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CONVERGENCE RATES FOR THE TROTTER-KATO SPLITTING

SIMON BECKER*, NIKLAS GALKE', ROBERT SALZMANN#, AND LAURITZ VAN LUIJKS

ABSTRACT. We study convergence rates of the Trotter-Kato splitting
eATE = lim (eL/”eA/”)n
n—oo

in the strong operator topology. In the first part, we use complex interpolation theory
to treat generators L and A of contraction semigroups on Banach spaces, with L
relatively A-bounded. In the second part, we study unitary dynamics on Hilbert
spaces and develop a new technique based on the concept of energy constraints. Our
results provide a complete picture of the convergence rates for the Trotter splitting for
all common types of Schrédinger and Dirac operators, including singular, confining
and magnetic vector potentials, as well as molecular many-body Hamiltonians in
dimension d = 3. Using the Brezis-Mironescu inequality, we derive convergence
rates for the Schrodinger operator with V(z) = +|x|~® potential. In each case, our
conditions are fully explicit.
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1. INTRODUCTION

We derive explicit convergence rates for the Trotter-Kato splitting formula, which,
under suitable assumptions on A and L, states that
ML = nh_)rgo (eL/"eA/")n (1.1)
in the strong operator topology. Originally developed by Lie for matrices, it has been
extended to operators by Trotter [T59], Chernoff [C68], and Kato [[K78]. Nelson [NG4]
clarified the connection between the splitting formula to Feynman’s path integral for
the Schrodinger dynamics. The formula is also of key importance in numerical applica-
tions [Paz83, 594, JL.OO, Sec. 3.6], where the Trotter formula is also often referred to as
Strang splitting, as it, for example, allows the separation of differential from multipli-
cation operators in applications in quantum mechanics. For applications, convergence
rates are important as they give a promise on the quality of the approximation. How-
ever, uniform convergence rates, i.e., convergence rates in operator norm, are typically
not feasible since the Trotter product formula simply does not converge uniformly
in general [103, Sec. 4]. This motivates the study of convergence rates in the strong
operator topology. That is, for a vector x, we are interested in the speed of convergence

[(el/meA™) y — ALy — 0. (1.2)

While a convergence rate of O(n~1) is guaranteed in finite dimensions, or more generally
for bounded generators, this does not hold in general: It was shown in [B+23a] that the
splitting of the Coulomb Hamiltonian H = —A — |z| ™!, describing the hydrogen atom,
converges with O(n~'/4) on (eigenstates in) s-orbitals, O(n~%/) on p-orbitals and with
O(n~!) on d- and higher orbitals. Their technique of establishing strong convergence
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rates is restricted to the Hilbert space setting and to eigenvectors of A + L. In this
article, we relax these restrictions by proving strong convergence rates on sufficiently
regular vectors also in the Banach space setting, recovering, in particular, a form of
O(n~'*) convergence for the ground state of the hydrogen atom.

Our article features two directions. In the first part of the article, Section 2, our
guiding principle is to develop a theory to obtain convergence rates under the as-
sumption that L is “small” compared to A. We gauge the smallness using a relative
boundedness condition of the operators. In this case, the appropriate notion of regu-
larity is captured using special interpolation spaces defined through A, which are called
Favard spaces and which we can characterize explicitly in many relevant cases. For
Schrodinger operators, for instance, in terms of standard Sobolev spaces. We demand
that L does not decrease this form of regularity by too much, i.e., when applied to a
vector of high regularity, the output should remain regular, though possibly to a lesser
extent. After establishing O(n~!)-convergence rates for (1.2) for sufficiently regular
vectors x and for suitable L, we prove O(n~%)-convergence rates with 0 < § < 1 on
less regular vectors and for very general, but still relatively A-bounded L. The guiding
motive for this first part of the article is to understand the convergence rates of the
Trotter-splitting of Schrodinger operators with singular potentials. For instance, we
find for the three-dimensional Coulomb potential

H (eiitlw‘_l/"e%ﬂ/n)nw _ eit(*Aflr\_l)lﬁ“ < TL*I/4+€||¢||H2(R3) (1.3)

for any fixed € > 0 (cp. Corollary 2.22). Numerical evidence from [B+23a] suggests
that, on the ground state, the true convergence rate is indeed n~/*. Thus, we expect
our estimate to be essentially tight. Proving an analytical lower bound, however,
remains an open problem.

In the second part of the article, in Section 3, the guiding motive is to understand
Schrodinger operators with confining or trapping potentials. In this case, the kinetic
energy and potential energy are not in any sense small with respect to one another. A
standard example of such an operator is the quantum harmonic oscillator. To treat the
Trotter splitting of such operators, we develop a new approach based on the concept of
energy constraints [W17, S18, 520, vL.24]. This approach differs from the first one due
to the different nature of the perturbation. As a prototypical example of the results
obtained with this approach, we mention the following convergence rate

n it . 62
[(emte8etyy — 2] < 2 (ot | (14

for the Trotter splitting of the harmonic oscillator on L*(R) (cp. Theorem 3.15).

Taken together, the two approaches yield a fairly complete understanding of Trotter
convergence rates for closed quantum systems. The general nature of the first approach
allows us to apply it to a much larger class of dynamical systems beyond just closed
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quantum systems. We outline this in the first few sections of the article. The approach
outlined in the second part of the article is limited to unitary dynamics on Hilbert
spaces.

1.1. Techniques. Both approaches for providing convergence rates for the Trotter-
Kato product formula (1.1) in Sections 2 and 3 follow similar proof techniques but
diverge at certain points as we explain in the following:

Step 1: Key commutator bound. In both Sections 2 and 3, the first step of bounding
the Trotter error is to use a telescoping sum argument, which gives for x of sufficient
regularity

(A e — Al < sup L, e | (15)
s,7€[0,1]
Here, we can either have that x, is the original element x evolved by the joined dy-
namics, i.e. x, := "z or by the product dynamics, i.e. x, := (e/meA/™)l™lz. We
call this the key commutator bound, which can be found in Lemma 2.1 or by combining
Lemma 3.6 and the relevant steps in the proof of Theorem 3.5.

Step 2: Stability of reqularity. Next, we need to ensure that the evolved element x,
has comparable regularity as the initial x. The way we quantify regularity depends on
the context: In Section 2, we are in the regime in which A is the dominant generator as
L is relatively bounded with A-bound < 1. Hence, in this case, it is sensible to focus on
notions of regularity defined through the generator A. In particular for that we consider
the Favard spaces F,(A) which for v € [0, 1] are exactly given by elements = such that
(et — Iz|| = O(t7). Hence, higher values of v correspond to higher regularity of the
element x. For € F,(A) the relative boundedness assumptions on L employed gives,
by the stability result on Favard spaces Lemma 2.6, that also x, € F,(A) where we

chose x, = ™™z in the above.

On the other hand, in Section 3, the role of A and L is symmetric. The right
notion of regularity is given by the energy of a vector x as measured by a positive self-
adjoint operator GG, the ‘reference Hamiltonian’. We are free to choose this reference
Hamiltonian as long as the dynamics generated A and L are energy-limited with respect
to G in the sense of [vI.24]. This ensures that x, above is of comparable regularity as
the initial element x.

Step 3: Bounding the key commutator. As the final step, we need to estimate the
key commutator, which appears on the right-hand side of (1.5). In Section 2 we write

(L, ez, = L(e*Y™ — Na, — (e*N™ — I) La, (1.6)

and bound each term individually. For the first term, we assume that the singularity
of L is controlled when the operator is restricted to elements of sufficient regularity.
More, precisely we assume that L is bounded on the Favard space F,(A) for some
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0 < a < 7 from which we see that the first term decays as O(n~'=%). For the second
term we assume that L does not decrease the regularity of . € F,(A) by too much.
In particular if we still have Lz, € Fz(A) for some 0 < <« the second term in (1.6)
decays as O(n~?). Both assumptions on how L interacts with the notion of regularity
dictated by A can explicitly be verified for many interesting examples, e.g., Schrodinger
operators with Coulomb-type potentials and molecular Hamiltonians as shown at the
end of Section 2.5.1.

In Section 3, we choose a different approach to bound the right-hand side of (1.5)
by using

S n S
1L, e ar || < = sup ||[L, Az, (1.7)
1 welo,s]
where z,,, = etA/my_ Under the above assumption of energy limitedness and given

that the commutator [L, A] is bounded with respect to G'/2, the norm appearing on
the right-hand side of (1.7) is indeed finite and we find that the Trotter error decays
as O(n™1).

1.2. Related works. Our article outlines an approach to obtain initial state-dependent
convergence rates for such splittings. Trotter schemes with applications to quantum
mechanics have been improved in various directions, for example, for bosonic sys-
tems [M24], lattice systems [BL22], and in the context of the quantum Zeno effect
[E105, MW 19, BDS21, MR23]. Our approach is different in the sense that we try to pro-
vide a framework that covers a wide range of, in some sense, singular splittings that are
not covered by most results in the literature. While little about convergence rates be-
yond standard cases seems to be known in the quantum setting, a more elaborate theory
is available for strictly dissipative dynamics; see [NSZ18, NSZ18b, NSZ19] and refer-
ences therein. A strength of our approach is that it unites several types of dynamics un-
der one umbrella approach. Finally, many works such as [M24] also consider generaliza-
tions of the Trotter Formula and applications to non-autonomous systems [NSZ20]. An
overview of the current state of results can also be found in [ZNI124]. While our method
also allows for such generalizations, we decided to focus on the most basic setting and
will consider such applications in future work. State-dependent error bounds for quan-
tum systems have been discussed in [AFL21, B423b, B+23a, B+24, vL.+24, vL24]. In
particular, [B+23b, B-+23a] prove state-dependent convergence for the Trotter product
for more restrictive sets of vectors than what we are able to treat in this article. The
idea of applying energy constraints to obtain state-dependent convergence rates was
used before in the context of Lie group representations and so-called quantum speed
limits [BD20, B+21, vL+24].

1.3. Outline of the article. In the first part of the article, we study the case of
generators A and L where L is relatively A bounded with A-bound < 1.
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- In Section 2.1, we state in Theorem 2.2 a vanilla convergence result with O(n=1)
Trotter convergence rate under fairly general assumptions on L and A.

- In Section 2.2, we introduce Favard spaces and discuss some of their properties.
These interpolation spaces capture the propagation of regularity of data under
the time evolution of contraction semigroups.

- In Section 2.3, we embed with our Theorem 2.7 the result of the previous section
into the broader framework of Favard spaces and convergence rates.

- In Section 2.4 we apply the framework of Section 2.2 to the Trotter product of
generators of contraction semigroups. We start with so-called positive genera-
tors, in which case one can easily define fractional powers and obtain Corollary
2.13 on the convergence of the Trotter product.

- In Section 2.5, we discuss applications for self-adjoint A.

- In Section 2.5.1, we turn to unitary dynamics, which covers the realm of
Schrodinger dynamics in quantum mechanics. We provide an extensive dis-
cussion of the Trotter splitting for molecular Hamiltonians with Coulomb sin-
gularity, cf. Theorem 2.23.

In Section 3, we use a recently-developed framework of energy constraints to obtain
general convergence rates in Theorem 3.5 and Corollary 3.9, which we illustrate in the
subsequent Subsections:

- In Section 3.1, we apply Theorem 3.5 to show a O(n~') convergence for all
Schrodinger operators whose potentials have bounded second derivative.

- In Section 3.2, we apply the findings of Section 3.1 to the harmonic oscillator
to obtain the convergence rate in (1.4).

- In Section 3.3, we discuss applications to Dirac operators, such as magnetic
Dirac operators.

In Section 4, we illustrate our findings with some numerical experiments.

Notation. We denote the identity operator by I, write a < b and a = O(b) to
indicate that there is a constant C' > 0 such that ¢ < Cb and furthermore a ~ b
if a < band b < a. We denote the resolvent set by p(A) and its complement, the
spectrum, by Spec(A). The space of bounded operators between Banach spaces X
and Y is denoted B(X,Y’) and the corresponding operator norm of a linear operator
T: X — Y is denoted by ||T||x-y = supj, <1 [|Tz[|y. We use the so-called Japanese
bracket notation (&) := (1 + [£]?)'/? for vectors £ € R".

Acknowledgements. We thank Tim Mdbus and Alexander Hahn for many interest-
ing discussions on the topic. Moreover, we want to thank Daniel Burgarth, Nilanjana
Datta and Robin Hillier for organizing a workshop hosted by the ICMS in Edinburgh
in May 2023 during which this work has been initiated.
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2. TROTTER CONVERGENCE UNDER RELATIVE BOUNDEDNESS

In this section, we obtain convergence rates for the Trotter-Kato product formula
(1.1) under the assumption that one of the generators, say L, is relatively bounded by
the other: We say L is relatively A-bounded if D(A) C D(L) and there exist a,b > 0
such that for all x € D(A) we have

[Lz]| < af Az|| + b= (2.1)

We call the infimum over all a for which there is a b > 0 such that the above inequality
holds the A-bound of L.

For the remainder of this section, we consider situations in which L is relatively A-
bounded with A-bound < 1. The first consequence of this assumption is that for L and
A being generators of Cjy contraction semigroups’, also A+ L with domain D(A+L) =
D(A) defines a Cy contraction semigroup [EN00, Thm. 2.7]. The joint dynamics e/(4+%)
therefore leaves D(A) invariant. As A is closed [EN00, Thm. 1.4], D(A) becomes
a Banach space when equipped with the graph norm ||z|p) = ||z| + ||Az|| and
eMA+L) . D(A) — D(A) is a bounded operator by the closed graph theorem. The
latter can be seen explicitly by noting that since the A-bound of L is strictly smaller
than 1, the graph norms of A and A+ L are equivalent: In fact, for x € D(A), we have

| Az] < (A + Lye] + e < (A + Lyl + all Az]| + bl
and hence
Az < ——(I[(4+ Lya] + bll=])
" 1—-a
and furthermore

1A+ L)a|| < [|Az[| + [|La]| < (1 + a) | Az|| + b]j]]

IWe call a Cy semigroup (73)¢>0 a contraction semigroup if all maps T; are contractions, i.e.,
(T3]l < 1.
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which giV@S HxHD(A) ~ ||x||D(A+L)-2
In this regime, obtaining convergence rates in the Trotter-Kato formula reduces to

studying the commutator [L, e*4/"]
commutator. This is the content of the following lemma:

, which from now on we shall refer to as the key

Lemma 2.1 (Key commutator bound). Let X be a Banach space and L and A be
generators of strongly continuous contraction semigroups on X such that L is relatively

A-bounded, with A-bound < 1. Then for alln € N, t > 0 and x € D(A) we have
H ((etL/netA/n)” _ et(AJrL)) a:’

<t sup [|[L,e*"em @)z
s,7€[0,¢]

Proof of Lemma 2.1. By the semigroup property, it is easy to check that we can write
the operator difference of interest as a telescoping sum, i.e.

n—1
(etL/netA/n)n _ Jt(A+L) Z tL/n tA/n ( tL/netA/n . et(A+L)/n) et(nfjfl)(AJrL)/n.
7=0
Therefore, we see for z € D(A) using that e*4/™ and e'*/™ are contractions

n—1
H ((etL/netA/n)" _ et(A—i-L)) a:H < Z H (etL/netA/n _ et(A+L)/n) t(n—j—1)(A+L) /an
=0

Now, using that by the relative boundedness assumption D(A + L) = D(A), we can
write for all y € D(A) C D(L)”

1
(etL/netA/n o 6t(AJrL)/n) y = / di (estL/nestA/ne(lfs)t(A%»L)/n) de
0 S

1
_t / (estL/nLestA/ne(l—s)t(A+L)/n _ gstLingstA/n (1=s)t(A+L) /n) yds
n Jo

t 1
_ E/ GStL/n[L, estA/n]e(l—s)t(A+L)/ny ds. (22)
0

Plugging this into the telescopic sum, we find

1
H ((etL/netA/n)” . et(A+L)> xH < z €StL/n[L, estA/n]e(nfjfs)t(/H»L)/nx ds

<t sup |[L, eSA/”]eT(AJ“L)xH.
s,7€[0,t]

O

?To conclude the boundedness of e!*+1) : D(A) — D(A) use || Dz pay < €D 2| pratr)
together with [|(A + L)'zl = [|e! (A + L)a|| < [(A+ L)z|| < [z pa) where we used that
etA+L) is a contraction.

3Note that the integral in (2.2) is well-defined as a Bochner integral as the integrand is continuous,
which is true by L being relatively A-bounded and the graph norms of A and A+ L being equivalent.
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2.1. Elementary O(n~!) scaling for regular L. In this section, we provide a first
simple derivation of convergence rates for the Trotter product formula using the key
commutator bound established in Lemma 2.1. We aim for a point-wise estimate with
the Trotter product being applied to a fixed Banach space element of sufficient regu-
larity, say x € D(A?). Then, for generators L, which do not decrease this regularity
by too much (with the precise meaning given in the following), we derive a O(n~!
convergence rate of the Trotter product.

oT(A+L)

Denoting the semigroup generated by A by T; = ¢4 and furthermore z, := x,
we observe that we can decompose the key commutator in Lemma 2.1 as
(L, Tsn)wr = L(Tyyyy — Iy — (Tgyy, — I) L, (2.3)

To estimate both terms on the right-hand side, we use here that for y € D(A), we have

1
@ = Dy = = H/O Ty Ay dr

S
< —||Ay]| . 24
<2 |4y 24)

Hence, the first term in (2.3) can easily be estimated under the additional assumption
that the joined dynamics e™A*%) leaves D(A?) invariant and therefore

x, € D(A?). (2.5)
In this case using that L is relatively A-bounded as (2.1), we see

S
“L(TS/n - I)xT” < CLHA(TS/n - I)QSTH + bH(TS/n - ])$TH < E (a||A2xT|| + b||A$T||) .

Furthermore, the second term on the right-hand side of (2.3) can also be estimated,
assuming that

Lz, € D(A), (2.6)

in which case we have
s
1(Tspn = D)L || < — || ALz-|].

Both assumption (2.5) and (2.6) are fulfilled if L satisfies LD(A?) C D(A) and
furthermore

IALy|| < o[ A%l + Vlly] (2.7)

for some 0 < @’ < 1 and ¥ > 0 and all y € D(A?). In fact (2.7) together with
[P18, Lem. IV.3] gives that D((A + L)?) = D(A?) and therefore that the restriction
e" D) b2y« D(A?) — D(A?) defines a well-defined, bounded operator from which
we can conclude that z, € D(A?%) and Lz, € D(A) using z € D(A?). Combining all of
the above, we arrive at the following result, which we can think of as a straightforward
operator theoretic generalization of the O(n~!) convergence rate for matrices.
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Theorem 2.2 (Perturbative O(n~!)-Trotter). Let X be a Banach space and (L, D(L))
and (A, D(A)) with D(A) C D(L) generators of contraction semigroups. Assume there
exist 0 < a <1 and b > 0 such that

[Lz]] < al| Az]] + b]|z]] (2.8)

for all x € D(A). Moreover, assume that L D(A%) C D(A) and that there exist 0 <
a <1 and b >0 such that

IALz| < o' A%]| + V||| (2.9)
for all x € D(A?). Then for alln € N, t > 0 and x € D(A?) we have

n t2
H ((etL/netA/n) - et<A+L>) xH < = (collA%]] + el Aa] + ol (2.10)

for some ¢; > 0 depending only on a,b,a’ and V. If we can choose b =0, then ¢; = 0.
If additionally b = 0 then also ¢y = 0.

A formal proof of this result in which the constants cg, ¢, co are expressed in terms
of a,b,a’,b' can be found in Appendix A.

In many circumstances, the requirements of Theorem 2.2 are too strong for many
practically relevant generators A and L. In particular, as we see below, the assumption
LD(A?) C D(A) is not satisfied in the case of Schrodinger operators with singular
potentials, e.g., X = L?(R3), A = —iA and multiplication operator L = iV corre-
sponding to the potential V(z) = =4|z|~!. To also be able to treat these cases, we
extend the argument of Theorem 2.2 using milder regularity assumptions. For that,
we use the so-called Favard spaces of A, which are interpolation spaces between the
underlying Banach space X and the domains D(A¥) for k& € N. It turns out those
provide a more nuanced regularity analysis compared to the setting of Theorem 2.2

leading to convergence rates of the Trotter product given by fractional powers of n=1.

In the next section, we review the theory of Sobolev towers and Favard spaces of
generators of Cjy contraction semigroups. After that, in Section 2.3, we provide an
extension of Theorem 2.2 involving Favard spaces (see Theorem 2.7).

2.2. Sobolev towers and Favard spaces. For A being the generator of a strongly
continuous contraction semigroup on some Banach space X the corresponding Sobolev
tower is defined as follows: For k € Ny consider the space D(AF), where D(A%) = X
equipped with the graph norms |||/ p sy = [|# | +||A*z||. The graph norm is equivalent
to the sum of all ||Alz|| for | < k [P18, Lem. I1.10], i.e.

k
2/l pary < Z [A%]| < 2| par)- (2.11)
1=0
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Since A* is a closed operator [P18, Lemma I1.8, Lemma I1.9], D(A¥) is a Banach
space. Furthermore, for (7;);>¢ being the strongly continuous contraction semigroup
generated by A, we have that the restrictions T}|p(4xy define strongly continuous semi-
groups with generator given by the restriction A|p(ar+1y.

Inspired by the fact that A satisfies sup,. [[A(A — A)7!|| < oo [ENO0O, Thm. 3.5],
we can define complex interpolation spaces between the different levels of the Sobolev
tower: For that, let a € (0,00) and furthermore r, € (0,1] and k, € Ny be the
unique numbers such that o = r, + k,. One then obtains complex interpolation spaces
(D(Ake), D(A*=F1)), ., commonly referred to as Favard spaces, of the form [L09,
Prop. 3.1]

F,=F,(A)=F,(A4X) = {x € D(A%); |z|p, = sup [N AN — A) 2| prare) < oo}.
A>0

Here, for later convenience, we introduced the notation F,(A; X) explicitly denoting
the Banach space X from which the Favard spaces are constructed. These spaces
naturally become Banach spaces when equipped with an interpolation norm that is
equivalent to [|x[|r, = [|z|peara) + |7|F,. In particular, for a € (0, 1], the Favard
spaces F,, are interpolation spaces between the Banach space X and the domain D(A).
Furthermore, for o > 1 the Favard space F, can equivalently be understood as a Favard
space of order 7, € (0,1] but with D(A*«) as the underlying Banach space instead of
X, ie.

F,(A; X) = F,_ (A; D(AF)). (2.12)

[e1

Example 2.3. We consider the heat semigroup on X = Cy(RY), see [BF19]. Its
generator A = A has a domain D(A) = CZ(R) for d = 1, while for d > 2 the domain
15 given by
D(A) = {f € Co(RY N W2P(RY), for all p € [1,00) and Af € Cy(RY)}.
Then for a € (0,1) \ {1/2} the Favard spaces are the Hélder spaces
Fo= Cga(Rd)

of bounded continuous functions that are 2ac Holder continuous and for o = 1/2

Fijp = {f S Cb(Rd);S;g) (@) + f(y?x__2§|(($ 92l oo} :

Remark 2.4. One can define Sobolev towers and Favard spaces more generally for
operators A only assuming (0,00) C p(A) and sup,., [|A(A — A)7Y| < C for some
C > 0. Under this assumption, all statements in this section remain true apart from
(2.17) below and the ones explicitly involving the semigroup Ty. Note that in the special
case C'=1 and A being densely defined, A is immediately closed since p(A) # 0 and
hence this assumption is equivalent to A being the generator of a strongly continuous
contraction semigroup [ENOO, Thm. 3.5].
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Note that for all k € Ny and k < a < 8 < k+ 1 we have D(A) C Fy,y C F3 C
F,, C D(AF). Furthermore, for all 0 < o < 3 and x € Fz we have the upper bound*

2]l < Ml s (2.13)

The importance of these spaces is in their relationship to the asymptotic behavior of
associated semigroups. Indeed, we have the equivalent characterization [L09, Prop. 5.7]

F, = {x € D(A*); sup [+ (Tia — ) [ pase) < oo}. (2.14)
In particular, for x € F, we have
[T = allpaee) = (s, ). 2.15)
In this context, it is useful to note that the Favard norm ||z||f, is equivalent to
%] paray + Sup [£77 (T2 = D)z p(asa)- (2.16)

Furthermore, in the special case of analytic semigroups, the Favard spaces are equiva-
lently described by the elements z € X for which the ||z| s, equivalent norm

2] parey + sup " [| ATy || p(ana)
te(0,1

is finite.

The following lemma generalises (2.15) from the norms on X and D(AF) to the
Favard norms.

Lemma 2.5. Let A be the generator of a strongly continuous contraction semigroup
(T1),>0 and o,y € (0,00) such that o <. Then, for v = min{y — a, 1}

ITi = 7 or = 0 (7).
Proof. For the proof, we use that
ITe = Tlle o S ITe = Tl pasey +sup lls™ (Te = DT = Dl peare)- - (2:17)
s>

First consider the case 7 —«a < 1. In that case k, = k, and hence vy —a =r, —7r, > 0.
To bound the second term in (2.17) we use

sup [|s™" (Ts — I)(T; — I)|| .= p(ake)

s>0

S sup 87T — 1| pearay + 7 sup s~ || Ty — I|| praray < 46777,
0<s<t s>t

4To see this, we use the fact that ||z|r, is equivalent to the norm in (2.16). Consider then
first the case 75 > r,. In that case, we have sup,.q [[t7"(T; — I)z|[p(ara) < supgei<y 877 (17 —
Dx||pearay + 2[|2]| pearay S l|7|lF; where we used (2.11) to bound [|z[| p(ara) S ||£L'||D(Akﬁ). If on the
other hand 75 < 74 then kg > k, + 1 and the bound follows by supg.,<; [[t7" (Tt — I)@[|p(ara) S

SUPo<t<1 |\t17r“$||D(Akw+1) < ||I||D(A’%)~
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where for the last inequality we have used that (7}),, restricted to D(A**) defines a
contraction semigroup. As for the first term in (2.17) we have ||T; — I[|p prara) S
t" =0 ") for t — 0 immediately from definition, we have shown |1} — I||p, —p, =
O (t7 ).

Next we consider the case v — a > 1. For that note that for all z € D(A**1) C F,

we have
t
/ T, Ax ds
0

where for the second inequality, we have used (2.11). Using this and focusing on the
second part in (2.17) we see

1T, = Dallppase, = \

< t|Az|[ pearay S tlzlparaty,  (2.18)
D(Aka)

sup [[s7" (Ts = I)(T; = )l p, - p(ara)

s>0

< tsu%) 87" (Ts = )|l p, 5 p(ara+y S tsug |87 (Ts — I)|| psy s D(ARa+1) ST,
s> s>

where we used F, C F,; together with (2.13). For the first term in (2.17) we can
use (2.18) directly which gives ||T; — I/, p(ara) S t. Combining both yields ||T; —
I||r,—F, St and finishes the proof.

U

Finally, we recall a basic but useful property of Favard spaces that shows that they
are stable under relatively bounded perturbations.

Lemma 2.6 (Stability of Favard spaces). Let Ag and A be generators of strongly
continuous contraction semigroups. Let B = A — Ag be relatively Ay bounded with
Ag-bound given by a > 0. Then F,(Ay) C Fu(A) for all a € (0,1] and in particular if
a <1 then F,(Ao) = F.(A).

Proof. 1t suffices to show the inclusion F,(Ag) C F,(A), since for a < 1, we also have
for some b > 0

[ Aoz || < [ Az[| + | Bz|| < |[Az[| + all Aozl + b]|z]

and thus
b

1—a

a
1Bz < allAoz]| + bllz]| < —[lAz]l + [

This implies F,(A) C F,(Ao) by the first part.

Since A and Ay generate strongly continuous contraction semigroups, we have (0, 00) C
p(Ap), p(A) and sup,o [[AA — Ag) Y|, supysg |AA — A)7| < 1. We observe that we
have the simple estimate

1A = A) "zl < [l=]| + A = A) " z]| < 2|
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This is enough to conclude that for fixed § > 0

sup [A*A\ — A) x| < 26| (2.19)
A€(0,0)

On the other hand, using the resolvent identity
1A = A) "l < A = Ao) ]| + [[A(N — A) T B(A — Ag)~'a]. (2.20)
For the first term on the right-hand side of (2.20), relative boundedness yields
IAQA = Ao) "zl < (1 + a)l|Ao(A — Ao) "zl + bl (A — Ao)~"a]].
For the second term on the right-hand side of (2.20), we find
A = A7 B(A = Ag) x| < [JAQA = A) 1B — Ag)
< (14 1A= A7) IBO = A0)al
< 2[|B(A — Ao) x|
Using Ap-boundedness of B we find for the last expression in the previous line
IBOA = Ag) || < all Ao(A — Ao) "z + cl| (A — Ag) .

For \ > ¢, we have

wir syt < Jl
X0 = Ag) 1l <

Thus, we have shown
sup [[A*A(A — A) "'z S sup [AX*Ag(A — Ag) || + ||z

ASS A>6
which together with (2.19) implies the claim. O

2.3. Trotter convergence on Favard spaces. In this section, we use the theory of
Favard spaces outlined in Section 2.2 to extend Theorem 2.2 by interpolating initial
data regularity D(A?) all the way down to X. In particular, we consider the case x € F,
for some 0 < v < 2 and F, denoting the corresponding Favard space of A.

For that, we follow a similar argument as the one outlined in Section 2.1: The start-
ing point of the derivation is again the key commutator bound obtained in Lemma 2.1
using the fact that we can decompose

(L, Tsn)wr = L(Tyyy — Iy — (T, — I) Ly, (2.21)
with T/, = e and x, = eT™HH g, Here, instead of relying on the naive estimate
(2.4) we employ the refined version provided in Lemma 2.5:

For the first term on the right-hand side of (2.21) we assume that F, C D(L)
for some o < min{l,~v} or in other words, by the closed graph theorem, that the
restriction L|g, : F, — X is bounded. This assumption, in particular, implies that L
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is infinitesimally A-bounded [EN00, Lem. 2.13] and hence functions analogously to the
relative boundedness assumption (2.8) in Theorem 2.2. Assuming furthermore that
the joined dynamics e”A*+%) leaves the Favard space F, invariant which implies that

z, € F,. (2.22)
This property together with Lemma 2.5 imply that
s\
£ = D) < Vel N = Dol = Orstriens, ((2)) - 229

with v/ = min{1,vy — a}.
The second term on the right-hand side of (2.21) can easily be estimated once we
additionally assume

Lz, € Fy (2.24)

for some 3 < 7 in which case we have

S

[(Tojn = D Lo || = Opra 1, ((—)ﬁ) : (2.25)

n

As seen in the proof of Theorem 2.7 below, the invariance of F, under eT(A+L)

and hence (2.22) as well as (2.24) both follow when assuming that LF, C Fjs with
k, < 8 < ~, where k, € {0,1} is such that v — k, € (0,1]. In the case k, = 1, this
assumption implies that L is also infinitesimally A-bounded on the graph space D(A)
and can hence be can be seen as the analog of (2.9) in Theorem 2.2.

We are now ready to state and formally prove our main theorem of this section in
the following:

Theorem 2.7. Let X be a Banach space and (L, D(L)) and (A, D(A)) be generators of
strongly continuous contraction semigroups. Moreover, assume that the Favard spaces
of A satisfy F, C D(L) and LF., C Fp for some positive numbers a < min{1,~v} and
k, < B <~ <2, where k, € {0,1} is such that v — k., € (0,1]. Then for alln € N and

t >0 we have
1+0
H (etL/netA/n)n _ tHA+D) =0 (t_> 7 (2.26)

where § = min{1, 8,y — a}.

Remark 2.8. In the special case v = 1, using that D(A) C Fy, the same arqgument as
for Theorem 2.7 gives under the condition that F,, C D(L) and LD(A) C Fj for some

0<a,B <1 that
n t1+5
‘ (etL/netA/n) _ et(A—‘rL)H ) (_> 7
D(A)—X

where 6 = min{f, 1 — a}.
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Remark 2.9. Theorem 2.2 can be seen as an extreme point of the above Theorem 2.7
extending it to the case v = 2 and f = a = 1. In this case the Favard spaces Fy and
Fy are replaced by D(A?) and D(A) respectively. Furthermore, relative A-boundedness
of L with bound strictly smaller than 1 with respect to the norm on X and the graph
norm on D(A), i.e., (2.8) and (2.9), needs to be assumed additionally.

Proof of Theorem 2.7. Since the map L : F, — X, is well defined and closed (as
L: D(L) — X is closed) we see by the closed graph theorem that it is also bounded
and furthermore, using a < 1, that L is infinitesimally A-bounded with respect to the
norm on X [EN00, Lem. 2.13], i.e., for all ¢ > 0 and € D(A) we have

L] < el Az} + bc[|] (2.27)

for some b, > 0.

We want to repeat this argument to show that L is also infinitesimally A-bounded
with respect to the graph norm on D(A*). In the case k, = 0 we have already done
this (2.27), so we focus on k, = 1: From LF, C Fj and the closed graph theorem we get
that L : F;, — Fj is bounded. Using k., < 8 and hence Fy C D(A"), this in particular
implies boundedness of L : F., — D(A*). Furthermore, using v < k, + 1 and [EN0O,
Lem. 2.13] on the Banach space D(A"), we see that L is infinitesimally A-bounded
with respect to the graph norm, i.e., for all € > 0 and x € D(A"*) C F, C D(L) we
have

1L pary < ellAZ|[ peary + cell2ll pparny (2.28)

for some ¢, > 0.

Since (L, D(L)) generates a strongly continuous contraction semigroup and is hence
dissipative, we can use (2.27) and [EN0O, Theorem 2.7] which gives that (A+ L, D(A))
generates a strongly continuous contraction semigroup as well. Furthermore, again
from (2.27) we see that the graph norms of A+ L and A are equivalent. This shows that
the restriction e(A+F) |p(ay defines a strongly continuous semigroup on the graph space
D(A), which satisfies ||/ D) pay < [l || parr) < 1 for all ¢ > 0. Its generator
is given by A + L restricted on D((A + L)?).” By [EN00, Theorem 3.8], it has the set

of positive numbers in its resolvent set and satisfies supyoq [[AA — A+ L) pay S 1.

We can hence employ the stability result of Favard spaces, Lemma 2.6 © on D(Ak)

as underlying Banach space together with (2.28), which gives F, (A + L) = F,(A).

UA+L) is bounded uniformly over ¢ > 0 with respect to

Furthermore, we have that e
°In the case of k, = 1 we even have D((A + L)?) = D(A?) which follows using (2.27) and (2.28)
and [P18, Lem. IV.3].
6Note, that Lemma 2.6, is applicable in this context as F,(A) and F,(A+ L) can be seen as Favard
spaces of order 7., € (0,1] but with underlying Banach space being D(A*") instead of X.
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the Favard norm of F, = F,(A) using the closed graph theorem for the operator
et B~ F.

The key commutator bound in Lemma 2.1 gives for all z € D(A)

H ((etL/netA/n)n _ et(AJrL)) x’ <t sup [[L,e4/em 4Dy, (2.29)
s,7€[0,¢]

In fact, since L : F,, = X is bounded and furthermore F, C (A)H.”Fa, which holds
by v < a and [EN0OO, Prop. 5.14., Theo. 5.15], we get (2.29) for all x € F,. Using this
and the above we see

‘ (etL/netA/n)” _ GHA+D) o < ts,flel[gﬂ H L, esA/n]eT(A+L)||Fw—>X
Stosup [|[[Le, o <tsup [[L(e = T)||, |+t sup [[(e V=) L],
s€[0,4] se[0,4] s€[0,4]

(2.30)

For the first term in (2.30) we can use Lemma 2.5 together with the fact that L : F, —
X is bounded which gives

£\
sup [ (e = 1)l swp et =1y, =0 ((a) )

s€[0,t] s€[0,t]

where 7/ = min{1l,y — a}. To finish the proof we use the boundedness of L : F., — Fj
to bound the second term in (2.30) as

t\”
sup || (e — 1) LHFﬁX < sup [|et/ - I”F[HX =0 <<5) > :

s€[0,t] s€[0,t]

where 8" = min{1, 8}. O

In the following subsections, we apply the result of Theorem 2.7 for special cases of
generators for which we have good control over the corresponding Favard spaces. The
first case, in Section 2.4, considers —A to be a positive operator on some Banach space
X. In the second case, in Section 2.5, we consider X to be a Hilbert space and A either
self-adjoint with —A being positive semidefinite or A being anti self-adjoint (i.e., A
self-adjoint) and hence A being the generator of a unitary group. In all of these cases,
we see that the Favard spaces of A are closely linked to the domains of the fractional
powers of A (or, more precisely, of |A|). This leads us to formulate the abstract result
of Theorem 2.7 for these special cases in a more concrete way in Corollaries 2.13, 2.14,
2.18, 2.21 respectively.

2.4. Strictly dissipative dynamics. Positive operators on general Banach spaces
are defined as follows:
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Definition 2.10 (Positive operator). A closed operator B is called positive on a Ba-
nach space X if (—00,0] C p(B) and |[[(A — B)7!| = O((1 = A\)™') for A € (—o0,0].

Remark 2.11. If B is a self-adjoint operator on a Hilbert space, then positivity in the
usual sense, i.e., infyeppy|z|=1(Bx, ) > 0 is equivalent to positivity as in the above
definition.

The relevance of this definition for us is by the following simple observation.

Lemma 2.12. Let A be a generator of a strongly continuous contraction semigroup,
then —A is positive if 0 € p(A).

Proof. Since 0 € p(A), we have for some € > 0 by openness of the resolvent set and
continuity of the resolvent in A that [—&,e] C p(A) and

IO+ A)H = 0(1) for ]A] <.

Furthermore, we have by [EN00, Thm. 3.5], the bound |[A(A— A)7'|| < 1 for A > 0 for
generators of contraction semigroups. Combining both, we see

I+ A7 =0((1—A\)71) for A € (—o0,0].
O

If one assumes that —A is positive, one can define A= for o > 0, and the operator
is given by the explicit formula [EN0O, Corr. 5.28]
1— 672m'a

AT = —/ s (s —A)"' ds for a € (0,1).
0

271

The operator A% is then defined as the inverse of A~ with D(A%) = ran(A~%). For
a < f3, we also have D(A?) C Fy C D(A®), where the first inclusion can be found in
[L09, Prop. 4.7] and the proof of the second inclusion follows from [EN0O, Prop. 5.33]

s

)l + 1A% S llllg, S [l + A% (2.31)
Using this, we can immediately deduce the following result from Theorem 2.7:

Corollary 2.13. Let X be a Banach space and L and A be generators of strongly
continuous contraction semigroups on X with 0 € p(A), D(A*) C D(L), and LD(A) C
D(AP) for some a, B € (0,1). Then, for fived ¢ > 0, the Trotter-Kato product satisfies

1+6
ey =)l =0 (57)
D(A)—X n

where 6 = min{f,1 — a — €}.

"The proof assumes a negative growth bound of the semigroup since the book only defines Favard
spaces in this context. However, a careful inspection of the proof shows that it applies to our setting,
as well.



CONVERGENCE RATES FOR THE TROTTER-KATO SPLITTING 19

Proof. By (2.31) we have that LD(A) C D(A®) C Fjs. Furthermore, since D(A%) C
D(L) we have, again by (2.31) that for any ¢ > 0 fixed also Fi,,. C D(L). Hence, the
conditions of Theorem 2.7 or Remark 2.8 are fulfilled which finishes the proof. O

Assuming X to be a Hilbert space, see [L.09, Corr. 4.30], we have equality D(A?) =
Fp . This way, we get rid of the ¢ > 0 dependence in Theorem 2.13 and one finds

Corollary 2.14. Let X be a Hilbert space and L and A be gemerators of strongly
continuous contraction semigroups on X with 0 € p(A), D(A*) C D(L), and LD(A) C
D(AP) for some a, B € (0,1). Then, the Trotter-Kato product satisfies

146
H ((etL/netA/n)n B et(AJrL)) H -0 (t_a)
D(A)—X n

where § = min{f, 1 — a}.

Our framework in the above theorem allows, for example, for A to be the Dirichlet-
Laplacian on a sufficiently nice bounded domain € C R", since 0 ¢ Spec(A g2(o)n Hé(Q)).
However, it does not allow us to study, for instance, basic operators such as A = A on
R™. We will take care of this in the next two subsections.

2.5. Self-adjoint and anti self-adjoint generators on Hilbert spaces. In the
case of self-adjoint or anti self-adjoint A, one can use the spectral theorem to easily
characterize the Favard spaces. This is the content of the following Lemma:

Lemma 2.15. Let —A be self-adjoint and positive semi-definite on a Hilbert space X,
then in the sense of the functional calculus for all v > 0

Fo(A) = D(A]")
and the Favard norm is equivalent to the graph norm of |A|*.
Let K be self-adjoint, then for all o > 0

Fo(iK) = D(]K|%)
and the corresponding Favard norm is equivalent to the graph norm of |K|®.

Remark 2.16. The specific form of the Favard spaces presented in Lemma 2.15 en-
ables us to provide stronger connections between different levels of the Sobolev tower:
Let —A be self-adjoint and positive semidefinite. Then for all o« > 0 the graph
space D(|A|*) naturally becomes a Hilbert space when equipped with the scalar prod-
uct (z,y)e = (|A|%z, |A|*Yy) + (x,y). It is easy to verify that the restriction —A' =
—A|p(jaje+1y defines again a self-adjoint, positive semi-definite operator on D(]A|*
with fractional powers |A'|P being defined on the domain D(|A'|?) = D(|A|**?). Hence,
using Lemma 2.15, we see that the Favard spaces of A’ satisfy

Fy(A'; D(|A]) = D(JA]**7) = Fay5(A; X), (2.32)
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which can be seen as a refined version of (2.12).

Let now L be closed and such that F,(A; X) C D(L) and LF,(A; X) C F3(A; X)
for some positive numbers a < 1 and v — 1 < B < v < 2. Using (2.32) instead of
(2.12), we can argue similarly as in the proof of Theorem 2.7 but replacing D(A*)
with D(|A|?) in the case v > 1 that ™0 . F (A; X) — F,(A; X) is a well-defined
bounded operator. This enables us in Corollary 2.18 to lift the restriction B > k,
needed in Theorem 2.7 and allow for all f > ~v — 1. The same argument can also be
employed for anti self-adjoint generators, i.e., A = 1K for K being self-adjoint, giving
the same extended range on the parameter B in Corollary 2.21.

Proof of Lemma 2.15. Let r € (0,1) and m € N. Using the functional calculus, we find
with E)4) being the spectral measure of |A| = —

tQm
(A +1)?
The right-hand side is maximized for A = >t which shows that

T AM —1,.112 r 2 o t2(m+r)
sup (- )l = (1) [T B 0

A>0 1—7r ]."‘17‘:)

IATA™ (A — A) |2 = / A (B 4 (t)z, 7).
0

_ 7,27"(1 _ T)2—2r/ tz(r’Lm_l)d(Ew(t)x, $>
0
~ (1A ]

Noting that the maximising A is independent of m, this shows in particular for all
a > 0, with r,, € (0,1) and k, € Ny, the unique numbers such that o = r,, + k,, that

Sup I AX = A) "l pparay ~ [[JAI || + ||| A]"2|

Noting that |||A]"z| < ||z|| + |||A|*z]|, this gives by definition of the Favard norm
[/l 72y ~ Nzl page)-

For the second part of the Lemma, using again the functional calculus for r € (0, 1)
and m € N
£2m

A2+ ¢2

INE™ (O — i) || = /_ N d(Ex(t)z, z)

The right-hand side is maximized for A\ = \/‘Lt which shows that

sup [[ATK™(\ —iK) ' x|]? = (

A>0

2(m—+r)
———d(Ex(t
1 _7,) - 1rrt2+t2 < K( )J?,$>

r (1 —r)t r/ 2D (B (t)z, )

~ (1K
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Following the same argument as above this shows ||z||r, k) ~ |2 p(K|e)- O

The two results presented in Lemma 2.15 can be unified in the following way: For
normal operators N, defining contraction semigroups, we define commuting self-adjoint
operators [S12, Prop. 5.30] Re(N) := (N 4+ N*)/2 and Im(N) := (N — N*)/(2i) such
that N = Re(N) 4+ iIm(N). For N to generate a contraction semigroup, we demand
that Re(NN) < 0. Then, we recall that T, = eV := ! Re(N) it Im(N) — it Im(N) gt Re(N) "y
then have the following generalization of Lemma 2.15, which we prove in the appendix.

Proposition 2.17. Let N be a normal operator on a Hilbert space with Re(N) < 0 as
above, then for a € (0,1)

D(IN|*) = Fy(Re(N)) N F,(Im(N)) = F,(N).

Using this characterization of the Favard spaces, we obtain the following Corol-
lary 2.18 from Theorem 2.7 and Remark 2.16. It can be seen as the analogue of
Corollary 2.14 without the requirement that 0 € p(A).

Corollary 2.18. Let X be a Hilbert space and L and A be generators of strongly
continuous contraction semigroups on X with — A self-adjoint and positive semidefinite.
Moreover assume that D(|A|*) € D(L), and LD(|A|") € D(JA|?) for some positive
numbers a < min{l,v} and vy —1 < < v < 2. Then for alln € N and t > 0 the
Trotter-Kato product satisfies

146
H ((etL/netA/n)” _ 6t(A+L)) H -0 (%) 7 (2.33)
D(|A)—X n

where § = min{1, 3,7 — a}.

2.5.1. Unitary dynamics and singular potentials. In this section, we use the character-
isation of the Favard spaces in Lemma 2.15 to formulate the result of Theorem 2.7 in
the case of unitary dynamics on a Hilbert space. Hence, we shall now assume that X
is a Hilbert space and that A = iK, with K being self-adjoint.

Example 2.19 (Schrodinger operators). For the case of K = —A > 0 on X = L*(R?),
which is self-adjoint on the domain D(K) = H*(R?), Lemma 2.15 gives that the Favard
spaces F,, = F,(iK) are precisely given by the Sobolev spaces H**(R?) for all o > 0

Example 2.20 (Dirac operators). Let d = 2 for simplicity, then the two-dimensional
Dirac operator reads in terms of Pauli matrices o;

2
K = Z 0D, + osm.
i=1

By the standard Foldy-Wouthuysen transform, the operator K s unitarily equivalent
to

diag(y/(—=A) +m2, —/(=A) + m2).
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From this it follows that F,, = F,(iK) = H*(R? C?).

Using Lemma 2.15 we obtain the following corollary from Theorem 2.7 and Re-
mark 2.16 for the case of A = 1K and L = tH for some self-adjoint operators K and
H:

Corollary 2.21. Let X be a Hilbert space and H and K be self-adjoint. Moreover
assume that D(|K|*) C D(H), and HD(|K|") C D(|K|?) for some positive numbers
a<min{l,v} andy—1< <~y < 2. Then for alln € N and t € R the Trotter-Kato
product satisfies
itH/n itK/n\™ it(H+K) |75|1+(s
H ((e ) —e )HD(KWHX =0 (?) ’ (2:34)

where § = min{1, 8,7 — a}.

Application to singular potentials. In the following we apply Corollary 2.21 for
the case of X = L?(R?), multiplication operator H = V with singular potential V (z) =
|z|~®° for some a > 0, K = —A > 0. Here, from Lemma 2.15 and Example 2.19, we
have that F,(iK) = D(K?®) = H**(R?) for all a > 0.

The relative boundedness condition in Corollary 2.21, i.e., the condition H?*(R%) C
D(V) for some suitable o € (0,1), can be obtained as follows: Assume that the
potential satisfies V = V; + V, € LP(R?) + L>®(R?) for some p > 1. Then we have for

1/2=1/p+1/q

Vellz < IVillpllelly + [1Vallsolliell2- (2.35)
By the Sobolev embedding, we have H*(R?) C L(R%) for parameters
Ik 1
2 d g
and hence we can choose k = d(‘;—f) and a = d(‘i—;z). For the special case of p = 2 and

q = oo, we find a = %. For the potential V(z) = |z|~%, we can choose p = 2 as long as
a < d/2, in which case we have shown that H%/2?(R%) C D(V).

To verify the second condition in Corollary 2.21 for singular potentials, i.e., VD((—A)7) C
D((=A)P) for some suitable k, < 3 <~ < 2, we can invoke the Brezis-Mironescu in-
equality [BMO1, Corr.4] which states that for s € (1,00) and 3 = =+

=22 (F )l S N Fllsellglers— + lglasll £l 111X (2.36)

We use this for ¢ = Vi being the singular part of the potential V(z) = ||~ as

the remainder can be chosen to be smooth and hence trivially satisfies the desired
condition. In order for V(x) = |z|7® to be in L2 (R?) (and hence V; € L?*(R%)) we

8Note that the assumptions on H in Corollary 2.21 are independent of the sign of H. Hence, all
arguments here also work for the attractive singular potentials V(z) = —|x|~®.
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require that a < 2%. Thus, as above a < g is necessary for this condition to apply.

More generally, for this choice of potential V' € H; '(R?) if and only if a < 4 — (s —1).

loc

With this choice and furthermore f = ¢ € H*'(R?) = D((—A)?), we find from (2.36)
for v > %, and hence by Sobolev embedding ¢ € L>®(R%), and s < 2

I(=2Y" (Vig)ll2 < llellclV] el (2.37)

Hence, collecting all constraints on s and using B = 5%, we see VD((—A)7) C
D((—=A)P) for all B < min{%2%, &2y —

For the case a = 1,d = 3, i.e., for the Coulomb potential, and furthermore v = 1,

mo-1 + ||Vilas

we can therefore choose any 8 < 1/4. Thus, Corollary 2.21 gives in the Coulomb case
V(x) = £|z|~" a Trotter convergence as

H <<eitV/nefitA/n)” B ez’t(—AJrV))‘ — OV,

H2(R4)—L2(Rd)

for all £ € R and € > 0 fixed. More generally, the above derivations give the following:
Corollary 2.22. Let V(z) = £]z|™® with0 < a < d/2 and v € (0,2). Then the Trotter
formula converges as

H ((eitV/ne—itA/n)" B eit(—A—H/))‘ —0 (nd/4—7 +n P+ n—l)

H2v(Rd)— L2(R4)
forally —1< p < min{—dzja, —d_f“,v — % )
Molecular Hamiltonians. We consider a molecule with N electrons of mass m, and
charge —e. In addition, we have M nuclei of masses m; and charges Z;efor j = 1,...,. M
described by the many-body Schrodinger operator

N M

A, A,
H=— L YtV
S g~ 2 g 4 V)

j=

where
2.38
SN LTIl RN I
] i#]
In the many-body setting, we can repeat the steps leading to the result of Corol-
lary 2.22 by working with (Sobolev-)Bochner spaces instead of standard Sobolev spaces.

To streamline the notation we shall no longer discriminate between x and y variables

and just consider z € R3W+M),

We shall allow for Trotter splittings
A:=1iA —iVj and L := —iV, (2.39)

where V; and V5 is any choice of summands in (2.38) such that V' = V; + V5. This
includes, of course, the Trotter splitting into kinetic and potential energy, but also
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allows us to consider the kinetic energy together with the nucleus-nucleus and nucleus-
electron interaction, separated from the electron-electron interaction. We have this
freedom since combining Lemma 2.6 with Lemma 2.15, we see that the Favard spaces
F,(A) are precisely the Sobolev spaces H>*(RY™M) for all a € (0,1) and are indepen-
dent of Vi, since V; is relatively —A bounded.

We shall show that:

Theorem 2.23. For the Trotter-splitting (2.39), there is for any € > 0 a constant
Ce N such that

< CE,N,Mn71/4+€'

H ((etL/netA/n)” _ et(AJrL)) ’ <
HQ(R3(N+A/I))—>L2(R3(N+M))

Proof. The potential V' consists of linear combinations of Coulomb potentials Vi, (z; —
x;) in terms of the single particle Coulomb potential

Vip(z) = |z| 7" for 2 € R*\ {0}.

We start by proving the Vi, : H32(R3WV+M)) 5 [L2(R3WV+M)) houndedness. Let
¢ € HYR3W+M) we have the natural identification of the multi-variable L? as a
single particle L? Bochner space

||VspS0||L2(R3(N+M>) = ||Vsp90HL2(R3;X)7

where we defined X := L*(R3*W™+M-1))  We also notice that ¢ € H?*(R*; X) which
follows easily using the Fourier representation of the Sobolev space and the simple
inequality (&) < ((&1, .., §s(v+an))). This allows us to repeat the estimate in (2.35) in

the Bochner space and we obtain using the same composition of Vi, = Vip1 + Vipe €
L?(R3) 4+ L>=(R?) as in the subsection before

[VeapllLzmaxy < Vepallzz@s) @l e msix) + [ Vap.2ll Lo 3 |0l L2 (3. x)
S Wapallze@sy @l msrzgs,x) + [ Vep2lloo sy 10l 22 w3 x) (2.40)
S WVapallze@sy @l gsrz@saveany + [[Vip2ll oo ) |1 L2 s, x) '

S (IVapillzzey + [[Vapell oo @) [0l a2 mscvany.

Next, we show that Vi, : H2(R3W+M)) — [s=L(R3WV+M)) where s < 3/2. It suffices
to consider the singular part of the potential Vg, ;.

Using Peetre’s inequality, which implies that for ¢ > 0

<(€17 <0y va gm-i-la sy £n>>t < 2t<(§1a ) 5m)>t<(§m+1> EE) fn)>ta
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we have for YV := H* ' (R3W+M-1)) and s < 3/2 together with the Brezis-Mironescu
inequality that

1 Vep, 10|l a1 (REWN+M)) 5 S WVapaoll ms- L(R3;Y)

1-1 1
S el a2 iy Vil s es) + ([ Vap, 220w 017 sy 10 v oy

S el mz@sovean) (Vepa [ s @sy + [[Vapall s sy ),

(2.41)

where we used in the last line that for o, 5 > 0

(&1 o &)Y ((Empts s €)Y < (€L, oy s Emep 1y oy £0)) TP

This extends the estimate (2.37) of the previous section to the many-particle Hilbert
space.

It remains to argue that we can lift the bounds (2.40) and (2.41) to the two-body
interactions appearing in the many-body Hamiltonian, instead of the single parti-
cle interaction Vg,. To see this, notice that the two-particle interaction W(zy,xs) =
\/§Vsp(x1 — ) — without loss of generality, we consider now the first two particles —
is given by W(x) := (V o U)(x), where we introduced the unitary map

U(z) = 2_1/2(331 — T, X1 + X9, T3, ey TN 1M )-

Using the Fourier representation of the Sobolev spaces, we find that the Sobolev
norms are invariant under composition by a unitary map

[(=A) (s 0 Ul z2@soveany = [|8 0 Ul p2msvean;iey28ae)
= H§HL2(R3<N+M>;<5>2M§)
= [{=2)"s| L2 gsovsan)
This property allows us to lift bounds (2.40) and (2.41) to
IWellz@sx) = [(Vip - (9 0 UT)) 0 Ull r2msixy = [ (Vap - (9 0 UT)) |22 esix)
S (Wepall2@s) | + [Vep 2ll oo @) DI © U] ravagracvean (2.42)

~Y

S (Ve allzoes) |+ [Vap2ll oo sy D11 1272 acaany
and
Wil -1 acveany = |(Vepa - (9 0 U")) 0 Ull gre—satvsany = [Vap - (9 © U")|[ prs-1mscvan
S e o Ul gz acvany ([ Vap i L o1 @3y + [[Vep

LZS(RS))
S el mz@soveany ([ Vap,i | ms—1 sy + [ Vep,a [l 225 3))-
(2.43)

The identities (2.42) and (2.43) complete the proof, and the result follows from The-
orem 2.7 and the characterization of Favard spaces in terms of Sobolev spaces as
explained before the statement of the result. O
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In summary, we have shown that for very general input states, we can get arbitrarily
close to the O(n~'/*) rate that was observed for the ground state of the single-particle
Coulomb Hamiltonian in [B+23a], even for many-body Coulomb Hamiltonians.

3. CONVERGENCE RATES FOR ENERGY-LIMITED UNITARY DYNAMICS

In this section, we present a method for obtaining convergence rates inspired directly
by quantum theory. Unlike the previous section, which focused on possibly singular
but small perturbations, this approach is motivated to study regular but large pertur-
bations tailored towards applications in quantum mechanics. Our approach is based on
the “operator E-norm” introduced by Shirokov [S20] and the notion of “energy-limited
dynamics” introduced in [vL.24].

We fix a separable Hilbert space H and a positive self-adjoint operator with inf Spec G =
0. We may think about JH as the Hilbert space describing a quantum system and of G
as an energy-observable (a reference Hamiltonian) for this system. For vectors ¢ € X,
the energy-expectation value E(1)) is given by

2
E(y) = |G| (3.1)
if » € D(GY?) and by E(3) := oo otherwise.

In the following, we use the language of Sobolev towers, which we introduced in
Subsection 2.2 and will briefly recall for the reader’s convenience the setting they are
used in this section. For n € N, we set 3, = D(G™?) which is a Hilbert space in the
graph inner product (¥, ¢), = (¥, @) + (G2, G™2¢). Note that 3 is precisely the
space of finite-energy vectors because

E(y) = [l¥]l; — Il (3.2)

For negative n, 3, is defined as the completion of H with respect to the inner product
(¥, ) = (¥, (1 + G™)¢). We have continuous embeddings

L DODHGDHDH DL (3.3)

The dual space of H, is naturally identified with J_,,. Thus, the adjoint A* of a
bounded operator A € B(H,,, H,,) is naturally a bounded operator A* : H_,,, — H_,,.
An operator A € B(H,,,H_,,) is called hermitian if A = A* [RS75, p. 192]. Note that
relatively G'/2-bounded operators on D(G'/?) are precisely the elements of B(%;, H).
Similarly, hermitian quadratic forms a on H with form domain Q(a) = H; for which
M > 0 exists such that +a < M (G + 1), i.e.,

ta(v,9) < MIll;, v eI, (3.4)
may be regarded as hermitian operators A € B(H;,H_;) via the equation

a(% ¢) = <¢a A¢>—1> ¢> (b € :H:l' (35)
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Following [S20], the operator E-norm is defined as:

Definition 3.1 (E-norm, Shirokov [S20]). The operator E-norm || ||$ is defined on
the space B(H,, ) of G'/?-bounded operators for E > 0 by

A5 = sup {|Av[: [l¢]] < 1. B(v) < E}. (3.6)

We remark that the optimization may be restricted to a core D of G2, ie., a
|| - [[1-dense subspace D C H;y, [vL.24]. It is shown in [S20] that the operator E-norm
is equivalent to the operator norm in B(Hj,H). In particular, operator E-norms at
different energy constraints £ > 0 are equivalent. In fact, Shirokov showed [S20]:

El
WﬁSHW§SV§WM% E'>E>0. (3.7)

Since we are typically interested in upper bounds on the operator E-norm, the following
equivalent definition via a minimization (see [v1.24, Prop. 2.19]) will be useful:

1AIS = min {\/XE + Eo : A, Eg > 0, A"A < AG + Ep}. (3.8)

The operator inequality in (3.8) is in the sense of quadratic forms on 3; = D(G'/2).
The reason that we are interested in the operator E-norm is that convergence in FE-
norm implies strong convergence.” For instance, consider self-adjoint operators A and
B on H such that A+ B is essentially self-adjoint, then the Trotter product converges
by [T59, K78], and convergence rates in E-norm

. . n s [
(e A/meitBIm)™ — MBI < e(t,m, E) (3.9)
immediately yield state-dependent convergence rates: If ¢ € H; is a unit vector, then

(4B " — M A || < e(t,n, B(y)). (3.10)

To prove such convergence rates for Trotter products in the operator E-norm, we need
the dynamics to respect the energy scale determined by G. For this, we follow [vI.24].
The maximal output energy given an energy-constraint £ > 0 is described by [W17]

fu(E) :=sup {E(UY);|[¢[| <1, E(y) <E},  E>0. (3.11)

The function fy is a concave nondecreasing function R — [0, 0c]. It is connected to
the operator F-norm via

N 2

fu(B) = (I6"2Ull;) (3.12)

Unitary operators for which fi; is finite are called energy-limited [W17, vI.24, S19].
Thus, a unitary U is energy-limited if and only if it restricts to an operator B(H;, H;).

9n fact, Shirokov showed that the operator E-norm induces the strong operator topology on
bounded subsets of B(H) if the reference Hamiltonian has compact resolvent [S20].
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Definition 3.2 (Energy-limited dynamics [vL.24]). A wnitary one-parameter group
U(t) is energy-limited if there exist ‘stability constants’ w, Ey > 0 such that

fow(E) < e™(E+ Ey) — E,, teR, E>0. (3.13)

A collection of unitary one-parameter groups U;(t), j € I, is jointly energy-limited if
there exist joint stability constants w, Ey such that (3.13) holds for all U;(t).

Note that the right-hand side of (3.13) is a semigroup of affine functions of E for
times ¢ > 0. Energy-limitedness guarantees that the energy expectation value E(t) :=
E(U(t)y) depends continuously on ¢ for vectors ¢ € H;. In fact, it guarantees the
continuity bound [v1.24]

B(t+ ) — E(s)| < wlt|(E(s) + Eo||¢lI*) + O(J¢]"). (3.14)

It is easy to see that every f Energy-limited unitary one-parameter groups are fully
characterized by the following structure theorem:

Theorem 3.3 ([vL24, Thm. 3.7]). Let H be a self-adjoint operator and let U(t) =
e ™ Let w, By > 0. Then U(t) is energy-limited with stability constants w, Ey if and

only if
(1) Hy is invariant under U(t) and the restriction Uy(t) := U(t) | Hy is a strongly

continuous one-parameter group of bounded operators on JHj.
(it) The inequality £i[G, H] < w(G + Ey) holds in the sense that

(G20, GV2HY) — (G2 Hy, GY24)| < w(| G20 + Eol|wl) (3.15)

for all € Hy N D(H) such that HY € H;.
These necessary and sufficient conditions for energy-limitedness are rather hard to
check in practice. The following result of Frohlich [F77] (cp. [vL24, Thm. 3.8]) gives

sufficient conditions for energy-limitedness that are much easier to check. Recall that
an operator H is G-bounded if and only if H is in B(Hs, H).

Theorem 3.4 (Frohlich [F77]). Let Gy > 0 be a positive self-adjoint operator with
inf Spec Gy = 0 and set G = (Go + Ey)*> — E2. Let H be a Gy-bounded self-adjoint
operator with unitary group U(t) = e and let D be a core for Gy. Let w,v > 0 and
Ey > 0.

(1) If the operator inequality +i[H, Go] < w(Go + Ep) holds for some w, Ey > 0 in
the sense of quadratic forms on D, i.e.,

then U(t) is energy-limited with stability constants w, Ey with respect to Gy.
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(1) If —[H, Go]? < v*(Go + Ey)? holds in the sense that"
IHH, Gol¢o|| < v[[(Go + Eo)yll, ¢ € Hy, (3.17)

then U(t) is energy-limited with respect to the reference Hamiltonian G and has
stability constants 2v, E3 with respect to G.

Proof. The result follows from Frohlich’s work [F'77] applied to N = G + Ey (Nelson’s
assumption N > 1 can be relaxed to N > ¢l for some ¢ > 0 without causing any trouble
in his proofs). Unfortunately, this result is stated with several additional assumptions
that are not used in the proof (as he remarks in [F77, Rem. 1]). To obtain item (i),
we apply [vL.24, Thm. B.1], which is proved by adapting Frohlich’s argument, to the
operators N = G + Ey and A = +iH yields item (i) under the assumptions stated
above. We now come to item (ii). By [F77, Lem. A.1 and Rem. 1] (again applied to
N = G+ Ey and A = iH), it holds that | NU(t)¥||* < e®!|Nt|* which proves the
claim. U

Readers familiar with Nelson’s commutator theorem [RS75, Thm. X.37] may recog-
nize that the assumption of self-adjointness is redundant: If D is a core for G, every
symmetric G-bounded operator H satisfying (3.16) on D is essentially self-adjoint and
satisfies the same inequality on D = J,.

We now come to the main theorem of this section, which proves convergence rates
for the Trotter product of energy-limited unitary groups in the operator E-norm.

Theorem 3.5. Let A and B be self-adjoint operators generating energy-limited unitary

one-parameter groups and let w, Fy be joint stability constants. Let D be a core for
G'? such that

(t,s) = e e*Byy and (L, s) > e Bei* (3.18)
are both in C*(R%,H) for all v € D. If the commutator [A,B] : D — H is G'/2-
bounded, then A + B is essentially self-adjoint on D and

. ) o 2
itA/n itB/n\" _ _i(A+B)||G <

N ]

for alln € N, where f;(E) = E+ (e*' — 1)(E + Ej).

[4, BIlI%, s (3.19)

We remark that the C? assumption in Theorem 3.5 ensures that the commutator
[A, B] makes sense as an operator on the core D. Furthermore, as seen in Step 2 in the
proof of Theorem 3.5, essential self-adjointness of A+ B on D is a direct consequence
of the convergence of the Trotter product. This is in sharp contrast to the setup in
Section 2 in which the fact that the sum of the generators is again a generator of

10T he left-hand side of (3.17) is defined as the supremum over |(H¢, Gotp) — (Goo, Hip)| where ¢
ranges over all unit vectors in .
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a strongly continuous contraction semigroup or even unitary group followed already
directly from the employed relative boundedness assumptions.

Recall that an operator K on a Hilbert space generates a contraction semigroup if
and only if it is maximally dissipative, i.e., K is dissipative and admits no (proper)
dissipative extension [ACE23].

Lemma 3.6. Let A, B be self-adjoint operators generating energy-limited unitary dy-
namics with joint stability constants w, Ey. Let 1C' be a mazximally dissipative operator.

Then

H(eitA/neitB/n)n _ eitc”g < nHeitA/neitB/n _ eitC/nHZt_zt/n(E)v (320>
where fy(E) = e“'E + (¥ — 1)Ey and t > 0. If C is self-adjoint and ¢C is energy-
preserving, i.e., commutes with G for all t € R, we have

||(eitA/neitB/n)n . eitCHg < nHeitA/neitB/n . eitC/an‘ (3‘21)

Proof. Set V (t) = e*4e*B. Then fv(t (E) < fu(F) and
¢

|V (t/n)" — ltCHE t(j—1)/n)C (V(t/n) — itC/n)V(t/n)n_]’

E

<Z|| (t/n) — "IV (t/n)

% e
< Z IV (t/n) ="l
j=1 "

7 n G
< nllV(t/n) ="My

where we used the semigroup property of f; and that f;(E) is monotone in t. The
second claim follows similarly by sorting the dynamics generated by C in the first
equation to the right instead of the left. U

Lemma 3.7. Under the assumptions of Theorem 3.5, we have

le~ 4 Be'* — B||% < t|[[A, B]||S

17, (3.22)

Proof. Let 1, ¢ be unit vectors in D and let (¢, G¢) < E. Then

. . tg .
<¢7 (e—ztABeztA o B)¢> — /0 £<6ZSA¢a BezsA¢> ds

— /t<A6isA¢’ BeiSA@M o <€isA¢7 BAeiSA@D} ds
0

_ / (6 (AL Ble ) ds
0
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Optimizing over unit vectors ¢, ¢ € D with (¢, GY) < E, we get
t
—i i G G G
le=* Be™ — B, < / 1A, Blly, () ds < tI[A, Blll, -
0
0

We need the following Lemma on dissipative extensions of symmetric operators (see
[ACE23, Thm. 2.5]):

Lemma 3.8. Let T be a symmetric operator on a separable Hilbert space H. Let S DT
be an extension such that 1S is dissipative, i.e., an extension such that Im(y, Svb) <0,
Y € D(S), then it follows that

TcScT® and TCS* CT". (3.23)
Using Lemmas 3.6 — 3.8, we can prove Theorem 3.5:

Proof of Theorem 3.5. As stated in the theorem, we set fy(E) = e“'(E + Ey) — Ep.
Note that fuia(E), foun(E) < f|t|(E).

Step 1. In the first step, we establish the desired bound (3.19) for ¢ > 0 and a
maximally dissipative, i.e., contraction-generating, extension ¢C' of the skew-symmetric
operator i(A + B). It follows that —iC™* generates a contraction semigroup as well,
and, by Lemma 3.8, that C* is also an extension of A+ B. We start with Lemma 3.6,
which gives

H(eitA/neitB/n)n . eitCHg < nHez’tA/neitB/n . eitC/nHZt_Qt/n(E)' (3.24>

To estimate the right-hand side, we pick unit vectors and ¢, € D with (¢, Gi) < E.
We have

<¢7 (eitAeitB _ 6it0)w> — <67it0*¢7 w> _ <¢7 eitAeitB¢>

y <6—isC*¢’ eisAést) ds
<<_ic¢*e—isc*¢’ eisAeist> . <6—isC’*¢7 eisA(A 4 B)e_iSB¢>)dS

t
— / <_Z-67isC* (bv CeisAeist> _ <efisC* ¢7 eisA(A + B)efist>>dS
0

|
~.

/t<e_isc*gz§, ((A + B)e™ — "4 A + B))e™*Py) ds
0

t
=i [ (e 0B e ds
0
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where we used that ¢ € D(C*) and that C equals A+ B on e®*4¢*BD c D(A + B).
Using that e=*¢" is a contraction, we get

¢
(6,46 — | < [ 118,000 as. (329
0
Optimizing over ¢ and replacing ¢ by t/n, gives
, , . t/n o t/n N
J(eaimetnin ey < [ B et as < [ B s
0 0
Since |[[B, €*4][|% = |le"*4Bei*A — B|%, we can apply Lemma 3.7 to obtain

t/n
itA/n itB/n iwC'/n ;
|| (APl _ eitClny | :/0 sIIlA: Blll ,,m) ds
2
< -
— 2n?

Optimizing over ¢ and inserting this estimate into (3.24), yields

1A B, e- (3.26)

2
(e AmetBimy — ) F < 1A, BIS, (327)

Step 2. Since the commutator is G'/2-bounded by assumption, the right-hand side
of (3.27) is finite and goes to zero as n — oo. This implies that the Trotter product
converges strongly for ¢ > 0 to the dynamics generated by a contraction-generating
extension i(A + B)|p. Since this holds for all contraction-generating extensions of
i(A+ B)lp, it follows that i(A + B)|p has a unique contraction-generating extension.
This extension generates an isometry semigroup because strong limits of unitaries are
isometries, and, hence, C' is a symmetric operator. Thus, one of the defect indices of
(A + B)|p is zero. If we apply the same arguments (including step one) with A and
B replaced by their negatives, we learn that the same holds for —i(A + B)|p. Thus,
(A + B)|p is essentially self-adjoint since both defect indices are zero. We conclude

that (3.27) holds with C'= (A+ B) for t € R. O

Using the variational principle (3.8) or the estimate (3.7), we can further bound the
right-hand side of (3.19)

Corollary 3.9. Under the assumptions of Theorem 3.5, the convergence rate of the
Trotter product is bounded by

itA/n itB/n\" % t2
ey — NG < DA Bl 1 (e D) (39)
Furthermore, if M, Ey > 0 are such that —[A, B]> < M(G + Ey) holds in the sense
I[A, Blo|* < MA(|GY29)° + By ))?), v €D, (3.29)
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then

4 4 S — £2
I (e”A/”e”B/”) — AB))|G < %M\/eQWt(E + Ey) + Ey — Ey. (3.30)

In particular, when we choose E; = Ej the bound (3.30) takes the simple form

o t?
H(eztA/neztB/n) o e'L(AJrB)Hg < %Mewt\/m' (331)

In cases where the joint dynamics is energy-preserving, i.e., commutes with the
reference Hamiltonian, the exponential behaviour in the time parameter can be tamed:

Corollary 3.10. Let A, B be self-adjoint operators satisfying the assumptions of The-
orem 3.5 and let w, Ey, fi(E) be as in that theorem. Assume that A+ B has energy-
preserving dynamics with respect to G. Then

) n i n\"m ) t2 G
I(emeeimy — TG < Dya By (3.32)

In particular, if M > 0 is such that —[A, B]*> < M(G + Ey) in the sense of (3.29),
then

) . n s 2
H(eztA/neztB/n) _ ez(AJrB)Hg < %Mewt/n\/m. (333)

Proof. This follows from Lemma 3.6 and (3.26):
. . n e . . n e, G
H(eltA/neztB/n) _ ez(AJrB)Hg < n”(eztA/neltB/n> . elt(AJrB)/n”E

t2

<
< |4, Bl

||G
f2t/n(E).
|:|

In Section 4, we will see numerically that these bounds correctly predict the actual
convergence rates of the infinite-dimensional problem.

3.1. Application to Schrodinger operators. In this section, we consider Schrédinger
operators —A + V' (x) with potentials V' whose second derivatives are bounded. Addi-
tionally, we need polynomial boundedness:

We write P and @ for the momentum and position operators Py (x) = —i)’'(x) and
Qv (x) = x1p(z) defined on their natural domains. Note that the Schrédinger operator
—A+V(x) equals P>+ V(Q). Throughout this section, we write N = P?+ Q? for the
harmonic oscillator.

Lemma 3.11. Let V € CY(R,R) with V and its first 4 derivatives being polynomially
bounded. Then for Schwartz function ¥ € 8(R) we have that the maps

(t,s) = eV @y and (¢, 5) s eV @y, (3.34)
are in C*(R?,H). In particular, the commutator [V (Q), P?] is well-defined on 8(R).
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Proof. We shall prove the claim for G(t, s) := eif’ *eisV(Q)y), the other ordering follows
from analogous arguments. We first recall that, since eV (@ € D(P?) = H%(R), we
can differentiate in ¢ to find

BG(t, s) = ie” P2V @y,

Since by assumption P?(e*" (@) € D(P?) as well, we can apply the same argument
again to find that
RG(t,s) = —eT" PV @y
We can explicitly compute the derivative (iP)?(e**" (@) to see that 92G(t,s) is con-
tinuous in (t, s). Finally, since
F(s) = PX(e™" () = VO Qisg! (@)V'(2) + 9" (@) + sy (2) (V" (2) = sV'(2)?)
is differentiable in s with
F'(s) = iV ()" @ 2isy! (2)V'(x) + 4" () + s (2) (iV" () — sV'(2)?))
+ie”V @V (2)y (x) + () (V" () + 2isV (2)?))
[F(s+h)—F(s)=hF'(s)l 2 _

h
0. Continuity of e®” * thus allows us to interchange limits and conclude that

by Lebesgue’s differentiation theorem. This implies that limy, g

0 atG(t s) — lim ez‘tP2 F(h + 5) _ F(s)

_ 6P P (s) = —e"P* P (VY (1)) ()
h—0 h

exists. The continuity of the derivative 0,0,G(t, s) then just follows from the (strong)

continuity of the semigroup ¢ and the continuity of the expression of F’ (s) in s.

The continuity of the semigroups (eF*), as above, and since ¢ € D(V(Q)*) for
k > 0, implies that

O*G(t,s) = VO (i (z))*ep.

By strong continuity of the two groups, this also implies that (¢,s) — OFG(t,s) is
continuous.

Finally, since eV (iV (z))y € D(P?), we have
8,0,G(t,s) = —eT P2V @V (1)) (z)

and by working out the derivative P?e**V(®V (2)y(x) and using the strong continuity
of the semigroups, we find that (¢,s) — 0;,0;G(t,s) is continuous which implies the
claim. ]



CONVERGENCE RATES FOR THE TROTTER-KATO SPLITTING 35

Since we assume V" is uniformly bounded, we can bound'!
V(@) < (VO] + V"]l o) (1 + 2?)'/2 (3.35)

and, hence, |V (z)| < 1422 In particular, this implies that V(Q) is relatively bounded
with respect to N = P? + Q2.

Lemma 3.12. Let V' satisfy the assumption of Lemma 5.11. Then the commutator
(V(Q), P?] is relatively bounded with respect to N. The energy-constrained operator
norm with respect to the reference Hamiltonian G = N? — 1 is bounded by

V(@) PAIE < vWE+1 (3.36)

where v = 5||V"|| L~ + 4[V'(0)].

Proof. First note that
—i[V(Q), Pl = PV'(Q) + V'(Q)P = 2V'(Q)P — iV"(Q).

Since V" € L*°, we only have to show that V/(Q)P is N-bounded. Let w = ||[V"|| ;o +
|V’(0)] such that |V'(z)]* < w?(1 + 2?), cf. (3.35). Then V'(Q)? < w?(1 + Q?) and,

hence,
V(@) PyI* < w?|[(1+ Q)2 Pyl* = w(|QPY|* + | PY|)

for ¢» € D(N). This reduces the problem to showing that P is N-bounded, which
follows from the canonical commutation relations ([Q, P| = i):

2PQ*P = PQPQ + PQ[Q, Pl + QPQP + [P,Q|QP
= PQPQ + QPQP +i(PQ — QP)
= P?Q* + P[Q, PlQ + Q*P* + Q[P, Q]P +i(PQ — QP)
= P*Q* + Q*P? +2i(PQ — QP)
< (P*+Q*)?+2=N?+2<3N?

ULet f be Lipschitz continuous (e.g. V' above). Then it has a weak derivative f’ € L. Let
a=|f(0)] and M = || f'|| L~ be the optimal Lipschitz constant. Then noting that |z| < (1+ 2?)/2 we
have

f(x)? = (f(z) — f(0) 4+ f(0))? < M?2? 4 2aM|z| + a®> < M(M + a)z® + a(M + a) < w?(1 + 2?)

where w = M + a.
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where we used that N > 1. Putting everything together, we get
V(@) PPl < [V [leee [l + 2[V(Q) Py
< IVl + 20 (|QPYI® + [[PoI?)
< [Vl ] + 20 (GNP + [ Vo))
= V"l 9]l + V10w Ny || = v|[ Ny
= v[[(Go+ ¥l = v|(G+ 1)y (3.37)
where (with /10 < 4)
v=A4w+ V| = 4]V (0)] + 5| V"] .
Finally, eq. (3.36) follows from eq. (3.8). O

Lemma 3.13. Let V satisfy the assumption of Lemma 5.11. Take G = N? — 1 as the
reference Hamiltonian.

(1) The unitary one-parameter group et
20,1

(2) The unitary one-parameter group V@) s energy-limited with stability con-
stants 2v,1 where v 1s as in Lemma 3.12.

15 energy-limited with stability constants

In particular, v, 1 are joint stability constants with v = max{2v,20}.

Proof. We prove both items by applying the second part of Theorem 3.4 with reference
Hamiltonian Go = N — 1. We start with the second statement. Clearly both V(Q)
and P? are N-bounded. By eq. (3.37), the inequality

~[V(Q). NI* = —[V(Q), PP < (G + 1) = v(Go + 1)* (3.38)

holds in the sense of quadratic forms. Thus, Theorem 3.4 implies that eV (?) is energy-
limited with stability constants 2v, 1 with respect to (Go+1)> —1=G = N? + 1.

The statement for P follows from this. Since [P%, N] = [P2,Q?] is of above form
with V(x) = —z?, we have |V'(0)| =0, [|[V"|| ; = 2 and thus, cf. (3.36),
—[P N < ((4+1)-2)N? =10(G +1). (3.39)

Therefore, P? is energy-limited with stability constants 20,1 with respect to G, and
the claim follows. 0

Theorem 3.14. Let V € C*R,R) have bounded second derivative and assume that
V&) and VW are polynomially bounded. Then H = P24V (Q) is essentially self-adjoint
on 8(R). Set v =>5|V"|;~ +4]V'(0)| and v = max{2v,20}.

Then
2

i+ p2 n ; t
[ (e /metVImy ey — emtHy|| < v ||INY| (3.40)
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for all p € D(N).

Proof. We apply Corollary 3.9 with A = P?, B = V(Q) and D = §(R). Energy-

. . - 2 .
limitedness of e and eV (

G'2-boundedness of the commutator [4, B] = [V(Q), P?] is proved in Lemma 3.12,
and the C? condition is proved in Lemma 3.11. Then, (3.29) holds with M = v and
Ey = 1. Therefore, we get (cp. (3.31))

. n R =
||(e—th2/netV/n) _e—thHE < %Ve'yt /E 1. (341)

If » € D(N) is a unit vector, the left-hand side of (3.40) is bounded by the operator
E-norm ||(e~#F*/metVim)"™ — e‘“HHg with F = E(¢) = | N¢||*—1. Thus, (3.40) follows
from (3.41). O

3.2. Explicit example: Trotter splitting for the Harmonic oscillator. Let us
specialize to the Harmonic oscillator. In this case, the joint dynamics is energy-
preserving relative to the reference Hamiltonian G = N? — 1. Making use of Corol-
lary 3.10, we get:

Theorem 3.15. Let ¢p € D(N). Then

Ny

H(eitPQ/netQQ/n)"w . eithH <6
n

(3.42)

for all n > 55t.

We will see numerically in Section 4 that this bound correctly predicts the actual
convergence rates.

Proof. By Lemma 3.13, the dynamics of P? and () have joint stability constants 20, 1.
Corollary 3.10 gives

P2 I itO? T e 12 N2-1
(e P it @/ ) - €tNHE < %||[P2>Qz]Hemt/n(EH)—r
By Lemma 3.12, we have

2_
1P, QYly ' <10VE+1.

Taken together, these imply
. . N A =
|| (ethQ/nethQ/n) . ethHE < —10 610t/n\/E——|-1
2n

Since 10t/n < log(6/5) guarantees 5¢'%/" < 6 and since and 10/ log(6/5) < 55 the
claim follows. d

@) with the claimed stability constants is proved in Lemma 3.13.
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3.3. Application to magnetic Dirac operators. We consider the free Dirac oper-
1.0

ator in 2 and 3 dimensions, which takes the abstract form, for D,, 1= 5=,

mc®  cD*
Hree — (CQ(nfl)XQ(nfl)
f (CD —mcz) < ’
with Pauli matrices o;
3 e
p = {2 oiDa =30 e gomnxnen,
D, +iD,, ifn=2
see [Th92] for a general introduction to Dirac operators. One then has:
Lemma 3.16. Let V € C%(R", C2"=1Dx2(n=1) hermitian for n € {2,3} with V and its
rst 2 derivatives being polynomaially bounded. If 1 € § ]R";(Cz(”_l) , then the maps
fi g poly Y
(t,s) — e“Hffeeeisv(Q)w and (t,s) — eitV(Q)eiSHfreew (3.43)
are in C*(R* H), where 3 = L*(R"; CAn=Dx2n-1)),

We omit its proof as it is very similar to Lemma 3.11. Tt follows from [Th92,
Thm. 4.3] that the Dirac operator Hgeo + V' with V' as in Lemma 3.16 is essentially
self-adjoint on §(R™; C2"~1)),

Magnetic Dirac operators.

Unlike potential perturbations that we considered for Schrodinger operators, we may
also consider quantum systems incorporating a magnetic field.

For Dirac operators, magnetic fields are incorporated as follows: In three dimensions,
the magnetic vector potential A € C*(R3; R?) gives a magnetic field B = curl(A),
whereas in two dimensions, the magnetic field strength just reduces to a scalar field

B =0, Ay — 0., A,

The magnetic Dirac operator then takes the abstract form
2 D*
"o (mc c 2) |
cD —mc

b {Z?l 0i( Dy, — Ai) ifn =3,

with

and D,, = —id,,. The Pauli operator is then, for o = (01, 09, 03), defined by

o-B ifn=3,

3.44
B ifn=2. ( )

Hp = D*D = (—iV — A)* — {

Homogeneous magnetic fields. For illustration purposes, we shall now consider a

homogeneous magnetic field in two dimensions, i.e., B = (0,0, By) and By > 0. We can
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then choose the unbounded(!) magnetic potential A(z) = Z2(—ay,21,0) that yields
the constant magnetic field and observe that

[D, D*] = 2B,. (3.45)
From this, we can deduce that
Spec(Hp) = 2Ny By

such that G := Hp is a positive self-adjoint operator with inf Spec G = 0. We also
notice that

B
D:2D5—ZTOZ with z = 1 + iz9
where 0; = 0., +10,, with D; = —i0; and 0, = 0,, — 10,, with D, = —i0, such that

Bozs\ > Boz1\’
Hp:(Dxl— ()2”) +(Dm+07x1> ~ B,

B2
= —A+ By(z0; — 20,) + Z0]2|2 — 2B,.

We therefore consider a Trotter-splitting of the Hamiltonian with

0 2D 0 Bz
K = z dP= : 2 . 4
(ap. “07) mar= (L %) (340

Theorem 3.17. For kinetic energy K and magnetic potential P as in (3.46) and
G = (A + |2]* — 2)? as in Eq. (3.44), the Trotter splitting for the magnetic Dirac
operator satisfies for w := 2emax{1, By}, Ey := (24 %) max{By,1} with ¢ > 0
arbitrary

, , n , t?By(v6 + 1
||(€—th/ne—th/n) . e—lt(K—l-P)Hz < M\/eﬂut(E + EO) + 92— EO- (347)

2n
In particular, for e = 1/t, we obtain a global-in time bound of the form
|(e7 K/ mem P D) O — 9 (12(1 4 £)(1 + VE) /n) (3.48)

Proof. We apply Eq. (3.31) with A = K and B = P. The C? condition follows from
Lemma 3.16. We write N = —A + |2|? and Gy = N — 2 such that G2 = G.

It then suffices, by Theorem 3.4, to compute and bound the relevant commutators:
We compute

0 —2iz 0 —D.
[K,N]_<_2iz 0) and [P,N]_QBO(Dz . )

so in particular |[K, N]|%, By?|[P, N]|*> < 4N = 4(Gy + 2). Moreover, we recall the
identity
[K,G] = [K, NGy + Go|K, N].
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By this, the Cauchy-Schwarz inequality, Young’s inequality for products'” and by above
operator inequalities for the commutators we have for ¢ > 0 arbitrary and § = &2/2
that

(0, [K, Glb)| < 2|{Gotp, [K, N])|
< e||Gov||* + L||[K, NJo|)?
< e]|Gowb||* + {(Go + 2)1b, )

8
= ellGov | + H{Gow, v) + Iy

2 8
<ellGopll® + ZIGowl* + Zl0l* + <llel?

4 8
= 2¢]|Goy|” + Sl + 11wl

—2elGoul 44 5+ 2) IolP
and similarly
(0. [P G0)| < <BolGorél + 25 P N
< eBo||Got||* + 122{(Go + 2), 4)

2B 8B,
< eBy|| Gy |[* + 2P| Go [P + —2 [0 ]]P + =

1 2
~ 2eBulGoull + 480 (5 + 2) Iol?

]I

Thus, we find that €F and e are energy-limited with stability constants w :=
2e max{1, Bo}, By := -=(2+ &) max {By, 1} with respect to G. We also compute

[K, P] = iBydiag(—(D,z + zDz), D:Z + zD,)
= Bydiag(—1 — (20, + 20;),1 + (20: + 20,))
= Bydiag(—1 — (210,, + 204, ), 1 + 2104, + 20,,).
From (3.37) we conclude that

[, Pl < Bo([[l] + 12102, 1| + 12200, %))
< By([l¢l + V6| Nyl (3.49)
< By(V6 + DG +2) 2.

121t holds for z,y € R, A > 0 and p,q > 1 with 1/p+ 1/¢ = 1 that
AP 4 AT, 04
lzy| < 2lx” + 2yl

which we apply here for p = ¢ = 2 and once for A = ¢, resp. A = Bye, and once for A = 4.
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This shows that in the notation of (3.29)
K, PIylI* < BR(V6 + 1*(IG 201> + 2llv 1),
we have M = By(v/6 + 1) and E; = 2. Thus, the result follows from (3.30). O

Remark 3.18. To close the estimate, it seemed necessary to consider again the har-
monic oscillator as a reference Hamiltonian in the previous theorem. We were initially
considering the Pauli operator too but were unable to bound [K, P] in (3.49) with respect
to this reference operator.

4. NUMERICAL EXAMPLES

In this section, we compare our convergence rates on suitably chosen vectors to the
true convergence rates of the Trotter splitting in large finite-dimensional approxima-
tions of the full infinite-dimensional Hilbert space. We verified numerically that the
dimension of the approximation is sufficiently large in the sense that the Trotter error
remains constant when increasing it further. We interpret this as a heuristic confir-
mation that our numerics capture the convergence rate of the full infinite-dimensional
Trotter splitting. A more comprehensive discussion of this latter point can be found
in [B+23b].

4.1. Singular potentials. Here, we numerically evaluate the scaling of the Trotter
error for the case A = iA on X = L?*([0,1]) and L = iV for some potential V().
Our focus lies on bounded but non-smooth potentials in which case we expect a slow
decay of the Trotter error from our results Theorem 2.7 and Corollary 2.21 as the
condition VD((—A)) € D((—A)?) can only hold true for small values of 3. As shown
for the considered examples in Figures 1 and 2, this expectation is met supporting the
corresponding assumption in Theorem 2.7 and Corollary 2.21.

In particular, we consider the square wave potential over the interval V(z) =
2(H(2x) — H(2x — 1)) — 1 where H is the Heaviside function H(x) = ljp «)(z). When
periodically continued, this function has a Fourier series representation

4 2minx —2minx

Vo=7 3 —

n€e2Ng+1

This implies that with respect to the Fourier basis V' can be written as

v 2 > il G iy

™ m
ne2Ng+1

where J is the right shift. The Fourier series of the Laplacian with respect to the basis
(€2m’nx)nez is

—A = diag(47*n?) ez
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o
T

¥ 0.5

N
¥ ¥
*
*
¥
*

\
N
T

+ —A+V
+ —A+sin
—-A+ 10V

log(Trotter Error)

_05F

'
o2}

log(N)

FiGURE 1. Left: Trotter error for the ground state of respective
Schrodinger operator (numerically computed with finite matrix trun-
cation in C*M*! of size M = 400) after time ¢t = 1. On the right, we see
the potential V' with its Fourier approximations.

2 2
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2 A 00 kel ¢ tA+V,
61| + -A+sin 6l * -A+sin
A+ 10"V1/2+0_01 -A+1OV2
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log(N)

FiGURE 2. Trotter error for ground state of respective Schrédinger
operator (numerically computed with finite matrix truncation in C?*+!
of size M = 400) after time ¢ = 1 (very singular potential on the left,
more regular one on the right). N indicates the number of iterations in
the Trotter product.

The Trotter error ||(e?2/me=V/m)Mq) — e=H=2+V)y)|| for V above and V = sin(27x) on
the interval [0, 1] with periodic boundary conditions is shown in Figure 1. Since we
use matrix approximations for our numerics, the Trotter error always scales as O(n™!),
but the error decays much slower for the singular potential.

We can generalize this by defining the family of potentials

4 2minx —2minx

(& — €
Vale) =2 2 2ine

ne2Ng+1
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This way V, € L*(R/Z) once o > 1/2. Since a slow decay of Fourier coefficients is
directly linked to low regularity of V,,, the parameter « directly tunes the regularity.
We see in Figure 2 that this directly influences the Trotter error.

4.2. Confining potentials. In Figures 3 and 4, we consider the one-dimensional
quantum harmonic oscillator H = P? 4+ Q? with the Trotter splitting into P? and
Q?, which we implement using the usual creation and annihilation operator represen-
tation in the Fock basis, where

Trotter Error
Trotter Error

4 | | I
107 o N e o 0 2 4 @ w0
F1cURE 3. Trotter error for eigenstates (Fock states) {1,4, 9,14, 21,29}
of quantum harmonic oscillator (numerically computed with finite ma-
trix truncation in C*%%) after time ¢ = 1. (log-log plot (left) and regular

plot (right)).

0.03¢ 102 ¢
0.025
] y
£0015 =
B 5
[= , — 0
0.01 F 106
0.005
0 ; ; ; ; 8 ‘ |
0 20 40 60 80 10 :
10 107" Time 10°

eigenstate

FIGURE 4. On the left, we see the Trotter error at ¢ = 1 for all first 81
quantum harmonic oscillator eigenstates (Fock states) after N = 1000
Trotter iterations (linear scaling) with matrix truncation in C*%°. On
the right, we see the time dependence of the Trotter error for eigenstates
(Fock states) {1,4,9,14,21,29}.



44 CONVERGENCE RATES FOR THE TROTTER-KATO SPLITTING
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with Q = “\J;%* and P = “&gz The O(n™') convergence rate, the linear error in the

eigenvalues of the Fock states, and the quadratic time dependence for are correctly
predicted by our estimate in Theorem 3.15.

APPENDIX A. PROOFS OF THEOREM 2.2 AND PROPOSITION 2.17

In this section, we prove Theorem 2.2 and Proposition 2.17.

Proof of Theorem 2.2. First of all, note that by (2.8), since the A-bound of L is strictly
smaller 1, and (L, D(L)) is dissipative [EN00, Proposition I1.3.23], we have that (A +
L, D(A)) generates a strongly continuous contraction semigroup [EN0O, Thm. I11.2.7].
Hence, we can apply Lemma 2.1 which gives for z € D(A?)

H ((etL/netA/n)n B et(A-‘rL)) xH <t sup H[L7€SA/n]xTH 7 (A1)
s,7€0,t]

where we denoted z, = e"™+Hx € D(A?) and used that since D(A?) = D((A + L)?)
[P18, Lem. IV.3], the operator ¢4+ leaves D(A?) invariant. Then, using again that
L is relatively A-bounded, we have
iz, | = 2,4 ~ T |
< || L(e*™ = D, || + ||(e4™ — I) La. ||
<allAEeV" — Da. || + b||(e*™ = Da,|| + ||(e*Y™ = I)La||.

Furthermore, since for y € D(A) we have

1
H(esA/n . I)y“ _ % / ersA/nAy dr
0

s
< —|lAyll,
n

we find, as A and e** — I commute, that

H@ﬁMwMSE@M%4+MM4+Mmm% (A.2)
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where we have used that by assumption Ax,, Lz, € D(A). For the term in the middle,
we use

[Az- || < [[(A+ L)a-|| + || La-||
< [I(A+ L)z|| + || La-|]
< 1A+ L)z[| + bl + al| Az ||

Using now a < 1, we can bring a||Av.|| to the other side and get a bound of the form
1
1Az || < T——((1 + a)|[Az]| + 2b]j2])).

By the same argument, we get

[A(A+ L)a-|| = [|A[(A + L)z]-| (A.3)
< (1 + Q)| A(A + Lyal| + 2] (A4)
Since A* = A(A + L) — AL on D(A?) and by assumption of AL being relatively
A%-bounded we find
|A%2-]| < [JA(A + L)z || + || ALz |
< — (1 + Ql|A(A + L)z + 2b]2])) + | AL |

“1—a

1 / / / /
< (A +a+d)|A%] + 2+ V)llz])) + &' A- || + V]| (A5)

Using a’ < 1 we get
(1+a+a)|A%] + (2b+ (2 - a)¥)]z]

Az, || < A.6
Thus, using relative A%.-boundedness of AL again in (A.2), we have
S n S
I, el < 2 ((a+ a) [ A% + b Az ]| + ¥ )
s (14 a+ad)||A%| + 20+ (2 — a)V/ b
<= ' 1 A 2 '
<2 (@ta e + (1 + )| Al + 2al) +

S
= — (el 2] + er[| Axl] + cofl]])

where
/ Ay 2
CO:(a+a)[2b+(2 a)b'] 2b Ly Cl:l+ab
(I1—-a)(1-da) l—a l—a
. (a+ad)1+a+d)
T l-o(l-a)

Plugging this into (A.1) finishes the proof of (2.10).
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Proof of Prop. 2.17. From the elementary inequality [z|* = (|Re(z)| + |Im(2))* <
| Re(2)|* + | Im(2)|®, we conclude upon integrating against the spectral measure that
by using Lemma 2.15

(Fa(Re(N)) = D(|Re(N)[%)) N (Fo(Im(N)) = D([Im(N)|%)) < D(|N]*).
Similarly,
[Re(2)[* < [2[" and [Tm(z)[* < [2[%,
implies that D(|N|*) C D(] Re(N)|*) and D(|N|*) € D(]Im |*) which shows that
D(IN1*) = (Fa(Re(N)) = D(| Re(N)[*)) N (Fo(Im(N)) = D(| Tm(N)[*)).
We conclude that if x € D(|N|), then
(T, = Da|| < [le™ ™ (™) — D] + ("™ — D
= [I(e" " — Dzl + | (") — Dl = O(t*).
Thus, © € F,(N). On the other hand, F,(N) = F,(N*) by normality and e!®®) =
etN/2etN"/2 Thus, we conclude, since ||e/V/2|| < 1, that
("™ — D] < [le™2(e N2 = Dall + (™2 = Dz
< [I(e™/2 = Dz + [[(e™? — Da|| = O(t*),
which shows that = € F,(Re(N)). All the previous inclusions follow very directly, yet

the inclusion F,,(N) C F,(Im(NN)) seems less obvious. Thus, for the final inclusion, we
proceed as in Lemma 2.15. Writing ¢ = ¢, + ity for ¢; € R we find

r A =112 _ 2r tH+13
IAN'N(A —iN) " z]|* = A d(EN(t)z, ). (A7)

(Re(y<oy (A —11)% + 13

Optimizing over A we find

t(1=2r) + 2+ 431 —r)r
2(1—r) ’

such that we find the elementary upper bound

—rt 21t 1—
N < 2 AWV =0 e,

- 2(1—r)
By establishing a similar lower bound
Aopt > V2(r = 12|t
we find that A2 in front of the integral in (A.7) behaves like [¢]*".

)\opt -

Similar arguments show that the integrand
1t _ AL — )%t
(>\opt - t1)2 + t% 4(1 — T)ztg + (‘tll + \/t% + 4?5%(1 — 7’)7")2
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is uniformly bounded from above and below, i.e., there are K, k. > 0 such that for all
admissible t € (—o00,0) x iR

Uik <K
(Mopt —11)2+13 =7

Thus, arguing as in the proof of the previous Lemma, we conclude that

Fo(N) = D(IN]%).

ky <
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