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Cutoff for the mixing time of the Facilitated Exclusion Process

Brune Massoulié

Abstract

We compute the mixing time of the Facilitated Exclusion Process (FEP) and obtain cutoft
and pre-cutoff in different regimes. The main tool to obtain this result is a new bijective,
deterministic mapping between the joint law of an ergodic FEP and its current through the
origin, and the joint law of a SSEP and its current through the origin. This mapping is
interesting in itself, as it remains valid in the non-ergodic regime where it gives a coupling
between the position of a tagged particle in the FEP and the current through the origin in
a SSEP with traps.

1 Introduction

The Facilitated Exclusion Process (FEP) is an interacting particle system on a lattice that was
introduced in the physics literature by [1, 2| as a model with an active-absorbing-state phase
transition. It is defined as follows: there is at most one particle per lattice site and each particle
tries to jump to a neighbouring site at rate 1. The jump is not allowed if the target site is occupied
(exclusion constraint), or if the particle is isolated, i.e. it has no nearest neighbour occupied site
(kinetic constraint). The kinetic constraint makes the FEP’s behaviour very different from that
of the Simple Symmetric Exclusion Process (SSEP), which is defined similarly but without the
kinetic constraint. Indeed, unlike the SSEP, the FEP is non-reversible, non-attractive and has
transient configurations and absorbing states (when no particles have neighbours, the system

freezes).
The FEP has mostly been studied on one-dimensional lattices, such as Z [3, 4, 5, 6], a
closed segment [7], a segment connected to reservoirs [8] and the discrete circle Ty := Z/NZ

[9, 10, 11, 7, 12]|. In this paper we will study the mixing time for the FEP on a discrete circle.
A first important observation is that, depending on the number K of particles, the FEP on Ty
has very different long-time behaviours :

o if K < % we say the FEP is subcritical. In this case all particles end up becoming isolated
and therefore the system ultimately becomes frozen, i.e. no jumps are possible anymore;

o if K > % we say the FEP is supercritical. In this case the system never reaches a frozen

configuration, but at some point each empty site becomes surrounded by particles and this
property is preserved forever: we then say the system has reached its ergodic component.
This is due to the fact that the dynamics can separate 2 neighbouring empty sites but not
make them join each other (this would require a jump of an isolated particle).

Our main result is to show cutoff for the mixing time of a supercritical FEP on Ty. More
precisely, taking N to infinity the e-mixing time (namely the time needed for a Markov chain
to be e-close to its invariant measure) does not depend at first order on & (see Theorem 2.1).
This means that the worst total variation distance as a function of time goes very abruptly
from almost 1 to almost 0 around the mixing time. This type of phenomena was first found by
[13, 14] in the context of card shuffling, and was since shown in many Markov chains (see for an
introduction [15, Chapter 18]). We mention in particular that cutoff for the SSEP on the circle
was shown in [16], as we will use some of its tools in this paper. The mixing time of FEP was



previously studied in [7] and [12]. In [7] pre-cutoff for the mixing time, and cutoff if restricted
to the ergodic component were proved for FEP on the segment. For the FEP on the circle, [7]
showed the mixing time is of order N2?log N with some conditions on the initial configuration.
This result was extended to any initial configuration in [12]. Moreover, [12] proves cutoff for the
transience time and computes the transience time as a function of the number of particles, where
the transience time is the time needed to reach either a frozen configuration (in the subcritical
case) or the ergodic component (in the supercritical case).

An account of our main results and ideas follows. First we prove that the worst mixing time
over all initial supercritical configurations exhibits cutoff, provided the number of particles K is
not too close to the degenerate cases K = N/2 or K = N (see Theorem 2.1). We also study the
mixing time as a function of the number of particles K, and obtain bounds that imply cutoff in
certain regimes, such as the close to critical regime (e.g. K = % +log N) and the macroscopically
supercritical regime (e.g. K = pN, % < p < 1), and that imply pre-cutoff in the intermediary
case (e.g. K = % +N% 0 < a<1) (see Theorem 2.2). Our main tool is a new bijective mapping
from the pair of an ergodic FEP and its current through the origin, to the pair of a SSEP and
its current through the origin. This is a natural extension of the mapping introduced in [12]. By
using this mapping together with a height function representation of the SSEP and its current,
obtained adapting the work of [16], we obtain sharp results on the mixing time of FEP started
in the ergodic component. Then we combine this result with the sharp results on the transience
time we obtained in [12] to get our Theorems 2.1 and 2.2.

The use of mappings to study the FEP is not novel. We recall the mapping to a zero-range
process |2, 10|, the interpretation of the ergodic FEP as an exclusion process with objects of size
2 [9, 7|, more recently a lattice path representation [7|, and a mapping to a SSEP with traps
[12] which is the particle system version of the latter. These processes are more convenient to
study than the FEP, indeed the zero-range process and the SSEP with traps are attractive. The
novelty of our mapping is that it is bijective. Let us emphasize that our mapping, besides being
a key tool for the study of the mixing time, has other interesting consequences. For instance, the
position of a tagged particle in the ergodic FEP can be exactly coupled to the current through
the origin in an associated SSEP. More generally, the position of a tagged particle in the FEP
can be deterministically mapped to the current through the origin of a SSEP with traps. This
mapping would still be valid by changing jump rates, and could be extended to the case of the
full integer line and perhaps the closed segment.
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Notation and conventions

In this article, we will work with three different processes, that can be mapped one to another:
the Facilitated Exclusion Process (FEP), the Simple Symmetric Exclusion Process (SSEP) and
the Corner-Flip Dynamics (CFD). Although, thanks to the mappings we will introduce, these
three processes can be defined on the same probability space, we will use different notations for
their distributions, to highlight which process we are working on. We will also choose different
typical names for the configurations and the variables according to which process we are looking
at. These conventions are summarised below:



Process FEP SSEP CFD

Total number of sites N K K
Position of a site T k k
Number of particles K P P uphill slopes

Typical configuration name | 1= (1z)zeTy | © = M)ker | €= (Ck)reTx

Distribution of the process P, P, Q¢

Here are some other conventions we will use:
o We will write the elements of Ty :=Z/NZ as {1, ..., N} so we start at 1 and finish at V.

o We will often consider intervals of sites of the periodic lattice. Throughout the paper, these
intervals are considered clockwise, more precisely, for z,y € Ty, if 1 <y < x < N, then
[z,y] = {z,x+1,..N}U{1,..y}. It should be clear from context whether we are working
modulo N or K, so we won'’t explicit this size parameter in the clockwise intervals.

o We will write f(N) = O, (¢(IV)) to indicate that there exists a constant C. > 0, depending
on ¢, such that for all N, f(N) < Ceg(N).

2 Model and results

We study the Facilitated Exclusion Process (FEP) on the discrete circle Ty = {1,...N}. It is a
particle system with an exclusion constraint, so on each site there is at most 1 particle. Therefore,
its configurations belong to I'y := {0,1}T~, and we denote a configuration by 7 = (1:)zeTy
where 7, = 1 if there is a particle at site  and 7, = 0 if site x is empty.

The FEP has the following dynamics: each particle tries jumping at rate 2 to the left or to
the right with probability % (equivalently, each jump direction is attempted at rate 1). However,
the jump is cancelled if one of the two following constraints is not satisfied:

e The exclusion constraint: if the target site is already occupied, the jump is forbidden.

e The kinetic constraint: if, before the jump, the particle is isolated (meaning it has no
neighbour), the jump is forbidden.

In other words, the FEP on Ty is the continuous time Markov process on I'y with generator
given by

LREVF) =D ) matez(l = mey ) (F07F7) = £ (), (1)
€Ty z==%1
where
ny ify & {z,z+ 2}
UZ’HZ =My ify=2x (2)
neify=a+ 2,

which corresponds to a jump from site x to x 4+ z if 9,0 (1 — Npyr) = 1.

Furthermore, the system is conservative (the number of particles is preserved by the dynam-
ics), so it will be convenient to study the FEP for a given number of particles K. We thus define
the set of exclusion configurations on Ty with K particles:

Ini = {n€{0,1}™ : |n| = K}. (3)

Depending on the number of particles K, the FEP has different long-time behaviours. If
K< % (the subcritical case), the system ends up becoming frozen: all particles are isolated and



no jumps are possible. On the other hand, if K > % (the supercritical case), the system never
freezes, but eventually reaches an absorbing set of configurations, the ergodic component (the
set of configurations with every empty site surrounded by particles).

Therefore, the FEP is nonreversible and has transient states: in the subcritical case, they are
the configurations that aren’t frozen, and in the supercritical case, they are the configurations
that aren’t ergodic (with at least one pair of neighbouring empty sites).

In this article, we study the FEP’s mixing time, and therefore focus on the regime K > %,
which is the only one where a non frozen stationary state is reached. We therefore define, for
K>

gN,K = {77 € FN,K Vo € Ty, nz + N1 > 1} (4)

the set of ergodic configurations of the FEP. Set also

Tng =T'nk \Evk (5)

the set of transient configurations of the FEP on Ty with K particles. Then, the invariant law
of the FEP on Ty with K particles is given by

TNk = UEN ). (6)

For n € I'y k, we denote by P, (n(t) € -) the distribution of the FEP started from 7 at time
t. Then, for all € € (0, 1), define the e-mixing time

TNk (&) =inf{t > 0:Yn €Ty, dev(Py(n(t) € ), 7N ) < €} (7)

Our main results concern the behaviour of 737 () as N and K go to infinity. We define here
the cutoff and pre-cutoff phenomena:

Definition 1 (Cutoff and pre-cutoff). A sequence of mizing times (Tn)n>o exhibits cutoff if

Ve € (0.1), lim TN((‘?)
— 00 TN 1

~1. (8)

A sequence of mizing times (TN )N>o exhibits pre-cutoff if there exist C,C’ > 0 such that

Ve € (0,1), C < liminf TN((‘? <timsup XE) < o (9)

N=oo TN (1) © Nooo TN(3) T

Theorem 2.1 (K-uniform cutoff for the mixing time). Let (ay)n>1 be a sequence such that
1 < any <loglog N. Then, for all 0 < e < 1, there exists Ce such that for all N,

1
. ax TN(E) — 4—2N2 log(N)| < C.N?loglog N. (10)
Stan<K<N-apn n

This is an estimate on the mixing time starting from the worst configuration, over all possible
values of K. To be precise, not all values of K are included, because for technical reasons we
require K —N/2 and N—K to go to infinity. However we still cover a wide range of configurations,
as we can take (ay) going “slowly” to infinity, for example VN, ay = v/loglog N.

Interestingly, the dominant term of this worst mixing time is exactly the critical FEP’s
transience time from [12]. In fact, the worst mixing time is achieved in the close to critical
regime, when K — N/2 is small, and the transience time is very long and dominates. This study
of the mixing time as a function of K is the object of the following Theorem.



Theorem 2.2 (Cutoff and pre-cutoff as a function of K). For all 0 < ¢ < 1, for all sequence
K = K(N) such that VN,N/2 < K < N, and (2K — N) A (N — K) — o0,
o If log%é(KN) — 0 (e.g. K =N/2+1ogN), then there exists C. such that

1
TNk (€) — ﬁKQ log K| < C.N*(loglog N) V (log(2K — N)). (11)

o If log%g(KN) —r a€(0,1) (e.g. K =N/2+ N?%), then

l—a 1-a/2 . . . "Nk TN K (€) l—a «
v < liminf Y27 < jim : < 2 (12
2 ez S hminf o e SIS e ek S e T (12)

o Iflo8(CK kg)K(N_K)) — 1 (e.g. K/N — p € (3,1)), then there exists C. such that

1
TN (E) — QKQ log K| < C.K*. (13)

log(N—K)

oz K~ 0, for example if K = N —log N, the mizing time is

Remark 1. In the case where
of order N?.

The FEP dynamics can be decomposed in 2 phases: first the system needs to reach the ergodic
component, this is the transtence time, then once ergodic the FEP continues evolving to become
mixed, we call this the ergodic mixing time. The three regimes above can then be understood in
the following way. When K is close to N/2, the transience time dominates the ergodic mixing
time, and the cutoff follows from the transience time cutoff from [12]. When K — N/2 is for
example a power of N, both times have the same order so we only obtain pre-cutoff. Last,
when K — N/2 is for example a positive fraction of N, the ergodic mixing time dominates the
transience time, and corresponds to a related SSEP’s mixing time. Then the cutoff follows from
adapting the proof of [16] for the cutoff of the SSEP.

The results in Theorem 2.2 are formulated in an asymptotic way, but we also have non-
asymptotic estimates which are given in Section 3.

3 Structure of the proof
For N > 2 and % < K < N, we set for all € € (0,1),

Onx(e) =inf {t >0:VneTnx,Py(n(t) € Tng) <c}, (14)
the transience time of the FEP on Ty with K particles. We also define

TEEPK( ) = inf {t >0:Yn € Enk,drv(Py(n(t) € ), Wf\?ﬁ( < 5} (15)

the mixing time of a FEP started from En : it is already ergodic, whereas 737 (€) is the worst

mixing time over all initial states, including transient ones.
It is not hard to see that

Proposition 3.1. For alle, N and N/2 < K < N,

Onac(€) V TET, () < TR (0) < O (5) + 7 (5) (16)

We then just need to combine estimates on the transience time from [12| and study T, E:]]PK (e).

We already know well Oy i (¢):



Proposition 3.2 (Transience time estimate from [12, Lemma 4.5, Remark 9| ). For all e, there
exists Ce > 0 such that for all N, for all % < K <N,

KQ
T2

1 < C.K*loglog K. (17)

_CgKQ S 9]\]7[{(8) - og m

If K = K(N) is such that log%g# — 1, there exists CL such that

Onx(e) < CLK? (18)
So it remains to study 7" (e).
Section 5 is devoted to proving the following result:

Proposition 3.3 (Upper bound). For all 0 < & < 1, for all sequence K = K(N) such that
VN,N/2 < K < N, and min (2K — N, N — K) — 400, there exists C. > 0 such that

K2
£ (€) € 55 082K — N) A (N = K) + CoK? (1)

Remark 2. In the conditions of Proposition 3.3, by [16], the right hand side of (19) is equivalent
to the e-mizing time of a SSEP on T with 2K — N particles.

Section 6 is devoted to proving the following result:
Proposition 3.4 (Lower bound). For all0 <e <1, N>2and N/2< K < N,

K? K
— log
4 V2K —N)A (N - K)

+OL(K?) < TE (e). (20)

N,K

Remark 3. In the case where K ~ pN and p > %, the left hand side of (20) corresponds to the
mizing time of a SSEP on Tx with 2K — N particles. Depending on the behaviour of K, this
wsn’t always true.

Proof of Theorem 2.1 and 2.2. Combining (16), (17) with Propositions 3.1,3.2,3.3 and 3.4 gives
the following bounds:

K? K 1 K

— |log =——=+ -1o + O.(K?) < 152 (e 21
™ R (<€)<£2 logL—i—}logQK—N)/\(N—K) + O.(K%loglog K) (22)
NEAZ) = g2 2K — N ' 8 c

and we can remove the loglog K in (22) if logZK-N) __, 4, Then, Theorem 2.2 follows by

log K
distinguishing on the behaviour of %LI;N), and we obtain Theorem 2.1 by noticing that the

maximum of the upper bound in (22) is achieved for the smallest values of K. O

The core of our paper will be proving Propositions 3.3 and 3.4.

4 A crucial mapping

We introduce here a mapping between the ergodic FEP and the SSEP which is a key ingredient
for the proof of both Propositions 3.3 and 3.4. We define it for the ergodic FEP but it can
directly be extended to all FEP configurations, that are then mapped to appropriate SSEP with
traps configurations, as exploited in [12].
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Figure 1: Illustration of the static mapping. The rank of the purple particle in n is k and its
position is Xi. Each site of ¢ is in correspondence with a particle of 7: the first site of o is
related to the k™ particle of 7, the second site of o to the (k+ 1) particle of n, etc. If a particle
of n is followed by another particle, it is underlined in blue in 7, and there is a particle on the
corresponding site of o. If a particle of 7 is followed by an empty site, it is underlined in orange
in 1, and the corresponding site of o is empty.

Static mapping. For the mapping to be bijective, we do not directly associate a SSEP con-
figuration to a FEP configuration, but a couple made of the position of a tagged particle in the
FEP and a SSEP configuration, to the couple made of the rank of this tagged particle in the FEP
and a FEP configuration. More precisely, for all FEP configuration n € I'y x, for all £ € Tk,
set

zi(n) =inf{z € Ty : Y _ny =k}, (23)
y=1

the position of the k™ particle in 7. Then,

Proposition 4.1 (Static mapping).

)Tk xEnk = TN X Tk ok-N (24)
(k7 77) = (xk(n)v U(k’n)%
where k1) € Ik ox—n is defined by, for alll € Tk,
ot =2 — i (n) + @ (), (25)

1s bijective.

Proof. Definition. It is easy to check that 0¥ as defined by (25), is an exclusion configuration:
by ergodicity of n, 1 < x;(n) —xj—1(n) < 2 for all j € Tx. To see that it has 2K — N particles,
we can sum (25) for 1 <1 < K.

Surjectivity. Now we show that, given a couple (z,0) € Ty X 'k 2N, we can find a couple
(k,n) € Tk x En,k such that ®(k,n) = (z,0). We construct a set of sites in Ty

l
I:{x+2(2—aj) modN,ogng—1}, (26)
j=1

where by convention the empty sum is zero. We set 1 the configuration on Ty such that its
occupied sites are the sites of I, ie 0, = 1y epy for y € Ty, and finally set

k= Z My - (27)
y=1



Then, we show n € En k. It has K particles, indeed the elements of I are distinct: for all

0<j<I<K,
l l

r+Y (2-0i) - <x—|—22—01>: > 2-o). (28)

i=1 i=j+1
The r.h.s. of (28) is clearly positive, we now show that it is strictly less than N:
o If I —j <N — K, (28) is upper-bounded by 2(l — j) <2(N — K) < N.
e If | —j > N — K, notice that ¢ has N — K empty sites, so o has at least [ — j — (N — K)
particles in the segment [j+1,[]. Hence (28) is upper-bounded by 2(I—j)—(I—j—(N—-K)) =
l—74+ N —K < N because | — j < K.

In all cases, the difference between two positions indexed by different 5 and [ is strictly between
0 and N, so taking modulo N the positions are still distinct, so I has cardinality K. Finally, 7 is
ergodic because by the definition of I, the maximum distance between two consecutive particles
is 2.

So (k,n) € Tk x En ik, and we just need to show that ®(k,n) = (z,0). First, Y2/, ny =k
so zx(n) < z. Then, n, = 1 because z € I, so V1l <y <z —1,%Y_n, < k. Soxk( ) = x.
Similarly, for all [ € T,

!
Try1(n) = Z —0j). (29)

So, for all | € Tk,

gl(k’") =2 = 2p(n) + Tpp1—1(n) =2 — (2 —0y) = 0y (30)

This concludes the proof that ®(k,n) = (z, o).
Injectivity. Let (k,n), (kK',n') such that ®(k,n) = ®(k’,n’). Then,

ak(n) = wp (1) (31)
VieTk, () — Tipi—1(n) = Tppa(n') — 21 (0'). (32)

Therefore, for all | € Tg, zx1(n) = xx11(n') so n and 1’ have the same particle positions, hence
n =1n'. Then, since xi(n) = 2 ('), k = K'. O

Notice that this static mapping allows to easily compute the cardinality of £y g, which was

already known by [9]:
N N K
[En k| = - Mrer-Nl = 4 <2K - N)- (33)

We could thus have shown only injectivity or surjectivity and used the cardinality of &n k to
obtain the bijectivity of ®, but we chose this approach as it yields a nice proof of the cardinality
of £ N,K -

Dynamic mapping. We now consider the effect of the FEP dynamics on the mapping.

Let (k,n) € Tk x Enk, we set k(0) = k and n(0) = n. Let x = xx(n), we set X(0) = z and
consider the joint dynamics of the FEP and a tagged particle, started from (z,7), given by the
following generator:

LFEP, tagf (z,n) Z My Z Ny—=(1 = My+2) (f(xvny’erZ) - f(%n))

1<y<N  ze{-1,1}

y#T
+ N Z 771—7;(1 - 77m+z> (f({E + Z;"fc’ﬁz) - f(.’E, 77)) . (34)
ze{—-1,1}



k=2 o Xi=4 k=2 o Xi=4

) L@ 0000@ *oéb o L@ 00000 *Q@o ,
(a) Jump to the left (b) Jump to the right
k=2 P X, =3 k=3 P X =4

) L0000 007 "0 @ O, ,00 00 00 @00,

(c¢) Change of X} and the current through o (d) Change of k and the current through 7

Figure 2: Different kinds of jumps. The tagged particle is coloured in purple.

We denote by 7(t) the FEP at time ¢ and X (¢) the position of the tagged particle in 7(¢) at time
t. We also set

X(t)
k() = > my(1) (35)
y=1

the rank of the particle at site X (¢) in n(t), it is a deterministic function of n(t) and X (t).
Defining the current through an edge as the total number of particles having crossed it from left
to right minus the total number of particles having crossed it from right to left, k(t) — k(0) is
equal to the current through edge (N, 1) from times 0 to ¢ in (7(s))o<s<t, modulo K. Last, we
set for all ¢t > 0

(Y'(t),0(t)) = ©(k(t),n(t))- (36)
A first observation is that for all ¢ > 0,

Y(t) = X(1). (37)

Indeed, k(t) is defined as the rank of the tagged particle, whose position is X (¢), so it is clear
that Y (t) = ) (n(t)) = X () at all times ¢ > 0.
Then we have the following;:

Proposition 4.2 (Properties of the dynamic mapping).
1. The process (o(t))e=0 is a SSEP started from o(0).

2. Forallt >0, X(t)— X (0) is equal to the total current through edge (K, 1) from times 0 to
t in (o(s))o<s<t, modulo N.

Proof. We list every possible transition of (X,n) and their effect on (X,0) = ®(k,n). Notice
that, aside from the evolution of X, this is the same proof as the dynamic mapping in [12], but
we focus here on the ergodic component. The transitions are summarised in Figure 2.

Jumps that don’t affect X. We consider jumps of particles other than the k** particle.

Consider a particle in 7 of rank k41 mod K with [ # 0, and set y = xp1(n) its position. If
it has a right neighbour and an empty site to its left, as in Figure 2a, then 0; = 1 and o;_; = 0.
Indeed, xg1i+1(n) = xp11(n) + 1, and since 7 is ergodic, zx;—1(n) = xx(n) — 2.
Let ¥%¥~! the configuration after the particle jumps to the left: then, x5, ;(n¥¥~1) = 241(n) —1,
Tt (YY) = 2pa (YY) + 2 and w1 (PPY ) = apa (V) — 1
Therefore, ®(k,n¥¥~!) = (Y,o"~1) where O'llle =o0; =1 and af’l_l =01 =0.



Similarly, consider a particle in 5 of rank &+ mod K with [ # 0 and position y. If it has a
left neighbour and an empty site to its right, as in Figure 2b, then 0;_1 = 1 and o; = 0.
Let n¥¥*+! the configuration after the particle jumps to the right: then, zx;(n¥¥*!) = x4 (n)+1,
Thyrp1 (VYY) = 2p (V) + 1 and a1 (pPYHY) = 2 (¥t — 2.
Therefore, ®(k,n¥¥+1) = (X, o!~1!) where af:}’l =0;=0and Jll*l’l =01 =1

Jumps that change X. If nx41 = 1 and nx_1 = 0, like in Figure 2c, then oy = 1, ox = 0.
As before, the jump 7 — nX*~1 induces a jump ¢ — o"¥. Such a jump reduces the current
through (K, 1) in the SSEP by 1.
If nxy1 =0and nx_1 = 1, then o7 = 0, oxg = 1. Then, the jump n — 7
jump o — ¢! which increases the current through (K, 1) in the SSEP by 1.
In both cases, the current through (K, 1) in ¢ has the same evolution as X.

X X+1 induces a

To conclude, all of these transitions occur at rate 1, so (o(t)) has the law of a SSEP started
from ¢(0), and (X (¢)) evolves like the current through (K1) in this SSEP. O

Corollary 4.3. The trajectory of a tagged particle in an ergodic FEP can be coupled in a de-
terministic way to the total current through the origin in the corresponding SSEP, taken modulo

N.

Remark 4. This can be generalised to any starting configuration for the FEP: the trajectory of
a tagged particle in the FEP can be coupled in a deterministic way to the total current in an
associated SSEP with traps, introduced in [12].

For 0 € ' o~ N, we denote by P, (o(t) € -) the distribution of the SSEP started from o at
time t. Set

Trok-N = U K2k-N) (38)

its invariant law. Then,

Proposition 4.4 (Stationary measures and effect of the mapping). The process (X (t),o(t)) is
a Markov chain, with stationary law V]"\,S[S{EP =U(Ty)® Wi{sgﬁ(iN.
Furthermore, if (X,0) ~U(TN) @ T35 _x, then X, 0) ~U(Tk) ® TN K = u?VFZP

Proof. 1t is clear that (X(t),o0(t)) is a Markov chain, of generator:

K-1

£ f(,0) = > (S, oY) = f(@,0)) + (f@+ ok — 01,05 = fla,0)), (39)

k=1
and for all (z,0), LSV (2, 0) = 0. Last, for any (k,n) in Tk X En k,

_ i 1 _ ILLr,FEP
) Klénx| "MK

VT (@ (k) = = (ko) (40)

N N (2K—N

In the following proofs, we focus on the case where 2K — N < K/2, so when we study
the SSEP it has less particles than empty sites, but the exact same proofs could be done for
2K — N > K/2 by replacing all of the 2K — N by N — K (this would correspond to viewing the
particles in the SSEP as empty sites and vice versa).
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5 Proof of the upper bound
We give ourselves an initial ergodic configuration 1 € £y g, and an initial rank

k(0) ~ U(Tk), (41)
independent from the rest. For all ¢ > 0, set

(X (#),0(t)) = ®(K(t), n(t))- (42)

Our strategy will be to find a time such that (X (¢), o(t)) has probably been coupled with a (X', o”)
whose law is close enough to U(T ) @735 . Then, by Proposition 4.4, dry (P (n(t) € -), %)
will be small. To lighten notation, we give a name to the number of particles 2K — N in ¢ and
set

P=2K —N. (43)

5.1 The height function representation

We now introduce the representation of the couple (X (t),0(t)) as a height function. This is a
very convenient way to keep track of the joint law of the two coordinates. We inspire ourselves
from [16] where this is used as a tool to develop a coupling between the SSEP and its equilibrium
measure. In the case of [16], only the SSEP part is looked at, but here we will use to our advantage
the fact that when height functions couple, not only the SSEP parts but also the first coordinates
have coupled. We now give definitions and some useful properties from [16].

Definition 2 (Height function associated with a couple). Let (Y,0) € Z x ' p. The map to a
height function is defined as

_ ZXFKJD—)ZTK (44)
(Vo) = ¢,
where
Go=Cr=-Y (45)
Gh=C1+or— L VI<k<K.

Notice that we allow the first coordinate to be any integer and don’t take it modulo N yet,
this will be useful for us to put height functions one above another. Notice also that when ¢ has
a particle at site k, ¢ goes up by 1 — %, otherwise it goes down by %. Set

QK,p = \IJ(Z X FKJD) (46)

the set of possible height functions, then W is bijective from Z x I'r p to Q p.
We define a Markov chain on €2x p called the corner-flip dynamics, following the definition
from [16, Section 5|:

Definition 3 (Corner-flip dynamics). For ¢ € Qi p and k € Tk, define C* the configuration
with a flip at k such that

{¢=Q Vi k )

CF = Gr1 + Go1 — G

Then, the corner-flip dynamics on Qg p is the Markov chain such that for all k, ¢ goes to ¢k oat
rate 1 and other transitions aren’t possible.

Notice that this dynamics corresponds to turning a local maximum into a local minimum
and vice-versa, hence the name. Then we have the following property:

11
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Current +1

~

Initial height —1

Figure 3: Illustration of the dynamic mapping and the link between current and initial height.

Proposition 5.1 (Dynamic mapping with the height function). If o(t) is a SSEP started from
o, and Y(t) —Y(0) € Z is the total current that went through edge (K,1) in (o(s))s<¢, then
setting ((t) = V(Y (t),0(t)), (C(t))i>0 follows corner-flip dynamics as defined above.

Proof. We just need to analyse all possible transitions. It is classical that a particle jump
induces a corner flip. In the particular case of a jump across the origin, if this jump increases
the current, we go from a local maximum to a local minimum, so (y decreases by 1: it therefore
has the same evolution as —Y'(¢). Similarly, if a jump decreases the current, it means we go from
a local minimum to a local maximum at 0, so that (p increases by 1, and again (y has the same
evolution as —Y (¢). This is illustrated in Figure 3. O

Proposition 5.2 (Fluctuations of the density in the SSEP). [16, Proposition 3.2] There exists
¢ > 0 such that for N big enough, for all o € ' p and s > 16, if t > 8%](2 log P,

l P )
P, 3k 1Tk, | Y. (aj(t)—K> > sV/P | < 2exp(—cs?). (48)

j=k+1
Proposition 5.3 (Fluctuations of the density in the stationary SSEP). [16, Remark 4.3] There
exists ¢ > 0 such that for N big enough, for all s >0, if o ~ 7P,

!
P
mp | 3k, 1 € Tk, E <Uj - K> > sV P | < 2exp(—cs’). (49)
j=k+1

Last, we will use the coupling from [16, Section 5.3] and the time needed to couple from [16,
Proposition 5.3].

Proposition 5.4 (Monotonous coupling). Let (,{’,¢" € Qk p such that ( < (' < ¢”. There

exists a coupling Q of (¢(t),{'(t),¢"(t)) such that {(t) (resp. ' (t),C"(t)) has the law of corner-flip
dynamics started from ¢ (resp. (', ¢") at time t, and ¥Vt >0, {(t) < {'(t) < ¢"(t) Q-a.s.

Proposition 5.5 (Coupling of two height functions). Let o ~ mp, let x € Z and H > 0. Let
(W = ¢OH = W(z+ H o) and ¢(? = (@H = U(x — H,0). Notice that (V) > ¢®. For all
s> 0 and 0 < e < 1, there exists C(s,e) > 0 such that if H < s\/P, for allt > C(s,)K?,

Qe cn (V@) # (P @) <, (50)

using the same coupling as before.

12



g ~TE P
=Y(t)+U \/\/\/\
C(t)
=Y (t) \/\/\/\ I < s:VP
~Y(t))—-U \/\/\/\

Figure 4: Summary of the coupling strategy. The maximum height difference of ( is controlled
by Proposition 5.2. This gives us the inequality () < ¢ < ¢, Lemma 5.8 tells us the initial
heights of ¢ and ¢® modulo N are close to being uniform. So when all height functions are
coupled, (X (t),0(t)) is close to U(Tn) ® T3

5.2 Coupling with near-equilibrium

The idea of the coupling is summarised in Figure 4. Recall we consider, for all t, (X(t),0(t))
where X (t) € Ty and X (t) — X (0) gives the total current (modulo N) that went through edge
(K,1)in (0(s))s<¢. It will actually be more convenient for our purpose to work with (Y (¢), o (¢)),
where Y (0) = X (0) and for all ¢, Y(¢t) — Y(0) € Z is the total current through the origin in
(0(s))s<t, not modulo N. It is then easy to go back to X (¢) by taking Y (¢) modulo N.

Now, for all ¢, we set

((t) = U(Y(t),0(t)) (51)
the associated height function. Since we considered the current in Z and not modulo IV, we can

use the dynamic mapping with the height function from Proposition 5.1.
We set t; = #KQ log P. By Proposition 5.2 we can give ourselves s = s such that

l

P, | 3k1,|> <aj(t1) — ;,) >sVP | <e/d (52)

j=k

Notice that this is equivalent to

Q ( I?e%rx Ck;(tl) - Q(tl) > S\/F> < 6/4. (53)

kv K

Definition 4. Take o' ~ 732} independent of the rest, s’ = % and U ~U ([[s’x/ﬁ} , 2(3’@1])
independent from the rest. Then we set

(W) =W(Y () =U,0")  and (P(t) =T(Y(th)+U,0), (54)

Lemma 5.6 (Inequality between height functions). With probability greater than 1 — ¢,

¢ () < () < ¢(Wita). (55)
Proof. For any height function £, we set A(§) = max &(t) — & (t). Since s’ > 2s.,
Q(¢(t) <¢(t)) = Q (AL(h) < sVP,ACD() < sVP) . (56)
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So, Q (¢(t) % ((t1)) < Q (A1) > svP) +Q (AW (1)) = sVP) < 5 b

conclude similarly for ¢ (t;). O

y (53), and we

[\llg)

Now, for t > t; we make the height functions evolve simultaneously under the corner-flip
dynamics with the coupling Q.

Lemma 5.7 (Time to merge). There exists C(s',€) such that, setting to = C(s',e)K?,

Q (C(l)(tl ttg) =Pt + 1) = C(t + t2)> >1—-2¢ (57)

Proof. This follows from applying Markov property at time ¢; and combining Lemma 5.6 and
Propositions 5.4 and 5.5. O

Lemma 5.8 (Distribution of the initial height). Fori € {1,2}, set X (t;) = —CO (t1) mod N.
Then,

dry (Q(X@)(tl) e -),U(TN)) <e. (58)

This result is more difficult and the proof is postponed to the end of the Section. In the
meantime, we will explain how the combination of these results leads to an upper-bound on the
FEP mixing time.

Lemma 5.9. For allt > ty, set (YO(t),0@(t)) = W=1(¢O (1)), and recall that XD (t) = YO (¢)
mod N. Then, Vt > tq,

dpy (@ ((X@‘), )(¢) € ) U(TN) @ WKP) <e. (59)

Proof. By Lemma 5.8 and the independence of X (t1) and o (t) (see Deﬁmtlon 4), we have
dr (Q((XD,00)(t1) € ) UTy) @735 ) < e Then, under @, (XD (1), 00 (8))rs, is dis-

tributed as the joint law of a SSEP and its current started from (X (1), 0 (t1)). Since this is
a Markov chain, the total variation distance to its invariant measure decreases. O

Combining all the previous results, we obtain
Proposition 5.10 (Distance of (X (¢),0(t)) to equilibrium). For all t > t1 + ta,
dry (P(x(0),0) (X(1),0(1) € ), U(TN) @ TF) < 3e. (60)
Proof. Let A C Ty x 'k p and recall V° Pl =U(TN)® TP

P(x0) (X(1),0(t) € A) S P(x,0) <(X(1)(t)7 o(t)) € A) +Q (C(l)(t) # C(t))
<VRRT(A) e+ 2 (61)

We conclude the proof of Proposition 3.3, by showing that

K2
Vit > ) log P+ C.K?, dr (Py(n(t) € ), TN ) S €. (62)
™

Let AC Enx and t >t +t2(e/3) = 87r2 > log P + C(s E/3,5/3) , with C(s,e) from Proposition
5.5. Let (XY, oY) ~ U(Ty) ® T and (kYY) ~ U(Tk) ® ﬂf\?%, recall by Proposition 4.4

14



that ®(kY,nY) has the same law as (XY, o").

Py(n(t) € A) = Pr(0)m) ((k(t), (1)) € Tic x A)
=P (x(0),0)(X(t),0(t)) € D(Tx x A))
<P ((XV,0V) € BTk x 4)) +¢
=P ((,n") € Tk x A) +¢
=y k(A) +e, (63)

which concludes.

5.3 Distribution of the initial height

We now prove Lemma 5.8. We will only show (58) for X®)(t;) = Y(t1) + U mod N, since the
proof is the same for Y (¢;) — U. We will need this useful property:

Proposition 5.11 (Distribution of the first coordinates). If k(0) ~ U(Tg) and is independent
from (n(t))¢>0, then ¥Vt > 0,

o k(t) ~U(Tk) and is independent from n(t).
o Conditionally on n(t), X (t) is uniformly distributed over the occupied sites of n(t).

Let z € Ty. Let U ~U ([[s’\/ﬁ},ﬂs'\/ﬁlb independent of (k(t1),n(t1)). Recall that we

consider segments as clockwise modulo N intervals (or modulo K in the context of T).

PY(t1)+U =2 mod N)=P(X(t1)+U =z mod N)
2[s'VP] K
= > D Pk(t)=kU=uxr(nt1)) =2z —u mod N)
u=[s'/P] k=1
then since U 1L k(t1) and (U, k(t1)) 1L n(t1),
2[s'VP] K
= Z ZIP’a:k (t1)) =x —u mod N)
K wu o
2[s'V/P]

[ 1u [V

%: 5

= =7 Ellm ()], (64)

where I = [z — 2[s'v/P],z — [s'VP]].

Proposition 5.12 (Link between particle density in the SSEP and the FEP). For all s, P > 1,

P, <E| a segment I C Ty,

a0l - 11 > 3, VP
I+1

<P, | 3k,1|D (a](tl) - K> >sVP—1] (65)

Jj=k
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Proof. Notice that a segment J of size j in o(t1) corresponds to j consecutive particles in 7(t1),
which are contained in a segment of size ), ;2 — ox(t1). Indeed, if there is a particle at one
site in o(t1), it means there is no space between the corresponding particle in 7(¢1) and its right
neighbour, so this corresponding particle occupies a space of 1 in n(t1). If there is no particle at
a site of o(t1), it means the corresponding particle in 7(¢;) is followed by an empty site in n(t1),
so it occupies 2 spaces in 7(t1).

So given a segment J in the SSEP, there is a corresponding segment in the FEP, starting
with a particle, of length », - ; (2 — 0;(t1)). Now, replacing P by 2K — N, notice that:

+1
2K — N
PU E”{:,l . Z <O’j(t1) - ) Z S\/ﬁ

: K
Jj=k
N +1
=P, | Il | 5o (1 =k +2) - Zk (2 —0j(t)| > sVP |, (66)
J:

which is therefore the probability that in the FEP, there exists a segment I starting with a
particle such that ||n;(t1)] — LI = skVP.

If there exists a segment I = [z,y] such that n, = 0 and ‘|17‘1(t1)| — %]IH > sN\F holds,
then for I’ = [z + 1,y], we have “n\f(tl) - %HH > %(5\/?— 1) and nz41 = 1. So,

K K
P, <3 a segment I, (t1)] — N|I\‘ > SN\/TD)

()] - ]| = J VP -1)

<P, <3 a segment [ starting with a particle ,

Z (Uk(tl) - Ii)

keJ

=P, (EI a segment J C Tk, > sVP — 1) : (67)

O

Remark 5. The same result can be shown when considering o' =1 — o0 and P’ = N — K, to
prove the upper bound when N — K < 2K — N.

Let s such that Py (b, : |25 (o(1) g )| = sV/P~1) < 5. Then, the probability that

Imr(t)] < 1|15 + s® /P is greater than 1 — £
So, setting I = [z — 2[s'v/P],xz — [s ’\FH, since |n7(t1)| < |I] we have
P(X(t) +U =2) = E [Inyr(t1)l]

e (1T + s vP + 5101)

1
III

=2 (68)

Setting s’ = 2s, we have P(X (1) + U = z) > 80 doy (P(X(t1) +U € -),U(TN)) < ¢
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6 Proof of the lower bound

In this Section, we will also assume that 2K — N < N — K and use the shorthand P = 2K — N.
To show the lower bound for 2K — N > N — K, simply replace ¢ by ¢/ = 1 — ¢ and P by
PP=N-K.

We choose a specific initial configuration

N—ee . ..00000.. .00, (69)

2K-N  2(N-K)

We wish to show that for t < ﬁK 2log % —C.K?, there is an event A that has small probability

under the invariant measure but there is a big probability that n(t) € A. More precisely, for
s> 0, set

K
As = {77/ € SNJ( : Elx,y, |77|[:z:,y71]| — N(y — a:) > S\/ﬁ} . (70)

Then, we will show that

Lemma 6.1.2 For all 0 < e < 1, there exist C. > 0 and s = sz > 0 such that
for allt < %log L _Cc.K?,

Z VP
TR (As) < € (71)
Py(n(t) € As) > e+¢, (72)

where &’ = min(e, 152).

To show (71), we can use Proposition 5.12, taking ¢ to infinity, to relate " (As) to the

probability a similar event for the SSEP under its invariant measure. Then, using Proposition
5.2, we can find a s = s, such that 7/} (4;) < ¢'.
Now, to show (72), we will use this result, in the spirit of Proposition 5.12, but giving a lower

bound:

Proposition 6.2 (Relating fluctuations in the FEP to fluctuations in the SSEP, lower bound).

P, (EI a segment I C Ty,

a0 - 11 > 3,V )

I+1
>P, |3k |> <aj(t) —i) >sVP|. (73)

J=k

Proof. We start from the same observation as in the proof of Proposition 5.12: in the FEP, there
exists a segment I starting with a particle that contains m particles iff in the corresponding
SSEP, there exists a segment .J of size m such that ), (2 — o}) = |I]. So,

] = 101 = 1 5 S 2 - ak<t>>|
keJ
:% Z(g—?-ﬁ-ﬂk(t))‘
keJ
3|2 (on0 - 2 N)| (74)
keJ
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So,

P, <E| a segment [,

10 - 11 > 3,V )

K K
>P, (EI a segment I, Ninsr(t) =1, 'nu(t)\ — N\I\‘ > SN\/]3>

P
=P, (3 a segment J, Zok(t) 7 > s@) , (75)
keJ
which concludes. O
Remark 6. As mentioned in Remark 5, the same result can be shown for ¢/ = 1 — o and

P’ = N — K, which is the setting when N — K > 2K — N.
We now show (72). Recall that 7 is defined in (69), we set £(0) = 1 and for all ¢ > 0,

(X(2),0(t)) = @(k(t), n(t)), (76)
where @ is the mapping defined in (24). In particular, we have o(0) = 1j; p). We set J = [1, P].
Then, we will study E,[|o|;(t)]] — 171
For all k € Tk, set ug(t) = Ey[ox(t)]. By Kolmogorov equation, we have for all k and ¢

Bk (1) = (1), (77)

with A the discrete Laplacian, such that Aug(t) = up—1(t) — 2ug(t) + ug+1(t) and w(0) = 1.
Set pg:k+— land forall 1 <[/ < |K/2land 0<k<K —1

2mlk

d1(k) = V2 cos i (78)
Gi(k) = V2sin 27;’“ (79)
Then
Agy =0 (80)
and for all 1 <1 < |K — 2],
A¢p = — oy (81)
Ay = — iy, (82)
with o
pp =2 <1 — cos ;) (83)

The (¢1)o<i<|x/2) and (1), <[E-1 form an orthonormal basis for the following scalar prod-
SIS SIS
uct:

1Kl

(F.0) = = 3 Fk)g(r). (54)
k=0

We set xo = ¢o, Ao = 0 and for 0 < k < [K/2| — 1, Xok+1 = Pk, X2ht2 = Uk, Aoky1 =
Aok+2 = pg. Note that g/ = xx = 0 if K is even, so our orthonormal basis is given by the
(Xx)o<k<k—1- Then, denoting by ¢; = (x;,u(0)), we have for all ¢

K-1
u(t) =Y e Ny (85)
1=0
p K-1
= EHTK + Z Clei/\ltxl. (86)
=1
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Then, for all ¢,

K-1
=K 61267)\”5
=0
P2 K-1
= e TR e (87)
=1
Therefore,
P2 K-1
Kete ™ < Eqlloy (0] - 57 < e MK Y o, (88)
=1
and since Y1 7 < (u(0),u(0)) = £, for all ¢,
1 Kc 1 P
— log L <t<—log > (89)
M Eollo (O] - M Eolloy () -
By Cantelli inequality, for A < 0,
)\2
P,(|lo; )| — Exl|lo; ()] = A) > . 90
O’(| |J( )‘ O'H |J( )” = ) =2 +V(LT‘(|O’|J('[J)|) ( )
Using negative dependence (see for example [17, Lemma 4|), this becomes
AQ
P,(lo;(t)| — Egllo 7 (E)]] > A) > . 91
(|oy.r ()] (o7 (#)]] ) A2 4By (o) (t)]] (91)
Let s’ > s. such that (s — s.)% > 1f‘£i_, (1+s'). Then, since £ <1 and # <1,
P s 1
— — 1) (s —s)? 92
wt o< (ca1) e (92)
so that 1
; - — >e+¢. (93)
S
]. + (8/—85)2 (? + \/ﬁ)
So, if we choose t* such that E,[|o;(t*)|] = %2 + s'v/P, and set A = —(s' — 5.)V/P,
Polo1s(6)] = Eallou ()] 2 = P (lo1s (6] 2 o +5VP - (= 5VP)
* P2 \/7
=P, | o (t")] > 5 T P
)\2
> by (91
_ 1
N 1 P /
o (R +55)
>e+¢e. (94)
We now estimate the corresponding time ¢*:
1 Kci 1 P
— log A << —log ——= (95)

A1 svP~ T\ sVP

Since )\% = %—i—(’)(l) and ¢; doesn’t go to zero, for all t < % log %4—(’)5(](2), t< T (e).
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