Some Elliptic Second Order Problems and Neural
Network Solutions: Existence and Error Estimates

Jerome Pousin!

Abstract

Recently some neural networks have been proposed for computing approximate
solutions to partial differential equations. For some second order elliptic or
parabolic PDEs, error estimates are proved between the solution and the com-
puted one with neural networks, assuming this one minimizes a L norm or a
dual norm of the residual, or an abstract loss function. In this article, for some
second order elliptic PDEs, thanks to a gradient flow strategy, we prove the
existence of a neural network solution minimizing the loss function with respect
to the neural network parameters and we give an error estimate between the
solution and the computed one with neural networks. For some nonsymmetric
elliptic PDEs, the problem is expressed in form of a MinMax problem which
is approximating with a double NN. Thanks to a diagonal extraction process a
result of convergence is established with respect to the parameters of NNs and
errors estimates are also given.
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1. Introduction

Feedforward neural networks (FNNs), or machine learning have become very

popular in computer science in recent years, particularly for images processing
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and signal processing. These methods aim to approximate functions with layers
neurons (or units), connected by linear operations between units and nonlinear
activations within units, by minimizing a loss function J over a learning set,
see [6]; [8]; [15] and references therein. Motivated by the performance of deep
learning-based solutions in classical machine learning tasks, and since FNNs
do not require meshes allowing to consider problems in large space dimension,
FNNs are, now some time, used for computing approximate solutions of some
PDEs. In [1I0], it is proved that a ReLU deep neural networks has the ability to
represent the basis functions of simplicial finite element of order one, allowing
so to approximate elliptic second order PDE problems which can be formulated
as minimizing an energy functional as in [23]. For some elliptic second order
PDEs, generally, the loss functions are based on a least squares formulation of
the residual of the PDE in LP norm or in a dual norm of the residual (see [5],
[20] for example), eventually augmented with a penalized term for the bound-
ary conditions and a regularization term. In the first case, error estimates have
been proposed between a NN-solution of the PDE and the exact solution in [I§],
[16]. In the second case, if the elliptic operator is not symmetric, the problem
can be formulated in form of a Min-Max problem, that optimization problem
is used for calculating NN-solutions (also called adversial solutions). Ap-
proximating a Min-Max problem requires to deal with two NN. Error estimates
have also been proposed in [II], [I2] and [22] for example. Here we have to
notice that, in both cases, the NN-solutions considered minimize an abstract
formulation of the loss function, that is to say that the optimisation process is
with respect to NN-functions as elements Sobolev spaces and not with respect
to parameters of the NN. Unfortunately, it is well known that the realization
spaces of NN-functions have very few topological properties [19]. In [13], by
using a temporal discretization, nonlinear parabolic PDEs are approximatively
solved with a FNN. The loss function consists of a L?-least squares formulation
of the equation augmented with the boundary and initial conditions. The neural
network is then trained to minimize, with a stochastic gradient descent, the loss

functional by a discretization of integrals and randomly sampling spatial points.
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A similar way is adopted in [21].

For elliptic PDEs, The loss function minimizing problems have a gradient flow
structure (see section 3), which validates that a gradient descent ( respectively
ascent) strategy converges towards a minimum (respectively a maximum). In
this paper, for some elliptic problems, it is proved that a gradient technic applied
to the NN parameters set converges towards a minimum of the loss function and
errors estimates are given. For the nonsymmetric elliptic PDEs, the MinMax
problem is approximating with a double NN, and thanks to a diagonal extraction
process a result of convergence is established and Errors estimates are also
given.

The paper is organized as follows. Second section is dedicated to some proper-
ties of NNs. Third section consider self adjoint elliptic operator. A collocation
method with a Gauss quadrature is introduced for evaluating the residual, and
the NN is trained with a gradient descent technic with respect to parameters.
A convergence result is given and error estimates are presented. Section 3 in-
vestigates the case of nonsymmetric elliptic operator and the Min-Max problem
associated. By using a diagonal extraction principle an existence results is given
and errors estimates are proved. The section is ended with some remarks con-

cerning the way in which boundary conditions are accounted.

2. Neural Networks

Consider a NN with a scalar-valued output N(L, ) defined as composition of

many layers of functions:
]V(L7 9) = N(L,wL, bL)oN(Lfl,wL_l, bL—l) N -N(Q,WQ, bQ)ON(l,wl,b1>, (1)

where the symbol o denotes the composition of functions, L is the depth of
the network and N(I,w;,b;) is called the I*"* hidden layer of the network for
1<I<L—1. Alayer N(I,wi, by) : R%-1 — R% is defined as composition of an

affine transformation R%-1 — R% where w; is a d x (d — 1) weights matrix, b;
T _1:—wiT—1+b;
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a RY bias vector, with an activation function

c: R — R
t — tT = max(0,t)
or the hyperbolic tangent or the sigmoid function if more regularity is required

for the functions that the NN yield. We have
J\/'(Lwhbl) ZJ(wl.’L‘lfl +bl) (2)

here the function o acts component-wise for a vector. The last layer is a linear
transformation. Each component of the vector valued function N(I,w,b;) is
seen as a neuron and its dimension defines the width or the number of neurons
of the I*" layer. The set of ZzL:1 d; X (dj—1 + 1) parameters of the NN is denoted
by 6, and its cardinal is denoted by |6].

Let us note that Z, the set of all NN defined by [1} is a finite dimension vector
space the dimension of which is |f|, which is isomorphic to RI?l. This vector

space is equipped with the following norm:

13200 = IV (200) e s, i

with

V(L 0) o = i o

For d be given, let @ C R? be a convex bounded open subset with a C%!

boundary 9Q with Q compact, and denote by C'(Q;R) the set of differen-

tiable functions with a continuous derivative. Introduce the realization map

R, : Z — CY(;R) when using the sigmoid function or hyperbolic tangent
N(L,0)—R, N(L,0)

for function o which will be assumed in this paper.

Lemma 1. Let Q C R? be compact, and let o globally Lipschitz continuous,

then there exists a constant 0 < C(o, Z), such that
Lipschitz(R,N(L,0)) < C(0,Z)||N(L,0)| co,sc;

Moreover, if 0 € Bygio (0, B), then ||RgN(L,0)|lw1.(q), ||MHL@0(Q), and

a0
I 9°Ry N(L,0)

YD | o) are bounded for any parameter 6eb.



70

75

PRrROOF. See [19] prop. 4.1 for the bound C(o,Z) of the lipschitz constant of
map R,, depending on ¢ and on the structure of the NN, which implies the
bound in W1* norm. The other bounds are consequence of composition of

affine functions with functions o.

2.1. Feedforward Neural Networks

The parameters (weight matrices and bias vectors) are to be determined with a
training set by minimizing a convex functional J usually called loss function.

For given integers {d;} ,, define C(L,0) the set of realizations of FNN by:
C(L70) = {1’ = RUN(L,H)(I) = N(Lerv bL) O ON(lvwh bl)(x)} (3)

where N(L,0) is defined by (), and N'(l,w;, b;) by (2).

The space C(L,0) is not a vectorial subspace (see [20] section 2 for a trivial
example when o is a max function, but a star-shaped with respect to 0 subspace
of Lipschitz functions). It is not convex, neither closed for the L? topology (see

Theorem 2.1 and Theorem 3.1 in [19]).

2.2. ability to approximate functions with a NN

Approximating a function with a neural network has been considered for a long
time by many authors and is known as the universal approximation property.
The smaller the precision, the more neurons in the hidden layers one should take
to reach the required precision [I4]. For 1 < p < oo, we denote by LP(Q) the
standard Lebesgue’s space of functions defined on Q2. For 1 < n, the Sobolev’s
space W™P(Q) is defined as the set of functions in LP(Q2), the distributional

derivatives of order up to n are in LP(Q):
WmP(Q) ={f € LP(Q); D*f € LP(R2), 0 < |a] < n}.

W™P(Q) is a Banach space when is endowed with the following norm [7], [3]

3 =

||f||W"=P(Q) = Z ||Daf||12p(9)

0<|al<n
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Now we give the universal approximation property proved in [14]. For a fixed
0 < B, denote by B = {f € W™P(Q); || fllwnr) < B} the B-radius ball of
WmP(Q).

Theorem 2. Let 0 < d; 1 < p<00;2<n;0< Band0 < s <1 be given.
Then for any e € (0, %) and for any f € B then there exists a FNN N(L,0), the
deep of which is L with a parameters set 0 and a function RoN(L,8f) € C(L,0)
verifying

1R N(L,05) = f()lwer(@) <€ (4)

For the case Q2 = (0,1)?, in [9] Theorem 4.1, the following bounds are provided:
there exists 0 < ¢(d,n,p, B, s) be such that

L < c(d,n,p, B, s)log, (e7-7)
and |6|, the cardinal of parameters set, is bounded by:
|6| < C(da n,p, Bv 8)67;77’1S 10g2 (6%)

Assume Q = (0,1)¢, let us end this section with a classical result concerning

numerical integration.

Lemma 3. Let 0 < p be a small parameter, the interval (0,1) is divided into
subintervals the length of which is u. Denote by {x;, W;}M, the tensorized Gauss
points and weights for Q, and denote by {y,w, }]—:1 the tensorized Gauss points
and weights for 0N2,. Then there exist 0 < C1,Cs not depending on p such that
for every f € WHo°(Q) N W1>(9Q) we have:

‘/f dI—ZWf% )| < Ci(© )Mf\lfllvvlom

f ds—zwgf yy)| < Ca(0) = | fllwr e

j=1
Remark that for domains €2 which can be obtained by deforming hypercubes,

similar results concerning numerical integration are valid.
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3. The case of some second order self-adjoint elliptic PDE in d-

dimension

Consider an operator A in a divergence form, Av = Zf’j:l —D;(a;jDjv) + agv,
with a;; = a;; € C¥1(Q); 0 < a < ap € CH1(Q) and where there exists 0 < «

such that J
allé|fa < Z ai;j ()&,
ij=1

for all z € Q and ¢ € R? Problem PE reads: for g € C*(Q) be given, find
u € WH2(Q) verifying:

Au =g in

u =0 on 0f)

(5)

Problem PE has one solution in W22(Q) N (W'2(Q) N Ker(y)), where v :
W2(Q) — W22(0Q) C L2(09) is the trace operator (see [7] Chapter 2 or
31).

It is not possible to include the boundary conditions in the space C(L, 8), thus a
penalization strategy is proposed for the Dirichlet boundary condition v(u) = 0
in the same way as in [20]. For 0 < 7, define V the Hilbert space W2(Q)

endowed with the following scalar product:

d
1
(v,w)n:/ E aijDiijerangdquf/ vwds, Yv, w.
Q. nJoo

ij=1

The associated norm is denoted by

d
1
\Hv|||3} = / Z ai;DivDjv + agv? dr + f/ v?ds (6)
=1 nJoa
Lemma 4. The norm ||| - |||, defined by@ is equivalent to the norm of W12,

For a proof see Lemma 3 in [20] where [, [Vv|? dz is replaced by [, szzl
agv? dz.

We have u € W22(Q)N(W2(Q) N Ker(y)) the solution to Problem PE verifies

aijDiijv—i—



105

110

the following minimization problem:

u= Argmin J,(v) =3 [, ijzl aijDivDjv + agv® — 2gvdx + 5 [0 v ds(T)
veEWL2(Q)NKer(y) ’

= Argmin J,(v) = 3 (|[lv = ulll7 = [lulll7) (8)
veWL2(Q)NKer(y)

since a variational formulation of Problem PE reads:
d
/ Z aijDiuD;v + aguv — gvdz = 0Yv € WH2(Q) N Ker(y).
Q=1
When approximating Problem PE with a NN, it will be needed to keep param-

eters § bounded, therefore a penalized term is added to J,. Let 0 < B be given,
define

) ,
Ty(RaN(L.8) = 5 (IIRe N (L) = ullp = ) + 3= 3 (63 = B) " 0

q=1

u = Argmin Jf(RUN(L, 0)) =
R,N(L,0)eC(L,0)

LS00 Wi (X m i (@) Du(Ro N (L, 0) DicRo N (L, 0) (1) +
ao(wi) (ReN(L, 0))” (1) = 29R, N(L,0)(x:) ) +
2 S wy (RoN(L,60)* () + & S, (02— B2) "

Now we give an existence result for Problem

(10)

Lemma 5. Assume 2 = (0,1)% and o to be hyperbolic tangent or sigmoid func-

tion, then there exists u € C(L,0) solution to Problem [I0

PRrROOF. In what follows the notation R, N (L, #) will be replaced by N () with
0 a real parameter for keeping the presentation as simple as possible, the case
of the NN is a straightforward generalization. First, the case of function J,
is considered, and we show the gradient flow structure of the minimization
problem. After simple calculations we check that J,, is differentiable with respect

to 0:

DyJ,(N(9)) = <N(0) —u, m;f)> + %(92 — BYH* e



We have:

LN O®) = Dt (V) o) =
<(N(9) o, aNéZ(t”) L - 32)+9> Low

Choose for a positive parameter h

d

and we get that t — J,(N(0(t))) is a decreasing function, allowing to use a

descent gradient strategy for minimizing the function.

Now skip to Problem with the function Jf]; . Introduce the positive semi-
definite bilinear form (-, )f defined on C(L,0) x C(L,0) and the linear form

(g, -)G defined on C(L, 6) be such that

2

1
4n

The derivatives of function Jfl; are given by:

G el
1 2 _ p2\+
77(9 B*)t0
¢ 2 G
R e R R I
G

2
<g, gN ) é\gé@)) + % ((92 — BHt 4 26%sgnT (0% — Bz))

us  For minimizing Jf]; a gradient descent algorithm is applied, which reads:

e Choose 6y, n =0,
* 0n+1 = 9n - hDQ‘L?(N(en))
e While |6,,41 — 6,] is not small enough do

— compute Dng(N(GnH))

(V). NO)T 200, NONT| + - (62~ BT
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— n=n+1 and go to *

The function J is coercitive at infinity (limg|_, o0 J&(6) = +00). Thus we can
assume there exists 0 < Bj such that for minimizing sequences 62 < B?, other-
wise, if #,, were not bounded, it would not minimize J,? . Lemmadaims that
N(0,); % ; % are bounded in L norm. The second derivative of J§
is constituted of scalar products computed with numerical integration, involv-

ing N(6,); 250n) daN( n) Thus [D2,JG (N (0n) + E(N (041) — N(6,)))] is

bounded. The parameter h is chosen such that for all 62,62, < B? we have:
B DG Ty (N (8n) + &(N (1) = N (0n)))] < 15 V€ € (0,1).
We have:
h2

TN Bns0)) = J§ (N (0)) = =h (Do (N(8.)) + 5

D32 i (N(6) + E(N (B1) = N(60))) (Do Ty (N (6)))?
< 5 (DTG (N(B)”.

The sequence J,?(N(Hn)) is decreasing, and since J,?(N(Hn)) < JE(N(6p)) =0
we deduce the following bound for 6,,:
62 < B% + 2\/77g iWiQZ(xi).
@i
We have:

*% ZWI'QQ(%:) < JE(N(8,)) < JS(N(60)).

The function J< is bounded from below there exists a subsequence J (N (6,,,))

and a real a with Jf(N(an)) — a. The sequence Jf(N((‘)np)) converges.

S0y = (DaJy(N(8,)))° + 15
D3, JE(N(0) + (N (n11) = N(62))) (Do Jy(N (62)))* ;
is bounded from above by
>~ (DyJy(N(6,)))* and thus since JG(N(6,,)) converges

>l & (Do Jy(N (0 )))? converges .

10



125

130

135

There exists a constant C'(ag) such that
0 < Jy(N(0n,)) + Clao) (9,9) -

Then we have the following estimates:

1

[J5 (N (0,)) + Clao) (9:9)| " = [JE(N (0, 41)) + Cao) (9,9)°

Nl

IN

1
2

IN

[0, + Cla) 0000 = [I§ 50,010 + Clao) (51)°]

Nl=

N
N

[Jv?(N(enp)) - Jv?(N(an-&-l))] < [%DGJn(N(enp))Q]

The function /(-) is continuous, thus the sequence

{[Jy(N(0n,)) + C(ac) (9. 9)] 2}

converges and the serie \/g > pe1 Do Jy(N(6,,)) absolutely converges. We get
the existence of a subsequence {6,,, } ,en converging toward 6. Since the realiza-

tion map R, € C°(Z;C1(;R) we have
RsN(0n,) — RsN(0),
and JnG (RoN(0n,)) — JWG(RUN(Q)) which is a solution to Problem

In what follows, we deal with the expression |Z| for function J, since function u
is not known. We have the following existence and error estimate for Problem

LLO

Theorem 6. Assume Q = (0,1)¢ and o to be the hyperbolic tangent or the
sigmoid function, let 0 < n and 0 < e < % be given, denote by u € W22(Q) the
solution to Problem@ and by RyN(L,0,) € C(L,0) the approzimation of u into
C(L,0) given by Theorem[3 Then there exists u € C(L,0) solution to Problem
. Moreover, assuming 0,, € B(0,B) and R,N(L,0,) is not a minima of Jf,

then there exists a constant 0 < C' independent of n and € be such that

1 3
= ulll; < 1 NBoN(L,0u) — ulll5 + 8nC; llullwz220) + (15)

u(Clu,9) + C(RN(L,0.).9); (16)

11



and thus thanks to Theorem[2
1
Zllu = w2 < € + 810 ullwaoy + 1(Clu g) + C(RoN(L, ), 9) - (17)

PRrROOF. Lemma 5| yields the existence of u = R,N(L,8)) solution to Problem
Since R,N(L,#,) is not a minima of JnG we have:

I8 (u) < J§(R,N(L,0,)).

Lemma (3| yields estimates between J, and Jf]; which combined with previous

inequality give:
Iy(w) = pCu, 9) < Jy(RoN(L,6y)) + nC(ReN(L,0y), g)- (18)

Denote by (+,-) 4 the inner product induced by the differential operator A. We
have u € W22(Q) with «(u) = 0, thus integrating by parts leads to:

d
/g@dmz/Augdmz(u,g)A—l—/ Zaiijun,@ds
Q Q o0

i,j=1
where n is the outward normal to 9. By using the continuity of the trace
operator v for the normal derivative: 0,, = ij:l a;;D; - n; (see [1] for
example) we get [|v(0n,u)|r200) < Cy,allullw22(q). The young inequality,

provides:

1
f4nC%A||uHW2‘2(Q) — 4—/ (u — Q)Z dr < / |0, ue| dx (19)
N Joo oQ

We deduce the following bound from below for J,:

1 1
e =l = 5w w)a = 4nC5 allullw22(0) < Ty (w) (20)

Arguing in the same way and since 6, € B(0, R), we get the following bound
from above for J,(R,N(L,6,))

3 1
To(BaN(L,04)) < SR N (L, 0.) = ull 2= (1, u) 4 + 40C; allull w22y

and we get the announced error estimate.

12
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Remark 7. There does not exist a unique minimum for function J,?. While
local minima are numerous, they are relatively easy to find, and they are all
more or less equivalent. This peculiar property is analyzed for the loss function
of a typical multilayer net with ReLU activation function in [1] with the use of
random matrix theory applied to the analysis of critical points in high degree
polynomials on the sphere.

In practice R can be chosen sufficiently large for satisfying 6,, € B(0, R).

Remark 8. The penalization function is positive, thus does not play any role
in the bound from below in the error estimate. Since R is sufficiently large for
Ou be in the ball B(0, R), the penalization function does not appear in the bound

from above in the error estimate.

4. The case of some second order elliptic PDEs in d-dimension

Consider an operator A in divergence form,

d d
A’U = Z 7Di((liijU) =+ Z bij’U + apv,
i,j=1 j=1

with a;; € CH1(Q); b e CHQ);RY); 0 < a < ag € CO(Q) with 0 < ag — div(b)
(to keep technical difficulties as simple as possible) and where there exists 0 < «

such that .
a < Z aij(2)&i&;
ij=1

for all x € Q and ¢ € RY. Problem 21| reads: for g € C1(Q2) be given, find
u € WH2(Q) verifying:

Au =g in

u =0 on 0f.

(21)

Let us denote by Wy?(Q2) = W2(Q) N Ker(y), Problem PE has one solution in
W22(Q) N W,*(Q) (see [7] Chapter 2). A variational formulation for problem

PE reads:
d d
/ Z a;; DiuDjv + UZ b;Dju+ aguv — gudr = 0¥v € Wy *(Q)  (22)
1,0=1 j=1

13
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The variational formulation [22] can be expressed in form of the following saddle

point problem with .J : Wol’z(Q) X Wol’z(Q) — R defined by:

J(w,v) = [, S a;;D;wDjv +v Z?Zl b;Djw + apwv — gvdx, (23)

ij=1

inf  sup J(w,v) (24)

Y vllyr,2=1

The function J is bilinear, and twice continuously differentiable. The optimality

conditions for the saddle point (u,?) verifying:
Vo, w € Wo (), J(u, w) < J(u,) < J(,7)
read: there exists A € R be such that Yw € W, *(Q):

Dy J(u,7)w = [ S ai; DiwD;v + 52?:1 b;Djw + aqwv dz =0;

ij=1
DyJ(u,v)w = fQ szzl a;jDiuDjw + w Z?Zl b;Dju+ apuw — gw dx
= )\(5, w)Wu(Q)
(25)

The expression (-,-)w1.2(q) denotes the inner product of W12 and the right
hand side of the second equation is due to the constraint (v, v)é‘,l,2 = 1. From
the first equation of [25| associated to the W1:2-coercivity of the bilinear form
defined by v,w — D;1J(@,7)w we deduce that © = 0 and thus the second
equation of 25| reduces to the variational formulation

In the same way that have been done in section 3, for defining the approximated
problem we need to consider two NNs: N(L,6) for functions u and N(L,0)
for functions v. In what follows, for simplifying the notations R,N(L,#) and
R,N(L,0)) will be denoted by N(6), and by N(6)). Consider the bilinear form
()5 C(L,0) x C(L,0) — R and the linear forms (g, )¢ C(L,0) — R defined
by:

(p,0)F = S Wi ( ZZ,lzl a DipDio(z;) +v Z?:l bjDjp(xi) + ao@”(%))*‘
52 wipv(y;);

(90)9 = S Wi oy gv(@))-
(26)

14



Introduce the two following bilinear forms:

In(p,0) = [q E?,jq ai;DipDjv +v Z?Zl b;Djp + agpv — gvda+
+2
v Jagwvds + 35 (0% = B?) 2 (27)
+
IS (p0) = (p,0)§ = (9,0)% + 45 (0> = BT

Remark that whatever 0 < M is, we have (since J;, is linear with respect to v):

Tn(N(0),N(9) _

Argmin Argmax = =
N(0)EC(L,0)N(8)£0 | N (6) || yyr1,2 <M IN @) ll2.2 (28)
Argmin Argmax J,(N(6),N(6))
N(0)EC(L,0)N (6)#£0 ||N(0) || yy1,2=1
and thus thanks to Lemma [I]
Argmin Argmax J,(N(8), N(0))
N(O)EC(L,O)N(0)#0 IN(0) |l yy1,2=1 (29)
Argmin Argmax J,(N(0),N(0))
N(0)eC(L,0)§cB(0,B),|IN(H)|ly1,2=1
The NN approximated problem is defined by:
{u,7} = Argmin Argmax JE(N(0),N(9)). (30)

N(0)EC(L,0)§e B(0,B),|[N ()]l yy1.2=1
The function Jf is twice continuously differentiable since it is a bilinear function

added to a C? functions. Simple calculations provide for all ¢, v:

DyJE(N(0),v) = (P52, v)§ + (6% - B2)*6;

D3I (0, N(B)) = (10, 2BO)C (g VD),

D3 G (N(8),v) = (L2042 0)G + 1 (62 — B2)* + 26%sgn* (6> — B));
D2,J% (0, N()) = (p, ZND)& (g PN0))G,

D2, JS(N(9), N(9)) = (25, 2He.

(31)
Consider the two following intermediate optimization problems. For u, € C(L, 6)

, v € C(L,0) given find 5(u),u(v) € C(L,H) x C(L,H)) verifying:

o(u) = Argmax Jf(u, N(é)) (32)
0€B(0,B)|N(0)|lyy1,2=1

w(v) = Argmin J,?(N(O), v) (33)
N(0)€C(L,0))

15
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Lemma 9. Assume Q = (0,1)? and o to be hyperbolic tangent or sigmoid func-
tion, and let u € C(L,0) be given, then there exists T(u) € C(L,0) solution to
Problem[33, calculated with a gradient ascent algorithm.

PROOF. See Annex 1

Lemma 10. Assume Q = (0,1)¢ and o to be hyperbolic tangent or sigmoid
function, and let v € C(L,0) be given, then there exists u(v) € C(L,0) solution
to Problem[33 calculated with a gradient descent algorithm.

PRrROOF. See Annex 2

Now, we give the algorithm for solving Problem[30} With Lemma[J]and Lemma
We are able to compute a double index sequence {N(6,,,), N (énq ) }p.qen which
for p fixed converges when ¢ goes to infinity towards a solution to Problem
and which for ¢ fixed converges when p goes to infinity to a solution to Problem
By using the diagonal extraction principle we have a converging sequence
{N(0n,), N(énp)}peN towards a solution to Problem The proposed ascent-

descent algorithm reads:
e 0 < hand 0 < h, be given, define n = 0,

On=n+1

— Choose fy € B(0, B), N(6p) = %

— Forp=0,ton
* §p+1 = ép + hDéJE(N(Hn), N(ép))
% 0,41 = its projection into the ball B(0, B)
] N (9,
* N(9p+1) = IV Coct)

(érﬂrl)“wl,?

compute Dg.J 5 (N(0,), N(0p11))

*

— end of loop for p
— choose 6 =0

— Forq=0,ton

16
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- 9q+1 = eq - hDle(qu% N(én))

compute Dy J 7 (N (8411), N(65))

— end of loop for g

If |§n+1 — §n| and |0, 1 — 0, ] are not small enough go to OJ

Define the norm [[|-[[[} = || - [I}y1.2 + ;|| - [|72(9g) Which is equivalent to the W2
norm (see [20]). Finally we have the following existence and error estimate

results.

Theorem 11. Assume Q2 = (0,1)? and o to be the hyperbolic tangent or the
sigmoid function, let 0 < 1 and 0 < € < % be given, denote by u € W2%(1Q)
the solution to Problem and by RyN(L,0,) € C(L,0) the approzimation of
u into C(L,0) given by Theorem @ Then there exists (u,v) € C(L,6) x C(L,0)
solution to Problem [30, Moreover, assuming 0,, € B(0, B) and RyN(L,0,) is
not a solution to Problem[33 with v =7, then the following estimate is valid

I = wllly < CCAA) RN (L) =l + (34)
(A7, 0|1 Re (N (L Bus)) = (= )l + (35)
u(C,9) + C(R N (L., 9); (36)

and thus thanks to Theorem[2
[lw—wulll, < C(A,y)e+C(A, v, a,n)ex +M(C(%Eg)+C(RUN(L,9u)7g) (37)

PROOF. Lemmas@ yield the existence of (u, v) solution to Problem Since
R,N(L,8,) is not a minima of Jf(-,i) we have:
IS (u,0) < JS(RoN (L, 6y),7).

n

Lemma |3| yields estimates between J, and Jf which combined with previous

inequality and since 6,, € B(0, B) give:

In(w, ) — pC(u,7,9) < J(R,N(L,0,),7) + uC(RsN(L,6.),7,9). (38)

17
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we have:

Jy(RyN(L,6,) /Zaw (RyN(L,8,) — u)D;v +
t,j=1
d

7Y b;D;j(ReN(L,0,) — u)dz +
j=1

1
/ ao(RoN (L, 0) — w7 dz + + / (RoN(L, ) — u)7 ds
Q n Joa
which is bounded:
|J77(RUN(L791L)’E)| < C(A’/V»n””RUN(Lveu) - U‘HW

Whatever w € C(i,é) is with a W12 norm one, for getting a bounded from
below, start from the inequality:

d

/Za” Dw—i—waD u) —u)dr +

3,7=1 j=1

1
/ao(@—u)wdﬂc—kf/ (u—uw)wds < Jy(u,).
Q 1 Joq

Then choose
RV @ D)
IRy (N (L, 0y—))llwr
<g—u+Rg( (L, 9H> (u—u))

1
||RU(N(L 9~gﬂt))||l/V1v2
with thanks to Theorem [

1Ro (N (L, 0y —u)—(u—u) lwr2 < €1 and || Ro (N (L, Oy llwr2 < [|(w—1) w2 +ex

By using the coercivity of the bilinear form, we have:

1
[Ro(N (L, 8u)) w2
[min (o, 1) [ = w2 = CCA, ) s = wlly1Ro (N (E, ) = = )]

and we get the following bound from below:

v
2||u = ullw.2
min (e, 1)|[Ju — w5 = C(A4,7)|llu — ullly|||Ro (N (L, 6, ))*(ﬂ*u)mrz}-

18
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Since the norms || - ||y1.2 and ||| - |||,, are equivalent, there exists a constant C(n)
such that for all v, 0 < C(n) < ”‘UHH"% and we get the following bound from
W

below for J, (u, 7):

@ min (a, 1)|[Ju = ul| |y = C(A, )| |Ro (N (L, Ouu)) = (w = w)|[ln| < Ty(u,).
Gathering this bound from below with the bound from above gives the an-
nounced estimate.

Let us end this section with some comments about some existing ways for enforc-
ing the Dirichlet boundary conditions [2]. One can use an approximate distance
function to exactly impose the boundary conditions by modifying the last layer
of the NN, or by adding this distance function to the variational formulation.
The Nitsche method [I7] where the boundary conditions are variationally im-
posed, and finally the penalization method presented in this study. The gradient
strategy and the existence and error estimates results presented in this paper

can be extended to the Nitsche method.

ANNEX 1

Proof of Lemmal[j} A gradient ascent algorithm is applied, which reads:
J > _ i\ _ __ N()

e Choose 0y € B(0,B), n =0, N(0y) = NGl

* Gpp1 = 0o + hDGIC (u, N(6,))

0,,+1 = its projection into the ball B(0, B)

~ _ N(lag1)
® N(Opi1) = N (Ont1)llypr 2

While |0,,41 — ] is not small enough do
— compute Dé(]f(u, N(fn11))
— n=n+1 and go to *

Since 6,, € B(0, B) for all n, Lemmaimphes N(én) is bounded in W norm.
We deduce that JnG(u, N(6,)) is bounded.
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The sequence JnG (u, N(6,)) is increasing. We have:

IS (U, N(0ns1)) — IS (u, N(0n)) = hDgJS (u, N(0,))*  (39)

D28 (0 N Bu) + €V Brr) — NOD) DI NG (40)

Lemma [1| implies D§2 JE (u, N(Oni1) + E(N(Bpy1) — N(8,))) is bounded, thus
we can choose h sufficiently small such that h|D§2 JE (u, N(Ony1) +E(N(Bpir) —
N(6,)))| <1 and we get the following inequality:

D D3I NG < I 0, N(Ba0)) — I (0, N(5.). (41)

There exists a subsequence n,, be such as {J¢ (u, N (énp))}peN converges towards
a. We get the convergence of the following series:

> DgJS (u, N(0n,))*.

peN
G 7] : : G 7]
Jy (u, N(0,,)) is bounded there exists a constant C such that 0 < Jp* (u, N(0,,))+
C. Arguing in the same way as for the proof of Lemma [5| and by using the /-
function we deduce the convergence of the series

> DS (u, N(0n,)),

peN

which implies the convergence of the sequence {énp }pen and since the realiza-
tion map R, is continuous, the convergence of {R,(N (E,énp))}peN towards a

maximum of function J,?

ANNEX 2
Proof of Lemma [10]
Thanks to Lemma we have % < C(o,7), we deduce that the func-
tion J is coercitive at infinity (limg— 400 J"T# = +00).

There exists 0 < B such that minimizing sequences verify 6,, € B(0, Bs).
Otherwise, if 6,, were not bounded, it would not minimize J,? .

A gradient descent algorithm is applied, which reads:

e Choose 6y, n =0,

20



* Opi1 =0, — hDanc(N(@n),v)
240 e While |6,,41 — 65| is not small enough do

— compute DgJ,?(N(@nH), )

— n=n+1 and go to *

Let us prove the convergence of the algorithm for a subsequence. The parameter
h is chosen such that for all 6,,0,11 € B(0,Bs3) the following inequality is
verified:

h|Dga 7 (N(6,) + E(N (G41) = N(62)))] < 1.
which is possible thanks to Lemma
We have:

TG (N(Bni1)) = TS (N(B)) = —h (D IS (N(8,)))° + h;
D32 J (N () + E(N (O1) = N(60))) (Do Ty (N (6)))?

< 5 (DTG (NB)”.

The sequence JWG(N(Gn), v) is decreasing, and since Jf(N(On), v) < JF(N(0o),v)

0. we deduce the following bound for 6,,:
62] < B+ 41C(A,C(0, 2), g)lollw.~-

As a consequence of Lemma the sequence { JUG (N(60y),v) }nen is bounded, thus
there exists a subsequence and a real a such that: lim,_, Jf(N(an), v) = a.
We get the convergence of the following series:

> DyJF(N(6,),v).

peEN

JE(N(6,),v) is bounded there exists a constant C' such that 0 < J& (N (6,,), v)+
C. Arguing in the same way as for the proof of Lemma [5| and by using the /-

function we deduce the convergence of the series

> DyJS (N(6n,),v),

peEN
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us  which implies the convergence of the sequence {6y, }pen and since the realiza-
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tion map R, is continuous, the convergence of {R,(N(L,0,,))}pen towards a

minimum of function JnG
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