 1). There exists sy > 0, such that for
any s € 0, sol,
E[IL,(0)] > ePo=1=9)s,
PROOF. The result directly follows from the observation that, by definition of our catalytic

branching random walk as a Markov jump process starting with one particle at the origin, as
s—0,

E[TT4(0)] =1+ (Ao — 1)s + O(s?). O

As a corollary of the two previous results one can show the following:
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LEMMA 2.3.  Assume Ao > 1 and let § € (0, \g — 1). Then, with sqy as in Lemma 2.2, for
all s €10, so], almost surely,

I, 1)s(0
liminf L)() > e(ho—1-0)s

n—00 ns(o ’
and
11
liminf inf Lu(o) >1-—s.
n—oo uel0,s] 1lps(0)
PROOF. Note that, for all n > 1 and s € [0, s¢],
11,5 (0)
41)5(0) 1 ;

o 1{(0),

M5(0) = Th,s(0)

where (Hg) (0))i>1 is a sequence of independent copies of II;(0). Hence, by Chebyshev’s
inequality, we get that, for any € € (0, 1), for some constant C' > 0,

Hn11)s(0) > C
p( =D (1 _ o) R[IIL(0 )f <=
(Pt < (1-9) B O] | Fur) <
where (F;):>0 is the natural filtration of the process (II;):>o. Using now Lemma 2.1, and the
conditional Borel-Cantelli lemma, this proves that for any fixed € > 0, almost surely,

. Tg15(0)
>(1—¢)-
hnrglgf m,.0) = (1—¢)-E[II4(0)].
Together with Lemma 2.2, this proves the first part of the lemma. The second part is similar:
We first note that, for any fixed n > 1,

IL,s (0)

> f 11,”(0).
“é%vs] HHS(O) o Hns(o) ; Ug[hsl “ ( )

If the particle at the origin at time 0 does not jump before time s, which occurs with proba-
bility e™*, then inf,c[o 4 ! )(0) > 1. Therefore,

E[ué%f,s] Hu(o)} >e ™ >1—s.

We conclude the proof with similar arguments as in the first part of the proof. O
Similarly as above, we can show the following fact:

LEMMA 2.4. Let § > 0. There exists s1 > 0 such that, for any s € [0, s1], almost surely,

Nty

s e—[x+5+(xofx)ﬁns(0)]-s <1.

lim sup
n—o0 ns

PROOF. We use that for any s,t > 0,

Nt+ 1 11, (0) " 1 N,—1I1:(0) .
s < N’L + NZ ’
NN M 2

where (Ns(i))izl is a sequence of independent copies of N and (]\~f§i))i21 is a sequence of
i.i.d. random variables distributed as the number of particles at time s in the process which
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starts with one particle until an Exponential random time with mean 1/(1 + \), at which the
particle either splits into two particles with probability A\/(1 + A) or stays as it is otherwise,
and then all particles just branch at rate Ag independently of each other. The result follows
by observing that E[N,] = 1 + Ags + O(s2), and E[N'"] = 1 + As + O(s2), and then using
the same argument as in the proof of Lemma 2.2. O

We can now conclude the proof of the localisation part in Theorem 1.4:

PROOF OF THEOREM 1.4 (1). Let § € (0,(Ag — A — 1)/4), and let sy and s; be as in
Lemma 2.3 and 2.4 respectively. Using these two lemmas, we infer that for any given s €
[0, min(sg, s1)], almost surely for all n large enough,

H(n+1)s(0)

WO > 1+ (d = 1= A= 38— (Ao = V)ITs(0)) .

Hence, for any n large enough, if

~ A—1—-XA—46
7 IT,5(0) <
( ) ’I’LS( ) — )\0 _ )\ 9

then ﬁ(n+1)s(0) > (1+ds) - ﬁnS(O). Additionally, using the second part of Lemma 2.3 and
Lemma 2.4, we get that when (7) holds,

. ﬁns+u(0)
inf 2 > (1—5)-(1—(Xg—1—38)s)>1— Ags,
T 20 =0 )s) 21— o

and

]/:\[nfs’uo
o X Ds+u(0)

= >(1—=5)(1—Ng+d)s)>1—(ANg+d+1)s.
B 2 () Do) 21 Dk 4

Hence, this shows that

L Ao—1—A—45
1%$ynmnzu—gm+1+&@-° Y

Since this holds for any § and s small enough, we deduce that

D e Ao—1—A
>
it LO)= X5

as claimed. O

2.2. Proof of Part (ii) (weak delocalisation result). Here we prove the second part of
Theorem 1.4. The proof is based on a first moment method. More precisely we relate the
first moment of the occupation measure of any set to the same quantity in the model where
branching only occurs at the origin at rate Ay — A, which is the model considered for instance
in [1].

PROPOSITION 2.5. Let A\g > A > 0. Let (ﬁt)tzo be the occupation measure of the pro-
cess where particles only branch at the origin at rate \g — )\, and independently move as
continuous time simple symmetric random walks with jump rate 1. Then for all x € Z¢ and
t>0,

E[IL (z)] = e - E[II(x)].
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Note that this proposition holds for any Ag > A, in particular it holds as well in the critical
regime (\p = A + 74), and in the super-critical regime (Ao > \ + 74), and this may be used
to provide new results in both cases, see Remark 2.7 below.

PROOF OF PROPOSITION 2.5. For t >0 and x € Z4, let u(x,t) = E[II;(z)]. By defini-
tion, one has that v is C! in the second variable, and satisfies the partial differential equation:

0
a%‘ = Au+ (A + (Ao — N{zeop)u,

where A is the discrete laplacian defined by

d
:%Z(f@—i—ei)—i—f(x—ei) —2f(z)),
i=1

for f:Z% — [0,400), and x € Z¢ (recall that (e;)1<;<4 denotes the canonical basis of Z%).
This implies that the function v defined by v(x,t) = e Mu(z,t) (for all z € Z< and t > 0)
satisfies

9
8) 55 = Avt (o = Nlpgp.

In other words, v is solution of the same equation as the function v defined by v(z,t) =
E[IL,(z)], for all z € Z% and ¢ > 0. Hence, it just remains to prove that regular solutions
to (8) are unique. This is standard, and can be seen as follows in our case: Let v; and vy be
two solutions of (8) that are C'! in the second variable, square integrable in the first variable,
and coincide at time ¢ = 0. Let

h(z,t) = exp(—(Ao — At) (01 —v2)(2,t), and E(t)= ) h(x,t)”

x€Z4
Then a direct Computation shows that
—E ) =23 h(z,t)- = hiz,t) =23 h(z,t) (Ah 2,8) + (Ao — Mh(,8) (1g—0y — 1))
x€Z? xeZd
<2 h(x,t)Ah(z,t).
TEZ?

Now note that, for any function % : Z% — R such that 3° ;. h(z)? < oo,

S ha)Aha) = 55 3 S h(@)hl) ~ 3 hla)?

TEZ4 TELT Y~T z€Z4
o 3 S MR s g,
xGZd Yy~ TEZLL

where 3 ~ = means that x and y are neighbors in Z<. Thus, %E (t) <0, for all ¢ > 0. Since,
by definition, £(0) =0 and E(t) > 0 for all ¢ > 0, we deduce that E(t) = 0 for all ¢ > 0,
which concludes the proof of the uniqueness of solutions of (8).

Hence it only remains to show that both v and v are square integrable in the first variable
(the fact that they are C' in the second variable is standard). For this one can write that for
any t > 0, with the notation from the proof of Lemma 2.1,

S wa )= N E[ilxim:x} 2 <MD E Kilx“t’:xﬂ

TEZ4 r€Z4 i=1 T€Z
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N,
<e. ) E [Nt > 1Xi(t)=:c] =e M. E[N7] < CeM V< oo,
TE€Z? i=1

for some constant C' > 0, using for the last inequality that our catalytic branching process is
stochastically dominated by a process branching at rate Ay everywhere, and the same bound
as in (4). A similar argument works as well for v, and this concludes the proof of the propo-
sition. U

We now resume the proof of Theorem 1.4 (ii). Note that we may assume d > 3, as other-
wise 74 = 0. Using the same notation as in Proposition 2.5, we let &(z, t) = E[II;(x)] and N,
be the number of particles at time ¢ in the process that starts with one particle at the origin and
only branches at the origin at rate Ao — A. Thanks to (3), one has for some constant C' > 0,
and all t > 1,

) u(x,t) < ot

Together with Proposition 2.5, we get (recalling the notation u(z,t) = E[II;(z)]),
C
U(x,t) S W . e)\t.
Since we assumed d > 3, it follows from Borel-Cantelli lemma and Markov’s inequality, that
almost surely,

(10) limsup e - 1I,,(x) =0,

n— oo
for all 2 € Z?. We claim that we can deduce from this that almost surely,

(11) limsup e - IL,(z) = 0.

t—o0
Indeed, to see this, fix € Z¢ and ¢ > 0, and define inductively a sequence of stopping times
(Tk) k>0 as follows. First 7y = 0, and then for k£ > 0,

Thg1 = inf{t > 75, +1: I, (z) > - M},
Consider also for any k£ > 0, the event:
Ay = {m, < oo} N{I(x) >e-e N2 Ve [m,m + 1]}

Since any particle alive at time 7, at position x, will stay there until time 75 + 1 with prob-
ability 1/e, we have using standard large deviations results that for some constant ¢ > 0, for
any k > 0, almost surely,

P(Ak ‘ ka)1{7k<oo} > Cl{T)c<OO}'

Thus, the conditional Borel-Cantelli lemma ensures that, almost surely on the event when
T, < oo for infinitely many %, one also has that IT,,(x) > ee*"~2, for infinitely many n. In
light of (10), we deduce that, almost surely, there exists &k such that 7, = co. Since this holds
for any € > 0, this proves (11). Now note that the total number of particles is stochastically
increasing in A\ and if A\g = A, then e MN; — ¢ almost surely as ¢t — oo, where £ is a
standard exponential random variable (see [4, Section III.5]). This implies that, almost surely
(12) liminfe - N, > 0.

t—o0

Combining (11) and (12) concludes the proof of Theorem 1.4 (ii).
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REMARK 2.6. In the proof of Theorem 1.4 (ii), we have used (3) to prove (9). Because
the proof of (3) is only sketched in [1], we provide here an alternate and simpler argument
for (9). First it is convenient to consider that in fact particles never die, and give birth to new
particles at rate Ag — A when sitting at the origin. In particular the times at which the initial
particle gives birth to new particles forms a Poisson point process on [0, c0) with intensity
given by

du(t) = (Ao — M) 1x =0 dt,

where X (t) is a simple symmetric random walk started at the origin and with jump rate 1.
Using Campbell’s formula, this yields the recursive formula:
(13)

ﬁ(x,t):IE[ /0 ﬂ(x,t—s)du(s)] Fp(0,2) = (g — ) /0 Wz, t— 8)ps(0,0)ds+ pi(0,2),

where ps(0,x) = P(X (s) = z). Integrating this equation from ¢ = 0 to infinity gives that, if
Ao < A+ 74, then
G(x)

14 u(x,t)dt =
(14) | a1 <o

where G(z) = [ ps(0,2)ds, and m = (Ao — \)G(0) = ’\07—:’\ <1

Let C > 0 be some large constant to be fixed later. Define h(z,t) = (1 4 t%2)%(z,t), and
consider ¢, = inf{s > 0: h(z,s) > C}. Note that h is a continuous function, and hence if ¢,
is finite, then h(z,t,) = C. We shall also use that by the local central limit theorem, one has
for any x € Z¢, for some constant ¢ > 0, and all s > 0,

c
< —F.

(15) ps(0,2) < 11 502
Assume that ¢, is finite. We then cut the integral appearing in (13) into three pieces, cor-
responding to the time intervals [0, §t.], [0t., (1 — d)t.] and [(1 — &)t.,t.], and bound the
integral on each of them as follows. First, by definition of t., we get

ot ot
* C * CG(0)
u(x,tx — s)ps(0,0)ds < / ps(0,0)ds < .
/0 ( #:(0,0) L+ [(1=d)t]¥2 Jo 0.0 (1= 5)4/2(1 4 %/2)
Next, we use (15) to obtain
(1=9)t. Cet Cect,
U(z,te — 5)ps(0,0) ds < s < ,
/&* u(z, s)ps(0,0)ds (1+ (5t,)4/2)2 5d(1+tf/2)2

and finally (14) yields
t. c ot CG(:L')
u(x,te—3s)ps(0,0)ds < / u(x,s)ds < .
/(1_5)@ L+ [(1 = 0)td2 Jo (1—m)(1 —8)4/2(1 +t¥/?)
Altogether, and using again (15) for the last term in (13), we deduce that
mC (Ao — N)G(x) Ce(Ao — ANt

h(z,te) <c+

Now assume that ¢ is small enough, so that ¢ := 1 — W > (. Then choose C' large

enough, so that
(Ao —N)G(x)

-ma -2 =1¢

<&
4
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c(Ao—Nto
§4(14t2/?)
by hypothesis), and take C' also larger than sup, <, h(z,t), so that t, > to. With these choices
of the constants, we obtain that h(z,t.) < (1 — 5)C, contradicting the fact that h(z,t.)
should be equal to C. Hence t, = 0o, as wanted.

Note that using this Poisson representation, one can also infer that sup,,E[N;] < oo,
when Ao < A 4 74, which provides an alternate proof of the second part of (3). Indeed, let
Nao be the i increasing limit of N, as ¢t — oo, which is also the total number of particles ever
born in the process. By definition the total number of particles ever created by a single particle
in its whole life (we only consider direct offspring here, not all descendants) is distributed as
a Poisson random variable with mean (Ao — \) - Lo (0), where Lo, (0) is the total time it has
spent at the origin. Thus, the mean number of offspring of each particle is equal to

Let also t( be large enough, such that < ¢/4 (note that this is possible since d > 3

Ao — A
= (20— A ElLoo(0)] = 2= <1,
Yd
and consequently
sup E[N;] = Zm < 00.

t>0

REMARK 2.7. Thanks to Proposition 2.5 and the results proved in [1], we can infer
some new first moment asymptotics in the critical and supercritical regimes, namely when
Ao > A+ 4. More precisely, we can deduce from the results of [1] that if Ag > A 4 74, there
exist constants C' > 0, p > X and (C(z)),ez¢ € (0,00), such that for all z € Z9,

: —pt . — 1 —pt . —
tlggoe E[I;(z)] = C(z), and tlggoe E[N:] = C.
In the critical case A9 = A + 4, we can infer that e=** - E[N;] grows subexponentially fast.
We refer to [1] for more detailed results.

3. Proof of Proposition 1.2 (“balance” equations). We start by introducing a martin-
gale which lies at the heart of the proof.

LEMMA 3.1.  Forallt >0, we let p; = A+ (Ao — N)IL;(0) and My = Ny - e~ Jo <35 Then
the process (My)y>o is a martingale bounded in L?.

PROOF. The fact that IV, is square integrable for all ¢ > 0 follows from the fact that
(Nt)e>0 is stochastically dominated by the total population of a binary branching process
with reproduction rate \g, whose square is well-known to be integrable. For all 0 < s <, we
let f5(t) = E[M;|Fs], where (F;)s>0 is the natural filtration of the process (II5)s>0. It is stan-
dard to see, using the definition of the process (II;)¢>¢ as a Markov jump process that, for
all s >0, ¢+ f,(t) is continuous on [s, +00), and moreover, that for all ¢ > s, & f,(¢) =0,
from which we deduce that (M;):> is indeed a martingale. To see that it is bounded in L2,
note that for any fixed ¢t > 0,

E[N7,pe 20 P2 4%] = hE[py My(Ny + 1)%e™ o 2+ 4] + E[(1 = hp Ne) M7 ] + O(h?)
= E[M2] + 2hE[M2p;] + hE[M;pye~Jo P2 9%] + O(n?).
Hence,
E[MZ, ) = B[NZy, - e 2o P95 — 2RE[M py] + O(h?)

= E[M2] + hE[M,pe™ o P+ 95] 4 O(h2).
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Using Cauchy-Schwarz inequality and the fact that, for all ¢ > 0, A < p; < Ag, we get that
d

TEDF | =E[Mipre Jo P+ ds] < NGB [M2] /26,

In other words,
d
EE[MtQ] < &e—kt‘
2VEDF] ~ 2

By integration, and because E[M?] = 1, we get

Ao
E[M?] <1+ —.
Taking the square and then the supremum on ¢, we get
A0\ 2
sup E[M?] < <1+7) ,
tzg [M;] o\
concluding the proof. O

For the next step we need some additional notation: For all z € Z¢, we let IIf and N{ be
respectively the empirical measure of the particles and the total number of particles at time ¢
in the catalytic branching random walk starting with one particle at site z. Given any measure
ponZ4, weletIly - p =" cpa p(2)IIF.

LEMMA 3.2. If there exists a probability measure v such that lim;_, ﬁt = v, almost
surely for the topology of weak convergence, then E[ll; - v] - e Pt = v, for all t > 0, with
p=A~+ (Ao — A)w.

PROOF. Fix ¢t > 0. On one hand, we know by Lemma 3.1 that (M;):>o converges almost
surely and in L2 towards some random variable M. It follows that, for any = € Zd, almost
surely,

ot ~
Ht+5(a?)e Jo p“du:Mt+SHt+s($) sjo MooV:c-

Moreover, since, by definition, \ﬁt+s(m)| < 1, this convergence also holds in L', which im-
plies

lim E[I;4s(x)e™ ] pu du) =,
S5—00

because E[M,| = 1. Furthermore, because by assumption p,, — p almost surely as u T oo,
we get [17° p, du= pt + o(1) as s 1 co. Since for any fixed ¢ > 0, [1* p, du is uniformly
bounded in s, and using that the martingale (1/;);>( is bounded in L? by Lemma 3.1, we
deduce by dominated convergence, that

(16) hm E[Ht+s (,’L‘)e_pt_fos Pu du] = Uy.
S§—r00

Now note that, for all s,¢ > 0, if we let (ﬁt)tzo be an independent copy of the process
(I;)¢>0, then II; 4, = II; o Il in distribution, where, with a slight abuse of notation, we

consider that II; acts as well on a particle configuration and on its empirical measure. By
linearity of the expectation, this implies

B[l 4s(a)e ™o 7o) = N~ B[ (2) B[, (y)e Jo e ],
y€eZ
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Applying the convergence result (16) with ¢ = 0, we get that, for all y € Z¢,
lim E[IL,(y)e™ Jo Pedv] = Vy.

S§—00

It just remains now to invert the summation over y € Z¢ and the limit s 1 co, which we do
using the dominated convergence theorem: First note that

sup sup E[IIs(y)e™ J5 pu d“] < supE[M;] < o0.
y€Z4 520 >0

Also, by Cauchy-Schwarz’s inequality, for all y € Z¢ and t > 0,
E[IT{ («)] < E[(NY)?] /(I () # 0) /2.

Moreover, when ||y|| > 2||z||, we can bound the probability on the right-hand side using that
the probability for a simple random walk starting from y to enter the ball B(0, ||=||) by time ¢
is bounded by C exp(—c||y||?/t), for some positive constants ¢ and C. Hence a union bound
on the set of particles alive at time ¢ ensures that, for all y € Z¢ satisfying ||y|| > 2|z

P(IT} (z) # 0) < Ce™ - exp(—c|ly|[*/1).

b

Finally, because the catalytic branching random walk is stochastically dominated by a branch-
ing random walk reproducing at constant rate Ay everywhere, we get that, for any fixed ¢ > 0,

sup E[(N})?] < oo.
yEL?

Thus, the dominated convergence theorem applies and gives that

S&I&E[Ht_t,_s(l‘) '€7f05pudu] - Z E[H?(I)] ! Vy‘
yEL?

Together with (16), this concludes the proof. O
We are now in a position to conclude the proof of our main result in this section:

PROOF OF PROPOSITION 1.2. By Lemma 3.2, for all x € Z%and t >0,
Vp = Z vy - E[IY (z)] - e~ 7"
YyEZL
Taking the differential in ¢ at t = 0, we get that, for all = # 0,
1
0=rA—1=p)+ 2 Y,
Yr~x
and when x =0,
1
0=rp(Ao — 1—p)+2d§l/y,

which after simplifying give respectively (1) and (2), as desired. 0

4. Proof of Theorem 1.3: existence of a “stationary’’ measure.
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4.1. Proof of Theorem 1.3(i): non-localisation. First note that any probability measure v
satisfying (1) must satisfy vy > 0. Indeed, if vy = 0, then (1) and (2) (which follows from
(1) and the fact that Zmezd v, = 1) show that v is harmonic. However, it is well-known that
any bounded harmonic function on 7% is constant, hence v, =0 forall x € 7%, which is a
contradiction.

Now, let v be a probability measure on Z? satisfying (1). To simplify notation, we set
£ = Ao — A. Consider a simple random walk (.S, )n>0 on Z4, and let 7 be the first return time
to 0, i.e. 7o = inf{n > 1: 5, = 0}. Equation (1) shows that for any x # 0, on the event that
So = z, the process (M, )n>0, defined for n > 0 by

— Z/S"Afo
L (1 + 5V0)'fl/\7'o ’
is a bounded martingale. Hence, the optional stopping theorem gives
v - {19 < oo}}
(1+evg)m

where [, denotes expectation with respect to the law of the random walk starting from .
Using now the symmetry of the walk, and letting 7,, denote the hitting time of x, we get

1{7‘1<oo}
ve=m-E| G OZ H% P(r, = k)

(17) v, :Ex[

Summing over = € Z¢\ {0}, and taking into account that (1, )¢z is a probability measure,
we get

l=15+ Z Vx—V0+VOZ 1+€I/ (Sk¢{50,...,sk_1}).
2€z74\{0}

Reversing time again, we deduce that

1

00
l=vy+1p —_
kZ:l(l—{—EVo)k

PO ¢ {S1,...,5})

= 1
(18) :VO—'—VOZm‘P(TOZk—Fl).
k=1 0

Note now that for any k£ > 1, one has P(79 > k + 1) > IP(7p = 00) = 4. Thus (18) gives

x
1 Yd
1>2vw+wy ) ————F=w+—,
;(1+8V0)k £

which yields a contradiction if € < 4, since we recall that 1y > 0.

4.2. Proof of Theorem 1.3(ii): existence of a stationary measure. As proved in Sec-
tion 4.1, any probability measures v satisfying (1) satisfies vg > 0. For any positive real
number 1, we use (17) to define a positive measure v on Z? that satisfies (1), by the Markov
property. Now note that a simple random walk on Z¢ started at some 2 cannot reach 0 before
time ||z|o0. Thus, v, < vo(1 + 1) ~I1#ll=, which is summable. Hence it only remains to
show that, for all € > ~4, there exists a unique value of 1y making v a probability measure.
This is equivalent to showing that there exists a unique value of v such that (18) is satisfied.



18

Letting u = €1y, we see that this is equivalent to the existence and uniqueness of a solution
to the equation f(u) = &, where € > 4 is fixed and for u > 0,

(19) —u—i—uz 1+u P(ro >k +1).

Noting that (19 >k + 1) =4 + Ziz 441 P(70 = i), and inverting the order of summation,
we get

f(u):u—i—’yd—l—iIP’(To:i)~ <1—(1;>.

= 14 u)i-1

Noting also that 79 > 2 almost surely, this gives

2, P(ro=1) 1
0 =
—Ttu— Y o b u B .
flu)=1+u ; [rayet =L He =

(Note that this last expression of f could also have been derived directly from (2) and (17).)
In particular f is strictly increasing on (0, c0), converges to +00, as u goes to infinity, and by
dominated convergence, we can see that it converges to 4 as u goes to zero, which proves
well that for any e > 74, the equation f(u) = € has a unique solution.

REMARK 4.1. Note that the last expression of f above rewrites as

= +w-(1-6()).

14+u
where G(z) = E[2™], is the generating function of 7. Now for n > 0, denote by 7, the
(n + 1)-th return time to the origin of the walk, and let G,,(z) = E[27"]. By independence
between the successive return times to the origin, one has G, (z) = G(2)"*1, for any n > 0.
In particular one has for any 0 < z < 1,

(20) N Gulz) = %
n>0

Now in [22], branching occurs only at the origin and at rate 1, which corresponds to choosing
A =0 and \g = 1 in our notation. In this case, when furthermore each particle splits into two
particles at each branching event (as in our case), they show that the exponential growth rate
p of the catalytic branching random walk (the so-called Malthusian parameter) is solution of
the equation

o
@1 / e~ py(0,0)dt = 1,
0
where p;(0,0) is the probability that a continuous time simple random walk is at the origin
at time ¢. Since by definition the time between any two consecutive jumps is a mean one

exponential random variable, one also has, with 7,, the n-th return time to the origin for the
continuous time random walk,

R 0,0)dt = —— e P Ele= ™) 1{F, <t} dt
| ernon 1+p+2/ 7 <t)]
Ele "™
1+p 1+pz

1 1 1
- LS a ().
l+p 1+pZ "\1+p
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Hence, using (20), we see that (21) is equivalent to

1
o)=L
1+p 1+p
In particular we recover well the same equation for p as our equation defining 1, namely
f(vo) = 1, which agrees with the fact that in our setting, when Ao = 1, and in the limit A — 0,

the exponential growth rate is given by vy, as shown by combining Lemma 3.1 and Theo-
rem 1.1.

5. Proof of localisation (proof of Theorem 1.1). In this section, we assume that \y >
2d — 1 + 2d\. For the proof of Theorem 1.1, we use the fact that (II;);>0, taken at the times
when it changes values is a “measure-valued Pélya process” (or, in other words, an infinitely-
many-colour Pélya urn); we thus start the section with some useful background and existing
results on these processes.

5.1. Measure-valued Pdlya processes.

DEFINITION 5.1.  Let E be a Polish space, 7 a finite measure on E, R = (R{"),cg be a
random kernel on F (i.e., for all z € E, R{" is a random measure on [, almost surely finite),
and P = (P;).cp is a kernel on E (i.e., for all x € E, P, is a finite measure on E). The
measure-valued Pélya process (MVPP) of initial composition 7, replacement kernel R and
weight kernel P is the sequence of random measures (1, ), >0 defined recursively as follows:
mg = 7 and, for all n > 0,

(n+1)

M1 ="Mn + R, 1),

where, given my,, £(n + 1) is a random variable of distribution m,, P/m,, P(E) with

mpP = / P.dmy,(z),
zeFE

n+1)

and where, given £(n + 1), Ré(n Y1) is an independent copy of RY

&(n+1)”
LEMMA 5.2. For all n > 0, let T, be the time of the n-th event (jump of a particle or
birth of a particle). Also let m,, = %HTH for all n >0, where
Ao — A
1+ X
Then, (my,)n>0 is an MVPP with the following parameters:

(22) KR = )\0 -

* initial composition mg = %50;
s replacement kernel (R\"),cza where, for all x € 72,

1 1
R = E(Bxém + (1= By)(0p4a — 0z)) = = ((2Bs — 1)05 + (1 — B1)0z1n),

K

where B, is a Bernoulli random variable of parameter 5 i‘f\ , with Ay = Ao if £ =0 and

Az = A otherwise, and where A is a simple symmetric random walk increment independent
of By,
* weight kernel ((1+ \3)0z)zeza.

REMARK 5.3. The reason why we divide II. by « in the definition of m,, is technical,
and will be discussed later (we need that sup, E[R\"(Z%)] < 1). Note, however, that x > 0.
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To prove localisation, we use [38, Theorem 1] (see Section 1.4 where the case of R™
being a signed-measure is discussed). We prove that (m,,),>0 satisfies the assumptions (T),
(A’1), (A’2), (A’3) and (A4) below, which are a slight modification of the assumptions in [38]
(we replace (A1) and (A3) therein by two other assumptions called (A’1) and (A’3)). First
define R = E[R™)], meaning that, for all x € E, for all measurable sets A C E,

Ry (A) =E[R;’(A)].
We also define, forall¢ > 1, forall x € F,
(23) QY=Y RY({yh)P, and Q=) R.({y})P,
yeE yeE

or, in other words, Q> = R®“ P and Q = RP.

(T) For all n > 0, m,, is a positive measure.
(A1) Forall z € E, Qz(F) < 1. Furthermore, there exists ¢ > 0 such that

nP(E) PSR
Iiminf&—hmmf—ZQ and hmmf—ZQg(i)(E)Zc.

ntoo n ntoo N

(A’2) there exist a locally bounded function V' : E — [1,+00) and some constants r > 1,
p>2,¢>q:=p/(p—1),0€(0,c), K>0, A>1,and B > 1, such that
(i) forall N >0, the set {x € E: V(x) < N} is relatively compact.
(i) forall x € F,

Qe -V<OV(z)+K and Q. -V/'<OV'i(z)+K
(iii) for all continuous functions f : £ — R bounded by 1 and all z € F,

Qz- fI VE[|RY - f — Ry - f|'] VE[|QY - f — Qa - f|] < AV (2),

(iv) and
|Q$ ) Vl/q‘q V |Qx . V‘ VE HQ;) . Vl/q — Q- Vl/q

] < BV(z).

(A’3) the continuous-time pure jump Markov process X with sub-Markovian jump kernel
@ — I admits a quasi-stationary distribution v € P(FE) (the set of all probability measures
on E). Also, the convergence of P, (X; € - | X; # J) holds uniformly with respect to the
total variation norm on a neighbourhood of v in Po(E) = {a € P(E) | a- V4 < C}, for
each C' > 0, where ¢ = p/(p — 1). Finally, for all o € Po(E), Po(X; # 0) > e~ (1)t for
some constant cg > 6.

(A4) for all bounded continuous functions f: FE >R,z € E—~ R, - fande € E+— Q- f
are continuous.

REMARK 5.4. By definition, i.e. because m,, is the occupation measure of the catalytic
random walk at the n-th jumping or branching event, (T) holds.

REMARK 5.5. We have replaced Assumption (Al) in [38] by Assumption (A’1). The
fact that this can be done can be checked by going through the proofs in [38], which adapt
straightforwardly. Indeed, here is a list of the changes one needs to make:

* In [38, Lemma 3], one needs to change the definition of oy, to
n
o =inf{n>k: m, P(E) <dnor ZQE(i)(E) <dn},
i=1

where ¢’ € (6, ¢). The proof of Lemma 3 then directly follows from (A’1).
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* Assumption (A1) is then used three times in the proof of [38, Lemma 5]; the same three
arguments go through by using the fact that on {¢ < o}, y_1Q(FE) := Zf;% Qe (E) =
(¢ — 1) (instead of 7,_1Q(E) > ¢; = ¢, where ¢; is the notation used in [38] for our
constant c).

* Assumption (Al) is also used in the proof of [38, Lemma 6]. There, one has to first
fix an integer k£ > 0 and prove that there exists a random value of C' = C(k) such that
fin € Pc(E) (the set of all probability measures x on E such that x - V'/7 < C) for all
n < 0. Instead of using Assumption (A1), we use the fact that 7,,(E') < ¢/n forall n < oy;
with this modification, the proof goes through replacing ¢; (= c in this paper) by ¢’ and
only considering n up to 0. Because, by [38, Lemma 3], P(Up>o{o; = oo}) = 1, this is
indeed enough to imply the conclusion of [38, Lemma 6].

* Assumption (A1) is also used in the proof of [38, Lemma 7]: the authors use it to prove
that, for any o € Po(E), Po(X (t) € E) > e~ (1=%) for some ¢y > 6 (in [38, Lemma 7],
co = c but this is not necessary). This is now given by Assumption (A’3) and thus the proof
of [38, Lemma 7] goes through under our modified set of assumptions: one only needs to
replace every occurrence of c¢; by cg.

* Finally, Assumption (A1) is used in the proof of Proposition 7 (Step 1 of the proof): the
authors use the fact that m,, P(E) > ¢1n (= cn in this paper) almost surely for all n > 1.
Instead, we can use the fact that m,, P(E) > ¢n/2 almost surely for all n large enough.

REMARK 5.6. In Assumption (A3) in [38], it is assumed that the convergence of
P.(X; € -| X; # 0) holds uniformly with respect to the total variation norm in {a € P(Z9) |
o - V1/4 < O}, for each C' > 0. We are not able to prove that this assumption holds for our
model, and hence replace (A3) by the weaker (A’3).

REMARK 5.7. Because Z is discrete, (A4) holds straightforwardly.

The following theorem is a close adaptation (the only difference being the assumption
(A’3)) of Theorem 1 of [38]:

THEOREM 5.8.  Under Assumptions (T), (A’1), (A’2), (A’3), and (A4), if mg-V < coand
moP -V < oo, then the sequence of random measures (my,/n),>0 converges almost surely
to vR with respect to the topology of weak convergence. Furthermore, if vR(E) > 0, then
(Mg, :=myp/mp(E))nen converges almost surely to vR /v R(E) with respect to the topology
of weak convergence.

PROOF. We only need to explain how to adapt the proof of [38] to the case when (A’3)
holds instead of (A3). To do so, we need to introduce some notation from [38]: for all n > 0,
we let

Nn = Z O¢(s)-
=1

We also let 79 = 0 and, for all n > 1, 7, = . The proof of [38] relies on the fact that

n
(7 )n>0 18 a stochastic approximation: indeed, for all n > 0, one can write

Tn+1 = T + Tnt1 (F(ﬁn) + Un—l—l)a

where F'(p1) = pQ — pQ(E) i, Unt1 = nQ(E)d¢(nt1) — 1nQ, and v, = m
We now introduce some continuous-time interpolation of (7, )n>0: For all n > 0, we set
Tn =71+ + Y and, for all n > 0, for all ¢ € [1,,, T41],
t—Tn .

fit = T + ——————(Tlnt1 — 7n)-
Tn+1 — Tn
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Remark 12 in [38] states that, without Assumption (A3), one can still conclude that (fi¢):>0
is an asymptotic pseudo-trajectory in Pc(FE) for the semi-flow induced in P (E) by the
well-posed dynamical system
VL @ f —mQE-

(for all bounded functions f = E + R). Now, by Theorem 3.7 in [8], the limit set of a pre-
compact asymptotic pseudo-trajectory is internally chain transitive and thus (by [8, Proposi-
tion 5.3]) it does not contain any proper attractor. Now let (X;);>0 be the continuous-time
pure jump Markov process with sub-Markovian jump kernel ) — I; if, for all £ > 0, we let
be the distribution of X; conditioned on having survived until time ¢, then (1 )+>0 is a solu-
tion of (24). By Assumption (A’3), we get that v is an attractor for the flow defined by (24) on
Pc(E). Also, all trajectories started in P (E) converge to v. Thus, the limit set of (7;)>0 is
{v}. Therefore, 7,, — v almost surely as n 1 oo, for the topology of weak convergence. One
can then follow the rest of the arguments in [38] to conclude the proof. U

(24)

5.2. Checking Assumption (A’1). First note that, by definition (see Equation (23)), for all
xeZ4,

KQY = (2B — 1)(1 + Ap)0z + (1 — Bz) (1 + Apsa)dzsin,

and thus
Q.= ( 20a ~1)(1 4 X0+ E[(14+ Aoy )dural
Ry = 1+ A, z )0z 1+ A, z+A )O0z+A
1
2 =N —1)0, + ——E[(1+ X\, A
(25) (Az — 1) T [(1+ Asta)dz4]
If x =0, then x + A # 0 almost surely and thus A, A = A almost surely, and hence,
1+ A Ao— A
-1 Ao— ——.
KJQO( ) Ao +1—|—)\0 0 1+ X

If [|z||; > 1, then x + A # 0 almost surely, and hence,
KQu(ZH)=X—14+1=\
Finally, if ||z||; = 1, then = + A = 0 with probability 1/(2d), and hence,

1 2d —1 1 1
dZH =N -1+ —— 1+ 1+ A ——(No— ).
K Qa (Z°) +1+/\< s (1) + 551+ X)) = gyt
In summary,
)\0 1+)\ ()\0 /\) ifz=0
(26) RQu(Z) = { A+ gz (o= A if ] =1
A ifoH1>1.
Note that, under the assumption that Ay > A and \y > 2d — 1 + 2d )\, we have
Ao — A Ao 2d — 1+ 2dX\ Ao — A
— =A+(A—A A+ XM= N) ——— > —_—
0T Ty AT Rem A )\o> * S Sanany 2T iy

because 2d — 1+ 2d\ > 2d — 1 > 1. Thus the maximum of x +— kQ,(Z) is reached at z = 0
and because, by definition, k = Qo(Zd) (see (22); this is why we chose this value for k), we
get

(27) max Q,(2%) =1,

TEZLL
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as needed. Now note that, by definition,
M1 P(Z%) = m, P(Z7) + Qy1)(Z7),

where, for all x € Z¢,

my, P(x)
P(Ypi1= =
(Ynt1 = z|my) mnP(Z9)
This implies
n
mnP(Z%) = (14 \o) + Z Qg (2
(28) =(1+Xo) + ZEZ Q¢ (2] + Z (Qy(Z%) = Eia [Qg,(27),
where [E;_; denotes the conditional expectation with respect to my,...,m;_1, for all ¢ > 1.

We treat the two sums above separately. First note that, for all ¢ > 1, by independence of Q
and mi,y...,M;—1,

m;—1 P(a:)
mi_lP(Zd)

mz_1P(0)

09 Elag @)= T s, AP

TEZLL

Indeed, ©Q,(Z%) > X for all = € Z¢ and kQo(Z?) = k. By definition, m,, P(0) = (1 +
o)L, (0) and m,, P(Z%) = (1 + A)N,, + (Ao — ML, (0) < (1 + Xg) N, . Thus,

———— > liminf -, (0) > Ao A~ 1,

n—00 mnP(Zd) n—00 NTn Ao — A
almost surely, by Theorem 1.4 (i) (because 7, — +oo almost surely as n — +o00). Thus,
almost surely,

>A+ (k=)

A—A—1
liminf E;_ 1[/{@ ( )]2)\—0—(/-{—)\)07,
i—00 Ao — A
which implies
!
(30) 1%%%%21@1 1[RQEH (Z7)] Z)\—l—(lﬁ—)\))\o)\oi)\.

We now control the second sum in (28): note that (®,, :== > ; (Qé()z) (ZH—Fi_4 [Qé(’l) (ZH]))n>0
is a martingale. Also,

sup E|Q( (24 — Qx(Zd)|2 < 400.
x€Z?

Indeed, for all = € Z%, Q4 (Z%) is almost surely bounded (by —(1 4 Ag)/x from below, and
by 2(1 + \o)/k from above). This implies that

i 1 2
= ZEZ (@ (2) ~Eia (@ ()] < 7 sup BJQY (27) ~ Qu(Z)]* = O(n),
re
almost surely as n — +o00. Thus, by the law of large numbers for martingales (see, e.g. [23,
Theorem 1.3.15]), lim,,_,oc ®,,/n = 0 almost surely. Using this and (30) in (28) gives

d —\ —
3D hmlnfﬂ /\—i- 1—i M.
K )\0—/\

n—o00 n K
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For liminf 1o % Z?Zl Qg 0 (Zd), we reason similarly: first note that, for all n > 1,

(32) ZQg (z%) = ZEZ Qe (2] + Z(Qg (Z%) = Ei1[Qe(i) (2)).

=1

We look at these two sums separately: for the first sum, note that

*ZEZ 1[+Qe(o) (Z Z > r@Qu(h) 2 1115261 ZE’ Qg 29)

i=1 x€Z4
by (29). Thus, by (30), we get

A—A—1

(33) hmmf—ZEzl/@Qg( D> A+ (k—N) Fy—

n—oo n

For the second sum in (32), we note that (&, := i1 Qe (Z3) —E;_4 [Qe(s) (ZD]))n>o0 is
a martingale such that

(@) =Y Ein1[(Qe(s) (29 — Eict[Qe(sy (ZD))?] < 4 sup Qu(Z4)? = O(n).
=1

r€Z4

Thus, almost surely as n 1 oo, d, = o(n). Thus, by (32) and (33), we get that, almost surely
asn T oo,

A M Ag—A—1
hmlnf ZQ&(Z E"’ (1— R)AO—)\
Together with (31), this implies that (A’1) holds with
A MA—A—1
34 =— 1——|——.
34) ‘T + < /{) Ao— A

REMARK 5.9. Because mingczs Q,(Z?) = ), it would have been much easier to prove
that [38, Assumption (A1)] holds with ¢ = A/k, but this constant is not large enough for
(A’2) to hold. This is the reason why we need to first prove the weak localisation result in
Theorem 1.4 (i) before using MVPPs to get a strong localisation result.

5.3. Checking Assumption (A’2). Welet V(x) = ||z||; if z # 0, and V' (0) =
(i) Forall N >0, {x € Z?: ||z||; < N} is finite and thus compact.
(ii) By Equation (25), for all z € Z¢,

KQoV = (\s — 1)V () + E[(1+ Apra)V (2 + A)].

1
1+ Az
In particular, for all 2 € Z¢ such that ||z|[; > 1,
kQV =X -1V (z) +E[V(z+ A)].
For all ||z||; > 1, we have = + A # 0 and thus, by the triangular inequality,
V(e +A) =z + Al <zl + Al = llzfl + 1.

Therefore,

KQVS(A=1)V(z)+V(z) +1=AV(z)+1
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We thus get that, for all x € 74,
(35) KQLV <AV (x)+ 1+ max KQLV.

<
Similarly, for all a € (1/2, 1), for all z € Z such that ||z||; > 1,
EQVY=A-1V(2)* +E[V(z+A)~].
Almost surely, for all = € Z% such that ||z ||;> 1,
V(e +A) = o+ AJg < (2 + 1)
As ||z||1 T oo, (||z]|1 + 1) ~ [|z]|§. We fix € > 0 small enough so that
(36) (A+e)/k<c and  Ag>2d—1+2d\+2d(1+ Ne.

(This is possible because \/k < ¢ - see (34) - and \g > 2d — 1 + 2d\, by assumption.)
Then, we choose L(e, ) > 1 large enough so that ||z||; > L(e, «) implies (||x||; +1)* <
(1 + ¢)||z||$. With these choices, for all x € Z% such that ||z||; > L(e, @),

Vie+A)" =z +Alf <(1+e)V(2)%,

and thus

KQiVE<A=1)V(x)*+ (1+¢e)V(2)*=A+e)V(z)*.
This implies
(37) KQzV<(A+e)V(z)*+ max V(x)®

[zl <L(e)

By Equations (35) and (37), we get that (ii) holds for any ¢ = 1/« € (1,2): indeed, one can
take 0 = (A +¢)/k < c (see (36)) and K = max|,|,<r(c,a) V (2)*/ k-

(iii) Let f : Z% — R be a function bounded by 1. First note that, for all x € 7%, almost
surely, by the triangular inequality and because B, € {0,1},

(KRl =128z = 1) f(z) + (1 = Bz) f(z + A)[ < 2[| flloo < 2.
Similarly,
£Qy 1 = 1(2Be = 1)(1 + Az) f(2) + (1 = Be)(1 4+ Aeya) f (2 + A)
<2(14 A0)[[ flloo < 2(1 + Ao)-
Using Jensen’s inequality, these imply that
|Re - fISE[RY - fll<2/k and |Qu- fI<E[Q - fIl <2(14 o)/
Thus,

2
Qo g (H5) <%0 o) M)y,
K K K

because V' (x) > 1 for all 2 € Z?. Now, for all 7 > 1, using first the triangular inequality
and then the fact that  +— 2" is convex on [0, 00) and thus (a + b)" < 2" 1(a” + b") for all
a,be0,00), we get

B[Ry f— R fI'] <E[(|RY - f]+[Ro )] <2 (B[R - f'] + | Ro - ])

<27(2/k)" < (Wn)"
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Thus, for any r € (1,2),
E[|RY - f — Ry f’ | S(1VYR)" < (1VAYR)?V ().
Similarly,

E[|QY - f—Qu- f|'] <21+ 2o) /)" < 16((1+ Xo)/k)'V ().

Thus, (iii) holds for ¢’ =2, p=4 and any r € (1, 2).
(iv) For all ¢ > 1, for all = € Z%, by the triangular inequality,

KQYV|7 = (2B, = (14 Aa)V (@) + (1= Bo) (14 Aaya)V (2 + A)|°
<1+ X0)1V (@) + V(x4 A)/)
<271+ X))V () + V(z+ A)),

because ¢ > 1 and thus z — ¢ is convex on [0, c0), implying that (a + b)? <
for all a,b € [0, 00). We have proved before that, forall z € Z¢, V(z + A) <V
surely. This implies that, almost surely,

(38) 1KQOV 4T < 29711 4 Xg)9(2V () + 1) < 2771 (1 4 o)V (),

2971 (a? 4 b9)
() + 1 almost

because 1 < V(x) <2V (x). By Jensen’s inequality, because | - |7 is convex,
(39) |Q:V |t SE[QYVY119) < 27 (14 Xo)?V () /1.
In particular, taking ¢ = 1 gives

(40) QaV[ <4(1+ X))V (2)/5.

For all g € (1,2), using the triangular inequality and the convexity of = +— z¢ we get that,
almost surely,

QY -V Qu- V| < (|0 VY 1]Qu- V)T < 2071V 4 | Qo V),

Thus, by (38) and (39),

‘Q;“ V= Q- V| < 2(4(1 4 M) /R)TV ().

Thus, (iv) holds for any r = g € (1,2), and it thus holds for r = ¢ = -5 = =2
In total, we have showed that (A’2) holds for ¢/ =2, p=4 and ¢ =r = 4/3.

5.4. Checking Assumption (A’3). To check Assumption (A’3), we apply a result of
Champagnat and Villemonais (see [19, Theorem 5.1]). We first give a statement of this result
(this statement is a simplification of the original version in [19], which is enough for our pur-
poses): Let (X (t)):>0 be a continuous-time Markov process on a space E'U {0}, absorbed at
0, with jump rates given by (g y )2 ye Fu{o} satisfying ZyeEU{B} Qoy <ooforallz € E. The
infinitesimal generator of (X (¢))¢>0 acts on non-negative functions f : £ U {0} — [0,00)
satisfying ZyeEU{a} Quyf(y) <ooforall z € E, as follows: Lf(0) =0 and, forall z € E,

LE@)= Y ay(fly) - fl2)).

yeEU{0}
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THEOREM 5.10 ([19, Theorem 5.1]). Assume that there exists a finite set L C E such
that P, (X (1) =y) > 0 for all x,y € L, and such that the constant

ne = inf{n > 0: li?% inf "' P, (X (t) = x) > 0}

is finite and does not depend on x € L. If there exists C >0, n1 > ny and ¢: EU {0} —
[0, 00) such that | > 1, p(0) =0, 3_ c (4} Gy (y) < 00 for all z € E, and

Lo(x) < —me(x) + Clyer,

then the process (X (t))i>0 admits a quasi-stationary distribution vgsp, which is the unique
one satisfying vgspp < oo and Py, (X (t) € L) > 0 for some t > 0. Moreover, there exist
constants o € (0,1) and K > 0 such that, for all probability measures p on E such that
J pdp < oo and p(L) >0,

@ P (X (t) €| X (t) #0) —vospllrv < Ka' - fug(olilft

Furthermore, if we set wi(z) = e™'P,(X (t) # 0), then there exists a function w : E
[0, 00) such that

|t — @ Lo () — 0,

where

L¥(p) ={f:E= R |fllL=() izigglf(iﬂ)l/ﬂ?ﬁ) < oo}

REMARK 5.11. Equation (41) follows from taking ny = 0 in the definition of 15 in [19,
Theorem 5.1, see also Theorem 3.1]; a private communication by Denis Villemonais con-
firmed to us that “for all large enough ngy” in the conclusion of [19, Theorem 3.1] should be
replaced by “for any n¢”. In particular, the choice of ng = 0 is valid.

We first prove that the assumptions of Theorem 5.10 are satisfied: Recall from (25) that,
for all € Z4,

KQr= Ay —1)0, +

E[(l + )‘w-I—A)(S:v—i-A]

1+ X,
(Ao —1)do + 52 El0ayal ifx=0

= A= 1)y + E[0pqa] + 5735000 if fJzfly =1
(A= 1)0, + E[6,1A] if ||| > 1.

Instead of considering the jump process X of generator (Q, — 65 + (1 — Qo(Z%))85) vez»
we look at the jump process Y of generator (kQ, — kdy + k(1 — Qx(Z%))85)zeza. One can
couple X and Y so that (X (kt))t>0 = (Y (¢))t>0.

Using the definition of « (see (22)) and (26), we get that, for all z € 7,

KQz — Koz + k(1 — Qx(Zd))da
(Ao —1—r)do + %E[CSHA] ifz=0

= (A =1—8)8, + E[dasa] + 525200 + (Mo — N (1 — 15 — sqrix)do  if zfi=1
(A= 1= K)0e +E[6zra] + (Ao — A (1 — ) do if ||z > 1.
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_11%;:)50"’_ 11_:\ E[(SaH—A] ifxr=0
= (Ao = A+ )0 + Eldaral + 585500 + (Ao — A (1 — 120 — s9x)00  if [z =1
_()\0_/\4-11%)1\0)536—1—E[5$+A]—i—()\o—/\)( 1+>\ )53 if ||z||1 > 1.

In other words, the process Y~ describes the movement on Z? of a particle that behaves as
follows:

* When the particle sits at 0, it jumps at rate 11%)?‘0, and when it jumps, it moves to a neigh-

bouring site chosen uniformly at random among the 2d possible choices.
* When the particle sits at « and ||z||; = 1, it jumps to a uniformly-chosen neighbouring site

at 1rate 1, 11'[ ]Ilmps to 0 with an additional rate of 21d )‘10 T /\/\, and it dies at rate (A9 — \) (1 —

iTx, — 2dT+X
* When the particle sits at « and ||z||; > 1, it jumps to a uniformly-chosen neighbouring site

at rate 1 and it dies at rate (Ao — A) (1 — 175 )-

Note in particular that the dying rate is the largest when ||z|[; > 1 and the lowest at x = 0 (in
fact, the particle does not die when it sits at the origin). Also note the additional drift towards
zero when the particle sits at a neighbouring site of the origin.

To prove (A’3), we aim at applying Theorem 5.10 and thus check that (Y (¢));>0 satisfies
its assumptions. We fix

1 Ao(Ao — A
(42) =00 -N(1-7550) = ?ijm),
and
1 11 2d — 1
43) pz_(AO_A)<1_1+AO_ﬁ'1+A) 2

Note that pa < p1; indeed, this is equivalent to

1 1 1 2d -1 1
— . <(o-N(1- )
1+X 2d 1+)\) 2a < Po= M=
which is equivalent to 2d — 1 + 2dA\ < Ao, which is our assumption. We choose ¢ > 0 small
enough so that ps < p; — 8. We then choose K > 1/s and let L = {x € Z%: ||z|j; < K}. We
also let ¢(x) = max(1, ng;||:)L “), for all z € Z4 (and ¢(9) = 0, as required).

First note that, for any x,y € L, and ¢ > 2, by Markov’s property,

Py (Y(t) = 2) > Po(Y (1) = y)Py (Y (t - 2) = y)P, (Y (1) = z).
Thus, if we let m = min, e, P, (Y (1) = y), then
li?% infe”P, (X (t) = z) > m%e 2" liminf e"'P, (X (t) = y),
o0

tToo

()\0—/\)(1—

which implies that 72 does not depend on x € Lj; it only remains to show that it is finite. Now
note that, if we let Lo = {||z|| < 1} then, forallz € L, t > 2,

Po(Y(t)=2)2 ) Pu(Y(1)=y)Py(Y(t —2)=2)P:(Y (1) =)
y,2€Lg

(44) >m? ) P (Y(t-2)=2)=m’ > P, (Y(t—2)€ L).

y,2€Lo y€Lo
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Note that P, (Y (t — 2) € Lg) > Py (Y (s) € Lo for all s <t — 2). Because the jump rate from
a site y such that ||y|| = 1 outside of Ly is p2 (see (43) for the definition of ps), and because
the process has to visit one of these sites before exiting Lg, we have that

Py(Y(s) € Lo forall s <t —2) > e P22,
This implies that, for all x € L,
P, (Y (t) = z) > m2er2(t-2),
which implies that lim inf 4 €/2'P, (Y (¢) = 2) > m2e?2 > 0. Thus,
N2 < p2 < 00.

We now let £ be the infinitesimal generator of (Y (¢)):>0. Recall that ¢(z) = max(1, ||z[/1),
for all x € Z%. From now on, we write || - || in lieu of || - /1. Because the death rate outside of
L equals p; (see (42) for the definition of p;), we get that, for all x ¢ L, for all ¢ > 0,

1 4 4 4 3/4
Zfd (Il + el 7 + o = esl|* = 20|z 7*) = pu [l

=1

By symmetry, we may assume without loss of generality that z € NZ €o- Under this as-
sumption, ||z + e;]| = ||z|| + 1 for all 1 <i <d, and ||z — ¢ = |Jz]| — 1 if x; # 0,
| — e[| = [||| + 1 if z;; = 0. This gives that, for all 2 € N, forall 1 <i < d,

lz + il + Jlw = el 7* = 2l|2 |7 < 2(|l2]| + 1)7* = 2|7,

which implies

3/4

£o() < (ol + % — (Lt o)l = (14 7o)

]
< —(pr = Y&z 7* < ~(p1 — 0o (),
as long as ||z|| > K. We thus get

Lp(x) < —mep(x) + Cleer,

where we have set C' = max,cs, Lp(z) < oo and 71 = p; — . Recall that we have chosen &
such that 72 < po < p1 — & = n1. We have thus shown that the assumptions of Theorem 5.10
hold for L = {||z|| < K} for some K large enough and ¢ = max(1,]| - ||/*) = V'/« (for
the choices of V' and ¢ made in Section 5.3). We thus get that Y admits a quasi-stationary
distribution v and that, for any p € Pc(Z%) such that || — v||7v < v(L)/2,

1= p1) ]|

t fSOdH t C
IP.(Y(®) €-[¥ (1) #0) = vllry < Cat- Time < Cal .
Because X (t) =Y (t/x), we get that
IPL(X (1) € |X (1) #0) — vl 7y = [Bu(Y (t/w) € -|Y (t/s) # 0) — v 7 < Cal/% u(LC>/2‘

Thus, to prove that (A’3) holds, it only remains to prove that, for all o € P (Z%), Py (X (t) #
9) > e (I=c)t j e, that

(45) Po (Y (t) #8) > e imo)t,
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for some constant ¢y > 6. Recall that § = (A +¢)/x, where ¢ satisfies (36). If we set w;(z) =
&P, (Y (t) # 9) forall t > 0 and = € Z, then

B (Y () £ 0) = - ( _ /Z d wtda> |

We apply the dominated convergence theorem to this integral: To do so, first note that, by
Theorem 5.10, there exists a function @ such that ||co; — @ || 7 (,) — 0 as t T co. This implies

that, for all § > 0, there exists ¢5 such that, for all ¢ > t;, for all z € Z¢,
(46) @ (2) — @ (2)| < dp().
Thus
}a-(wt—w)‘ <da-p<Ce,
because a € P (Z?). This implies
0<a-m=a wta (w—w) <|[[plpepa- e+ Cd<oo,

because w € L>() (as a limit of functions in L>°(y)) and o € P (). Thus, by dominated
convergence, we get that

47) PP (Y(t)#0)=a-w — a-w.
We now prove that « - o > 0; this holds because @ (z) > 0 for all 2 € Z?. Indeed, reasoning
as in (44), we have that, for all x € 74, forall ¢t > 2,
Po(Y (1) #0) 2 Puo(Y(t) =) 2 ) Pu(Y(1) = 0)Po(Y (t —2) = 2)P(Y (1) =)
z€Lg

>P.(Y(1)= o)(nenLn P.(Y (1) =2))Po(Y(s) € Lo forall 0 < s <t —2)

> P (Y (1) = 0) (minP-(Y (1) =)o),

Because py =12,

w(z) = gm PP (Y (1) #0) > P (Y (1) = 0)(?&“ P.(Y (1) =x))e*™ > 0.

This concludes the proof that « - @ > 0. Thus, (47) implies that there exists § > 0 such that,
forall t >0,

e™'P, (Y (t) #0) > 6.
Thus, to prove (45), it is enough to show that po =72 < k(1 — ) =k — A — . By (22),
Ao(Ao — A)
CN—e=2000 A
" 1+ X
Also, by (43),
MM —A) 2d—1 Ao — A
2= + — .
1+ Ao 2d  2d(1+\)
Thus 3 < kK — A — ¢ if and only if
2d —1 Ao— A
<
2d 2d(1+ )
which holds, by (36).

—e & Ag>2d—142dA+2d(1+ Ne,
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