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WEIGHTED CSCK METRICS ON KAHLER VARIETIES

by

Chung-Ming Pan & Tat Dat T6

Abstract. — We study the weighted constant scalar curvature Kéhler equations on mildly singular
Kéhler varieties. Under an assumption on the existence of certain resolution of singularities, we prove
the existence of singular weighted constant scalar curvature Kahler metrics when the weighted Mabuchi
functional is coercive. This extends the work of Chen and Cheng to the singular weighted setting.
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Introduction

The constant scalar curvature Kdhler (cscK) metric problem has become one of the central focus
in Kédhler geometry during the last decades. The Yau-Tian-Donaldson conjecture asserts that
given a compact Kédhler manifold with a fixed Kéhler class, the existence of cscK metrics in the
Kéhler class is equivalent to an algebro-geometric notion called “K-stability”.

Several progresses in the literature [DR17a, BDL20, CC21a, CC21b] have shown that the ex-
istence of a unique cscK metric in a Kéhler class is equivalent to the coercivity of the Mabuchi
functional, whose minimizers are cscK metrics. When the Kéahler class « = c¢;(L) for some
ample line bundle L, Boucksom-Hisamoto—Jonsson [BHJ19] demonstrated that the coercivity of
Mabuchi functional implies uniform K-stability (see [DR17b, Der18, SD18, SD20] for transcen-
dental setup). Conversely, C. Li [Li22b] (and the recent transcendental version by Mesquita-
Piccione [MP24]) showed that the strong uniform K-stability implies the coercivity of Mabuchi
functional. The remaining challenge in proving the uniform Yau-Tian-Donaldson conjecture lies
in establishing strong uniform K-stability from uniform K-stability.

Typical examples of cscK metrics are Kdhler-Einstein metrics. Motivated by Minimal Model
Program and moduli theory, Kdhler-Einstein metrics have been well studied on smooth and
mildly singular Kdhler varieties [Aub78, Yau78, EGZ09, CDS15, BBE*19, BBJ21, LTW21, LTW22,
Li22a] and their families [K0i83, RZ11a, RZ11b, SSY16, LWX19, DGG23, PT24] etc.

2020 Mathematics Subject Classification. — 53C55, 32J27, 32Q20, 32W20, 35A23.
Key words and phrases. — Weighted cscK metric, Log terminal singularities, A priori estimates.
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However, there are very few results regarding cscK metrics in the singular setting. We shall
focus on the analytic part of the Yau-Tian-Donaldson conjecture on mildly singular varieties, par-
ticularly the equivalence between the existence of singular cscK metrics and the coercivity of the
Mabuchi functional. In a recent joint work with Trusiani [PTT23], when the Mabuchi functional
is coercive, we establish the existence of singular cscK metrics on Q-Gorenstein smoothable Kéhler
varieties with log terminal singularities. One of the key ingredients is the stability of the coer-
civity of the Mabuchi functional [PTT23, Thm. A]. A similar strategy for establishing openness
of coercivity has been applied to the resolution setting by Boucksom-Jonsson-Trusiani [B]JT24]
under an appropriate condition on the resolution.

This article aims to remove the additional smoothable assumption and to investigate existence
results in a more general “weighted” setting. The weighted framework introduced by Lahdili
[Lah19] contains various notions of canonical Kihler metrics.

In the sequel, we shall consider X to be an n-dimensional compact Kéhler variety with log
terminal singularities, T C Aut,eq(X) a maximal real torus in the reduced automorphism group,
and a T-invariant Kdhler metric w on X. Before presenting our results, we introduce the following
additional condition:

Condition (A). — There exists a T-equivariant resolution of singularities 7t : Y — X such that Y is
Kiihler and 7t is an isomorphism over 77— (X"8). Also, there exist a Kihler metric wy on Y, a positive
constant Ky > 0, and a function p1 € QPSH(Y') such that

Ric(wy) > —Ky(m*w +ddpy) and /Ye_KlplaJ'f, < +o0.

In the above notation, QPSH(Y) is the set of all quasi-plurisubharmonic functions on Y. A
resolution of singularities described in Condition (A) is referred to as a resolution of Fano type in
[BJT24] (see [BJT24, Sec. 4.1] for further discussions and examples).

Under Condition (A), we establish the following existence theorem:

Theorem A. — Let (X, w) be a compact Kihler variety with log terminal singularities and satisfy Condi-
tion (A). If the Mabuchi functional M, on X is Tc-coercive, then X admits a singular cscK metric in {w}
which also minimizes M,,, where T is the complexification of T.

In particular, if Aut(X) is discrete, the coercivity of Mabuchi functional implies the existence of singular
cscK metrics in {w}.

The main idea for proving Theorem A is to establish uniform a priori estimates for the solutions
to a family of cscK equations on the resolution of singularities. This result generalizes the work
of Chen and Cheng [CC21a] to the degenerate setting. Moreover, our method can be extended to
a weighted setup, which will be discussed later.

We briefly explain the scheme of proving Theorem A here when Aut(X) is discrete. Consider
a family of Kahler metrics w, := 7*w + ewy on Y for ¢ € (0,1] and denote by E the exceptional
set of 71. Under Condition (A), [BJT24, Thm. A] have shown the openness of uniform coercivity
on Y; namely, if M,, is coercive on X, then (M, )¢ are uniformly coercive for all sufficiently small
e > 0. By [CC21b, Thm. 1.2], there exists a smooth pair (¢, F;) solving the following system of
equations:

{(wa +dd®p;)" = efewl, supy g, =0, (cscKe)

Awm,g F. = —Su, + trw&% (RIC(WY));

%. Then under Condition (A), the uniform co-

ercivity of M, yields a uniform control on the entropy H¢(¢:). We establish uniform a priori
estimates based on the entropy bound (see Theorem 2.4 for a general version):

where we . 1= we +dd @, and 5., :=

Theorem B. — Let (¢, F;) be the solution to (cscK,). Assume that Condition (A) holds and for all e > 0
sufficiently small,

H = [ 1 “on:\ g <C
e(@e) == . 0g n ) Yep, =

Wy
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for some constant C > 0 independent of . Then there exists a uniform constant Cy > 0 such that
[@ellr> < Co, F<Co and F >Kyp—Cy,

where p € QPSH(Y) NC®(Y \ Exc(7)) such that {p = —oo} = Exc(m), and 7*w + dd°p is a Kihler
current with Ric(wy) < Ky(w + dd°p) for some Ky > 0. Moreover, for any compact set K C Y \ E and
¢ € N, we have || @e||¢t(k w,) < Ck ¢ for some uniform constant C ¢ > 0.

As a result, one can extract a subsequence ¢ converging in C;o (Y \ E) to ¢o € PSH(Y, m*w) N
L*®(Y) which is smooth on Y \ E and solves the cscK equation there.

We make a more detailed comment on our proof here. For the L*-estimate, we follow the
method of Guo and Phong [GP22] utilizing auxiliary complex Monge-Ampere equations (see
also [GPT23]). We stress that Condition (A) is essentially used for the L®-estimate in this ap-
proach. Then we provide an integral estimate for Laplacian adapting [CC21a, Thm 3.1] and
[DD22, Thm. 4.1] and higher order estimates in the regular part following from Chen—-Cheng’s
local estimates [CC21a, Prop. 6.1, arXiv version].

In the singular Kdhler-Einstein setting, it is well-established that the coercivity of the Mabuchi
functional is equivalent to the existence of a unique singular Kdhler-Einstein metric (cf. [Dar17,
DG18a, BBE"19]). Theorem A and Theorem B in particular show that singular Kihler-Einstein
metrics on a Kéhler varieties with discrete automorphism group can be approximated by cscK
metrics, provided Condition (A) holds. This recovers a recent theorem by Székelyhidi [Szé24,
Thm. 3].

In Section 3.3, we present a method for constructing singular cscK metrics inspired by the result
of Arezzo and Pacard [AP06] under Condition (A). Additionally, we propose a mixed construction
that combines our previous result on the smoothable setting [PTT23].

Weighted setting. — Our approach above, in fact, applies to dealing with a singular version of
weighted constant scalar curvature Kédhler (wcscK) metrics. The weighted setting was originally
introduced by Lahdili [Lah19] (see also [Ino22]), including various notions of canonical Kéhler
metrics, for example, extremal metrics and Kdhler—Ricci solitons. For further results on the ex-
istence of wescK metrics, we refer to [AJL23, Lah23, DJL24, DJL25, HL24] and the references
therein.

We quickly review the basic setup and notations for the weighted cscK metrics here. The reader
is referred to Section 1 for more details.

Denote by t the Lie algebra of T. Since w is T-invariant, it admits a moment map m,, : X — t".
Consider functions v, w € C*(t,R) with v > 0 on m(X). A metric ' is a (v, w)-cscK metric if it
has bounded potential near X®" and it solves the following weighted scalar curvature equation
Sy(w') = w(m,y) on X™8, where S, is the weighted scalar curvature.

In the smooth setting, Lahdili [Lah19] has proved that wcscK equation is the Euler-Lagrange
equation of a (v, w)-weighted Mabuchi functional M, 4. This also works in the singular con-
text (cf. [BJT24, Sec. 4]). With the approach we mentioned, Theorem A can be extended to the
weighted situation:

Theorem C. — Let (X, w) be a compact Kihler variety with log terminal singularities that satisfies the
above setting. Assume that (X,w) satisfies Condition (A) and logv is concave on t". If the weighted
Mabuchi functional My, ,, is Tc-coercive, then X admits a singular (v, w)-cscK metric in {w}, which also
minimizes My .

We remark that the “concavity of log v” is used in the C?-estimate for extending Theorem B to
the weighted setting (cf. Theorem 2.4). This is explained in detail in Appendix A.

Acknowledgements. — The authors are grateful to C. Arezzo, S. Boucksom, E. Di Nezza, S. Ju-
bert, Y. Odaka, S. Sun, G. Székelyhidi, and A. Trusiani for helpful and inspiring discussions. The
authors would like to thank S. Boucksom, M. Jonsson, A. Trusiani, and G. Székelyhidi for kindly
sharing their articles [BJT24, Szé24], respectively. The authors would also like to thank V. Gued;j
and H. Guenancia for their suggestions that helped improve the exposition.
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1. Preliminaries

In this section, we recall several basic notions of pluripotential theory on singular spaces and
weighted cscK metrics. We define d° := §(d — 9) and then we have dd = ido.

1.1. Pluripotential theory on normal Kihler varieties. — Let (X, w) be an n-dimensional nor-
mal compact Kdhler variety. By Kéhler variety, we mean an irreducible reduced complex analytic
space equipped with a Kahler form. A Kéhler metric w on X is locally a restriction of a Kahler

metric defined near the image of a local embedding j : X = CN. More generally, a smooth form a
ocC.

on X is a smooth form on X™# such that & extends smoothly under any local embedding X = CN.
ocC.

Definition 1.1. — A function ¢ : X — R U {—o0} is w-plurisubharmonic (w-psh for short) if ¢ + u
is plurisubharmonic where u is a local potential of w; i.e. ¢ 4 u is the restriction of an psh function
defined near an open neighborhood of im(j). Denote by PSH(X, w) the set of all integrable w-psh
functions.

By Bedford-Taylor’s theory [BT82], the complex Monge—Ampere operator can be extended to
bounded w-psh functions on smooth complex manifolds. In the singular setting, the complex
Monge-Ampeére operator of locally bounded psh functions can also be defined by taking zero
through singular locus (cf. [Dem85] for more details).

1.1.1. Finite energy class. — SetV := [, w". For all ¢ € PSH(X,w) N L®(X), the Monge-Ampere
energy is defined by

._ 1 = j n—j
E(g) := (n—i-l)]g/xq)wq)/\w ,

where w,, := w + dd°¢. The energy satisfies E(¢ 4+ c) = E(¢) 4+ cV for all c € R and for ¢,¢ €
PSH(X,w) N L®(X), if ¢ < ¢ then E(¢) < E(y) with equality iff ¢ = . By the later property, E
extends uniquely to PSH(X, w) by

E(¢) :=inf{E(¢y)|¢p < ¢ € PSH(X,w) NL¥(X)}.

The finite energy class is then given as

EY(X,w) = {p € PSH(X,w) | E(p) > —co}.

The space of finite energy potentials £1(X,w) admits a metric topology induced by the so-
called d-distance, which can be expressed as follows (cf. [Dar17, Thm. 2.1], [DG18a, Thm. B])

di(u,v) = E(u) + E(v) — 2E(P,(u,v)),
where P, (u,v) := (sup {w € PSH(X,w) |w < min(u,v)})". From the definition, one can verify

that d1(1,0) = —E(u) for any u < 0.

1.2. Weighted cscK metrics. — In this section, we review some basic concepts related to
weighted cscK metrics.



WEIGHTED CSCK METRICS ON KAHLER VARIETIES 5

1.2.1. Automorphism group and holomorphic vector fields. — We recall here certain well-known
properties of the Lie algebra of Aut(X) and some of its subgroups (cf. [LS94, Gau20]).

Let (X, w) be a compact Kdhler manifold and denote | to be its complex structure. The auto-
morphism group Aut(X) is a complex Lie group, whose Lie algebra h = {¢ € I'(TX) | L¢] = 0}
consists of real holomorphic vector fields on X. A vector field ¢ is real holomorphic if and only if
¢’ := 3(& —iJ¢) is a holomorphic, so h can be identified with H'(X, Tx) the space of holomorphic
vector fields. Denote by Auty(X) the identity component of Aut(X).

The Albanese torus is defined by (cf. [Uen75, Thm. 9.7])

Alb(X) = H(X,0%)V/H (X, Z),

where the inclusion Hy (X, Z) < H°(X, Q)" is induced via the map « — [ a for any loop ¢ and

holomorphic 1-form «. Then one can define a Lie group homomorphism 7 : Auty(X) — Alb(X)
as follows. Fix a xp € X, for any ¢ € Auty(X), we define 7(0) : a — xi'xo «, which does

not depend on xp as « is harmonic. The homomorphism 7 induces an action of Auty(X) on
Alb(X) by translation. Moreover, the derivative of 7 at the identity is " : h — H%(X,QL)Y,
& — (&) : « — a(f)). Define hreq := kert’, which consists of all holomorphic vector field
& € H(X, Tx) such that a(¢) = 0 for all « € H(X, Q% ). By [LS94, Thm. 1], we have

brea = {& € H'(X, Tx) | £ = Vf = gfka,;faazj, fec (X0}

Then b,q generates a Lie subgroup Aut,q(X) C Auty(X) which acts trivially on the Albanese
torus. We also identify hq C h with the Lie algebra of real holomorphic vector fields with zeros
(cf. [LS94, Thm. 1]).

1.2.2. Weighted setting. — Fix a real torus T C Aut,.q(X) with Lie algebra t C bq. Any closed,

real, T-invariant (1, 1)-form w admits a moment map m,, : X — t', thatis a unique (up to additive

constant) T-invariant smooth map such that for each ¢ € ¢, mg, := (my, &) : X — R satisfies

—dmS, = irw = w(S,-);
in other words, %, is a Hamiltonian function of ¢ with respect to w.
Denote by P, := im(m,) a compact set in tV and Hl := HT(X,w) the set of T-invariant,
. oy . T . o _
strictly positive, smooth, w-psh functions. For any ¢ € #,,, we normalize mg := m, by my =

mé, + d°¢(¢) for all & € t. Then from [Lah19, Lem. 1], under this normalization, for any ¢ € H],
one has Py, = Po and
/ mgwg = / méw", VE € t. (1.1)
X X

Letov,w € C°°(tv, R) with v > 0 on P := P,,. We recall the following notations and definitions
from [B]JT24, Sec. 3],

Definition 1.2. — Let (6, my) be a T-invariant pair and f be a T distribution.
(i) A moment map m4c¢ for the T-invariant (1,1)-current dd*f is defined by

MmSye = df(§) = igd"f;
(ii) For a smooth function g : R~y — R, and another T-invariant pair (w, my, ),

((8(0)) (), me) = &' (0(me)) Y oa (e

u
where ()« is a basis of t, and (v, ), are the partial derivatives of v with respect to the dual
basis (&%), in t¥;
(iif) The v-weighted trace is given by
trop 0 := tr, 0 + ((logv)' (mw), my);
(iv) The v-weighted Laplacian is defined as

ANppf = treo(dd f) = Do f + ((log U),(’”W)rmddff>?
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(v) The v-weighted Ricci curvature is
Ricy (w) = Ric(v(my,)w") = —dd log(v(my )w") = Ric(w) — dd“logv(my,);
(vi) The v-weighted scalar curvature is

(V' (M), Do) + Ao (my)
v(my) '

So(w) := try Ricy(w) = S(w) —

As [BJT24, (3.4)], by applying the interior product iz to the trivial relation d°f A w" = 0, one
can obtain

mgdcfw” =ndf A WA fgw.
Combining the above formula with

do(my,) ZU“ Mey) dm —Y vu(my)igw, and (v'(my), mages) : ZU“ mw)mgdcf,

one can derive that
do(my) Nd°f A w1
wi’l

(V' (M), Magep) = n = tr, (do(my) ANd°f).

Therefore, we have the following formula for the weighted Laplacian
Aoof = Dof +tre(dlogo(me,) Ndf). (1.2)
The v-weighted Monge—Ampeére operator is defined as
MAy(¢) := MAy () := v(mg)(w + dd*¢)"
for any ¢ € HZL. From [B]JT24, (3.32)], one has the following integration-by-parts formula

[ 880, MAS9) = [ F(Buys8) MAN(Y) = = [ (df.dgho, MAL), (13
for all T-invariant distributions f, ¢ such that at least one of which is smooth, where
(df,dg)e = try(df Nd°g).
1.2.3. Weighted cscK equations. — Consider the weighted cscK problem
So(wy) = w(my).

The above equation can be rewritten as

v(my)(w + dd°p)" = eFw", supyp =0,

ApoF = —w(my) + try,, (Ric(w)),

where try 1= trw, and Ay, = Awy,o- For any volume form px on X, taking F:=F+ log Z’—;, the
original coupled equations are equivalent to the following coupled equations

v(m )(w+ddc = eﬁyx, supy ¢ =0,
A¢ UF = —w(m¢) +tr¢,v(RiC(yx)).

Since P is compact, there are positive constants C, and C,, such that, on P,

Czjl S v‘f’z‘vtx’ +Z‘le‘5’ S Cv/ and C;1 S ‘w‘ +Z’wa‘ +Z’waﬁ’ S Cw
% wp a wp

This yields that
| a0 (1) = trw, (1)) = [{(logv)' (my), my)| < Coy,
where C; ;, depending only on C, and 7. In particular, for any ¢, € HT(X,w) and 17 := Wy,
| treo,0(wy) — trw, (wy)| = [((logv) (mg), my)| < Co, (1.4)

since my(X) = my,(X) = P is compact.
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1.2.4. Weighted Mabuchi functional. — Let ux be a fixed volume form on X. The v-weighted rela-
tive entropy is defined by
MA,(¢)

H, := H, = / | MA, ().
(#) = Hop () 1= [ tog (M2 ) May(g)
The w-weighted Monge-Ampére energy E,, := Ey 1w : ’Hz, — R is given by

(@Ea)p(f) = [ frolma,)wf,  Euf0) =0

for any f € C®(X)T (cf. [Lah19, Lem. 3]).

Fix 0 a T-invariant closed (1,1)-form and mj is its moment map. Then the twisted weighted
Monge-Ampere energy E) := E, | : HI — Ris the primitive of (v(m¢)n9 Awg + (0'(myg), m9>w$>
with E, ,(0) = 0; in other words,

(AL o) = [ F (0lmg)nd Aoy + (o (mg), ma)esy) , EL,o(0) = 0.
for any f € C®(X)T (see [Lah19, Lem. 4] for the well-definedness).

Definition 1.3. — The weighted Mabuchi energy M, is an Euler-Lagrange functional of H[ >
¢ = Moy (@) := (w(nmg) — So(wyp)) MAL(¢).
From [Lah19, BJT24], we have the following lemma.
Lemma 1.4. — The following formula holds on H[,
Mv,w = Mv,w,yx = Hv,‘uX + E; Ric(yex) + Evw.

Ric(px)

The above lemma follows from the fact that the functional ’HZ, > ¢ — Hy+E, is an

Euler-Lagrange functional for ¢ — —S,(wy) MA,(¢) (cf. [BJT24, Lem. 3.29]).
Lemma 1.5. — Any (v, w)-cscK metric in {w} is a minimizer of My, for any choice of px.

Proof. — It follows from [Lah23, Cor. 1] that any (v, w)-cscK metric in {w} is a minimizer of
My, w,wn. On the other hand, by [BJT24, Lem. 3.48] there is a constant C such that My, =
My, + C, hence any (v, w)-cscK metric in {w} is also a minimizer of My ;- O

1.2.5. Weighted extremal metrics. — We recall here the definition of weighted extremal metrics
and relative weighted Mabuchi energy, which is a modification of Mabuchi energy such that it is
Tc-invariant. We refer to [BJT24, Sec. 3.6] for more details.

Lemma 1.6 ([BJT24, Lem. 3.34]). — The weighted Mabuchi functional My, is translation invariant
and Te-invariant iff for all affine function £ = & +c € t@® R on t” we have [, £(m,)M;, ,(0) =0, ie.

/X ()W (1) MA(0) = /X 0(11)So (@) MA(0).

Now, let wy € C®(P,R~¢). The weighted Futaki-Mabuchi pairing on the space t @ R of affine
functions on t¥ is defined by

(0,0 = /X () (e )wo () MAo(0) = /X (1) € (1165) MAgy (0).

Then this is positive definite, and there exists the unique affine function /' = (£, |, on t such
that

(€, 6%t) = /X {(1) So(w) MA(0). (L5)

Then the weighted Mabuchi energy M, ,, with w = wl®* is Te-invariant. We define M;ﬂva =
M, ¢ex is the relative weighted Mabuchi energy.

Definition 1.7. — Let v,wy € C®(P,R~¢). A metric w is called a (v, wp)-extremal metric of it is
(v, w)-cscK with w = wpl®t.
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1.2.6. Extremal Kihler metrics. — We explain here how the problem of finding extremal Kahler
metrics is a special case of the one for weighted setting.

Let (X, w) be a compact Kdhler manifold, and let ¢ be the Riemannian metric defined by w. The
metric w is said to be extremal if the Hamiltonian vector field ¢, = JV S(w) is a Killing vector
field for g, i.e L¢, ¢ = 0.

Let T be a maximal compact torus of Aut,eq(X) and « be a Kdhler class. From [FM95] (see also
[Lah19, Sec. 3.1]), the projection of S(w) with respect to L?(w")-inner product, to the sub-space
{mg, +c: & € tc € R} is written as ITL (S(w)) = m%}xt + Cext for some eyt € t where Coy Only
depends on T and {w}. In particular, it implies that cex also depend only on T and {w}, since

ner(X) - {w) ™! = [ S = [ MES@)e" = [ mire” +codw},

where the last integral only depends {w} and ex¢ by (1.1). One can also normalize [, me " =

%{‘:}H. Therefore, we obtain the unique affine function (**(p) =

Otogetcext =35 :=n
(Cext, ) + Cext defined in (1.5) and the problem of finding extremal metric is equivalent to the one

for (1, £X%)-cscK metric.

1.2.7. Extension on EVT and coercivity. — Denote by £57 := E1(X,w)T € £Y(X,w) the space of
T-invariant finite energy potentials and 5&{,€m(X,w) ={u € 5(};T | supy u = 0}. From [B]T24,
Prop. 3.41], one can extend all functionals above on £57. On &L (X, w), we have d(u,0) =
—E,(u); hence,
dr(u,0) := inf di(c*u,0) = inf —E,(c"u) =: —Ey,7(u).
ceTc ceTc

Definition 1.8. — The weighted Mabuchi functional M, is Tc-coercive if there exist constants
A > 0and B > 0 such that

Mv,w(QD) 2 AdT(¢/ 0) —B
for any ¢ € Sﬁ&m(X,w).

1.3. Weighted variational formalism in the singular setting. — We recall here the weighted
formalism for the variational problem of singular wcscK metrics on Kéhler varieties with log
terminal singularities as introduced in [BJT24, Sec. 3.8, 4.1].

1.3.1. Reduced automorphism group and moment maps. — Let (X, w) be a normal compact Kéhler
variety. The automorphism group Aut(X) is a complex Lie group, whose Lie algebra is
HY(X,Tx) =~ H%(X"™8,Txxs) the space of holomorphic vector fields, that are global section
of the tangent sheaf Tx := Hom(QY, Ox). There exists an Auty(X)-equivariant resolution of
singularities 7 : X — X, i.e. 7 is an isomorphism over X™% and any ¢ € Auty(X) can be
extended to a unique ¢’ € Autg(X). Hence, we get the inclusion Auty(X) C Autg(X). More-
over, any holomorphic vector field on X descends to an element in HO(Xreg, Txres), so we get
Auty(X) =~ Auty(X).

Definition 1.9. — We define the reduced automorphism group Auteq(X) C Autg(X) to be the iden-

tity component of subgroup of Autg(X) ~ Auty(X) acting trivially on the Albanese torus of X.

This definition is independent of the choice of Auty(X)-equivariant resolution of singularities
m:X = X, by the bimeromorphic invariance of Albanese torus (cf. [Uen75, Prop. 9.12]). Since
Aut(X) =~ Autg(X), we get Auteq(X) = Autreq(X).

Denote Z (reps. Z’) the space of locally dd°-exact real (1,1)-form (resp. currents) on X. In
particular, any current 6 € Z’ can be written as 6 = w + dd‘u for some w € Z and u is a
distribution. Then the group Aut(X) acts on Z and Z’. In particular, Auty(X) acts trivially on the
the classes of Z (cf. [BJT24, Lem. 3.54]): for any 0 € Auty(X), there exist f € C*(X) such that
c'w =w+ddf.

Fix a compact torus T C Aut,q(X) with Lie algebra t. Any T-invariant (1,1)-form (resp.
current) w € Z admits a moment map m = m,, : X — t' which is a T-invariant smooth map (resp.
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a distribution), unique up to an additive constant, such that for each ¢ € t, mé = (m,g): X >R
satisfies

—dm® = izw = w(E, ).
Denote by P := im(m,,) which is a compact subset in t” and normalize such that P = im(,)
forall ¢ € C*(X)T. Take v,w € C®(t",R) with v > 0 on P.

1.3.2. Singular weighted cscK metrics. — Suppose that X is Q-Gorenstein, meaning that X is nor-
mal and Ky is a m-Cartier for some m € IN*. Below, we recall the definitions of adapted measures
and log terminal singularities from [EGZ09, Sec. 5-6].

Definition 1.10. — Let h™ be a smooth hermitian metric on mKx. Taking () a local generator of
mKx, the adapted measure associated with h™ is defined by

—\ 1/

— (QAQ) "
= —
Qi

This definition does not depend on the choice of (), and two adapted measures differ by a smooth
positive density. The Ricci form of the adapted measure y, is given as

Ric(pp,) := ddlog |Q|%m
The Q-Gorenstein variety X has log terminal singularities if the measure y;, has finite masses near
Xsing.

We now consider X to be log terminal. As in [EGZ09, Sec. 5], Ric(,) is canonically attached
to an element in HY(X,CY/ PHx) where C§ (resp. PHx) is the subsheaf of continuous functions
on X that are local restrictions of smooth functions (resp. pluriharmonic functions) under lo-
cal embeddings. The first Chern class of Ric(y,), denoted {Ric(yy)}, is the image of Ric(py,) in
H'(X,PHy) via the connecting homomorphism {e} in the following exact sequence

HY(X,C%) — H°(X,CY/ PHy) LN H'(X,PHx) — 0

which is induced by the short exact sequence 0 — PHx — C3 — C%/ PHx — 0.

Assume that 1™ is a T-invariant metric on mKx so that Ric(y;) is an equivariant curvature
form. Fix a compact torus T C Aut,eq(X) with Lie algebra t. Set P := P, := m,(X) C t" and take
v € C®(P,R~). For any ¢ € H], the weighted Ricci current of wy := w + dd°¢ is defined as

Ric; (wg) = Ric' (MA,(¢)) := —dd° log <W> + Ric(py,).

and the v-weighted scalar curvature is the distribution expressed by
So(wy) == trw¢(RicT(w¢)).

One can extend the weighted energy and the weighted Ricci energy on £57 (cf. [PTT23,
Sec. 4.1.2]). Fix an adapted measure px, for any w € C®(P,R), the weighted Mabuchi energy

M, : EgT — RU {+00} can be expressed as
_Ri
Mo, = Moy = Ho + Ey ie(pux) + Evw.

Definition 1.11. — Let v € C*(P,R-¢) and w € C*(P,R). Then wy € {w} is a singular (v, w)-
cscK metric if ¢ € PSH(X, w) N L*(X) which is also smooth on X™8, and
So(wy) = w(my) on X8,

Let wy € C®(P,R>p) and £°** be the unique affine function /> = (&%, | on t" such that

(€, 6% = /X ((11) S0 (@) MA(0).

Then wy is called a singular (v, w)-extremal metric if it is a singular (v, w)-cscK metric with
w = wol®t.
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Let 7 : Y — X be an T-equivariant resolution of singularities. We can also define M™!  :
m*HL — Rby

M, (70 u) 1= Hg (70°1) + B 00 (70°0) + B g (710,

Under Condition (A), following [BJT24, Lem. 4.21], one can extend the weighted energy, the
weighted Ricci energy, and M™!  to 5711? w-

2. A priori estimates

In this section, we shall establish a priori estimates for wescK equations on compact Kéhler
manifolds when the reference metrics are degenerating. These estimates are crucial for obtaining
the existence of singular wcscK metrics in the next section.

Once and for all, we fix X to be an n-dimensional compact Kéhler manifold, T C Aut,eq(X)
a compact torus with Lie algebra t, and w a T-invariant Kéhler metric on X with the moment
polytope P of w and total volume V. Take v € C*(t",R) such that v > 0 on P.

2.1. L*-estimates. — In the following, we shall establish a uniform L*-estimate following the
strategy of Guo and Phong [GP22, Thm. 3] with certain modifications (cf. [PTT23, Thm. 5.4]).

Theorem 2.1. — Let u be a T-invariant smooth volume form such that w" = gy with ||g"/" ||~ < Ko for
some constant Ky > 0. Suppose that (¢, F) € HT (X, w) x C®(X)T is a solution to the coupled equations

v(my)(w +dd@)" = ey, supyp =0,
AyoF = =S+ tr(P,v(RiC(y)),

for some S € C®(X)T. In addition, assume that there are positive constants Ky, K3, Ky such that
(1) —Kj(w + dd°py) < Ric(p), where pq is a T-invariant quasi-psh function, supy p1 = 0 and
Jx e Kedy < +oo;
(2) Hu(p) = [y log (%) wp < Ks;
(3) there exists a > 0 such that [, e=*#=sWPx®)y < Ky for all ¢ € PSH(X, w).
Then there is a uniform constant C > 0 depending only on n,maxx S, V,a, Ko, K1, K3, K4, Cy, u, p1 such
that
¢llL~ < C and F < C.
Furthermore, if we have that
Ric(p) < Kz(w + dd®pa),
for a T-invariant w-psh function py € C®(X \ Z), with Z := {py = —oo} and supy, p» = 0, there is a
constant C, > 0 depending only on n, maxy |S|,V, «, Ko, K1, Kz, K3, Ky, Cy, t, p1 such that

F 2 K2p2 — Cz.

Proof. — Consider 7 : R — R~ a sequence of positive smooth functions decreasing towards the
function x — x - Ir_,(x). Let ¢ be a solution to the following auxiliary complex Monge-Ampere
equation

—¢+AF)+1 o

VH w+dd' )" = %l i
k

U, sup¢ =0, (2.1)
X
where
A= / (t(—¢+AF) +1)e p —— / (—<P+AF)+6FV+/6Fﬂ = Ac.
X k—+co JX

We remark that ¢y is also T-invariant since the RHS of (2.1) is T-invariant. Applying Young’s
inequality with x(s) = (s+1)log(s+1) —sand x*(s) = e —s —1,

J(=pefer < [ xta e + [y (—ap)e”

where a > 0 is the constant in (3). It follows from (2) and (3) that C,'V < A, < C(K3,Ky, V).
Thus C;'V < A, < C = C(K3, K4, V) for k sufficiently large.
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By strong openness [Ber13, GZ15], we have a constant 6 > 0 such that I := fX e~ (Kitd)pr « oo,
Using Demailly’s approximation theorem [Dem92] (see also [Dem12, Sec. 14B]) and Demailly—
Kollar’s convergence result [DK01, Main Thm. 0.2 (2)], there exists a sequence quasi-
plurisubharmonic functions (p;x)r with analytic singularities and smooth away from their
singular locus, such that —Kj(w + ddpy ) — 1w < Ric(u), p1x — p1in L! as k — oo, and
[ e~ Kitdpe < 2 for all k > 1. Hence, —K}(w + dd‘p ;) < Ric(u) where K; = K + 1 with
k>1/6and p}, = ﬁplrk. Replacing p; by p} , and Kj by Kj, one can assume p; has analytics
singularities.

Consider the function

O = —e(—¢p+ A)1 — ¢ + A(F 4 Kip1)

= P 1
with A = (nz—fle)n+1 and € = (Wl)(zij)‘sm) o AF, where § := maxx S, L := A(Cy + KiCy) +
2C, with Cy, > 0 a constant independent of ¢ so that ((logv)'(mg), Mgic(u)) > —Coyu,and A > 0
is a constant such that n + A5 > 0 and AK; < 1/2. Since p1(x) - —o0 as x — Z; := {p; = —oo},
the maximal points of ® only occur in X \ Z;. Fix xo € X \ Z; a maximal point of ®. At xp, we

have

02> App® = Ay, @ + ((log )’ (my), magee)

eEn
> T (9t A) T Ay i — B, @+ Ao (F + Kipy)
en 1
+ g (F¢e+ A)((log 0) (my), Magep,) — ((logv) (my), Magey)-

Since —C, < ((logv)' (mg), Magey) < Cy for any ¢, € PSH(X, w) (see (1.4)), we infer that

€n _ 1 €n =1
en 1 -
=ikt 1 (tr, Wy — ta, @) — ta, (Wp — @) + A(—S + tre, (Ric(i) + Kiddpr))
+ A ({(10g ) (1), () + Ki ((log 0 (), masep,) ) = 2Co.
Then
n%e L (T(—@+ AF) +1\ " ne 1
> — — % —n—A5— - e —
O_n—i-l( Pt ) H( Ag > "o L+(1 n—l—lA b AK1>trwq,w
n%e [ T(—@+AF) +1\""
> — Tuil —n—A5— L.
_n+1( P+ A) +1< A > n—As—1L

Since n + A5 > 0 and AK; < 1/2, at xp, we obtain

n+As+1L
n2e

— ¢+ AMF+Kipr) < —p+AF < <( )(n+1)>nAk(—<pk+A)ﬂil; (2.2)

therefore, ®(xp) < 0 and ® < 0 on X. By the choice of ¢, A and V < Ay < C(Kj3,Ky, V), and
Young’s inequality, we derive that for any 6 > 0

MF +Kip1) < =@+ A(F +Kip1) < C(V, Ky, K3, Ky) (= + A) 71 < =gy + Co, (2.3)

with G, = C(&, V,K>, K3, K4).
From Condition (A), we have [, e %P1 < 4-oc0. The strong openness [Ber13, GZ15] yields a
constant 0 < a < 1 such that fX e~ (+a)Kipr u < C, for some constant C, > 0. By (2.3), Holder

inequality and (3), for § = % and 6 > O such that 8 < a/v*, withy = 15‘;?2 and % + % =1,
we obtain

/ eﬁ/\F‘u < eﬁCZ/ 67%¢k7(1+§)1<1p1y _ eﬁCz/ e*%t}’r(lﬂ)lﬁpl/vy < C(a,Cy ). (2.4)
X X X
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By a refined version of Kotodziej's L*-estimate [Kol98] (see [DGG23, Thm. A] for the
version we referred), a uniform control C;! < v(m,) < C, and (2.4), we obtain |¢[/~ <
C(n,V,a,Ky,Ks, Ky, Cyp, 4, p1). Also, combining the L*-estimate of ¢ with (2.4), we infer that

||(Tk(_q) + AP) + 1)eFHLP,(X/wn) S C(TZ, &, V/K1/K3/ K4/ CZJ/ ,”zPl)

for some p’ > 1 and for all k > 0 sufficiently large. Again, Kotodziej’'s L*-estimate yields a uni-
form bound ||¢y||r~ < C(n,V,a,Ky,Kz, Ky, Cp,p1). Then the inequality (2.2) provides a uniform
upper bound for F.

In the second part, we consider the function H := F + (K, + 1)¢ — Kp,. Since pp = —oo along
Z, one can assume that H admits a minimum at xo € X \ Z. At x(, we have

+ <(1080)'(mqo):mmc( )) + (K2 4+ 1)((log 0)' (my), mageg) — Ka((logv)' (my), magep,)
—S5 + try, (Ric(p) — Ka(w +ddp2)) + (K2 + 1)n — try, w + Cy +2(K2 +1)Cy
g(Kz—I—l)n—S—trwww%—Cv,,,+2(K2 1)Cy

1/n
n

< (Ka+1)n—S—n (“’) + Cop +2(Kp +1)G,
We

< (Kp+1)n—S—mn (g”(;?))w + Cop+2(Ka +1)C,
< (K2 +1)n —minS — nKoCyV/"e /" 4 Cy 4+ 2(Ky +1)Co.
Therefore, at xo, F(xo) > —C(n, Ko, K, minx S, Cy,;;, Cy). We obtain
F 2 K5(p2 — p2(x0)) — C (1, Ko, Koy min S, Co 1, Co) — (Kz +1) [ ]|
> Kypr — C(n,Ko,...,K4,m)?x S|, Co, 1, 01)

as required. O

2.2. Local L7-estimate for Laplacian. — Let wyx be another T-invariant Kdhler metric on X. Since
P, = im(m, ) is compact, one can further assume that

Col < o[+ Y |val + ) [vapl <Co on Pyy.
o a,‘B
Consider the following wcscK equations

v(mg)(w +dd‘p)" = efwh, supy =0, (2.5)
AQU,UF - _S + tr(p’v(RiC(wX)). '

In this section, we shall further assume t¥ > { — logv({) € R to be concave. With the concavity
condition on log v, from Lemma A.1, we have the following weighted Aubin-Yau type inequality:
Ay oF

Apylogtry, wy >
wyx w(p

—Btr%wx—c

for some uniform constant B,C > 0.

Proposition 2.2. — Suppose that (¢,F) € HT(X,w) x C®(X)T is a solution to (2.5). Fix p > 1.
Assume that w < Cuwy, Ric(wy) < Awy, Bisec(wx) > —B, w 4 dd°p > Cowx with C, > 0, and

H(PHL‘X’ <C, F<Cy, and F>=> sz — Co,

where p € C®(X \ {p = —oo}) is a T-invariant w-psh function. Then for any KC compact set of X \ {p =
—oo}, one has the following estimate

| trox w90||L2P+2(IC,w§‘{) < Ci,

where Cy only depends on KC,n, p, A, B, Cy, Cp, miny S.
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Proof. — We shall adapt the approach in the smooth setting of Chen and Cheng [CC21a] for cscK
metrics and also its generalization by [DJL24] and [HL24] for wcscK metrics. We highlight some
differences in the following:

e We shall work with the trace taken with respect to the reference metric wyx instead of w as
w is moving when we are going to apply the result. However, the metric w still plays a role
and must be carefully merged during the computations, especially since we only have the
upper bound w < C,wx.

o In the last step, we need to use bounds on ¢ and F. Special attention is required for F since its
lower bound is uniform only up to a term involving K»p, which is not bounded from below.

Take u := e~ *(F+bp—bp) troy wy > 0, where a, b are constants to be determined later. Recall that
from (1.2),
Apof = Do f +try(dlogo(my) Ndf);

hence, we have

du/?
Agott = Dy e 8" = |uw‘” + Uy, logu + try, (dlogv(my,) N du)
|du\§]¢ . \du|3)¢ (2.6)
= + Uy, logu + utry, (dlogv(my,) Nd logu) = — +ulgylogu

> ulgplogu = —aulyo(F 4 b —cp) + ul gy log(tre, wy).

Using Ric(wx) < Awgx, [((logv)' (1), Mric(wy))| < Coriclwy)r oo we < 1+ Cy, and try, wp >
Cotrypwx — Gy, we derive

Apo(F4bp —bp) = =S + try»(Ric(wx)) + btry,(dd @ — ddp)
< — n}}nS + Atry, wx + ((logv) (M), MRic(wy)) — b trep wp + birg, wy

< - m)%nS + (A — bCp) trw(p wx + b(ZCU + 1’1) + Cv,Ric(wX)
=Ci1+ (A—bCy) trw, wx
(2.7)
where C; > 0 only depends on — minx S, b, Cy, CleiC(wX).

By a weighted Aubin-Yau’s inequality for weighted Monge-Ampeére equation obtained in
[DJL24] (see also Lemma A.1 for the version we apply), we have

Twy Wo

where B, C depend on wx, C,. Combining (2.6), (2.7), and (2.8), we get
Agott > e~ 2(F+bo—bp) {—(aC1 + C) troy Wy + AwyoF + (abCp — Aa — B) trwy wy tro, wx}.
Using the fact that

n 1
-1

1
n—1
n w n n
troy We try, wx > (trooy wg) ™1 <X> = (troy wy) 1 (ZJE—F>

1
on Z (trwx w(p)ﬁ <Cz;€F> n—1 )
%

and choosing b large enough such that abC, — Aa — B > abC, /2, we get
abCp 1 & 1 —a(F+bp—bp)
Ayt > —(aCy + C)u + TC e (tryy Wy ) 1U + e P70 Ay oF. (2.9)

Since |Vu\g)¢ troy we > |Vul2, , we infer that

1
2p+1

Agott?P 1 = uPP Ay yu + 2puP "V ul? > uPP Ay o + 2puPP~2eEH0O=b0) |72 (2.10)
¢, P p We ¢ p wx
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By (2.9), (2.10), and the weighted integration-by-parts formula (1.3), we obtain

1
= A
0 /x 2p+ 10"
> Zp/ Zpuzp’ze’”(Ferq’*bp)*F\Vu]ixw?( — (aC1+C) / u?Prlef ot
X

abCP
2

2p+1 n

9

v(my)w

(2.11)

1
C - 1/X u2P et lF(t wq))—lwvg(+/Xu2pe—a(F—&-bcp—bp)—o—FAwX,vo%.

=:1
Set G = (1 —a)F —ab(¢ — p) and consider a > 1. The last term I can be written as the following
two parts

1
2 G
I:/Xu PAupyoFeCw = -

/ UPP Ay ,0(G)eC Wl + b/ UPP Ay 0(@ — p)eC .
X

=1 =:I

For I, the weighted integration-by-parts formula (1.3) implies

1 _
h = 1—a / uszwX,v(G)er(mwX) 1wa,v where Hox,o = U(mwx)w§
1 1
=7 / 2”|VG[2 eC w + 71/ n2pu2’”’1ecdu Ad°G A w’;{l
P / nuPeCo (Mg, ) ' d(v(Mey ) AdG A Wl
—1Jx

By Cauchy-Schwarz inequality,

2p-1dUNdGA Wi
Wi

2pu < %MZP*HVL[\Z —|—1u2p\VG|2
) wx 2 wx

and
-2

d(v(mew))) ANd°G A w ! w
12P0(1mg) ! (v(mw))) wx Sv(mZX) uZP\VU(mwx)wX‘F u2”|VG\

n
wx

< Couf + u2p|VG|wX,
where C; only depends on C, and |V (v(m,,))[% . The above two inequalities yield

sz _ Cz
L > _aj/xuzp Z\Vu\i,xecwgl(—aj/xuzlgecw’;(. (2.12)

We next control the term I,. We compute

Apyo(@ —p) = trwx,v(wrp - wp) = troy (wrp - ‘Up) + ((log v)’(mwx), (m(P - mp)>
<troy wy + G

where C3 only depends on P, C,. Since a > 1, we get

ab abC3
L > 1= / 2P try weeC W'y + 1, /XuZPer’fg. (2.13)

Combining (2.11), (2.12) and (2.13), one can derive

2
0>2 (p - ap_1> /X w228 |Vul, w — (aCy +C) /Xu2p+1ng§(

abC,

abC3 ‘|‘C2 / u2pecwn
1—a Jx

Taking a > 1 sufficiently large so that p > p*/(a — 1), and using the upper bound F < Cy, one
gains 2=2F > F — Cy/(n — 1) and thus,

0> —C4/ (trowy w¢)2p+le(2p“)(c4)%w§( — C5/ u?PeC Wl + C6/ (trawy w(p)2p+1+n Te2PHD(G=E)+E 1
X X X

_1 1 ab
c; /X 2P 1,52 1F(trwx w@)n71w§(+fa/xuzp ey wWoeCwll +
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where C4, Cs, Cg only depend ona, b, p, Co, Cy, Cy, nand |V (v(my ) ) EUX Sety := e(ZVJrl)(G*F)*Fw?(
e~ [#@p+1)=1]F=abp+1)g+ab2p+1)p) (1 Choose b > 1 such that ab(2p + 1) > Kp(a(2p +1) — 1). By
F > Kyp — Cp in the assumption,

C1le(2p+1)p < Mt~ Cy
7 — w;z( — 4

and it implies that Cq’ 1< f xH < Cg. Therefore, we obtain

0> —Cy4 /X(’crwX we)#dy — Cs /X(’crwX we)*du + Cs /X(trwx wq,)ZPJ’Hﬁdy,

and Holder’s inequality shows || troy wel|2+1(x ;) < C. This concludes the proof. O

2.3. Local higher-order estimates. — We next provide higher-order estimates that are away
from the degenerating locus. We shall use the following local estimate, which generalizes
[CC21a] for cscK equations (see also [DJL24, HL24]). Its proof follows a similar argument in
[CC21a] with further analysis of the weighted terms. For full details, the reader is referred to
Appendix B.

Theorem 2.3. — Assume that tV > { — logv({) € R is concave. Let ¢ be a smooth solution of

0(Mageq) det (¢) = €©
A¢,~UG - _S - _W(mddc4))

in B1(0) C C", where Ay f := (pkfakaj + tragep (dlog v(mageq) N d€f), such that A¢ € LP(B1(0)) and
try Weya € LP(B1(0)) for some p > 3n. Then there exists a constant A > 0, depending only on Cy, Cy,
P ISl (1891 o (s 0)) [l trp WeuetllLr (B, (0)), such that |¢y5] < A, [VG| < Ain By(0)) and for any
k>2

ID ¢l 1B, »0)) < Clk, A, |9l (5, (0)))-
Combining Theorem 2.1, Proposition 2.2, and Theorem 2.3, we obtain the following result:

Theorem 2.4. — Under the same assumption of Theorem 2.1 and assuming that log v is concave, there is
a uniform constant C > 0 depending only on n,maxx S, V, a, Ko, K1, Kz, K3, K4, Cy, i, p1 such that

ll@llLe < Cand F < C and F > Kypp — C,

where py is a quasi-plurisubharmonic function with analytic singularities, such that w + ddp, is a Kihler
current with Ric(p) < Ky(w + dd°py).

Moreover, for any compact set K C X'\ {p2 = —co} and £ € N, we have || @e||¢t(k wy) < Cr e for some
uniform constant Cy ; > 0, where wx is a fixed Kihler metric on X.

3. Existence of singular wcscK metrics

We shall combine the a priori estimates obtained in the previous section and the uniform coer-
civity established in [BJT24] to construct singular weighted cscK metrics.

3.1. Setup and Theorem B. — In the sequel, we always assume the following setting:

Setting 3.1. — Let X be an n-dimensional compact Kahler variety with log terminal singularities.
Fix a compact torus T C Aut,q(X) and denote by t = Lie(T). Assume that X admits a T-
equivariant resolution of singularities 7 : ¥ — X with Ky = 7m*Kx + Y ,;a4;E;, a; > —1, Y is
Kéhler, and 7t is an isomorphism over X™8. Given a T-invariant Kdhler metric w on X, by [Bou04,
Thm. 3.17], there exists a T-invariant quasi-psh function p that is smooth on Y \ E and has analytic
singularities along E such that 7*w + dd°p is a Kdhler current.
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Let wy be a T-invariant Kdhler metric on Y. For ¢ € (0, 1], we denote by w, := m*w + ewy and
D, :=im(my,) = im(mz+, ) 4+ €im(m,,, ) which contained in a compact set of t” for all € small. Let
v,w € C*(tV,R) with v > 0 on P,,. Since P, is compact, there are constants C,, C;, > 1 such that
for any ¢ sufficiently small, on P,

Col <o+ Y |oa| + ) |vapl <Co, and Cu' < |w|+ ) |wa| + Y |wag| < Co
« w,p @ a,p
Denote by £t (reps. £**) the extremal affine function on t" associated to w; (resp. w). Since w;
converges smoothly to 77*w, the moment map m,,, converges smoothly to 1+, and (&' — (X' in
t ® R (cf. [BJT24, Lem. 4.18]).

Assume that a smooth pair (¢, F;) solves

0(mgy,) (we +dd pe)" = efewy, supy ge =0, (3.1)
A oF = —(wég’“)(m(pe) + tr(PS,U(Ric(wy)).

Under Setting 3.1, one can conclude Theorem B by applying Theorem 2.4.

3.2. Proof of Theorem C. — We now prove the following result on the existence of singular
weighted cscK metrics.

Theorem 3.2. — Under Setting 3.1, suppose that Condition (A) is fulfilled and logv is concave. If the
weighted Mabuchi functional My, , ,pext is coercive, then X admits a singular (v, w)-extremal metric (i.e.
(v, wl*)-cscK metric) in {w}, and it is also a minimizer of My, ; gext.

Proof. — Part 1: existence. Since M&el = M,, ywrex is coercive, there are positive constants Ag
and By such that

M > Ag(—Eup1) — By on & (X, w)T.
By [BJT24, Thm. A], for any A € (0, Ap), there exists B > 0 such that for all sufficiently small
e>0,

Mﬁel > A(_Ewg,T) —B on gr{orm(yl we)T' (32)
where
_Ri
Mgel = ng,v,w€§Xt = Hs,v,w¢ + Es,v iefwy) + Es,vwé?"‘

the weighted Mabuchi functional on (Y, w,). By the existence result obtained in [DJL25, HL24],
there is a smooth pair (¢, F;) solving

v(mg,)(we +dd°ge)" = efwy, supy g =0
Ag ke = _(wgeeXt)(qus) + tr(pg,v(RiC(wX))

Namely, weq, is a (v, wl")-cscK metric and ¢ minimizes Ml One can also assume that
Eo.1(¢e) = Ew.(¢e).

Recall that 77w + ddp > Cywy. We shall verify the assumptions in Theorem 2.1 with p» = p
and y = wi. It is obvious that the condition (3) holds. We now show that the uniform control on
the entropies H, (¢, ), which will confirm the condition (2).

If a closed (1,1)-current ® > — Amr*w for some constant A > 0, then
Eco () < C(A,0,0)(—Ec(y) +1). (33)

forany e € (0,1] and 0 > ¢ € PSH(Y, w,) N L®(Y) (c.f [BJT24, Lem. 4.22]). By Condition (A) and
the strong openness [Ber13, GZ15], there is a constant 2 > 1 such that fY e—Kipr wy < +oo. Set
Uy = e~ K wy. Similar to [BJT24, Sec. 4.4], we consider

Iflslv(l/)) = HW(MAW(l[))) and Ric:= Ric(wy) + Kydd‘py,

then Ric > —Kym*'w > —Kjw, by assumption. It follows from [BJT24, Lem. A.2] and [B]JT24,
Prop. 3.44] that
1~ 1

EHe,v(lP) Hs,v(ﬁb) +/YK1P1 MAS,U(IP) (3~4)

a



WEIGHTED CSCK METRICS ON KAHLER VARIETIES 17

and
B () = B2 )~ [ Kipr MA(9) + [ Kipt M (0), 63
Therefore, we get
1 — Ric(w 1~ _Ric
Honag (0) + B0 (p) = L Beo(9) + BS5(9) — | Kipi MAG(0), (3.6)

with [, Kjp1 MA,(0) = [, Kip10(zw)(m*w)" as e — 0. Here without loss of generality, we
assume that [}, p19(11,+,)(77*w)" = 0. Then one can derive
— Ric

Mgele) = He,v,w¢ (¥) + Eeo (ov) () + Es,vwfext(lp)

. - (3.7)
> <1 o a> Hﬁ,v,wg (1/]) + E;v lc(ll)) + Ee,vzuéeXt(llJ) —-C.

From Lemma 1.5, . is a minimizer of the Mabuchi functional M!; hence, M™!(¢@,) < M (0) <
C1. By 3.2),

_Eg(¢g) S =:D and — ES,UwfeXt(q)S) S D/,
for all e small, and then (3.3) and (3.7) imply that

Ci+B
A

1 Ric R
<1 a 61> HE,v,w¢<90£) < C— Es,vwéeXt<§0€) + Eslvc(q)ﬁ) < Cl + D/ + C(Kl’v'RIC>D‘

Therefore, Heu (¢:) < C' for all sufficiently small ¢ > 0 and for some uniform constant C" > 0.
We have

n

U(m(Pe)wE,(pg wg(Ps
/Ylog (w@ v(rn(pg)w;’,q)s —/Ylog< o )wgfpg

/ 1—; 1 % v(mg, )w? +/1 (v(my,))w!
- Y v(m%) Og w?/ Pe £,Qe y Og Pe £,¢¢

where C;, > 0 depend only on Cy; hence, we obtain a uniform upper bound for H . (¢:) as
required.

| Heo 0t (@e) — He 1 (9e)| =

<C,C +C,

By Theorem 2.4, we obtained uniform L* and local Cl-estimates for @e. The Arzela—Ascoli
theorem shows that there is a subsequence ¢; converging in Cj5 (Y \ E) to 9o € PSH(Y, m*w) N

L®(Y) N C>(Y \ E) which satisfies (v, wl®**)-cscK equations on Y \ E. This deduces the existence
of a singular weighted cscK metric w + dd°yy in {w} on X, where 1y € PSH(X,w) N L®(X) N
C®(X™8) and @ = T 1.

Part 2: Minimizer. It remains to show that ¢ is a minimizer of M5! on ELT. Note that ¢,
are uniformly bounded and converging locally smoothly to 77*¢y on Y \ E. Once can derive
Ec yoprext (@e) — Eygpex (T*p) as € — 0. Thus, by (3.6) with # = 1 and by the semi-continuity

with respect to strong convergence of ITIS,U and E_, gﬁc (cf. [BJT24, Lem. 4.22]) , one gets
lim inf M (e) > Hy(90) + Ey N (70" o) + e (777 ¢0),
€

where we used the fact that [, Kip1 MA;,(0) — [, Kip19(myo)(m*w)™" = 0. It follows from
[BJT24, Lem. 4.26] that

Ho (77" o) + By R("g0) = Hy (90) + By VU ().

This shows that
lim inf M (p.) > M (o). (3.8)
e—

Fix an arbitrary u € £5'. Without loss of generality, assume that Hy,;y (1) < 400 and denote by
f = w}i/w" which is T-invariant. By [PTT23, Lem. 3.4], there exists 0 < f/ € C*(X) converging
to fin L* as j — 0 with x(s) := (s + 1)log(s +1) —s. Consider f7/(x) := [ fi(c - x)du(0),
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where y is the Haar measure on T normalized by [, du(c) = 1. We claim that f T e ¢*(X) also
converges to f in LX. Indeed, since x is convex,

K =116 = x (| 7 = oo mauto)| ) < [ (7 = flte - 2)in(o)

By Fubini’s theorem and T-invariance of w, we obtain that

[ AT =@ < [ ([ 1 = il x)du(e) ) o )

— [ ([ 207 = it sne@ ) dui) = [ ([ x1 = flle-x)e(e-)) du(e).

Hence, f7/ converges to f in LX. Consider u; € C*(X™8) N L*(X) solving

(w+dduj)" = c;fw" with supu;j =0
X

where ¢; > 0 is a normalizing constant. Moreover, it follows from [CC24, Thm. 1.3] that u; is
continuous on X. By [PTT23, Lem. 3.4], u; converges strongly to u, and Hy,, (u;) — Hy,, (u); thus,
Mv,wgext(u]') — Mv,wfext(u>.

Then for each j fixed, one can find a family of functions u;, € PSH(Y, w,) such that

® (Uj¢)ee(0,) are uniformly bounded and continuous;
e u;, converges locally smoothly on Y \ Eas e — 0;
e u;j. decreases to 7t*u;jas e — 0.

Since 7t*u; is continuous on Y, Dini’s theorem implies u;, converges uniformly to 77*u; as e — 0.
Indeed, for a fixed j, consider u;. the unique solution to the following equation

(we + dduj )" = e"is ™ i (c; f T w™).

Then by [EGZ09], one has a uniform C°-estimate for ujonY,local C2-estimate for uj. away from
E, and u;e converges locally smoothly to 7*u; in Y\ E. We now check that u;, is decreasing as
¢ — 0. For 0 < g1 < g3, we have

(we, +dduje, )" > (we, +dduje, )" = e”/ﬂl_"*“fn*(cjfT'jw”),

SO U, is a subsolution to the equation
(we, +dd°¢) = e(Pe_”*”fn*(cjfT'jw”).
Thus, we obtain that u;. < u;., forany 0 <& < &p.
Combining with (3.8), we get
M5! (o) < liminf M (g,) < liminf M (1, ;) = M¥!(u;),
e—0 e—0

where the second inequality follows from the fact that ¢ is a minimizer for M, , ;,sexx and the
last equality follows from Lemma 3.3 below. Letting j — 400, we obtain that M, ;pex(p) <

M, ,ypext (1) for arbitrary u € EYT and this finishes the proof. O

Lemma 3.3. — Consider u € PSH(X, w)™ N C°(X) such that u is smooth on X™8 and Hy,, (1) < +oo.
Assume that u, € PSH(Y,w:)T NCO(Y) NC=(Y \ E) converges smoothly to w*u in Y \ E, uniformly on
Y and Hen (1) — Heo (77%u) as € — 0. Then M (ue) — M (u) as e — 0.

Proof. — The proof follows a similar approach to that of [BJT24, Prop. 4.16] where the authors
assume u to be smooth on X instead of X™5. Here, we only provide a brief outline and indicate
the necessary modifications.

Set D = Ky — m*Kx = Y ; a;E; and define py,x =

[D] —ddpoy,x =7 RlC(VX) — RiC(‘Ux”/)-
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For u € PSH(X, w) N L®(X) and any smooth (1, 1)-form 6 (or positive closed (1, 1)-current),
n—1 ' ‘
Ero (1) i= 3 / (T*u)0 A (7w + dd°mt*u)) A (T w)" 1.
=0 7Y

Note that EETD*]W(T[*LI) = 0 for any u € PSH(X,w) N L®(X). Following the same argument in
[BJT24, Lem. 4.15], one can infer that for any u € PSH(X,w) N L®(X) and smooth on X8 we
have

(nglv(n*u) +E Ric(wy)(n*u)) o (ny,v(u) + E; Ric(}lx)(u)) — ELD*]W(H*u) =0;

W
therefore,
Hepo(70°1) + Ep o) (0 u) = Hyyo(u) + B S0 (), (3.9)
Since u, converges uniformly to 771, we have E;SRiC(wY) (ue) — E;}EC(W) (rt*u) as e — 0. More-

over, since (g — (" in t ® R, we have Eg yypext (1te) — Eypoorex (#). The hypothesis He gn (1te) —
Hp (7°u) implies He on o (1te) — Hen,o(7*1) by generalized dominated convergent theorem and
ue — 7*u locally smoothly on Y \ E. All in all, these yield

lim M2 (1) = Hago (710) + B (77" 10) + By (1)

= Hyy (1) + B 0 (1) + By grogen (1) = ME (1),
as required, where the second equality follows from (3.9). O

3.2.1. Singular cscK and extremal metrics. — We consider the problem of finding a singular cscK
metric. In this case v = 1 and wy = 5, where 5, := y-c1(X) - [w]" 1.

Proof of Theorem A. — Case 1: Auty(X) = {Id}. In this case, we have (' = 1, and the result
follows straightforwardly from Theorem 3.2.

Case 2: Auty(X) # {Id}. Take T C Autyq(X) to be a maximal torus and 77 : ¥ — X to be
the T-equivariant resolution of singularities in Condition (A). Since in our case M, = Mgy, is
Tc-coercive, it is bounded from below on VT, so M, is Tc-invariant (cf. [CC21b, Lem. 4.11]).

Therefore, we get (' = 1. The existence of a singular cscK metric on X now follows from Theo-
rem 3.2. ]

Let X be a normal compact Kéhler variety with log terminal singularities. Fix a Kéhler class
« and take a maximal torus T C Aut,q(X). Let 7 : Y — X be a T-equivariant resolution of
singularities. . We now consider the problem of the existence of singular extremal metrics in the
Kéhler class «.

Let Cext be the extremal vector field defined by T and « (cf. Section 1.2.6) and let w € « be
a T-equivariant Kdhler metric. A singular extremal metric in this setting is defined as a posi-
tive current of the form m*w + dd°p where ¢ € PSH(Y, m*w) N L®(Y) and ¢ is smooth away
from Exc(7r). Additionally, 7m*w + dd®¢ is a genuine (1, wext)-cscK metric on Y \ Exc(7r) where
Wext(P) = (Cext, P) + Cext and cext is a constant depending only on « and T.

Under Condition (A), Theorem C implies the following existence result of singular extremal
metrics:

Theorem 3.4. — Under the above setting, moreover, assume that X satisfies Condition (A). If the weighted
Mabuchi functional M 0w, 01 X is Tc-coercive, then X admits a singular extremal metric in «.

3.3. Constructing examples of singular cscK metrics. — We shall give a way to construct exam-
ples of singular cscK metric in the spirit of Arezzo-Pacard [AP06] and use variational argument
and our existence result. Before illustrating the process, we need the following lemma:

Lemma 3.5. — Let (X, w) be a compact Kihler variety with log terminal singularities and let f : Y — X
be a blowup along a compact submanifold S C X"& of codimension > 2. Consider wy a Kihler metric on
Y and we = f*w + ewy for ¢ € [0,1]. If My, is coercive, then My, is coercive for all sufficiently small
e>0.
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Proof. — The proof follows the same strategy in [PTT23, Thm. 4.11] and [BJT24, Thm. A]. Since f
is a blowup of S, for m € IN* so that mKy and mKy are both Q-Cartier, there is a smooth hermitain

metric hy of mKy such that

— @(mKy, hy) > ~Dfw (3.10)

for some constant D > 0. Denote by @y = %@(me, hy) and @y = %@(mKX, hx) for some her-
mitian metric hx on mKx. We also set py (resp. jx) to be the corresponding probability measure
of hy (resp. hx).

Recall that from [PTT23, Sec. 4],
Mo, = Hyy o, + 5:Ew, — 1B 0. — Ce on 'Y, w,)

and
My = Hyy o +5E, — nEgy o — C on EN(X, w)
where 3. = ncl(y[gs[ﬁg]u’ 5= ”“”fi;fi" "= Hy, 0. (0) = [y log (;}T) py and C = Hyy 0, (0) =

Jx log (%) ux. Let Ag, By > 0 be two constant such that M, > A¢(—E,) — By on &L, (X, w).
We claim that for all 0 < A < Ay there are g > 0 and B > 0 such that for all e € (0, ¢9),
M., > A(—Ey,) — B

son &L (Y, w,).
Suppose otherwise, for an A € (0, Ap), there are ¢g — 0, By — +00, as k — o0, and uy €
ELm (Y, wg, ) such that

norm

wak (Mk) < A(—Ewsk (uk)) — Bk.

Without loss of generality, one can assume that u; is bounded. Otherwise, by [PTT23,
Lem. 3.4], one can find a sequence bounded wy-psh functions (v;); converging strongly to
u; and their entropies also converge to Hyy,wak(”k)- Then for sufficiently large j, we have

M(‘Jsk (Uk]) < A(_ We (Uk])) - Bk
Note that from (3.10), for all ¢ € EL,. (Y, we),

1 11 1
—nEe,w, () = /qJ@y/\w Awr 1=

n 1
1 /¢Df wAw lp/\wf "I > (n+1)DEq, (¢).

Hence,

Hyy o, (uk) + (5 + (n +1)D)Eq, (uk) < Mo, (ur) < A(—Ew,, (1)) — By
After enlarging D, one may assume that foralle € [0,1], (n +1)D + A — 5. > ¢ for a uniform 6 >
0. Then we have By < ((n+1)D + A — 5)(—Eq, (1)) and this implies that di := —Eq, (ux) —

+o00 as k — +oo. Let g4 (s) be the di-geodesic connecting 0 and uy in EL.,, (Y, we, ). Fix a constant

R > 0 and define vy := gx(R). By the convexity of Mabuchi functional [PTT23, Prop. 4.7],
dy — R R
A Mwek(O) + jngk(”k) < d—(Adk — By) < AR.

From the expression of Mabuchi functional, we have Hy, «, (v¢) < ((n+1)D + A —5¢,)R.

Mwsk (Uk) <

In the argument below, although Y is singular, corresponding proofs in [BJT24] proceed ex-
actly the same. By the strong compactness [BJT24, Thm. 2.10], up to a subsequence, vy con-
verges in vy € &L (Y, f*w) and Eo, (vx) — Epw(v0) as k — +oo. Note that v can descend
to a function in &L, (X, w), which we still denote by v. By [BJT24, Lem. 4.16], H,,, «(v) —
nEey (v) < Hy, ro(v) —nEg, fo(v) and [BJT24, Lem. 4.6 and Lem. 4.9] shows that M, (vg) <
liminfy, ;o M, (v). Allin all, we obtain

A()R — BO S Mw(’UO) S liIniI’Iwas (Z)k) S AR.
k—+o0 k
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Letting R = 4 fﬂ + + 1, this yields a contradiction. O

3.3.1. Construct singular cscK on blowups of singular KEs. — Let (X, w) be a compact Kdhler va-
riety with log-terminal singularity. Suppose that Kx is m-Cartier for some m € IN*, and pick a
hermitian metric h on mKx. Assume that either
e Kxisampleand w = %@(mKX,h); or
e Kx numerically trivial and %@(mKX,h) = 0; or else
i

e Kx is anti-ample, w = — -0 (mKx, h), and (X, Kx) is K-stable.

m
Note that in the above cases, {w} contains a unique singular K&hler—Einstein metric and the
Mabuchi function with respect to w is coercive. We further assume that X admits a resolution of
Fano type m: X — X.

Let f : Y — X be a blowup of N distinct points in the smooth locus of X. Denote the irre-
ducible components of the exceptional divisor of f by (D;);. Since f is an isomorphism near the
singularities of Y and X, one can verify that Y also admits a resolution of Fano type.

For any a := (ay,--- ,any) € R%,, there exists a constant §, > 0, such that for all 6 € (0,4,),
the class { f*w} — 8 TN, a;c1(O(D;)) contains a Kahler metric wy , 5. By Lemma 3.5, the Mabuchi
functional with respect to f*w + ewy , s is coercive for all sufficiently small e. Theorem A then
ensures the existence of a singular cscK metric in the class (1 +¢){f*w} —ed YN a;c1(O(D;)) on

Y.

If X is a Kdhler variety with log terminal singularities, Aut(X) is discrete and it admits a crepant
resolution 71 : Y — X, it is not difficult to check that 7t : Y — X satisfies Condition (A). In the case
of Kdhler-Einstein varieties with log terminal singularities and discrete automorphism groups
that admit crepant resolutions, the above construction provides a method to produce numerous
singular cscK metrics on their blowups at points within the smooth locus.

In dimension two, all surfaces with canonical singularities admit crepant resolutions. In dimen-
sion three, the famous result of [BKRO01, Thm. 1.2] establishes that singular varieties locally mod-
eled on C3/G, where G < SL(3,C) is finite, also admit crepant resolutions. Three-dimensional
ODP singularity also admits a crepant resolution, and it is not a quotient singularity.

We also extract the following example from [Szé24, Rmk. 34] and [B]JT24, Example 4.10] that is
not a crepant resolution.

Example 3.6 (Isolated cone singularities). — Let V be a smooth projective variety and let L be
an ample line bundle on V. Set C,(V, L) := SpecY,,~o H*(V, L™) the corresponding affine cone.
Assuming Ky ~q r - L for some r € Q, by [Kol13, Lem. 3.1], C,(V, L) is kit if and only if r < 0.
Moreover, C,(V, L) is canonical if and only if r < —1. Therefore, one can choose r € (—1,0) to get
a klt isolated singularity which is not canonical.

Assume that X has klt isolated singularities, and each singular point is locally isomorphic to
an affine cone C,(V, L) where V is a Fano manifold. Then blowing up the singularities yields a
resolution of singularities such that 77 : Y — X is projective. In this case, =Ky = —71*Kx — }; 4;E;
is 7t-nef if and only if X has canonical singularities, i.e. 2; > 0. When —Ky is 7r-nef, Condition (A)
holds by choosing p; = 0.

We now consider a slightly more general situation that —Ky is not 7t-nef and explain Con-
dition (A) in this setting. Let ux and py be two smooth T-invariant volume forms on X and
Y, respectively. Then define a T-invariant current Ric(uy) + ddyp = m* Ric(px) — Y a;[Ei],
where p = — ) a;log |Si|%i for some smooth Hermitian metric /; on Ox(E;). Since E; are dis-
joint in our construction, one has {7*w} — ¥, ~gaic1(Ox(E;)) > 0. Therefore, there exists a
constant K > 0 such that — Y, .o a4;[Ej] > —K{m*w} — ¥, -dd"a;log|s;|?, for some smooth
hermitian metrics ; on Ox(E;). We then have Ric(py) 4 dd°(p + ¥~ ailog|si|?) > —Km*w.
Set ¢ := ¢+ Y, oailoglsi|}, = u— La<04j log|s]'\i/, for some u € C®(Y). One can obtain
Jxe ?ul < +eoasa; > —1. Hence, Condition (A) holds by taking p1 = ¢/K.
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3.3.2. Mixing construction with smoothing. — Let us stress that this construction also works on
the Q-Gorenstein smoothable setting. Consider a Q-Gorenstein smoothing f : (X,wy) — D of
(Xo, wx|x,) where X is a Kéhler-Einstein variety with log terminal singularities and Aut(X) is
discrete, and {wx|x, } is a Kéhler-Einstein class. Denote by Z the singular set of Z. Take a finite
set of points {p1,---,pn}in X(r)eg. There exists smooth curves Cq,--- ,Cy in X such that these
curves are disjoint, each C; intersects X transversely at the single point p;, C; C &'\ Z, and the
restriction f|c, : C; = ID is an isomorphism. Now consider the blowup map y : Y — X along all
the curves (C;); and let Yo = Bly,, ... , .1 X. Then 7t = fop : Y — ID is a Q-Gorenstein smoothing
of (Yo, wy,g‘yo) where wy, = p*wy + ewy. Here wy is a hermitian metric on ) and relatively
Kéhler that defined by

N
wy = prwy = ) ai®,(O(E))
i=1
where E; is the exceptional divisor over C;, 4; > 0 and h; is some hermitian metric on O(E;)
such that w. Since the Mabuchi functional M, ), ON Xp is coercive, it follows from Lemma 3.5
Mwy,S\YO on Yp as well. By [PTT23, Thm. C], this implies the existence of a cscK metric in the class
{wye Yo}
For examples of smoothable Calabi—Yau varieties, we refer the reader to [DG18b, Sec. 8]. For
the smoothable Fano case, [LX19, Liu22] prove that mildly singular cubic varieties in dimensions

three and four are K-stable. Additionally, explicit examples of K-stable singular cubic threefolds
can be found, for instance, in [CTZ24, Sec. 3, 4] and [CMTZ24, Sec. 5].

Appendix A. Weighted Aubin-Yau inequality

In this section, for the reader’s convenience, we provide detailed proof of a Laplacian inequality
(see also [DJL24, Lem. 5.6]), which generalizes [Siu87, p. 98-99] to the weighted setting.

Lemma A.1. — Let w and wx be two T-invariant Kihler metrics. Assume that ¢ € HY satisfies
o(my) (@ +ddp)" = Fel.

Then there exist positive constants By, Cy such that

AuyoF
Aw,vlogtrey wy > . OxO By try, wx — Co
1 O (my)vp(my)  vap(imy) Za Cp
5 - (dmg', dmgy )y
troy Wy 15 v(mg) v(mg)
In particular, if tV 5 p — logv(p) € R is concave, then
AuyoF
Awq)/v log troy We > ter'cvu — By 'L'I'w(/J wx — Cy.
wx (7

We note that the constants By = B + 2C2Cric and Co = C2(C, + C5Cz) where

e Bisec(wyx) > —B is a negative lower bound for the bisectional curvature of wx;
o C, > 0is a constant such that

C,l <o+ Y |oa| + ) |vapl < Co on P =im(my),
« a,‘B

. (A1)
Cot < [ol + ¥ fou] + Y- [ougl < Co 0n Py = im (s, );
o (x,ﬁ
o C; depending only on n and C; where C; > 0 is a constant so that for any a,
— Gy < Lz wx < CGwy; (A2)

o Cric > 0and Cz > 0 are constants so that \m%c(w)\ < Cric and |&4|2,, < Cg, for all , respectively.

Remark A.2. — The concavity condition on logv(p) holds in many interested cases. Here we
extract some examples from [Lah19, Sec. 3]:
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e cscK and extremal metrics: v(p) = 1,
e Kahler—Ricci solitons: v(p) = e'¢? for some fixed ¢ € t,

e Kahler metrics given by the generalized Calabi construction: v(p) = I1;((Z}, p) + a;)% with
d;j > 0.
]

Proof. — Before entering the proof, we recall a basic equality of Lie derivative about the quotient
of volume forms. Suppose that « is an (1, n)-form and f is a volume form on X. For all vector
tields V, one can derive the following

w(5) =555

As a consequence, we have

Ly (wZ) _ n(Lywgy) Awp™! ~ n(Lywx) Al !

ot o o (A3)
and
n(Lywe) At +n(n—1)(Lywx) A we AWt n(Lywy) Awr !
Ly (troy wy) = (Lywy) Nwy ( - J(Lvwx) hwg Ny " (troy we) (Ly Xl X (A4)
Wx wWx
By the standard Aubin—Yau’s inequality, we have
Awq) log tre,, we > oy 0y —B try, wx,
and thus,
TAVEN" log try,, wy
A F—1
> wxol 0gv(rmy)) — Btry, wx + try, [dlog v(mg) A d°logtrey, wy
troy Wy ¢ ¢
—;tr dlogv(me, ) Adlo w—g
oy wy X 8 VlMawx & wh (A.5)
:M—Btrw wx + tro, [dlogv(my) A dtry, we| — Awy logv(my)
troy we ¢ troy wy ¢ ¢ x e be @
w?’l
— troy[dlog v(mewy ) Ad logv(mey, )] — trwy [d log v(myy ) A dlog (wfﬂ }
X

It suffices to establish a suitable lower bound for the terms in {- - - } in (A.5). Note that P does
not depend on ¢ and d° = J"'od o J. By Cartan’s formula, iyd°f = —ijydf = —Ljyf. Using
(A4), (A.2) and (A.1), we obtain the following:

1 . 1
tro, (dlog v(my) A dC tryy wy) = o(mg) Y va(mg)ig, d troy we = ~omg) Y va(me) (Lyg, traoy w)
o o
1 n(Lyzwe) ANkt +n(n—1)(Lyg,wx) Awe A wl n(Lyz,wx) Awh !
= Zv“(mq’) n — oy we - n
v(my) 5 wl wl

1 n(ﬁ,,: wg) /\w?{l )
> _ ) " —
> v(m(p) 2 va(m(,,) ( o GGy tryy wy

_ 1 Ca _ 2
= Smo) ;v“(mq,)wam(P CoCj traoy we
1 ,
= Awyv(my) — thxﬂ(mfﬁ) <dm§,“,dmiﬁ>wx — CrC2 tryy Wy
v(my) Py

(va(m(P)vﬁ(m(P) B Uap(Mmey)

= Awy logv(my) +E v(my) o(mg)

> (S, dmSF )y — CrC2 by wiy
wp

(A.6)

)
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where C; > 0is a constant depending only on C; and n. Recall that Cg;. > 0 is a constant such
that ’m%dwx)‘ < Cgic for all a. Since Pgic := im(ngic(wy)) does not depend on the representative

Ric(wx) in c1(X), we also have |m§”‘i’c(w¢)| < Cgjc for all «, and thus,

Wy
try, |dlogv(mey, ) A d°log )
X

(Mg )m dd° 1o g:,];"; (A7)
— v(mlwx) ;v“(mwx)(ml%c(w) - mli“i'c(%)) < 2C%Crie.
Since qu, = iz, wy, we remark that from (A.1) and |&,|2, < Cg, one has
e [d10g2(ma) A ogotmg)] | = | oo T (e i,
= oty Z e e e olmg)| = | S ;vmw)(_%da(%))‘ as)
= oty S P men) (Zvﬁ mo)ie, zcﬁwqp) < Gt PR T (awy ')

S CZ,C@' trwx a)(p

where &, = & + & so that &, € (X, Ty 0) is the holomorphic part of &,, & = &, and under local
coordinates &, = Y ;(¢,)'0; and C¢ is a constant satisfying |&,|2 < C¢ for every a.

To conclude, combining (A.5), (A.6), (A.7) and (A.8), we finally obtain

Bw,vlogtrey we

2 v (my)vg(m v,p(m
> Awy,oF _ Btrwq, wy — 2C;CRic CZ(Cz + C2C¢) 1 IX( 4’) ﬁ(z 4’) o Aﬁ( 4’) <dm%,dm§oﬁ>wx
troy we tryy we oy W 45 v(my) v(mgp)
wa ZIF 2 2 2 1 Ua(m(p)vﬁ(mq)) vzx/S(m(P) [ gﬁ
> WX . _ _ a
= g Wy (B + 2CUCRIC) tr% wx Cv(c2 + Cvcé) + oy Wo = v(mq’)z v(mq,) <qu, ,qu, >wx
as required. O

Appendix B. Weighted local Chen-Cheng’s C-estimate
This section aims to prove Theorem 2.3. Recall that we have two local equations on By (0) C C",
v(magep) det(¢iz) = e¢ and Ay,G=-S= —W(Mggeg)-
We first prove the following lemma:

Lemma B.1. — There exists positive constants K, C depending on v,w, ||G||1~(p,(0)) and ||¢||1~(5,(0))
such that

Apott > —C - (A¢) -u on B(0)
G
where u = e?|dG|[5 + KA¢.

The proof of Lemma B.1 follows similarly the global version in [DJL24, Sec. 6]. Given the local
contexts and for the sake of completeness, we present detailed proof here.

Proof. — We first remark that by arithmetic and geometric means inequality, one has
Ap > ndet(<pi]v)1/” = neG/”v(mddc(p)*l/” >c and trpw > ndet(qyl-]v)*l/" = neiG/”v(mddcq,)l/" > c.

where w is the Euclidean metric and ¢ > 0 is a constant depending only on 1, ||G|| (g, (o)) and
Cy. We next review the following estimate by Chen and Cheng [CC21a, p. 16, (4.3)]. Under the
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normal coordinates with respect to ¢;;, we may assume that w;z(x0) = dy, ¢;j(x0) = Aid;; and
akcpi]r(xo) = 0 at a fixed point x, then, at xo, we have
el [ 1 i 1 1
e ¥ Ng(e? |dG5) = Ag|VIGIG + S¢"(0:G % VIG5 +0;G - 01| V?G[3) + Z|v4’c;y$ + 589G VIG5,
= ¢(0i0gG - 3G + 984G - 9;G) + Ricy(VYG, VIG) + |VIVYG[3 + [VIVIGI}
1 - 1 1
+ Eq>”q>ff(c GiGyi + GiGiGji + GiGiGij + GiG;Gy) + Z|V4’G\f;, + 589G VIG5
> ¢(3;8pG - 0G + 984G - 9;G) + Ricy(V¥G, V¥ G) + [VIVIG3

1 1
+ §¢’I¢JJ(G GiGji + GiGiGyp) + 589G - VG
(B.1)

where Ricy := Ric(dd“¢p) = —dd°logdet(¢;;). The last inequality comes from the fact that
¢ ¢ g 471] q y

1 n1, ?
+§ /\i /\j GiGj¢

From the first equation, we have Ric(dd‘¢) = —dd‘(G —logv(mgy)). Rewrite (B.1) as follows

%|V¢G|$+%¢i;¢]](GGG +GiGiGy) + [V*VIGI3 = |G > 0.

e 20 (e5[dGI) > ¢7(9:89G - ;G + 904G - 9,G) — ¢ ¢/ GGG
+ ¢ll¢]7(logv(mddc¢))l]G G; + <p”q>NG iGiG; + |V"’V¢G|¢ - A¢G dG]
= 21try(dAyG A d°G) + ¢/ (log v(mgyey) )i GiG; + | VIVIG + EA(PG |dGJ3.
Considering the weighted version of the above inequality, one can infer
e F Ago(edG3) > 2try(dAgG N d°G) + ¢/ (log v(mgaeq))7GiGy + [VIVIGI + %A¢G 1dGJ3
+ % try(dlog v(mggeqp) N d°G) |dG\é + try(dlog v(mggeq) N dc|dG|fb)

.z T J— 1
= 2tr4,(dA¢G Nd°G) + ¢" ¢ (log U(mddc(p))ijGin + |V¢V¢G|i + §A‘PrUG . |dG‘42)

(B.2)

+ try (dlog v(magey) N dc\dGﬁ,)
Under normal coordinates with respect to ¢;; at xo, we obtain
trp (dlog v(mggeq) A d°|dG}) = *4’” ((108 0(Mggeq))i [‘PﬁGij]{ + (log U(mddc(p)){[‘l’ﬁGjG*]i)
= iijj(ijPﬁ(lOg 0(magey))iGir + Gi¢'" (log v(mageg))iG + G]rgbﬁ(log v(maaey))iGji + Gi¢' (log v(mgacy))iGy

= 2try (4G A d[trg(d10g 0(1mgqeq) A d°G)]) = R (9707 (108 0(1m44e4) )1 GiG; ) — @77 (log 0(mageg) GGy
and the inequality (B.2) can be expressed as

— 1
¢ 2 Dp0(eF[dGI3) > 2try(dAg,0G A d°G) + [VIVIGI3 + 580G |VIGlj

(B.3)
— R (¢ ¢/ (log 0(maaeg) ) GiG; ) -
Recall that
dm, = —ig dd°p = —ig, (V=1¢ppgdzl Nd2T) = —V/=1pg(E)Pd21 + /=1y (&) dz" .
Hence,
07 log v (mgaeq) = i {;(&x 108 ) (Mmageg) - V=1 (€)' } (BA)

—Za 10g 0) (m4geg) - [~ i ()T (€] +2 e 10g ) (magep) - V=1[p7,(E)" + ¢ (ED1].

Note that ¢}, is a holomorphic vector field for any a. Therefore, (c’j,;){- =0 = (& ){ for any
ije{l,-,n}

)
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Combining (B.3), (B.4), and the fact that (&/)! = 0, under normal coordinates with respect to ¢
at xo, we get

¢ 3 2po(e21dG[3) > 2try(dAg0G N d°G) + |VIVIGI + %AWG VPGP
+ R Zﬁ:(aiﬁ log ) (maaeg) (§5) (54 ) G;iG;
&,

1

> 2try(dAgpG N d°G) + | VIVIG|S + 580G VOG5 — 4CCe|dGl2,

where C¢ > 0 is a constant such that |¢|2, < Cg. Using the second equation Ay oG = —w(44e4),
we then derive

try(dAp G Nd°G) = — trp(dw(mggeqp) A d°G) Zwa Mgeq) tr4,(dmddc¢ Nd°G)
=) wa(magep)R(E)'Gi = —CeColdGlw = —C1 — (Ap) - |dGI}
14

where C; > 0 depending only on C¢, C,. Then
e % Ap(eF|dG[2) > —2C; — Co(A¢)|dG 3 + [VIVPG[ (B.5)

where C; > 0 depend only on C¢, Cy, Cy.
Next, we compute, under normal coordinates with respect to ¢;;,

Npo(AP) = Ay (AP) + try(dlog v(mageg) N d AP)
= — try Ric(dd“p) + try(dlog v(magey) N d°A)
= —AG + Alogv(mggey) + tryp(dlog v(magey) N d°AP)

. o8
—AG+ Y (025108 0) (agey) (e, dmif,) — C30P
w,B

> —AG —2C5(A9)* — C3A¢,

where C3 depend only on 7 and a constant C > 0 such that —Cw < Lz w < Cw. The fourth line
follows from the same estimate (A.6).

Then we obtain
Ago(e? |dG|2 + KAp) > —Cre? — Co(Ad)e? |dG[3 + e% |VIVIG[3 — KAG — 2C2(Ag)? — C3A
¢,0 ¢ = 1 2 47 ¢ ¢ v 47 3 47

Recall that ]V‘PWG% =Y, Pl |G;7*>. By Cauchy-Schwarz inequality, we have the following
estimate

K 2
IVIVIG; + - (89)? Z4>”4>”|Gl,\2 - Lty = LKIGyl = K} K|Gy| > K|AG.
ij i,j i
Moreover, since A¢p > c; hence, we derive the following estimate

Mgt = Dgo(e%[dG[2 + KAP) > —Cy - K- (AP) - u

for a constant C4 > 0 depending only on 1, C,, C;, and some sufficient large K > 0 depending on
CU,Cl,Cg,C and HG||L°°(Bl(O))' ]

Using Lemma B.1, one can obtain Theorem 2.3 following an argument in Chen—Cheng’s article
[CC21a]:

Proof of Theorem 2.3. — Let 17 be a positive smooth function with compact support in B;(0), =1
on B3 /4(0) and 0 < 1 < 1. We first claim that there is a positive constant
Dy = Di(n, ||Gll=(B,(0)), v W, [| AP r+1(8, (0)), Car Cy)

such that |||dG|2||L1 (By/4(0)) < D1, where C; > 0 is a constant such that |dy|w, [ddy|, < C; and
Cg > 01is a constant such that |§,|w < Ce.
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To see the claim, set Cg > 0 a constant such that |G| < Cg and e=¢ < Cg on B;(0). Then we
have

dG[3w" g/ dG|2e~Co(magy) (ddp)" < C cU/ dG N d°G A (ddC )1
Jy 0 1AGT8" < [ 0l4G e otmaseg) @) < CoCo [ (i)
— CcCo /B o GG (dd°9)"~1 — Gdy A d°G A (dd )"
1
= CGCv/B ( )nGn[w(mddc¢)(ddc¢)” + dlogv(mggey) Nd“G A (dd°¢)" 1]
10

1
2ceC / G2ddon A (ddp)™!
+2 GL“v B(O) 17 ( (P)

1

1
<neCeCCIC, [ W+ CRGG, [ (ag)
< ne cLolw B()W 5 =Gty Bl(O)( ‘P) w

1(0

— %nCGCv [/ o G?ydd® log 0(Mggep) A (dd°¢)" 1 + G*dlog 0(Mggep) Ndn A (dd°p)" 1
Bl 0

1(0

1
< neCeC2C2C, / W'+ =C3C,C, / (Ap)" e + nchv / eC6 CLCICH(AP)w" + €56 CECICLCyeo”
By (0) 2 By (0) B1(0)
<D.

Hence, the claim follows. We provide more details about the inequality next to the last one. Since

aflogv(mddc(p) mddcxp) Zvﬂt mddc(p -V 4)k]<€zx) ’
we have try(dlog v(mgges) A dy) < C3CzCy; thus,

eG

dlogv(mguey) Ady A (dd°p)" < C5C:Cy(dd°p)" = C3 5CeCo w" < eCCCICCh.

(mddcqa)
On the other hand, for the term involving dd* log v(mgscy),

afflog v(Mggeq) = i {Z(aa log U)(mddfcp)(_\/?l‘/’kf(g;)k)}

o

= Z (93108 0) (1aaeq ) pigii ()T (1) + Y (9 Log ) (maaey) (— v/ =1) [ (80)* + i (527,

o

Note that L¢,dd°¢p = 0 from the G-invariant assumption. Therefore,
0= Lodd'p = d(izdd*p) = d (V=1¢y(&)'dz" — V=g (e") ")
= (V=19 (a2 ndz' = V=g (6" A d2b) — V=T (82 ndzE + V=g (&)Eazl a2
= VT (9@ + 9us(@)) 2 AP — /Ty (6] A2 4 VT (§)Ed p dz!

and this implies ¢, 5(5")d + ¢,5(&” )‘é = 0. In the normal coordinates of dd“¢$, we get

i / 1 i7 / ﬁ_lf ! NZAVANE
i ) = 5 (879605 + 979580 ) = 507 (9ii(E)k + ea(E)Y) = 0.
This yields that try dd° log v(m44c) < C%CE(A(p) and
dd® log v(mggeq) N (dd°¢)" 1 < C%C%(A(p)(ddcqb)" < eCGCgCg(Aqb)w”

We also remark that Ay, f = maa(v(mddcq,) ggﬁ dsf) where a, B are real coordinates and

[(8¢)apl1<a,p<2n is the Riemannian metric associate to dd°¢. Therefore, it follows from Lemma B.1,
that

30 (0(a4ep) S Dptt) > —2C0(magey) (Ap)u.
Using [CC21a, Lem. 6.3, arXiv version]), we derive that

[l (B, 5 (0)) < D2(llullirs,,000) +1) < C, (B.6)
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where D, depends on Cy, Cu, p, ||IS|1, |AP|| o8, 0))/ || trg @l Lr(B,(0))- Recall that u = 0% ]dG[?P +
KA¢; hence we get

]l 2By 4 00)) < e“e/?|| G511 11 (B 50) + KIIAP N L1(85,40)) < ¢“e/2Dy + K|[Ad]| 118, 4 (0))-

Then combining this with (B.6) implies the uniform L%-estimates of |[dG|s and A¢ on By,,(0)
which only depend on Cy, Cu, p, [|S||L=, |A@||1r (8, (0))/ | trg @Il Lr (B, (0))- Then the standard Evans—
Krylov estimate and bootstrapping argument imply higher order estimates on By ,,(0) for ¢, G
which depend on Cv, Cw, P, HS||L°°/ HA(PHL”(Bl(O))/ H tr¢ w||Lp(Bl(0)). ]
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