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Nonlocal thermal diffusion
in one-dimensional periodical lattice

Vincent Picandet and Noél Challamel
Université Bretagne-Sud, IRDL, UMR CNRS 3744, F-56100 Lorient, France

Abstract

Heat conduction in micro-structured rods can be simulated with unidimensional
periodical lattices. In this paper, scale effects in conduction problems, and more
generally in diffusion problems, are studied from a one-dimensional thermal lattice.
The thermal lattice is governed by a mixed differential-difference equation, accounting
for some spatial microstructure. Exact solutions of the linear time-dependent spatial
difference equation are derived for a thermal lattice under initial uniform temperature
field with some temperature perturbations at the boundary. This discrete heat equation
is approximated by a continuous nonlocal heat equation built by continualization of
the thermal lattice equations. It is shown that such a nonlocal heat equation may be
equivalently obtained from a nonlocal Fourier’s law. Exact solutions of the thermal
lattice problem (discrete heat equation) are compared with the ones of the local and
nonlocal heat equation. An error analysis confirms the accurate calibration of the
length scale of the nonlocal diffusion law with respect to the lattice spacing. The
nonlocal heat equation may efficiently capture scale effect phenomena in periodical
thermal lattices.

Key words: Nonlocality, Diffusion equation, Gradient Fourier’s law, Heat equation,
Lattice.

1. Introduction

This paper explores the possibility to characterize the thermal behaviour of
heterogeneous one-dimensional medium with a nonlocal approach, based on the
introduction of some scale effects in the nonlocal diffusion model. A thermal lattice
will be studied from a mixed differential-difference equation that will be analytically
solved. The second part of the paper is devoted to the continuous approaches that may
be valid to capture the scale effects inherent to the lattice properties. Scale effects may

be predominant for engineering applications at different scales, from nanoscale
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structures to macro-structures, where the size of unit cell may play some significant

roles.

The behaviour of a basic periodical thermal lattice with direct thermal interactions,
fully described in section 2.1, is explored. Such discrete media is based on a physical
thermal lattice ruled by a mixed difference differential equation, see [1]:

o= aw (1)

a

where T; is the temperature at the node i and Tlg denotes its time derivative, & is the
thermal diffusivity and a is the lattice spacing due to the discreteness of the discrete
thermal system. 7;(7) is discrete temperature field which is continuous in time at node i.
Such a lattice has been already considered, for instance with exact time-dependent
solutions for initial conditions defined as hat-function [2]. Eq. (1) is continuous in time
and discrete in space due to the lattice spacing. It can be also viewed as a discrete heat
equation in space. Zingales [3] studied the behaviour of an inhomogeneous thermal

lattice with spatial dependent thermal conductivity and specific heat coefficients.

The aim of the present paper is to investigate the capability of some nonlocal heat
partial differential equations to capture the inherent scale effects into such periodical
thermal lattice system. A nonlocal heat equation can be built from continualization of
the thermal lattice system, using asymptotic expansion of the associated pseudo-
differential operator. The nonlocal heat equation is augmented by some coupled spatial

and time-dependent terms which are affected by the lattice parameters:

Bz aT" + 171 with 1> =a* /12 (2)
Eq. (2) is a nonlocal heat diffusion equation which can be also classified as a Guyer-
Krumhansl equation [4] [5] (see for instance[2] [6] [7] or [8] for analytical solutions of
such an equation). As a simplification, we neglect in this study some additional
viscous terms specific of the Cattaneo-Vernotte model [9]. We show that the efficiency
of this continuous nonlocal heat model to capture the scale effects strongly depends on
the continualization of both the discrete field and the discrete initial conditions. It also
depends on the considered time during the evolution process as the continualization

process involves time and spatial coupling effects. Exact solutions will be derived for
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both systems, the discrete one ruled by a discrete Fourier summation, and the nonlocal

continuous one governed by a continuous Fourier series formulation.

Since the energy balance equation may be written as:

pCB= ¢’ 3)
where ¢ is the heat flux density, p is the density and C is the specific heat capacity of
the rod, the considered nonlocal heat equation given into Eq. (2) leads to a nonlocal

one-dimensional Fourier’s law:

¢-1:¢" = —KT' )
where, K is thermal conductivity (with & =apC ), and [ is the characteristic length of

the nonlocal model containing the microstructure information due to its periodical
discreteness. It is worth to note that this differential nonlocal Fourier’s law is
mathematically similar to the differential nonlocal model introduced by Eringen [10]
for nonlocal elasticity models, using a similar differential implicit law between the

stress and the strain.

Such nonlocal diffusion equation has been already considered for mass-transfer
modeling by Barenblatt [11] applied to liquid flows in cracked rocks, and more
recently in heat diffusion in the same periodically micro structured rod [2]. Exact
solutions of this nonlocal heat equation have been derived for various initial and

boundary conditions [2] [11] [12].

Nonlocal diffusion problems have been also studied by many authors, with an
additional characteristic time making this equation both non local in time and space
[13] [14] [15] [16] [17] [18] [19] [20] [21] [22]. The nonlocal Fourier’s law is an
evolution equation of Guyer-Krumhansl type which relates the heat flux with respect
to the temperature field using an additional length scale for the flux. For the complete
Guyer-Krumhansl type model, an additional relaxation time (as for Cattaneo’s model)

has to be considered in addition to the spatial nonlocal length scale, see [4] [5] [6] [23].
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Thermal lattices have been already studied in the literature, from a thermal random
walk process connected with partial differential equations [24]. Weymann (1967) [25]
and Taitel (1972) [26] have characterized such discrete diffusion by a coupled spatial-
time difference equation leading to higher-order gradient heat equation and have
looked for the possibility to treat this lattice difference equation from some extended
partial differential equations using higher-order gradient operators as an approximation
of the initial discrete problem. The expansion of the associated time and spatial
pseudodifferential operators using Taylor asymptotic expansion, gives higher-order
time and spatial derivatives in the heat equation. The same methodology has been
followed by Sobolev (1992, 2014) [27] [28] for the same thermal random walk
equation, see more recently [29]. The methodology presented in this paper is not so
far, even if the initial thermal lattice equation considered in this paper slightly differs
from the random walk equation, in the sense that the time evolution remains local for

the temperature variable (we only take into account spatial microstructures).

In this study, the exact resolution of the mixed differential-difference heat equation,
valid for the thermal lattice (which may also cover other discrete diffusion processes)
is presented. A nonlocal continuous approximation of this lattice model is thought,
using a Padé approximant of the spatial pseudo-differential operator, thus avoiding
higher-order spatial derivatives. The nonlocal heat equation finally uses coupled

continuous spatial and time derivatives.

2. Thermal discrete lattice.

2.1. Definition

The physical discreteness of the material can be assumed at least at the atomic scale.
Other heterogeneities at larger scales can also be considered. In this study, a periodic
discrete lattice is assumed, consisting in » rigid elements with a constant length equal
to a = L/n, as already studied by the authors [2] and, with additional heterogeneities by
Zingales [3].
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State parameters at nodes: T;, 0, = 0,...

(Ui, o= pand o = o = pI2)

Node:(i i /fi_l ‘z i+‘1 /:n—I 1;1
| 4 / / -
<o <o
N L

Element length: a Total system length: L = n x a

Transfer parameters centered in elements: @ir12, Kit172, ...

(04, K12 = Kiv12 = K)
Fig. 1 : Periodic thermal lattice of n elements-chain

The discrete-based (or lattice) approach is schematically presented in Fig. 1. Here, the
state parameters as masses, equal to ap; or temperature 7; are located at each node.
Half common node masses are associated to both edge nodes so the total weight of the
whole chain is equal to gL, as for discrete chains already studied through mechanical
aspects and vibration problems [30]. Here, this consideration has no incidence on heat
diffusion, since the temperature is imposed at both edge nodes. The transfer parameters
as heat flux, gi+12, and thermal conductivity Aj+12, are defined at the interval between
nodes and considered as centered into the conductive elements. Based on the following
spatially discrete Fourier’s law the associated energy balance gives:
By =Koy % and ,OCTi&= _ [ ;¢i—1/2 (5)

The discrete heat diffusion equation can then be formulated as Eq. (1).This mixed
difference-differential equation slightly differs from the difference equation in space

and in time studied by Taitel from a thermal random walk equation [26].

The aim of this study is to focus on time evolution of temperature into this finite
discrete rod, initially at stable and constant temperature 7;, and disturbed at # = 0 with

the same imposed temperature at both ends Tjnp, with Tinp # Tini, remaining constant

for ¢t > 0. Thereafter, the normalized dimensionless temperature, T, is considered

_ T, -T
T=1--t2 =
T,

T;rnp - ini

ini

T-T,
n with AT =T, -T, #0
AT imp (6)
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The following dimensionless parameters, normalized with respect to the physical
characteristics of the rod, L and @ are introduced. They correspond to longitudinal
coordinate, x', and the elapsed time after the imposed change in temperature at

boundaries, 7°, and the normalized heat flux density @ such as:

x = =X or x =L in case of discrete lattice;
L n
) . 1 0T [* oT
t =i2t with a=isuchas 7_&= *——a—*= a—and
L pC ot AT 0t aAT ot (7

2 1 2 ! 2l .
] _Lﬂ suchasEq(l)gwesﬁ—Lﬂ: L ¢ ——67,:=—7_‘
AT k AT k  alAT pC ot

The dimensionless discrete heat diffusion equation of the thermal lattice can then be

reformulated from Eq. (1), as:

F= (T, 2T +T.,) )

The local difference equation of the thermal lattice system (with /. =0) has been
widely studied through numerical treatments using time and spatial discretization, for
instance in [31] [32], [33] and more recently in [34]. In this paper, it should be noted
that local difference equation of the thermal lattice exactly matches the finite-
difference formulation of the one-dimensional heat diffusion equation with a

continuous time parameter.

2.2.  Exact solution of the thermal lattice difference equation

As for the classical resolution of the local heat equation, the method of separation of

continuous time and discrete space variables, based on f(t) =Eir(t*), where 7, is

the dimensionless temperature at node i, leads to:

&: n? §(i+1 ~ 251’ + Ei—l wi

i

€))

The time dependent term, T (t*) , can be first easily integrated: 7 = P, exp (—yt*) where

Py is a constant parameter. Then, a linear second-order difference equation in space
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remains. The homogeneous linear second-order difference with constant coefficients
may be solved if a power law function is introduced [35] , i.e. & = &A', see for instance

[36], giving the auxiliary equation according to A:

é+l+(n_y2_2in +£i_1:01eadst0/1+%=2—n—}2 (10)

Eq. (10) is symmetrical with respect to interchanging A and 1/ A. This equation admits

the two complex solutions A; and Az for 0 < Yn? < 4, i.e. if ‘1 - y/2n2‘ <lI:
A, =cos (¢)) * jsin (¢)) with @=arccos (1 - y/2n2) and j= J-1 (11)

In real basis, the solution of the finite difference equation can be written as:

& =Pz sin(@) + P3 cos(¢@) where P> and Ps are constant parameters. From the boundary
conditions: T, (t*) =T (t*) =0 which are equivalent to &, =¢, =0, the solution of &

can be written as:

¢, =stin(@J=stin(kﬂx;) (12)
n
where k is a positive integer. Introducing @= m77n into @= arccos(l - y/ 2n2)leads to

y =4n*sin’ (mlT/ 2n). The exact solution of temperature evolution at nodes is then
defined as a discrete Fourier summation:

n-1

T, s (x,* , t*) =Y Asin (kﬂéj exp [—4n2 sin® (k77/2n) t*} (13)

k=1

where Ay are the discrete Fourier summation coefficients depending on the initial

conditions, inspired from the classical Heaviside initial temperature distribution:

itr>0, T,(t) =T, (1) =T,

n imp °

ifr=0, 7,(0) =T,

ini

+AT ,i.e. 0i0[0,n], T, =1 and
ie.ﬁ(f):f(f)zo

n

(14)

These conditions leads to: A, = (2/ n)z;:l sin (kﬂp/ n) [37]. The double summation

obtained from injection of A into Eq. (13) can be also turned into a single finite

summation, see Appendix A, for a faster and accurate computation:
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— 1 1-(-)" ij - .
T . JT— -4 772 1
i,exact (‘xz ’t ) n“ tan (k /2]’1) Sll’l(k n eXpI: n-sm (k / l’l)t } ( 5)

Hereafter, this solution is used as a reference at node 1 or (n—1) and the mid node (n/2)

to compare the results obtained from continualized model.

3.  Nonlocal continuous heat equation

3.1. Boundary conditions of equivalent continuous media

The key point is the consideration of a disturbance of the discrete temperature field at
both ends of the finite discrete rod. In this study, we will explore the capability of
continuous nonlocal heat equation to capture some scale effects of such discrete
thermal lattices. For the continuous approach, the full definition of the temperature
field is needed within all the bar. Many continualized initial temperature fields built
from a homogeneous initial discrete temperature can be assumed from homogeneous

initial discrete temperature.

We will consider four basic assumptions about initial continuous field of temperature,
according to x" = x/L, in the continualized nonlocal chain. These assumptions on the
discrete case are transposed from a finite continuous rod, initially at stable and
constant temperature 7o and disturbed at = 0 with the same temperature imposed at

both ends. The initial and boundary conditions of equivalent continuous media are:

ifr=0, Ox D]O;l[ , T(x*,O) =1 in “Heaviside” case,
Ox" O[1Y/n;1-1/n], f(x*,O) =1 in other cases (16)
ifr>0, T, (0.¢") =T, (1) =0

In the continuous case, the initial temperature (at ¢ = 0) corresponds to a step function
located at both ends, made of a combination of Heaviside functions, discontinuous in

time and space.
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— The first assumption considers a direct transposition of the continuous case, i.e. the
same initial temperature distribution in the discrete system, even into the edge
elements. This transposition of the discontinuous Heaviside distribution of temperature
to the discrete one assumes a discontinuous time evolution of temperature at both edge
nodes. This assumption on the discrete system, named as “Heaviside” boundary
condition, will be used as a reference thereafter, since it is usually considered to
numerically solve the basic heat equation. However, if a non-null mass is located in
both edge nodes as assumed in discrete system, it is not physically consistent. With
lower values of n, this lead to a paradox at both tip nodes, that have to be set at a
different temperature of the rest of edge (first and last) elements of the chain.
Preliminary studies [38] have shown that such strong discontinuity induces a bias into
the resolution of difference equations and Fourier series as in the continualization

process exposed in the next part.

In order to avoid discontinuity in time evolution of temperature, the initial distribution
of temperature, at = 0, has to make the edge nodes temperatures already equal to Tinp.
To approximate as much as possible the classical Heaviside distribution, the next node
temperature, inward the chain, has to be equal to 7. The remaining question is about
initial distribution of temperature into the edge elements, i.e. between the nodes 0 and

1, and the nodes n—1 and n, see Fig. 2.

Normalized Temperature

T=11

[
l

e

* .
n-1 n X =i/n

Fig. 2 : Initial distribution of temperature into equivalent continuous media
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Here after, dimensionless part functions of T(x*,O) are considered, such as:

T(x*,O):fedge(x*)sl for x O[0;1/n]
T(x',0)=1 for x" O[1/n;1-1/n] (17)

T(x*,O):fedge(l—x*)sl for x O[1-1/n;1]

— The second assumption assumes an initial distribution of temperature with a constant
gradient, AT/a into both edge elements. Due to the shape of the temperature
distribution according to the longitudinal coordinate, it is name as ‘“‘trapezoidal’.
However this initial distribution lead to a discontinuous spatial derivative of
temperature at nodes 0 and 1, as well as at nodes n—1 and », that may still induced

bias into nonlocal models.

— The third assumption, names as “polynomial” assumes an initial distribution of
temperature with a polynomial function of degree p (with p > 1) into the edge elements
such as spatial gradient of 7(x",0) is null and continuous at the nodes closed the

boundaries, i.e. at the nodes 1 and n—1 or at abscissa x" = 1/n and x" = 1-1/n. The

dimensionless part function of T(x*,O) in this case is defined by ., (x*) according

to p as:
Frager (x)=1=(1=nx")" (18)

The “trapezoidal” case corresponds to the case p =1, while the “heavisisde” case
corresponds to p — oo, see Fig. 3. It should be note that in introduced ‘“polynomial”
functions, the spatial gradient of 7(x",0) is discontinuous at the boundaries, in x =0

and x" = 1.

10
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(9

— The fourth assumption, names as “Sinusoidal” is finally introduced in order to ensure

the continuity of the temperature and of its first spatial derivative over the whole
length of the chain. T(x*,O) and af(x*,O) / Ox are then continuous at both nodes of
edges elements, i.e. at the nodes 0,1, n—1 and n, see Fig. 3. The dimensionless part

function of T(x*,O) in this case is defined as:

: 1 :
% %
Jedge (x )——[1—cos(nﬂx )] (19)
2
_ — ~
1 T - =3
-‘ ; — Heaviside. H
= ./“\7\ ," i . 12
P Polynomial , P~
’ S /- [
/,’ /] ~— Polynomial , P*
i .’,-' & 4  emem Parabolic , P*
/ i
i — Trapezoidal, p!
/ —— Sinusoidal, S
A A © Nodes
v /
0 &= — ! ' 4
0 1/n 2/n x

Fig. 3 : Initial temperature distribution into edge elements

3.2. Analytical solution of the nonlocal model

Following the classical method using the separation of variables, already exposed in

section 2.2, based on T (x,t*) =¢ (x*) T(t*) , the nonlocal heat diffusion equation, see

Eq. (2) can be written in dimensionless form as:

B2 S8 i e O
T & fr dt

For a given continuous abscissa x, the first term 7 remains constant. Assuming

(20)
&7 = -y, the following equality is obtained: &"/&=y/(y” =1) with /> <1/y. This

last condition about /- will be discussed later and justified by Eq. (23). The solution of

T(t*) and & (x) can then be written:

11
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T=P4€xp(—yt*) and E=P5sin(mﬂx*)+P6cos(m7Tx*) (21)
where P4, Ps and Ps are constant parameters to be determined according the initial

boundary conditions, given into Eq.(16) and equivalent to & (0) =¢ (1) =0. As a

consequence, the constant parameter Pe in Eq. (21) is null and & (x") reduces to:

&(x") = B sin (mmx”) (22)
where m is a positive integer. Substitution of £"/& by (m7)? gives:
__ (mn)

1412 (mn)’

This equation assumes a positive value of ), and in accordance with the inequality

(23)

previously assumed to set the Eq. (21), it can be checked that 0 <)< 1/ > whatever

the value of m.

The solution is obtained through Fourier series for a continuous abscissa x :

T (x* 0 ) = i A sin (mﬂx* ) exp (%j (24)
m=l .

where A, are the continuous Fourier series coefficients defined according the initial

continuous conditions given into Eq. (17) i.e. according to f,,,, (x*) the Fourier series

coefficients are all presented in Appendix A.

It should be noted that the nonlocal solution in Eq. (24) leads to the classical well-
known local solution if the characteristic length, /., is null i.e., when n — oo. This
solution is also compared to compared to numerical ones based on the resolution of the
local and nonlocal heat differential equation according to the characteristic length, ..

The semi-implicit resolution method used and relative details are given in Appendix B.
As already observed for Ay in section 2.2, the coefficient A, are always null for even

values of m. Hence, the Fourier series can be expressed and computed more efficiently

with summation of odd values only of harmonics, m.

12
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3.3.  Extrapolation of the lattice exact solution

The discrete solution at the nodes of the lattice given into Eq. (13) can also be
extended as a continuous solution using the same integration over the whole length of

the chain to determine the A, coefficients of Fourier series:

T,... (x .t ) = mZ:;AZm—l sin [(Zm - 1) TTx ]exp{—4n2 sin’ (Tjt :I (25)
The extended exact solutions computed from this equation are plotted through the
continuous abscissa x~ between the nodes in Fig. 4 a) and b). Whatever the continuous
initial distribution of temperature, the node temperatures converge rapidly toward the

same solution given by Eq. (13), matching exactly the lattice temperature at the node
abscissa, i.e. for x =x =i/n. These analytical results are checked with numerical

ones. The numerical finite difference scheme used and more details are presented in

Appendix B.

As a consequence, all the results obtained from Eq. (25) with the various Fourier
coefficients An, (see Appendix A) give surprisingly the same exact results at node
abscissa, while initial shape of temperature distribution into the edge element

propagates to the others as shown in Fig. 4 a) and b).

In case of Heaviside distribution of temperature, due to the initial jump discontinuity at
boundaries, the discontinuities propagates between nodes with time evolution. A well-
known Gibbs phenomenon occurs at the transitions to/from the vertical sections, i.e. an
overshoot of the Fourrier sums, limited to 18% of the jump value [39], that rapidly
converges toward the midpoint of the jump equal to the values of the horizontal
section, especially when the number of harmonics, m, used for numerical computation
increases. For instance, with computation of 10° harmonics, this phenomena is so

concentrated that it cannot appear on the presented plots in Fig. 4.

13
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n=6 .1 =0016 n=6 .1 =0.064
1 ] ey 1 ]
Yo7/
(/o
1'% S
_ _ ‘
T = A T /4 ----H
; | o2 W —pi2
T P4 e M
i —i P % —-- P
/ ./,’ <=w. pl / PR
f( /',’ P— p1 /1‘ —_— Pl
I\;f:', —— Sin / —— Sin
" ® Nodes / ® Nodes
0 o T T T 0 (J’ T T T
0 Un 2/n 3n x 0 1n 2/n in x
a) D)

Fig. 4 : Extended exact temperatures of the discrete system in a half part of a 6
elements system at dimensionless time: —a)t =0.016; —b) t" = 0.064

In case of semi-infinite system, L — oo and t* — 0 according to Eq. (7) while n — oo as
well. This particular case cannot be directly compared with the considered discrete

system but with the continuous one.

Semi-infinite system with an imposed temperature at the border, 7o, are classically
studied. As in the finite system, for an infinite elapsed time, temperatures tends
asymptotically towards 7o, when ¢ —oo, while the temperature decreases
instantaneously in the whole chain for 7> 0. Since n - oo, the difference equation
given into Eq. (1) is the same as the differential equation of the continuous case. It
finds the well-known solution of local parabolic Fourrier equation, based on error

function, erf(x), in case of the semi-infinite continuous medium:
T, (x"1 )=erf( j (26)

2t
Thereafter, this solution is used to compare the results from local and nonlocal models

*

with the exact temperature at some node abscissas, see Fig. 7.

14
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4. Comparison between the lattice and the nonlocal solution

4.1. Continualization procedure

Based on a Taylor expansion of the spatial difference operator in Eq. (8), the

continualization procedure considers that for a sufficiently smooth temperature

distribution of temperature T, =T (x = ia) and

00

x+at x+a t) e f(x,t) 27

k=0
where @, =d/0x is the spatial differentiation and ¢“’* is a pseudo differential operator

as introduced for instance in [40] [41] and widely used for mechanical problems [42]
[43] [44] [45] [46].
By expanding the finite difference operator using Eq.(24), Eq.(8) can be

continualized as:

T, —2T, +T, = (e =2+¢™* )T (x.,1) = 4sinh’ (%axjf(x,t) (28)
The pseudo-differential operator can be approximated by the following Taylor
expansion, if the considered hold sufficiently smooth variation:

4 a a’
—sinh?*l =0 |=0*+—0* +0la* 29
sin (2 j o («*) (29)

a
which leads to a gradient-type temperature diffusion problem with the square of
characteristic length, [7, equal to a*/12 [2].

A numerical solution could be directly computed from the second-order continualized
equation, which may be expressed as a gradient heat equation with higher-order
temperature gradient terms. A similar methodology of expanding difference operators
for lattice diffusion processes has been used by Weymann (1967) [25], Taitel (1972)
[26] and more recently by Sobolev (1992, 2014) [27] [28]. Theses authors considered a
lattice ruled by a linear random walk equation (another kind of lattice), which is a
discrete system both in space and in time, as opposed to the thermal lattice considered
in this paper which is only discrete in space. The pseudodifferential operator can also
be efficiently approximated by Padé’s approximant to avoid higher-order gradient

terms and additional difficulties related to higher-order boundary conditions. Such
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rational expansion of the pseudodifferential operator has been successively applied to

mechanical problems such as vibration of axial lattices [44] [45] [40] [41].

A numerical solution could be directly computed from the second-order continualized
equation, however, the pseudo-differential operator can also be efficiently
approximated by Padé’s approximant to compute dynamic responses [44] [45] [40]
[41], or recently in cases of of linear elastic lattice [47], even inelastic lattice such as

damage mechanics [48] or elastoplastic problems [49].

To avoid the difficulties associated with higher-order boundary conditions needed in
the resolution of such continualized schemes [50], Padé’s approximation of the finite
difference Laplacian is introduced:
2
aizsinhz(%axj =1‘Zl—’;2+... (30)
12
to turn the Eq. (28) into analytical formulation:

2
AT i 7= =12L2 31)
n

This nonlocal diffusion law is physically supported by the cell length, a, of the

periodical lattice heat model.

With this length scale calibration, analytical results are checked with numerical ones
(see Appendix B) and compared with the exact solutions at the node of the discrete
system, used as references. With a limited number, n, of cell elements, the scale effect
departing continuous and discrete system are magnified. All plotted results are
hereafter obtained with n =6. Due to the symmetry of the problem, the first half part of
the rod is only presented, allowing a better focus on the evolution of temperature
distribution at the edge. Local and nonlocal heat profiles are plotted at various

dimensionless time in Fig. 5.
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Fig. 5 : Temperature profiles of the left half part of a n=6 elements system for some
dimensionless times ranging from 4.107 to 128.107 with initial temperature
distribution into the edge elements corresponding to:

— a) Heaviside case; — b) Trapezoidal, Pl:—¢) Polynomial P"2; — d) Sinusoidal.
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4.2. Boundary discontinuity in Heaviside case

As observed in Fig. 5 a), in case of Heaviside initial temperature distribution, the
nonlocal model highlights an unexpected temperature discontinuity at the boundary for
the shortest evolution times. A focus on this discontinuity phenomenon for shorter

evolution time with the same n = 6 elements system is presented in Fig. 6.

n=06 ., Heaviside

I A P e =
£=025.10" s T
£=05.10"°
f=110"
i
f=210"" o Nodes
***** System
. —-— Local
=410
_ - —— NonLocal
T o0 = exp(—t [.=) /s
0 P‘ T T
0 I/n 2n x

Fig. 6 : Focus on discontinuities of temperature at the boundaries of a n=6 elements
system in case of Heaviside initial temperature distribution at beginning of evolution,
for dimensionless times ranging from 0.125.107 to 4.107.

Barenblatt et. al [11] obtained a similar nonlocal diffusion equation as presented in
Eq. (2). They demonstrate that first boundary value problem dealing with the theory of
non-steady-state seepage in fissured rock induces a jump in state parameter due to the

discontinuity of the initial conditions, at the rod extremities in Heaviside case.

Here, the difference between temperature 7' (0+, t) -T (0—, t) and T (L—, t) -T (L+, t) ,
can be analytically identified on both sides of discontinuity, as shown by Barenblatt et.
al [11]. A short demonstration is presented in Appendix C. Hence, the temperature

evolution at the inside borders can be expressed a dimensionless form:

*

T(o+.)= exp(— ;2* j =T (1-.r") (32)

c
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As a consequence, the initial discontinuity propagates with a decreasing range in time

according to Eq. (32). This relationship match perfectly the analytical results of the

nonlocal model calibrated with I* =a?/12 or [* =1/12n, plotted in Fig. 6.

4.3. Efficiency of the nonlocal diffusion model to predict the nodes temperature

The nonlocal model does not predict always the node temperature with a better
accuracy than the local one. As shown in Fig. 5, for a given node, the efficiency of the
nonlocal model depends on the node abscissa and evolution time. The difference
between the exact node temperature and predictions according to the local and
nonlocal models of a n = 6 elements system are plotted versus time evolution at the
first nodes beyond the boundary (i.e. i=1ori=n-1) in Fig. 7 a) and c) at the mid
node (i.e. i = n/2) in Fig. 7 b) and d).

It can be checked that all models predict normalized temperature below than the semi-
infinite continuous system at the mid node, see Eq. (26). However, at the first node,
close to the imposed gap of temperature, only local models remain below the local
semi-infinite predictions, see Fig. 7 c¢). The exact temperature at the first node of 6-
elements system is actually slightly higher than the semi-infinite continuous system at
the same abscissa when 7" is close to 2.1072. In case of Heaviside boundary condition,
the nonlocal model integrates such size effect on temperature at the first node, as
shown in Fig. 5, but this increase in temperature is largely magnified, especially at

earlier evolution time.

As shown in Fig. 7, whatever the boundary condition, the magnitude of the difference
with the exact temperature is always higher with local models than with the nonlocal
ones, meaning a better accuracy of the enriched model based on nonlocal
considerations.

At the mid node as well as the first node, the Polynomial P? boundary condition leads
to the better fit of the exact values, while the Heaviside and the Trapezoidal conditions
lead to a less efficient prediction. As the Polynomial degree increases, the initial
temperature distribution tends toward the Heaviside one and the discrepancy of the
results increases. Finally, the Sinusoidal initial condition lead to similar but smaller

differences than those obtained with Trapezoidal condition, probably due to the
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Fig. 7 : Evolution of differences between normalized temperature of the models (local

—c) at node 1 or (n—1) with Heaviside, Trapezoidal and Sinusoidal boundary
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The efficiency of the models according initial conditions depends on both node
abscissa and time evolution. As the result of the comparison between local and
nonlocal model for given condition and node could change drastically with time
evolution, the efficiency of models is globally compared for all node temperatures

introducing a time dependent error function, Err(f"), based on the residual sum of
— 2 X
squares, 1i.e. Z( T,ma) . Both term of temperature are theoretically null at the

edge nodes. The mean squared error at the other nodes can be computed from Eq. (25)

and Eq. (24), through the Err function :

Err(t*):
| e aP[ (-t (mm) G
ﬂ £ ;|: Sll’l( j:| {CXP(WJ_CXP(_LLH Sin (Ejt jj|

It should be noted here, that edge node temperature is actually not null for Heaviside
initial assumption, see Eq. (32). If the whole nodes are considered, The Err function of
the nonlocal model in the Heaviside case would be higher in the first instants of the
evolution.

For small n values, the difference between nonlocal and local model is magnified, i.e.
in presence of strong scale effect induced by the microstructure. Fig. 8 shows the
global efficiency of the nonlocal model for a n=6 system. For a given initial
temperature distribution, Err(¢’) is always lower for the nonlocal model than for the
local one. The Fig. 8 b) confirms that Polynomial P? initial temperature distribution
associated with the considered nonlocal model gives the most efficient prediction,
while the Heaviside condition lead the greater value of Err(t"). Moreover, the nonlocal
and local model tends rapidly toward the same highest residual value, beyond ¢ = 1072
with Err function computed from the n-—1 centered nodes. Whatever initial
conditions, the nonlocal model gives significantly less residual values at nodes on the

whole studied time evolution, i.e. with 107> < ¢ < 1.
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Fig. 8 : Time evolution of the residual sum of squares at node abscissa of the models
(local and nonlocal), Err, for a n = 6 elements system:
— a) with Heaviside, Trapezoidal and Sinusoidal boundary conditions
— b) with Heaviside, Polynomial, P>, P*, and P".

4.4. Length scale calibration

In order to calibrate the length scale, the optimal characteristic length [> , associated

c,opt ?
to the nonlocal model is introduced. The Eq. (31) can be written according a second

[? =1/Bn*. The minimum of

c,opt

such as I’ =da’/B, equivalent to

c,opt

variable, [,

2
c,opt *

Err(t*, ,8) provides the S value, i.e. the optimal characteristic length [ The value

of S can be computed according ¢ by solving dErr/0 =0, that can be numerically

computed as follow :

OErr (.« _\ _
(n_l) Y] (t’ﬁ)_

| B
B (n/ mﬂ) +1

* n

,B(n/mﬂ) +1

(34)

n

N2
Z[Am sin (m_mﬂ =0
i=l m=1 n ,2F
exp(—4n2 sin’ (”21— Pt

ﬂ}*J —exp i

n/mlT)2 +1
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0Err/0f is a monotonic increasing function of B and the numerical resolution of
Eq. (34) gives only one solution, straightly assessed through numerical resolution. Fig.

9 shows that Btends rapidly toward 12,i.e. [, — L , especially beyond = 107> for a

c.opt
n =6 elements system, and before this dimensionless time when n increases. The
asymptotic value of 3 for higher values of ¢ is also closest to 12 when 7 increases. As
already observed with such nonlocal diffusion law [2], the time independent length
scale, [ =a2/12, is reached after a transitory time, inversely proportional to the
number of lattice element, n, see Fig. 9 b).

In accordance with the previous observations about the prediction accuracy according
to initial temperature distributions, the Polynomial P> and Trapezoidal conditions give
the closest values of [’ at the beginning of evolution, while the Heaviside one gives

the farthest.

R+

- P2

—O— Sinusoidal

—— Trapezoidal

6 _ |
R | X -
T S | —v- - Plz i —— Heaviside
O .‘."
/* —1— Heaviside ]
3 *——E(‘ 3 L i /
T T Y T T T T T T T T
#* - - ! s,
107 1wt 1w 1?1 10° ¢ 107 107 107 1072 107!
a) b)

Fig. 9 : Numerical evaluation of = (nzl*2 )_1

c,opt
— a) as a function of time (t*) with the considered initial conditions
— b) as a function of time (1) according to various values of n
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4.5. Prediction of heat flow at boundaries

The outlet heat flow density at boundaries in a dimensionless and normalized form is

introduced: @,, at x =0 or @, at x =1. Eq.(3) and Eq.(7) lead to:
@, = —&5(;:0) = jom B’ or ¢(x*=1) =- .[11/2 x' . Due to symmetrical conditions it can be

easily checked that @, = @,.
Time derivation and space integration of Eq. (24) give the solution of @, for both local

(l: =0) and nonlocal models as follow:

3 _ﬂi mA,, ex -m’ it (35)
e P

where A, is the series coefficient defined according to the initial conditions, see

Eq. (18), and Appendix A.
In a same way, the exact solution @,, ., used as a reference is obtained by time
derivation and space integration of Eq. (13).
4> KA L (miT s . o MIT) .
,=—— ) —%sin”| — |exp| —4n”sin” | — |t 36
¢O,e,mc T ; m ( 2l’l j p|: 2}’1 ( )
Only derivation of the time dependent departs from models. Time evolution of ¢ for

the initial conditions giving the greater differences are plotted in Fig. 10 a) and b).
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520 Fig. 10 : Time evolution of the normalized outgoing heat flow density at boundaries,
521 — a) for Heaviside and Sinusoidal initial conditions
522 — b) for Polynomial P'? and Trapezoidal initial conditions

523
524 @yt (t*) is the same for Sinusoidal and Trapezoidal cases. This means that for a
525  same initial continuous amount of heat, @, ., (t*) does not depend on its initial

526  distribution. The increasing degree of polynomial initial temperature distribution
527  induces a continuous evolution from trapezoidal (P') toward Heaviside (to P'?). To

528 analyze the efficiency of the models about outgoing heat flow density, the relative

529  differences (?ﬁovma -, ) / Py eraee are plotted in Fig. 11.

530
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531 Fig. 11 : Relative difference between the exact, @, ..., and local and nonlocal
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533 — a) for Heaviside, Sinusoidal and Trapezoidal initial conditions
534 — b) for Heaviside and Polynomial P>, P* and P? initial conditions

535

536  Along the studied evolution time, numerous curves intersections occur from same
537  initial condition, and analysis may not be trivial. However, the main global tendencies
538 are:

539  — At the earliest time of evolution the nonlocal as the local model largely overestimate

540  the values @, in comparison of @, and nonlocal model is far to be efficient until

541 ¢ =8.107 in the case of n = 6 elements system.

542 — After a transitory step, the superiority of the nonlocal model as compared to the local
543  model appears. Depending on the number n of element, this step occurs approximately
544  when t =8.107 for n = 6 i.e. when the decrease in mid node normalized temperature
545  reaches 0.5%. If the value of n increases, this step occurs earlier as the beginning of
546  the convergence time of [toward 12 does, see Fig. 9 b). Beyond this transitory time,
547  the nonlocal model gives better results than the local one, except for Polynomial P?

548 initial case where the local model could be still punctually better.

549
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4.6. Prediction of the global amount of heat

The amount of heat Q (in joule), or for instance the internal energy of the rod with a

cross section area equal to S, can be deduced from:

L
Q(t) = ,OCSIT (x,t) dx equivalent to
0

37
Q9 _ I
OSLCAT AT

where Q (t) is the normalized amount of heat equal to the average temperature along

Q(t*)=J‘;7—"( )dx = ZJ- %dt with Q =

the finite continualized rod. Based on Eq. (24) or on Eq. (35), Q (t*) from local (l: =0)

and nonlocal models, according to the considered system, is computed as follow:

-m’mrt
0(7)= 2 o] s (38)
The same spatial dependent term is found in Eq.(24) and Eq.(25) defining

T,... (xi*,t*) . Only the time dependent term departs and integration of 7, gives the

mean values of the exact temperature over the whole continualized system as stated in

Eq. (37). The exact solution Q(t*) used as reference is then computed for each

exact

initial temperature distribution from Eq. (25) as:

— . 2SA miT ) .
t =) “mexp| —4n’sin®| — |t 39
Q( )exact ﬂ; m p|: ( 2n ) j| ( )
It should be noted that according to the initial distribution T’(x*,O) defined in section

2.2, Q(:*:o) =1 in Heaviside case, Q(ﬁ:o) =1—2/ n( p +1) in Polynomial case with a
degree equal to p, and Q(ﬁ:o) =1-1/n in Trapezoidal and Sinusoidal cases, see Fig. 12

with n =6. Moreover, as shown in section 2.2, the exact temperature at the node

T, e (t*) does not depend on initial distribution of temperature since all the Fourier

series coefficients used in Eq. (25) produce the same results at nodes. The shape of the
initial temperature distribution into the edge element propagates into all elements

during evolution, see Fig. 4 and integration of Eq. (25) over the whole length removes

the space dependent term. As a consequence, the ratio Q. ( *) / 0, ver (t* = O) remains

the same whatever the initial condition considered (i.e. whatever the selected A,
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coefficient). For instance, Q

exact

(t*) is the same for Sinusoidal and Trapezoidal case,

as it can be already observed with @, in Fig. 11.
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Fig. 12 : Time evolution of the normalized amount of heat into the system
— a) for Heaviside and Sinusoidal initial conditions
— b) for Polynomial P'? and Trapezoidal initial conditions

Evolution of Q, plotted in Fig. 12, shows that both local and nonlocal models

underestimate the remaining amount of heat into the system during the evolution in
Heaviside and similar boundary condition as polynomial P!> while the curves are very
closed without clear tendency in sinusoidal or Trapezoidal case. The differences with

the exact case are detailed in Fig. 13 for each initial case.

Results show that the nonlocal model give better prediction than the local one, from
the beginning of the evolution, to predict the amount of heat, in particular with
Heaviside and Polynomial, Trapezoidal included, initial conditions, see Fig. 13 b). In
these cases, local model leads to a significant underestimation in comparison of the
nonlocal model, especially at the beginning of the evolution, until #*=8.10 with

n = 6, when the scale effect results in a delayed diffusion.
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Fig. 13 : Relative difference between amount of heat deduced from exact formulation
Q... and from local and nonlocal model Q versus dimensionless time evolution t".

— a) for Heaviside, Sinusoidal and Trapezoidal initial conditions
— b) for Heaviside and Polynomial P>, P* and P? initial conditions

For Trapezoidal as for sinusoidal initial condition, the curves intersect at many times
the exact results, see Fig. 13 a). Except for lower values of ¢, in case of trapezoidal

initial conditions, the nonlocal model is significantly better, very closed to the exact

solution, Q

exact °

with alternation of slight over and underestimation of the amount of
heat, compared to the exact solution.

Globally, beyond a transitory time, for instance after £ = 8.107 with n = 6 elements.
the nonlocal model gives a better prediction of the remaining total of heat amount Q

in comparison of the local one, whatever the initial temperature distribution into the
edges elements. This transitory step becomes shorter when n tends to be larger.
Increasing value of n induces a lower relative error of the models but tends to magnify

the relatives differences induced by the initial condition.
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5. Conclusion

Thermal diffusion in a one-dimensional periodically microstructured lattice can be
described within a quasi-continuum approach governed by a nonlocal Fourier’s law,
similar to the differential model of Eringen [10] initially devoted to material elasticity.
This nonlocal Fourier law can be also cast into a more general Guyer-Krumhansl type

model [5].

Using a continualization procedure, the characteristic length scale of the nonlocal heat
model is calibrated from the lattice spacing, a. This calibration appears also to be
optimal, since minimization of the sum of squares of residuals node temperature makes

the square of this length scale, with time evolution and/or increasing number of

element n, rapidly converge toward [ =a’/12.

Despite strong discontinuity of the initial temperature profile, like in the case of
uniform initial temperature introduced from Heaviside operator, the continualized
nonlocal heat model based on a Padé asymptotic expansion of the spatial difference
operator (of the associated lattice problem) is able to capture scale effect. The nonlocal
model produces a better global prediction of the node temperatures than local model
(without any length scale), as compared to the exact thermal lattice solution. The
nonlocal model also predicts more efficiently the remaining amount of heat into the

discrete systems.

It is shown that the efficiency of the continualized nonlocal model to predict the
accurate temperature field of the lattice problem is sensitive to the continualized initial
conditions, especially at the border of the microstructured rod. A difficult question
consists in extending the discrete nodal temperature outside the lattice nodes, for the
computation of the continualized nonlocal problem. The continualized nonlocal model
gives better results for smoothed continualized initial conditions, in particular for a
parabolic temperature distribution (named here as P?) into the edge elements.
However, the sinusoidal initial condition does not make the nonlocal model produce
better results than the trapezoidal condition. The presented nonlocal model, initially
based on sufficiently smooth variation of temperature is not affected by the initial

gradient continuity, while it is able to remain relevant for temperature discontinuity in
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case of imposed jump at boundaries. But in this last case, the asymptotic solution at the

inner boundary differs from the imposed value at the extremities.

The present spatially nonlocal model, is able to predict delayed diffusion phenomena
in thermal lattices ruled by mixed differential-difference equations. It is probably
possible to extend such nonlocal model for discrete problems with both space and time
discreteness, leading to generalized nonlocal continuous diffusion problems, both in

space and in time.
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Nomenclature
Parameters
a Element length
Akm Fourier coefficients
C  Specific heat capacity
k Harmonic of discrete Fourier summation
L. Characteristic length of the Nonlocal
‘ model
L Length of the beam
m Harmonic of continuous Fourier series
n Number of elements
p Degree of the polynomial function
QO  Amount of heat
S Rod section
! Elapsed time from initial state
T Temperature
X Longitudinal coordinate
a  Thermal diffusivity: a =/ pC
Variable associated to the optimal
B characteristic length I7_,
y Eigenvalue for time differential
operators
5 Element partition for implicit finite
difference computation
p Eigenvalues for space differential
operators
AT Imposed maximum gap of temperature at
time t=0
Kk Thermal conductivity
Space-temperature eigenfunction
I  Time-temperature eigenfunction
£ Rod density
¢  Heat flux density

Relative dimensionless

Dimension
parameters
[L] a =al/L=1/n
[L2T2.67]
(L] [ =1]L
(L]
[ML2T?] Q=0Q/(pSLCAT)-T, /AT
[L*]
[T] =at/ I’
6] T =(1,-T)/AT
[L] x =x/L
[L2T]
- '8 = az/lcz,om
[6]
[M.L.T.67']
[M.L3]
[M.T] g = Lp/(kAT)
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Appendix A: Fourier series

Fourier summation coefficients for discrete system

The resolution at the node of the discrete system only needs finite Fourier series using

coefficients A, = (2/ n)zr[:l sin (kﬂp/ n) that can be expressed as a single analytical

expression:

ik sinz(k”J
n-1 n-l P ok 5 1-(-1)
A, :zSin(kITE):Im( ejk ”):Im ¢ c = 2 = ( ) J (40)

e (kﬂ} (kﬂ
1—e 7 tan| — 2tan| —
2n 2n

This relation allows to reduce computation of exact node solution to the single finite

summation of odd values of k given into Eq. (15).

Fourier series coefficients for continualized system

To satisfy the initial state solution of the continuous one-dimensional media,

continuous functions T, (x) =T (x*,O) are defined for x* [J [0;1]. The Fourier series

coefficient, A, are then defined as:

.1[ edge (1 -x ) sin (mlTx* ) dx’
(n1)/n
(a-)/
A, =2|+ [ sin(mmx')ax 1)
n
+1f e (x* ) sin (mﬂx* ) dx’
0

Where fedge(x*) is the initial distribution of temperature into the edge element,

defining the whole initial distribution of temperature T(x*,O) in the rod, see Eq. (17).

In order to verify 7 (x",0)=" A, sin(m7x") according to Eq. (13) or Eq. (24), the

m=1

Fourier series coefficients with the various f (x) introduced into section 2.2 give :

edge
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— with an Heaviside initial distribution of temperature T (x*,O) :
Ar==[1-(-1)"| (42)

— with a “Trapezoidal” T (x*,O) , or polynomial with p = 1, see Eq. (18);

Al =" [1=(=1)" ]sin (Mj 43)

(mrry "

~ with a “Polynomial” T (x",0), with p = 2, see Eq. (18);

A7 =21 () ] 1-c0s22) @

— with a “Polynomial” T (x*,O), with an even value degree p = 2g (where ¢ is a

positive integer greater than 1), see Eq. (18);

L 2[1_(_1),”} (—1)q+l(2q)!(#j2q {l—cos(%ﬂ
S —— S o) (2q): ( ) j (43)

1
= (2(q- ) \mr

— with a “Sinusoidal” T (x*,O) , see Eq. (19);

Ai:[l—(—l)’”}( s ZJ(HCOS@) )

In case of an infinite number of elements into the chain of length L, the initial
trapezoidal distribution of temperature become steeper and tends toward an Heaviside

function, i.e., toward an uniform one along the whole chain. Hence, when n — oo, it
can be checked that the Fourier series coefficients tends toward A" .

It should be noted that due to initial conditions, all Fourrier coeficients are null for

even values of m.
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Appendix B: Numerical resolution

Semi-implicit finite difference method is applied to compute numerically the evolution
of temperature along the chain discretized according to no elements, with O the
additional partition of each element giving the length discretization Ax = L/no.
Presented computations, done to checked theoretical solutions, are made with 0= 500.

To observe the large part of the diffusion process and be accurate at the beginning of
the heat diffusion. With 300xn computation times, time steps At* are logarithmically
spaced into a range from 107 to 1, in order to get more accuracy at the beginning of

the evolution.

Symmetrical boundary conditions allows to compute only a half rod with nd2+1 nodes

to optimize the solving process, leading to the following specific boundary conditions:

T/ =0 and adiabatic wall in the middle corresponding to T}, , =T}, while the
initial condition leads to 7,"=0 and T'=1 for i> 1 in the Heaviside case, or

T." = f.4. () fori<pand T, =1 for i > p in all other cases.

1

The dimensionless discrete local diffusion in Eq. (8) matches exactly the finite-
difference formulation. The continuous local heat equation can be numerically
computed according a Crank-Nicolson scheme, combining the stability of an implicit

method with the accuracy of a second order method in both space and time:

(T e P
(T -T) = 2oy (T 2T + T 4T, 21 + 1) @

Here both the left- and right-hand sides are centered at time step j+1/2, so the method
is second-order accurate in time, while a fully implicit method is only first-order
accurate in time [51].

The following system of nd2 dimensionless equations allow to solve the node

temperatures of next time step fij *! according to the boundary conditions mentioned

above:
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—
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[ 8]
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+
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)
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N—
N
i
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[\
~
s

The dimensionless discrete nonlocal diffusion equation, see Eq. (8) is reformulated

according to the same Crank-Nicolson finite difference scheme as:

e (1 T) = (Alx*)z (T =2l T 4T =2 + T2
(49)

*2
b (T 2T T T 2T T

leading to solve the node temperatures of next time step T/” with the following

system of nd2 equations.
() | 2+t |7 | Lo L Vo) T (o) | S+ T
2 At At 2 At 2 At
*2 *2 *2
= (n8)'| 2~ | T +| =2 2L |(n) |77+ (n0) | 2~ |72
2 Nt JAYS 2 Nt 2 Nt

The maximum relative differences of the numerical results with analytical ones are

(50)

obtained with Heavisde and trapezoidal initial conditions. As shown in Fig. 14, the
relative differences does not exceed 107>, and are around 10°® or lower the this value
for the main diffusion period, i.e. from #'=10~ to £'=7.10"". These numerical results, in
very good accordance with the analytical ones, allow to validate the presented

analytical formulations.
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Tnum = T.'mm = if
T n=0, \f = 1/n T n=0, .\'?: 1/2
107 107
107 1 / Exact >0
—-— Exact <0
Exact <0
107 1 — Nonlocal H >0
Nonlocal H >0
—— Neonlocal H <0
Nonlocal H <0
— local H >0 7
local H >0
—— local H <0

local H <0
- Nonlocal T >0
Nonlocal T <0

—=- Nonlocal T >0
—-— Nonlocal T <0

—- Local T >0
- Local T >0
—— Local T <0
Local T <0
1(30 ¢
a) b)
739  Fig. 14 : Relative differences in temperature between numerical and analytical results
740 of the lattice model used as reference (named as “exact”) and local or nonlocal
741 continualized model
742 —a) at node 1 or n—1
743 — b) at the mid length, i.e. at node n/2.
744
745

746 Appendix C: Discontinuity of nonlocal diffusion model at the boundaries
747

748  Integration of the nonlocal diffusion equation defined in Eq. (2) over the region Q,
749  close to the boundary, at the first extremity located at x = 0 such as (-h < x" < +h, for

750 0<t<TI),leads to:

T[Y_"(x*, r) —f(x*,O)]dx—j[(af' +132'&)L dr =0 51)

-h 0

751  When h - 0, the first integral tends toward 0 and as consequence:

j-g:' + lff&%t =0 (52)

752 where the double bracket sign § " designates the difference in value on both side of the

753  discontinuity, i.e. at x = 0~ and x = 0*. Since the expression under the integral sign is a
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continuous function of dimensionless time until ', the first condition at the boundary is
obtained:

DT+ 2P aT P H G 0 (53)

€KL

Unfortunately, T'is unknown, and a second condition based on T has to be defined.

Integration over the region Q of the nonlocal diffusion equation multiplied by x* gives:

+h r r
[[T(x.r)-T(x.0)|x'ax - [Gal + 2 Fgge+ [T + 2T =0 (54)
-h 0 0

When & - 0, the first and second integral tend toward 0. Hence, the condition at the
boundary is obtained:

f?af + lfi"%: aT @ 129‘%‘: 0 (55)

€KL

It should be noted that due to the symmetry of the diffusion problem, the same
demonstration can be made at the opposite boundary, at the second extremity located
atx =L or x" = 1 in Heaviside case.

Solving this first order differential equation, according to the initial conditions at both

boundaries, i.e. T(0+,O) —T(O_,O) =1 IT(L_,O) —T"(U,O) according to Eq. (6),

gives the temperature immediately to the inside boundary:

c

T(0%.1)= exp{—%j =T (L .1) (56)

This solution fulfills as well the first condition at the boundary previously established

in Eq. (53).
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