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Abstract—Efficient thermal management is critical for high-
power electronics, with microchannel cooling providing enhanced
heat dissipation in compact designs. Conventional topology op-
timisation (TO) methods often fail to capture fine-scale features
without relying on extremely fine meshes, leading to high
computational costs. This study proposes a homogenisation-
based TO framework integrated with an on-the-fly phasor-
based dehomogenisation technique. The phasor-based method
efficiently maps homogenised designs to fine-scale microchannel
networks, maintaining continuous variations in channel prop-
erties and improving robustness while reducing computational
expense compared to the conventional projection-based method.
An idealised two-dimensional chip with heterogeneous heat
generation is used to demonstrate the integrated design work-
flow. The homogenisation-based TO is performed on a coarse
50 x 50 mesh, with the phasor-based dehomogenisation recon-
structing fine-scale microchannel networks on a 3213 x 3213
mesh. The results show that the framework achieves a three
orders-of-magnitude reduction in computational cost compared
to hypothetical brute-force full-scale optimisation and a 35.3%
improvement in thermal performance over traditional pin-fin
designs (the initial guess). Limitations of the current study, such
as refining the homogenisation model and incorporating irregular
meshes, point to promising directions for future investigations.

keywords—microchannel cooling, dehomogenisation, phasor
noise, topology optimisation, conjugate heat transfer.

I. INTRODUCTION

Efficient thermal management is essential for maintaining
performance in high-power electronics, such as GPUs and
Al accelerators. Recent work demonstrated hotspot-aware mi-
crofluidic cooling using topology optimisation (TO), highlight-
ing the importance of custom cooling designs for managing
heterogeneous power distributions [1]. However, challenges
are associated with simulating and optimising the flow dis-
tribution in microchannels. The intricate nature of the flow
requires fine-detailed geometric representations, necessitating
fine meshes, which increases the associated computational
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costs. Reducing computational cost while maintaining design
fidelity remains a key challenge.

The homogenisation-based approach models partial densi-
ties as porous microstructures, enabling the design of microflu-
idic devices with fine-scale features that can be produced using
additive manufacturing [2], [3]. Dehomogenisation denotes the
process of mapping a homogenised multi-scale representa-
tion of infinitesimal microstructures to a finite single-scale
design [4]. To achieve this, a least-squares projection-based ap-
proach for approximating a conformal mapping has previously
been utilised [5]. However, as the problem size and complexity
increases, this approach becomes computationally expensive
and unstable. The emphasis on orientation conformity can also
lead to variations in unit-cell sizes, resulting in disconnected
structures [6]. This is problematic in microchannel cooling,
where disrupted coolant flow reduces heat transfer and in-
creases the risk of localised overheating.

This paper introduces an integrated design workflow that
combines homogenisation-based topology optimisation (TO)
with phasor-based dehomogenisation [7] to optimise mi-
crochannel cooling designs. The methodology employs a two-
scale approach, deriving Darcy’s law as the asymptotic limit of
the Stokes equations in a periodic porous medium. A single-
class microstructure is utilised, and numerical homogenisa-
tion is performed to construct an offline library of effective
permeability and conductivity. This library is subsequently
incorporated into the online TO process to optimise mi-
crostructure parameters and orientation fields on a coarse
mesh grid. Phasor noise, generated using complex Gabor
kernels, facilitates continuous variations in channel properties
while preserving global periodicity, enabling the creation of
connected microchannel networks with intricate branching
patterns on a fine-scale mesh grid.

The presented study considers an idealised two-dimensional
chip with the dimension of 1.0 x 1.0 units. The spatial
distribution of heat flux across the chip surface (power map) is



heterogeneous, as illustrated in Fig. 1. Specifically, the power
map features four circular regions with higher heat generation
rates compared to the rest of the surface. The chip is cooled
by a coolant fluid flowing through a microchannel network
embedded within a solid plate with relatively high thermal
conductivity. The coolant fluid enters the domain through a
centrally located inlet I';, on the left boundary with a parabolic
velocity profile and exits through two outlets I'y,; positioned
at the right edges of the top and bottom boundaries under a
stress free condition.

The primary goal of this study is to optimise the microchan-
nel network while integrating fine-scale features, thus avoiding
the need for extremely fine meshes and maximum length
scale constraints typically required in brute-force feature-
rich topology optimisation methods [8], [9]. Consequently,
the proposed design framework aims to achieve a significant
reduction in computational costs by three orders-of-magnitude.
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Fig. 1: Design schematic diagram. The coolant fluid enters
the domain through the inlet I';, at the center of the left
boundary with a parabolic profile and exits through the two
outlets I'oy at the right ends of the top and bottom boundaries.
An inhomogeneous heat flux is applied on the surface, with
higher heat generation in the four circular regions.

II. METHODOLOGY

In this section, we outline the methodology adopted in this
work, starting with the homogenised problem for conjugate
heat transfer in Section II-A. Next, we formulate the opti-
misation design problem in Section II-B and introduce the
theoretical background of the phasor-based dehomogenisation
method in Section II-C. Finally, the algorithm of the proposed
design workflow is detailed in Section II-D.

A. Homomgenised problem

We consider a fixed, bounded domain Q. C R¢ (d = 2),
comprising periodic heterogeneous media composed of mi-

croscopic unit cells with characteristic length-scale e. The
domain ). is bounded by Dirichlet and Neumann boundaries,
denoted by 9QFP and 9L, respectively. Each unit cell is
composed by two different isotropic material phases, i.e., fluid
and solid, arranged in a square microstructure characterised by
its width m;, height ms, and orientation angle 6, as shown
in Fig. 2. These heterogeneous media can be approximated
by a homogeneous medium with homogenised properties in
the domain D, and the physical quantities of interest, such as
fluid velocity u, pressure p, and temperature 7', are governed
by the homogenisation equations.
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Fig. 2: Schematic diagram of the square microstructure with
width my, height ms, and orientation angle 6. The solid
material phase is indicated as white, while the fluid material
phase is indicated as light blue.

The considered creeping flow is governed by Stokes equa-
tions (Re < 1) in porous media. Since the late 1970s,
studies [10]-[12] have shown that Darcy’s law is derived
as the asymptotic limit of the Stokes equations in periodic
porous media as periodicity tends to be zero. The mathematical
foundations and numerical validations are detailed in [13]—
[15]. The nondimensional homogenised problem is described
as

u=—c2X* (my,m9,0)Vp in D,
div(u) =0 in D,
(1
Uu-n=uy-n on ',
p= 0 on 1—‘outa

where X™* (mq,mo, ) denotes the global effective permeabil-
ity matrix, which is scale-invariant and can be expressed as

X (my,ma,0) = R(G)XH (mq, ma) R(G)T, 2)

where R is the rotation matrix. The homogenised permeability
X g is computed by averaging the volumetric velocity for
incompressible Stokes flow over the unit cell [16], [17].

The computed homogenised velocity w is then weakly
coupled with the homogenised temperature 7" through the non-
dimensional homogenised convection-diffusion equation as

w- VT —div (K" (m1,m2,0) VT) = Q (z) in D,
T =T, on Iy,
K* (m1,ms,0) VT -1 =0 on OD\T'j,,

3)



where KC* (m1, mg,0) is the global nondimensional diffusive
tensor, which can be expressed as

KC* (m1,ms, 0) = R(O)KH (my,my) R(O)T, 4)

where KZg denotes the homogenised thermal conductivity
tensor which can be computed by averaging the volumetric
heat flux over the unit cell. The volumetric heat source term
Q(x) is defined to reflect the heterogeneous heat generation
across the domain as

1\? 1\?
2.0 if (ml — 4) + (xg — 4) <0.1%,
2 2
. 1 3
2.0 if (:cl — 4) + (a:g — 4) <0.1%,
2 2
Q) =05 it (2-2) 4 (m-1L) <012, @
4 4
2 2
. 3 3
0.5 if <x1 — 4) + (3:2 — 4) <0.1%,
0.1  otherwise.

B. Optimisation design problem

As has been discussed earlier, the goal is to optimise the
microchannel network embedded within the solid plate to
achieve efficient cooling of the chip. The design fields are
therefore defined as the width m;, height my, and orientation
angle 6 of the microstructures. The optimisation problem is
formulated as a constrained minimisation problem, where the
objective function J(£2) is defined as the thermal compliance
in the domain D, and the constraints are imposed to ensure the
physical feasibility of the design fields. However, it should be
noted that minimising thermal compliance does not necessarily
yield a design that minimises thermal resistance. This is
because the thermal compliance is linearly proportional to the
average temperature of the heat source in the computational
domain, which can differ significantly from its maximum tem-
perature. A more detailed discussion on alternative objective
functions can be found in [18]. The optimisation problem is
mathematically formulated as

ml,gzl;%eDJ(Q) :/DQ(w)T de, (62)
(1) and (3),
1/DP
G1262 |/1_" |0/ pdl'— Cpp <0,
s.t. e (6b)

[p 1 —myms dQ

Jp 4
Ogml(w)amQ(w)?e(m)Sl vaDa

G2 = - Vmax < 07

where G; and G5 are the constraints on the pressure drop and
volume, respectively. DP( denotes the pressure drop at the first
iteration, Cpp represents the maximum allowed pressure drop
fraction, and Vi, is the maximum permitted volume fraction
for the fluid phase. The sensitivity analysis is conducted using
the discrete adjoint method, as detailed in [6]. The optimisation
problem is solved using the Method of Moving Asymptotes

(MMA) [19].

C. Phasor-based dehomogenisation

Phasor noise is a type of procedural noise function that can
be used to efficiently generate perfectly contrasting oscillating
wave-patterns with local control of periodicity and orienta-
tion [20]-[22]. By translating the multi-scale homogenised so-
lution to a sparse set of signal-emitting phasor kernels, globally
smooth rich texture content can be sampled at high resolutions,
that locally adheres to specified orientations, thicknesses and
length-scale. The phasor-based dehomogenisation approach
takes advantage of these properties to perform efficient and
scalable dehomogenisation of multi-scale minimum compli-
ance optimised solutions [7]. This methodology has proven to
provide improvements in robustness, unit-cell size control and
efficiency compared to existing dehomogenisation methods
in solid mechanics. The development of the deHomTop8038
educational code [23] integrating multi-scale topology opti-
misation and this dehomogenisation procedure to obtain on-
the-fly dehomogenisation during the optimisation procedure
proves the potential of this method, as well as making it
accessible for future applications and research. The version of
the phasor-based dehomogenisation approach utilised in this
study is based on this publicly available code [23].

Let K denote a finite set of phasor kernels in R2. A phasor
kernel j € K is parametrised based on its spatial location, x1j €
R2, its assigned unit orientation vector, d; = (d}ﬁ d;’) €
{R? |d;|| = 1}, its signal phase shift, ¢; € [—m, =],
and the globally assigned signal bandwidth, 8 € R, and
periodicity, w € Rs¢. The signal G;(x) emitted from kernel
J € K at the spatial location x € R2, is defined as

Gj(x) = exp (—BAj(x)) exp (2imwd,; - (x—x%;) +ip;), (7)

where A%(x) denotes the anisotropic distance measure given
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A phasor kernel therefore corresponds to a complex-valued
Gabor kernel [24], as the product between an anisotropic Gaus-
sian kernel, controlling the spatial magnitude of the emitted
signal, and a complex oscillator with orientation, frequency
and phase specified by the kernel parameters. From the set
K of kernels (Fig. 3a), a phasor noise can be sampled to a
finite set 7 C R? by considering the spatial average of the
individual kernel signals as the complex sum

G(x) =) Gi(x), ¥xeT. )

jeK

2

The phasor noise is a complex wave-field G(x), which can
be separated into its magnitude |G(x)| and phase Arg(G(x)).
As a trade-off between orientation conformity and periodicity
adherence, branching behaviour occurs in Arg(G(x)) where
the magnitude of |G(x)| vanishes (Figs. 3b and 3c). To ensure
connectivity of the dehomogenised design, a post-processing
procedure that locally connects and reshapes the branches
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Fig. 3: The phasor-based methodology. Given the set of phasor kernels (a), the correspondlng phasor noise G(x) is sampled at
a fine resolution and separated into its magnitude, highlighting singularities (b), and phase (c). Post-processing connects and
pinches the bifurcations occurring from phasor field singularities (d).

by an interpolation approach termed the pinch operator was
introduced in [7] (Fig. 3d). This connected version of the
phasor-field allows for direct projection of relative thicknesses
to obtain a fluid-solid design.

Based on these outlined concepts, the phasor-based deho-
mogenisation approach, can for each layer of the multi-scale
solution be summarised as follows:

1) Translate the homogenised solution to a sparse set of
phasor kernels

2) Assign a globally fixed periodicity to all phasor kernels

3) Sample the corresponding phasor noise as a high-
resolution complex wave field

4) Obtain bifurcation information from the phasor noise
field magnitude

5) Obtain the perfectly oscillating real-valued wave-field
from the phasor noise phase

6) Utilise the bifurcation information to smoothly connect
disconnections in the wave-field

7) Project connected wave-field according to interpolated
relative thicknesses to obtain single-scale design

The layers are then combined by a boolean union and the
phasor-based boundary technique is employed to obtain a
smoothed and closed body for the final design [7], [23].

D. Integrated design workflow

The integrated design workflow is summarised as follows:
the process starts with initialising finite element spaces,
declaring unknowns, and defining the variational formulation.
Numerical homogenised material are interpolated from an
offline library using a bi-linear interpolation scheme. The
optimisation proceeds within a main loop. At each step,
homogenisation equations are solved to obtain homogenised
velocity, pressure, and temperature fields, cf. (1) and (3),
followed by the evaluation of objective and constraint func-
tions, cf. (6). Adjoint equations are solved to compute adjoint
variables and sensitivities, which are then used to update the
design variables using MMA. Throughout the optimisation, the
phasor-based dehomogenisation can be executed on-the-fly to
generate upsampled microchannel designs, cf. Section II-C,

which are subsequently simulated by solving full-scale Stokes
and convection-diffusion equations on a refined body-fitted
mesh. The workflow is terminated after 1000 optimisation
iterations.

The above-mentioned algorithm is implemented by inte-
grating multiple tools to achieve efficiency and flexibility.
The PDEs are discretised using an open-source FEA soft-
ware FreeFEM [25], [26], interfaced with Python through
PyFreeFEM [27], [28], allowing .edp scripts to serve as
modular components within a larger Python project. For the
optimisation process, we employ the Python implementation
of the Method of Moving Asymptotes (MMA) [29], which
replicates the original MATLAB implementation by Svan-
berg [19]. The phasor-based dehomogenisation is implemented
in MATLAB [23]. A body-fitted mesh is obtained through se-
quential implicit mesh evolution using Mmg [30]. PETSc [31]
is interfaced with FreeFEM as the distributed linear algebra
backend, ensuring scalability for solving large finite element
systems. All the numerical experiments are performed on a
MacBook Pro mounted with a 10-core M2 Pro Apple Silicon
chip.

III. RESULTS AND DISCUSSIONS

In this section, we showcase a design example in Sec-
tion III-A. Then, we justify the computational efficiency of the
proposed framework in Section III-B by comparing it against
a hypothetical brute-force full-scale optimisation scenario.
Finally, in Section III-C, the limitations of the present study
are discussed.

A. Numerical examples

The design setup considered in this study is illustrated in
Fig. 1. In the homogenisation-based topology optimisation
stage, the heat transfer is assumed to be diffusion-dominant,
characterised by a low Péclet number with Pe; = 1/50 for
the solid phase and Pe; = 1 for the fluid phase. The design
field is initialised with m; = 0.5, mg = 0.5, and 6 = 0.5.
The maximum allowable fluid phase volume fraction is set
to Vimax = 50%, while the maximum permitted pressure
drop is set to 25.0. A coarse 50 x 50 mesh is used for the



optimisation. Following this, the phasor-based dehomogeni-
sation is conducted to reconstruct fine-scale details of the
optimised microfluidic network on a 3213 x 3213 fine mesh,
corresponding to a unit cell size of € = 0.0125.

Fig. 4 shows the optimised design fields after 1000 iterations
(a)—(c), and the dehomogenised microchannel (d). Notably, the
my field (Fig. 4a) converges to a uniform value of 1.0, indi-
cating the formation of streamline-oriented continuous long
fins that extend from the low-temperature inlet to the system
outlets. These fins facilitate the heat transfer through the highly
conductive material. The optimised 6 field (Fig. 4c) guides
the fluid channels into a split-flow configuration, promoting
effective flow distribution towards the two outlets.

Fig. 5 shows the velocity, pressure, and temperature fields
obtained from both homogenised (top row) and full-scale
(bottom row) simulations at iteration 1000. For ease of com-
parison, the pressure fields from the full-scale simulations
are normalised by a multiplicative factor of €2 (cf. Fig. 5e).
Additionally, the Péclet number in the full-scale simulation
is amplified by a factor of 50 to reflect a more realistic
convection-dominant scenario. Although this adjustment in-
troduces a theoretical simplification, due to the convection
term being neglected in the homogenisation model, it supports
the demonstration of the integrated workflow and underscores
the potential of the proposed framework for multi-fidelity
modelling.

Quantitatively, the normalised pressure drop obtained from
the full-scale simulation is 26.11 (cf. Fig. 5¢), corresponding
to a realised pressure drop of 1.67 - 10°. This value exceeds
the maximum permitted pressure drop by 4.4%. This deviation
arises from fluid channels in the dehomogenised design that
connect to the external walls but not to the inlet or outlets. This
issue seemes to stem from the absence of no-slip boundary
conditions in the homogenised model, which struggles to cap-
ture viscous effects and fine-scale fluid-solid interface details.
Several strategies could be explored for future improvements.
First, redundant fluid channels with negligible flow velocity
could be removed through additional post-processing. Second,
adopting case-specific inlet and outlet designs, such as the
circular configurations demonstrated in [32], ensures that
inflow and outflow are normal to the tangential direction of
the boundaries, essentially makes fluid channels connected to
the inlets and outlets. However, implementing such designs
necessitates the use of irregular meshes, which are yet sup-
ported by the current implementation but are theoretically
feasible. Alternatively, modifications to the phasor-based de-
homogenisation heuristic can also be implemented to ensure
that the structural boundary connects to the inlets and outlets
directly. Additionally, modification to the design parameters
mq and msy, with a so-called auxiliary indicator field [33], [34],
will reduce non-uniqueness to the homogenised design space,
which leads to better-defined solutions and improvements in
the de-homogenisation, as seen for structural problems.

The on-the-fly phasor-based dehomogenisation process is
illustrated in Fig. 6, highlighting several snapshots of deho-
mogenised microchannel designs, velocity profiles, and tem-

perature distributions across different iterations. The objective
value reduces from 2.01 - 1073 to 1.3 - 103 after 1000
iterations, corresponding to a 35.3% improvement. The de-
homogenisation step averages 29.5s, outperforming the con-
ventional projection-based methods.

B. Justification of computational efficiency

To justify the computational efficiency of the proposed
design workflow, it is compared to a hypothetical brute-force
fine-scale optimisation scenario. Achieving the same design
resolution requires a grid size of 3213 x 3213, matching
the resolution used for phasor-based dehomogenisation with
a unit cell size of ¢ = 0.0125. In the fine-scale approach,
one iteration of single-scale simulation on this fine mesh,
including domain decomposition, matrix assembly, right-hand-
side assembly, and linear system solution, takes approximately
10min 34 s using 10 MPI processes. As the system of equa-
tions is linear and symmetric, we can expect a similar time
consumption for solving the adjoint equations. Consequently,
the total optimisation time for 1000 iterations is estimated to
be approximately 21 334 min.

In stark contrast, the homogenisation-based topology opti-
misation (TO) approach requires significantly fewer compu-
tational resources. Each optimisation iteration (excluding de-
homogenisation and full-scale simulation) takes approximately
0.64 s using a single core, resulting in a total optimisation time
of approximately 10min for 1000 iterations. This implies a
reduction in computational cost of three orders-of-magnitude
compared to the brute-force fine-scale approach.

C. Limitations of the present study

The current study has several limitations to be addressed in
future work that can be summarised as follows:

1) The current unit-cell problem for convection-diffusion
omits the streamwise temperature variation of the
coolant, often referred to as caloric thermal resistance or
sensible heating [35]. This effect plays a significant role
in microchannel cooling, particularly at moderate flow
rates. Future studies will address Péclet-dominant con-
jugate heat transfer, encouraging hierarchical designs of
microchannel networks (i.e., gray-scale in the optimised
m; field).

2) Constructing the offline library requires solving the unit-
cell problem for all parameter combinations (1, ms)
on a 100 x 100 grid within (0, 1)2, excluding 0 and 1 to
avoid deterioration. Partial derivatives are computed via
finite differences, and linear interpolation approximates
the unit square. This process is computationally intensive
and could potentially be accelerated by using a surrogate
model trained by deep learning.

3) Notable deviations are observed between the ho-
mogenised and full-scale velocity and pressure solutions,
suggesting the need for more accurate homogenisation
models and/or the adoption of multi-fidelity modelling
approaches.
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Fig. 5: Homogenised (top row) and dehomogenised (bottom row) solutions for velocity, pressure, and temperature fields at
iteration 1000. The homogenised solutions are obtained by solving the homogenisation equations on a 50 x 50 grid, while
the dehomogenised solutions are obtained by solving the full-scale equations on a body-fitted mesh with 1.29 - 106 triangluar
elements in the fluid region Q; and 9.59 - 10° triangular elements in the solid region €. For comparison, the pressure fields
obtained by the full-scale simulations are normalised by a multiplicative factor €.

IV. SUMMARY

This preliminary work proposes a multiscale design
methodology for microchannel cooling networks, combin-
ing homogenisation-based topology optimisation and phasor-
based dehomogenisation, can achieve both enhanced thermal
performance and computational efficiency. Specifically, the
framework reduces computational costs by three orders-of-
magnitude compared to fine-scale brute-force optimisation
while achieving a 35.3% reduction in thermal performance
compared to pin-fins. The integrated workflow effectively ad-
dresses the trade-off between pressure drop and thermal perfor-
mances, enabling the design of customised cooling solutions
for hotspot-aware micro-cooling systems. Future work will

focus on improving the homogenisation model and exploring
multi-fidelity modelling to further enhance design accuracy
and applicability.
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