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REMARK ON LOWER SEMICONTINUITY OF UNBOUNDED QUASICONVEX
INTEGRALS

OMAR ANZA HAFSA AND JEAN-PHILIPPE MANDALLENA

Abstract. We introduce a class of unbounded quasiconvex integrands for which we prove a
lower semicontinuity theorem of the associated integrals.

1. Introduction and main result

Let m,N P N˚ be two positive integers. Let W : M Ñ r0,8s be a lower semicontinuous
function where M is the space of m rows N columns matrices. Let p P r1,8r. We consider the
integral functional I : W 1,ppΩ;Rmq Ñ r0,8s defined by

Ipuq :“

ˆ
Ω
W p∇upxqqdx.

In vectorial calculus of variations, i.e. when minpN,mq ą 1, Morrey [25] introduced the
concept of quasiconvexity as a necessary and sufficient condition for weak lower semicontinuity
on W 1,8pΩ;Rmq. This condition is distinct from convexity and is very difficult to grasp due
to its non-local character [21]. Quasiconvexity is a necessary and sufficient condition in the
case of integrands with p-polynomial growth conditions [1]; for the case of finite integrands, see
[22, 24, 31, 30, 27, 28, 18].

Very little is known about the problem of lower semicontinuity for integrals I when the
quasiconvex integrands take the value 8. Of course, there is the well-known case where W is
convex and lower semicontinuous; in this case, the associated integral is lower semicontinuous.
On the other hand, the concept of polyconvexity [14], which allows W to take the value 8
and which is not necessarily convex, is suitable in the context of hyperelasticity as it allows for
considering the following two basic conditions: the impossibility of reducing a finite volume to
zero volume and the non-interpenetration of matter, i.e.

lim
detFÑ0

W pF q “ 8 and p@F PM W pF q ă 8 ðñ detF ą 0q. (1)

We should mention other classes of integrands which can take infinite values, and which have
been studied for their connections to weak lower semicontinuity of I. One of such class is
the closed W 1,p-quasiconvex integrands introduced by Pedregal [26]. These integrands have
been caracterized by Kristensen [20] as being supremum of quasiconvex functions with p-growth
conditions (this also discussed in [22, 15]), thus allowing them to take the value 8. Additionally,
various classes of integrands satisfying conditions related to the blow-up method of proof (see
[19]) have emerged in recent years, as highlighted in [24, 23, 32]. It is worth noting that this
blow-up method has been used in problems of relaxation, homogenization, and Γ-convergence
problems since the mid-1990s.

Our aim here is to propose a new class of integrands which can take the value 8, and which
contains naturally the class of lower semicontinuous convex integrands.

Denote by domW :“ tξ PM : W pξq ă 8u the effective domain of W . We consider the fol-
lowing assertions on W :
(A1) intpdomW q “ H and there exists C ą 0 such that for every ξ, ζ PM and every t Ps0, 1r

W ptξ ` p1´ tqζq ď Cp1`W pξq `W pζqq;
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(A2) W is ru-usc, i.e. there exists ξ0 P intpdomW q such that limtÑ1´ ∆a,ξ0
W ptq ď 0 where for

some a ą 0

∆a,ξ0
W ptq :“ sup

ξPdomW

W ptξ ` p1´ tqξ0q ´W pξq

a`W pξq
.

The condition (A1) means that there is self-control by the function W itself over potential
bumps it may have. This hypothesis was initially introduced in [5] following works in relaxation
and homogenization [29, 3]. Subsequently, it has been used in problems of Γ-convergence,
homogenization, and relaxation for unbounded functionals in [11, 7, 8, 10]. Note that this
condition implies that domW the effective domain of W is convex.

The concept of a ru-usc function (A2) was introduced in [2] and further studied in [6, 9]. It
has been used in works concerning relaxation, homogenization, and Γ-convergence of unbounded
integrals, see [3, 4, 11, 17, 7, 8, 10].

When W satisfies (A1) and (A2), we say that W is a ru-usc function with self-control over
its (own potential) bumps. The following proposition provides conditions under which (A1) is
satisfied.

Proposition 1. We have

(i) if W is convex with intpdomW q “ H then (A1) and (A2) hold;
(ii) if W has G-growth from above and below with G : M Ñ r0,8s satisfying (A1), i.e.

intpdomGq “ H, and there exist α, β ą 0 such that for all ξ PM

αGpξq ďW pξq ď βp1`Gpξqq, (2)

then (A1) holds.

A function W : MÑ r0,8s is W 1,p-quasiconvex if

(A3) for every ξ PM

W pξq “ inf

"ˆ
Y
W pξ `∇ϕpxqqdx : ϕ PW 1,p

0 pY ;Rmq

*

where Y “s0, 1rN . When p “ 8, we say that W is quasiconvex.

We say that I : W 1,ppΩ;Rmq Ñ r0,8s is sequentially weakly lower semicontinuous on
W 1,ppΩ;Rmq, if for every u P W 1,ppΩ;Rmq and every tununPN Ă W 1,ppΩ;Rmq satisfying unáu
we have

lim
nÑ8

ˆ
Ω
W p∇unpxqqdx ě

ˆ
Ω
W p∇upxqqdx.

Here the main result of the paper.

Theorem 1. Assume that p ą N and that (A1) and (A2) hold. Then I is sequentially weakly
lower semicontinuous on W 1,ppΩ;Rmq if and only if W is W 1,p-quasiconvex, i.e. satisfies (A3).

Our result is related to the questions raised by the Ball-Murat Conjecture [13, Conjecture 3.7,
p. 232] which states that if W is continuous, then I is sequentially weakly lower semicontinuous
on W 1,ppΩ;Rmq (sequentially weakly˚ lower semicontinuous if p “ 8) if and only if W is W 1,p-
quasiconvex. While we are clearly far from providing some answers to these questions, our result
may be viewed as a step in this direction.

The plan of the paper is as follows. Section 2 is devoted to the proof of Theorem 1. In
Section 3, we give some examples. In Subsection 3.1 we provide a class of ru-usc integrands
under differentiability assumption. In Subsection 3.2, we give an example of unbounded ru-
usc quasiconvex integrands satisfying the two basic conditions in hyperelasticity (1) in the two
dimensional case. Then, we prove Proposition 1 in Section 4.
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2. Proof of Theorem 1

The necessary condition of the sequentially weakly lower semicontinuity on W 1,ppΩ;Rmq of I
is given by [13, Corollary 3.2, p. 231].

Consider ξ0 P intpdomW q given by (A2). We can assume that ξ0 “ 0, indeed, we can make
the following change of integrand ĂW pA ´ ξ0q :“ W pAq for all A P M. The new integrand ĂW

satisfies (A1) and (A2) with ∆a,0
ĂW

.
Let us show that if W is W 1,p-quasiconvex, i.e. (A3) holds, then I : W 1,ppΩ;Rmq Ñ r0,8s

defined by

Ipuq :“

ˆ
Ω
W p∇upxqqdx.

is sequentially weakly lower semicontinuous on W 1,ppΩ;Rmq.
Let u PW 1,ppΩ;Rmq and a sequence tuεuεą0 ĂW 1,ppΩ;Rmq satisfy

uεáu in W 1,ppΩ;Rmq and lim
εÑ0

Ipuεq “ lim
εÑ0

Ipuεq ă 8.

It follows that ∇uεp¨q P domW a.e. in Ω, and since domW is convex, it follows that ∇up¨q P
domW a.e. in Ω. By the line segment principle, we have t∇up¨q P intpdomW q a.e. in Ω for all
t P r0, 1r.

Since the compact imbedding of Sobolev spaces into L8pΩ;Rmq because p ą N , we can
assume, up to a subsequence, that

lim
εÑ0

}uε ´ u}L8pΩ;Rmq “ 0. (3)

We set µε :“W p∇uεp¨qqLN tΩ for all ε ą 0. The sequence of positive Borel measures tµεuεą0 is
bounded, i.e.

sup
εą0

µεpΩq ă 8,

there exists then a subsequence (not relabelled) and a Borel measure µ such that µε
˚
á µ weakly

in the sense of measures. To prove the lower semicontinuity result, it is sufficient to show that
for LN -a.e. x0 P Ω

dµ

dLN
px0q ěW p∇upx0qq, (4)

indeed, by Alexandrov theorem

lim
εÑ0

Ipuεq “ lim
εÑ0

Ipuεq ě lim
εÑ0

µεpΩq ě µpΩq ě

ˆ
Ω

dµ

dLN
pxqdx ě

ˆ
Ω
W p∇upxqqdx.

We have for LN -a.e. x0 P Ω and for every s Ps0, 1r

dµ

dLN
px0q “ lim

ρÑ0
lim
εÑ0

µεpBsρpx0qq

LN pBsρpx0qq
“ lim

ρÑ0
lim
εÑ0

µεpBsρpx0qq

LN pBsρpx0qq
, (5)

indeed, by Alexandrov theorem we can write that for every x0 P Ω and every ps, ρq Ps0, 1r2

µpBsρpx0qq

LN pBsρpx0qq
ď lim

εÑ0

µεpBsρpx0qq

LN pBsρpx0qq
ď lim

εÑ0

µεpBsρpx0qq

LN pBsρpx0qq
ď

µpBsρpx0qq

LN pBsρpx0qq

now, by passing to the limits ρÑ 0 we get (5).
Fix t Ps0, 1r. Let τ Pst, 1r be such that ∆a,0

W pτq ă 8. Let x0 P Ω satisfy:

W pτ∇upx0qq ă 8; (6)

∇upx0q P domW ; (7)
dµ

dLN
px0q “ lim

sÑ1´
lim
ρÑ0

lim
εÑ0

µεpBsρpx0qq

LN pBsρpx0qq
“ lim

sÑ1´
lim
ρÑ0

lim
εÑ0

µεpBsρpx0qq

LN pBsρpx0qq
ă 8; (8)

0 “ lim
ρÑ0

1

ρ
}u´ ux0}L8pBsρpx0q;Rmq. (9)
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The last equation (9) comes from the fact that every Sobolev function in W 1,ppΩ;Rmq with
p ą N is almost everywhere differentiable; uxp¨q :“ upxq ` ∇upxqp¨ ´ xq is the affine tangent
map to u at x P Ω.

To simplify the notation, let us denote ∆a,0
W “ ∆a

W . We also set for every pu,Oq PW 1,ppΩ;Rmqˆ
OpΩq

Ipu,Oq “

ˆ
O
W p∇upxqqdx

where OpΩq is the set of all open subsets of Ω.
By using (A2) the ru-usc assumption on W , we have for every t, s, ρ Ps0, 1r and every ε ą 0

Iptuε, Bsρpx0qq

LN pBsρpx0qq
ď
Ipuε, Bsρpx0qq

LN pBsρpx0qq
`∆a

W ptqa`∆a
W ptq

Ipuε, Bsρpx0qq

LN pBsρpx0qq

ď
Ipuε, Bsρpx0qq

LN pBsρpx0qq
`∆a

W ptqa`∆a
W ptq

Ipuε, Bsρpx0qq

LN pBsρpx0qq

“
µεpBsρpx0qq

LN pBsρpx0qq
`∆a

W ptqa`∆a
W ptq

µεpBsρpx0qq

LN pBsρpx0qq

passing to the limits εÑ 0, ρÑ 0 and sÑ 1 we have

lim
sÑ1

lim
ρÑ0

lim
εÑ0

Iptuε, Bsρpx0qq

LN pBsρpx0qq
ď lim
sÑ1

lim
ρÑ0

lim
εÑ0

µεpBsρpx0qq

LN pBsρpx0qq
`∆a

W ptqa

`∆a
W ptq lim

sÑ1´
lim
ρÑ0

lim
εÑ0

µεpBsρpx0qq

LN pBsρpx0qq

“
dµ

dLN
px0q `∆a

W ptqa`∆a
W ptq

dµ

dLN
px0q

“
dµ

dLN
px0q `∆a

W ptq

ˆ

a`
dµ

dLN
px0q

˙

,

letting tÑ 1 and using (A2) we obtain

lim
tÑ1

lim
sÑ1

lim
ρÑ0

lim
εÑ0

Iptuε, Bsρpx0qq

LN pBsρpx0qq
ď

dµ

dLN
px0q.

So, a sufficient condition to have (4) is to show

W p∇upx0qq ď lim
tÑ1

lim
sÑ1

lim
ρÑ0

lim
εÑ0

Iptuε, Bsρpx0qq

LN pBsρpx0qq
. (10)

Let us prove (10).
Let κ Ps0, 1r and let ps, ρq Ps0, 1r2 satisfy Bsρpx0q. Let χκ PW

1,8
0 pBsρpx0q; r0, 1sq satisfy

χκ ” 1 on Bκsρpx0q, χκ ” 0 on ΩzBsρpx0q and }∇χκ}L8pBsρpx0q;Rmq ď
4

sρp1´ κq
.

We define ux0pxq :“ upx0q `∇upx0qpx´ x0q for all x P Ω.
Let ε ą 0. We set

vκε :“ χκuε ` p1´ χκqux0

We see that vκε P ux0 `W 1,p
0 pBsρpx0q;R

mq, implying the existence of ϕ P W 1,p
0 pBsρpx0q;R

mq

such that
vκε “ ux0 ` ϕ.

Let t1 Ps0, 1r be such that t “ τt1. We have

t∇vκε pxq “

$

’

’

’

’

’

&

’

’

’

’

’

%

t∇uεpxq if x P Bκsρpx0q

t1 pτχκpxq∇uεpxq ` τp1´ χκpxqq∇upx0qq

`p1´ t1q
t

1´ t1
∇χκpxq b puεpxq ´ ux0pxqq if x P Bsρpx0qzBκsρpx0q.
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and by (A3) the W 1,p-quasiconvexity of W , we use [13, Proposition 2.3, p. 228] to see that the
inequality in the definition of W 1,p-quasiconvexity holds over any nonempty bounded open set
with zero measure of their boundary

W pt∇upx0qq “ inf
ϕPW 1,p

0 pBsρpx0q;Rmq

 
Bsρpx0q

W pt∇upx0q `∇ϕpxqqdx ď
 
Bsρpx0q

W pt∇vκε pxqqdx.

Letting εÑ 0, ρÑ 0 and sÑ 1 we get

lim
sÑ1

lim
ρÑ0

lim
εÑ0

inf
ϕPW 1,p

0 pBsρpx0q;Rmq

 
Bsρpx0q

W pt∇upx0q `∇ϕpxqqdx

ď lim
sÑ1

lim
κÑ1

lim
ρÑ0

lim
εÑ0

 
Bsρpx0q

W pt∇vκε pxqqdx

and when tÑ 1 we have by lower semicontinuity of W

W p∇upx0qq ď lim
tÑ1

lim
sÑ1

lim
κÑ1

lim
ρÑ0

lim
εÑ0

 
Bsρpx0q

W pt∇vκε pxqqdx.

Therefore (10) is a consequence of

lim
tÑ1

lim
sÑ1

lim
κÑ1

lim
ρÑ0

lim
εÑ0

 
Bsρpx0q

W pt∇vκε pxqqdx ď lim
tÑ1

lim
sÑ1

lim
ρÑ0

lim
εÑ0

 
Bsρpx0q

W pt∇uεpxqqdx. (11)

Let us prove (11). We set Uρs,κ :“ Bsρpx0qzBκsρpx0q. By using the definition of t∇vκε we have 
Bsρpx0q

W pt∇vκε pxqqdx

ď
1

LN pBsρpx0qq

ˆ
Bκsρpx0q

W pt∇uεpxqqdx`
1

LN pBsρpx0qq

ˆ
Uρs,κ

W pt∇vκε pxqqdx

ď

 
Bsρpx0q

W pt∇uεpxqqdx`
1

LN pBsρpx0qq

ˆ
Uρs,κ

W pt∇vκε pxqqdx,

so, (11) holds if

lim
tÑ1

lim
sÑ1

lim
κÑ1

lim
ρÑ0

lim
εÑ0

1

LN pBsρpx0qq

ˆ
Uρs,κ

W pt∇vκε pxqqdx “ 0. (12)

We are then reduced to prove (12). By using (A1) we have

1

LN pBsρpx0qq

ˆ
Uρs,κ

W pt∇vκε pxqqdx

ďC

ˆ

LN pUρs,κq
LN pBsρpx0qq

`
1

LN pBsρpx0qq

ˆ
Uρs,κ

W pτχκ∇uε ` τp1´ χκqp∇upx0qqqdx

`
1

LN pBsρpx0qq

ˆ
Uρs,κ

W pΨε,ρpxqqdx

¸

ďC

˜

`

1´ κN
˘

p1`W pτ∇upx0qqq `
1

LN pBsρpx0qq

ˆ
Uρs,κ

W pτ∇uεqdx

`
1

LN pBsρpx0qq

ˆ
Uρs,κ

W pΨε,ρpxqqdx

¸

(13)

where Ψε,ρp¨q :“ t
1´t1∇χκp¨q b puεp¨q ´ ux0p¨qq satisfies

}Ψε,ρ}L8pBsρpx0q;Rmq ď
t

1´ t1
4

sρp1´ κq

ˆ

}uε ´ u}L8pBsρpx0q;Rmq ` }u´ ux0}L8pBsρpx0q;Rmq

˙

.
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Since 0 P intpdomW q, there exists R ą 0 such that W pF q ă 8 for all F PM satisfying |F | ď R.
Using Lemma 5, we can deduce

MR :“ sup
|ξ|ďR

W pξq ă 8. (14)

By (9) there exists ρR Ps0, 1r such that for every ρ Ps0, ρRr one has

t

1´ t1
4

sp1´ κq

1

ρ
}u´ ux0}L8pBsρpx0q;Rmq ď

R

2
.

Fix ρ Ps0, ρRr. Since (3) there exists ερ Ps0, 1r such that for every ε Ps0, ερr

t

1´ t1
4

sρp1´ κq

ˆ

}uε ´ u}L8pBsρpx0q;Rmq

˙

ď
R

2
.

It follows that }Ψε,ρ}L8pBsρpx0q;Rmq ď R for every ε Ps0, ερr and consequently by (14)

lim
εÑ0

1

LN pBsρpx0qq

ˆ
Uρs,κ

W pΨε,ρpxqqdx ď lim
εÑ0

LN pUρs,κq
LN pBsρpx0qq

 
Uρs,κ

sup
|ξ|ďR

W pξqdx ď p1´ κN qMR.

Now, by letting ρÑ 0 and κÑ 1 we obtain

lim
κÑ1

lim
ρÑ0

lim
εÑ0

1

LN pBsρpx0qq

ˆ
Uρs,κ

W pΨε,ρpxqqdx “ 0. (15)

Using (A1) and (14) we have with C 1 :“ C ` CMR ` 1

1

LN pBsρpx0qq

ˆ
Uρs,κ

W pτ∇uεqdx ď
1

LN pBsρpx0qq

ˆ
Uρs,κ

Cp1`W p∇uεq `W p0qqdx

ď C

ˆ

p1´ κN q `
µεpU

ρ
s,κq

LN pBsρpx0qq

˙

` Cp1´ κN qW p0q

ď C 1
ˆ

p1´ κN q `
µεpU

ρ
s,κq

LN pBsρpx0qq

˙

and

lim
ρÑ0

lim
εÑ0

µεpU
ρ
s,κq

LN pBsρpx0qq
“ lim

ρÑ0
lim
εÑ0

p
µεpBsρpx0qq

LN pBsρpx0qq
´

µεpBsκρpx0qq

LN pBsκρpx0qq
κN q

ď lim
ρÑ0

lim
εÑ0

µεpBsρpx0qq

LN pBsρpx0qq
´ lim
ρÑ0

lim
εÑ0

µεpBsκρpx0qq

LN pBsκρpx0qq
κN

“
dµ

dLN
px0qp1´ κ

N q

thus, we have

lim
ρÑ0

lim
εÑ0

1

LN pBsρpx0qq

ˆ
Uρs,κ

W pτ∇uεqdx ď C 1
ˆ

1´ κN q

ˆ

1`
dµ

dLN
px0q

˙˙

so, taking (8) into account and letting κÑ 1 we obtain

lim
κÑ1

lim
ρÑ0

lim
εÑ0

1

LN pBsρpx0qq

ˆ
Uρs,κ

W pτ∇uεqdx “ 0. (16)

Now, passing to the limits in (13) by using (15), (16), we obtain (12).�
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3. Examples

3.1. Example of a class of differentiable ru-usc integrands. Let W : M Ñ r0,8s be a function.
We consider the following conditions:
(E1) domW is a nonempty open and convex set satisfying 0 P domW ;
(E2) W is of class C1 on domW and there exists K ą 0 such that for every ξ P domW

|DξW pξq ¨ ξ| ď Kp1`W pξqq.

The class of integrands satisfying (E2) was introduced in [15] (see also [12]) to deriving the
Euler-Lagrange equation for minimization problems under the two basic conditions (1) of hy-
perelasticity.

Proposition 2. Assume that (E1), and (E2) hold. Assume that W has G-growth, i.e. (2) holds
with G : MÑ r0,8s satisfying (A1). Then W satisfies (A1) and (A2).

Proof of Proposition 2. By Proposition 1 (ii) the condition (A1) holds. Let ξ P domW . Then
for every t Ps0, 1r

W ptξq ´W pξq “

ˆ t

1
DξW psξq ¨ ξds “

ˆ t

1

1

s
DξW psξq ¨ sξds.

It follows that

W ptξq ´W pξq ď

ˆ 1

t

1

|s|
|DξW psξq ¨ sξ| ds ď K

ˆ 1

t

1

s
p1`W psξqqds

ď KCp1`W pξq `W p0qq

ˆ 1

t

1

s
ds

ď ln

ˆ

1

t

˙

C2p1`W pξqq,

where C2 “ KCp1`W p0qq. Thus ∆1,0
W ptq ď ´ lnptq for all t Ps0, 1r.�

Remark 1. It is easy to see that the condition (A1) is equivalent to

@pt, ξ, ζq P r0, 1s ˆMˆM W ptξ ` p1´ tqζq ď C maxpW pξq,W pζqq

for some C ą 0. In case C “ 1 the condition (A1) means that W is quasiconvex in the sense of
convex analysis, i.e.
(E3) W ptξ ` p1´ tqζq ď maxpW pξq,W pζqq for all pt, ξ, ζq P r0, 1s ˆMˆM.
Consequently, if (E1), (E2) and (E3) hold, then W satisfies (A1) and (A2).

3.2. Example of unbounded ru-usc quasiconvex function. We assume here that m “ N “ 2. In
this section we show how to construct an unbounded ru-usc quasiconvex function W : M Ñ

r0,8s which is not convex and satisfying the two basic conditions of hyperelasticity: the non-
interpenetration of the matter and the non possibility to compress a finite volume of matter into
zero volume

@ξ P domW detpI ` ξq ą 0 and lim
detpI`ξqÑ0

W pξq “ 8. (17)

Every ξ PM is denoted by

ξ :“

ˆ

ξ11 ξ12

ξ21 ξ22

˙

.

The set
C :“

!

ξ PM : 1` ξ11ą|ξ12| and 1` ξ22ą|ξ21|
)

satisfies
(C1) 0 P C;
(C2) C is convex and open;
(C3) detpI ` ξq ą 0 for all ξ P C;
(C4) SOp3q Ć I ` C;
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(C5) tr pcofpI ` ξqᵀpI ` ζqq ą 0 for all ξ, ζ P C where cofpF q denotes the matrix of cofactors of
a 2 rows and 2 columns matrix F .

Let g : MÑ r0,8s be defined by

gpξq :“

$

&

%

hpdetpI ` ξqq if ξ P C

8 otherwise

where h :s0,8rÑ r0,8s is a function satisying:
(H1) h is convex and nonincreasing;
(H2) there exists r ď 1 such that for every λ Ps0, 1r and every x Ps0,8r

hpλxq ď
1

λr
hpxq; (18)

(H3) there exists K ą 0 such that for every px, yq Ps0,8r2

hpλx` p1´ λqyq ď Kp1` hpxq ` hpyqq.

Note that the function h can be chosen to satisfy limxÑ0 hpxq “ 8 (for instance, hpxq :“ 1
x for

all xą0 satisfying (18) with r “ 1.)

Proposition 3. We have
(i) rg is polyconvex where rgp¨q :“ gp¨ ´ Iq;
(ii) there exists γ ą 0 such that for every ξ, ζ P C and every λ Ps0, 1r it holds

gpλξ ` p1´ λqζq ď γp1` gpξq ` gpζqq;

(iii) g is ru-usc.

Proof. We have (i) because we can write rgpF q “ ϕpF,detpF qq with ϕ : M ˆ R Ñ r0,8s is the
convex function defined by

ϕpF, sq :“

$

&

%

hpsq if F P I ` C

8 otherwise.

We show (ii). Fix ξ, ζ P C and λ Ps0, 1r. We set F :“ I ` ξ and F 1 :“ I ` ζ. Then for every
pξ, ζq P C ˆ C

detpλpI ` ξq ` p1´ λqpI ` ζqq “ λ2 detF ` p1´ λq2 detF 1 ` λp1´ λqtr
`

cof pF qᵀ
`

F 1
˘˘

.

Since (C5), we have

detpλF ` p1´ λqF 1q ě λ2 detF ` p1´ λq2 detF 1.

Using properties (H1), (H2) and (H3) of h, we have

gpλξ ` p1´ λqζqq “ h
`

detpλF ` p1´ λqF 1q
˘

ďhpλ2 detF ` p1´ λq2 detF 1q (19)

ďK
`

1` hpλ detF q ` hpp1´ λqdetF 1q
˘

ďK
`

1` λ1´rhpdetF q ` λ1´rhpdetF 1q
˘

ďK p1` gpξq ` gpζqq .

Applying inequality (19) with ζ “ 0, and using properties of h, we have for every ξ P C and
every t Ps0, 1r

gptξq “ h
`

t2 detF ` p1´ tq2
˘

ď h
`

t2 detF
˘

ď
1

t2r
hpdetF q

“
1

t2r
hpdetF q ´ hpdetF q ` gpξq

ď
1´ t2r

t2r
p1` gpξqq ` gpξq

which shows that g is ru-usc with ∆1,0
g ptq ď

1´t2r

t2r
.�
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Let W : MÑ r0,8s be defined by

W pξq :“

"

fpξq ` gpξq if ξ P C
8 otherwise, (20)

where f : M Ñ r0,8s is a quasiconvex function with p-polynomial growth, i.e. there exist
c, C ą 0 such that for every ξ PM

c|ξ|p ď fpξq ď Cp1` |ξ|pq. (21)

The following proposition shows that such a W is consistent with the assumptions of Theorem 1
as well as with the two basic conditions of hyperelasticity.

Proposition 4. Assume that p ą 2. If h satisfies limxÑ0 hpxq “ 8 then W is a quasiconvex
function satisfying (A1), (A2) and (17).

The only point to verify is that a quasiconvex function with p-polynomial growth is ru-usc,
we refer to [11, Sect. 3].

4. Auxiliary results

Proof of Proposition 1. Let us prove (i). Let W : M Ñ r0,8s be a convex function with
intdomW “ H. It easy to see that (A1) holds. Let t P r0, 1r and ξ P domW . Since intdomW “

H, take ξ0 P intdomW . We have

W pp1´ tqξ ` tξ0q ´W pξq ď p1´ tqpW pξ0q `W pξqq

which shows that ∆a,0
W ptq ď 1´ t with a “W pξ0q.

Let us prove (ii). We start by proving (A1). Consider W : MÑ r0,8s having G-growth with
G : M Ñ r0,8s satisfying (A1), i.e. there exist γ, α, β ą 0 such that for every ξ, ζ P M and
every t P r0, 1s

Gptξ ` p1´ tqζq ď γp1`Gpξq `Gpζqq and αGpξq ďW pξq ď βp1`Gpξqq.

First, it is direct to see that domW “ domG, thus intpdomW q “ intpdomGq “ H. Now, fix
ξ, ζ PM and t P r0, 1s, we have

W ptξ ` p1´ tqζq ď βp1`Gptξ ` p1´ tqζqq ď βp1` γp1`Gpξq `Gpζqqq

ď βmaxp1, γqp1`Gpξq `Gpζqq

ď βmaxp1, γq

ˆ

1`
1

α
W pξq `

1

α
W pζq

˙

ď C p1`W pξq `W pζqq

where C :“ βmaxp1, γqmaxp1, 1
αq.�

The following proposition was proved for the first time in [5] (see also [11, lemma 4.1]).

Proposition 5. Let V be a finite dimensional vector space. Let f : V Ñ r0,8s be a Borel
measurable function. Assume that

(i) there exists r ą 0 such that fpvq ă 8 whenever |v| ď r for all v P V ;
(ii) there exists C ą 0 such that for every pv, wq P V ˆ V we have

sup
tPs0,1r

fptv ` p1´ tqwq ď Cp1` fpvq ` fpwqq.

Then
sup
|v|ďr

fpvq ă 8.

The proof of Proposition 5 is a consequence of the following lemma:

Lemma 1. Let L : Rd Ñ r0,8s be a function. Assume that
(i) there exists r ą 0 such that Lpvq ă 8 whenever |v|8 ď r for all v P Rd;

9



(ii) there exists a nondecreasing concave function Φ : R` Ñ R` such that for every pv, wq P
domLˆ domL we have

sup
tPs0,1r

Lptv ` p1´ tqwq ď ΦpmaxpLpvq, Lpwqqq.

Then
sup
|v|8ďr

Lpvq ă 8.

Proof of Lemma 1. Let S :“
 

v “ pv1, . . . , vdq P R
d : @k P t0, . . . , du vk P t´r, 0, ru

(

. Since (i)
we have L˚ :“ supvPS Lpvq ă 8.

We define d equivalence relations on Rd. Let pv, wq P Rd ˆ Rd. For each i P t1, . . . , d ´ 1u,
we say that v „i w if there exists u “ pu1, . . . , uk, . . . , udq P S such that

v ´ w “
d
ÿ

k“i`1

ukek

where tekudk“1 is the standard basis of Rd. When i “ d, we say that v „d w if v “ w. We denote
by rvsi the equivalence class of v for the relation „i for all i P t0, . . . , du. Let v P Rd satisfy
|v|8 ď r. We claim that is enough to show that

@i P t1, . . . , du @w P

«

i
ÿ

k“1

vkek

ff

i

Lpwq ď ΦipL˚q. (22)

where we set for every t P R`
Φ1ptq :“ Φptq and Φiptq :“ ΦpΦi´1ptqq for all i ě 2.

Indeed, when i “ d we have
”

řd
k“1 vkek

ı

d
“ tvu, so by using (22) we get

Lpvq ď Φd pL˚q ,

and then taking the supremum over all v P Rd satisfying |v|8 ď r, we obtain

sup
|v|8ďr

Lpvq ď Φd pL˚q .

Let us prove (22) by induction. Let w P rv1e1s1. There exists u “ pu1, . . . , uk, . . . , udq P S such
that w “ v1e1 `

řd
k“1 ukek, which can be rewritten as

w “
|v1|

r

˜

signpv1qre1 `

d
ÿ

k“2

ukek

¸

`

ˆ

1´
|v1|

r

˙

˜

0`
d
ÿ

k“2

ukek

¸

.

By (ii) and using the fact that Φ is nondecreasing, we have

Lpwq ď Φ

˜

max

˜

L

˜

x, signpv1qre1 `

d
ÿ

k“2

ukek

¸

, L

˜

x,

˜

d
ÿ

k“2

ukek

¸¸¸¸

ď ΦpL˚q.

So, we proved that Lpwq ď ΦpL˚q for all w P rv1e1s1.
Let i P t1, . . . , du. Assume that

@j P t1, . . . , iu @w P

«

j
ÿ

k“1

vkek

ff

j

Lpwq ď ΦjpL˚q. (23)

Let w P

”

ři`1
k“1 vkek

ı

i`1
. We are going to show that Lpwq ď Φi`1pL˚q. There exists u “

pu1, . . . , uk, . . . , udq P S such that w “
ři`1
k“1 vkek `

řN
k“i`2 ukek, which can be rewritten as

w “
|vi`1|

r

˜

i
ÿ

k“1

vkek ` signpvi`1qr `
d
ÿ

k“i`2

ukek

¸

`

ˆ

1´
|vi`1|

r

˙

˜

i
ÿ

k“1

vkek `
d
ÿ

k“i`2

ukek

¸

.
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By (ii), it follows that

Lpwq ď Φ

˜

max

˜

L

˜

x,
i
ÿ

k“1

vkek ` signpvi`1qr `
d
ÿ

k“i`2

ukek

¸

, L

˜

x,
i
ÿ

k“1

vkek `
d
ÿ

k“i`2

ukek

¸̧¸

.

We see that
i
ÿ

k“1

vkek ` signpvi`1qr `
d
ÿ

k“i`2

ukek P

«

i
ÿ

k“1

vkek

ff

i

and
i
ÿ

k“1

vkek `
d
ÿ

k“i`2

ukek P

«

i
ÿ

k“1

vkek

ff

i

,

so, by (ii) and using the fact that Φ is nondecreasing, we have by using (23)

Lpwq ď Φ
´

ΦipL˚q
¯

“ Φi`1pL˚q.�
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