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Stable and tempered stable distributions and processes: an
overview toward trajectory simulation

Jalal Taher *

Abstract

Stable distributions are a celebrated class of probability laws used in various fields.
The a-stable process, and its exponentially tempered counterpart, the Classical Tempered
Stable (CTS) process, are also prominent examples of Lévy processes. Simulating these
processes is critical for many applications, yet it remains computationally challenging, due
to their infinite jump activity. This survey provides an overview of the key properties of
these objects offering a roadmap for practitioners. The first part is a review of the stabil-
ity property, sampling algorithms are provided along with numerical illustrations. Then
CTS processes are presented, with the Baeumer-Meerschaert algorithm [3] for increment
simulation, and a computational analysis is provided with numerical illustrations across
different time scales.

Keywords: Stable distribution; Tempered stable distribution; Lévy processes; Process sim-
ulation.

Introduction

Among the many examples of Lévy processes, the a-stable process stands out as a central
example of processes with an infinite jump activity. Understanding these processes reduces to
the study of stable distributions, a topic extensively covered in the literature. Stability was
first characterized in 1925 by Levy in [35] while exploring the properties of the sum of i.i.d.
random variables. Gnedenko and Kolmogorov later emphasized the potential applications of
stable distributions in [21], stating that it deserves ”the most serious attention. It is probable
that the scope of applied problems in which they play an essential role will become in due
course rather wide” .

There are many reasons why stable distribution and processes are attractive for appli-
cations. They encompass a wide range of behaviors; e.g. they include the Cauchy and the
Gaussian distributions as special cases. They also arise in the generalized Central Limit Theo-
rem as the only limit of normalized sums of i.i.d. random variables. Additionally, their heavy
tails align with studies suggesting the importance of extreme events, providing an alternative
to Gaussian models. Therefore, stable distributions and processes have found applications
across various fields, including behavior studies [55, 48, 5], signal processing [44], computer
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science [54]. It also holds a particular place in finance since Mandelbrot in [38] discarded the
historical Gaussian assumptions for asset returns and inaugurated the use of stable distribu-
tions. It has been central in pricing options [30] and modeling the price of commodities (e.g.
electricity [58], agricultural [28]). There also has been a renewed interest in heavy-tail distri-
butions in more recent topics in deep-learning [24, 29]. For further details on applications,
refer to [43, 60, 11, 47].

However, the infinite variance of non-Gaussian stable distributions (see (8)) and the in-
adequacy of this assumption in various models (see [47]), led to considering alternative dis-
tributions. Methods to circumvent this issue have historically originated in physics, trying
to maintain a stable-like distribution in some central region while lightening the tails so the
variance is finite. Mantegna and Stanley [39] introduced the truncated Lévy flight, cutting
the density function f of a stable distribution; fr(z)ocf(z)1j;<7- While this modification
yields finite moments, and resembles stable distribution for large T, it looses the infinite di-
visibility property (see Remark 2) which is a central tool for computations. Koponen in [32]
solved this issue with a smooth exponential cutoff resulting in the Classical Tempered Stable
(CTS) distribution. They have been discovered multiple times resulting in various termi-
nology; smoothly truncated Lévy flight (STLF) [32, 22], Tempered stable (TS) [11, 34, 43],
KoBol in [4], CGMY (for the symmetric version) [8], exponentially tilted stable distribu-
tions in the sampling literature [27, 13]. Notable limit cases include the bilateral Gamma
[33] and the Variance Gamma [36] distributions. In this article, we adopt the term Classical
Tempered Stable (CTS) following [47]. Finally, in [51], Rosinski generalized the CTS distri-
bution with different tempering functions and in higher dimensions; these are referred to as
Tempered Stable distribution. The CTS discussed in this article can be seen as a specific
subclass in dimension d = 1 with exponential tempering function (see Chapter 6 of [22]). The
CTS distributions and processes are also widely applied in fields including actuarial science
[23, 25] cellular biology [46], computer science [6]. But it has been extended and considerably
developed in financial applications (see [22, 47] for an overview).

Simulating trajectories of stable and CTS processes is crucial for their use in applications.
These processes exemplify infinite activity Lévy processes and are used in many inference
models [59, 41]. They also serve as numerical validation proxies of statistical methods [18, 37,
15]. In practice, once the simulation of stable and CTS distribution is achieved, a trajectory
approximation of the corresponding process can be derived thanks to the independent and
stationary increments property. This incorporates a temporal aspect to the problem through
the sampling rate A > 0 which can impact the computational efficiency of algorithms. For the
stable distributions, direct sampling algorithms relating to the work of Chambers, Mallows,
Collin, and Stuck [9] are available and commonly used in practice [11, 43]. Thanks to the
selfsimilarity of a-stable process (see 1.2), the sampling of X can be reduced to that of X7,
hence the computational cost of trajectory simulation remains consistent across time scales:
it is as costly in high (large A) of low (small A) frequency (see 1.3.1).

For CTS distribution, simulation is more intricate. Lévy process methods include Com-
pound Poisson approximation complemented with Gaussian approximation of the small jumps
(see Section 6.3 of [11], [2, 7] for theoretical justifications, Section 4 of [31] for computational
details), shot noise series representation (see [49, 31] and Section 8.3.2 of [47]), subordination
in the symmetrical case (see Proposition 4.1 of [11] and Section 8.5.1 of [47]). We refer to
the textbook by Asmussen and Glynn [1] for a general overview of Lévy process simulation.



Alternatively, rejection-based sampling algorithms can be derived from specific properties of
CTS [12, 3, 14, 27]. Kawai and Masuda [31] provide a comprehensive comparison of these
methods, highlighting the Baeumer-Meerschaert algorithm [3] as the most efficient and prac-
tical to tune for small time increments. It is widely used for its simplicity in recent work
involving CTS distributions as in [19, 10].

This article aims to provide hands-on algorithms for simulating increments and trajectories
of both a-stable and CTS Lévy processes. It also serves as a road map for practitioners
to navigate the interlaced concepts and algorithms provided for the CTS processes and its
avatars (CGMY, Kobol, Smoothed Levy flight...). It is structured as follows. The first part is
a review of stable distributions, presenting the equivalent definitions of stability (Theorem 1).
Selected properties are outlined with a view toward simulation. Finally, sampling algorithms
and numerical illustration are provided in section 1.3.1. The second part focuses on the CTS
process detailing the Baeumer-Meerschaert algorithm in the bilateral case and discussing
computational aspects with illustrative examples.

Notations: For X a random variable, we denote its characteristic function by ¢x, where
dx (u) = E(eX) for u € R. If it law Px is absolutely continuous with respect to the Lebesgue

measure, we denote its density function by fx. The notation X Ly signifies that random
variables X and Y have the same distribution. The upper incomplete Gamma function is
defined for z > 0,s > 0 by I'(s,z) = SZO e %25 ldr (when z > 0 it can be extended to an
entire function).

1 Stable distributions and a-stable Lévy processes: an overview

1.1 The stability property

Four equivalent definitions of stability are presented, each shedding light on a distinct property
of stable distributions. The term ’stable’ initially refers to sum stable as random variables
that keep the same shape under summation. Linearly combining two i.i.d. stable variables
corresponds to the same distribution as an affine transformation of one of them (1) and so
is an n—sum (2). An equivalent approach to stable distributions comes through normalized
sums. They constitute the unique limits of normalized sums for i.i.d. random variables
(Xi)i; this corresponds to the Generalized Central Limit Theorem, as outlined in (3). If
X; has a finite variance, the limit distribution is Gaussian and the classical Central Limit
Theorem is recovered. If the variance is infinite, the only limits are in the class of stable
distributions, giving a perspective on stability as a generalization of Gaussianity. Finally,
stable distributions are within the rich class of infinitely divisible random variables (see [53]
for a detailed presentation on the topic), leading to closed formulas of their characteristic
function in (4). All equivalent definitions are summarized in the following Theorem.

Theorem 1. A random variable X is said to have a stable distribution if one of the equivalent
following properties is met.

o Sum stability for linear combination. For any a,b > 0 there exist two constants
¢ >0 and d € R such that

aX, +bXy L eX +d, (1)



where X1 and X9 are independent copies of X.

Sum stability for n terms sum. For any n € N such that n = 2, there exist two
constants ¢, > 0 and d,, € R such that

X1+X2+'+Xnich+dnv (2)

where X1, Xo, -, X, are independent copies of X and for all n € N there exists o €
(0,2] called the stability index such that ¢, = n'/®.

General Central Limit Theorem. There exist Y1, --,Y, i.i.d. random variables
and two sequences (an)neN, (bn)nen, where ¥Yn € N a, > 0 and b, € R such that

i=1
when n — 400

Stable characteristic function. There exist 0 < o < 2,0 >0, € [-1,1] and § e R
such that the characteristic function ¢x of X is given for all u e R by

(4)

b () = exp (—o®ul® (1 — iBsign(u) tan (%)) +idu) if o # 1
A exp (—olu|(1 + iBZsign(u)log(|ul)) + i6u) if a = 1.

Remark 1. The closed formula (4) yields the fact that stable distributions are a parametric
class of distributions. They are characterized by four parameters.

The stability index a € (0,2]; it affects the shape of the distribution and its tails (see
Figure 1), e.g. a = 1 corresponds to a Cauchy distribution, o = 2 to a Gaussian
distribution

The skewness parameter 8 € [—1,1]; the distribution is said to be totally positively
(negatively) skewed if 3 =1 (8 = —1) it also affects the shape of the distribution (see
Figure 3).

The scale parameter o > 0; which is not the standard deviation of non-Gaussian stable
distributions as the variance is infinite when o € (0,2) (see (8)) (see figure 2).

The location parameter § > 0; it is not the mean (see (8)) but has a drifting effect on
the distribution (see Figure J).

Notation: In the following a stable distribution will be denoted by S, (o, 3, ) which corre-
sponds to the standard notation used in [52]. In the literature, several other parametrizations
have been used, which might create confusion. This issue is discussed in [26] and described
as a 'comedy of errors’. The notation used here corresponds to the 1—parametrization in [43]
and to the parametrization A in [60]. See Table in [43] for an exhaustive presentation of the
different parametrizations of stable distributions.



Remark 2. (Infinite divisibility). A random variable X is inﬁnitely divisible if for all n = 2

there exist Y( ) --Yn(n) independent random variables such that X = Y( ) -4 Y,ﬁ") (e.g.
Definition 3.2 in [11]). Thanks to the Lévy-Khintchine Theorem (Theorem 3.2in [11]), the
characteristic function of infinitely divisible random variables can be expressed using generic
integral terms. They rely on the Lévy triplet (b, A,v) where A >0, ce R and v is a o—finite
measure satisfying SR(SU2 Al)v(dx) < 0. Foru € R the characteristic function of any infinitely
divisible random variable is given by

2

¢x(u) = exp <z’uc — %u2 + f (e —1 — iuxl[m])y(d:c)) . (5)
R

Let X be a stable distribution. It follows from (2) that for all n = 2 there exist ¢, > 0 and
d, € R such that X1 +---+ X, 4 cnX +dy,. Choosing Yi( n _ a (Xi — 7) forie{l,--- ,n},
ensures that X is infinitely divisible. For stable distributions, the Lévy measure is absolutely
continuous with respect to the Lebesque measure and takes the following form (see [21, 53])

v(dx) P

= Trale>0 + g La<o; (6)
dz x ||

where P,QQ = 0 and P+ Q > 0. If o = 2 the Lévy measure v is null and X is a rescaled
Gaussian random variable.

Sketch of the proof of Theorem 1. One can show that (1),(3) and (4) are respectively equiva-
lent to (2). For further details, we refer to [17, 21, 43].

e ((1) «< (2)). The direct implication is achieved by induction. The converse ((2)
— (1)) leverages the fact that ¢, = n'/® (see Theorem 1 in VI.1.1 of [17]). For
simplicity, we assume that X is strictly stable (i.e. d, = 0). If S, = > | X; then by
regrouping the terms we derive that Sy,4+m = Sp + (Sptm — Sn). Since Spim = CminX,
by independence we get that

(n+m)/*X Lo xy +mb/ex,.

This can be extended by replacing n and m, with rational numbers and subsequently
with real numbers using a continuity argument. (see [17] for more details)

. ((3) <=> (2)). The implication (2) = (3) is straightforward taking a, = n'/* and
b, = 22, The conserve follows as a consequence of the Convergence of Type Theorem
(se Theorem 3.11 in [43]).

e ((4) < (2)). Assuming that X satisfies (4), then it can be shown that (2) holds with

cn = nV/* and d, = (n — n'/®)5. The converse relies on the infinite divisibility of X.
The closed formulas for characteristic function are achieved using the Lévy Khintchine
formula (5), the Lévy measure expression (6) along with the complex integrals in Lemma
14.11 of [53].

O



General distributional properties

In this section, we present some important properties of stable distributions. First, the
Sa(0, 8,0) parametrization is endowed with simple formulas when rescaling and shifting allow-
ing major simplifications when it comes to simulations (Proposition 1). Moreover, asymptotic
estimates of the tail behavior of stable distribution (Proposition 2) emphasize their utility as
proxies for heavy-tailed distributions, while also inducing infinite variance as a counterpart
(8). An extensive presentation of the many other properties of stable distributions can be
found in the following monographs [52, 43, 53, 60] among others.

The parametric form of the characteristic function (4), implies that both rescaling and
shifting preserve the stability property. Moreover, under the same stability index assumption,
linear combinations of independent stable random variables also remain stable.

Proposition 1 (Proposition 1.4 of [43]). Let X andY be independent stable random variables
such that X ~ S, (00, 80,%0) and Y ~ So(01,P1,01) where a € (0,2], B; € [-1,1] and §; € R
and i € {1,2}.

1. For any a # 0,b € R we have that

oX + b So (|alog, sign(a) By, ady + b) ifa#1
S1 (|aloo, sign(a)Bo, ado + b — 2Bpalog(lal))  if a = 1.

9. The sum X +Y ~ S, (af‘ + o5, BRI +51).
Proposition 1 provides a simple expression of S, (0, 3,0) as a rescaling and shifting of an
Sa(1,3,0). In fact given two independent random variables X ~ S, (o, 8,9) where o > 0 and
Z ~ S4(1,3,0), X can be expressed as
Z+0 if 1
¥ d)o + 0, , 1 o # (7)
oZ +0+ =fBolog(o) ifa=1.

Tail behavior, moments and support: The tail behavior of Gaussian distributions is well
know; the survival function of X ~ N(0,1) asymptotically behaves like the following P(X >

x) o ﬁe‘ﬁ/ 2. For general stable distributions (a € (0,2)), similar equivalents can be
«

derived. The asymptotic behavior of a X ~ S,(1,0,0) is of the order of a power function z~¢,
which dominates the Gaussian tail equivalent, justifying the term "heavy-tailed’ distribution.

Theorem 2 (Theorem 1.2 [43]). Let X ~ Su(o,3,8) with a € (0,2),0 > 0,6 € R. Let fx be
the corresponding density.

1. For Be (=1,1], P(X > z) ~ cqo®(1+B)x %, and fx(z) ~ acqo®(l+B)z "L,

2. For fe[-1,1),P(X <) ~ cao®(1=B)z7% and fx(z) ~ acao®(1—pB)x "1,
r——00 T—>—00

where ¢, = 5T L—a lazr +m Moo,

2—a)_r:os(7ra/2)



Moments of any random variable can be expressed using the distribution function as
E(|X[P) = §;"P(|X|P > 2)dz. For stable random variables, the existence of its moments is
linked to the stability index « as a consequence of Theorem 2. Among a-stable distributions
(o € (0,2]), only the Gaussian distribution (o = 2) have finite variance (and moments of any
order). Moreover only distributions with « € (1,2] have a finite mean. More generally (see
Proposition 1.2.16 in [52])

E(]X?) <o forall pe (0,a), (8)
E(|X|P) = for all p e [a, +0). 9)

Stable random variables either take values on the whole line R (in most cases) or in half
lines when they are totally skewed (5 € {—1,1}). Let X ~ S,(o,[,0), the support of the
associated density function fx is given by

[0 — otan(ma/2),+0) a<land =1
supp(fx) = (—0,0 + otan(ra/2)] a<1land 8= -1 (10)

R otherwise.

A proof relying on an integral expression of the distribution function can be found in Section
3.2 of [43]. A parallel instructive approach involves a compound Poisson approximation and
showing that S, (o, 1,0) is the limit distribution of positive compound Poisson distributions
(Proposition 1.2.11 of [52]).

Numerical evaluation of the stable densities

A major holdback of the stable distribution lies in the lack of tractable formulas for the den-
sities. In most cases, there is no explicit formulation of both the density and the distribution
function of S, (o, ,d). However, some properties of these densities are known to provide
numerical approximation algorithms. First, due to the exponential decay of their character-
istic function, stable random variables exhibit . The law Px is absolutely continuous, and
its density is smooth. Indeed from (4) any stable random variable X ~ S, (o, 3,0) satisfies
for w € R and k € N, [ufgx(u)| = |[ulF[E (e™X)| = [ufe="[I", providing a bound by an
integrable function. Consequently, using Fourier theory, the density fx € C*(R) n L?(R).

A first approach for numerical approximation of fx is to use Fourier inversion and numeri-
cal integration. In practice, directly inverting the expression (4) of the characteristic function
is numerically costly and can propagate errors due to the oscillating term and the infinite
integration bound. For example, if X ~ S,(1,3,0) the density of X is given by

27 fx (x) = J e "o (u)dr = 288: e:ua coslon = f§ ban’y Ju )du .if «r!
R 2§, e " cos (zu + B2ulog(|u|)) du if v =1.

Using a reformulation by Zolotarev of the stable densities and distribution functions (see
[60] and [43] for more details), more refined expressions can be derived, avoiding the numeri-
cal issues arising from the oscillatory nature of the integrand. First, using the reduction (7),
one can focus on Z ~ S, (1, 3,0) and achieve the density of X ~ S, (o, 3,0) by rescaling and



shifting; fx () = 0~ fz((x—4)/c) where § = 0+ (2B0log(c))1a—1. In [43], the following con-
tinuous function is introduced V, g in (—fp, 7/2) where 6y = ot arctan(B tan(ma/2))Laz1 +
g1a=17

L cos(0 a1 cos(abp+(a—1)0
(cos(ablp) =T <4sin(a(9(o)+9))> " ool Cﬁiﬁ(& Lozl

Vo 5(0) = .
O (B exw (57165 + 90y an0) =100

Note that for « = 1 and 3 = 0, the function V,, g is not defined but in this case, Z is a Cauchy
random variable for which a simple formula of its density is available. The most important
feature of V' is its non oscillatory behavior over the integration interval (—6p,7/2) (Lemma
3.9 in [43]). The following formulas for the density are derived.

Theorem 3 (Theorem 3.3 of [42]). Let Z ~ S4(1,3,0) and denote by fz the corresponding
density function. Then, for a # 1 and g = o~ arctan(B tan(m/2)) a1+ 5 1la—1, the density
fz can be expressed for x € R as

1

/2 N
@f Va,5(0) exp <*xﬁ Vaﬂ(e)) do x>0,
o

wla—1]
fa(x) = 770 (1 + a~1) cos(Bp) (cos(abp) ) 1/« x =0,
f-za(x) x < 0.

where —Z ~ So(1,—p,0). For a =1, the density fz can be expressed for z € R as

;ﬁe‘wf RECL (—e Fvip@)do -0,

(e p=0.

fz(x) =

Combining (7) and Theorem 3 lead to more robust numerical computations of the afore-
mentioned densities. More details on the numerical approximation of stable densities and dis-
tribution functions can be found in [42]. The following figures display densities of S, (o, 3, 6)
with varying parameters (o, o, 3,0) and illustrate their effect on the stable densities.
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Figure 1: Display of the density fx(x) where X ~ S,(1,0,0) with varying « € {0.4,1,1.2,1.8}.
The index « affects the tail; the smaller « is the heavier is the tail.
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Figure 2: Display of the density fx(z) where X ~ S,(1,0,0) with varying o € {1,3,5},
a = 0.5 (left) and a = 1.5 (right). The parameter o has a rescaling effect on the density
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Figure 3: Display of the density fx(z) where X ~ S,(1,0,0) with varying 5 € {1,3,5},
a = 0.5 (left) and a = 1.5 (right). The parameter 3 affects the shape of the density.
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Figure 4: Display of the density fx(z) where X ~ S,(1,0,0) with varying § € {0, 1,2, 3},
a = 0.5. The parameter § has a shifting effect on the density.



1.2 The a-stable Lévy process

The infinite divisibility of stable random variables provides via the Lévy-Khintchine theorem a
useful expression of the characteristic function (see Remark 2). It also establishes a connection
between stable random variables and Lévy processes. Specifically, for every Lévy process
(X¢)ter, the increment X is infinitely divisible. Conversely, if Y is an infinitely divisible

random variable, it is always possible to construct a Lévy process (X;)ter+ such that X 4y
(Theorem 7.10 of [53]). An a-stable Lévy process is then defined as a Lévy process (Xt)i=0
such that X is a stable random variable with stability index « € (0,2]. Every Lévy process
(Xt)ter, is characterized by the Lévy triplet of the infinitely divisible random variable at time
1.

Remark 3. For o € (0,2), the Lévy triplet of (Xi)wer, is (b,0,v) where b € R is the drift
term, the volatility parameter is null, and the Lévy measure is given by
v(dx) =

1,50+ 1.0, (11)

rlto |x|1+a
where P, Q = 0 such that P+@Q > 0. In this case, the total mass is infinite, i.e. v(R) = oo. The
a-stable Lévy process is an important example of a Lévy process with infinite jump activity.

For a = 2, the process (X)iwer, is a rescaled Brownian motion of Lévy triplet (b,o,0).

Selfsimilarity and stable parameters

The stability of X; transfers to all marginals X; for ¢ > 0, thanks again to the infinite
divisibility property. Let X; ~ Su(o,3,0). For all ¢ > 0 the characteristic function can be
expressed as ¢y, (u) = e where n € R — C is usually called the Lévy symbol (see [53]).
Consequently, it appears that for u € R, ¢x, (u) = ¢x, (u)’. From the general expression of the
stable characteristic function (4) V¢ > 0, X; is an a- stable random variable

exp (‘ (tY20) " Jul* (1 — iBsign(u) tan (%)) + iétu) if o # 1,
exp (—toul(1 + i Zsign(u)log(lul)) + idtu) if a = 1.

ox, (u) = ox, (u)" = {

Moreover, as a stable random variable, the parameters of X; are merely computed by rescaling
those of Xi; i.e. for all t > 0, Xy ~ S, (tl/aa, B, té) . It leads to the following equality in law
for Xt
d /Xy 4 (t—179) 5, if o # 1, (12)
"X + 2Btlog(t), if o = 1.

This property is known as broad-sense selfsimilarity. Selfsimilar processes are an example
of processes that exhibit an invariance property connecting a scaling in time to a scaling in
space (see [53, 52] for more details). A stochastic process (X;)¢>o is said to be broad-sense
selfsimilar with Hurst index H > 0 (Definition 13.4 [53]) if, for any r > 0 there exist a function
b:(0,00) — R such that

(X0t >0 L (rH X, +b(t), ¢t > 0}

10



For example, any drifted Brownian motion (¢W; + bt)cr, with o > 0 and b € R is a broad-
sense selfsimilar process with Hurst index 1/2. From the fact that ¢x,(u) = ¢x, (u)! it is
straightforward to see that the only broad-sense selfsimilar Lévy process are the a-stable
processes. Morally, the a-stable Lévy process can be seen as an extension of the Brownian
motion through its selfsimilarity property.

Remark 4. (From the Lévy parameters (P,Q,«) to the stability parameters («,o,f3,9)).
Given an a-stable Lévy process, our access to its characteristic parameters may be limited to
the Lévy triplet. For this reason, it is important to explicitly provide formulas connecting the
(v, 0, 8,6) parameterization of stable distributions to the Lévy parameters (o, P,Q). Let X
be an a-stable Lévy process with « € (0,2) and with Lévy triplet (0,0,v) where v is given by
(11). Let X1 ~ So(0,8,9) foro > 0,8 € [—1,1] and § € R then the following formulas can be
derived.

/_\

P+Q 1—a)cos(%))>l/a a#1 5

gPJrQ) a=1 P+Q 19)

P-Q 5:{?_—5 a#l
¢(P—-Q) a=1

where ¢ = io s“:(r dr + Sl Smrr “dr. It comes from a straightforward computation using the
Lévy-Khintchine formula (5) with o = § = 0 and the complex integral from Lemma 14.11 of
[58]. The drift term 6 depends on the convention form of the Lévy-Kintchine formula (see

[53]).

1.3 Trajectory simulation

This section is organized as follows. A sampling algorithm for a general X ~ S, (o, 8,0)
random variable is presented: Algorithm 1. It is based on a Box-Muller-type algorithm
proposed by Chamber and Mallow in [9]. Then for an a-stable Lévy process, using the
independence and stationarity of its increments, a sample of the trajectory can be computed
via Algorithm 2. Several references are devoted to simulating stable random variables and
processes [11, 57]. To assess the accuracy of these algorithms, the increments histogram is
compared to the stable densities which are numerically computed based on Theorem 3.

1.3.1 Sampling from stable distributions

The 2—stable distribution is a Gaussian X ~ N(b, A%), and the Box-Muller algorithm is
widely used for simulating X. Let Uy, Us be two independent uniform random variables on

[0,1], then
b+ Av/—2log(Uy) cos(2nUs) ~ N (b, A?).
An analogous algorithm can be devised for simulating the Cauchy distribution with parameter
X ~ S1(0,0,6) as X A otan (U) + 6, where U ~U (-5, %).
In the more general setting of S, (o, 8,0) simulation simplifies through rescaling and shift-

ing to that of S,(1,3,0) (7). The following Theorem gives a general method to sample from
Sa(1,3,0), for all a € (0,2) .
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Theorem 4 (Theorem 1.3 [43]). Let a € (0,2) and U,V be two independent random variables
such that U ~U ([—3,%]) and V ~ E(1). Let § = o arctan (S tan (Z2)) for 8 € [—1,1] and
o # 1 then

sin(a(6+U)) cos(af+(a—1)U) (1-a)/a .
X ~ { (cos(ad) cos(U))"/ < v ) ifa#1,

2[(3+ pU) tan(U) - Blog (35552) | e =1, )

is distributed as Sy (1, ,0).

Remark 5. In particular, for symmetric stable distribution (i.e 5 = 0), the formula simplifies
m

11—«

] : ~ Soc(LO’O)a

sin(al) {cos((a - 1)U)
cos(U) Ve V
tan(U) ~ S1(1,0,0),

which aligns with the standard Cauchy simulation algorithm.

The following Proposition establishes that any stable random variable S, (1, 5,0) can be
expressed as a linear combination of positively skewed stable random variables S, (1,1,0).
These simple distributions relate to the class of stable subordinator processes that are key to
sample of CTS Lévy processes (Section 2.2).

Proposition 2 (Proposition 1.2.13 of [52]). Let X ~ S4(1,3,0) where o € (0,2) and B €
[—1,1]. For Y1,Ys are independent random variables distributed as So(1,1,0), it holds that

Ty () v fa*l,

Yl—(%> Yg—l—U(#log(#)—%log(%)) if = 1.

Remark 6. An arbitrary stable distribution S (o, 3,0) can be sampled through the combined
application of Theorem 4 and (7). An alternative approach involves using Theorem J to
simulate 2 copies of an So(1,1,0) and subsequently, by Proposition 2, obtaining realizations
from Sy (1, 3,0) which can be shifted and rescaled (as in (7)) into a realization of So(c, 3,9).
Algorithm 1 is derived for the former approach.

1+

ISy

d

x< (15)

+
sy

1

¥ ‘

1.3.2 Simulating trajectories of a-stable Lévy processes

Among the rich class of Lévy processes, the a-stable Lévy process is an example where exact
simulation of the increments is achievable (see [11]). In practice, simulation methods typically
focus on constructing a discrete skeleton of the Lévy process over a fixed grid. Let X be a
Lévy process, and consider a fixed time horizon T' > 0 and n > 1 the number of observations.
The observation or sampling rate is defined as A = %

e Leveraging the fact that the increments are independent and distributed as the first one
XA, trajectory simulation reduces to sampling n independent copies of Xa.

12



e Using the (broad-sense) selfsimilarity property (see Section (1.2)) it is sufficient to draw
n independent copies (Y;)?_; of X; and use (12). To sample X; given the Lévy param-
eters (a, P, @) a translation into the stable parameters («, o, 3, ) is achieved using the
formula devised in (13).

e Then by summing the increments we derive a discrete time numerical approximation
of the continuous time Lévy process trajectory. Usually for displaying, the value of X;
at time ¢ € [0,T] where t # kA for k < n is computed via a linear interpolation. For
t € [0,T] we define

(16)

%, _ SE o AUX ift=kA k=0, ,n
linearly interpolated, elsewhere.

Remark 7. In terms of complezity, the sampling algorithms are equivalently costly for low and
high-frequency observations. This is mostly due to the selfsimilarity property which reduces
the sampling of XA to that of X;.

Algorithm 1: Simulation of X ~ S, (0, 3, 9)
Step 1. Generate independently U ~ U[—1,1] and V ~ &(1).
Step 2: if a =1 then

Z=2[(3+8U) tan(U) - Blog (25557 ) |

return oZ + 6 + 2p0log(o)

else

sin(a(6+U) (cos(a9+(a—1)U)>(1_a)/a
(cos(af) cos(U)) 1/« 4 '
| return oZ + 6.

Algorithm 2: Sampling ()N(t)teRJr on {0,A,---  nA} for an a-stable Lévy process
with triplet (b,0,v) (v given by (6))
Step 1. Compute (o, 3,9) from («, P,Q,b) using (13).
Step 2. Sample n independent copies (Y; 1) ; of X; using Algorithm 1 where
Y01 =0.
Step 3. Compute Y; A = Al/o‘Ym + (A = AV + %BA log(A)1,-1 for
ie{l,---,n}.

return (Zle Yi,A)

n

=0

2 Classical Tempered Stable Lévy processes (CTS)

2.1 Tempering an a-stable process

Lévy processes can be constructed using various transformations of other Lévy processes
e.g. by linear transformation or subordination (see [11]). Tempering is one such procedure. It
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Figure 5: Trajectories of a symmetric a- stable Lévy process with Lévy triplet (0,0, |x|~17%)
where o € {0.5,1,1.5}, A = 1, n = 1000. Histogram of XA and the stable density fx, are

displayed.
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relies on multiplying a Lévy measure v of a Lévy process (X;)«r, by a decreasing exponential
function on each half-axis. This results in a modified measure

D(dw) = (e A" Pa™ " 1yn0 + e PIQlz T T 1, 0),

which still satisfies the properties of a Lévy measure. The associated Lévy process ()N(t)teR N
governed by 7 is referred to as the Esscher transform [16] (see Chapter 9 of [11]). This trans-
formation has proven useful in actuarial science [20]. Furthermore, exponential tilting is also
strongly connected with Monte-Carlo methods, including rejection sampling and importance
sampling ([3, 1]). These connections play a critical role in the sampling algorithm for the
tempered processes (see Section 2.2).

Specifically, tempering an a-stable Lévy process leads to the Classical Tempered Stable
process (CTS), defined as a Lévy process (X;)er, with a Lévy triplet (b,0,v) where b € R
and

v(dz) Pe 4 Qe Bl

= iTa 1,-0+ ﬁ1$<0' (17)
dx x ||

where P,Q, A, B € Ry such that P+ Q > 0and A+ B > 0, a € (0,2). When P,Q # 0 the
process is referred to as bilateral CTS (see [31]) encompassing the totally positively (resp.
negatively) skewed CTS process @ = 0 (resp. P = 0).

Remark 8. Tempering can be interpreted through its effect on the trajectories t — X;. The
exponential factor diminishes the intensity of the big jumps while preserving the stable nature
of small jumps. As a result of tempering the Lévy measure, the activity index o can take
negative values as §p(z* A 1)v(dz) < o0 for o € (—0,2). Indeed, if o < 0, the total Lévy
measure is finite v(R) = (PA® + QB*)I'(—«) < co0. In this case, the process (X;)iwer, is a
Compound Poisson process offering finite jump activity models with intricate structures. If a €
[0,1), the process has infinite activity since v(R) = 00 and a finite variation S|z\<1 |x|v(dz) <
0. Conversely, if a € [1,2), the total variation is infinite, i.e. S|J;\<1 |z|v(dx) = 0.

2.1.1 Distributional properties with a view toward simulation

In this Section, we select the key tools from the many properties of CTS distributions, to
tackle the sampling problem. For further details, we refer to [33, 11, 51]. First, we highlight
that closed parametric formulas for their characteristic functions (19) are available. These
computations rely on the Lévy-Khintchine formula, but where the classical small and big jump
decomposition is dropped. In particular, let (X;)er, to be a CTS Lévy process with triplet
(by,0,v) where b, is a drift term b, = S‘x|>1 rv(dr) = PA*IT(1—a,A) - QB 'T'(1 — a, B)
ensures that for t > 0

log(px, (u)) = itub, + tf

(e —1 — iurl_y q))v(dr) = tf (€™ — 1 —jux)v(dz). (18)
R

R

Using complex contour integration [33] or with a power series argument [11] the following
result can be derived
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Proposition 3 (Proposition 4.2 of [11]). Let (Xi)wer be a CTS Lévy process with Lévy triplet
(by,0,v) where v defined as in (17) and b, = S|x‘>1 av(dzx). Fort € Ry, the characteristic
function exponent can be expressed for u e R as

log(¢x, (u)) = {iut(P — Q) +tP(A —iu)log ( — %) +tQ(B —iu)log ( - %)

(19)

For « > 1 and A = B = 0 the exponent (19) yields an equivalent formulation of the
a-stable characteristic function exponent (4). For instance for a € (1,2) and A = B = 0 and
@ = 0 the characteristic function exponent is given by

log(¢x, (1)) = tPT(—a)(—iu)® = —tPa 'T(1 — &) cos(ma/2)|u|*(1 — isign(u) tan(ma/2)),
aligning with Formula (13).

Remark 9. For a-stable Lévy processes the self-similarity property reduces the computational
cost (see Remark 7). However, the characteristic function expression (19) shows that this
property does not extend to the CTS processes. Sampling increments in low-frequency (small
A) is computationally more expensive than for high-frequency (large A) (see Section 2.2).

One of the key property of CTS processes is that, unlike a-stable process, they have finite
moments. In fact, B(|X;|?) < oo for all B > 0 (Proposition 2.7 [51]). Furthermore, they also
have finite exponential moments: E(e®X) < oo if & < min(A, B) ((iv) of Proposition [51]).
In the general setting, the cumulant generating function can be derived (see Remark 2.8 of
[84]). It provides parametric estimators of the Lévy measure parameters o, P, A, Q and B (see
Section 6 of [33] for more details).

Remark 10. (Long and short time behaviors) The asymptotic behavior of CTS processes
resembles a stable Lévy process in a small time scale while in a long time scale, it approximates
a Brownian motion. After appropriate shifting and rescaling, the following convergence in
distribution holds

Xar — bt(A) Xat — bt(A)
(Al/a k. A:>0 (St)te]R+ T . A——t (Wt)teR+7

where S is a strictly stable a-stable process and W is a drifted Brownian motion, by(h) is a
adequate shifting term (see Theorem 3.1 of [51] for more details).

2.1.2 CTS densities and numerical approximation

The class of CTS process stands among the Lévy process for which the smoothness of the
density is not a time-dependent property (see [53]). Indeed, it satisfies the Orey’s smoothness

2u(d
criterion for infinitely divisible distributions lim inf, ¢ S"”'S;;,: (dz) > 0 (see Proposition 28.3

[53] and [45]). This means that for all £ > 0, X; has a density fx, which is of class C*. In the
finite variation case « € (0, 1), an extensive study of the unimodality and asymptotic behavior
of fx, is provided in [34]. In particular, Theorem 7.10 of [34] states that for ¢ > 0 there exists
a constant C' > 0 such that,

efA:r

fx,(z) e OW'
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Compared to the asymptotic equivalent for the a-stable density (Theorem 2), the tempering
adds a decreasing exponential factor. This ensures finite moments but still preserves a quasi-
stable behavior in a short time.

For the numerical aspects of CTS densities fx,, a natural approach is to use the Fourier
inverse formula leveraging the explicit characteristic function (19). To the best of our knowl-
edge, no simplified formulation as in Section 1.1 can be used to avoid the oscillating effect
of the characteristic function. Morally one can expect those to be tempered by the exponen-
tial term leading to a more robust integration method. We denote by th’ m the following
approximation function of fx, defined for x € R as

Feomi(@) = (2m)! j_M b, ()= du.

The choice of M > 0 is crucial and can be numerically costly. In practice one might select M
large enough such that fx, ar does not change, i.e. for n small enough |fx, v (x)— fx, m(x)| <
n for all x and any M’ > M.

Remark 11. For totally positively skewed CTS processes (Q = 0), the density can be related
to that of a totally skewed a-stable process (B = 1) for which efficient numerical algorithms are
available (see Section 1.1). Let (Y;") be a centered and totally positively skewed CTS distribu-

tion i.e. whose characteristic function is given by E(ei“Yt+) = exp (t SR+ (efvr — 1 — iux)%dw) .

We denote by (S} )ier, the totally positively skewed a-stable Lévy process (A = 0) such that
St~ Su(to,1,0) where 0% = PT(1 — a)a™! cos(ma/2)1az1 + %lazl. From Proposition 1 of
[40] the density of Y;© can be expressed as the following transformation of that of S,",

e—Aac—(l—a)tPF(—a)AafS:_ (CC B tPaF(_a)Aa—l) a#1,

fyyr@) = {eAx+tPA g (& — Pr(1 + log(4) a1 (20

2.2 Trajectory simulation algorithms

Among the many algorithms designed for sampling CTS distributions and processes on R, the
Bauemer-Merchaer acceptance-rejection algorithm [3] strikes a good balance between simple
implementation, parameter tuning, and computing efficiency. It relies on the simulation
and rejection of stable increments for which efficient algorithms are established (see Section
1.3.1). A complete comparison between the Bauemer-Merchaer method and other algorithms
(such as Devroye’s algorithm [14], Compound Poisson approximation [11], shot noise series
approximation [50]) is discussed in [31] which concludes to its numerical efficiency in small
time. In this section, we present the complete bilateral case. For simplicity, we assume
that the index a € (0,1) U (1,2), as similar computations can be conducted when o = 1.
First reduction to totally skewed CTS processes is discussed. Then, leveraging Remark 11,
the Bauemer-Merchaer algorithm is outlined (Algorithms 3 and 4). A computational time
analysis is conducted in both finite and infinite variation cases. Finally, trajectories are
displayed (Figure 6), and a comparison between the histogram of the samples of XA and
the numerical computation of the CTS densities (as discussed in Section 2.1.2) evaluates the
accuracy of the procedure.
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Reduction to totally positively skewed CTS processes

Similarly to a-stable processes (see Proposition 2, simulating general CTS process with bi-
lateral Lévy measure v(dz) as in (17) reduces to sampling two totally positively skewed
CTS processes. In the following, (X;)i.er, is a CTS process with Lévy triplet (b,,0,v) and
b, = S‘$|>1 av(dx). The characteristic function exponent (19) can be separated into two com-

ponents. Consequently, one can decompose X; = Yfr —Y;” where Yt and Y~ are independent
and their characteristic function is given for ¢t > 0 by

E(eiulft+) _ etPF(—a)((A—iu)o‘—Ao‘-i-iuaAo"l) (21)

E(eiuYt_ ) _ etQF(—a)((B—iu)o‘—Bo‘-i-iuaBD"l) )

The trajectories t — X; can be sampled by simulating the increments on a grid of observation
rate A > 0. The following steps are outlined for Y but can be straightforwardly adapted to
Y~ replacing P and A by Q and B.

2.2.1 Bauemer-Merchaer algorithm

The Bauemer-Merchaer algorithm is based on the density equation (20) that provides a pro-
posal distribution for the acceptance-rejection algorithm (see [31] for more details). However,
it applies differently to the finite variation case v € (0, 1) to the infinite variation case a € (1, 2).
In the first case, the sampling is exact while in the other it only provides an approximation.

Finite variation case, o € (0,1).

Given the explicit expression of ¢YA+ in (21), the process Y is a drifted tempered subordina-
tor, and it can be decomposed into Y = Z{ — Aal'(—a)PA>"A. The density fzg is then
merely given after shifting in (20) for € R by

F (@) = AT APICA p (), (22)
Leveraging the fact that the support of S¥ is supp(fsz) =R, (see (10)), the ratio sz (x)/fsz (x)

—APT(—a)

can uniformly be bounded by M = e A% Consequently, ZK can be sampled by accept-

ing SZ as a draw when U < e=494 for U ~ U (0,1). The increments Sz are straightforwardly
sampled using Algorithm 1 of Section 1.3.1. Algorithm 3 summarizes the above discussion
and provides an exact algorithm for simulating increments Y,{ when o € (0,1). In Figure 6
trajectories for a = 0.5, P = 1.7 and ) = 0.3 are displayed, with n = 1000 increments across
different time scales (A € {0.01,0.1,1}) and computation time is fast.

Algorithm analysis: Let N, be the number of rejected samples in Algorithm 3. It is
known that N* has a geometric distribution of ’success’ parameter s given by the formula

st = Szu,P,A =PU < e_ASX). Conditioning by S}, yields an expression for s*

sT—FE <6—ASZ§> _ JL(—a)APA™ (23)
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The expected number of iterations is E(N*t) = ¢ '(=®PAA" (P(—q) < 0 when « € (0,1)).
Consequently, the computing time grows exponentially with the sampling rate A > 0 and
the jump mass P. More precisely, the algorithm is faster in a high-frequency framework;
as st increases to 1 and N decreases to 0 when A — 0. Whereas, when A — +o0 the
success parameters s* decrease to 0 and the number of iterations explodes toward infinity
exponentially. As a function of «, it appears from (23) that it is more costly to sample when
« is close to the edges 0 or 1. For the bilateral Lévy measure the expected number of iteration
is given by E(N*t 4+ N7) = ¢ T(-)PAA" | o—T(=a)QAB® 'where N~ is defined analogously to
Nt for Y, .

Infinite Variation Case, o € (1,2)

In this case, the latter acceptance-rejection method cannot be directly implemented for « €
(1,2). In fact the decomposition into Z{ — Aal'(—a)PA*"! is no longer valid. Moreover,
the density equation (20) cannot be leveraged to provide another rejection algorithm since
the support of S is now the whole line R (see (8)). However, it can be adapted by injecting
¢ > 0, which serves as a truncation parameter, into the acceptance condition. The outcome
of such an algorithm is an approximation of the desired distribution YX .

In practice a uniform random variable is sampled U ~ #([0,1]) and Y ~ SX then YV

e~ A(SA+e)

is accepted when U < The result of this procedure, 176+A, is a good candidate

for approximating YAJr . Theoretical guarantees are provided in Theorem 8 of [3] stating that

~ Ll
Y;’A = YAJr when ¢ — +o0.

Algorithm analysis: The acceptance rate and the approximation error are interlaced;
as ¢ grows, the approximation is better, but the sampling is more costly. The ’success’ rate
is given by

st = 5% apae = PU < e 4634 ~B(e 46341, )+ P(SL < —0).

The expected number of iterations is then merely the inverse E(N*) = (s7)~!. It is clear that
st —0 when ¢ goes to +00. This suggests that a compromise has to be made in the selection
of c. Seen as a function of the step A > 0, the acceptance rate s fue 1, meaning that the

high-frequency regime necessitates fewer iterations. Neither the asymptotic behavior of the
acceptance rate nor the choice of a suitable approximation metric is straightforward. In [31],
the interplay between the approximation error in Kolmogorov-Smirnov distance D KS(XN/Z , YAJr )
and the acceptance rate st is numerically explored. The use of minimization algorithms to
numerically compute the parameter c is suggested. In our illustrative examples, the parameter
¢ > 0 has been selected after preliminary computations on each set of parameters and gives
satisfactory results, especially for small A. In Figure 6 trajectories for « = 0.5, P = 1.7
and @ = 0.3 are displayed, with n = 1000 increments across different time scales (A €
{0.01,0.1,1}). The selected parameters in these cases are ¢ = 1 for A € {0.01,0.1} and ¢ = 10
for A = 1. The computation time drastically grows with A.
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Algorithm 3: Sampling Y,{ for a € (0,1) u (1,2).

Step 1. Generate U ~ U(0,1) and S{ ~ S,(AY%0,1,0).
Step 2. Fix ¢ = cl,e(1,2) where ¢ > 0.

Step 3: if U < e~ A(52+%) then

| return S{ —T(1—a)APA>L

else
| Return to Step 1.

Algorithm 4: Sampling a trajectory of a CTS Lévy process on a grid
{A2A, -+ nA}.

Step 1. Sample n copies of (YAJr , Y, ) using Algorithm 3.
Step 2. Compute n copies of Xp =Yy — Y.

return (Z;'=1 XX))LI.
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Figure 6: Trajectories of a CTS Lévy process (X;); with Lévy triplet (b,,0,v), P = 1.7,Q =
0.3, sampled with n = 1000 observations of step A € {0.01,0.1,1}. The parameter ¢ = 1
for A < 1 and ¢ = 10 for A = 1. Histograms of the increments Xa (red) and numerical
approximation CTS density fx, (green) are %ilsplayed.
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