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PARABOLIC RESTRICTIONS AND DOUBLE DEFORMATIONS OF
WEIGHT MULTIPLICITIES

CEDRIC LECOUVEY

ABSTRACT. We introduce some (p, ¢)-deformations of the weight multiplicities for the represen-
tations of any simple Lie algebra g over the complex numbers. This is done by associating the
indeterminate ¢ to the positive roots of a parabolic subsystem of g and the indeterminate p to
the remaining positive roots. When p = ¢, we so recover the usual Lusztig analogues of weight
multiplicities. We then study the positivity of the coefficients in these double deformations and
prove in particular a conjecture by Lee.

1. INTRODUCTION

In this note, we introduce a double deformation of the weight multiplicities for the represen-
tations of any simple Lie algebra g over C depending of two indeterminates p and ¢q. The
deformation is constructed from the (p, ¢)-Kostant partition function defined by the series

1 1
H 1 — pe H 1 — ge® = Z Pp(B)e’.

(XER+\E+ OCEE+ BEQ+

Here R, is the set of positive roots of g and R, the set of positive roots corresponding to a
parabolic subsystem, that is the set of positive roots associated to a Levi subalgebra g of g. For
any dominant weight v and any weight p (v and p are weights for g), we so get polynomials
K, ,(p,q) in Z[p, q] such that K, ,(q,q) coincides with the ordinary Lusztig ¢g-analogue [15]. In
Section 2, we give a decomposition of the polynomial K, ,(p,q) in terms of p-branching multi-
plicities corresponding to the restriction from g to g and ordinary Lusztig ¢-weight multiplicities
for g (Theorem 3.1). This permits to study the positivity of the coefficients of the polynomials
K, ,(p,q) in Section 3 where we establish that K, ,(1,¢) and K, ,(0,q) belong to N[¢g] when v
and p are dominant weights. This proves in particular Conjecture 1.4 proposed by Lee in [14].
More generally, we also show that one can relax the hypothesis for 1 to be dominant and prove,
by using arguments due to Panyushev [18], that the polynomial K, ,(p+1,¢+1) then belongs to
Np, q] (Theorem 4.3). In Section 4, we get some positivity results for the stabilized versions of
the polynomials K, ,(p, q). In the classical types and for the ordinary Lusztig g-analogues, such
stabilized versions were defined in [10] and [11] and proved to coincide with one-dimensional
sums in [13]. The stabilization was then obtained by translating the dominant weights v and
@ by a multiple of the fundamental weight w,. Here we generalize the construction in both
directions: first this is done for our two parameters deformations and next we get stabilized
polynomials from translations by an arbitrary sum of distinct fundamental weights (Theorem
5.3). Finally, in Section 5 , we propose some (p,q)-analogues of Hall-Littlewood polynomials
and examine the question of the combinatorial description of the double deformation K, ,(p, q)

of weight multiplicities.
1
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2. DOUBLE DEFORMATION OF WEIGHT MULTIPLICITIES

In this Section, we recall some classical results on the representation theory of the Lie algebras
over C. We refer the reader to [1], [4], or [7] for a detailed exposition. Consider such a finite-
dimensional simple algebra g and assume its root system R is realized in the Euclidean space
E. Its Dynkin diagram is indexed by I and we denote as usual by

W its Weyl group,

Ry and S its subsets of positive and simple roots,

@ its root lattice and @4 the cone generated by the positive roots,

P its weight lattice and P, the cone of dominant weights generated by the fundamental
weights w;,7 € 1,

e V(v) the simple g-module of highest weight v € P, ,

e (-,-) the usual Euclidean scalar product on F,

e < the dominance order on P such that v < p if and only if p — v € Q4.

Now, let I be a subset of I and denote by R the associated parabolic root system with Weyl
group W, set of positive roots R, and set of dominant weights R . Recall that each right coset
Ww admits a unique minimal length element and write U for the set of these minimal length
elements. Then each w in W decomposes in a unique way on the form W = wu with v € U and
w € W. To each X € P is associated a simple g-module V().

Let £ = span(R,) the linear real subspace of E generated by the elements in R, and set
E = {r € E| (x,y) = 0 Vy € E} the orthogonal of F in E. Each vector v in E decomposes
uniquely on the form

(1) v=T+v"
where 7 € E and v+ € EL. (laserve that the elements _of FL are ﬁied under the action of _W
Also since FE is stabilized by W, we must have wW(R4+ \ R4+) = R4 \ R4, that is the set Ry \ Ry

is invariant under the action of W. Nevertheless, each root in R, \ R, is not fixed by the action
of W: the action of an element of W will permute the roots in Ry \ R.

Consider ¢ and p two formal indeterminates and introduce the p, g-Kostant partitions Py, ; defined
from the expansion of the formal series

(2) H 1 —1])60‘ H 1 _1qea = Z vaq(ﬂ)eﬁ'

QERJr\RJr acR4 BeQ+

When p = ¢, this is the ordinary gfunction partition (see [8]). Given two dominant weights v
and p in Py, set

(3) Kou(pq) = > e(w)Pyg(w(A+p) — p— p)
weWw

where p = % Y ac R, Q- When p = ¢, the polynomial K, ,,(¢q, ¢) is an ordinary Lusztig ¢g-analogue.

Remark 2.1. We have w(A+p)—p—p=wA+p)—(A+p)+ (A—p) and (A+p) —w(A+p)
belongs to Q). Also for any weight v € P, we also have P, ,(7) # 0 only if v € Q4. Therefore,
the polynomial K, ,(p,q) is nonzero only if p1 < .

Let us now define the partition function f’p from the expansion of the formal series

[ e X P

a€R\Ry YEQ+
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where Q = > acr\R, Na . Since we have w(R4 \ Ry) = Ry \ Ry for any w € W, the cone

Q+ is also stable under the action of W. Moreover, for any W € W and any v € Q+, we have
P,(w(y)) = Pp(7y). Given a dominant weight v € P} and a parabolic dominant weight A\ € P
define the polynomial

b,x(P) = Y e(W)Py(w(v +p) =X = p).
weWw

Then, it is classical to deduce from the Weyl character formula (see for example [5]) that b, (1)

gives the multiplicity of V/(A) in the restriction of V() from g to g. Observe that in general, the
polynomial b, 5(p) does not belong to N[p]. We nevertheless mention the following conjecture
which, as far as we are aware, is only partially proved (in particular by Broer [2] in type A). We
also refer to [19], [20] and the references therein for more details and results on this problem.

Conjecture 2.2. The polynomial b, (p) has nonnegative integer coefficients at least when e

Py, that is when X is a dominant weight for g (and not only for g).
Write P, for the usual partition function associated to the root system R defined by

I - X P

a€}_3+ 5€§+

Given two dominant weights A\ and % in P, we can consider the Lusztig g-analogue for the
subalgebra g

Kxu(@) =D e@Py (@ +p) —7—p).
wEW

In fact, we can enlarge the definition by replacing the dominant weight A by any weight & € P.
Then we get Kz pu(g) = 0 or there exists w in W and A € P, such that

W'\ +p) —p=Fand Krz(q) = e(W) K5 ().
Finally, by elementary properties of formal series, we must have for any 5 € Q4+
(4) Ppq(B) = Z PP(V)EJ(‘S) = Z pp(V)Fq(ﬁ =)
VEQ+,6€Q 4 |v+6=5 vEQ+

We also recall the Weyl character formula. For each dominant weight v in P, , the character of
V(v) is the polynomial in Z"[P] such that

Dwew E(w)e R

Sy =

In particular for v = 0, we get the Weyl denominator formula
H (1—e%= Z e(w)eP)=r,
acRy weWw

We shall also use the notation a, = ",y £(w)e?) for any v € P. Then s = a;—:”.
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3. DECOMPOSITION OF THE DOUBLE DEFORMATION

In this section, we establish a decomposition theorem for our double deformations of weight
multiplicities. When p = ¢ = 1, it just means that one can obtain the restriction of any
representation of g to its Cartan subalgebra h by performing first its restriction to g and next
the restriction from g to b.

Theorem 3.1. For any dominant weights A\ and p in Py we have the decomposition

Kou(a) = Y byxap (0)K54(0)
X€ﬁ+
where X + pt belongs to P.

Proof. By definition of the polynomial K, ,(p,q) and by using (4), we obtain
Kuu(pq) =Y e(w) Y Pp(v) Y e@Py(@ulv+p)—p—p—7)
uel veQ+ wEW

where we have decomposed each w in W on the form w = Wu with w € U and w € W. We
can now apply decompositions of type (1) to get p = p+ p* and p = i + p*. By using that

W(pt) = pt and W(pt) = pt, we obtain
W +p)—p—p—y=0u+p)—p-—p-—w ()] -p-T=
wl(u(y+p) —p—p- =W (y)-p)+P P =

wl(u(v+p)—p—p—w () +0 - P

This gives
Py(@u(v +p) —p—p—7) =P, (W[(U(Vﬂ)) —p—pt =W '() +7) —ﬁ—ﬁ)-

Therefore, we have

> e@Py@u(v+p) —pn—p—7) =Ky ppt—w-1()7(0)-
weW
This gives
Kl/,u(pa Q) = Z E(u) Z PP(V)Fu(V—l—p)—p—ui—E*1(7)7E(Q)‘
uel vEQ+

Now, since Q+ is stable under the action of W, we can set v/ = w!(y) in the second sum and
get

Kl/,,u(p7 Q) = Z €(u) Z PP(W/)KU(V—l—p)—p—,uJ-—«/,ﬁ(Q)'

uet v EeQ+
for P,(7') = Pp(7). For each nonzero polynomial fu(l, +p)—p—pt —y (@) there exists W in W and
X € P, such that

@—1(X + ﬁ) —p= ’LL(I/ + P) 2 :ul - 7/ and Ku(l/-i—p)—p—ui—fy’,ﬁ(Q) = 6(@) Xﬁ(Q)‘
We then have
V=uw+p)—p—p—w ' A+p)+D=ulv+p) —p—p"—w "(X+7).
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By gathering all the contributions corresponding to the same dominant weight \, we thus obtain

Koupa)= > [ Y ew) Y c@P, (ulw+p) = p= =t —7 ' 3+ 7)) | Bzl
AP \ueU weWw

Recall that for any 7 € Q. and any W € W, we have P,(w(n)) = P,(n). We also have
w(pt) = pt and W(pt) = pt and thus

Py (uw+p) = p* =t =T (X4 7)) = Py (Wulv + p) = p* — p =X - 7))
1

This permits to write

() Koulp)= Y e(@u)Py (wu(v + p) — it =X p)) | Bz pla) =

> ( > e(w)p, (w(v +p)—pt— A p))) Ks(q) = b, 5t (P) K5 5(a)

X€ﬁ+ weW

as claimed. It is straightforward to check that_X + pu* belongs to P, since ut belongs to E
and thus (A + pt, o) = (\, ;) > 0 for any i € 1. O

4. SOME POSITIVITY RESULTS ON THE DOUBLE DEFORMATION

We examine in this section, the nonnegativity of the coefficients of the polynomials K, ,(p, q)
whose coefficients belong a priori to Z. We start by the following easy corollary of our Theorem
3.1.

Corollary 4.1. Consider \ and p two dominant weights for g. We have

KV,/J/(]*?q) = Z by7x+“l(1)FX7ﬁ(q)7

In particular, the polynomials K, ,(1,q), K, ,.(0,q) and K, ,(q,q) have nonnegative integer co-
efficients. The polynomial K, ,,(p,0) has nonnegative coefficients in the case where Conjecture
2.2 holds.

Proof. We apply the decomposition in Theorem 3.1 with p = 1. Then the integers b, 5 L (1)

are nonnegative because they are branching coefficients and the polynomials K+ u( ) have non-
negative integer coeflicients because they are Lusztig g-analogues for the Subalgebra g. This
gives

Kou(lg) = Y b5, (VK5 ,(q) € Ng.

)\EP+



6 CEDRIC LECOUVEY

Now when p = 0, we have f’p(’y) = 01 for any v € Q+. Therefore for any A € P, we get
bu,X+ui (0) # 0 if and only if v = X\ 4+ p*. This means that A = 7 and pu = v*. In this case we
get the equality b, 5,1 (0) = b,,(0) = 1. This therefore gives

KI/,/J,(07 Q) = FP,E(Q)'
When ¢ = 0, we have FXE(O) # 0 only when \ = 77 and then KXE(O) = 1. Thus by Theorem
3.1, we get
Kyu(p,0) = b, gy 1 (P) = buu(p)
which has nonnegative coefficient in the case where Conjecture 2.2 holds.
The last identity K, ,(q,q) = K, ,(q) follows directly from the definition of our polynomials

Ku,u(p, Q) = Ku,,u(Q)' U

Remark 4.2. When p = 1, g is one of the classical Lie algebras of type B,,C,, D, and g its
Levi subalgebra of type A,_1 obtained by removing the node n in the Dynkin diagram, the
positivity of the polynomials K, ,,(1,q) was recently conjecture by Lee in [14].

The following result is obtained by adapting arguments due to Panyushev in [18] for the classical
one parameter Lusztig g-analogue. Set

Ha€R+ (1 - e_a)

A =
HaERJr\EJr (1 - (p + 1)6_a) HaGI_EJr (1 - (q + 1)6_a)
Theorem 4.3.
(1) We have A = EueQ+ Ko (p+1,qg+1)e* where each polynomial Ko ,(p+1,q+1) belongs
to N[p, q|.

(2) Given a dominant weight v € Py and any weight 1 € P, the polynomial K, (p+1,q+1),
regarded as a polynomial in Z[p, q], has nonnegative coefficients.

Proof. We resume the notation of Section 2. First, there should exist some polynomials m,,(p +
1,g+1) € Zp+ 1,9+ 1], p € Q4+ such that

HaeR+\E+ (1—e™) » [loer, 1 —€7) _
[locrom, A= @+1e ) " Tloer, 1 —(g+1)e®)

Recall that we have

H (1 _e_a) _ Z 5(w)ew(p)_p and H 1 —]196_0‘ 1__[ 1—ge© = Z qu

6) A= S mulp+ 1,4+ et

HEQ+

aER, weWw a€R\Ry a€R, BEQ+
This gives
A=Y N WPy g (B =
BEQ+ weW

S S cW)Ppir g () — p— et = 3 Koulp+1,q+ e

HEQ4 weW HEQ+

which permits to conclude that m,(p+ 1,9 +1) = Ko ,(p+ 1,9+ 1) for any p € Q. We also
have for any positive root «

e Y (p+ 1)kelkrDa
1= (p+1e k>0
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Therefore the formal expansion of A should have nonnegative integer coefficients as claimed.
Now introduce the generating series

Uy = Z Ky, (p+1,q+1)e".

neP
We have
uy =Y Y (W) Ppirgri(wv+p) —p—p)et =Y e(w) Y Pppig(y)e’ TP =
neP weW weW ~EP

e’ Ppew E(w)e )

S e(w) [ 3 Ppergri()e | ertri—e -

=g Mocroz, A= G+ e lacr, L (g + e )

a
= AP — As,
Qp

where we set v = w(v + p) — u — p in the second equality. Now we get by using Assertion 1

Uy = Z K, (p+1,qg+ 1) = Z Kop(p+1,q+1)e x Z K, e =

HEP BEQ+ VeEP
D KupKos(p+1q+ 1) =37 % Ky 5Kos(p+ 1,4+ 1)
Byy UEP BEQ
This gives
8) Kou(p+1,qg+1)= Y K, sKos(p+1,q+1) €N[p)
BEQ+

because the coefficients K, ,,_g are nonnegative integers and we have already proved that the
polynomials Ky sg(p + 1,¢q + 1) belongs to Nip, ¢]. O

5. STABILIZED VERSION OF THE DOUBLE DEFORMATION

We resume the notation of Section 2. In particular, we recall the decomposition p = 7 + p=*.
Since p = > ;c;wi and p= ), 7w;, we must have

Y
ieI\I
The goal of this section is to prove that, once the two dominant weights v and p are fixed, the
sequence polynomials
‘Z:(V—i-kpl,u—i-kpl (p7 Q)a keN

stabilizes and its limit has interesting positivity properties under a natural hypothesis inspired
by the classical Lie algebras setting of types B, Cy, D, and their parabolic restrictions to type
Ap—1 exploited in [10] and [11]. We will first need the following lemma.

Lemma 5.1. Consider a dominant weight v in Py and a weight € P such that p < v. Then,
there exists a nonnegative integer ko such that

wv+p+kpt)— (u+p+kpt) ¢ Qs
for any k > ko and any w € W\ W.
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Proof. Consider w € W \ W. Since p' belongs to Py as a sum of fundamental weights, we
must have p~ — w(pt) € Q4, that is p- — w(pt) is a nonnegative sum of positive roots in R .
Moreover, w(pt) # p* because w € W \ W and the stabilizer of p- under the action of W
should be W = (s; | i € I). Therefore, we can set p= — w(p®) = B, with 8, € Q4 \ {0}. Now,
we get for any nonnegative integer k

w(v +p+kpt) = (u+p+kpt) =wv+p) — (v+p)+ (v — 1) — k.

We have w(v+p) — (v+p) < 0. Moreover, v — u does not depends on k and (3, > 0. There thus
exists an integer k,, such that w(v + p) — (v + p) + (v — pu) — kBy ¢ Q4 for k > k,, sufficiently
large. We are done by considering ko = max{k,, | w € W} (recall W is finite). O

Proposition 5.2. For any v € Py and any \ € P, there exists a nonnegative integer ko such
that for any k > ko

weWw
In particular, blsj‘j%b(p) = bu+ka,X+kpl (p) does not depends on k for k sufficiently large.
Proof. By Lemma 5.1, there exists a nonnegative integer kg such that for any k > kg and any

w € W\ W, we have w(v + p + kpt) — (p+ A+ kpt) ¢ Q4. Then, we obtain

by skt xkpt () = D e(W)Py(w(v +p+kp") = (XD +kph)) =

weWw
D e@Pp@v+p+kpt) = A+p+kph)) = D e(@P,(@w +p) — (A +7))
weWw weW
because W(p*) = p* for any w in W. O

Theorem 5.3. For any dominant weights v and i in Py there exists a nonnegative integer ko
such that, for any k > ko we have the decomposition

K[/-i—kpi,u-i-kpi (p7 q) = Z blsj%}_);’_uL (p) X7ﬁ(q)
XE?+

Proof. By using Lemma 5.1 and the definition (3) of K, 1 1k, (D, q), We get

Ku+ka,;L+ka- (pv Q) = Z e(w)PPﬂ(m()‘ =+ p) — B = IO)

weW
Indeed, by using the integer ko of Lemma 5.1, for k > kg, we have for any w € W\ W
wA+p+kpt)—p—p—kp" ¢ Qs
and then P, ,(W(v + p + kpt) — p— p — kpt) = 0. In the remaining cases
W +p+kpt)—p—p—p =wr+p)—p—p

since W(p) = p*. Now, we can argue exactly as in the proof of Theorem Theorem 3.1 (but by
replacing the set U by {id}). The equality (5) is then replaced by

)

Koupa)= Y | 3 e@P, (v +p) it =X =) | Kyzl@) = 3 637, (0)K5la).

AP, \weW 2P,
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From now on, we shall need the following additional hypothesis.

Hypothesis 5.4. We assume in this section that (p,a) = c is constant for any o € Ry \ Ry
(i.e. does not depend on the choice of o in Ry \ Ry).

Remark 5.5.

(1) Observe that our condition is in particular satisfied for the classical root system of type
C, or D, when I = {1,...,n — 1} is the set of labels of the parabolic subsystem of
type An_1. Then for any a € R, \ Ry, we have (p*,a) = (w,,a) = 2 in type C, and
(pt, @) = (wn, @) = 1 in type D,.

(2) Tt is also satisfied for the parabolic subsystems of type B,_1,Cy—1 or D,,_; inside the
root systems of type B, or D, respectively. We then indeed get (p*,a) = (w1, a) =1
for any a € Ry \ R,.

(3) Another case where the hypothesis is satisfied if for g of type A,_1 and g the Levi
subalgebra obtained by removing the k-th node in the Dynkin diagram of g. In this
case, we obtain (p,a) = (wg,a) =1 for any o € Ry \ Ry.

(4) As in [13], it could be also interesting to extend the stabilization phenomenon to defor-
mations of the Lusztig analogues defined by using weight functions on p and ¢ depending
on the length of the root considered. When p = ¢, this is in particular unavoidable for
equating the one-dimensional sums for affine root systems with g-analogues of weight
multiplicities. For simplicity, we do not pursue in this direction here.

Consider v in and a decomposition v = = aq« where the a,’s are nonnegative
v + P v a€R\Ry
integers. Then

L(’Y):%(pﬂw:% Y. alpta)= ) aa

acR4 \RJr acR \§+

by Hypothesis 5.4. This shows that the number of positive roots in Ry \ R, is imposed by L(v).
Therefore, we have Pp(y) = p“P(7) for any v in Q.. Similarly, we get from Proposition 5.2

b5 (q) = Y e(@)Py(@(v + ) — (X +1)).
weW
For any w € W
L(v) = {p-, @V +p) = A +7) = (o @0 +7)) — (p~ A +7) =
<w_l(pj_)7y +ﬁ> - <pl7x+ﬁ> = <pJ_7V +ﬁ> - <plvx+ﬁ> = <pl7V - >‘>
because pt is stabilized by W. Therefore
bi‘j%b(p) = pL(”_x)bi‘j%b(l) for any v € P, and any A € P,.
This proves that bit%b (¢) has nonnegative integer coefficients. We then get the following Corollary

of Theorem 5.3.

Corollary 5.6. Under Hypothesis 5.4, for any dominant weights v and u, the polynomial
Kﬁfﬁb(p, q) belongs to N[p, q|.
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6. FURTHER DIRECTIONS

6.1. Some analogues of the Hall-Littlewood polynomials. Recall that the character ring
Zlp,q)"V [P] of g can be endowed with a scalar product (-, ), ) such that (s,,s,)p,q) = Oy, for
any dominant weights v and y in Py. For any u in P, one can then define the polynomial

/ 1 . ehtp
Q“(p7 a9 = ap u;/vg( ) (HaeR+\R+ (1 —pe®) Haeﬁ+ (1- qe)) .

Proposition 6.1. We have

Qo)=Y Kuupa)su.

vEP|u<v
In particular {Q),(p,q) | p € Py} is a Z-basis of Z[p, q|"V[P]

Proof. By using the expansion (2) of the (p, ¢)-Kostant partition, we get

1 QB+
Q;(pv q) = Z o Z 5(w)ew(u+p+ﬁ) = Z Pp,q(ﬁ)% = Z Ppq(B)suts-

BeQt P wew BEQ+ p BEQ
Now, for any 3 € Q4 we have s, 3 = 0 or their exists an element w in W and a dominant weight
v such that v+ p = w™(u+ B) + p and 5,45 = £(w)s,. Then, we have 8 = w(v + p) — p — p.
By gathering the contributions of the same character s,, one obtains

Qupg) =Y eWPpy(w(v+p)—p—pws, = Y.  Koulp,q)sy

weWw veP,|p<v

as expected because K, ,(p, q) is nonzero only when p < v. O

We can then define the basis {P,(p,q) | ¥ € Py} as the dual basis of {Q),(p,q) | p € Py} for the
scalar product (-, "), q)- We then have

su="Y_ K,u(p,q)Pu(p.q)-
HEPL

When p = ¢, the polynomials P,(q) are the Hall-Littlewood polynomials. They are deeply
connected with the theory of affine Hecke algebras (see [17] for a detailed review). In particular,
by using the Satake isomorphism, one can prove that the polynomials K, ,(q,q) = K, ,(q)
are affine Kazhdan-Lusztig polynomials. For the double deformations introduced here, the
connection with the theory of affine Hecke algebras cannot be obtained similarly. There indeed
exist unequal parameters affine Hecke algebras constructed from weight functions on the set
of positive roots. Nevertheless, these weight functions should be constant on the roots which
belong to the same orbit under the action of W. This is not always the case in our setting since
R, is not stable under the action of W.

6.2. Combinatorial description of the double deformation. A difficult question in the
theory of Lusztig g-analogues of weight multiplicities consists in their combinatorial description.
In type A,_1 this was achieved by Lascoux and Schiitzenberger in [9]. For the classical types,
the description is only partially known. We refer the interested reader to [14], [12] and the
references therein. In view to Theorem 3.1, the combinatorial description of the polynomials
K, .(p,q) reduces to the combinatorial description of the polynomials bu,X ok (p) and Fxﬁ(q).
For p = 1, the branching coefficient bu,X s 1 (1) can be easily described thanks to crystal graph
theory or Littelmann path theory since both are compatible with parabolic restrictions. Recall
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that to each dominant weight v, is associated a crystal B(v) which can be regarded as the
combinatorial skeleton of the representation V(A). This is an oriented graph where the arrows
are described in terms of the crystal operators f; and é; with i € I. Each vertex b in B (M) has
a weight wt(b) € P so that

S\ = Z eVt

beB(N)
In particular the cardinality of B(\) is equal to the dimension of V' (\). Also B()\) has a unique
source vertex by which is the unique vertex killed by all the crystal operators é;,¢ € I. The
multiplicity b, 5, . (1) is then equal to the cardinality of the set Hy, . = {b € B(\) | &(b) =
0,i € I}. This thus reduces the combinatorial description of the polynomials K, ,,(1,¢) to that
of the polynomials Fxﬁ(q), i.e. to that of the ordinary Lusztig g-analogues.
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