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Abstract

This theoretical study deals with asymptotic behavior of a coupling between a thin film of fluid and
an adjacent thin porous medium. We assume that the size of the microstructure of the porous medium
is given by a small parameter 0 < ¢ < 1, the thickness of the thin porous medium is defined by a
parameter 0 < h. < 1, and the thickness of the thin film is defined by a small parameter 0 < 7. < 1,
where h. and 7. are devoted to tend to zero when € — 0. In this paper, we consider the case of a
non-Newtonian fluid governed by the incompressible Stokes equations with power law viscosity of flow
index r € (1,400), and we prove that there exists a critical regime, which depends on r, between ¢, 7.

2r—1
1

and h.. More precisely, in this critical regime given by h. ~ 1. ' e 77T, we prove that the effective
flow when ¢ — 0 is described by a 1D Darcy law coupled with a 1D Reynolds law.

AMS classification numbers: 74Q10, 76A05, 76A20, 76505.
Keywords: Homogenization, non-Newtonian fluid, thin film, thin porous medium; Reynolds equation.

1 Introduction

In this paper, we consider a incompressible viscous 2D non-Newtonian fluid in a domain D, composed by
two parts in contact: a periodic thin porous medium 2. with characteristic size of the pores 0 < ¢ <« 1
and thickness of the domain 0 < h. < 1, and a thin film I, with thickness 0 < 7. < 1, where h.
and 7. are devoted to tend to zero when ¢ — 0 (see Figure 1 for more details). Drilling and hydraulic
fracturing fluids used in the oil industry are usually non-Newtonian liquids. Therefore during well drilling
or hydraulic fracturing operations, the non-Newtonian drilling muds or hydraulic fluids will infiltrate
into permeable formations surrounding the wellbore, which may seriously damage the formation. The
rheological behavior of drilling muds, cement slurries and hydraulic fracturing fluids is often described
by a power-law model (see Cloud and Clark [25], Shah [37]). The importance of modeling flow of non-
Newtonian fluids from the wellbore into the surrounding formations has been recognized in the industry.
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One way to study this problem is to use the homogenization theory, which has been applied to the
study of perforated materials for a long time (see for instance classical studies of Allaire [1], Sanchez-
Palencia [36] and Tartar [40] in the case of Newtonian fluids, or Bourgeat et al. [17] and Bourgeat and
Mikeli¢ [20] in the case of non-Newtonian fluids with viscosity given by the power law or the Carreau
law). The question of a porous medium in contact with a thin film with properties different from those
of the rest of the material has been the subject of many studies previously.

Let us make a recollection of some previous results in relation to the objective of this paper. Bourgeat
et al. [19] considered the asymptotic behavior of the solution of the 2D Newtonian Stokes system in a
porous medium with thickness of order one, with characteristic size of the pores € and containing a thin
fissure of thickness 7., with n. devoted to tend to zero with €. It was proved the existence of a critical
regime given by
e~ e%, (1.1)
where the coupling effect appears and the effective flow behaves like a 2D Darcy flow in the porous
medium coupled with a 1D Reynolds problem. We refer to Bourgeat et al. [16] for preliminary results on
this problem, and to Zhao and Yao [44, 45| for the extension of this result to the non-stationary Stokes
case and the Navier-Stokes case, respectively. We also refer to Bourgeat [18] and Bourgeat and Tapiéro
[21] for a similar problem but for the Laplace equation.

Moreover, this problem was also generalized in Anguiano and Suédrez-Grau [10] to the case of a non-
Newtonian Stokes flow with viscosity given by the power law with flox index r satisfying 1 < r < +o0,
where the critical regime is now given by

e A £FT (1.2)
which agrees with (1.1) for » = 2. In this case, the effective flow behaves like a 2D nonlinear Darcy flow
in the porous medium coupled with a 1D nonlinear Reynolds problem. We also refer to Anguiano [4] for
the case of a non-stationary non-Newtonian flow in a porous medium containing a thin fissure, where in
the critical regime (1.2), the flow is described by a time-dependent non-linear Reynolds problem coupling
the effects of the porous medium with those of the free part.

On the other hand, the derivation of effective laws for fluids in porous domains with small thickness
(the so-called thin porous medium) is attracting much attention, see for instance Almqvist et al. [2],
Anguiano [9], Anguiano and Bunoiu [5], Anguiano et al. [6, 7], Anguiano and Sudrez-Grau [8, 11, 12, 13,
14], Fabricius et al. [28, 27|, Fabricius and Gahn [26], Forslund et al. [29], Jouybari and Lundstrém [31],
Mei and Vernescu [33], Sudrez-Grau [38, 39] or Zhengan and Hongxing [46]. A thin porous medium can
be defined as a bounded domain confined between two parallel plates with a distance h., perforated by
periodically distributed obstacles of size ¢, with h. devoted to tend to zero when ¢ — 0.

In this context, the modeling of a Newtonian in a thin porous medium and an adjacent thin film flow
described by Figure 1, which is the domain we are interested in this paper, was considered in Bayada et
al [15]. Thus, considering three positive and small parameters ¢, h. and 7. (where h. and 7. are devoted
to tend to zero), where ¢ is the size of the microstructure, h. is the thickness of the thin porous medium
and 7. is the thickness of the thin film, it was proved the existence of a critical regime between these
parameters given by

he = ne2, (1.3)

and an effective modified Reynolds equation (a 1D Darcy problem coupled with a 1D Reynolds problem)
was derived. Observe that if the thickness of the porous medium h. = 1, then the critical regime (1.3)
coincides with that critical one given in (1.1). We also refer to Anguiano and Sudrez-Grau [9] for the
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derivation of a coupled Darcy—Reynolds equation for a fluid flow in a thin porous medium including a
fissure, where the microstructure of thin porous medium is a collection of small cylinders (see Anguiano
[3] for the non-stationary case).

The goal of this paper is to generalize the result described in [15] to the case of a non-Newtonian fluid
with a viscosity described by the power law with flow index r € (1, 4+00), which is important for industrial
applications as described above. We prove that there exist a critical regime between these parameters
given by

2r—1
he Lo, (1.4)
and we derive an effective nonlinear limit problem, i.e. a modified nonlinear Reynolds problem coupling
the effects of the thin porous medium (1D nonlinear Darcy problem) and the thin film (1D nonlinear
Reynolds problem) for the limit pressure (see Theorem 6.3 for more details). We observe that if r = 2,
then the critical regime (1.4) coincides with the critical one given in (1.3). Also, if the thickness of the
porous medium h. = 1, then the critical regime (1.4) coincides with the critical one given in (1.2). To
prove this result, we first derive global a priori estimates of the velocity and pressure and also, particular
a priori estimates in both media, which let us find the critical regime (1.4). Then, in this critical regime,
we study independently the asymptotic behavior in the thin porous medium and in the thin film. Finally,
we deduce that the pressure is continuous in the interface and derive the coupled effective problem for the
limit pressure. We have introduced the following novelties in this work with respect to previous studies
to study the asymptotic behavior in the thin porous medium: a new restriction operator R: to extend
the pressure in the thin porous medium to the thin domain without microstructure (see Subsection 3.3),
and a new version of the unfolding method (for classical versions see Cioranescu et al. [23, 24]) to capture
the effects of the microstructure of the thin porous medium (see Subsection 4.1). All this is combined
with dimension reduction techniques and monotonicity arguments to be able to pass to the limit when
¢ — 0 and so, to derive the modified Reynolds equation.

We think that this theoretical study provides a quite complete description of the asymptotic behavior
of generalized Newtonian fluids with power law viscosity through a thin film passing a thin porous
medium, which provides a model amenable for the numerical simulations. For this reason, we believe
that it could also prove useful in the engineering practice as well.

Finally, we comment the structure of the paper. In Section 2 we introduce the domain considered
and the statement of the problem. In Section 3, we derive a priori estimates of the velocity and pressure.
Thank to the estimates, we find the critical regime (1.4). Assuming the critical regime, in Section 4 we
study the asymptotic behavior of the problem in the thin porous medium (extending the pressure by
duality arguments using the restriction operator R; and using the version of the unfolding method to
capture the effects of the microstructure), and in Section 5, we study the asymptotic behavior of the
problem in the thin film (which differs a little bit from the classical study of the asymptotic behavior of a
non-Newtonian fluid in a thin domain). Finally, in Section 6 we deduce that the pressure is continuous in
the interface of both media and we derive the modified Reynolds problem coupling the effects of the thin
porous medium and the thin film, which is given Theorem 6.3. We finish the paper with a conclusion
section and a list of references.
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2 Formulation of the problem and preliminaries

2.1 Geometrical setting

Let w € (—1/2,1/2) C R. We consider three positive and small parameters ¢, h. and 7. (where h. and
7. are devoted to tend to zero when € — 0) satisfying the following relation

lim — =0, (ie. e<h), and lim— =0, (Le. c<1.). (2.5)
e—0 hg e—0 1)

We consider D, C R? to be an open set of the following form
D, =Q.UX U,

where (. is a thin porous medium and I; is a thin layer without obstacles (see Figure 1). Moreover, %
is the interface between the thin porous medium and the thin film and is defined by

E:wx{xgzo}.

Below, we describe subdomains 2. and I.:

- [990000000®
900000000
°.— 000000000 5
. _ 1000000000
I — —neg(21)

|

Figure 1: View of the domain D..

e To describe the thin porous medium §2., we consider the parameters ¢ and h. satisfying (2.5). We
consider a thin layer of height h. which is perforated by e-periodic distributed obstacles of size .
The thin layer without microstructure is denoted by Q., i.e.

Qe = w x (0, he). (2.6)

Let us now give a better description of the microstructure of the thin layer. We denote Y =
(—1/2,1/2)? the unitary cube in R? as the reference cell and T an open connected subset of Y with
a smooth boundary 0T such that T C Y. We denote Yy =Y\ T. Thus, for k € Z?, each cell
Y. = €k + €Y is similar to the unit cell Y rescaled to size € and T}, . = ¢k + T is similar to T'
rescaled to size e. We denote Yy, . = Vi \ Tk (see Figure 2).

We denote by T(Tkﬁ) the set of all translated images of T ., i.e. the set 7(Tj.) represents the
obstacles in R2.
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The thin porous media (). is defined by (see Figure 1)

Qs = Qs \ U Tk,aa (27)

keK.

where K, = {k: €EZ3 Y NQ: # (Z)}. By construction, ). is a periodically perforated channel
with obstacles of the same size as the period. We make the assumption that the obstacles 7(T' )
do no intersect the boundary 9Q).. We denote by T the set of all the obstacles contained in €.
Then, T, is a finite union of obstacles, i.e.

T.= | T
kek.

As usual when we deal with thin domains, we will use the dilatation in the variable x5 given by

Z2

zn=x1, 2m=-—, Vre,. (2.8)
he

Then, we define the rescaled porous media Q. by (see Figure 3)
Q. = {z=(21,22) € R?* : (21,he20) € U }. (2.9)
We also introduce the rescaled sets ?k@ by (see Figure 3)

)7],3,5 = {Z S R? : (Zl,EZQ) € Yk,a} ,

and, in the same way, we define the rescaled fluid part ?f,mg, the rescaled solid part f;m of )7;6,5 and
the union of rescaled obstacles T.. Finally, we denote by €2 the domain with fixed height without
microstructure, i.e.

Q=wx(0,1).

To describe the thin layer I., we consider the positive and small parameter 7. satisfying (2.5). We
define I, as follows

I. = {x = (z1,22) €R? : z1 €w, go(1) < x2 < 0}, (2.10)

where the function g. is given by

1

Figure 2: View of the reference cell Y (left) and the rescaled cell Y}, . (right).
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We define the lower boundary by
FZ = {:B = (z1,22) € R? : 21 €w, 29 = gg(ml)}.

Moreover, the following assumptions concerning the function g are made:

geCw), 0<a<g(xi)<b, Vr;ew (witha,b>0). (2.11)
As before, to rescale I, in a set with fixed thickness, we will use the dilatation in the variable zo
given by
T2
z1=x1, 2z29=—, Vzel. (2.12)
Ne

Then, we define the rescaled domain L by
I = {z=(21,22) € R? : 21 €w, —g(z1) <z < 0}, (2.13)
and the rescaled lower boundary by

Iy = {z =(21,2) €ER? : z1 €w, 29 = —g(zl)}.

. 1

—g(z1)

Figure 3: View of the rescaled domain D..
Finally, we define the domain with microstructure by
Ae=Q:UX UL,
the rescaled domain with microstructure (see Figure 3) by
D.=Q.UXUT,
and the whole rescaled domain without microsturcture by

D=QUXUIL.
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2.2 Some notation

Let us consider a vectorial function ¢ = (1, ¢2) and a scalar function 1. We have denoted by I : R? —
ngm the symmetric part of the velocity gradient, that is

Dz, 1 %(8961 P2 + Oz, 1) >

1 T\ _
D] = 2(D90+(D<p) ) = ( (G002 + Ony1) Busion

and also, we have used the following operators

Ap =02 0+02 0, div(p) =0u,01+ Ouyip2, V= (0,0, 00,0)".

For a vectorial function ¢ = (@1, p2) and a scalar function 1; obtained respectively from ¢ and ¢ by using
the rescaling (2.8) in the set 2., we will denote

1 - - 8Z1 951 %82’1 @2 0 %822 951
az[ﬂ:(az@+(az90)T):< _ , az[(ﬂ: _ _ ,
1 2 1 1 %821 P2 0 ’ %8@ ¥1 aZQSOZ
and then,
a21 QZl %(821 952 + ha_laz2 @1)
D [@] = 82, (@] + ho 10.,[7] = ( N N B : (2.14)
' C T %(821 P2 + h;1822 $1) h;18~752 P2

Also, we define the operators Ay_, Dy,_, V. and divy_ as follows

(Dn.?)in = 00,5i,  (Dn.@)io =hZ10.,@; fori=1,2,
Ahe@ = agl& + hs_28§2 35’ divhs (&) = 621 &1 + h5_1822 (527

Vi th = (919, hZ10.,9)".

Similarly, we define the operators b,,_, A,_, D,,_, V,_ and div,, by using rescaling (2.12) in the set I..
The definitions are analogous to the operators Dy_, Ap_, Dp_, V), and divy_, just replacing h. by n..

Let C22.(Y) be the space of infinitely differentiable functions in R? that are Y-periodic. By L7 (Y)

per
(resp. Wpar(Y)) we denote its completion in the norm L™(Y) (resp. W1 (Y)). We denote by Ly the
space of functions of L™ with null integral and by Lg:per(Y) the space of functions in Lger(Y) with zero
mean value.

We denote by : the full contraction of two matrices, i.e. for A = (ai;)1<i j<3 and B = (aij)1<i j<2, We

have A: B = Z?j:l a;jbi;. The canonical basis in R? is denoted by {e1,e2}.

Finally, we denote by O; a generic real sequence, which tends to zero with € and can change from line
to line, and by C a generic positive constant which also can change from line to line.

2.3 Statement of the problem

Let us consider a sequence (ug,ps) € I/Vol’T(DE)2 X LGI(DE), 1 < r < +00, which satisfies
—vdiv (|D[u.]|"?Du.]) + Vp. = f in Dx,

div(us) =0 in De, (2.15)



Marfa Anguiano and Francisco J. Suarez-Grau

and the boundary condition
ue =0 on 0T: UOA,, (2.16)

where v > 0 is the consistency, and r’ = r/(r — 1) is the conjugate exponent of r. We assume
f=(fiz1),0) with fi €L (w). (2.17)

Our aim is to describe the asymptotic behavior of the velocity u. and the pressure p. of the fluid as € tends
to zero and identify an homogenized model coupling the effects of the thickness and the microgeometry
of the domain. To do this, we will use the equivalent weak variational formulation of (2.15)—(2.16), which
is the following one: find u. € I/Vol’r(DE)2 and p. € L} (D.) such that

y/ |D[ue]|" 2 D[ue] : D[] dz — / pe div(p) dz = fredx, Vee Wol’r(DE)2,
be : be (2.18)

/ div(ue)pde =0 Vi € L7 (D.).
It is well known (see for instance the classical theory [41]) that, for every € > 0, problem (2.15)—(2.16)
has a unique weak solution (uc,p:) € VVOI’T(DE)2 X Lgl(Dg).

In order to find the limit problem when € tends to zero, it is necessary to obtain a priori estimates in
fixed domains (with respect to €), so we introduce the rescaling given by (2.8) for the thin porous media
and (2.12) for the thin film, that is

21 = T1, 222% if (21, 22) € €2,
x; (2.19)
21 =1, 7= — if (1‘1,1‘2) el..
Ne
Using this rescaling, we can define u. € VVO1 "(D.)? and p. € LBI(EE) by
{ 'lje(z) = Us(zh hsz2)a ]Ee(z) = pa(zh hsz2) if z € Evzsa (2‘20)
Ue(2) = ue(21,Mez2), Pe(2) = pe(21,me22) ifz € In,

s0 the rescaled weak variational formulation is the following: find 7. € W (D)2, p. € Lj (D.) such that

l//f:i hE‘ID)he [ae] ’r_QDhs [QA’ZE] : ]D)he [ﬂ dz =+ Vﬁ, n€|D7le [:[’Zs] ’r_QDWE [{ZE] : ID)'WE [SB] dz
€ Il

—/~ hepe divy,_ () dz—/w NeDe divy,. (p) dz
5 ]1

o (2.21)
:/~ haf-@der/nsf-fﬁdz, Vg e Wi (B.),
£ Il

/~ hedivy, () ) dz + /~ nediv,, (i) ¥ dz = 0, Vi e L7 (D,).
Qe I

Moreover, to study the behavior of the velocity in the two media, we introduce the following notation for
velocity:
Ue = Ve + Uk,

where
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— v, denotes the velocity in the thin porous medium, extended by zero to the thin domain I, i.e.

{ us(z) if x €,

ve(x) = (2.22)

0 ifxel..

We denote by v, the dilated velocity in . obtained from v, by using the change of variables (2.8).
The variational formulation in €2, for v, is the following one

v [ IDn D) D (flds [ Fediv @)dz= [ f-Fds ¥EeWoT@LP,
2 : e (2.23)

/~ divy, (0:)¥dz =0, Vi e L (Q.).

— U denotes the velocity in the thin film I, extended by zero to the thin porous medium ()., i.e.

{ 0 if x € Q.

U (z) = (2.24)

ue(x) ifxel,.

We denote by U. the dilated velocity in I, obtained from U. by using the change of variables (2.12).
The variational formulation in I for U, is given by

v / Dy [Ue])|" 2Dy, (U] = Dy, [P) d — / Pedivy (@) dz= | f-@dz, Y§e W, (I)?
h h h (2.25)

/~ div,, (U)Ydz =0 V¢ e L' ().
I

3 A priori estimates

3.1 Some technical estimates

Let us begin with the Poincaré and Korn inequalities in the thin porous medium (2.

Lemma 3.1 (Poincare and Korn inequalities). For every ¢ € Wol’r(Qg)Q, with 1 < r < 400, there exists
a positive constant C, independent of €, such that,

el r o)z < Cell Dol pra.)2x2, (3.26)
Dol L. y2xe < ClIDR] pr .y - (3.27)

Proof. We observe that €. can be divided in small cubes of lateral and vertical length €. We consider
the periodic cell Y; and have a Friedrichs inequality

lp|"dz < C | |Dy|"dz, (3.28)
Yy Yy
for every ¢(z) € W (Y5)? such that ¢ = 0 on 8T, where the constant C' depends only on Y. Then, for
every k € Z2, by the change of variable

dx

ktz=2, dz=5, 8, =c¢d, (3.29)
g 3
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we rescale (3.28) from Y} to Yy, .. This yields that, for every function ¢(z) € W' (Y%, -)?, one has

/ lo|" dx < C’er/ |Do|" dx
Yy Yy

ko€ k€
with the same constant C' as in (3.28). Summing previous inequality for every k € K., we get (3.26).

Finally, Korn’s inequality (3.27) follows from the classical Korn inequality, see [22].

Next, we give an useful estimate in the thin film I..

Lemma 3.2. For every function ¢ € Wol’r(Ds)Q, with 1 < r < 00, there exists a constant C' > 0
independent of €, such that,

1 1
lellLr(ry2 < Cné (ne + )2 ID[@]||Lr(p.y2x2- (3.30)
Proof. Because the thickness of I. (see for instance [35]), we have

lellzr (2 < Cnell Dol r1.)2x2- (3.31)
Next, if we choose a point ¢ € T, which is close to the point x € I, then, we have
lp(x) —(t)] = [De()(x — t)| < (e +n:)| Dl
Since ¢(t) = 0 because t € T, we have
el zr (12 < Cle +n) |1 Dl pr1)2x2-
Multiplying the above inequality with inequality (3.31), we get

ellr(ry2 < Cn (e + 1) 2 |1 Dol Lr (1252 < O (€ + )2 (| D] Lr ()22, (3.32)

and from the classical Korn inequality in I., we obtain the estimate (3.30). O

3.2 Estimates for velocity
We derive the estimates for velocity in the whole domain D, for u., and also, in the sets €. and I, for v,
and U, respectively.

Lemma 3.3. There exists a constant C > 0 independent of €, such that if us € W&’T(D5)2, with 1 <r <
+o00, is the solution of problem (2.15)-(2.16), it holds

1

2r—1 r—1 r—1
oo <€ (0T et e ) (3.33)
142021 a1 L, 1 1
el (12 < Cme ™Y +emTnhl +n2ez TR, (3.34)
1
2r—1 r—1 r—1
IDfue] 2 (o éC(ne’“ S ) , (3.35)
1
2r—1 r—1 T—1
1Dl oy SC(%’“ Chl ) . (3.36)

10



Marfa Anguiano and Francisco J. Suarez-Grau

Proof. Using u,. as test function in (2.18), we have
VHD[Ug] HET(DE)ZXQ = / f *Uge dx. (337)
D,

Using the Holder inequality and the assumption of f given in (2.17), we obtain that there exists a constant
C > 0 such that

1 1
[ udsso (na el s + hE ||uaume)z) ,

and by inequalities (3.26), (3 27) and (

1

3.30
1
fuds <c( 02 (et )t +hie )\\D[uauy

), we have
1
r!

De
L 1
/

=

1
v 252+hg’5> D[] [l 1 (.22

Therefore, from equation (3.37), we get

1

1 L/ r—1
€2+ hie .

Since ¢ < 1., then ni' 23 < nj'ﬂ and so, the term nf £3 can be dropped. Then, taking into
account that 1/r" +1 = (2r — 1)/r and 1/r' = (r — 1)/r, we get estimate (3.35). From the classical
Korn inequality, we have inequality (3.36). Applying inequality (3.26) together with inequality (3.36),
we obtain inequality (3.33).

o+
ID{ue] | r(p,y2nz < C (n;

N|=

1 L+
+ né

1

R

+

[NIE

Finally, applying inequalities (3.30) and (3.35), we get

1 2r—1
[ZA C(n5+ng5;)< D pEerh )

I 1251 L1, 1 1
= (C Ne rir= _|_€r Ine hr+772 = )55 _|_7]€252 rflhg .
1 2r—1 2r—1 1 2r—1

Since £ < 1., then n2n."" e < 77 "= and so, the term n2n." D3 can be dropped, and inequality
(3.34) holds. O

As consequence, by using the change of variables (2.8) in the thin porous medium €. and (2.12) in
the thin film I, we derive the estimates for the rescaled velocities.

Corollary 3.4. There exists a constant C' > 0 independent of €, such that we have the following estimates
depending on the media:

— In the porous media ﬁg, we have

2r—1 - r—1
HUsHLr Q.)2 <C ( ToEeT 1h o +€ ) , (3.38)
1
- 2r—1 _r—1 r—1
[ Ds, [Ue]HLr(ﬁg)zxz <C (776 " he T+ 5) , (3.39)
1
. 2r—1 _r—1 r—1
HDhEUEHLr(ﬁe)sz <C <"75 " he T+ 5) . (3.40)

11
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— In the the free media fl, we have

~ _r_ 1 1 r—1 r4+1 1 r—2
el 1 7y < € <n£‘1 +erThin. +eX-DhIn” > : (3.41)
~ r—1 _r=1 r—1
I Gl s < € (et T e ™) (3.42)
~ r—1 _r—1 r—1
HDngZ/{EHLr(E)QXQ S C (775 + hgr Eng T ) . (343)

Proof. Estimates for dilated velocity (3.38)—(3.40) in . are obtained directly from (3.33), (3.35) and
(3.36) by applying the change of variables (2.8), just taking into account that

1 1 N
||U€||U(QE)2 =hs ||U€||Lr(()5)2, ”DUEHLT(QE)?X? =hs ||Dhevs||y(§€)2x27
1 ~
Hl)'UeHLT(Qe)QX2 = h¢ HDhEUEHLr(ﬁs)2X2'

Similarly, estimates for dilated velocity (3.41)—(3.43) in I; are obtained directly from (3.34), (3.35) and
(3.36) by applying the change of variables (2.12), just taking into account that

1 1
HZ/{EHLT(IE)2 =N Hus”Lr(fl)za H]D)[Zfls]HLT(IE)2X2 =N HDHE [UE]HLT(TI)M%

1 ~
||DUEHLT(IS)2X2 = 775T HDﬁeUSHLr(fI)QXQ'

3.3 Estimates for pressure in the porous part

Next, we derive a priori estimates for the pressure in the porous part. To do this, we need to extend the
pressure to the whole thin film Q. (which also depends on €). To do this, we generalize a result from
[15, Lemma 3.3] (see also [38, Lemma 5.3]) by introducing a restriction operator RE from I/VO1 "(Qe)? into
W&’T(Qe)z, 1 <r < +o00. We remark that in the case r = 2, this restriction operator R5 agrees with the
one defined in [15, Lemma 3.3] and in [38, Lemma 5.3].

Lemma 3.5. There exists a (restriction) operator RS acting from T/Vol’T(Qé-)2 wmnto I/Vol’r(Qg)2 such that
1. Rép =, if p € Wy ()2
2. div(Rip) =0 in Q, if div(e) =0 on Q..
3. For every ¢ € Wol’r(QE)‘g, there exists a positive constant C, independent of ¢ and €, such that

RS el 0.2 + ElDREP L@ )2x2 < C ([0llirquyz + el Dol quyz2) - (3.44)

12
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Proof. Let us consider the linear map R, constructed in [20, Lemma 1.1] from W, (Y)? — W, (Y)?,

1 < r < 400, such that
[Rrellwrryyz < Cllellwrr e, (3.45)

and R, coincides with ¢ if ¢ is zero on T (i.e. if ¢ € WO’ (Y7)?) and div(p) = 0 implies div(R,¢) = 0.
Then, R; is defined by applying R, to each Y} .. Consequently, the two first items are satisfied.

Finally, we will prove the third item. From (3.45), by the change of variables (3.29), as in Lemma
3.1, we have

/ ]Rgp]’"da:—i—e/ \DRgp|’"dx<C’/ \gp]rda:+er/ Dol dz | -
Yy Y, Yi,e Yi,e

ko€ i€
and so, summing previous inequality for every k € K., we deduce (3.44). O

Lemma 3.6. Setting ﬁi@ = R5p for any ¢ € W&’T(Q)Q, 1 <r < 400, where ¢ is obtained from ¢ by
using the change of variables (2.8), and R: is defined in Lemma 3.5, we have the following estimates:

IR5l e < OBl 108 BB g pexe < & Bl e (3.46)

Proof. Applying the change of variables (2.8) to estimates (3.44) and taking into account that ¢ < h,,
we get _ B
RN 1 @5.y2 + €l DR RGN o y2x2 < C (182 + €l Dn. @l o (@y2x2)
< C (D@l pr@y2x2 + eh HID@| - (y2x2)
< Ol o

which implies estimates (3.46). O

Denoting by p! the restriction to Q. of the overall pressure p., with the additive constant being
determined by an pldx = 0, we give the existence of an extended pressure to Q. by duality arguments.

Lemma 3.7. There exists an extension Pl € LSI(QE) of the pressure pl. Moreover, defining the dilated
and extended pressure P} € L6/ () obtained from P} by using the change of variables (2.8), then there
exists a positive constant C' independent of €, such that

r—1 2r—1

_— = ~ _r=1 2r—1
| P Ity < C <h e et 4 1) s VPl -1 (e < C <h5 e T et 4 1) . (347)

Proof. We divide the proof in two steps.

Step 1. Extension of p} to Q.. Using the restriction operator RS given in Lemma 3.5, we introduce
F. in W=1""(Q.)? in the following way

(F., go}W_LT/(QE)Q’W&,T(Qs)Q = <Vp5,Rigo)w_l,ﬂ(QE)Q’W&,T(QE)Q , forany ¢ € W&»T(Qa)z’ (3.48)

and calcule the right hand side of (3.48) by using in (2.18), which gives

(Feohr i == [ DLl Dl sDIREGldo+ | 1-(Reg)da.  (349)

€

13
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Using Corollary 3.4 for fixed e, we see that it is a bounded functional on VVO1 "(Q:) (see Step 2 of the
proof), and in fact F. € W*”/(QE):S. Moreover, div(p) = 0 implies (F.,p) = 0, and the DeRham
theorem gives the existence of P} € Lj (Q.) with F. = VP

Step 2. Estimates for dilated and extended pressure. Consider P! obtained from P! by using the

&€

change of variables (2.8). By using the Necas inequality (see for instance [22]) for P} € L (), then
1B vy < CIV- Py e < OV Pl -1 e

and thus, to prove (3.47), it is enough to prove the second estimate in (3.47) for Vj_ ﬁgl

Let us prove it. For any ¢ € I/VO1 " (£2)2, using the change of variables (2.8), we have

_ 1 1- ~
<vh5 <’ “">w—w<m2,wg*<m2 B /Qpa dive, () dz
— _hgl/ Pldiv(p)de =h" (VP! o), L (Qu) W (@)

€

Then, using the identification (3.49) of F., we get

51~ a1 r—2 _
(T0PL2) s =17 ([ POl :DRE Lt + [ 7 (RE)ar)

and applying the change of variables (2.8), we get

Pl = Dy, [0.]]" 2Dy, [0:] : Dy, [RE / (REP) dz.
<Vh5 a’¢>w—1,r’(g)2,wgw(g)2 V/()e’ he [Vl "D, [Ve] : Dy, [R79] dz + §stf (RE@)dz.  (3.50)

Let us now estimate the right-hand side of (3.50). From the Holder inequality and using estimates for v,
n (3.38)—(3.40), assumption of f given in (2.17) and estimates of the dilated restricted operator (3.46),
we obtain

IN

ClDp o[l

’/ﬁ |Dh5 [55]|T_2Dh6 [55] : ]D)hs [ﬁiﬂ dz L’“(Q )2><2H SDHL?” Q )2x2

IN

-1 o2r-1
o(hs Sl +s) 1D REB 6,000

IN

_r=1 2r—1 .
C (hs e T 5_1 + 1) H(pHWaL,T(Q)27

L f(REp)dz
Qe

< CHﬁi(ﬁ”Lr(ﬁE)Q < CH@HW&,T(Q)Q

which together with (3.50) gives

~ r—1 2r—1
= T >

This implies the second estimate given in (3.47), which concludes the proof. O

14
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3.4 Estimates for pressure in the free part

Now, we obtain estimates of the pressure in the thin film. We denote by 1562 the restriction to I; of the
overall pressure pg, i.e. B

P2(2)=p.(z) —& ifzel, (3.51)
with the additive constant ¢, determined by

Ce

1 ~
= = [|_ De dz. (352)
‘Il| I

Lemma 3.8. There exists a positive constant C' independent of €, such that

2r—1 _

~ r—1 _2r—1 ~ r—1 2r—1
1P2)| o 7,y < C (1 +he” en. T > IV P2y 1,00 y2 < € <1+h5r ene ) (3.53)

Proof. Let us first remark that, by using the Netas inequality (see for instance [22]) for P2 € Lj (I),
then

|22 ) S CIVPE gy < OV PE s gy

e (i

and thus, to prove (3.53), it is enough to prove the second estimate in (3.53) for V,_P2.

Let us prove it. For any ¢ € I/VO1 "(I,)2, using the change of variables (2.12), we have

(VP25 =~ [ 1Dy I D ) Dol d + [ f-Gds (@5)
1

>W—M’(Q)2 Wy (

Let us now estimate the rlght—hand side of this equality:

— From the Hélder inequality and using estimates for U in (3.41)—(3.43), we get

_,// |]D)775 |7’ 2]])) [Z:{V]dz < C”Dna[ ]|2T(11 )2><2H nESBHLT(’fl)zxz

IN

—1 rfl
C (775 + ha > HDng‘PHLr(Il)Mz

IN

=1 _2r-1)
o (mu w7 ) 1Bl e
where, in the last inequality, we have used
HDne@IILr@)m < CU;IHSZHWOM(TI)% (3.55)
— Applying the change of variables (2.12) to inequality (3.32), we get

~ 3 1 ~
”SDHLr(’fl)2 < Oné (e +1e)2 ”DneS"HLT('fI)zx%

and from the Holder inequality and using this inequality, assumption of f given in (2.17) and (3.55),
we have

~ ~ 1 1 ~
- f : (pdz CH(pHLr(fl)z < 07752 (775 + 5)2 HDUAOHLT([:)?X?

I

IN

_1 11\, ~
< Ot P gy < € (14086 ) DBl

15
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Previous estimates together with (3.54) gives

]<vn515£, ?)

r—1 _2r—1 _1 1 ~
<C <1+her ene " 4 252) 1Pl r zyye-

W_I’TI(E)27W01’T(71)2

_1
Since 7. > ¢, then the term 7, 2c3 < 1 and it can be dropped. This implies the second estimate given
in (3.53), which concludes the proof. O

Remark 3.9. In view of estimates of the velocity and the pressure given in the previous section, there is
a critical case when

2r—1 r h
he mnSte ™1 with lim—5———=2X 0<\<+o00, (3.56)

e—0 — —
7757‘ 1 c —1

where the pressure has the same order of magnitude in the porous medium and in the free film. From
now on, we focus our study in this case, which is the most interesting one.

4 Critical case: problem in the thin porous medium

In this section, we study the asymptotic behavior of the fluid in the thin porous part assuming the critical
regime (3.56). Under this assumption, the estimates given in Corollary 3.4 and Lemma 3.7 read as follow

~ _r_ ~ 1 ~ 1
HUEHLT(SAEEP < Cgr—17 HDhs [UE]HLT(ﬁs)%Q < Cer-1 H‘DhavEHLr(ﬁE)ZxQ < Cgr—l) (4 57)
1P iy < €0 190 P 1o < C-

To describe the behavior of the solution in the microstructure associated to ﬁs, we introduce an adaptation
of the unfolding method (for classical versions see [23, 24]), which is related with the change of variables
applied in [15] (see also [38]) to study the porous part in the Newtonian case of modeling of a thin film
passing a thin porous media.

4.1 Adaptation of the unfolding method

This version of the unfolding method consists of dividing the domain ﬁe into squares of horizontal length
¢ and vertical length €/h.. In order to apply the version of the unfolding method, we need the following
notation: for k € Z?2, we define k : R? — Z2 by

k(z)=k<=xz €Y. (4.58)

Remark that « is well defined up to a set of zero measure in R?, which is given by Uycz20Y% 1. Moreover,
for every €, he > 0, we have
z1 hEZQ

a:' ~
K (—) =k <= x €Y}, whichisequivalent to & < , ) =k z2€Y,.
€ e’ €
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Definition 4.1. Let ¢ be in LS( /5)2 1< s<+o00, and ¥ be in L¥ (), 1/s+1/s' = 1. We define the
functions . € L*(R? x Y})? and 1. € L¥ (R? x Y) by

pulen) = (o (2.2
3oz p) =1Z( (

assuming o (resp. {bv) is extended by zero outside Q. (resp. 1), where the function k is defined by (4.58).

h
=2 ) e1 +5y1, (Z;, 5522) es + ;yg) , ae (z,y) € RZx Yy, (4.59)
€

he
) el +€y1, (’Z;, 57:2) es + h€y2> , ae (z,y) ER? XY, (4.60)
€

Remark 4.2. The restrictions of o to ?k@ x Yy (resp. 125 to 17/675 x Y ) does not depend on z, while as
a function of y it is obtained from ¢ (resp. from 1) by using the change of variables

—ek hezo — €k
y1=Zl 55 17 Yo = 5225 € 27 (4.61)

which transforms Yffkﬁ into Yy (resp. ffkﬁ intoY).

Next, we give some properties of the unfolded functions.

Proposition 4.3. Let  be in W'*(€.)%, 1 < s < +o00, and ¢ be in L¥ (), 1/s+1/s' = 1. Then, we
have

o~ ~ ~ 9 ~
H90€HLS(R2><Yf H‘PHLS (§:)2° H8y1908||LS(R2><Yf)2 = €||8Z1§0HL5(§E)27 ”631290€HLS(]R2><YJ:)2 = h7||82290HLs(§5)27
€

HiZgHLr/(szy) = H{/;HL"(Q)

Proof. We will only make the proof for .. The procedure for QZE is similar, so we omit it. Taking into
account the definition (4.59) of ., we obtain

/ O Gele, )P dedy = Y / / 00,5 (,9)|* dyd
RQXYf Y Yf

keZ?

- Z/ / ‘8111%5(5]45/+5y175h5_1k32+5h€_1y2)‘sdydz.
gez2 ) Yee /Y5

We observe that ¢ does not depend on z, then we can deduce
/ |0y, Pe (2, y)|* dzdy = Z / |0y, &(cky + ey1, ehs Yy +eh1yp) ‘ dy.
R2><Yf k 72
By the change of variables (4.61), we obtain

/ |0y, Pe(2,y)[° dzdy = &° Z/
R2X f

y190 |dz-€/ ‘a:m‘P )’ dz.
kez2 ’ Yip.e

Thus, we get the property for dy, @..
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Similarly, we have
/ |0y, @ (2, y)I° dzdy = — Z/ |0y, 8 (ek1 + eyr,eh kg + eh'ya)| dy.
R2xYy © kez?

By the change of variables (4.61) we obtain

/ 0Bz dedy =
RZXYf

65
> | wperde= 1 [ oz

hg kez? ’ Yipe

so the the property for 0,,@. is proved. Finally, reasoning analogously we deduce

/ 12z y)|° dedy = / 13(2))° d,
R2><Yf Q

€

and the property for @, holds. O

Lemma 4.4. We assume that the parameters €,m. and he satisfy (2.5) and (3.56). We define the unfolded
velocity V. from the dilated velocity v- by means of (4.59) and the unfolded pressure ﬁé.l from the dilated
and extended pressure P! by means of (4.60). Then, there exists a constant C > 0 independent of ¢, such
that v and Pl satisfy

3
‘H)\EHLT(RQny)Q < C€m7 ||Dyi)\5HLr(R2XYf)2><2 < Cgm, (4.62)
HPElHLT'(RQXY) <C. (4.63)

Proof. Estimates (4.62) and (4.63) easily follow from Proposition 4.3, with s = r and s’ = 7/, and
estimates of velocity in €. and estimate of the pressure in 2 given in (4.57). O

4.2 Convergences of velocity and pressure

From now on, we denote by 175 the extension by zero of v to the whole domain ) (the velocity is zero
in the obstacles). Then, estimates given in (4.57) remain valid for the extension V;, which is divergence
free too. Here, we obtain some compactness results concerning the behavior of the sequence (Vg, Pl) and
(U@ Psl)'

Lemma 4.5. For a subsequence of € still denoted by €, there exist:

— v e Wb (0,1; L"(w)?), with vo =0 and vy = 0 on {z2 = 1}, such that

eIV, = v in WIT(0,1; L7 (w)?), (4.64)

9., (/01 v () dZ2> =0 inw, </01 v () d22> n=0 ondw. (4.65)
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- v € L"(R?% Wgég(Yf)Q), with Uy independent of 2o and v =0 in Q@ x T and in (R*\ Q) x Y}, such

that
e 710, = 0 in L'(RLE W (YF)2), & m1D,0. — D,v in L"(R2 x Y;)2X2, (4.66)
div, 0(z,y) =0 in R?* x Y;. (4.67)

1
0z, (/ / @1(z,y)dydzz>:0 inw, (4.68)
o Jv;
1
//ﬁl(z,y)dydzg n=0 on dw.
o Jvy

Moreover, the following relation between v and U holds

v(z) :/ U(z,y)dy a.e. inQ  with / va(z,y)dy = 0. (4.69)
Yy Yy

Proof. We divide the proof in two parts:

— We start with the extended velocity V.. From the first and second estimate in (4.57), we get the
existence of v € W7 (0, 1; L™ (w)?) such that, up to a subsequence, it holds

eIV = v in W0, 1; L7 (w)?). (4.70)

This implies _
e 10, Ve1 — 0,01 in WI’T(O, L,w—br (w)2). (4.71)

Since divy, (176) =0 in ©, multiplying by hé-es_ﬁ we obtain
hee 710, Veq +e 710,Veo =0 in €, (4.72)

which, combined with (4.71), implies that 5_ﬁ(‘)221~/5,2 is bounded in W7 (0,1; W~1""(w)?) and
tends to zero. Also from (4.70), we have that 5_ﬁ822‘~/572 tends to 0,,v2 in L"(Q2). From the
uniqueness of the limit, we have that 0,,v2 = 0, which implies that vs is independent of z5. Moreover,
the continuity of the trace applications from the space of functions ¢ such that ||@||z- and ||0,, || L
to L"(w x {1}) implies v = 0 on 2z = {1}. From this boundary condition and since vy does not
depend on z3, we deduce vy = 0. This completes the proof of (4.64).

Next, by considering ¢ € D(Q) independent of zp as test function in the divergence condition
divy_ Ve =0 in Q, we get

/ (@JZ; o+ h;1822‘7g72¢5> dz =0,
Q
which, after integration by parts and multiplication by 57%1, gives

/ e Vo1 0., 3dz = 0.
Q

Passing to the limit by using convergence (4.64), we deduce

/ v1 05, 0dz =0,
Q

and, since ¢ does not depend on zo, we obtain the following divergence condition (4.65).
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— Now we focus on the velocity v.. From estimates of v, given in (4.62) we have the existence of
v € L"(R? W}}éﬁ(Yf)Z) satisfying, up to a subsequence, convergences (4.66). Taking into account
that U, vanishes on R? x T, we deduce that v also vanishes on R? x T. Moreover, by construction
0. is zero outside €. and so, ¥ vanishes on (R2 \ ) x Yy,

Since divy_(ve) = 0 in Q., by applying the change of variables (4.61) we get
e divy(0.) =0 in R? x Y.

Multiplying by e~ 7T and passing to the limit by using convergence (4.66), we deduce div,(v) =0
in R? x Yy, i.e. property (4.67).

It remains to prove that v is periodic in y. This follows by passing to the limit in the equality

. 1 . 1
€ r—lug <Z+Eel)_27y2> = rlig (272)3/2) )

which is a consequence of definition (4.59). Passing to the limit, this shows

~ 1 - 1
vz, —= =v|z=
) 27y2 727y2 )

and then is proved the periodicity of © with respect to y;. To prove the periodicity with respect to

12, we consider
. € 1 . 1
€ rlug Z‘i’h:eQayl?_i =¢e rlug z7y17§ )

and passing to the limit we have
~ 1 . 1
vz —— | =7z -
) yl? 2 b y17 2 )

which shows the periodicity with respect to yo.

Finally, relation (4.69) follows from Proposition 4.3 with s = 1, which gives

[ore= [ | e = i ( /Y, ) dy) "

From relation (4.69) and since vy = 0, it holds that fo vady = 0. Also, relation (4.69) together
with (4.65) gives divergence condition (4.68).

O]

Lemma 4.6. For a subsequence of € still denoted by e, there exists p* € L6/ (w) independent of za, such
that B
Pl = pt i L7(Q), (4.73)

Pl opt in I(R®xY). (4.74)
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Proof. Taking into account the first estimate of the pressure in (4.57), we deduce that there exist p' €
LT/(Q) such that, up to a subsequence,

Pl —~p' in L"(Q). (4.75)

From convergence (4.75) we deduce that 8., P! also converges to 0.,p' in W-1"(Q). Also, from the
second estimate of the pressure in (4.57), we can deduce that d,, P} converges to zero in W‘i”'/(Q). By
the uniqueness of the limit, then we obtain 9,,p! = 0 and so p' is independent of z3. Since P} has null
mean value in €, then p! has null mean value in w.

Next, following [20] adapted to the case of a thin layer, we prove that the convergence of the pressure
is in fact strong. Let w,, w be in WOI’T(Q)2 such that

e —w in Wy"(Q)2% (4.76)
Then, as p' only depends on z;, we have

‘<vzﬁgl7@€

1 ~
D@z w2 ~ VP Wi @2 w2

+ ’<Vz(15€1 - 101)7@W—W(Q)‘%W&"’(Q)2 '

< [(V-PL @ = @yor e w2 o

On the one hand, using convergence (4.75), we have

P! —p') div,wdz
| (7 =)

On the other hand, from (3.50) and proceeding similarly to the proof of Lemma 3.7, we have

—0, ase—0.

’<V2(ﬁal - pl)’ w>W*”'(9)2»Wol’T(Q)2

’<vz15817 We — w>W71,7»’(Q)2’W01,T(Q)2 < ’<vh5§517 We — w>W71,7-’(Q)27W01vT(Q)2
< C(|we = @l (o2 + el Dh (@e — @) | Lr()2x2)
< C (||@E — QE||L7~(Q)2 + €h€_1”DZ(ﬁ)/5 — w)"Lr(Q)QXQ) .

The right-hand side of the previous inequality tends to zero as e — 0, by virtue of relation (2.5), (4.76)
and the Rellich theorem. This implies that Vzé_} — V.p' = (9,,p",0)! strongly in W5 (Q)3, which
together the classical Necas inequality implies the strong convergence of the pressure ﬁal given in (4.73).
Finally, the strong convergence of ]351 given in (4.74) follows from [24, Proposition 1.9-(ii)] and the strong
convergence of P} given in (4.73). O

4.3 Average velocity in the porous medium

We deduce an expression for the average limit velocity in the thin porous medium.

Theorem 4.7. Consider the pair of limit functions (,p') given in Lemmas 4.5 and 4.6. Defining the

average velocity by
1
Violer) = [ [ 9(e.v) dudan
0 Jy;

d
Vav(z1) = % fi(z1) — d—lel(zl)

we have

" (fl(zl) - izol(zl)) Va2 =0, inw (4.77)
dZ1 9 av,z — 9 9 .
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where p € R is the permeability defined by
p=[ a)-erdy, (4.78)
Yy

where (@, ) € Wpar(Y)? x L

0,per(Y), 1 <r < 400, is the unique solution of the auziliary problem

[ —div, (|Dy[@]|" %Dy [@]) + Vyg=e1 in Yy,
div,@ =0 in Yy,

w=0 onT,

1
0z, //132, dydzs | =0 inw,
(0 Yy (=) dy 2) (4.79)
1
//ﬁ)\(z,y)dydzg n=0 on dw,
0o Jy;

Yy

Remark 4.8. As is pointed in [20, Remark 8], we observe that we have derived a Darcy law (4.77)
identical the usual filtration law used in standard engineering treatment (see for instance Wu et al [42,
p. 140]). This would not occur in the case where D, is a 3D domain, which would lead to a nonlinear
2D Darcy law different from the usual filtration law. In this sense, we point out that the version of the
unfolding method and the restriction operator introduced in this paper are a powerfull tool that could be
used to study the asymptotic behavior of different type of (two dimensional or three dimensional) fluids
i a thin porous medium defined by €)..

Proof of Theorem 4.7. We divide the proof in three steps.

Step 1. Variational formulation for (v., P!). Let us first write the variational formulation satisfied
by the functions (e, ﬁgl) in order to pass to the limit. According to Lemma 4.5, we consider @.(z) =
(#1(21, 22, 21/¢, heza [€), Pa(21, 21/€, hez2/€)), as test function in (2.23) where §(z,y) = ($1(2,v), P2(21,9))
€ D(Q;C2.(Y)?) with $(2,9) =0in Q x T and (R?\ Q) x YV (thus, p.(2) € W&’T(Qs)z). Then, we have

per

v 5 Sr(]D)hg [55]) : ]D)he 855 dz + <vhgﬁe> ¢5>W—1,T‘/(55)27W0:1¢7'(§E)2 = /ﬁ fl (Szz-:)l dZ, (4-80)

where, for simplicity, we have denoted by S, : R2X2 — R2X2 the r-Laplace operator, i.e. S, is defined by

Sym Sym
Sp(&) =1€I7%, VEeRL:, 1<r<+oo. (4.81)

Taking into account the extension of the pressure, we get

<Vh5ﬁsv 66>W71’T/(§E)21W017r(§5)2 = (thﬁgl7 ¢5>W71,T’(Q)27W017T(Q)2 = - /Q ﬁgl dthE (@6) dz,

and then, the variational formulation (4.80) reads
v /f2 S, (Dp.[02]) : Dy, Ge dz — / Pl divy,_ (pe)dz = /ﬁ f1 (B dz. (4.82)
€ Q £
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Taking into account the definition of ¢., we have that (4.82) reads as follows

v Sr (D, [Te]) : Dy [@] dz +ve™ . Sr(Dn [vc]) : Dy @] dz

(4.83)
—/ PO, p1dz — e—l/ P! div, (p) dz = /~ f1@1dz+ O..
Q Q Qe

Applying Holder’s inequality and taking into account estimates (4.57) and € < h. given in (2.5), we get

v / 5, (D [72]) : Dy, (3] d=
Qe

< 05‘|Dh5$HLr@5)2x2 < CgHDzSEHLr(QE)Mz < Cghgl — 0,

and taking into account that e "5, (Dy[v.]) = S, (sfﬁﬂ)y [0]), by the change of variables given in Remark
4.2, we obtain

v / S(e” 1D, [0.]) : Dy @ dady — / P 0., 31 dzdy
QxYy QXY
(4.84)

—e1 ]381 divy () da'dzsdy = / fip1dzdy + O .
QxYy QxYy

Step 2. Passing to the limit. Now, we want to prove that the pair of limit functions (7, p') given in
Lemmas 4.5 and 4.6, satisfies the following two pressure limit system

[ —vdivy (|Dy [0]" 2Dy [0]) + V7 = (fi(21) — 9-,p'(21)) &1 in Y7,
divy(v) =0 in Yy,

v=0onT fora.e. z€Q,

1
0z, </ / %(%y)dydm)zo in w,
o Jv;
1
//ﬁl(z,y)dydz? n=0 on Jw,
o Jvy

/ij\gdy—() for a.e. z € Q,
Yy

(4.85)

(v,7) is Y — periodic,

which has a unique solution (7, p',7) € L"(€; WSéZ(Yf)Q) x (L (w) N W (W) x L7 (€ LGZper(Yf))-
To do this, we consider @(z,y) = (@1(z,y), W2(z1,y)) € D(; Wi (Y)?), such that @ = 0 in Q x T
and divy(w) = 0 in 2 x Yy. Thus, we consider the following test function in (4.84):
@6(27 y) = @(Za y) - 5_ﬁﬁa~

So we have

y / S, (e FID,[0L)) : Dy @ dedy — [ P o., oy dedy — / i o dzdy + O...
QXYf

QxY QxYy
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Due to monotonicity (see for example [20]), we have

V/ ST(Dy [i)\]) : Dy[@s] dzdy — / ﬁel az1 @5,1 dzdy > / 1 @s,l dzdy + O .
QxYy QxYy QxYy

Passing to the limit by using convergences (4.66) and (4.74), we obtain

1// Sy (Dy[w]) : Dy[w — v] dzdy — / p' 0., (W) — v1) dzdy > / fi (w1 —v1) dzdy .
QxYy Qxy QxY;

From Minty’s Lemma [31, Chapter 3, Lemma 1.2], then previous inequality is equivalent to the following
variational formulation

v [ SO Daddy - | posdidady= [ fdndedy. (4.86)
QxYy QxY QxYy

By density, this equality holds for every function in the Banach space W defined by

W ={ @(z,y) € L"(4 Wpar(Y)?) : divyi(z,9) =0in Qx Yy, @(z,y) =0 QxT }.

Reasoning as in [20], by integration by parts, the variational formulation (4.86) is equivalent to the
system (4.85), where 7 arises as a Lagrange multiplier of the incompressibility constraint divy(w) in
Q x Yy. From [20, Theorem 8| (whose proof is similar to the proof of [20, Theorem 2]), it holds the
uniqueness of solution (v, p!,7) € L™(Q; Wgéz(Yf)z) x (L (W) N W (w)) x L™ (4 L per(Yf)) and so, the
whole sequence converges.

Step 3. Average velocity. We will deduce the expression for velocity Vg, given in (4.77). To do this,
let us define the local problems which are useful to eliminate the variable y of the homogenized problem
(4.85).

Let us separate variables y and z in the homogenized problem (4.85) satisfied by (v, p!, 7). It is easy
to check that (v, 7) can be written as follow

= 2l - S| () - oot ) ),

7(zy) = (fl(zl) - dipl(zl))a(y),

A~

where (w0, §) is the unique solution of problem (4.79).

Finally, taking into account the definition of Vg, and relation (4.69), we have

1 d =2 d .
Vana(er) = o o) = St (i) = 2w en) [ 000)-erdy
v dz dz Yy
Vav,Q(Zl) = Oa
which, taking into account the definition of y given in (4.78), gives expression (4.77). O
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5 Critical case: problem in the thin film

As in the previous section, we assume the relation between the parameters in the critical regime (3.56).
From this and € < 7. given in (2.5), we deduce that the last two terms in the estimate of U given in
(3.41) satisty

1 1 r—1 1 r—1 2(7‘—1) 1 1 +r—1+ 2(7’—1)_ 1 r
.= - —_ 1) ——— -1 —1 —1 1
ET—lhéI 77€T %grfln?:’ ngr e r—1 <<77; " mr " :77‘; R

and

r41 1 r—=2 r41 r—2 2r—1 1 r+1 +T‘—2+ 2r—1 1 r
_r+l -y 1 2(r—1 2 —1 —1 1
52(7—1) hg 7’]627” ~ 52(7‘—1) 7762 n;(T )6 r—1 << 776 (r=1) T r(r=1) — 7’/; .

Then, estimates (3.41)—(3.43) for U. and (3.53) for ]352 in I; read as follows
- r - 1 ~ 1
HZ’[EHLr(Tl)z <Cne, ||Dng[us]||y(fl)2x2 <Cnét, HDnsuEHLr(fl)zm <Cnét, (5.87)

1P2] o7y < C, IV P2 , < C. (5.88)

Hw—l,r’('fl)

5.1 Convergences of velocity and pressure

Using estimates (5.87) and (5.88) and compactness, we prove the following lemma.
Lemma 5.1. For a subsequence of € still denoted by e, there exist:

— U € W (—g(21),0; L"(w)?), withUs =0 and Uy =0 on X UT,, such that

T

ne U= U in W (—g(21),0; L (w)?), (5.89)

- p?e L6l(f1) N WL (w) independent of zy, such that
P2 ~p? in L"(I)). (5.90)
Proof. From estimates (5.87), there exist U € W (—g(21),0; L" (w)?) such that convergence (5.89) holds.

Let ¢ € C’go(fl), then

1

L N _ _ _ __r ~
0 [ (0aer 0 then) Pz = w0 [ Uea0,Fde -0 [ G0 G
I h h

Taking the limit € — 0, we get
/~ U0, pdz = 0,
I

so that Us does not depend on z».

Since U, d,,U € L™(I1)?, the traces U(z1, —g(21)), U(z1,0) are well defined in L"(w)?. The proof of
U(z1,—g(z1)) = 0 straightforward from the boundary condition U.(z1, —g(z1)) = 0. Next, we prove that
U(z1,0) = 0. Proceeding similarly to the proof of Lemma 3.2 (but now choosing a point §,, € T. which
is close to the point «,, € ), then we have

Vj{emzl” = [te(azy) — Ue(Bz)| = [Duc(§)(az — B2)] < €[ D el
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Since (B, ) = 0 because 3, € T;, we have
Ul (s)2 < Cel| D el @, y2x2-

Then, taking into account estimate (4.57) in the critical case, we have

T

o — 1 .
e " Ul r(sy2 < Cene "em=1 = Cle/ne) ™1,

which tends to zero as ¢ to zero, because € < 1.. This implies that u (z1,0) = 0. Consequently, L~{2 =0,
which finishes the proof of convergence (5.89).

Next, estimate (5.88); implies the existence of p? € L™ (I;) such that convergence (5.90) holds.
Similarly to the proof of Lemma 4.6, from estimate (5.88)2, we deduce that pe does not depend on z9.
Since P? has null mean value in I, then p? also has null mean value in 1.

Now, by considering ¢ € D(fl) independent of zo as test function in the divergence condition
div,, (U:) = 0 in I, we get
/ﬂ (6211;75’1 (ﬁ + 77;18,22&5,2(5) dz =0,
I

T

which, after integration by parts and multiplication by 1. "', gives

/ n;mag,l 8216dz =0.

I
Passing to the limit by using convergence (5.89), we deduce
s U azladz =0,
I

and, since ¢ does not depend on zs, we obtain the following divergence condition

0 0
0z, </ Ui (z) dzg) =0 inw, (/ Ui (z) d22> n=0 on dw. (5.91)
—9(=1) —9(=1)

By using convergences (5.89) and (5.90), we refer to [35, Propositions 3.1 and 3.2] in order to identify
the effective system

( 2% -
—0:, (\8Z2U1|T_28ZQU1) = (fl(zl) - 3Z1p2(2’1)) in I,

0
6Z1 ( Lll(z) dZQ) =0 in W,

—g(21)

0
(/ Ui (z) dz2> n=0 on dw,
—9(=1)

Uy =0 onXUT,.

(5.92)

Furthermore, we have that p?> € W' (w) N Ly (I,) according to [35, Proposition 3.3]. This concludes the
proof. O
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5.2 Average velocity in the thin film

Theorem 5.2. Consider (U,p?) given in Lemma 5.1. Then, we have that the average velocity

0
Vaw(z1) = / U(z)dz,
—g(21)

s given by
2)7H d =2 d ,
Vav1(21) = — 9(21) fi(z1) — TP2(21) <f1(21) - dpz(zl)) in w,
27 (1 + 1)1 1 1 (5.93)
V,w,g =0.

Proof. Since Up = 0, it is only necessary to obtain the expression of U, which satisfies problem (5.92); 3.
We remark that this problem is formally an ordinary differential equation in the variable zo, with param-
eter z; € w. The resolution of (5.92) is similar to [35, Proposition 3.4] (see also [28, Lemma 6.3]), so we
omit it. O

6 Critical case: a generalized Reynolds limit equation

The conclusion of the previous two sections is that for any sequence of solutions (7, 5) and (U, P2)
and letting ¢ — 0, we can extract subsequences, still denoted by the same symbol, and find functions

(v,p") € W(0,1; L™ (w)?) x WH'(w) and (U, p?) € W (—g(z1),0; L™ (w)?) x W' (w) such that

e IV, = v =(v,0) in WY(0,1; L7 (w)?), P~ p' in L7(),
. ~ ;- (6.94)
ne U~ U= (Uy,0) in W (—g(21),0; L7 (w)?), P2—p* inL"(I}).

Moreover, functions (Vy,p'), (Vaw, p?), with Vg, = fo z)dzy and Vg = f? g(mL{(z) dzo, necessarily
satisfy the following equations in w

Vi) = [ i) - Zpt | (A - =p ), Vi =0,

dzl
r' 41

(1) (6.95)

2%/(7" + 1)1
with p defined in (4.78).

Next, we find the connection between the functions p' and p?, i.e. the coupling effects between the
solution in the porous and free media.

Lemma 6.1. We assume that the parameters €,1. and h. satisfy (2.5) and (3.56). Let p* € W' (w)
and p* € WH"'(w) be such that (6.94) and (6.95) hold. Then, we have

- )fl(zl) At

+ /g
)\22 (r'+1) v’ =1 Juw

for every ¢ € WH' (w).

Vav,l (Zl> =

r'-2 d d
(mm—@pww@ywl

(6.96)

-2 d d
(mm—mﬁmﬁwymza

d o
(21) — d71p (21)
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Proof. Choosing v € W' (w) as test function in (2.21)s, putting % = 0 in the solid part (recalling that
V- is the extension by zero of v. to the whole §2) and integrating by parts, we get

/ hgﬁ,lazl¢(zl)dz+/~ 1 Ue 1020 (21) dz = 0. (6.97)
Q I
Multiplying (6.97) by s_ﬁhgl, we have
JLe T st | s, 0t) =
Q

I

which can be rewritten as follow (by taking into account that

o~ r 2r—1 __r_ -
/ 5_ﬁ‘/a718z1¢(21) dz + E_mnsril hEl/ Ne r71u5,182‘11/)(zl)d2 = 0.
Q

Iy

From convergences (6.94) and relation (3.56), passing to the limit as ¢ — 0, we deduce

/ 0105, Y(21) dz + AL - U10,,9(21) dz = 0.
Q I

Then, since ¥ does not depend on z3, we have

/ Vw1029 (21) dz1 + AL / Vav,10,0(21) dzy = 0.
w w
Taking into account (6.95), this is the equation (6.96). O

In the following result, we are going to prove the relation between the pressures p' and p?, i.e. the
continuity of the pressure in X..

Lemma 6.2. We assume that the parameters ,7. and h. satisfy (2.5) and (3.56). Let p* and p* be the
limit pressures from expression (6.94). Then, there exists ¢* € R such that

pt=p"+c, (6.98)

and p* € wir' (w) is the unique solution of the variational problem

/ By Ng(zl)r’—i-l
w\Y 22 (r+ 1)L

for every 1 € WH'(w), with p defined in (4.78).

fi(z1) — iPl(zl)

o d D i =0 6.99
" (A - fop'e)) govda =0, (699)

Proof. For any @ € D(w), we define (¢, ) € WL (Q) x WL (I1) such that
=0 on Q\ %, V=0 on 01\ %, p=1=3 onx.

Let us define the following global test function in 55 given by

@.(2) = { o=)(Rrea)(z) i O, (6.100)

P(z)es in 171,
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where ﬁi is the restriction operator defined in Lemma 3.6. We observe that Ries tends to its Y-average
Jy(Rre2)(y) dy (where the restriction operator R, is defined in the proof of Lemma 3.5), and RZ(e2)2
tends to 1 in L"(Q).

Now, we take w, as test function in the system (2.21), and we obtain

v [ HeS D) s Dy ) de [ 81Dy W) < Dy [ 0

—/~ hepe divy,_ (w;) dz—/~ NeDe divy, (W) dz (6.101)
€ Il

:/~ hgf-{ﬁadz—i—/~ Nef - wedz.
Qe I
From Hoélder’s inequality, estimates (3.46) and (4.57), and € < h., we deduce

v /~ he S, (|Dp [5.]) : D, [5.] d=

vh, / S, (IDn. [6]) : (Vi 8(2) - (Rea)(2)) d= + vhe / S (1D. (7)) : D [(Rea) (2))(2) dz
Q. Qe

< Che (IDn. )5 el Vil + 1Dn, B 177l ol D Ries e

< Chg(sh;1 + 6871) < Chs,

(6.102)
and by using estimates (5.87), we deduce
v [0S (D 0 D () de| = v [ 8D D) (00 [0(2)ea] + 0,00 s
7 i (6.103)
7 1r—1
S C(TIE + 1)||]D)7]a [UE]HL’”(TI)QXQ S 0775
From the unfolding change of variables (4.61) and divy(ﬁieg) =0in Y, we deduce that
[ hebedivn (@) dz = [ hPEdivi (3(2) (Riea)(2) dz
€ Q
_ / he PV d(2) - (Rees)(2) dz + / hee B 3(2) divy (R (e2)) dzdy (6.104)
Q Qxy
— [ hP190() - (Riew)(z) dz,
Q
and from estimate (4.63), we have
/ he PV 3(2) - (REea)(2) d2| < C.
Q
From the definition of P2 given in (3.51) and ¢ given in (3.52), we have that
Ne /~ Pe divy, (we) dz = 0. /~ (Pe — ¢) divy, (we) dz + UaEa/N div,, (w.) dz
h h n (6.105)

= ~]5828Z2J(z)dz+55/~ 8221Z(z)dz,
11 Il
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and from estimate (5.88), we have

<C.

/~ P2 0.,0() d=

I

Taking into account that that f is given by (2.17) and w, given in (6.100), we deduce

/~ hef-wsdz =0, and /~ nef - w-dz = 0. (6.106)
Qe I

From (6.102)—(6.106) and the fact that n. < 1 and h. < 1, we deduce that |¢;| < C and so there exists
¢* such that ¢ tends to ¢*. Moreover, we deduce that (6.101) reads as follow

/ heB Vi 3(2) - (Ree)(2) dz+ [ B2 0,0(z) dz + / 0.y B(2) dz + 0. = 0. (6.107)
Q I I

Passing to the limit when € — 0, from strong convergence of 15&1 given in (4.73) and convergence ﬁjieg to
1 in the first term, convergence of P2 given in (5.90) in the second term and convergence of ¢ to ¢* in
the third term, we get

Aﬁ@@ﬁ@m+lﬁ@m@@@+aéaﬁ@wza

Iy

Since p' and p? do not depend on zy, this can be written as follows

1 0 _ 0 ~
/wpl(zl) </0 02,0(2) d22> dz1 + /pr(zl) </_g(21) @2w(z)dz2> dz1 + c*/w/_g(ZI) 02,0 (2)dzadz1 = 0,

and integrating with respect to zo, by taking into account that 5(,21, 1) = 1’/;(,21, —g(z1)) =0, we get
—/ﬁ@ﬂ@ﬁmﬂ+/ﬁmwwmmm+&/i@mm@:m
and taking into account that % = {/; = ¢ on X, then we deduce

- / P} (1) B(2) des + / (WP(21) + ) F) dey = 0,

w

for any ¢ € D(w), which implies that equation (6.98) holds. Finally, using equations (6.96) and (6.98),
we obtain the variational formulation for the limit pressure (6.99).

O

Next, we give the main result of this paper.

Theorem 6.3. We assume that the parameters €,n. and he satisfy (2.5) and (3.56). Then, the asymp-
totic pressure p' is the unique solution of the generalized Reynolds equation:

Find p* € W' (w) such that

r’+1
/<u+ T,g(ZI) + ) fl(zl)—ipl(fﬂ)
w\Y 22 (r + 1)1

dZ1

=2 d d
(ﬁ(zl) - dZIp%zl)) Lz =0,
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for every 1 € Wh' (w).

Moreover, the average velocity field in the free media is given by

r’'—2 d )
<f1<zl> - (zn) o

g(zl)r’—i—l

Vav,l(zl) =7
27 (r' + 1)1

fi(zr) - dilp%zl)

Vav,Z =0

and the average velocity field in the porous media is given by

d =2 d
Vav,1(21) *‘fl P (21) <f1(21) T in? (Zl)> in w,
Vav,2 = 07
with p > 0 defined by
p=[ @ dy, (6.108)
Yy

where (W, q) € ng’;( Y)% x L}, per(Y), 1 < r < +o0, is the unique solution of the auziliary problem

—divy (|Dy[@]|"*Dy[@]) + V,g=e1 in Yy,
0 m Yf,
0 T,

{E:
W=
0z, (/ /Yf Z,Y dydzz> n w, (6.109)
//@(z,y)dydzz n=0 ondw,
0o Jy;

Proof. All the results presented in the theorem are consequences of the previous results. Moreover, the
standard theory of monotone operators [32] gives the uniqueness of solution p!. We just observe that
multiplying equation (6.109) by w, integrating in Y; and taking into account that @ = 0 on T', we deduce
that the permeability constant satisfies

,u:/ fu\‘eldy:/ Dy [w]|" dy,
Yy Yy

which is (6.108). O

7 Conclusions

Main result. In this paper, we consider an incompressible viscous stationary 2D non-Newtonian fluid
in a domain composed by two parts in contact: a periodic thin porous medium 2. with characteristic
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size of the pores 0 < € < 1 and thickness of the domain 0 < h. < 1, and a thin film I. with thickness
0 < ne < 1, where h. and 7. are devoted to zero when € — 0. The interface between Q. and I, is defined
by ¥ = w x {x3 = 0}. More precisely, we consider the case of a non-Newtonian fluid governed by the
incompressible Stokes equations with power law viscosity of flow index r € (1,+00), and we prove that
there exists a critical regime between these parameters given by

2r—1
r—1 _— T . h€

hE ~ Ne g 7'_17 1.€. BT E— — )\ € (O7 +OO),

where the pressure has the same order of magnitude in the porous medium and in the free film and is
described by a modified Reynolds equation, coupling the effects of the thin porous medium (1D nonlinear
Darcy problem with permeability x> 0 given by (6.108)) and the thin film (1D nonlinear Reynolds
problem), given by

_i [(M—i_ g(zl)r/-H )
dz v )\2%(7./ + 1)1/7’/*1

r'+1
(u L st ) ;
Veoox2s(r + 1)t

where v > 0 is the consistency of the fluid, 7’ is the conjugate exponent of r satisfying 1/r + 1/r' =1,
function f; is the external force and function g is such that its graph defines the lower boundary of the
thin film (both functions defined in w).

filer) = op' (1)

e (fl(?«‘l) - dipl(m)ﬂ =0 inw,

r’'—2
d
(f1(21) - dzlpl(zl)> n=20 on dw,

(1) — d‘zllpl(zl)

Novelties in the techniques. We point out that the version of the unfolding method and the restric-
tion operator, introduced in this paper to study the asymptotic behavior of the fluid in the thin porous
medium 2., are powerful tools that could be used to derive lower-dimensional macroscopic laws for
different type of (two dimensional or three dimensional) non-Newtonian fluids in a thin porous medium.

Future improvements. Using the present study as a starting point, various improvements can be
proposed. The first one is the generalization of the asymptotic study, which leads to the coupled Darcy—
Reynolds equation, to a truly (stationary or non-stationary) nonlinear 3D Navier-Stokes system (and
not only Stokes system). Another possible way is regarding the boundary conditions. To avoid technical
difficulties connected with non-homogeneous boundary conditions for velocity (or pressure in some cases),
we have considered a flow with no-slip condition on the exterior boundary of the domain. To derive a
more general limit problem, we remark that, with some technical efforts, this model could be adapted
to periodic boundary conditions on the lateral boundaries, to the case of a non-Newtonian fluid with
injection as in [34], or to stress (Neumann) boundary condition on the lateral boundary as in [26, 27, 28].
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