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Abstract

We present the largest dataset of highly-accurate vertical and degenerate two-photon transition strengths (𝛿TPA)
for standard small- and medium-sized organic molecules, calculated using the quadratic response implementation
of the third-order coupled cluster method that includes iterative triples (Q-CC3). The aug-cc-pVTZ basis set
was used for all small molecules, while medium-sized molecules were assessed with aug-cc-pVDZ and the
differences due to the basis sets are discussed. This dataset, encompassing 82 singlet transitions of various
characters (Rydberg, valence, and double excitations), enables a comprehensive benchmark of both small basis
sets and, alternative wavefunction methods when Q-CC3 calculations become beyond reach. These methods
include quadratic (Q) response and equation of motion CCSD approximations, Q-CC2, second-order algebraic
diagrammatic construction in its intermediate state representation (I-ADC2), as well as time-dependent density
functional theory (TD-DFT) with a set of 5 commonly used exchange-correlation functionals. This extensive
analysis provides a quantitative assessment of these methods, revealing how different system sizes, response
intensities, and types of transitions affect their performances.
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1. INTRODUCTION
Two-photon absorption (TPA) is a nonlinear optical process
in which an atom or molecule is excited by the simultaneous
absorption of two photons. This phenomenon was initially
proposed by Göppert-Mayer in 1931,1 and experimentally
confirmed only 30 years later by Kaiser and collaborators.2

The TPA process can be quantified by the probability of ab-
sorption of two photons, which is usually reported as a cross-
section (𝜎TPA). In contemporary applications, materials or
dyes exhibiting substantial 𝜎TPA are extensively used in var-
ious technological fields, including optical data storage, 3D
microfabrication, optical power limit, bioimaging, and photo-
dynamic therapy.3–14 For example, bioimaging applications
require the product of two-photon absorption cross-section
and fluorescence quantum yield larger than 50 GM (1 GM =
cm4·s·photon−1).11 In the case of organic dyes 𝜎TPA values
can reach several thousands of GM.15

During the past five decades, computational quantum
chemistry has evolved into an indispensable tool for inter-
preting experimental TPA measurements.16,17 Indeed the-
oretical calculations provide valuable insights into struc-
ture/properties relationships16,18–22 and furthermore, they
can be routinely employed to design new molecules with
significant 𝜎TPA, obviating the need for generally expensive
and complex experiments.16,23–26 The𝜎TPA for the absorption
of two photons having the same frequency can be expressed
as:

𝜎TPA =
4𝜋3𝛼𝑎5

0𝜔
2

𝑐
𝑔(2𝜔)𝛿TPA, (1)

where𝜔 is the frequency of the incident photons, 𝛼 is the fine
structure constant, 𝑐 is the speed of light, 𝑎0 is the Bohr radius,
𝑔 is the broadening function (typically Lorentzian or Gaus-
sian, depending on the broadening mechanism27) and 𝛿TPA is
the orientationally-averaged two-photon transition strength,
which can be determined based on electronic-structure the-
ories (see below). Despite significant developments, an ac-
curate theoretical estimation of 𝜎TPA in molecules remains
challenging due to the necessity of using advanced quantum
chemistry methods, including electron correlation effects and
relying on a large basis set.28 Many efforts have been made
to find efficient methods capable of computing TPA in a
cost-effective manner. Validation of the results of new com-
putational methodologies can be approached in two ways:
by comparisons with experimental data, or by comparison
with benchmark values. The former approach presents sev-
eral challenges, as reproducing experimental 𝜎TPA requires
consideration of multiple factors such as solvent effects and
vibrational couplings.9,21,25,29–37 Moreover, 𝜎TPA depends on
𝜔2 and 𝛿TPA, each introducing distinct sources of error in
the computations, potentially leading to misleading interpre-
tations.38 The choice of an appropriate broadening function
and the proper selection of constants in Eq. 1 are also subjects
of debate.39,40 For these reasons, direct comparison of 𝛿TPA

with more accurate (albeit expensive) wavefunction methods
is generally preferred to establish the accuracy of compu-
tational methods.28,41–43 In the case of a linearly polarized
light, for an excited state 𝑖, the general formulation of 𝛿TPA

standing for both Hermitian and non-Hermitian theories is:

𝛿TPA =
1
15

∑︁
𝜇,𝜈

[𝑀𝜇𝜇

𝑖←0𝑀
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with 𝜇, 𝜈 ∈ 𝑥, 𝑦, 𝑧 and 𝑀
𝜇𝜈

𝑖←0 and 𝑀
𝜇𝜈

0←𝑖
representing the left

and right second-order transition moments, which are equal
in Hermitian theories, see Eq. S1 in the Supporting Informa-
tion (SI) for their expressions.28 For most organic molecules,
the coupled cluster (CC) methods can be viewed as the most
reliable approaches for computing 𝛿TPA. In addition, the hier-
archy of CC methods provides a systematic and well defined
path for improving the accuracy by incorporating higher ex-
citation orders in the wavefunction expansion. Among these
methods, the approximate coupled cluster singles, doubles,
and triples model (CC3),44 in its quadratic response imple-
mentation (Q-CC3),28 stands out as the most reliable for TPA
calculations when a monodeterminantal description of the
electronic state is appropriate. However, its computational
cost, scaling as 𝑂(𝑁7) (where 𝑁 is the number of orbitals),
limits its application to small systems, preventing the study
of large molecular assemblies. This is a significant limit
since the molecules of interest for actual TPA applications
are actually quite large 𝜋-conjugated molecules. Notably,
just a few Q-CC3 reference TPA strengths are available in
the literature. Paterson and collaborators studied a series of
tiny molecules namely, water, ethylene, formaldehyde, di-
acetylene,28 whereas Nanda and collaborators computed the
TPA of twisted ethene, as well as the lowest excited 𝐴𝑔 states
of butadiene, and hexatriene.45 Moreover, Siriatayant and
Andruniów determined Q-CC3 TPA strengths for the first
excited state of a model chromophore for retinal.43 All of
these reference data have been computed using the Dalton
code.46

When Q-CC3 becomes beyond computational reach cou-
pled cluster singles and doubles method (Q-CCSD)47 is con-
sidered an excellent alternative, as Paterson and collaborators
showed that Q-CCSD, with a scaling of O(𝑁6) gives a max-
imum of 20% error on 𝛿TPA computed at Q-CC3 level.

Alternatively Q-CC248 was exhaustively employed for
TPA calculations, though it has been reported to exhibit
a general overestimation trend (by factor between 1.4 and
2) as compared to Q-CC3,28,39,42 which might however be-
come smaller when considering medium-sized molecular
systems.43 Its computational scaling isO(𝑁5), yet the resolu-
tion of identity (RI) scheme49,50 implemented for instance in
Turbomole51,52 helps improving its computational efficiency,
making Q-CC2 applicable to quite large systems.53–55

An alternative to quadratic response CC methods is pro-
vided by the expectation-value approach,56 widely used
for property computations, with the equation-of-motion CC
theories (E-CC)56 or the algebraic diagrammatic construc-
tion in the intermediate state representation (I-ADC)41,57

schemes. An efficient E-CCSD method42 is implemented in
Q-Chem58 employing both the RI and Cholesky decomposi-
tion (CD)59–61 schemes, which allows significant time saving
and reduced memory requirements compared to standard Q-
CCSD, with a decrease of the performances of about 5% only
on small molecules.42 This method has been successfully
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applied as a reference for studying medium-sized systems,
e.g., stilbene, phenanthrene,62 as well as fluorescent protein
chromophores.39,42 Recently, Nanda and Krylov, developed
the so-called Double Electron Attached CCSD (DEA-CCSD)
method, with the aim of improving the accuracy of E-CCSD
for states having a double excitation character, such as the
𝐴𝑔 states of ethene, butadiene, and hexatriene.45 Within the
ADC family the I-ADC2 and I-ADC(3/2) methods, respec-
tively scaling O(𝑁5) and O(𝑁7), have been implemented
in Q-Chem by Knippengerg and collaborators.41 Using Q-
CC3 references for hydrogen fluoride, water, and ethylene,
they demonstrate that I-ADC2 performs slightly better than
Q-CC2.41 I-ADC(3/2) outperforms both second-order meth-
ods, but it results in an average percentage error four times
larger than its Q-CCSD counterpart.41 It is also worth men-
tioning that methods employing the polarization propagator
approach, deriving from a Hermitian theory, prevent the oc-
currence of nonphysical behavior in the calculation of proper-
ties. Although Hermitian coupled-cluster (CC) formulations
have been proposed,63 as far as the authors knowledge no
implementation of quadratic response theory allowing for
computing two-photon transition strengths is currently avail-
able. As a further alternative method, let us underline the
recent implementation of the computation of nonlinear opti-
cal properties with the Bethe-Salpeter equation approach by
Rauwolf and co-workers.64

The quadratic response formalism can also be applied
to compute TPA strengths using Time-Dependent Density
Functional Theory (TD-DFT),65,66 such approach is cur-
rently employed in various software packages, e.g., Dalton,46

GAMESS,67 Turbomole,51,52 and VeloxChem.68 TD-DFT
can be routinely employed for absolute TPA calculations
in medium and large dyes.22,26,54,69–72 As always, the ac-
curacy of TD-DFT estimates strongly depends on the se-
lected exchange correlation functional (XCF). It has indeed
been observed how the choice of a proper XCF is particu-
larly challenging for computing the TPA, as standard XCF
considerably underperforms with respect to CC methods.71

CAM-B3LYP73 is often considered suitable for 𝛿TPA, as it
reproduces the Q-CC2 trends,54,71 although it generally un-
derestimates Q-CC2’s 𝛿TPA by a factor of 3.38,39,69,70 Recent
studies suggest that novel highly parameterized XCF, such
as MN15,74 improve CAM-B3LYP results for push-pull sys-
tems.38,72,75,76 Besides quadratic response has been recently
implemented for large scale DFT methods,77–79 enabling a
qualitative estimation of TPA strengths on extensive systems
(up to thousands of atoms).

In this work, with the aim of including TPA data to the
QUEST database80–83 of highly accurate reference values for
excited state energies and properties we obtained a collection
of 𝛿TPA computed at Q-CC3 level for a series of small- and
medium-size benchmark molecules. With these data at hand
we benchmark several wavefunction methods which could
be used when Q-CC3 becomes unreachable: Q-CCSD, E-
CCSD, Q-CC2 and I-ADC2, as well as TD-DFT with XCF
which are frequently used in the study of medium and large
systems.

2. COMPUTATIONAL DETAILS
This study includes 30 organic molecules containing from 1
to 6 non-hydrogen atoms, see Scheme 1. The correspond-
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Scheme 1: Schematic representation of the molecules con-
sidered in this study.

ing geometries, optimized at the CC3/aug-cc-pVTZ level,
were extracted from prior works,80,82 and are provided in
the SI. We consider low-lying singlet excited states having
valence or Rydberg character, as well as several states with
non-negligible contributions from double excitations. All
molecules studied belong to a symmetry group higher than
𝐶1. Therefore, each excited state is identified by its irre-
ducible representation, and their ranking starts from the low-
est excited state, excluding the ground state in the numbering.
For example, the first excited state of acrolein is denoted as
1𝐴’.

The importance of double excitations in each state was
assessed using the %T1 value, which provides the percentage
of contribution of all single excitations in an excited state.
States with %T1 smaller than 80% are considered to have a
significant double excitation character. We reported the %T1
values computed at CC3/aug-cc-pVTZ level for transition
belonging to small-molecules and at CC3/aug-cc-pVDZ for
medium size ones.

The various excited states determined at the reference
Q-CC3/aug-cc-pVTZ and Q-CC3/aug-cc-pVDZ levels were
identified through the literature.80,83 For lower-order meth-
ods, assignments were made using standard criteria, i.e. spa-
tial symmetries, energy differences, composition of the states
in terms of orbitals, and oscillator strengths. In some in-
stances, states with the same symmetry and close energies
exhibit a strongly mixed character, rendering their assign-
ment challenging. Given that experimental measurements
typically cannot distinguish states with tiny energy differ-
ences, in a few cases, we aggregated such contributions
and treated them as a single state in the statistical analy-
sis. The few states for which unambiguous identification
was beyond reach were excluded from the statistical analysis,
see the SI. The molecules with non-Abelian group symme-
tries, namely acetylene, benzene, and triazine, are treated by
quantum chemistry software using the closest Abelian group
symmetry. As a result, such states are splitted in two de-
generate states which are Abelians. Therefore, only for such
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cases, for an appropriate comparison with experiments, the
𝛿TPA reported should be multiplied by two. A basis set analy-
sis is presented below for Q-CC3 calculations, comparing the
𝛿TPA obtained with the aug-cc-pVTZ, aug-cc-pVDZ, and 6-
31+G(d) basis sets for molecules containing from one to five
non-hydrogen atoms. For molecules with six non-hydrogen
atoms, aug-cc-pVTZ becomes too computationally demand-
ing, and a comparison between aug-cc-pVDZ and 6-31+G(d)
is provided.

Aug-cc-pVDZ was employed for the benchmarks, cou-
pled with the corresponding auxiliary basis sets when neces-
sary.84 States with 𝛿TPA

Q−CC3 < 3 a.u. are considered irrelevant
for the purposes of the paper and they have not been in-
cluded in the statistics, their values are reported in the SI
for completeness. States for which TPA transitions are for-
bidden have not been reported. For such reason acetylene
and streptocyanine-1 have been excluded from the statistical
analysis, indeed the 1𝐴𝑢 and 2𝐴𝑢 states of the former are
TPA forbidden, while the 1𝐵2 state of the latter (the only
state studied) have 𝛿TPA value below assumed threshold. All
CC calculations use the frozen-core approximation, with the
length gauge for the interaction operator. Standard conver-
gence criteria (10−7 a.u.) was applied for the ground state
energies and CC equations in Dalton46 which was used for
computing Q-CC3, Q-CCSD, Q-CC2, and TD-DFT values.
E-CCSD (RI-CD-EOM-CCSD) calculations were performed
using Q-Chem (v6.0)58 and applying the following param-
eters: 10−9 a.u. for ground-state energies, 10−8 a.u. for
CC equations, and 10−7 a.u. for EOM Davidson conver-
gence. The CD of two-electron integrals uses the standard
threshold, 10−3 a.u., as it was observed to be sufficient for
the TPA strengths.42,62 DEA-CCSD calculations have been
performed on systems with a significant double excitation
character on Q-Chem using the same thresholds as its EOM-
CCSD version (indeed the RI-CD aproximations are not yet
implemented for this method), and employing the charge +2
for reproducing the double excitations.45,85 I-ADC2 calcula-
tions are achieved with Q-Chem using default convergence
criteria. The coupled cluster implementations employed in
Dalton and Q-chem is non-Hermitian, therefore, left and right
second-order transition moments in Eq. 2 are generally dif-
ferent and in the worst cases they might even present different
signs. Since the product of these two moments appears in
Eq. 2, unphysical negative terms may arise, impacting the
total TPA strength. To address this, cases where one or more
products of left and right moments in Eq. 2 are negative and
represent at least 20% of the total value of 𝛿TPA are excluded
from the analysis. The excluded cases are documented in
Table S1 in the SI. We stress that I-ADC2 and TD-DFT for-
mulations, originating from Hermitian theories, are free of
this difficulty. Finally, states expected to exhibit resonance-
enhanced TPA effects are also excluded and detailed in Table
S2 in the SI. These (high-energy) states present an excitation
energy twice that of a lower excited-state, potentially leading
to divergent TPA strengths, which can be cured only through
damped response theory,86 which was not considered here.

Five XCFs have been tested, with the aim of evaluating the
impact of the exact exchange percentage: we tested two global
hybrid functionals, namely B3LYP,87 and BH&HLYP,88 with

respectively 20% and 50% of exact exchange and three range-
separated functionals, namely CAM-B3LYP73 which has an
exact exchange going from 19 to 65% and a range separation
parameter 𝜔 of 33 Bohr −1, and two different versions of the
LC-BLYP89 for which the exact exchange ranges from 0 to
100% and the range separation parameter of 0.47 and 0.33
Bohr−1.

The statistical indicators employed below are the mean
average percentage error (MAPE), the mean signed error
(MSE), mean absolute error (MAE), root mean squared
deviation (RMSD), maximum positive and negative error
(MAX+, and MAX−), which expressions are reported in
Eqs.3-8:

MAPE = 100 · 1
𝑛

𝑛∑︁
𝑖=1

���𝑥𝑖 − 𝑡𝑖
𝑡𝑖

��� (3)

MSE =
1
𝑛

𝑛∑︁
𝑖=1

𝑥𝑖 − 𝑡𝑖 (4)

MAE =
1
𝑛

𝑛∑︁
𝑖=1
|𝑥𝑖 − 𝑡𝑖 | (5)

RMSD =

√√
1
𝑛

𝑛∑︁
𝑖=1
(𝑥𝑖 − 𝑡𝑖)2 (6)

MAX+ = max
𝑖
{𝑥𝑖 − 𝑡𝑖 | 𝑥𝑖 − 𝑡𝑖 > 0} (7)

MAX− = max
𝑖
{𝑡𝑖 − 𝑥𝑖 | 𝑡𝑖 − 𝑥𝑖 > 0} (8)

in which 𝑥𝑖 is the value obtained with the low-cost method,
𝑡𝑖 is the reference value, and 𝑛 is the number of values. The
indicator of correlation, 𝑅2, and the standard deviation of
errors (SDE) are also reported below.

3. RESULTS AND DISCUSSION
This section is structured as follows: initially, the Q-CC3
results are presented and a comprehensive analysis is con-
ducted to benchmark the impact of the basis set on 𝛿TPA.
Subsequently, the accuracy of the lower-order methods is
assessed across the entire set of states. This assessment
encompasses evolution of the method performance across di-
verse 𝛿TPA ranges, considering the molecular dimensions, and
the nature of the states, namely valence, Rydberg, and states
showing a significant double excitation character.
3.1 Reference values and basis set analysis
Basis sets effects on Q-CC3 calculations have been firstly an-
alyzed on compounds containing 1-to-5 non hydrogen atoms.
Excitation energies, and 𝛿TPA values for the excited states in
which 𝛿TPA > 3 [a.u.] at the Q-CC3/aug-cc-pVTZ level are
listed in Table 1.

The 50 states considered in this analysis encompass 18
valence states (𝜋 → 𝜋∗, 16 transitions and 𝑛 → 𝜋∗, 2 tran-
sitions), among them six exhibit a significant double excita-
tion character, each with different contribution of the double
excitations in their composition: 5𝐴𝑔 of ethylene (20.0%),
2𝐴" (79.4%) and 5𝐴’ (75.0%) of acrolein, 1𝐴𝑔 of butadiene
(75.1%), and 1𝐴1 of cyclopentadiene (78.9%); the values
in parenthesis giving the %T1. The 5𝐴𝑔 state of ethylene,
characterized by a high degree of double excitation, is an-
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Table 1: Q-CC3 excitation energies (Δ𝐸) and two-photon transition strengths (𝛿TPA) of small molecules computed with
the aug-cc-pVTZ (a-TZ), aug-cc-pVDZ (a-DZ), and Pople’s 6-31+G(d) (p-DZ) basis sets. Values of %T1 at the Q-CC3/a-TZ
level are also reported.

Δ𝐸 [eV] 𝛿TPA [a.u.]
Molecule State Type %T1 a-TZ a-DZ p-DZ a-TZ a-DZ p-DZ
Hydrogen Sulfide 1𝐵1 Ryd (𝑛→ 3𝑠) 94.3 6.2 6.1 6.0 6.2 6.9 6.5
Water 1𝐵1 Ryd (𝑛→ 3𝑠) 93.4 7.6 7.5 8.3 4.8 4.7 3.9

1𝐴2 Ryd (𝑛→ 3𝑝) 93.6 9.4 9.3 10.7 44.9 46.5 23.0
1𝐴1 Ryd (𝑛→ 3𝑠) 93.6 10.0 9.9 10.8 9.1 8.8 8.3

Ethylene 1𝐵1𝑔 Ryd (𝜋 → 3𝑝) 95.3 8.0 8.0 8.3 69.5 67.2 76.4
5𝐴𝑔 Val (double) 20.3 13.4 13.6 13.8 894.1 1636.7 1947.9

Formaldehyde 1𝐵2 Ryd (𝑛→ 3𝑠) 91.7 7.2 7.1 7.2 81.9 91.5 63.9
2𝐵2 Ryd (𝑛→ 3𝑝) 92.4 8.1 8.0 8.0 4.3 5.2 3.9
1𝐴1 Ryd (𝑛→ 3𝑝) 91.9 8.2 8.1 8.3 107.5 116.4 54.5
2𝐴2 Ryd (𝑛→ 3𝑝) 91.7 8.6 8.7 8.7 4.9 5.6 3.8
2𝐴1 Val (𝜋 → 𝜋∗) 90.4 9.5 9.6 9.8 15.4 10.6 5.9

Cyclopropene 1𝐵2 Val (𝜋 → 𝜋∗) 95.0 6.7 6.8 7.0 10.7 12.5 9.8
2𝐵1 Ryd (𝜋 → 3𝑠) 95.2 6.9 6.9 7.2 88.0 94.8 59.5

Acetone 1𝐵2 Ryd (𝑛→ 3𝑠) 90.5 6.4 6.3 6.6 4.7 5.9 4.2
2𝐴2 Ryd (𝑛→ 3𝑝) 90.8 7.4 7.4 7.8 51.1 54.3 63.7
1𝐴1 Ryd (𝑛→ 3𝑝) 90.6 7.5 7.4 7.8 648.7 725.1 793.9
2𝐵2 Ryd (𝑛→ 3𝑝) 91.2 7.6 7.6 7.9 148.5 164.0 181.5

Acrolein 1𝐴’ Val (𝜋 → 𝜋∗) 91.6 6.7 6.7 6.8 88.1 105.8 118.1
2𝐴" Val (𝑛→ 𝜋∗) 79.4 6.8 6.8 6.9 5.0 5.3 3.8
2𝐴’ Ryd (𝑛→ 3𝑠) 89.9 7.2 7.0 7.2 99.8 104.0 91.2
5𝐴’ Val (𝜋 → 𝜋∗) 75.6 8.1 8.1 8.2 172.9 168.1 142.5

Butadiene 1𝐵𝑔 Ryd (𝜋 → 3𝑠) 94.1 6.3 6.3 6.5 153.0 158.8 127.5
1𝐴𝑔 Val (𝜋 → 𝜋∗) 75.1 6.7 6.7 6.7 372.4 389.4 348.1
2𝐵𝑔 Ryd (𝜋 → 3𝑑) 94.2 7.5 7.5 7.7 134.3 163.0 163.6
3𝐵𝑔 Ryd (𝜋 → 3𝑑) 94.5 7.6 7.6 8.0 64.8 72.2 48.1

Glyoxal 2𝐵𝑔 Val (𝑛→ 𝜋∗) 83.9 6.6 6.6 6.8 9.9 10.1 7.0
Methylenecycloprop. 1𝐵2 Val (𝜋 → 𝜋∗) 85.4 4.3 4.3 4.4 27.8 28.8 23.2

1𝐵1 Ryd (𝜋 → 3𝑠) 93.6 5.4 5.4 5.7 218.3 226.8 202.8
1𝐴1 Val (𝜋 → 𝜋∗) 92.8 6.1 6.1 6.2 50.5 51.9 52.1

Cyclopentadiene 1𝐴2 Ryd (𝜋 → 3𝑠) 94.0 5.8 5.7 6.1 137.8 148.8 99.0
2𝐵2 Ryd (𝜋 → 3𝑝) 94.2 6.6 6.5 7.1 12.4 18.6 8.1
1𝐴1 Val (𝜋 → 𝜋∗) 78.9 6.6 6.6 6.7 125.9 126.7 126.2

Furan 1𝐴2 Ryd (𝜋 → 3𝑠) 93.8 6.1 6.0 6.3 137.6 146.1 121.6
1𝐵2 Val (𝜋 → 𝜋∗) 93.0 6.3 6.4 6.5 15.0 18.2 18.3
1𝐴1 Val (𝜋 → 𝜋∗) 85.0 6.6 6.6 6.7 74.4 79.1 84.8
2𝐴2 Ryd (𝜋 → 3𝑝) 93.6 6.8 6.7 7.0 16.2 22.4 12.4

Pyrrole 1𝐴2 Ryd (𝜋 → 3𝑠) 92.8 5.2 5.1 5.3 114.5 125.6 109.2
1𝐵1 Ryd (mixed) 92.4 6.0 5.9 6.0 15.5 16.5 8.8
2𝐴2 Ryd (𝜋 → 3𝑝) 93.0 6.0 5.9 6.3 75.0 76.0 54.7
2𝐵1 Ryd (mixed) 92.3 6.1 6.0 6.2 36.7 32.1 22.1
1𝐵2 Val (𝜋 → 𝜋∗) 92.5 6.3 6.3 6.3 25.1 29.1 30.1
1𝐴1 Val (𝜋 → 𝜋∗) 86.3 6.3 6.3 6.4 86.5 94.3 106.0
2𝐵2 Ryd (𝜋 → 3𝑝) 92.6 6.8 7.0 7.2 4.0 3.7 6.6

Thiophene 1𝐴1 Val (𝜋 → 𝜋∗) 87.6 5.7 5.7 5.8 37.6 43.2 59.2
1𝐵1 Ryd (𝜋 → 3𝑝) 90.1 6.1 6.2 6.2 4.5 2.8 4.9
1𝐴2 Ryd (𝜋 → 3𝑠) 92.6 6.1 6.1 6.3+ 110.9 115.8 68.3+
2𝐴2 Ryd (𝜋 → 3𝑝) 91.8 6.3 6.3 6.3+ 11.5 9.8 44.7+
2𝐵1 Ryd (𝜋 → 3𝑠) 92.8 6.5 6.4 6.6 117.4 116.2 117.6
2𝐴1 Val (𝜋 → 𝜋∗) 86.5 7.4 7.4 7.5 30.5 37.0 39.6

Streptocyanine-3 1𝐵2 Val (𝜋 → 𝜋∗) 87.2 4.8 4.8 4.8 22.8 23.0 31.1
+ Mixed states (summed in the stat. analysis)
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ticipated to be largely affected not only by the basis set, as
previously demonstrated for energies by one of us,81,90 but
more importantly by the level of theory. Indeed CC3 is far
from an ideal method for such genuine double excitation.
The 𝛿TPA values at that state are 894.1, 1636.7 and 1947.9
a.u. with aug-cc-pVTZ, aug-cc-pVDZ, and 6-31+G(d), re-
spectively. These substantial differences lead us to conclude
that basis sets smaller than aug-cc-pVTZ are inappropriate
for accurately describing this state, prompting us to exclude
this transition from further statistical analysis. The other four
states display significantly smaller contributions of double
excitations, and therefore they are expected to be relatively
less challenging; Q-CC3 being likely well suited.

The remaing 32 states have a Rydberg character. Table 1
illustrates that for the thiophene molecule, the 1𝐴2 and 2𝐴2
states look strongly mixed with the 6-31+G(d) whereas the
situation is clearer with larger basis sets. Indeed the values
are: 110.9 a.u. (1𝐴2), and 11.5 a.u. (2𝐴2) with aug-cc-
pVTZ, whilw 115.8 a.u. (1𝐴2), and 9.8 a.u. (2𝐴2) with
aug-cc-pVDZ. The Q-CC3/6-31+G(d) method is enable to
distinguish these two states, separated by 0.06 eV only, re-
sulting in a splitting of the 𝛿TPA values (68.3 and 44.7 a.u.).
As previously stated we consequently summed these two con-
tributions and considered them as a single state in this case.

The statistical analysis performed on the resulting 48 cases
is presented in Table 2, using the aug-cc-pVTZ values as
reference. According to the reported statistical indicators, the

Table 2: Statistical analysis for 𝛿TPA values of small-
molecules (see Table 1 and for details). Reference values
are computed at the Q-CC3/aug-cc-pVDZ level.

All Rydberg Valence
Indicator a-DZ p-DZ a-DZ p-DZ a-DZ p-DZ
𝑛 48 48 31 31 17 17
MAPE [%] 11.5 22.5 11.9 21.9 10.7 23.7
MSE [a.u.] -5.9 0.9 -7.0 2.6 -3.7 -2.1
MAE [a.u.] 6.7 15.1 7.7 17.5 4.8 10.8
RMSD [a.u.] 13.4 27.1 15.8 31.9 7.0 14.7
MAX+ [a.u.] 4.8 53.1 4.6 53.1 4.8 30.4
MAX− [a.u.] 76.5 145.2 76.5 145.2 17.7 30.0
SDE [a.u.] 12.2 27.3 14.4 32.3 6.2 15.0
𝑅2 1.00 0.96 1.00 0.97 1.00 0.98

aug-cc-pVDZ results exhibit a MAPE of 11.5% and a MAE of
6.7 a.u. indicating a robust reproduction of the reference data.
In contrast, when employing the smaller 6-31+G(d) basis set
we observe a stronger degradation of the performances both in
the MAPE (22.5%) and MAE (15.1 a.u.). It is noteworthy that
all error indicators of aug-cc-pVDZ results are approximately
twice smaller than those of 6-31+G(d). Similar conclusions
can be drawn when analyzing valence and Rydberg states
separately, as also illustrated in Table 2.

For states with 6 non-hydrogens atoms, Q-CC3/aug-cc-
pVTZ becomes too computational demanding. Encouraged
by the performances of aug-cc-pVDZ for smaller compounds
we took aug-cc-pVDZ data as references to evaluate the per-
formances of 6-31+G(d) when larger compunds are consid-
ered as well. The 𝛿TPA values as well as energies for 34
excited states showing a 𝛿TPA > 3 a.u. with aug-cc-pVDZ

are reported in Table 3, while states with smaller response
values are reported in Tables S3 and S4 in the SI. This set
encompasses 13 valence states (7 𝜋 → 𝜋∗ and 6 𝑛 → 𝜋∗)
transitions. The 1𝐴𝑔 state of hexatriene and the 1𝐸2𝑔 state
of benzene exhibit a substantial double character with %T1
of 66.5% and 67.8%, respectively. Within this set there are
also 20 Rydberg states, and one mixed state, the 3𝐴1 state
of pyridazine. We evaluated the performance of 6-31+G(d)
with respect to aug-cc-pVDZ on 82 states: 48 states collected
in Table 1 and 34 states on Table 3. The results are provided
in Table 4. For the full set we found that 𝛿TPA with the
6-31+G(d) basis significantly differ from the aug-cc-pVDZ
values with a MAPE of 24.7%, and a MAE of 15.1 a.u. These
values are essentially unchanged with respect to the ones of
Table 2, indicating that basis set differences are not strongly
dependent on the considered molecules. The large MAX+ in
Table 4 comes from the 1𝐴𝑔 state of hexatriene, with an over-
estimation that might be ascribed to the worse description
of double excitations with the compact basis. By excluding
the 6 states where double excitations are not negligible (i.e.,
%T1 < 80 %), we observe a slight increase of the MAPE but
a large improvement of the others indicators. Table 4 also
indicates a generally better performance of 6-31+G(d) for the
valence states, although the indicators stay in the same range
for Rydberg transitions. Further comment should be made on
the size of 𝛿TPA and its implications for practical applications.
The studied molecules exhibit rather small values of 𝛿TPA and
corresponding 𝜎TPA. For instance, one of the largest 𝛿TPA

values was found for the 1𝐴𝑔 transition in hexatriene (1358.3
a.u.), which translates to a 𝜎TPA value of 17 GM (assum-
ing Lorentzian broadening of 0.2 eV). This value is an order
of magnitude smaller than the values reported for push-pull
systems such as 4-dimethylamino-4’-nitrostilbene.91 Despite
the small values, studying such small responses is crucial for
evaluating the performance of QM methods and understand-
ing their predictive power and limitations.
3.2 Benchmark of lower-order methods
3.2.1 General trends
In Fig. 1, we provide the error distribution patterns for all
methods included in this study. The values of MAE, MSE,
and SDE are given in a.u. as all values in the following.

Obviously, CCSD methods significantly outperform the
other methods in all the indicators considered independently
if the Q or E formalism is employed. Q-CCSD is the most ac-
curate method with a MAE of 5.7, a MSE of 0.1, and a SDE
of 15.6. Similarly, E-CCSD reproduces Q-CC3 references
well though with slightly deteriorated accuracy compared to
the more costly Q-CCSD, with a MAE of 7.9, a MSE of
3.9, and a SDE of 17.7; these differences can be mainly as-
cribed to the valence states (see below). Conversely, Q-CC2
and I-ADC2 methods exhibit similar but significantly infe-
rior performances than CCSD, with MAEs of 21.5 (22.8) for
Q-CC2 (I-ADC2), over four times larger than the Q-CCSD
value. Moreover, they demonstrate a quite large overestima-
tion of 𝛿TPA, resulting in a MSE of 20.2 (18.8) and a large error
spread with SDE of 49.7 (34.4) for Q-CC2 (I-ADC2). Among
the tested TD-DFT methods, we observe, as expected, dif-
ferent results based on the type of functional and the amount
of exact exchange included. The most accurate methods are
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Table 3: Q-CC3 excitation energies (Δ𝐸) and two-photon transition strengths (𝛿TPA) of molecules with 6 non hydrongen
atoms computed with the aug-cc-pVDZ (a-DZ), and Pople’s 6-31+G(d) (p-DZ) basis sets. Values of %T1 at the Q-CC3/a-DZ
level are also reported. Molecules labelled with ∗ have a non-Abelian group symmetry, their 𝛿TPA must be multiplied by
two when compared with experiments (see section 2 for more details).

Δ𝐸 [eV] 𝛿TPA [a.u.]
Molecule State Type %T1 a-DZ p-DZ a-DZ p-DZ
Benzene∗ 1𝐸1𝑔 Ryd (𝜋 → 3𝑠) 92.8 6.5 6.7 87.5 73.7

1𝐸2𝑔 Val (𝜋 → 𝜋∗) 67.8 8.4 8.5 30.7 37.0
Hexatriene 1𝐴𝑔 Val (𝜋 → 𝜋∗) 66.5 5.8 5.8 1385.3 1078.6

1𝐵𝑔 Ryd (𝜋 → 3𝑠) 93.4 5.8 6.1 9.8 8.2
Pyrazine 1𝐵2𝑔 Val (𝑛→ 𝜋∗) 85.3 5.8 5.9 7.1 8.5

1𝐴𝑔 Ryd (𝑛→ 3𝑠) 91.1 6.5 6.7 86.6 63.3
2𝐵3𝑔 Ryd (𝜋 → 3𝑠) 93.8 7.1 7.4 149.9 150.2
2𝐴𝑔 Ryd (𝑛.𝑑.) 90.7 7.9 8.1 211.1 173.1
1𝐵1𝑔 Ryd (𝑛.𝑑.) 91.1 7.9 8.2 20.6 16.4

Pyridazine 1𝐴1 Val (𝜋 → 𝜋∗) 85.8 5.3 5.4 3.2 3.4
1𝐵2 Ryd (𝑛→ 3𝑠) 88.4 6.1 6.3 39.0 42.2
2𝐴1 Ryd (𝑛→ 3𝑝) 88.6 6.7 6.9 11.5 8.5
2𝐵2 Val (𝜋 → 𝜋∗) 90.5 6.8 7.0 4.9 3.6
3𝐴2 Val (𝑛→ 𝜋∗) 88.6 7.4 7.6 16.2 19.8
3𝐴1 Mixed (𝜋 → 𝜋∗) 89.2 7.5 7.7 488.8 448.6

Pyridine 1𝐴1 Ryd (𝑛→ 3𝑠) 90.2 6.6 6.8 49.3 29.3
2𝐴1 Val (𝜋 → 𝜋∗) 91.7 6.7 6.9 8.2 23.1
2𝐴2 Ryd (𝜋 → 3𝑠) 93.2 6.7 7.0 90.1 82.2
2𝐵2 Ryd (𝑛→ 3𝑝) 89.5 7.3 7.5 14.5 11.3
2𝐵1 Ryd (𝜋 → 3𝑝) 93.5 7.3 7.5 17.2 18.2
3𝐴1 Ryd (𝑛→ 3𝑠) 89.8 7.3 7.6 36.8 39.4
3𝐵1 Ryd (𝜋 → 3𝑠) 91.9 7.4 7.7 28.2 22.4
3𝐴2 Ryd (𝜋 → 3𝑠) 93.0 7.6 7.8 38.5 35.7
4𝐵1 Val (𝑛→ 𝜋∗) 89.7 8.0 8.1 6.0 6.6

Pyrimidine 2𝐴2 Val (𝑛→ 𝜋∗) 86.8 6.0 6.1 3.2 4.0
2𝐵2 Ryd (𝑛→ 3𝑠) 90.2 6.6 6.8 33.5 29.0
1𝐴1 Val (𝜋 → 𝜋∗) 91.6 6.9 7.1 3.0 5.0
2𝐴1 Ryd (𝑛→ 3𝑝) 90.5 7.3 7.6 10.5 13.0
3𝐵1 Ryd (𝜋 → 3𝑠) 93.5 7.4 7.6 66.7 58.9

Tetrazine 1𝐵3𝑔 Val (𝑛→ 𝜋∗) 81.3 5.5 5.6 56.0 87.3
1𝐵2𝑔 Ryd (𝑛→ 3𝑠) 91.0 6.3 6.5 33.2 24.8

Triazine∗ 1𝐸’ Ryd (𝑛→ 3𝑠) 90.8 7.2 7.4 36.6 28.5
2𝐸" Val (𝑛→ 𝜋∗) 82.6 7.8 7.9 11.7 12.9
2𝐸’ Val (𝜋 → 𝜋∗) 89.5 8.0 8.1 5.0 1.3
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Figure 1: Error distribution, MAE, MSE, and SDE in a.u. with respect to reference Q-CC3/aug-cc-pVDZ 𝛿TPA for states without a
large contribution of double excitations.

Table 4: Statistical analysis of 𝛿TPA computed at 6-
31+G(d) for the states in Table 1 and 3. Reference values
are computed at Q-CC3/aug-cc-pVDZ level.

Indicator All All singly-excited Rydberg Valence
𝑛 82 76 51 24
MAPE [%] 24.7 25.3 23.4 30.2
MSE [a.u.] -9.2 -5.1 -8.6 3.8
MAE [a.u.] 15.1 11.3 13.4 5.6
RMSD [a.u.] 38.5 18.1 20.4 9.0
MAX+ [a.u.] 306.7 62.0 62.0 5.6
MAX− [a.u.] 68.7 68.7 68.7 31.2
SDE [a.u.] 37.6 17.4 18.7 8.3
𝑅2 0.97 0.97 0.98 0.96

BH&HLYP and CAM-B3LYP functionals, yielding similar
results with respective MAEs of 15.8 and 14.6, MSEs of -2.9
and -3.9 (indicating a slight underestimation), and a signifi-
cant spread of the errors with SDEs of 30.1 and 32.2. Less
accurate are the two LC functionals that show similar trends.
LC-BLYP33 exhibits a MAE of 19.1, a MSE of -6.8, and a
large SDE of 42.2. LC-BLYP47, while having similar values
for MAE (21.9) and SDE (47.4), exhibits a MSE of -14.5,
more than twice as large as its 𝜔 = 33 Bohr−1 counterpart.
B3LYP is the worst-performing method among those tested
for all indicators, with a MAE of 25.5, a MSE of 16.9, and a
SDE of 54.1. Interestingly, all TD-DFT methods (excluding
B3LYP) outperform or slightly underperforms the Q-CC2
and I-ADC2 wavefunction methods for all indicators for a
fraction of the computational cost. This also indicates that
benchmarking TD-DFT on the basis of Q-CC2 results might

not always be a fully trustworthy procedure.
In Fig. 2, the MAPE and 𝑅2 indicators are reported, includ-

ing a separate analysis for valence and Rydberg transitions
that we discuss below.

Looking at the MAPE for all the singly-excited states,
one can see excellent results for Q-CCSD (15.2%), and E-
CCSD (20.2%). The other wavefunction methods deliver
worse performances, resulting in MAPE of 43.9% for Q-
CC2 and 57.1% for I-ADC2. TD-DFT again outperforms
the second-order methods but remains less accurate than the
CCSD variants, following the order: CAM-B3LYP (34.6%),
BH&HLYP (39.3%), LC-BLYP33 (42.7%), LC-BLYP47
(43.2%), and B3LYP (55.6%). Looking at 𝑅2, we observe
that all the methods have excellent 𝑅2 values for the whole
set of molecules, ranging from 0.99 for Q-CCSD to 0.87 for
LC-BLYP33. Interestingly, the methods that underperform
on absolute and percentage errors, namely Q-CC2, I-ADC2,
and B3LYP, do provide 𝑅2 close to 1.
3.2.2 Subgroups
To understand if the size of the systems affects the accuracy
of the methods, we performed separate statistical analyses on
systems with 1-to-4, and 5-6 non-hydrogen atoms. We col-
lected the related indicators in Tables S16–S18 in the SI. From
this analysis, we observe small variations in the trends for
each method when moving from smaller to larger molecules.
Interestingly, we observe how Q-CCSD, E-CCSD, Q-CC2,
and I-ADC2 methods reduce their performances. For exam-
ple the MAPE of Q-CCSD passes from 6.5% to 18.4%, of
Q-CC2 from 40.4% to 45.1%, and of I-ADC2 from 46.1% to
60.8% when going from small to large molecules. In contrast,
the performances of TD-DFT methods tend to improve, with
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Figure 2: MAPE and 𝑅2 of 𝛿TPA for all the wavefunction and TD-DFT methods for the sets with all singly-excited, Rydberg, and
valence states. References are the 𝛿TPA

Q-CC3/aug-cc-pVDZ calculations with a threshold of 3 [a.u.]. The values of the indicators are
reported in Tables S8–S10 in the SI.

for instance the MAPE of CAM-B3LYP going from 38.7%
to 32.8%. An exception to this trend is the LC-BLYP47 func-
tional, which shows a MAPE of 36.8% for small molecules
and 45.6% for the large ones.

A further analysis can be made by collecting data according
to the different magnitudes of 𝛿TPA, in particular considering
the intervals: 𝑡1 = 3 ≤ 𝛿TPA

Q-CC3 < 20, 𝑡2 = 20 ≤ 𝛿TPA
Q-CC3 < 80,

and 𝑡3 = 80 ≤ 𝛿TPA
Q-CC3. In Fig. 3 we report the MAPE, and

𝑅2 computed for these three groups, while the rest of the
indicators are reported in Tables S11–S13 in the SI.

Looking at both MAPE and 𝑅2, we can observe how the
general trends of Fig. 2 are replicated for all the methods
at different thresholds. However, it is noteworthy that the
MAPE (𝑅2) decreases (increases) when increasing the 𝛿TPA

Q-CC3
threshold. Indeed, looking at Q-CCSD (E-CCSD) results,
we can observe that it goes from 25.9% (29.6%) for the 𝑡1
interval, to 10.4% (16.9%) for the 𝑡2 interval, and to 5.4%
(8.1%) for the 𝑡3 interval. Similar decreases are obtained for
the other methods (see Tables S11–S13 in the SI). Analogous
trends can be found for the correlation. For the states in 𝑡1,
Q-CCSD and E-CCSD are the only ones showing 𝑅2 larger
than 0.5 (0.84 and 0.82 respectively), while in 𝑡2 all methods
have a correlation larger than 0.4 (in which Q-CCSD excell
with an 𝑅2 of 0.85). On the other hand in the 𝑡3 interval all
methods show large correlation (𝑅2 > 0.91). It is therefore
a good news that as the molecules get more interesting for
practical applications all methods become more trustworthy.

We also performed separate statistical analyses on valence
and Rydberg states to gain deeper insights into the perfor-
mances of such methods. We report the resulting indicators
in Fig. 2 and in Tables S8–S10 in the SI. The 3𝐴1 state of
pyridazine has been excluded from such statistics due to its
mixed character. The TPA response of this state is largely
underestimated by several methods, with differences (in a.u.)
of 117.0 for Q-CCSD, 117.9 for E-CCSD, 111.1 for I-ADC2,
234.8 for CAM-B3LYP, 302.8 for LC-BLYP33, and 252 for
LC-BLYP47. Whereas, CC2 performs very well with an un-
derestimation of only 4.2, within B3LYP, this state is also re-
sponsible for the large MAX+ error of 349.2. For BH&HLYP,
this state might be resonance enhanced (see Table S2 in the
SI), and it has therefore been excluded. Focusing on the Ryd-

berg transitions reveals an improvement in the MAPE for all
methods, indicating that they are globally easier to describe
than valence states. Q-CCSD and E-CCSD emerge as the
top performers with very small MAPEs of 10.5% and 12.1%,
respectively, closely followed by CAM-B3LYP (25.2%) and
BH&HLYP (26.2%). LC-based methods exhibit MAPEs of
32.8% (LC-BLYP33) and 36.0% (LC-BLYP47), while Q-
CC2, I-ADC2, and B3LYP consistently show the poorest
performances for Rydberg with MAPEs of 40-50% range.
Nevertheless all methods demonstrate excellent correlation
with 𝑅2 values exceeding 0.95. For valence states we observe
a general decline in accuracy as compared to Rydberg transi-
tions across all methods. Despite this, Q-CCSD and E-CCSD
remain the most satisfying methods, with MAPEs of 24.8%
and 36.6%, respectively. Interestingly, unlike in the case
of Rydberg states, Q-CC2 follows closely with a MAPE of
54.2%. It is well-known that CC2 generally performs better
for valence than Rydberg transitions.92,93 The performance
of all TD-DFT methods is comparable, ordered as: CAM-
B3LYP (55.0%), LC-BLYP47 (57.4%), BH&HLYP (62.4%),
LC-BLYP33 (65.0%), and B3LYP (67.7%). I-ADC2 has the
worst MAPE at 98.9%. When examining the determination’s
coefficients, wavefunction methods demonstrate excellent re-
sults: 0.98 for both Q-CCSD and E-CCSD, 0.95 for Q-CC2,
and 0.90 for I-ADC2. In contrast, TD-DFT values show
limited capacity to reproduce trends, with 𝑅2 values ranging
from 0.66 for B3LYP to 0.49 for BH&HLYP only, despite
relatively small absolute and percentage errors,.

As a further analysis we investigated the results for valence
states with large 𝛿TPA (larger than 20 a.u. at the CC3/aug-cc-
pVDZ level), since they are the more interesting for actual
applications. We underline that this subset includes only 9
transitions, so these results should be interpreted with cau-
tion. The results of MAPE and 𝑅2 are reported in Fig. 4,
while the other indicators can be found in Tables S11–S15 in
the SI. Q-CCSD is again the most adequate method with a
MAPE of 24.4% and a 𝑅2 of 0.93. Interestingly, for this sub-
set, Q-CC2 and E-CCSD show similar performances: MAPE
of 34.3% (44.8%), and 𝑅2 of 0.88 (0.86) for CC2 (E-CCSD).
We underline that the performances of Q-CCSD, E-CCSD
and Q-CC2 are mainly driven by the 1𝐵3𝑔 state of tetrazine.
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Figure 3: MAPE and 𝑅2 of 𝛿TPA for all the wavefunction and TD-DFT methods for the sets for all the singly-excited states for
different 𝛿TPA thresholds (in a.u.). References are at the Q-CC3/aug-cc-pVDZ level. The values of all the indicators are listed in
Tables S11–S13 in the SI.

In fact its Q-CC3 𝛿TPA of 56.0 a.u., is largely overestimated
by both Q-CCSD (86.6 a.u.) and E-CCSD (118.3 a.u.), while
CC2 provides a rather accurate estimate of 47.7 a.u. Indeed if
we exclude this molecule the MAPE becomes: 21.1% for Q-
CCSD, 37.4% for E-CCSD and 37.1% for Q-CC2. I-ADC2
still performs quite poorly with a MAPE of 96.7% and MAE
of 43.1, but has a relatively acceptable 𝑅2 of 0.76. TD-DFT
methods perform similarly as in the whole set in terms of
MAPE but they show extremely poor 𝑅2 values. B3LYP is
the “best” XCF, with a MAPE of 44.5%, and a low 𝑅2 of
0.34. The three range-separated functionals show similar re-
sults: MAPEs of 47.4%, 47.0%, and 48.3%; and 𝑅2 values
of 0.17, 0.21, and 0.16 for CAM-B3LYP, LC-BLYP33, and
LC-BLYP47, respectively. BH&HLYP performs the worst
among the TD-DFT methods, with a MAPE of 63.2%, and
an extremely low 𝑅2 of 0.04. This of course raises questions
for actual TD-DFT applications for TPA simulations.

0
100

MAPE [%
]

 01R2 Valence 20 ≤  δTPAQ − CC3
Figure 4: MAPE and 𝑅2 of 𝛿TPA for all the wavefunction and
TD-DFT methods for the set of valence states showing 20 ≤
𝛿TPA

Q-CC3 [a.u.]. References are obtained at the Q-CC3/aug-cc-
pVDZ level. The values of the indicators are reported in Ta-
bles S11-S15 in the SI. The legend is reported in Fig. 2

The performances of the wavefunction methods Q-CCSD,
E-CCSD, Q-CC2, I-ADC2, and DEA-CCSD (which raw val-
ues are reported in Table S6 in the SI) have been evaluated for
the six electronic states with significant contributions from
double excitations. TD-DFT methods were excluded due to
their inability to account for double excitations, and any ac-

curate reproduction of 𝛿TPA by TD-DFT would likely be due
to significant error cancellation. Table 5 reports the abso-
lute percentage error (APE) for these methods compared to
reference Q-CC3 calculations. Values with APEs exceeding
200% are not detailled.

Table 5: Absolute Percentage Error (APE) for 𝛿TPA of
molecules with double excitations. Reference values ob-
tained at the Q-CC3/aug-cc-pVDZ level. CycloP stands
for Cyclopentadiene.

Molecule State Q-CCSD E-CCSD DEA-CCSD Q-CC2 I-ADC2
Acrolein 2𝐴" 65 79 >200 115 96

5𝐴’ 159 >200 >200 38 43
Butadiene 1𝐴𝑔 118 173 23 >200 >200
CycloP 1𝐴1 96 129 15 >200 >200
Benzene 1𝐸2𝑔 15 4 63 28 48
Hexatriene 1𝐴𝑔 >200 >200 62 >200 >200

The DEA-CCSD method provides notably accurate results
for the 1𝐴1 state of cyclopentadiene and the 1𝐴𝑔 state of
butadiene, with APEs of 15% and 23%, respectively. These
results significantly improve upon those provided by both
Q-CCSD (96% and 118%) and E-CCSD (129% and 173%).
In contrast, Q-CC2 and I-ADC2 show poor performances,
with errors exceeding 200%. For the 1𝐴𝑔 state of hexatriene,
DEA-CCSD is the only method that yields a reasonably accu-
rate result (APE of 62%), whereas all other methods provide
very poor values. On the other hand, for the two states
of acrolein DEA-CCSD appears quite unreliable, indeed we
have an APE larger then 200%. For the 2𝐴" state, Q-CCSD is
the best method with an APE of 65%, followed by E-CCSD
(79%), I-ADC2 (96%), and Q-CC2 (115%). For the 5𝐴’
state, the second order methods surprisngly outperform the
CCSD-based methods, with Q-CC2 and I-ADC2 providing
better results than both Q-CCSD and E-CCSD. All methods
perform reasonably well for the 1𝐸2𝑔 state of benzene, with
E-CCSD showing the lowest APE (4%), and DEA-CCSD has
the highest APE (63%).

In summary, Q-CCSD generally provides acceptable re-
sults for states with not too large double excitation character,
but fails for the 1𝐴𝑔 state of hexatriene that has a %T1 of
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66.5%. DEA-CCSD improves upon E-CCSD and Q-CCSD
for certain systems but can be unreliable for others. Such
behavior is already expected as DEA-CCSD is supposed to
be effective for excited states in which mainly excitations
from HOMO to LUMO are involved,45 while in the consid-
ered states of acrolein and benzene the main contributions
come from lower occupied and higher unoccupied orbitals.81

As expected, methods with perturbative doubles are signifi-
cantly less reliable.

CONCLUSIONS
This study evaluated the performance of several computa-
tional methods and basis sets for calculating the vertical
two-photon transition strengths (𝛿TPA) of singlet excited-state
in small- and medium-sized molecules, using Q-CC3 as a
benchmark. The analysis underscored the importance of
employing a not too compact basis set. Specifically, bench-
marks on small molecules using the aug-cc-pVTZ basis set
indicated that the aug-cc-pVDZ basis set introduces an error
of approximately 10%. Using aug-cc-pVDZ as a reference,
we observed that 6-31+G(d) reduce the performances up to
24%, thus advising against the use of such small basis sets
for performing reference calculations.

Among the lower-order methods evaluated, Q-CCSD
demonstrated superior performance and reliability, showing
no significant differences of accuracy between Rydberg and
valence transitions. Consequently, Q-CCSD is recommended
when feasible. Conversely, I-ADC2 consistently performed
the worst across all subsets and cannot be advised from the
present work. For Rydberg states, E-CCSD emerged as a
reliable and cost-effective alternative to Q-CCSD, while Q-
CC2 underperformed. Indeed for such cases certain TD-DFT
XCF, such as BH&HLYP and CAM-B3LYP, should be pre-
ferred when CCSD calculations are impractical. For valence
states, the performance of all methods diminished, particu-
larly for states with large 𝛿TPA, which are significant for prac-
tical applications. Here E-CCSD showed some limitations,
and Q-CC2 appeared to be a valuable choice considering its
lower computational scaling. Although TD-DFT methods
exhibited excellent percentage errors compared to the refer-
ence, their very small correlation suggests that the relative
error pattern might significantly change for larger molecules.

Overall, this study highlights the necessity for improved
cost-efficient approximations for computing TPA cross-
sections in large systems. Indeed, the current low-scaling
(less then O(𝑁6)) state-of-the-art methods appears to have
variable accuracies and it is not clear what would be the
accuracy in complex calculations, indicating a need for fur-
ther advancements in wavefunction methods and/or XCF. In
this regard, the recent development of quadratic response
for BSE/GW presents a promising avenue for future explo-
ration.64
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