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BERRY-ESSEEN’S BOUND, MODERATE DEVIATIONS AND
HARMONIC MOMENTS FOR FIXED TYPE POPULATION OF A
SUPERCRITICAL MULTI-TYPE BRANCHING PROCESS IN A
RANDOM ENVIRONMENT

QUANSHENG LIU AND THI TRANG NGUYEN

ABSTRACT. Let Z. = (Zi(1),---,Z%(d)), n > 0, be a d-type supercritical branching
process in an independent and identically distributed random environment & = (&, &1, - ),
starting with one initial particle of type ¢ € {1,--- ,d}. We study asymptotic properties
of Z%(4), the j-type population size of generation n, for each j € {1,---,d}, as n goes to
infinity. For Z} (j) we establish a Berry-Esseen type bound for the rate of convergence in
the central limit theorem and a moderate deviation principle. As an important ingredient
of the proofs, we also demonstrate the existence of the harmonic moments (which is of
independent interest) of the normalized population size Z7, (j) /B¢ Z% (5), uniformly inn > 1,
where E¢ stands for the conditional expectation given the environment &.

1. INTRODUCTION

A branching process in a random environment (BPRE) is a natural and important gen-
eralisation of the Galton-Watson process, where the reproduction law varies according to a
random environment indexed by time. It was introduced in Smith and Wilkinson [20] to
model the growth of a population in an unknown exogenous environment. This process has
attracted the attention of many authors in the last two decades, see for example the recent
book by Kersting and Vatutin [18] and many references therein. The interest of study of
such processes is growing in recent years, thanks to a large number of applications and
interactions to other scientific fields.

A fundamental result in probability theory is the Central Limit Theorem (CLT), which
provides the asymptotic normality of appropriately scaled sums of random variables. In
the context of branching processes, the CLT describes the asymptotic distribution of the
population size after a large number of generations. The Berry-Esseen bound goes further
by providing a quantitative bound on the rate of convergence to the normal distribution.
This bound measures how closely the distribution of the population size approximates a
Gaussian distribution as the number of generations increases.

For a single-type supercritical branching process (Z,,) in a random environment, the law
of large numbers on log Z,, has been established by Tanny [21]. The central limit theorem
and the rate of convergence in the Gaussian approximation have been studied in [17], [14],
and [4]. Large and moderate deviations have been investigated in [17, 3, 14, 5], among
others. We also refer to [17] and [8] for the study of harmonic moments which play an
important role in the study of limit theorems, particularly when comparing the branching
process with the associated random walk.

For a multitype supercritical branching process (Z%) in a random environment, starting
with one initial particle of type 7, Grama, Liu and Pin [9, 13] established the Berry-Esseen’s
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2 QUANSHENG LIU AND THI TRANG NGUYEN

bound, harmonic moments and Cramér type moderate deviation expansion for a suitable
norming of || Z%||, the total population size of generation n.

In this work, we will establish a Berry-Esseen type bound and a moderate deviation
principle for Z¢(j), the j-type population size of generation n. As a central element of
the proofs, we will prove the existence of harmonic moments of the normalized population
size Z%(j)/EeZ%(j), uniformly in n, where E¢ denotes the conditional expectation given the
environment &.

Let us give a quick presentation of the results. For an integer d > 1, consider a d-
type branching process Z, = (Z,(1),---, Zn(d)), n > 0, in an independent and identically
distributed (i.i.d.) random environment & = (&,&1,--+). We will write Z¢ for Z, when
the process starts with one initial particle of type ¢, that is, when Zy = e;, where e; is the
vector in R? with 1 in the i-th place and 0 elsewhere. Let M,, be the random matrix of the
conditioned means of the offspring distribution of n-th generation given the environment,
that is

Mn(l,]):Ef[Zn+1(]) ‘Zn:el]’ 1<Za]<da

where E¢ denotes the conditional expectation given the environment . Define the product
matrix Mo, = My --- M,, and the associated Lyapunov exponent

1

yi= lim “Elog|[Monll,
n—4+oon

where || My ,,—1]| is the operator norm of the matrix My, associated with the L' norm of

R,

Recently, the asymptotic behavior of (Z?) in the supercritical case v > 0 has been studied
in [12], where a strong law of large numbers is proved: under appropriate conditions, it holds
that on the explosion event {||Z}| — +o0o},

1 .
lim —logZ, (j)=~ as. Vij=1---,d. (1.1)

n—+oo N

The first objective in this paper is to establish a Berry-Esseen type theorem on the rate of
convergence in the central limit theorem for log Z! (j): we will show that

P(bgzzz(w < x) 169 5%,

where ®(z) = o [ e~t/2dt is the standard normal distribution function,

sup
zeR

< (1.2)

1
2 - 2
= 1 —E[(1 Mo p—1]| —
o> = lim—E[(log e Mo 1|~ )
is the asymptotic variance which is independent of z and C > 0 is a constant. ‘
The second objective of this paper is to establish a moderate deviation principle for Z! (j).
Let {an}n>1 be a sequence of positive numbers satisfying

an an
— =0 and —= — 00 asn — .

n NLD
Under suitable conditions, we will show that, for any measurable subset B of R,

2 log Zi (4) —
—inf o< hmmfr;logP(W € B)
z€B° 20 n—oo gz an,
2

log Z (j) —
<timsup o logP(FEAI N ¢ )
n—oo Qp n z€B 20

where B° denotes the interior of B, and B its closure.
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An important ingredient in our proofs is the existence of harmonic moments of the nor-
malized population size Z¢ (j) := Z:(5)/Mon-1(i, j), uniformly in n: that is, for some a > 0,
sup,1 E[(Z5(5)) %] < co. Proving this is the third objective of the paper. The result is of
independent interest, and can be useful in establishing other limit theorems, especially on
moderate and large deviations.

The uniform result for the existence of harmonic moments of Z:(j) allows us to do
a precise comparison between Z!(j) and the entries M ,—1(i,7) of products of random
matrices. Its proof is based on a recurrence relation satisfied by the quenched Laplace
transform of Z! (j).

2. NOTATION AND MAIN RESULTS

For d > 1, let R? be the d-dimensional space of vectors. We equip R? with the scalar
product and the L'-norm respectively defined by

d
(wy) = a@)y() and |z] =D |z(@)|, =z,yeR?
i=1

i=1

Recall that RY is the non-negative quadrant. Let S = {z € R : |lz|| = 1}. For each
1 <1 < d, e; will be the d-dimensional vector with 1 in the i-th place and 0 elsewhere. Let
0= (0,---,0) € R? be the vector with all coordinates equal to 0. Denote by N = {0, 1,---}
the set of non-negative integers. Set 1 4 for the indicator of an event A.

We denote by G the multiplicative semigroup of d X d matrices with non-negative entries.
The subsemigroup of G with strictly positive matrices is denoted by G°. For M € G, we
define the operator norm with respect to L! vectorial norm by

[ M| := Sup M| = gggllgjng(z,J) = max [le;M]|, M € My(R),
where M (i, 7) denotes the (i, j)-th entry of M. (As the vectors x € RY are represented in the
row form, the action of a matrix M on x is denoted xM, to be consistent with the matrix
multiplication; the operator norm ||M|| defined here corresponds to the induced L!-norm

of the transpose M7 defined with column vectors, since sup |zM| = sup ||[MTzT| =
llefl=1 llell=1

sup ||[MTy|.) In addition we equip R? and My(R) with the L>°-norms:
lyll=1

— ; d.
J]loc = max Jo@)], @ € R

[M|loo := sup [lxM]oo = max M(i,j) = [|MT]l, M € Mq(R).

[lz]lco=1 Isisdy 224

For a matrix or a vector X, we write X > 0 when all the entries of X are strictly positive.

Now we give a precise definition of the multi-type branching process in random environ-
ment (MBPRE). The environment £ = (§,,)n>0 is a sequence of independent and identically
distributed (i.i.d.) random variables taking values in an abstract space X. To each re-
alization of &, correspond d probability distributions on N identified by the probability
generating functions

o0
fa(s) = 3 Phe kst sy s = (s1,..05a) € 0,1 (2.1)
ki, kqg=0
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where 1 < r < d. The d-type branching process Z, = (Z,(1),---,Zn(d)), n > 0, in the
random environment & is a process with values in N¢ such that for all n > 0,

d Zn(r)
Zns1=Y_ Y. N, (2.2)

r=1 I=1
where N, = (N, (1), , N[,,(d)) is a random vector whose j-th component N, (j) rep-
resents the offspring of type j at time n + 1 of the [-th particle of type r in generation n,
and Z,(j) is the total number of particles of type j in generation n. Conditioned on the
environment &, the random vectors Zy and Nl’:n indexed byl > 1,n>0and 1 <r <d, are
all independent of each other, and each Ny, has the same law p" (&) = {pj(n) : b € N4}
whose probability generating function is f7. In the sequel, we write Z! for Z, when Zy = e;,

that is, when the process starts with one initial particle of type 3.

Denote by P¢ the quenched law, i.e. the probability under which the process is defined
when the environment & is given. Let 7 be the law of £. The total probability P of (Z,,),
usually called annealed law, is defined by P(dx, d§) = P¢(dx)7(d). Denote by E¢ and E the
corresponding expectation with respect to P¢ and P. With our notation,

- T NLG) d
fn(s) =E¢ Hsj’ ,  s=1(s1,...,5q) €[0,1]
j=1
is the quenched probability generating function of N/, Let

fo=(fa, o fD). (2.3)

Forn > 0, let M,, be the dxd random matrix whose (4, 7)-th entry M, (7, j) is the conditioned
mean of the number of children of type j produced by a particle of type ¢ at time n:

o

M) = 52
J

(1) = Ef [Zn+1(j)|Zn = 61’}7

where %’;(1) denotes the left derivative at 1 of a d-dimensional probability generating

function f with respect to s;. Since the sequence of the environments (&,) is i.i.d., the
sequence of the mean matrices (M,,) is also i.i.d.. For 0 < k < n, denote by

My p == My, -+ - My,

the product of the mean matrices My, ..., M,; by convention M}y, denotes the identity
matrix when k£ > n. It follows that, for n > 0 and 1 <¢,j < d,
EeZ}(j) = Mon-1(i, ). (2.4)

For 0 < k < n, let py,, be the spectral radius of M}, ,. By the Perron-Frobenius theorem,
Pk.n is an eigenvalue of My, ,, and there exists a non negative eigenvector uy,,, associated to
Pi.n With ||ug || = 1. Under conditions, the limit

Up = 7}1_{20 Ukn (2.5)
exists a.s., with u; > 0 and ||ug|| = 1; moreover the sequence (uy) satisfies the relation

w1 My = Ay, (2.6)
where Ay = |lugy1 M| are positive random scalars called the pseudo-spectral radii of the

random matrices (My). Set Mg, = Ag -+ An. By iteration of (2.6), we obtain

Un1 ML, = Mo, n,k >0, with ML, = (M,)". (2.7)
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Then the following sequence constitues a martingale:
<Z%aun> _ <waun>
Aon—1uo(i)  (€iMopn—1,Un)’

Throughout the paper, we assume that M is allowable (every row and column contains a
strictly positive element), and that the following positivity property holds:

Wi=1, W.=

n>1. (2.8)

P(3n > 1 such that Mo, 1 >0) > 0. (2.9)

By the results of Hennion, under condition (2.9) there exists the random vectors uj and
the random scalars A, defined by (2.5) and (2.6), which satisfy the relation (2.7) and that
(ug) and ()\y) are stationary ergodic; moreover, we know that the sequence (W}) defined in
(2.8) is a non-negative martingale under the measure P¢ and P, w.r.t. the filtration

Fo=0(), Fun=0(N(),0<k<n—-1,1<rj<dl>1)forn>1

Let W' := lim,,_, 1 W} be the a.s. limit of the martingale (W}).
It is well known that, under the following moment condition

Elog™ || Mo < +oo, (2.10)

the Lyapunov exponent v of the sequence of matrices (M, )n>0 exists, with

.1 !
v:= lim —Elog|Myn—1|| = inf —Elog || Mo pn—1]l-
n=1ln

n—+oon

Moreover, Furstenberg and Kesten established a strong law of large numbers for log || Mg »—1]|:

1
lim —log||Mop—1|| =7 P-as.

n—+oon
According to the values of the Lyapunov exponent 7, we have the following classification:
a MBPRE is supercritical if v > 0, critical if v = 0, and subcritical if v < 0. In this article,
the process (Z,,) is assumed to be supercritical, i.e. v > 0.
Under the supercritical condition v > 0, we know by [10, Theorem 2.6 and Corollary 2.8|
that the condition

Zi(j) Zi(j) -
E L _Jogt M) < 400 V1<4,5<d 2.11
(MO(Zaj) & MO(Zvj) J ( )

is sufficient for the non-degeneracy of each W (in the sense that P(W* > 0) > 0), with
i _ i _ i 1 i
BV =1 and BV > 0)=Fe(|Z)] 7 ) =1-¢(© >0, as.  (212)

where ¢'(£) = P¢(Z% — 0) is the quenched probability of extinction of the process (Z%). By
Sheffé’s theorem, the property that EW® = 1 is equivalent to the L!-convergence of W}.

Denote ) .
B i (i i (i
Zi(j) = n9) _ Znl)
EeZ,(5)  Mon-1(i,5)
For n > 0, define the row vector po(&,) and the matrix P (&,), whose components are
afh
68j

po(&n)(@) = f1(0) and  Py(&,)(i,5) =
Then, for 1 <i,5 < d,
p0(n) (i) = Prag(||Zi| = 0) and Py(&,)(4, §) = Prag(Z) = ¢;),

where T™ is the n-fold iteration of the translation 7" defined as

T¢ = (&,8,---) if &= (%,&,-)

0), 1<i,j<d. (2.13)
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Throughout the paper, we will assume the following condition:
H1. The vector po(&) = (f3(0), ..., f&(0)) satisfies
po(&o) =0 P-a.s. (2.14)

The condition H1 means that each individual of the population gives birth to at least
one child, so that ¢*(¢) = 0 a.s. When (2.12) holds, this implies that || Z%| — +oco a.s. as
n — 4o00. When H1 holds, the process (Z!) is called increasing since in this case ||Z%]| is
increasing a.s.

We introduce the following condition introduced by Furstenberg and Kesten [7].
H2. There exists a constant D > 1 such that P-a.s.,
maxlgmgd MO (’i, j)
miny<; j<qd Mo(%, j)
We introduce the following assumption :

H3. There exist constants p € (1,2], A > Ay > 1 and Ay > 0 such that for any 1 < i,j < d,
P-a.s.

1< < D.

Ap < Mo(i,j), A <|[Mo(i, )| and E¢(Zi(5)P) < AP.

It is clear that H3 implies the conditions (2.9), (2.10), (2.11) and v > 0. From H3 we

have also that for all 1 < i,5 < d,
My(i,j) < A P-as. (2.15)

Under the condition H3, it implies that
| ¢ 1ciyed Mo(hj) A (2.16)

min;<; j<q Mo(i,7) = A2
Therefore, H3 implies H2 with D = A%'

Now we study the existence of harmonic moments for Z!(j) under the boundedness
condition H3. We shall also use the following condition:

H4. There exist a constant ag > 0 such that E[(Z}(j))"%] < +oo for all 1 <i,j < d.

The following theorem concerns the existence of harmonic moments of Z(j) uniformly
in n, which is quite useful in applications. It will be used in the proofs of the Berry-Esseen
bound and moderate deviations for log Z? (j).

Theorem 2.1 (Harmonic moments)._Assume conditions H1, H3, Hj} and v > 0. Then
there exists a > 0 such that sup,~, E(Z},(j))™* < 400 for all 1 <i,j < d.

Notice that H4 is necessary since sup,,; E(Z(5))~® < +oo implies E(Zi(j)) ™% < +oc.
Notice also that, since Z{(j)) — W* a.s., by Fatou’s lemma, sup,>, E(Z}(j))™® < +oo
implies E(W?%)~% < oco. For the harmonic moments of W', sufficient conditions have been
given in [9]. We mention that the uniform finiteness of the harmonic moments of Z¢(j) is
more delicate compared with that of the martingale W where each type particle contributes.

Now we formulate a Berry-Esseen type theorem for log Z!(j), for all 1 < 4,5 < d. It
has been proved in [22, Proposition 3.15] that if for some ¢ > 0 and all i,j5 € {1,---,d},
EMy(i, j)° + EMo(i, j) ¢ < oo, then the asymptotic variance o2

1
o? = lim —E[(log(xMy, 1,e;) — ny)?]

n—+oo n

exists with value in [0, c0), uniformly in € S (in fact this was proved in [22] under weaker
conditions). For the rate of convergence we need the following assumption :
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Hb5. The asymptotic variance o satisfies
o2 > 0.

Theorem 2.2 (Berry-Esseen bound). Assume conditions H1, H3, H4, v > 0 and HS5.
Then there exists a constant C > 0 such that for alln>1, x e R and 1 < 4,5 < d,

P(ngé(w < g;) — ®(x) %a

where ®(x) = \/% - e t/2dt is the standard normal distribution function.

<

A similar result for the norm || Z},|| has been established in [9].
Our last result is a moderate deviation principle for log Z! (7).

Theorem 2.3 (Moderate Deviation Principle). Assume conditions H1, H3, Hj and v > 0
and H5. Let {an}n>1 be a sequence of positive numbers satisfying

an (279}
— =0 and — — 00 asn — oo.

n vn

Then for any measurable subset B of R,

2 log Z% (7)) —
ot P« liminfglog[@(fm c B)
z€B° 20 n—oo gz an, (2.17)
) n log Z¢ () — ny ., 72 '
<limsup — logP{ ——"~—— € B ) < — inf —,
n—oo Qp an z€B 20

where B° denotes the interior of B, and B its closure.

3. HARMONIC MOMENTS OF Z! ()
3.1. Auxiliary results.

Lemma 3.1. ([9, Lemma 3.1]) Assume condition (2.11) and v > 0. Then for all n > 0,
1 <i<d and any convex function ¢ : Ry — R4,

Jm Eeg(Wy) = sup Eeg(W) = Eep(W"), (3.1)
and
lim E¢(W,) = sup E¢(W;,) = E¢(W"). (3:2)
n—-—+0oo n;o

Lemma 3.2. ([19, Lemma 4.4]) Let X be a positive random variable, and a > 0. We have
the following assertions:

(1) if EX % < +o0o then Ee ™ = Oy 100 (t79);

(2) if Be ™ = Oy 0o(t™®) then EX 0 < 400 for all b € (0,a);

(8) Be™X = Oy y0o(t™?) if and only if P(X < z) = Opyo(x?).

Foralln >0,1<1,57 <d,let
D¢ (t) = Eee 70 and g} (t) = B¢yl (1) =Ee70), ¢ >0,
be respectively the quenched and annealed Laplace transform of Z%(j). Denote by

Gen(t) = (Pen(t), ¢, (1) and  @u(t) = (g (1), -~ d0(1), ¢>0.

Let T be the shift operator of the environment sequence:

T£:(£17£2a"') if 52(507517“')’
and let T™ be its n-fold iteration.
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The following lemma gives the functional equations and inequalities that the quenched
Laplace transforms qszn satisfy. For a matrix M, we denote its i-th row by M (i, -), that is,
M(Z, ) = eiM.

Lemma 3.3. Assume condition H2. Then for alln > 1, 4,5 = 1,---,d, the quenched
Laplace transform Q%Jn of Zt(j) satisfies, for all t > 0,

M5 (1, 5) Myn(d, j)
Pt (8) = fo(‘% ( Mlo,n(z',j)>’ Rt ( Ml,nu,ﬁ)) 33
t t
<i(eo(mmma) - Hoomra) @0
t t
h f0<¢T5”<DHM0H> O (DHMOH)) (3:5)
Proof. Conditioned on the environment &, the random vectors N/, , = (N, (1), -+, N[, ,(d)),

with Nl’:mk(j) denoting the offspring of type j at time n + k of the [-th r-type parti-
cle of generation n, are independent and have the same probability generating function
frofany10-+0 fuik—1, where f! and f,, are defined in (2.1) and (2.3). The process (Z,,)n>0
satisfies the following relation

d_Zn(r)
:ZZ Tng: n=0k>1 (3.6)
From (3.6) and Furstenberg-Kesten condition H2, we get that foralln > 1and 1 <4,j < d,
d_Zi(r) prr ()
71 . l,1,n
n+1U) = YA
+1( ) 7; ; MOn(Z ])
Zi(r)

N1 (G) My(r,j)
My (7, 5) Mon(i, 5)

Il
M&
M=

<
I
—_
Il
S =

N ~
=
Py
=

MLn(T,j)
iy Mo(i, 1) Min(l, )

Il
M&
N

1,n(7)

<
I
—_
Il
S =

N ~
(SRS
Py
=

1
S TRYAGSTE

r
l,1

(3.7)

WV
M=~
|

1 1=1

ﬁ
Il

Taking the Laplace transform and using the independence under ]P)g of the random variables
Z[1,(j) and Zi(r)forl > 0and 1 <7 < d, we get that forallnm > 1and 1 <i,5 <d, t >0,

Ochn () <Be IT T Ee [e_mz’r’l’"(j)]]

r=1 [=1
d r.j t Zi(r)
=B I G (o p)) |
t t
= (ke (o) e (Bpman) 09

Since maxj< <4 || Mo(r,-)|| = || Mo||, this gives the conclusion of the lemma. O
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Lemma 3.4. Let (Xi)ren+ be a sequence of i.i.d. random centered variables. Then for all
neN“andp>1-:

S < [BYEISPn, 1<p<2
2 S V(BPEIX RS, ifp > 2,

where B, = 2min{k'/? : k € N,k > L}.

E

3.2. Existence of the annealed harmonic moments E(Z/(5))~®. The aim of this sec-
tion is to prove Theorem 2.1 which gives the existence of the harmonic moments E(Z/,(j)) ¢
for a small a > 0, under the boundedness condition H3. We will prove the following theo-
rem.

Theorem 3.5. Assume conditions H1, H3, H4 and v > 0. Then there exist two constants
a >0 and C > 0 such that for alln>1,1<14,7<d,t>0, and xz >0,

S0 < G 3.9
P(Z!(j) < z) < Cz® and E(Z.(j))"*<C. (3.10)

Clearly Theorem 2.1 follows from Theorem 3.5.
For the proof of Theorem 3.5, we shall need the following technical lemma about the
decay late of functions which satisfy a recurrent relation.

Lemma 3.6. Consider a sequence of functions vy, : (0,00) — [0,00), n
there exist a random variable A > 0 and some constants ae(0,1),C>
for alln >0, and all t > 0,

> 0. Assume that
0, a > 0 such that

Yn+1(t) < aBay, (At) + tga (3.11)
(1) If aEA™* < 1 and vy is bounded on (0,00), then for allt >0,
lirgs;p U (t) < %, where Cq = l—ozg(A—“)'
(2) If dEA™% < 1 and o(t) < % for some constant Cy > 0 and all t > 0, then for all
t>0,
ig% P (t) < %, where  Cy = Cy + 1—0[13(14—0)'

Proof. Let {A;};>0 be independent coples of A. By induction, for all n > 1 and all ¢ > 0,

bn(t) < " Exo(t H Ag)+CJ1+ Z(QE(A—G))k]t—“. (3.12)

k=0 k=0
Therefore taking the limsup as n — oo, or taking the supremum on n > 1, we get the
desired results. O

For the proof of Theorem 3.5, we will need the following preliminary result about the
quenched moments E¢(Z%(j))P and the control of the quenched Laplace transform qu 1 (t) =

Eee™ U,foralln)landl\, <d. Forallk > 0and p>1, let

N7 ()
On(p) = On(p, ) = 0p, &) = max Be| 1ro=s

(recall that N7, has law p"(§) under P¢). Then Og(p,§) = Jax ]Eg‘Mol(f;) — 1| and

p

—1 (3.13)
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Lemma 3.7.

(1) Assume Furstenberg-Kesten condition H2. Then P-a.s., for allm > 1 and 1 < i,j <
d, with 0;(p) defined in (3.13),

_ . 1/p 9 n-l 1 1-p
(Ee(ZiG)F) " <dD*(1+ B, > 0x(p)» max Moj—1(i,r) 7 |. (3.14)
k 0 \ \
(2) Assume conditions H1 and H3. Then there exist two constants € (0,1) andty > 0
such that for alln > 1,1 <14,j < d andt > to,

¢ () < B P-a.s. (3.15)

Proof. We first prove (3.14). Recall that (see (2.7)) for n > 1, uy Mg, _; = Aon—1uo. Under
H2, by [11, (4.5)], we know that for all n > 1 and 1 < 1,5 < d,

1 < M[)n 1(Z ])un( )
dD2 = )\On 1U0()

Therefore we obtain that for allm > 1 and 1 < 4,5 < d,

<1 P-as.

i Z} Mo n—1(i, j)un(j Z(j
Mo 13, j) Aon-1uo(i)  Mon-1(i,j)
Z
_ ap2Za)un) oy (3.16)
Aon—1to(i)
Using the decomposition Wi = Z;é(le 41 —W}) and the triangular inequality in LP under
P¢, we see that for all n > 1,
ip l/p 0\ /P
(Belwir) < (1+ Z (EelWis - WiP) ™). (3.17)
By [9, (3.8)] we have for all £ > 0 and 1 < < d, P-a.s., with (p) defined in (3.13),
Ee|Wiy1 — WiP < Bgek(P)g?i{d (Mo,k—1(i, )" . (3.18)

Combining (3.16), (3.17) and (3.18), we obtain (3.14).

Now, we assume conditions H1 and H3. We prove the second part of the lemma. We
know that H3 implies H2, then under H3, we also have (3.14). Using the triangular
inequality in LP under P¢ and condition H3, for n > 0 we have

p|1/p P
n(p) < max (HEE(Nl DT 1) < (i + 1) P-a.s. (3.19)

Mn(Z>]) A2
Using [9, (3.11)] that Mo ,—1(i,r) > A2 AT~ and (3.19), we obtain that for all 1 <4,/ < d
and n > 0,
_. 1/p
(EeZi)y) " < (3.20)

Since © — (e™* —1+x) /2P is a positive bounded function on R , it follows that there exists
a constant C7 > 0 such that for all x > 0,

v <l-—-x+ C’lxp.
Combining this with (3.20), we see that for all 1 <4, <dandn > 1, and t > 0, P-a.s.,
Ben(t) = Bee 7 < Be(1 - 17, < )+ C(Z0)))
<1-Ct+CCitP. (3.21)
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Let h(t) =1 — Ct+ CCytP, t > 0. We observe that the minimal value of h(t) is 8 = h(to),
where to := (pC1)(1=P) and we have

1
B=1-Clpe)Y0P + g(pcol/ 1 —1- (1- Yot (3.22)

So B € (0,1). Since the quenched Laplace transform gbéfn is decreasing on R, we conclude
from (3.21) that for alln > 1, 1 <4,j < d, t > to,

B (1) < G0 (to) < h(to) = B P-aus. (3.23)
This concludes the proof of Lemma 3.7. O

We begin with the following result for the existence of the harmonic moments E(ZZ(5)) ¢
for each n > 1.

Proposition 3.8. Assume H2. Let a > 0 be such that E[||Mo|¢] < oo and E[(Zi(j))7¢] <
oo foralli,j € {1,---,d}. Then for alln>1 and 1 <i,j < d,

E(Z:(5)) " < +o0. (3.24)

Proof. We will prove (3.24) by induction on n > 1. For n = 1, (3.24) holds under the given
condition on Zi(j). Assume that (3.24) holds for some n > 1 and all 1 < 4,5 < d. We will
prove that (3.24) also holds for n + 1. By (3.7), we have the following decomposition: for
n>1landije{l, -, ,d},

Z NZ:l,n(j) Ml,n(rvj)
= Min(r,j) Mon(i, j)

lel,n(]) 1
My (r, j) D|| Mol

(3.25)

Notice that from the condition on Zi(j), we have Zi(j) > 0 a.s. for all i,j € {1,--- ,d}.
Therefore, from (3.25) we get that for alln > 1, 4,7 € {1,--- ,d}, and a > 0,

B(Zin )™ < DB[ (52200 ) o]

= DE[(Z;() "] E[llMo]|°]- (3.26)

So by the recurrence hypothesis and the condition on Zi(j), we see that (3.24) still holds
forn+1 and all 4,5 € {1,--- ,d}. Therefore, by induction, (3.24) holds for all n > 1 and
ijefl,-- . d}

U

We now prove the uniform finiteness of the harmonic moments of Z:(j), that is, the

existence of some a > 0 such that sup,>; E(Z{(j))™® < oo, which is much more delicate
than for a fixed n > 1.

Proof of Theorem 3.5. We first notice that the implication (3.9) = (3.10) holds by Lemma
3.2. Therefore, it remains to show (3.9) under the given conditions. Assume conditions H1,
H3, H4 and v > 0. For every environment £ and every integer n > 0 and j =1,--- ,d, set

S () = (B (1), op (1), with 6Pl (H) =Eee %), i=1,--. d, t>0.
(3.27)
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Let ¢/, be the function on R defined by
(1) = Ell ¢, () loo = E max ¢77(t), ¢ > 0. (3.28)

1<r<d

Notice that for all ¢t > 0

167 () lloo = IESE, (D)oo < B0, (D)oo = h(D).

Therefore (3.9) holds if we prove that there exist constants C,a > 0 such that for all n > 1
and ¢t > 0,

L (t) < Ot (3.29)

Now we prove (3.29). In the following, for all statements involving the environment &, the
validity is for almost every environment, though this is not explicitly stated for simplicity.

From Lemma 3.3 we obtain that ¢§Jn(t) satisfies the following equation: for all n > 0,
1<j<dandt >0,

t

. 3.30

¢§n+l( ) f0<¢T§7 (D”MOH)> ( )

For n > 0, denote by @Q1(&,,) the positive random matrix whose entries are, for 1 <, j < d,
Q1(&n)(6,7) = Pe(l Zntall 2 2, Zns1(§) 2 1, Zpga(r) = 0,7 < j|Zy = €;).

It is clear that for n > 0, Q1(&,) depends only of &, and that the events {Z,4+1(j) =
1, Zp41(r) =0Vr < j}, 1 < j < d, constitute a partition of {||Z,+1|| > 1}. Hence

d

1Q1(&a) (@, )l = Y Q1(&a)(i,5) = Pe(1 Znsill = 2| Z0 =€) VI<i<d.

By H1 and the fact that | P1(£,)(4, )| = Pe(| Zn+1|| = 1| Z,, = €i), we get that for all n > 0

and 1 <7 < d,

which means that Pi(&,) + Q1(&,) is a stochastic matrix, and ||P1(&,) + Q1(%)|| = 1.

Then, by definition of the matrix Q1(£p) and using again H1 and the partition {Z,+1(j) >
1, Zny1(r) =0Vr < j} (1 <j<d)of {||[Zn+1] = 1}, we see that for all s = (s1,---,s4) €
[0, 1]d and 1 <7 < d, we have
d
] k(1 k(d
ZPi 7 =e;)s; + Z Pf(Zi:k)sl()--'sd( )
Jj=1 keNd, HkH>2
d
<D Pi(&) i, 4)s; + |Is ||ooZQ1 £0)(i,7)s;
Jj=1 j=1
T
= (s([P1(%0) + lIsllc@1(0)]) " s €i)-
In terms of the vector form, it reads for all s = (sy,--- ,s4) € [0,1]%,
T
fo(s) < s([Pr(&) + [ls Hole(éo)] (3.32)
This, together with (3.30), implies that for all n > j<dandt >

d
62010 < 07 (G ) (P60 + qum( s ) L @i ) . (333)
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Taking the norm in (3.33), we get for all n > 0 and ¢ > 0,

62Ol < 65 (e ) (i) + ot (e ) &0)) |- 030

Now, by Lemma 3.7, we know that there exist two constants 8 € (0,1) and to > 0 such
that [|¢2,(¢)[|c < B for all t > to. Using the condition ||Mp]| < (dA), this implies that for
alln > 1,1 <5 <d,

”ng& <D]M0||>H < B, Vi zito(dDA). (3.35)

From (3.35), (3.34), and the condition that the sequence (&) is i.i.d., we see that for all
n>1andt > ty(dDA),

i1 (8) = E[[ 6, 11 (1)l|oo]

e GO BQ1(50)>THOJ
(P& + s | B[l (G ). €]}

A t
We will write this inequality in the form (3.11) in order to use Lemma 3.6. Set

o= E[|[Pr(go) + BQu(0) ]

and let A be a positive random variable whose distribution is determined by the following
expectation: for all measurable functions h: Ry — R,

Eh(A) = —]E[HPl £0) + 5Q1(%0) Hh(D”MO”)]

Then we can rewrite (3.36) as follows: for all n > 1 and t > to(dDA),

N
=

VA
=
—

n+1(t> S al [W (At)]. (3.37)
Let a > 0 and C = (to(dDA))*. Since ¢n+1( ) < 1, it follows that for all n > 1 and t > 0,
: ) C
P41 (t) < aE[d),(At)] + a (3.38)
We will prove that
a<l and aEAT*<1 (3.39)

for some a > 0. For the proof of (3.39), recall that from the condition on Zi(j), we have
Zi(j) = 1 as. for all i,5 € {1,--- ,d}, so that || Z}|| > d a.s. Thus
1P1 (o)l = max [[Pa(é) (i, )| = max Pe([|Zi]| = 1) = 0.
<i<d

1<i<d

Since || P1(&) + Q1(&o)|| = 1, it follows that

= E[|Pi(%0) + 8Q1(&)| | = E[B(P1(60) + Q1(60)) + (1 = B)Pa(0)]
<A+ A -PE[P(&)] =8 <1. (3.40)
By the definition of A, we have

aEA™ = IE{(DHM(JH)QHPl (o) + 5@1(50)”]
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Recall that ||My|| < dA. So by the dominated convergence theorem we get that

lim aEA™% = a < 1.
a—0

Therefore for some a; > 0 and all a € (0,a1], we have aEA™® < 1. This ends the proof of
(3.39).

Letting a = min(ay, al,)’ with ag defined in condition H4, we see that for some constant
C1 > 0 and all t > 0, ¢{(t) < C1/t*. Using this together with (3.38), (3.39) and Lemma
3.6, we see that for all t > 0,

Co C
< —, h Co=C1+ ————.
supon(t) < 1 vhere G = Ot g
This ends the proof of Theorem 3.5. ([l

4. BERRY-ESSEEN BOUND FOR log Z! (5).

In this section, we prove Theorem 2.2 which gives a Berry-Esseen bound for the logarithm
of log Zi (j), for any 1 < 4,7 < d.

First, we formulate the following lemma giving the convergence in L! of log Z%(j) to
log Wt with an exponential rate, for all 1 < 4,7 < d.

Lemma 4.1. Assume the conditions H1, H3, HJ and v > 0. Then there exists two
constants C > 0 and 0 € (0,1) such that for alln > 1 and 1 <i,j < d,

E|log Z(j) — log W'| < C.6"™. (4.1)

Proof. For any n > 1 and 1 < 4,5 < d, set

Zi(5)

— — 1.
Wi

Rf{j =
Then, for all n > 1 and 1 < 4,5 < d we have
log Z:(4) — log W* = log(1 + R%). (4.2)
Let K € (0,1) be a constant. From (4.2) we get that for alln > 1 and 1 < 4,j < d,
E|log Z;,(j) — log W'| = Ellog(1 + Ry )L piis ey + Ellog(1+ Ry )L pii )]
= I1(n) + Iz(n). (4.3)

Now we control the two terms I;(n) and Iy(n).
Control of I (n). Let € € (0,1], the function  — |z| ¢ log(1+z) is bounded on [— K, +00),
soforalln>1,e=aand 1 <1i,j <d we get

I(n) = E|log(1 + R%Y) < CE|RY)°, (4.4)

Ligios_xyl
We see that

o Zz - a . .1a .
BlRy ) = 6| 229 | <8 Zi) - wi v (45)

By applying the result from [11] for p > 1, there exist two constants C' > 0 and 6 € (0,1)
such that

. a _. . _ N 1/p
E|Zi() - W <E|Z() - W] < (E|ZiG) - W) T < com, (4.6)
Combining this with E(W?%)~¢ < C, we get
E|RLI|* < C6™. (4.7)

Therefore, I1(n) < Cé™.
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Control of Is(n). Using the inequality |logz|*> < C(x +2~%) for z > 0 and Theorem 2.1,
we have for alln > 1,1 <14,5 <d,

. 1/2 _. SN 1/2
sup (E| log(1+ Ri)*) " = sup (E| log Z3,(j) ~ log W)
n=0 n>0
_ 1/2 9\ 1/2
<sup (E|log Z,(7)2) " + sup (E| log Wi|?)
n=0 n>0
< Csup (E(Z,(5)) +E(Z3, (7)) + Csup (E(W;i) + E(W;) ™)
n=0 n=0
< 40o0. (4-8)

Applying Cauchy-Schwarz’s inequality, Markov’s inequality and combining with (4.7)-
(4.8), we get that for all n > 1, 1 <4,j < d,

IQ(n) = E| IOg(l + RQJ)H{R;J<,K}‘

< <E| log(1 + Rz{j)‘Q)l/Q (E]l{th<_K}>l/2

< g (Erostt + 120P) | (1 > )

<c(mryl)” <o, (4.9)
Thus, we conclude that that there exist two constants C' > 0 and § € (0, 1) such that
E|log Z(j) — log W'| < C.6"™.
(|

Below we recall the Berry-Esseen bound for log(yMy ,,—1, €;), forany y € Sand 1 < j < d,
established in [22, Theorem 2.1]. It will be used in proving the Berry-Esseen theorem for
log Z! (j), for any 1 < 4,7 < d.

Lemma 4.2. [22] Assume that for some ¢ > 0 and all i,j € {1,---,d}, EMy(i,5)° +
EMy(i,7)~¢ < oo and assume also H5. Then there exists a constant C > 0 such that for
alln>1,yeS and x € R,

‘]P)<log<yMo’n1,ej> —ny < C

o\v/n N
The following lemma provides inequalities concerning the concentration of the joint distri-
bution of (log Z?(j),log Mo n—1(i,7)). It reveals that log Z(j) and log Mo ,,—1(i,j) behave
similarly with large probability.

< :L‘) — ®(x)

Lemma 4.3. Assume conditions H1, H3, H4, v > 0 and H5. Then there exists a constant
C > 0 such that for all x € R,

Qoo .
P <IOan(j) ny <z log Mon—1(4,5) — nvy > x) < o (4.10)
ovn ov/n Vi
and
log Z% (5) — log Mo n—1(%,J) —
P ( og Z!(j4) —ny _— og Mon—1(i,7) —ny < x) < < (4.11)
oy/n a\/n Vn
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Proof. We will only give a proof of (4.10), since the other inequality (4.11) can be proved
by similar arguments. Forn > 1,0 < m < nand y,z € Ri \ {0} and 1 < 4,5 < d, set

i log{yMmn-1,2) = (n—m)y . Lo log Wi, Lid o log Z,,(7)
: ovn ’ ov/n ' ov/n
In the following we take m := m(n) = |\/n], where |x] is the integer part of z; C' > 0 will
be a constant which may depend on p and 7, and which may differ from line to line. By

Markov’s inequality, we get that there exist constants d1,d2 € (0,1) such that for all n > 1
and 1 <14, < d,

P(|LL, — Ll > —=) < VRE|L, = Li, |

=)
Vo
1 _ .
= — Ellog Z,,(j) — log Wp,|
1 _ 1 . .
< —Ellog Z;,(j) — logW*[ + — E|log Wy, —log W*| < C(0T + 63"),
g g

the last step holds by using [9, Lemma 5.1] and Lemma 4.1.
Since 07 + 05" = (\}) as n — +oo, this implies that for allm > 1 and 1 <, < d,

. 1 C
i i il —
P(|Li3, = Liyal > \/ﬁ) <= (4.12)
Thus we obtain that for allm > 1, x € Rand 1 <14,j <d,
P(log Zi(j) —ny < log Mo,n—l(i,j) -y :E)
ov/n ov/n

— (Seuej +L7Z,£J < Seue] >

iy 3 ]‘ 1,65
< (Se € _|_Ljn’n§x+ﬁjgg7nej >x)
- 1
+IP’(|L“ = Lyl > ﬁ)
< ]P,(Sez,eg +Lz <z+ L Seuej > .%') + i (4 13)
~X ~X \/ﬁ’ \/ﬁ .
Recall that for y € S and M € G°, we denote by y - M := ” H the projective action of M

on G°. Then, for y € § the process
X =y, and XY=y Myn-1, n
is a Markov chain on §. Notice that foralln > 1 and 1 < i,j <
log((eiMom)Mm+1,n-1,€5) — Y
ov/n
_ log|leiMom|| +log((ei - Mom)Mimt1,n-1,€5) — 1y
ov/n

m + a1
= \/ S(c;lerl + Ser-lHn . (414)

Moreover, by (2.6) we have that for all n > 0,

. My (ry )y ung1) . My(r,u)
1> = m > m _, 4.15
> min ua(r) = min e NI 2 S T (4.15)

z 1,
d

, we have the decomposition

€65 __
SO,n -
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We have the two following inequalities: for all n > 1 and 1 < 4,5 < d, P-a.s.,
log 17, < log | Mo 17, )| + log Wy — min. logu,x ) (4.16)
log || Z%|| = log || Mo n—1(i,-)|| + log W + 1r<117}£dlogun(r). (4.17)

Therefore, putting together the relations (4.13)-(4.16), we obtain that for alln > 1, x € R
and 1 < 4,5 < d,

p(LBZ0) =, oeMoua (i) )
ovn oyv/n

m+1 , . 1
< P( SOm+1+Sm7+nY11J+B;L‘mn<J;+%’

Im+1 e, L c
o SS mt+1 T Sm+ﬁz 7> 95) + 7R (4.18)
1 1 Z%

. M (r,u)
B .= lo - + min lo mA
mn = e Mo (i, )| nidrusd ° M|

with

Denote by v/, ,, the joint law of (XE;H, \/ et SSZ,’HH, ﬁnn) on S xR xR. For y € S and
z € R, set

Gm(x) = P(Sm < ).

)

Since S mi1n 18 independent of X s SSl;nH and B:n,n for any y € S, we obtain from
(4.18) that for alln > 1, z €e Rand 1 < i,5 < d,

P(log Zy(j) — ny <e log Mo n—1(i,5) —ny - w)
ov/n oyv/n

€ e i C
< / (4 tsti<a fanﬁln—l—s>x)um,n(dy,ds,dt)+ﬁ
e; 1 ,€5 7
/ ]l{ % Gfr’ﬁil,n (IB —s—t+ %) - anil,n(x - S)} Vm,n(dy7dsadt)
4.19
+\/ﬁ (4.19)

The random matrices M, n > 0, are i.i.d., so forn > 1, y € S and = € R we have

o log(yMon—m—1,€j) — (n—m — 1)y e
Gty o) = B( 2 <o) = Gh (o).
Notice that a, = (1 —2tL)= 172 = =14+0(% )_1+O(\f) as n — 400.

Therefore, applying the Berry-Esseen bound of Lemma 4.2, we get that foralln > 1,y € S
and x € R,

with a, = /- ——.

|G ndin (@) = B(anz)| = |GG (anT) — D(anz)]

I
Y —
Ca, C

= N < Nk (4.20)
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Moreover, using the mean value theorem on the function ¢ — ®(tx) with ¢t > 1, we obtain
that for all n > 1 and = € R,

C
|®(anz) — ®(7)| < |a, — 1] sup |z®' (tz)| < —=sup [2®'(2)]. (4.21)
t>1 T zeR

It is clear that z — |2®’(2)] is a bounded function on R. Combining this with the inequalities
(4.19)-(4.21), we deduce that foralln > 1, z € Rand 1 <i < d,

(long( )—n’y log Mo n—1(3,7) — ny >x>
Uf \ 7 Uf

/Il{tg\/lﬁ}‘fb@—s—t%—\/lﬁ) O(x —s)|vy,

C
dy,ds,dt) +
aldy, ds, dt) + NG
(4.22)
By the mean value theorem and the fact that sup,cp |®'(x)| < 1, for all z,z € R we have
@z + 2) — P(x)] <2].

This, together with (4.22), implies that for alln > 1, z € R and 1 < 14,5 < d,

P(loan(J)mgx7 log Mo n—1(i,j) — V>x>
ov/n o

< /]l{t<in

< [y, ds, ) +

§

oy s, ) + =

Vn
= E|B! |+ < (4.23)
m,n \/’TL
By definition of By, ,,, combining with (4.15)-(4.16), we get that for alln > 1 and 1 < i <d,
P-a.s.,
: z, ||
B 1<l log M, (r, log || M,
VBl < 108 Tl 2| i [1og My (r, )]+ 10g M,
|1ogww+|log|\M I+ max (|1ogup(u)] +|log M (r, u)])

< |log Wi | + 2| log || My, H|—|—21max | log My, (7, u)]. (4.24)

By [9, Lemma 5.1] we have sup,,-o E|log W}| < +oo for any 1 < i < d. Moreover, from

condition H3 and the inequality |logz| < C(z"4+2~") for x > 0, it holds that E|log || Mo||| <
+o00 and E|log My(r,u)| < +00, 1 < r,u < d. Therefore, taking expectation in (4.24), this
implies that for allm > 1 and 1 < i < d,

(4.25)

Hence, (4.10) follows from (4.23) and (4.25). This concludes the proof of Lemma 4.3. [
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Proof of Theorem 2.2. For x € R we write

P<1og Zy(J) —ny < x)

o\/n
_ P<10g Z,6) —my g Mona (i) —my x)
o\/n ov/n
log Z% (5) — log Mo pn—1(i,5) —
NECTRT IR
_ IP,(10g1\40,n_1(w) - x)
ov/n
_P(logZé(j) =y, log Mopoa(iy5) —my x)
o\/n ovn
log Z¢ () — log Mo p—1(i,7) —
+IP’( o8 Z% a8 0’”0%]) L >x>.
By Lemma 4.3, we get that there exists a constant C > 0 such that for all x € R,
/L' . _ . . _
’P<log Zp(j) —ny < x) 3 P<10gM0,n1(Za]) "y ¢ x)‘ << (4.26)
ov/n ov/n Vn
Combining (4.26) with Lemma 4.2, we obtain the Berry-Esseen bound for log Z¢ (j). This
concludes the proof of Theorem 2.2. O

5. MODERATE DEVIATION PRINCIPLE FOR log Z! (j)

In this section we prove the moderate deviation principle (MDP) for log Zi(4), using
Theorem 2.1 about the uniform finiteness of the harmonic moments of Z¢ (5) and the MDP
for the products of random matrices established in [23].

Proof of Theorem 2.3. From the moderate deviation principle for log Mo ,—1(i,j) estab-
lished in [23, Theorem 2.7], we know that Theorem 2.3 holds if we can prove the following
exponential equivalence (see Theorem 4.2.13 in [6]): for any § > 0,

log Zt () — log My p—1 (i, j
lim nglogP(| 08 Z1(J) = 108 Moy—1 i )| > 5) = —00. (5.1)

n—o0 g an,

To see this, we take a € (0,1] such that C = sup, E(Z:(j))™® < oo (this is possible by
Theorem 2.1), and use and the elementary inequality that eallogzl < g 4 p=a for 2 > 0.
Thus, by the Markov inequality, we have for any ¢ > 0,

HOg Z;L"b(]) - log MO,n—l(iaj)’ > 5)
Gnp

lim sup % log IP’(

n—oo Uy

log Z! (5

= lim sup % log]P)<’Og”('])| > 5)
n—oo Ay G,

= lim sup —» log P(e?/ 022 )] > gadan)
n—oo Gy

< limsup a% log (e_“"“‘S]E(Zf;(j)a +Z,(5)™")
n

n—oo

—nad

< lim sup + lim sup % log(1+ C), (5.2)
an

n—o0 (479 n—o00
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where the last step holds since EZ(j) = 1 and E(Z/(j))~% < C. In (5.2), the first lim sup
is —oo due to the condition that n/a, — oo; the second limsup is equal to 0 because
n/a? — 0. Therefore (5.1) follows from (5.2). This ends the proof of Theorem 2.3.
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