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Abstract

This article explores the hysteretic behavior and the damping features of sheared granular media
using discrete element method (DEM) simulations. We consider polydisperse non-cohesive frictional
spherical particles, enclosed in a container with rigid but moving walls, submitted to a cyclic simple
shear superimposed to a confining pressure. The mechanical response of the grains is analyzed in the
permanent regime, by fitting the macroscopic stress-strain relation applied to the box with a Dahl-
like elasto-frictional model. The influence of several parameters such as the amplitude of the strain,
the confining pressure, the elasticity, the friction coefficient, the size and the number of particles are
explored. We find that the fitted parameters of our macroscopic Ansatz qualitatively rely on both a
well-established effective medium theory of confined granular media and a well-documented rheology
of granular flow. Quantitatively, we demonstrate that the single degree-of-freedom elasto-frictional
reduced model reliably describes the nonlinear response of the granular layer over a wide range of
operating conditions. In particular, we show that the mechanical response of a granular slab under
simple shear depends on an unique dimensionless parameter, akin to an effective Coulomb threshold,
at low shear/high pressure. Further, exploring higher shear/lower pressure, we evidence an optimal
damping at the crossover between a loose unjammed regime and a dense elastic regime.
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1 Introduction

Granular materials are ubiquitous in Nature,
where they are found in a variety of states of
matter [1]. From the application point of view,
granular media are known to dissipate and dis-
perse efficiently mechanical shocks (a sand pile
can stop a riffle bullet) and they proved to be
efficient also in the context of sound and vibra-
tion mitigation [2], damping [3] and insulation [4].

Compared to classical matter, granular media
present unusual properties like softening [5], weak-
ening [6], phase transition [7] relaxation [8] and
aging [9], to name but a few.

Jammed granular media are frequently
referred to as granular solids owing to their abil-
ity to resist to pressure and shear, or even as
metamaterials [10] to tailor wave absorption [11]
and propagation [12]. To determine their elastic
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features, an effective medium theory (EMT) was
developed in the late 80’s to connect the elastic
moduli at the particle level to the one at the sam-
ple scale [13]. Such a macroscopic description of
a pile of grains inherit and reveal the intrinsically
nonlinear Hertzian potential at the heart of the
contacts mechanics [14, 15]. When the particles
are non-cohesive and dry, they are likely submit-
ted also to friction [15]. Frictional properties are
particularly studied in the field of granular flow,
in line with many industrial applications, where
one of the bottleneck relies on understanding how
friction dictates the rheology of an avalanche, for
instance [16]. Here, a key description is found
in dense and slow granular flows, where such a
behavior can be described with the tools and
definitions of soil mechanics [17–19]. In this con-
text, an effective friction coefficient is defined
as the ratio between shear stress and confining
pressure [16]. Interestingly, this macroscopic coef-
ficient only depends on a dimensionless inertial
number I [20, 21].

Inter-particle friction, together with inelas-
tic collisions between grains, is also a key fea-
ture to damp mechanical energy in discrete sys-
tems. Indeed, vibrated granular media are able to
achieve perfectly inelastic collapse conditions [22,
23], leading to exceptional damping efficiency [3,
24–26]. Here, the dry friction being mostly a fre-
quency independent mechanism, it is much more
effective at low frequency than the viscoelastic
damping [27, 28]. Phenomenologically, the friction
between numerous particles gives rise to powerful
hysteretic behaviors at the sample scale [8, 29],
which themselves rely on multiple stick-slip events
at the contact scale, leading in practice to nonlin-
ear damping properties [30–33]. The macroscopic
hysteretic response is thus closely related to the
anisotropy and the topological disorder of the con-
tact network, as evidenced for instance by X-Ray
tomography of granular media under shear [34].

In the vast majority of the studies on gran-
ular media, simulations based on discrete ele-
ment method (DEM) are widely used to model
soils [35, 36] and structure made of particles [37,
38] to explore in-depth phenomena at the micro-
scopic scale; such a detailed description generally
remains a challenging task in experiments, due
to the large number of interacting bodies. For
instance, Luding et al [39, 40] used DEM sim-
ulations in order to build a constitutive model

describing the behavior of a bi-axial box filled
with particles submitted to pure shear in two-
dimensions [39], by taking into account for various
phenomena like anisotropy, hysteresis and ratchet-
ing. This model was later enriched to include pres-
sure relaxation and stabilization in pure shear [40],
allowing to describe transient as well as perma-
nent regimes. Other extensive models for granular
matter include granular solid hydrodynamics [41]
handling static behavior with plasticity, but also
transient loading [42] including hysteresis.

From the practical engineering point of view,
models were also derived to describe the macro-
scopic mechanical response of structural elements,
such as a slender composite beam containing a
granular medium core, from either simulations [10]
or experiments [43]. In line with these attempts,
our study aims at deriving a simplified but reli-
able description of a vibrated confined granu-
lar medium, capable of reducing the complexity
of DEM simulations in order to facilitate, for
instance, the optimization of vibrations dampers
containing particles [44]. In particular, we require
our reduced model to be parametrized by iden-
tifiable and measurable quantities, such as the
features of the grains (size, material, ...) and the
features of the mechanical driving (confinement
pressure, shear amplitude, ...). Starting from a
DEM numerical model of individual grains con-
fined in a box and submitted to cyclic simple
shear, we thus provide and analyze, in this study,
an elasto-hysteretic reduced model at the macro-
scopic scale. The evolution of the elastic as well as
the damping features of both the numerical model
and the reduced model are explored, seeking in
particular for configurations with high damping
ratio.

The paper is organized as follows. The Sec. 2
describes the setup of the DEM simulation to
model a pack of grains enclosed in a box undergo-
ing simple shear cyclically. In Sec. 3, the evolution
of quantities of interest such as the shear stress,
the pressure, the elasticity and frictional behav-
iors are identified and examined at the light of
an elasto-hysteretic Ansatz made of a hysteretic
term rendered by Dahl model, combined to a lin-
ear elastic response. the reliability of this model
is probed via an extensive parametric study. In
Sec. 4, we evidence how our Ansatz relates to
an effective medium theory describing the macro-
scopic elasticity of granular media, and to a
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rheological model describing granular flows. Fur-
ther, we find through a dimensional analysis that
the granular material can be described reasonably
by a single non-dimensional parameter, akin to
an effective Coulomb threshold. The reliability of
this model is discussed and then used to estimate
the damping features. Finally, we propose a non-
linear improvement of the model, stemming from
the anisotropy-like pressure fluctuations observed
at high shear/low pressure; these fluctuations are
described by a second non-dimensional parameter.
The Sec. 5 is the conclusion.

2 Method and protocol

We build a numerical version of a granular
medium with a lateral size that is large enough
compared to the average particle radius, in order
to get rid of the discreetness of the medium at
the scale of the representative elementary vol-
ume. Our numerical sample thus consists of 1000
(10 × 10 × 10) polydisperse and purely elastic
spherical particles (nominally made of steel: mass
density ρp = 7850 kg/m3, Young’s modulus Ep =
210 GPa, Poisson ratio νp = 0.27, inter-particle
friction coefficient µp = 0.15), with uniformly
distributed radii to prevent crystallization (rp =
1 ± 0.25 mm). Grains are placed within a cubic
box with rigid but movable walls. The model is
simulated using DEM with Yade [45] open source
software. For this, Newton’s equations of motion
are integrated in the time domain with an explicit
second order Velocity Verlet scheme, with a con-
stant time step chosen equal to the time of flight
of the longitudinal waves across the smallest par-
ticle, ∆t = min(rp/

√
Mp/ρp), being Mp = Ep(1−

νp)/(1+νp)(1−2νp) the P-wave modulus of parti-
cles material. This time step is always smaller than
the duration of inter-particle mechanical contact
(i.e. the smallest duration in the system) because
the deformation rate is smaller than the P-wave
speed [14, 15]; this choice thus ensures a proper
discretization in time to fulfill energy conserva-
tion. Elasto-frictional interactions between parti-
cles are described by Hertz-Mindlin contact law
coupled with a Mohr-Coulomb criterion, which
means that the normal and the tangential con-
tact forces Fn,t versus deformations δn,t take the

form [14, 15]

Fn =
2

3
knr

1/2
p δ3/2n with kn =

2Ep

1− ν2p
, (1)

Ft = kt(rpδn)
1/2δt with kt =

8Gp

2− νp
, (2)

if the particles overlap due to compression and
stick due to friction; otherwise, both forces tend to
zero when the non-cohesive particles do not over-
lap, δn ≤ 0, and the tangential force saturates if
sliding occurs, Ft = min(∥Ft∥, µpFn) × sign(δ̇t).
Here, Gp = Ep/2(1 + νp) is the shear modulus of
the particles material and kn,t are their normal
and tangential contact stiffnesses. Without loss
of generality, the particle-to-wall interactions are
chosen frictionless (µw = 0). This choice implies
that no shear stress occurs between the parti-
cles and the walls in any directions, and simplifies
the interpretation on the origin of the dissipation
which, in this case, only comes from inter-particle
friction. This approximation is supported by the
fact that the particle-to-wall contacts are far less
numerous than the particle-to-particle ones, they
introduce a negligible correction in the macro-
scopic mechanical response.

In a first step, we prepare a granular sample.
We generate the 1000 size-distributed particles
placed at random positions in a dilute state (at
rest and well separated), inside a large cubic box
delimited by walls, using an Yade’s builtin gen-
erator. Then, we set the sample under pressure,
by proceeding with an isotropic compression until
a given volume fraction ϕ = Vp/V is reached,
with Vp the material volume of the spheres and V
the volume of the parallelepiped box. This step is
achieved by imposing the displacement of all the
walls at a constant and slow normal velocity, see
Fig. 1 (top-left); note the walls do not interact
with each other.

In a second step, the granular packing is sub-
mitted to cyclic simple shear. In practice, the box
is deformed by imposing the rotation of two of
the side walls, see Fig. 1 (top-right), similarly
to what was done experimentally in [34]. How-
ever, in our case, the volume of the box is kept
constant, whereas the confining pressure is kept
constant in [34]. We impose an harmonic rotation
angle θ(t) = θm sin(ω0t) leading to a shear strain
γ = tan(θ) which is quasi-harmonic in the limit of
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Fig. 1 (top) Granular sample during (left) initial com-
pression and (right) cyclic shear. (a) Imposed shear strain,
(b) shear stress and (c) hydrostatic pressure, as functions
of time for two values of the volume fraction ϕ = 0.64 (red)
and ϕ = 0.70 (blue) at γm = 0.15. Stress-strain curves
for (d) ϕ = 0.70 and (e) ϕ = 0.64 at various amplitude:
γm = 0.05, 0.10 and 0.15.

small angles, γ(t) ≃ γm sin (ω0t) with γm ≃ θm ≪
1. It is important to note that, here and in the
following, cyclic shear transformations are quasi-
static in order to neglect inertia in the forces and
moments balance. The latter condition is ω0tw ≪
1 in practice, the angular frequency being propor-
tional to the shear rate, ω0 ∝ γ̇, and the time of
flight of a compressional wave across the granular
medium being tw = rp/

√
Meff/ρeff , with ρeff ∝ ρp

the mass density and Meff = Keff + (4/3)Geff

the longitudinal modulus of the sample’s effective
medium defined in Sec. 4.1 below.

The DEM computation allows extracting the
instantaneous quantities at the contact scale from
which we compute the variables of interests and
the state variables as functions of time: namely,
the shear strain γ(t), the shear stress τ(t), the
hydrostatic pressure P (t), the average coordi-
nation number Z(t), and the volume fraction

ϕ(t) = const (maintained constant during the sim-
ple shear transformation). The pressure in the
granular medium is estimated as the trace of the
stress tensor P = (σxx + σyy + σzz)/3, where
σii = (F+i ·n+i+F−i ·n−i)/2Si with Si the area of
face i = (x, y, z), is computed from the total forces
F±i exerted by the particles on the faces defined
by their normal vectors n±i. We checked that this
estimation of the confining pressure is consistent,
by less than 0.1% relative difference, with the
one computed from the trace of the Love-Weber
stress tensor [45–47]. The onset of jamming [48]
(which corresponds to the onset of a pressure
in the sample, at which it gets an elasticity) is
reached at around a volume fraction ϕc = 0.595±
0.003 (0.5%) in average [49, p.111], over all the
dataset presented in this study. The shear stress τ
is computed by summing all the reactions applied
by the particles on the side walls, which are equiv-
alent to two resisting moments computed at the
center of rotation of the walls. The moments MOz

+x

and MOz
−x, exerted on the two opposite faces n±x,

are used to compute the magnitude of an equiv-
alent shear stress τ = −2(MOz

+x · z+MOz
−x · z)/V

exerted in-plane on the top wall n+z, where z is
the cartesian vector. Here as a crude check, we
verify that the work done by the shear force (the
injected energy) equals the total energy per unit
volume in the granular medium computed by the
DEM,

∫
τdγ = e.

3 Results

3.1 Evolution of the shear stress

Once the sample is set under pressure at a given
packing fraction, a quasi-harmonic simple shear
strain shown in Fig. 1a is imposed to it as
described in Sec. 2. The data on Fig. 1b present
the evolution of the shear stress reaction between
the walls of the container and the granular sample
to accommodate such a motion, for two exam-
ples, at packing fraction ϕ = 0.64 and ϕ = 0.70.
At such confinements, the average strain of the
contacts [50] is ⟨h/a⟩ ≈ 0.02 and ⟨h/a⟩ ≈ 0.04,
respectively, see the Fig. A1 in the Appendix
Sec. A1. In both cases, a nonlinear response is
clearly evidenced in the stress-strain relation τ(γ),
see Figs. 1d and 1e. Indeed, we observe an hys-
teretic behavior on Fig. 1d at ϕ = 0.70, with a
noticeable dependence with the shear amplitude
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γm. For instance, following clockwise the evolu-
tion of the stress-strain curve τ(γ) with the largest
amplitude, shown as the darkest blue curve on
Fig. 1d, starting from the left-bottom cusp point
at γ(t) = −0.15, we can see that after a nonlin-
ear growth, τ reaches a saturating point where
it starts to increase linearly with respect to γ.
Then τ reaches the right-top cusp point at γ(t) =
0.15 before pursuing the same track backward.
The behavior at (ϕ, γm) = (0.70, 0.15) has to be
contrasted to the one at (ϕ, γm) = (0.64, 0.15) pre-
sented on Fig. 1e, see the darkest red curve: the
stress-strain curve follows a similar trend, except
that the linear growth before reaching cusp points
becomes even more nonlinear, with an additional
stiffening inflection. Such an inflection is less obvi-
ous in the case (ϕ, γm) = (0.64, 0.10) seen on
Fig. 1e, for which the hysteresis curves appear
more similar to the one at (ϕ, γm) = (0.70, 0.15).
Also in both cases seen on Figs. 1d and 1e, the hys-
teresis tend to shrink and transform into a linear
elastic response at the smallest amplitudes.

All these observations thus highlight a symme-
try of the roles played by the packing fraction, the
confinement pressure and the shear strain ampli-
tude on the mechanical response of the granular
sample: large packing fractions, large confinement
pressures and small strain amplitudes tend to lin-
earize the stress-strain relation. This feature will
be further discussed and exploited in more details
in the following sections.

3.2 Evolution of the pressure

The evolution of the pressure during cyclic shear
is plotted on Fig. 1c. It shows that the pressure
is fluctuating even though the cyclic shear trans-
formation is isochoric. This phenomenon has the
same origin as the so-called Reynolds dilatancy,
an usual fluctuation of the volume fraction ϕ when
the shear transformation is performed at constant
pressure, as for instance in [34]. In the later case,
the granular medium has the tendency to expand
when submitted to shear strain. In the case where
the volume is constrained, the volume fraction is
prescribed, the dilatancy is thus frustrated, which
results in a fluctuation of the pressure. This vari-
ation, called the Reynolds pressure in [8], can be
described as

P̃ (t) = P + δP (t) = P0 +Rγ2(t), (3)
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Fig. 2 (a,b) Spectra of the shear strain and the pressure
fluctuation and (c,d) pressure fluctuation as a function of
the shear strain, for the two examples shown in Fig. 1: (a,c)
ϕ = 0.70 and (b,d) ϕ = 0.64, both at at γm = 0.15. Data
in (c,d) are compared to a quadratic behavior, with (c)
R = 7.54 GPa and (d) R = 4.49 GPa, where ∆P = Rγ2

m/2
is the peak amplitude of the pressure fluctuations, see Eq. 3.

where P , P0 and δP correspond to the time aver-
age, the static value and the fluctuation of the
pressure, respectively. Because of the quadratic
dependency in shear deformation, the static pres-
sure P0 (i.e. the pressure at zero strain, γm = 0)
and the mean pressure P = P0 + ⟨Rγ2⟩ are not
equal; however, they remain close for small strain
amplitudes, Rγ2

m ≪ P . The Reynolds coefficient
R was first introduced by Ren et al in [8], where
it was demonstrated to be related to the vol-
ume fraction, R = A(ϕc − ϕ)n with n ≃ −3.3
for cylindrical particles in 2D and A having the
dimension of an elasticity. It is worth pointing out
that the behavior of R was examined below jam-
ming in [8], ϕ < ϕc, while our study is conducted
in a 3D packing of spherical grains above jam-
ming, ϕ > ϕc, which is likely to provide a different
scaling of R with respect to the packing fraction.
In our case, we find that R ∝ (ϕ − ϕc)

n with
n ≃ 0.56, see Fig. A2a in the Appendix Sec. A2. In
an alternative manner, a dependency of the pres-
sure P with the shear strain γ was also captured
by the constitutive model derived by Luding et al
in [40], which demonstrates that the pressure fluc-
tuations in a 2D granular material under cyclic
pure shear result from a structural anisotropy,
coupling volumic and deviatoric component in the
stress tensor.
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In Fig. 2, we check the relevance of Eq. 3 for the
two examples shown in Fig. 1. For this purpose,
we introduce the peak amplitude of the pressure
fluctuations, ∆P = Rγ2

m/2, stemming from the
quadratic dependency γ2(t) = γ2

m sin2 (ω0t) =
(γ2

m/2)[1−cos (2ω0t)]. At first, the Figs. 2a and 2b
reveal that the spectral component of the normal-
ized pressure fluctuation δP/∆P is mostly located
at twice the driving frequency f0 prescribed by
the quasi-harmonic shear strain γ/γm. Such a fre-
quency conversion is typical of a quadratic depen-
dency, consistently with the reliable quadratic fit
shown in Figs. 2c and 2d. The estimated val-
ues of R from these fits, R = 4.49 GPa for
(ϕ, P ) = (0.64, 257 MPa) and R = 7.54 GPa for
(ϕ, P ) = (0.70, 929 MPa), indicate that R is a
growing function of P and ϕ. In more details, the
Appendix Sec. A2 reveals a power law of the pres-
sure, R ∝ Pm with m ≃ 0.37, see Fig. A2b,
consistently with the aforementioned power law of
the packing fraction, R ∝ (ϕ−ϕc)

n with n ≃ 0.56,
see Fig. A2a.

Finally, we observe on Fig. 1c that the lower
the packing fraction or the pressure, the greater
δP/P . This observation is compatible with the
evolution of the nonlinear behavior evidenced in
Figs. 1d and 1e: the pressure being a state vari-
able, its fluctuation with the shear deformation
will likely make the mechanical response nonlin-
ear. Indeed, the elasticity of granular media relies
on Hertz contact theory, see above in Sec. 2, which
depends on the confining pressure, see below in
Sec. 4.1: a significant fluctuation of the pressure
implies a nonlinearity of the elasticity. At first in
the following, we will thus restrict our descrip-
tion to cases at sufficiently small δP/P , i.e. at
large packing fractions and pressures, in order to
deal with linear elasticity; next, we will account
for additional nonlinear contributions at smaller
packing fractions and pressures.

3.3 Elasto-hysteretic behavior

Here, we aim at reducing the complexity of the
description of numerous particles submitted to
shear, by identifying a low order approximation
depending on essential parameters only. To reveal
this model, we first focus on the example with
weak relative fluctuation of P , at (ϕ, γm) =
(0.70, 0.15) from Fig. 1d. The stress-strain rela-
tion of this example is reproduced in Fig. 3.

At first glance, one sees that such a mechani-
cal response is likely to be decomposed with a
hysteretic response (a path-dependent saturating
contribution) superimposed with a proportional
response (a straight line with constant slope). In
the following, we propose to describe the former
with the Dahl model [51, 52], while the latter is
expressed as a linear elastic term. Such an elasto-
hysteretic decomposition was also used to describe
the response of fibrous materials submitted to
shear deformation [53]. The Dahl model is classi-
cally used in control engineering as an empirical
model due to its implementation facility; in par-
ticular, it was shown to constitute an alternative
formulation of the Mindlin frictional interaction
between a sphere and a plane [54]. The shear stress
is thus expressed as

τ(γ) = τD(γ, γ̇) +GEγ (4)

where GE corresponds to a linear shear modulus
and τD is the hysteretic Dahl stress. The latter
has no explicit form, but it can be expressed in
a compact form, as a first order time derivative
nonlinear equation,

τ̇D = GDγ̇

[
1−

(
τD
µDP

)
sign(γ̇)

]nD

, (5)

where GD, the first parameter of Dahl’s model, is
homogeneous to a shear modulus and corresponds
to the slope of τD(γ) when τD = 0. The second
parameter, µD, corresponds to a Coulomb friction
coefficient so that µDP is the asymptotic value of
τD at large shear strain. The third parameter, the
exponent nD, controls the shape of the curve, e.g.
nD < 1 exhibits brittle behaviors, while nD > 1
renders ductile responses. In the following of the
study, we choose nD = 1 as a first attempt, in line
with the literature [53, 55, 56], to model elasto-
plastic behaviors in between ductile and fragile.

The parameter identification consists
in finding the optimal parameters triplet
(µopt

D , Gopt
D , Gopt

E ) that minimizes the difference
between the reduced model defined in Eqs. 4
and 5, and the steady mechanical response simu-
lated with DEM. More details on the process of
identification is given in the Appendix Sec. A3.
To demonstrate the reliability of such identi-
fication, we show the root mean square error
(RMSE) between τ(µD, GD, GE) and τDEM across
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Fig. 3 (a,b,c) Maps of the RMSE between
τ(µD, GD, GE) and τDEM plotted in the three planes
(µD, GE), (µD, GD) and (GD, GE), for the example
(ϕ, γm) = (0.70, 0.15) shown in Fig. 1d. The parameters are

scaled by the optimal triplet µopt
D = 0.24, Gopt

D = 9.7 GPa

and Gopt
E = 2.3 GPa. (d) Stress-strain relation from DEM

simulation superimposed to the fits. The purple dotted
line represent the hysteretic Dahl contribution τD(γ), the
solid blue line represents the linear contribution GEγ, see
Eq. 4, and the red dashed line is the sum of the two.

three cross-sections of the parameters space, see
Figs. 3a, 3b, and 3c. One can see that an unique
and well-defined global minimum exists in a wide
region of parameters. The qualitative agreement
of the fit is shown on Fig. 3d for the example
(ϕ, γm) = (0.70, 0.15), and the quantitative agree-
ment is illustrated in ore details in the Appendix
Sec. A3 on Fig. A3.

3.4 Energy dissipation

The hysteresis of the macroscopic stress-strain
relation evidenced in Fig. 3 renders the mechan-
ical response non-conservative because of a path-
dependent mechanical loading/unloading. Likely
being the fingerprint of the microscopic inter-
particle friction inside the granular sample, such a
mechanism thus introduces energy dissipation; we
aim in this subsection at defining and quantifying

the damping properties of our system. In the fol-
lowing, the dissipated energy per volume unit and
per cycle is measured as

Ecycle
diss =

1

n

∮
n cycles

τdγ, (6)

which represents the enclosed area inside the hys-
teresis loop. This quantity has to be contrasted
with the maximum stored energy reached during
a cycle. The simplest estimation of that energy
is [57]

Emax
stored ≃ 1

2
τmγm. (7)

The ratio between these two energies gives an
estimation of the loss factor η as

η =
Ecycle

diss

2πEmax
stored

. (8)

As an example, the definitions Eqs. 6-8 applied
to the simulated strain-stress relation shown in
Fig. 3d indicate that dissipated energy per cycle is
Ecycle

diss ≃ 114 J/cm3, whereas the maximum stored
energy is Emax

stored ≃ 45 J/cm3, leading to a loss fac-
tor η ≃ 0.40. Such a level of damping is worthy
of interest in engineering applications. For sake of
comparison, an efficient viscoelastic material such
as Deltane 350 from Paulstra manufacturer, a syn-
thetic elastomer commonly used in the aeronautics
field, ranges from lower value η ≃ 0.16 at 1 Hz to a
higher value η ≃ 0.88 at 100 Hz, reaching η ≃ 0.45
at 10 Hz [28, p.94]. In contrast with the frequency-
independent friction-based dissipation observed in
our granular medium, the polymer material thus
loses its efficiency at low frequency, in addition to
being strongly temperature dependent [28, p.76].

3.5 Parametric study

We now look at generalizing our observations for
various configurations in the parameter space. In
particular, we seek at elucidating the possibility
of an optimal regime for energy dissipation, in
between low confinement pressure (where the par-
ticles freely flow on top of each other without
rubbing) and high confinement pressure (where
the particles firmly stick to form a sturdy elastic
brick). Three families of parameters are distin-
guished, namely (i) the particle properties, (ii) the
state variables defining the packing and (iii) the
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external parameters defining the driving excita-
tion.

The particle properties include their Young
modulus Ep, Poisson ratio νp, mass density ρp,
radius rp, number Np and the inter-particle fric-
tion coefficient µp. For sake of simplicity, fictional
materials are considered, for which those parame-
ters are varied independently; however, they range
within realistic values, as for the Young modulus
Ep reported in Tab. 1. Without loss of generality,
we assume that the Poisson ratio has a negligi-
ble effect (it only contributes to a second order
correction of the elasticity, see Eqs. 1 and 2) so
that it is arbitrarily kept constant in this study,
equal to its nominal value νp = 0.27. Also, the
mechanical response should be independent of the
mass of the particles at sufficiently low driving fre-
quency (see below, in the quasi-static regime), the
mass density considered in the following paramet-
ric study has a nominal value ρp = 7850 kg/m3.
In the same manner, it is likely that the size and
the number of particles should not play a role at
the macroscopic scale, in the long wavelength (low
frequency, see below) continuum limit approxima-
tion. The insensitivity of the mass, the size and
the number of the particles is probed at once suc-
cessfully by simulating a sample made of particles
with half the average radius (i.e. one eighth of the
mass per particle) but same sample’s volume (i.e.
eight times more particles) without noticeable dif-
ference compared to the nominal case; this case is
shown in the Sec. 4.1. Finally, the effect of inter-
particle friction coefficient µp is probed separately,
over more than a decade, in Sec. 4.2.

The state variables include the packing frac-
tion ϕ, the pressure P and the coordination
number Z, see Tab. 1. These three quantities
are related: according to the litterature [48], we
checked (result not shown, see [49, p.111]) that
P ∝ (ϕ − ϕc)

3/2 and (Z − Zc) ∝ (ϕ − ϕc)
1/2

where ϕc = 0.595±0.003 (0.5%) and Zc = 5.042±
0.085 (1.7%) are values of the packing fraction and
coordination number at the critical point where
the jamming occurs. Thus, imposing the packing
fraction ϕ sets the average level of pressure P and
the average contact number Z.

Finally, the external parameters include the
excitation angular frequency ω0 = 2πf0 and shear
amplitude γm, see Tab. 1. The former is kept low
enough, to fulfill a quasi-static regime where the

Table 1 Parameter space.

Parameter value unit
Ep 3 ∼ 300 GPa
νp 0.27 -
ρp 7850 kg/m3

rp (0.5 ∼ 1.0)± 25% mm
Np 1000 ∼ 8000 -
µp 0.017 ∼ 0.6 -
ϕ 0.60 ∼ 0.71 -
P 15 ∼ 1300 MPa
Z 5.69 ∼ 7.91 -
ω0 quasi-static rad/s
γm 0.005 ∼ 0.15 -

inertia of the grains does not produce any con-
tribution in the force balance. The latter is kept
constant, in the parametric study presented in
Secs. 4.1 and 4.2, at a nominal value γm = 0.15
that ensures observing noticeable hysteresis in
the stress-strain relation, as in Figs. 1d and 1e
for instance. The dataset is then completed by
probing different amplitudes, in Secs. 4.3 and 4.4.

For each configuration of the parameters space,
the system is simulated using DEM, from which
we estimate the stress-strain curve in shear as
described in Sec. 2. Then, an optimal triplet of
parameters (µD, GD, GE) relying on the elasto-
hysteretic reduced model are retrieved according
to the protocol described in Sec. 3.3. These three
parameters are plotted versus the state variable
P in Fig. 4a and 4b for a wide range of particle
properties. For dimensional reasons, we normal-
ize the pressure P and the elasticity GE,D by the
inter-particle contact stiffness (proportional to the
Young’s modulus of the particles material) in the
normal direction, kn ∝ Ep, as defined in Eq. 1.
One can see on Fig. 4a that both GE and GD

increase with P , over a decade, resulting in two
clearly defined but distinct slopes which will be
analyzed in-depth in the Sec. 4. In contrast, the
effective Coulomb friction coefficient µD shown in
Fig. 4b appears weakly dependent of the confine-
ment pressure and of the particle properties, with
an average value ⟨µD⟩ ≃ 0.28.

Finally, we look at the energetical perfor-
mances of the granular packing, as defined in
Eqs. 6-8; again, we normalize the energies per
unit volume by kn (i.e. by the particle’s Young
Modulus) for dimensional reasons. One sees on
Fig. 4c that both the dissipated and the maximum
stored energy per cycle increase as functions of the
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Fig. 4 (a): Dimensionless fitted parameters GD/kn (open
symbols) and GE/kn (solid symbols) for various volume
fraction ϕ and elasticity Ep as functions of the dimen-
sionless pressure P/kn at γm = 0.15. (b): Dahl friction
coefficient against dimensionless pressure for the same data
set. (c): Dissipated energy per cycle (open symbols) and
maximum stored energy (solid symbols) computed from
hysteresis response using Eqs. 6 and 7 respectively, as
functions of the dimensionless pressure. (d): Loss factor
computed from 8, as function of the dimensionless pres-
sure. Legend symbols are common for (a-d).

confinement pressure, consistently with the elas-
tic features of the effective model, GE and GD.
Also in agreement with the effective Coulomb fric-
tion coefficient µD, their ratio (i.e. the loss factor),
shown in Fig. 4d, appears weakly dependent of the
pressure and the particle properties, lying close to
the value η = 0.40 already observed in Fig. 3d.

4 Discussion

4.1 Effective elasticity

It is observed in Fig. 4a that the identified elastic
moduli GD and GE are both correlated to the con-
finement pressure P . Such a behavior is expected
in granular material. Indeed, focusing on the low
amplitude regimes, such that τD ≪ µDP , the
asymptote of the reduced model defined in Eq. 4
and 5 indicates that τ → (GE +GD)γ. Hence, a
total shear modulus of the granular packing,

GT = GE +GD, (9)

appears relevant to describe the elastic response
of the layer of particles in the infinitesimal limit.
It turns out that GT corresponds to the effective

shear modulus defined by Walton’s [13] effective
medium theory (EMT) of granular materials. This
theory is based on Hertz contact mechanics [14,
15] under a mean field approximation (long wave-
length continuum limit) of small perturbations
and uniform strain (i.e. affine deformations [46]).
For purely frictionless particles (tangential slip,
µp = 0), the EMT’s effective bulk and shear
moduli are

KEMT(P ) =
kn
12π

(ϕZ)
2
3

(
6πP

kn

) 1
3

, (10)

G0
EMT(P ) =

kn
20π

(ϕZ)
2
3

(
6πP

kn

) 1
3

, (11)

respectively, where the contact stiffness kn
between particles in the normal direction is
defined in Eq. 1, Z is the coordination number,
and P is the mean (time average) hydrostatic
pressure defined in Eq. 3. For infinitely frictional
particles (i.e. tangential stick, µp → ∞), the effec-
tive bulk modulus remains unchanged but the
effective shear modulus,

G∞
EMT(P ) =

kn + (3/2)kt
20π

(ϕZ)
2
3

(
6πP

kn

) 1
3

, (12)

is enhanced due to the contribution of the inter-
particles contact stiffness in the tangential direc-
tion, kt, defined in Eq. 2. The expressions Eqs. 10-
12 indicates the typical scaling G0,∞

EMT ∝ KEMT ∝
Ep(P/Ep)

1/3 inherited Hertzian contact interac-
tion. Finally, it is worth reminding that the vol-
ume fraction and the coordination number are
also pressure dependent [48], ϕ(P ) and Z(P ), as
pointed out in Sec. 3.5.

The plot in Fig. 5a of the total shear modu-
lus versus the frictional effective modulus given in
Eq. 12 reveals a close correlation

GT = αG∞
EMT (13)

with a well-defined coefficient of proportionality,
α = 0.687 ± 0.073 (10.6%), in average over a
dataset which is restricted to an inter-particles
friction coefficient µp = 0.15. In line with the
EMT model, the value of the prefactor relies on
the inter-particle friction coefficient: the formula
given by Eqs. 11-12 indicate two asymptotic val-
ues α = G0

EMT/G
∞
EMT = 1/(1+3kt/2kn) ≃ 0.4 for
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Fig. 5 (a): Total shear modulus GT = GD +GE versus
effective shear modulus G∞

EMT (Eq. 12) with a linear fit of
slope α = 0.687± 0.073 (10.6%). Same legend as in Fig. 4.
(b,c): identified Dahl friction coefficient µD and coefficient
α as functions of the inter-particles friction µp.

frictionless particles and α = G∞
EMT/G

∞
EMT = 1

for frictional ones. The value of α at an inter-
mediate µp = 0.15 is thus consistent with these
bounds.

4.2 Effective friction

We defined in Eq. 5 and reported in Fig. 4b a
friction coefficient according to a Dahl model, as
the ratio between the asymptotic stress at large
strain and the confinement pressure. In the field
of the rheology of granular flow [16], a similar def-
inition of an effective friction coefficient exists as
the ratio of shear to normal force at the wall, or as
the ratio of the shear stress to the pressure inside
the material,

µ(I) = τ/P, (14)

which is known to depend on a single dimension-
less inertial number [20, 21], I = tp/ts. The num-
ber I is the ratio between two time scales, namely,
the typical time ts = 1/γ̇ associated to shear rate,
which correspond to the macroscopic deformation
duration, and tp = rp/

√
P/ρp the one related to

confinement, corresponding to the typical dura-
tion of microscopic rearrangement during which a
grain moves by one neighbor size due the confining
pressure [18]. The ratio I describes the regime of
a granular flow, from the quasi-static limit at low
I to the kinetic regime with multiple collisions at
high I. A phenomenological equation [21] provides
an estimation of the effective friction coefficient,

µ(I) = µs +
µg − µs

I0/I + 1
, (15)

where I0 is a constant of the order of unity, which
delimits the two asymptotic limits. The effective
friction coefficient value µg accounts for the exis-
tence of a gaseous phase at high inertia [18],
I ≫ I0. In turn, the quasi-static value of the effec-
tive friction coefficient, µs, mostly depends on the
inter-particle friction coefficient µp [58]. In prac-
tice, the estimated inertial number probed in our
study remains small, 10−5 ≤ I ≤ 10−4, thanks to
the low driving frequency (see Sec. 2), in such a
way that the effective friction does not depend on
the inertial number but only on the inter-particle
friction coefficient, µ(I ≪ I0) ≃ µs(µp). Consis-
tently, the analysis of the dependence of the Dahl’s
effective friction coefficient, µD, as a function of
the inter-particle one, µp, is shown on Fig. 5b,
all other parameters being fixed. In particular, we
observe that µD is an increasing function of µp

with a saturation, in qualitative and quantitative
agreements with the literature, see for instance
Ref. [58].

Finally, we check the dependence of the pref-
actor α defined in Eq. 13 with respect to µp.
As expected in Sec. 4.1, α should be a function
of µp, accounting for the transition between per-
fectly frictionless, α ≃ 0.4, and infinitely frictional
particles, α = 1. The observation reported in
Fig. 5c is in qualitative agreement with this expec-
tation, showing that the prefactor α increases
with the inter-particle friction coefficient µp until
saturating to a value of the order of unity.
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4.3 Dimensional analysis

We determined in Sec. 3.5 that the mechanical
response depends on numerous particles features
(Ep, νp, ρp, rp, Np and µp), state variables (P ,
Z, ϕ) and external parameters (ω0 and γm). How-
ever, Sec. 4.1 and 4.2 show that most of these
parameters are linked with each other. Here, we
aim at reducing the dimension of the parameters
space, by making use of the observations pre-
sented in Sec. 3.3. In particular, we use the fact
that the stress strain response is well described
by an elasto-hysteretic model given by Eq. 4 and
5. We thus choose to rewrite these equations in
dimensionless form using the following quantities:

Γ =
γ

γm
, T =

τ

GT γm
,

ξ =
µDP

GT γm
and Ψ =

GE

GT
= 1− GD

GT
, (16)

with Γ and T the dimensionless shear strain and
stress, respectively normalized by the amplitude
of the shear strain and a typical shear stress pro-
portional to the total shear modulus GT defined in
Eq. 9. In line with this choice, it stands to reason
that the Dahl’s effective friction coefficient µD can
be represented by a non-dimensional parameter ξ,
the first parameter of our model, resulting from
the competition between the typical shear stress
imposed to the granular medium, GT γm, and a
Mohr-Coulomb-like threshold µDP . According to
Fig. 4, the parameter ξ is essentially a function
of P/kn and γm. In turn, the elastic term added
to the hysteretic contribution, see Eqs. 4 and 5,
can be described by a second parameter, Ψ, which
stands as a partition parameter quantifying the
ratio between the purely elastic shear modulus,
GE , and the one stemming from the hysteretic
response, GD. According to the normalizations
defined in Eq. 16, the model Eqs. 4 and 5 rewrites

Ṫ = Γ̇

[
1−

(
1−Ψ

ξ

)
(T−ΨΓ)sign(Γ̇)

]
, (17)

revealing that the mechanical response T(Γ) only
depends on two parameters, ξ and Ψ. From a phys-
ical point of view, the parameter ξ provides an
information on the degree of hysteresis (related to
frictional stress, µDP ) and elasticity (related to
elastic stress, GT γm) of the response, suggesting
that Ψ should be also a function of ξ.
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Fig. 6 Partition parameter Ψ(ξ) as defined in Eq. 16, as a
function of the dimensionless parameter ξ = µDP/GT γm.
The solid line is the Ansatz introduced in Eq. 18 with β =
1.882± 0.254 (13.5%) best fitting the dataset.

Such an expectation is checked in Fig. 6,
which reveals a correlation between Ψ and ξ. In
practice, the dependency is probed in the small-
to-moderate values of ξ only (see Fig. 1d for
instance), where an hysteresis is clearly observ-
able and leads to accurate estimations of the
triplet (µD, GD, GE) i.e. of a pair (Ψ, ξ). For larger
ξ (i.e. high pressure P or low amplitude γm),
the mechanical response tends to an elastic one,
which prevents distinguishing the elasto-hysteretic
contributions and leads to poorly accurate esti-
mations of Ψ and ξ. However, considering that
the granular medium becomes purely elastic in the
high ξ regime provides the information that the
partition parameter Ψ saturates to 1. Hence, the
simplest saturating function takes the form

Ψ(ξ) =
βξ

1 + βξ
, (18)

where β is an adjusting parameter. Fitting the
Ansatz given in Eq. 18 to both GE and GD

indicates that β = 1.882 ± 0.254 (13.5%). As
intuited, the relation Eq. 18 thus shows that the
model described by Eq. 17 only depends in fact
on the unique parameter ξ. Note that for sake of
completeness, the dataset shown in Fig. 6 is sup-
plemented by simulations at various amplitudes,
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0.05 ≤ γm ≤ 0.15, in contrast with Fig. 4 where
all simulations are done at γm = 0.15 only.

4.4 Loss factor

Here, we provide details about energy dissipation,
in line with Sec. 3.4, at the light of the dimen-
sional analysis provided in Sec. 4.3. In particular,
we aim at probing how the dissipated energy Eq. 6,
the stored energy Eq. 7 and the loss factor Eq. 8
depend on the non-dimensional parameter ξ. For
this purpose, we compare in Fig. 7 the data sim-
ulated by DEM to the features of the reduced
model. The mechanical response of the model,
T(Γ), is determined via explicit numerical time
integration of Eqs. 17-18 for every ξ; then one
extracts the energetic features according to Eqs. 6-
8. Note that for dimensional purpose, energies will
be represented with respect to a reference energy,

Eref =
1

2
GT γ

2
m, (19)

which stands for the energy stored by a purely
elastic medium, τ = GT γ.

As expected from the analysis of Sec. 4.3,
we observe on Fig. 7 that both energies and
the loss factor are well correlated to ξ. The
agreement between the data simulated by DEM
and the reduced model is both qualitative and
quantitative in the moderate range of ξ. From
low-to-moderate ξ, the non-dimensional dissipated
energy rises because increasing the pressure, for
instance, raises the frictional dissipative force
µDP ; concurrently, the medium transits from a
loose (at low Coulomb threshold) to a dense (at
high Coulomb threshold) state, thus progressively
gaining elasticity and the ability to store energy.
In contrast at higher pressure, the particles firmly
stick with each other and the sample tends to
store energy as a purely elastic medium: from
moderate-to-high ξ, the dissipated energy vanishes
while the non-dimensional stored energy tends to
unity. Consistently with these trends, the loss fac-
tor η appears relatively constant in the moderate
range of ξ (see the colored markers in Fig. 7c,
0.06 ≤ ξ ≤ 0.4), in agreement with the observa-
tion in Fig. 4d that η appears fairly independent
of the pressure within the same range of parame-
ters. The trends also reveal a decrease of η which
is characteristic of an elastic medium at high ξ,
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Fig. 7 (a) Dissipated energy per cycle per volume unit,
see Eq. 6, as a function of ξ, normalized to the reference
enregy defined in Eq. 19. (b) normalized stored energy per
cycle per volume unit, see Eq. 7, versus ξ. (c) Loss factor η
versus ξ, see Eq. 8. The legend of the colored markers is the
same as in Fig. 6. Grey hollow symbols are supplementary
points from DEM calculations at various small γm (hollow
squares) and various low pressures (hollow triangles). The
solid line is the reduced model Eq. 4, while the dashed line
stands for the improved reduced model Eq. 21.

but in a range that is not accessed by the sim-
ulations. However, the reduced model reveals a
plateau at low ξ, but again not evidenced by the
DEM simulations.

On the one hand, we supplement six data at
high ξ (white squares in Fig. 7) which tend to con-
firm the decay predicted by the model, namely,
a jammed granular medium under high pressure
behaves as an elastic solid (weak dissipation, high
stored energy and thus low loss factor). On the
other hand, the trend of the three data added at
small ξ (white triangles in Fig. 7) reveals a decay
of η which clearly differs from the prediction given
by the reduced model. Interestingly, such a decay
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is concomitant with the nonlinear stiffening inflec-
tion observed near the cusp points in Fig. 1e, at
low P and high γm, concurrently with the signifi-
cant relative fluctuation of the pressure shown in
Fig. 1c. The buildup of such additional nonlinear-
ity in the stress-strain response at low ξ is clearly
evidenced in the examples ξ = 0.124 to ξ = 0.039
given in the inset of Fig. 7c.

4.5 Weakly nonlinear response

As expected in the conclusions of Sec. 3.2 and from
the developments of Sec. 4.1, the fluctuation of the
pressure due to the frustrated dilatancy described
in Eq. 3 is a potential source of nonlinearity of the
elasticity, and thus an opportunity to improve the
reduced model defined in Eqs. 4 and 5. In a first
qualitative attempt, aiming at capturing such a
nonlinearity in the stress-strain relation, we will
only consider a correction in the effective elastic-
ity defined in Eqs. 10-12, by arbitrarily leaving
unchanged the pressure in the Coulomb stress,
µDP = const see Eq. 5. The first order Taylor
expansion of the shear modulus defined in Eq. 13
provides

GT (P̃ ) = GT (P )× (1 + δP/P )
1/3

,

≃ GT (P )×
(
1 + ρΓ2

)
,

ρ = Rγ2
m/3P = 2∆P/3P. (20)

The parameter ρ is proportional to the relative
pressure fluctuation and quantifies the nonlinear-
ity of the response, see the comments of Fig. 1e.
At the lowest order, the expansion Eq. 20 thus
leads to a nonlinear cubic correction term in the
reduced model Eq. 4,

τ(γ) ≃ τD(γ, γ̇) +GEγ +GNLγ
3,

GNL = ρGT /γ
2
m = RGT /3P. (21)

It is worth mentioning that this additional term is
conservative, such that it only enhances the stored
energy and does not affect the dissipated energy;
it thus likely lowers the loss factor predicted by
the reduced model, as observed in Fig. 7c at low
ξ (low pressures P or high amplitudes γm).

As an example, we examine the contribu-
tion of such a correction for the case (ϕ, γm) =
(0.64, 0.15) shown in Fig. 1e, for which ξ = 0.080
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Fig. 8 (a) Non-dimensional stress-strain curve of DEM
simulation in the weakly nonlinear regime (ϕ = 0.64 at
γm = 0.15, such that ξ = 0.080 and ρ = 2∆P/3P ≃ 0.131):
the DEM simulated loss factor is η = 0.368. (b) Prediction
given by the reduced model Eq. 4 (red dashed-dotted line,
loss factor η = 0.438) and by the improved reduced model
Eq. 21 (black solid line, loss factor η = 0.270). Compared
to the DEM simulation, the former does not show the char-
acteristic inflection near the cusp points, underestimates
the peak amplitude of the stress by 11% and overestimates
the loss factor by 19%; the latter qualitatively shows such
an inflection, but overestimates the peak amplitude of the
stress by 45% and underestimates the loss factor by 27%.

and ρ = 2∆P/3P ≃ 0.131, and whose DEM simu-
lation is reproduced in Fig. 8a. As seen in Fig. 8b,
the stress-strain relation predicted by the model
defined in Eq. 4, see the red dashed-dotted curve,
suffers from a poor agreement: the identification
of the parameters described in Sec. 3.3 inherently
matches the dissipated energy (see the area within
the curve) and well catches an overall elastic-
ity, but fails to reflect neither the slope at small
strains (near Γ = 0) nor the characteristic inflec-
tions at large strains (near Γ = 1). The Eq. 21
provides a more convincing qualitative agreement,
withGNL = ρGT /γ

2
m estimated by using the value

of GT fitted by Eq. 4 and the value ρ = 0.131
estimated from the pressure fluctuation, see the
solid black line in Fig. 8b. However, the quantita-
tive agreement is less obvious: the original model
Eq. 4 overestimates the loss factor simulated by
DEM by 19% whereas the improved model Eq. 21
underestimates it by 27%.

A better quantitative agreement can be
reached by adjusting the parameters of Eq. 21
independently, since for instance the value
of GT obtained with Eq. 4 is poorly rele-
vant in the weakly nonlinear regime. However,
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the identification of a set of four parameters,
(µD, GD, GE , GNL), introduces numerical uncer-
tainties that require a protocol as careful as the
one detailed in Fig. 3. An even more reliable
improvement is to consider also the pressure fluc-
tuation not only on the elastic contribution, as in
Eq. 21, but in the hysteretic part too. However,
both these additional improvements are beyond
the scope of our qualitative attempt.

Nevertheless, the dimensional analysis of
Eq. 21, derived as in Sec. 4.3, straightforwardly
shows that it depends on the two non-dimensional
parameters ξ and ρ only. Attempting to reduce
further the description of the model, we consider
that ξ is essentially a function of P/kn and γm and
we probe the correlations of ρ with the same two
parameters, as detailed in Figs. A2c and A2d of
the Appendix Sec. A2. Understanding such depen-
dencies is out of the scope of the present paper.
However, they allow estimating an improved ver-
sion of the loss factor in a smaller parameter space,
η(ξ(P/kn, γm), ρ(P/kn, γm)). This improvement is
exemplified in Fig. 7c (dashed-dotted black curve)
for the nominal case γm = 0.15 and the pres-
sure dependent ρ as defined on Fig. A2c. The plot
shows a trend of the loss factor at low ξ that qual-
itatively agrees with DEM simulations (see the
hollow triangles calculated at low pressures), thus
demonstrating that the lowering of η likely results
from the nonlinearity of the elasticity near the
unjamming condition.

From the practical point of view, the decay of
the loss factor η at both low and high ξ leaves a
decade wide region, around 0.05 < ξ < 0.5, where
the loss factor is maximal and ranges in between
20% and 40%. Technically, this provides an oppor-
tunity to tune the dissipation in order to target
specific operating points, by adjusting for instance
the confinement pressure to mitigate efficiently
a given range of vibrations amplitudes. Interest-
ingly, the optimal value η ≃ 40% is independent
of the particle properties.

5 Conclusion

In this paper, an elasto-hysteretic model describ-
ing a simply sheared granular medium confined
in a box with rigid but moving walls has been
studied using discrete element method. In partic-
ular, it was shown that a single degree-of-freedom

Dahl model coupled with an elastic response reli-
ably describes the behavior simulated by DEM, in
terms of the stress-strain relation, the stored and
the dissipated energies, ant the loss factor. The
well-known effective medium theory predicting the
elasticity of granular media, and a macroscopic
effective friction coefficient, were identified as the
main parameters of this model, via an extensive
parametric study derived as a function of the con-
fining pressure and the features of the particles
and the mechanical excitation.

Our study reveals that the elasto-hysteretic
mechanical response of the granular medium
mainly depends on a single dimensionless param-
eter, namely ξ, akin to a normalized Coulomb
threshold. This parameter allows quantifying a
priori how hysteretic versus how elastic is the
mechanical response of our apparatus. The regime
at high value of ξ (i.e. high confinement pressure
or low shear amplitudes) is asymptotically elastic,
such that the loss factor vanishes in this regime.
Nevertheless, the proposed model fails at low value
of ξ (i.e. low pressure or high shear amplitudes)
due to large pressure fluctuation resulting from
the anisotropy of the contact network. This effect
leads to an additional nonlinearity of the elastic-
ity, which ultimately results in the decrease of the
damping ratio in this regime. Hence, in an inter-
mediate range of ξ, the dissipation is dominated
by an effective friction coefficient that is mostly
independent of the particles features, whereas the
stored energy is dominated by an effective elas-
ticity that mostly depends on the confinement
pressure and the elasticity of the particle. It thus
results that the loss factor can be tuned by the
confinement pressure, its maximum being inde-
pendent of the particles and of the operating
point.

From the practical point of view, the reduced
model derived in this study can be used in a
more complex configurations, such as a granular
medium clamped in between elastically bend-
ing beams to form a composite structure aiming
at dissipating mechanical vibrations. Here, the
advantage of a reduced model is to lower the
complexity and the numerical cost of simula-
tions coupling discrete element method with finite
element method, hence allowing subsequent opti-
mization process, for instance. The attempt to
design a granular composite beam is a perspective



Article Title 15

under our consideration [49]. Also, the seminal fea-
tures of this study has been patented [44] by some
of us in a separate work conducted in collaboration
with Safran Spacecraft Propulsion, a major stake-
holder of the Aeronautic Industry. The patented
equipment aims at mitigating the vibrations of a
cathode in the harsh environment of a spacecraft
plasma engine, by using non-cohesive ceramic
particles confined inside structural elements, as
described in the present study.

Appendix

A1 Particle deformation

Provided that the contact between particles fol-
lows Hertz theory, the average contact strain in
a jammed granular packing can be calculated
according to Roux et al. [50]

⟨(h/a)2/3⟩3/2 =

(
3π

Zϕ

)2/3 (
P

kn/2

)2/3

, (A1)

where h corresponds to the contact overlap and a
to the particle diameter. In our study, the average
contact strain ranges between 0.5% and 4%, see
Fig. A1.
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Fig. A1 Average contact strain as a function of the
dimensionless pressure. Dashed-dotted red line and dashed
blue line correspond to the computations from Figs. 1d
and 1e at (ϕ, γm) = (0.64, 0.15) and (ϕ, γm) = (0.70, 0.15),
respectively. Legend of the symbols is the same as in Fig. 6.
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Fig. A2 (a-b) Scaling of the normalized Reynolds coef-
ficient R with respect (a) to the packing fraction and (b)
to the dimensionless confining pressure, both at constant
γm = 0.15. (c-d) Scaling of the nonlinear parameter ρ =
2∆P/3P with respect (c) to the dimensionless pressure at
constant γm = 0.15 and (d) to the shear strain amplitude
at constant kn and P . Equations of the fits in dashed lines
are R/kn = 0.06 (ϕ− ϕc)

0.56, R/kn = 0.18 (P/kn)
0.37,

ρ = 1.33 × 10−3 (P/kn)
−0.63 and ρ = 2.22γ1.75

m , respec-
tively.

A2 Nonlinear parameter

The effect of the nonlinearity resulting from the
pressure fluctuation at low ξ can be quantified by
looking at the dependence of the Reynolds coeffi-
cient R defined in Eq. 3 with the state variables
P or ϕ (both are related), and at the dependence
of the nonlinear parameter ρ = 2∆P/3P defined
in Eq. 20 with the pressure P and the amplitude
γm. Results are displayed on Fig. A2, showing well
defined tendencies : (i) R is an increasing func-
tion of a power law of the relative packing fraction
(ϕ−ϕc); (ii) coherently, R is an increasing function
of a power law of the confining pressure P ; (iii) ρ
is a decreasing function of P , meaning that loose
packing leads to strong nonlinearity at a given
amplitude γm; (iv) ρ is an increasing function of
γm, meaning that nonlinearity classicaly increases
with the amplitude of perturbation.

A3 Parameter fitting procedure

The fitting of the parameters (µD, GD, GE)
described in Secs. 3.3 and 3.5 is realized in
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two steps: the determination of an initial guess
(µini

D , Gini
D , Gini

E ) by successive steps, followed by
one refinement to obtain an optimal triplet
(µopt

D , Gopt
D , Gopt

E ). We first look for an initial
ensemble Gini

D (µD), as a function of a finite num-
ber of friction coefficient taken in a finite interval
0.01 ≤ µD ≤ 10, which provides a hysteresis loop
given by the model Eq. 4 having the same dissi-
pated energy as in the DEM simulation. This step
is made possible because, among the three param-
eters to fit, the dissipated energy does not depend
on the conservative contribution associated with
GE . In practice, we determine Gini

D at a given µD

by minimizing (using Matlab’s simplex algorithm
fminsearch) the root-mean-square error (RMSE)
between the area within one stress-strain close
loop estimated (using Matlab’s numerical integra-
tion trapz) by the model Eq. 4 and by the DEM
simulation. This step provides a discrete numeri-
cal function, Gini

D (µD), with which we then search
for a value Gini

E (µD) that minimizes the RMSE
between the instantaneous stress response given
by the model Eq. 4 and that of the simulation,
at any given µD. Finally, the initial guess µini

D

10
-2

10
-1

10
0

10
1

10
-3

10
-2

10
-1

10
0

Fig. A3 Optimal RMSE between stress-strain relation
given by the elasto-hysteretic reduced model Eq. 4 and the
simulations with DEM, as a function of the dimensionless
parameter ξ. The red dashed-dotted line and the dashed
blue line correspond to the computations from Figs. 1d and
1e at γm = 0.15, at ϕ = 0.64 and ϕ = 0.70, respectively.
The legend of the symbols is the same as in Fig. 6.

is the value that provides the lowest aforemen-
tioned RMSE. The triplet (µini

D , Gini
D , Gini

E ) thus
constitutes a reliable starting point to perform a
3-parameters minimization of the RMSE between
the model Eq. 4 and the simulated instanta-
neous stress response, defined by the following cost
function :

C(µD, GD, GE) =

√
⟨[τDEM(t)− τmodel(t)]

2⟩√
⟨τDEM(t)2⟩

.

(A2)
This last step leads to a refined estimation of the
optimal triplet (µopt

D , Gopt
D , Gopt

E ). We provide in
Fig. A3 the final value of the RMSE, defined in
Eq. A2 and estimated at the optimal triplet, as
a function of the dimensionless parameter ξ for
all the data presented in this study. The model
Eq. 4 reliably fits in the range of ξ ≥ 0.1 where
the linear elasto-hysteretic regime prevails: the
RMSE remains below 5%. However, the fits pro-
vides poorer results at low ξ where the nonlinear
elastic contribution detailed in Sec. 4.5 becomes
noticeable; in particular, the RMSE is larger than
10% for the three data introduced in Sec. 4.5 (see
the white triangles at lowest ξ), demonstrating the
need to improve the model Eq. 4 as in Eq. 21.
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