N
N

N

HAL

open science

Existence and Uniqueness of Domain Walls for Notched
Ferromagnetic Nanowires

Raphaél Cote, Clémentine Courtes, Guillaume Ferriere, Ludovic
Godard-Cadillac, Yannick Privat

» To cite this version:

Raphaél Cote, Clémentine Courtés, Guillaume Ferriere, Ludovic Godard-Cadillac, Yannick Privat. Ex-
istence and Uniqueness of Domain Walls for Notched Ferromagnetic Nanowires. 2024. hal-04827510

HAL Id: hal-04827510
https://hal.science/hal-04827510v1

Preprint submitted on 9 Dec 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.science/hal-04827510v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

Existence and Uniqueness of Domain Walls for Notched
Ferromagnetic Nanowires

Raphaél Cote!, Clémentine Courtés', Guillaume Ferriére?, Ludovic Godard-Cadillac?®, and
Yannick Privat®®

1IRMA, Université de Strasbourg, CNRS UMR 7501, Inria, 7 rue René Descartes, 67084 Strasbourg (France)
2Univ. Lille, Inria, CNRS, UMR 8524 - Laboratoire Paul Painlevé, F-59000 Lille (France)
3Institut Mathématiques de Bordeaux, Bordeaux-INP, UMR 525, 351 cours de la Libération - F 33 405 Talence (France)

“Institut Elie Cartan de Lorraine, Ecole des Mines de Nancy, Boulevard des Aiguillettes, 54506 Vandoeuvre-lés-Nancy
(France)
SInstitut Universitaire de France (IUF)

December 9, 2024

Abstract

In this article, we investigate a simple model of notched ferromagnetic nanowires using tools
from calculus of variations and critical point theory. Specifically, we focus on the case of a single
unimodal notch and establish the existence and uniqueness of the critical point of the energy. This
is achieved through a lifting argument, which reduces the problem to a generalized Sturm-Liouville
equation.

Uniqueness is demonstrated via a Mountain-Pass argument, where the assumption of two distinct
critical points leads to a contradiction. Additionally, we show that the solution corresponds to a
system of magnetic spins characterized by a single domain wall localized in the vicinity of the notch.
We further analyze the asymptotic decay of the solution at infinity and explore the symmetric case
using rearrangement techniques.

Keywords: Micromagnetism, Nanowires, Calculus of Variations, Mountain-Path Theorem, Notched
Nanowires, Stability.

MSC classification: 49J05 49K05 49K40 34K04 34K16 35B38

1 Introduction

1.1 Presentation of ferromagnetic nanowires

Ferromagnetic nanowires are nanoscale devices with significant potential for applications in micro-
magnetic engineering. These include high-density data storage, magnetic logic gates, microelectronics,
radar stealth coatings, transformers and so on ([20]). A ferromagnetic nanowire is a nanoscale crystal of
ferromagnetic atoms, characterized by a cylindrical shape with a small cross-section and a much greater
length in one direction. The ferromagnetic interactions among the crystal’s atoms cause the magnetic
spins to align with one another, while the shape anisotropy of the crystal promotes alignment along the
wire’s principal axis. When the magnetization points in different directions at the wire’s ends, the mag-
netic spins must reverse orientation in the middle of the wire to satisfy the topological constraint. This
narrow region where the magnetization changes rapidly is known as a Néel wall. Its stability and dy-
namics have been the subject of extensive research; see, for example, [4] 5], 1], 9} 12} 15} 16} 18| 22} 23]



and references therein. Control theory for Néel walls has also been extensively studied and devel-
oped [6, [7, 2I]. For a more comprehensive introduction to micromagnetism, we refer readers to [13].

In nanowires designed for industrial applications, it is common to introduce defects to stabilize the
Néel wall near a specific defect. One such defect involves adding notches to the nanowire, which are
small regions with reduced radius, thereby decreasing the exchange interaction locally. In this article,
we study a simplified model introduced in [3], 8], which is based on a 1D modified Sturm-Liouville
equation. The existence of a solution was demonstrated using a shooting method, while a uniqueness
result was later established in [14].

The primary aim of this work is to reinterpret the results of [3], 8] using the framework of the calculus
of variations and a minimization problem, making the approach more aligned with the underlying
physics. We provide a new proof of existence and establish a more general uniqueness result based on
a detailed analysis of the critical points of the associated energy.

1.2 A model for a notched ferromagnetic nanowire

We are interested in a model of a straight notched ferromagnetic nanowire. The direction of the
nanowire is assumed to be e; where

1 0 0
e = 0 s €y — 1 s eg — 0
0 0 1

is the canonical basis of R3. The magnetization m = (my,mg,m3) : R — S? of this nanowire takes
its values into the unit sphere S? C R3. We will consider models introduced in [3, 8], in which the
magnetization behavior is obtained due to a I'-convergence reasoning: a cylindrical material D, is
considered, given in & by

D, = {(z,y,2) € [-L, L] x R?, ¢y + 2% < n’p(x)*},

whose circular section, parameterized by a function p, has radius np(x) with n > 0.

Figure 1: An example of domain D,,.

A 1D model is then derived by making n tend towards 0. The 1D model involves the cross section
area s defined by s(z) = 7p(x)? and the nanowire domain becomes 2 = Re; C R3,

Let us denote by « > 0 the gyromagnetic ratio and by £ > 0 the exchange length. In what follows,
Q) stands for the nanowire domain and s € W°°(Q) for the residual cross-section area of the nanowire,
or in other words the shape of notches on the nanowire. The asymptotic Landau-Lifshitz model for
magnetization in notched nanowires, provided in [3| [§], reads

{ Idm =—m x H(m) —am x (m x H(m)) (LLG)

H(m) = %&c (s(x)0:m) — (moez + maes),
To avoid the nanowire collapse, it is assumed that

dsp > 0 such that s(-) > sg in €.



We will also impose a uniform upper-bound on s. Up to using a renormalization argument by dividing
s(x) by some s1 > 0 (it is important to note that m still satisfies (LLG]) when we change s(z) by sng))’
that will be fixed equal to 1:

s(-) < 1in Q.

so that in particular, we must also assume that sg < 1.
It will be convenient to consider cross sections s that are compactly supported :

Fa() = {s € WH°(Q, [50,1]) | s(x) = 1in Q\ [—a,a], s > sq in Q}.

1 0 0
The (LLG) flow is equivariant under rotations R, == [ 0 cos¢ —sing | around the axis eq with
0 sinp cosep
angle ¢ € R. This transformation preserves S? valued functions, and so acts on magnetization; it also
extends naturally to functions of space and time, for which it preserves solutions to (LLGI).

1.3 Energy, functional spaces and Cauchy theory

From this formulation of the Landau-Lifschitz-Gilbert equation, it is possible to write an energetic
problem. Using a change of variable, we can reduce the problem to ¢ = 1 (which simplifies the
notations). We now observe that satisfying (LLQ) is equivalent to being a critical point of the following
energy:

1 1
Es(m) = 5/|8:Em(:1:)|2s(:1:) dz + 3 /(m%(:n) +m3(z)) s(z) da. (1)
R R
To ensure that this energy has meaning, we introduce the energy space H!

HY = {f = ()1, 2, 3) € Hioe(R) | [, f2, f3 € L*(R) and |f| = 1 ae.},

which is simply the same energy space on R as in [9], except that we add the weight s(x)dz in the
norm, so that

2E;(m) = /]E?xm\2s(x) dz + /(m% +m3)s(z) dz = [|m|3,.
R R
Similarly are defined the spaces H* and H*. To the best of our knowledge, the Cauchy theory for
one-dimensional Landau-Lifshitz-Gilbert (LLG) equations with notches has not yet been developed.
1.4 Domain walls for notched nanowire: a variational formulation

Throughout this article we call a domain walls system or a Néel walls system any stationary solution
m to the uni-dimensional LLG equation (with or without notch) that is connecting the two constant
states —e; and +e;. Without restriction of generality, we will focus of the case :

m(—o0) = —e1 and m(+00) = +ej.

The steady-states m € H! for this system solve the equation

m X Hm) =0 on R 5
{ H(m) = 150, (s(2)9,m) — (maes + mses). (2)

It has been proved in [3| 8, [14] that every steady solution in () lays in a single plane and then, up
to a constant rotation of angle ¢, reads

sin 0(x) 1 0 0
m(z) = R, [ cosfO(x) |, with R,=|0 cosp —sing |, (3)
0 0 sinp cose



where 6 solves the non-linear Sturm-Liouville equation

0" (z) + Z/((f)) 0'(x) + cos O(z) sin f(z) = 0, z €R, (4)
or, in another way,
(s(x)@'(a:))/ + s(x) cosf(z)sinf(x) =0 in R. (5)

This last expression leads to the variational formulation of the equation:

vV ¢ € D(R), /RH/(x) ¢ (x)s(x)dx = /Rcos 0(x)sinf(x) p(z) s(x) dx.

It is natural to expect the presence of a "single domain wall," which refers to a unique reversal of
the spin from —e; to —e; when m is the global minimizer of E. This configuration, simply called a
domain wall, holds for notchless nanowires but may not apply if the geometry of the notch does not
support such a configuration.

Before proceeding to state our theorem, we must first provide a rigorous definition of the concept
of a "single domain wall," which we outline here:

Definition 1. A solution to (LLQG) is said to be a domain wall if it is stationary, local minimizer of the
energy Es in (), and the associated angle 6 define at ([3) is monotonous and satisfy 6(+oco) = +7/2.
1.5 A minimization problem for infinite unimodal nanowire

Our main result focuses on the case of an infinite nanowire with a single notch. To demonstrate that
the minimizer corresponds to a single domain wall, we restrict our analysis to a specific class of notches,
namely unimodal notches:

Ua(R) = {s € Z,(R) | s is non-increasing on [—a, 0] and non-decreasing on [0, a}. (6)

Such a notch decreases the exchange interaction between ferromagnetic atoms and we prove in this
article that in this case we have a “single domain wall” that is localized in a close neighborhood of the
notch. If we have good symmetry properties, we can prove more precise results. For that purpose we
introduce the symmetric notches :

() = {s € () | s is even and non-decreasing on [0, a]}.

In particular, o7, (Q) C %,(2).

Figure 2: An infinite nanowire with one notch.

The energy E; represents the magnetic energy of the nanowire, and it is particularly relevant for
the study of domain walls. It is always non-negative, making it suitable for minimization problems.
However, it is crucial to correctly define the functional space on which the minimization is performed
to ensure the problem is non-trivial. Indeed, if we attempt to minimize directly within the space H1,
we find that min,,,c1 Fs(m) = 0, with the constant solutions e; and —e; as minimizers.



To make the problem physically meaningful, boundary conditions at +o0o must be imposed. This
additional constraint makes the problem non-trivial. For example, in the case of a notchless nanowire
(s = 1), it is well-known that the domain wall solution w, is the unique minimizer (up to rotations and
translations) of E;(m) in H!, under the condition that limi., m = +ej.

We will now apply this framework to study the following minimization problem in the case of a
nanowire with a notch:

m:= inf FEs(m), (7)
mEH;
where
’H; ={meH : limm = —eq and limm = e1}.

Let us now state our main result:

Theorem 2. For any s € %, (R) such that s(-) # 1, there exists a unique domain walll w, connecting
—ey to +eq in the following sense:

o There exists a unique 05 € HL _(R) satisfying

= limg 100 0s(2) = £73,

sin 6,
— The function ws :== | cosOs | is a steady state of (LLGI) which belongs to 7-[;
0

o The function 05 is increasing and satisfy the following decay estimate :

VaoeR, |es(x)|—g‘ < 7Texp<—/ox%>.

o [fs e .of then 05 is odd.
e Up to rotations R, around ey, w, is the unique minimizer of the minimization problem ().

If s € o7,(R), we recover the existence and symmetry results for the domain wall with a new proof
compared to [3, 8]. Concerning uniqueness, the main improvement of our result compared to [14] lays
in the fact that we do not need to work up to translations and assume 64(0) = 0.

In fact, this hypothesis concerns both earlier results [8, [14]. We however feel that this hypothesis is
not very natural and rather restrictive, both for the existence and the uniqueness questions.

Regarding existence, assuming 6y(0) = 0 corresponds to solving a shooting problem; when s is non
symmetric, there is no reason that a domain wall satisfy this constraint. Similarly for uniqueness, there
is no reason that two domains walls reach 0 at the same point.

Our main hypothesis is that s is unimodal as mentioned in (6l). This class of notch is natural both
for applications and for uniqueness. Indeed, one can construct s with 2 notches, such that two domain
walls exist (or even simply, in the case of a periodic s, infinitely many domains can be obtained by
translation of a period). One of the main point of this paper is that (under the unimodal assumption),
the presence of a non trivial notch rules out minimizing sequences where the transition from e; to —eq
occurs at spatial infinity, and allows to recover compactness.

The proof of the main theorem relies on the calculus of variations, partially inspired by [14], but the
key part of our argument differs. Indeed, the most challenging part concerns the uniqueness property
of the domain wall. This is established under the assumption of unimodality of the notch. It involves

!see Definition [



assuming the existence of two distinct critical points and constructing a third one using the mountain-
pass theorem. This construction leads to a contradiction with a previously established stability result
in [3, ], thereby concluding the proof.

The rest of the article is organized as follows: Section [ focuses on proving the existence of a
minimizer to Problem (), with the main result detailed in Proposition[I3l In Section[3] we demonstrate
that the functional F; has a unique critical point on ’H; The main result of this section is presented
in Theorem

2 Existence of the domain wall

2.1 A useful change of variables

In the following sections, we will sometimes use the following standard change of variable for Sturm-
Liouville equation (see e.g. [10])

T du
o s(u)
This function is a C%!-diffeomorphism on R since we have s(x) > so > 0. Thus, for any function f, we
can define a new function g through this change of variable: g(y) = f(x). Saying it in another way,
g = foy~!. In particular, we also define o such that o(y) = s(x), which is constant equal to 1 outside
(a_,ay) where ay = y(d+a). With such a change of variable, the steady-state of (LLGI) gain a bit of
regularity.

Yy x —>

(8)

Lemma 3. For any steady-state m € H' (solution of [@))), the function m = moy~' € H! satisfies
Oyym € L2 + L' and m € CL.

Proof. It is easy to compute that

where
H(1m)(y) = 0yyly) + o> () (ay)es + is(y)es).
Thus, the equation (2)) that m satisfies implies for mn:
m x H(m) = 0.
Since || = 1, which implies that 8y, - 7 = —|d,7n|?, this equation can be redrafted as
H(m) = Am, (9)
where

A = H(mm) -1 = —|0,m|* + 0(y) <m§ + mg) e LL.

This leads to A € L' as m € L®. Since 0 € L™ and 1y, ms € L?, we get that o2(y) (mg(y)@ +

mg(y)e;),) € L2, thus 9,,m € L' + L?. The conclusion follows. O



2.2 Steady-states are planar

In this section we rewrite the arguments presented in [3, [§] to obtain a problem written in term of
Sturm-Liouville equation on the angle 6.

Lemma 4. For any m € H' such that my and ms3 are colinear in H', there exists ¢ € [0,27] and a
lifting 0 € C%(R) such that

sin 0(x)
m(z) = R, | cosf(z) | . (10)
0
If m € H2, then 6 € C-2(R).
Proof. The proof follows from easy arguments presented in [3} [§]. O

Lemma 5. For any steady-state m € H', there exists o € [0,27] and a lifting 6 € C*(R) such that

([IQ) holds.

Proof. The function m as defined in Lemma Bl satisfies (). Let us show that it implies
m0Oyms — mg0ymo =0 on R. (11)
Indeed, using (@), there holds
0y (120,75 — 1igdyiiny ) = 1iaDyy i — gDy me

= m2(Dyyihs + 0 (y)ims) — ms(Oyyine + o (y)ms)

= (A (y)ms) — mz(A(y)mg)
=0,

which shows that mo0dyms — m30yma is constant on R. On the other hand, since m € H!, we have
ma,m3 € H', and thus mod,ms —m30,ms € L. This proves ([II), which implies that (72 (y), Oxa(y))
and (m3(y), dxm3(y)) are colinear in R? for every y in R. On the other hand, by (@), these two vector
fields solve the same first order linear ODE system in (u,v):

Opu =0, Opv = (14 A(y))u.
By uniqueness in the Cauchy-Lipschitz theorem, the colinearity factor is constant in y, and thus msy
and m3 are colinear. We can then use Lemma M to lift m. The conclusion for m follows by defining

0 =0o0y. O

2.3 Energy of the lifting
We introduce the energy for the lifting F(6) defined as

1 1
Es(0) := = / 0'(x)?s(x) dz + = / cos?0(z) s(z) d. (12)
2 Jr 2 Jr
Moreover, we define the following spaces for lifting:
W o= {H:R—HR : 0 e L COS@€L2}. (13)

The relation between the two energies is given in the following lemma.



Lemma 6. The energy Es is preserved by rotations with constant angle: more precisely, let ¢ € [0, 2],
R, the rotation matriz given by @) and 6 € C'(R) such that

sin 0
m =R, | cost | € HL.
0

Then 0 € # and Es(m) = E4(0).

This relation explains why we took the same notation for both energies, as there will be no confusion
between them. Furthermore, the limits of  at +o0o are related to the limits of m at +oo. For instance,
if lim4o, m = £eq, then there exists k+ € Z such that

i T
2229 = :|:§ + 2mk4.

Since 0 is defined up to a 27Z additive constant, we can assume that k_ = 0, so that lim_,, 6 = —3.
Moreover, 6 can be changed in —m — 0 by a rotation around ey of angle 7, so we can also assume that
k4 € N. This is why we also define the following functional space for lifting:

Wi ={0ecW . 1_im9:—g and limﬁe g—l—Qﬂ'N}.

From the previous properties, the minimization of the energy Es(m) is related to the minimization
of the energy of the lifting E(0).

Lemma 7. If mq is a critical point of Es(m) in HL, then there exists 6y € W2 and oo € R such that

e Oy is a lifting of mg:
sin 90
mg = Ry, | costy |, (14)
0

e 0g is a critical point of Es(0) in W,
e If my is a minimizer of Es(m), then 6y is a minimizer of Es(0).

Conwversely, if 6y minimizes Eg(0) in W, then, for any po € R, mq defined by (I4) is a minimizer of

Proof. The conclusions of Lemma [5 hold for any critical point (which is a steady state for (LLG)), and
we can assume 6y € #.. with the discussion above. Moreover, it is easy to verify that this g is a critical
point of E4(6) in #, or even a minimizer if my is a minimizer for E;(m). Conversely, a minimizer 6y
of Es(f) would be a minimizer of Es(m) for m which can be lifted as (I0). We show now that, for any
m € ’H;, we can find some m € ’H; such that mz = 0 and Es(m) < Es(m). Such a m can be lifted
by some 6 € W+, so that Eg(m) = E,(f) > E(p), and thus Ey(m) > E(myg) where my is defined
by (I4]), which is a sufficient property for the second part of the result to hold true.

With the different limits of m at 400 and its continuity (since H! C CO’%, we can easily prove that
there exists xg € R such that

e m(rg) ¢ {—e1,e1},
e m(a) = —ey if a = sup{z < g, m(x) ¢ {—e1,e1}} > —o0,

e m(b) =eq if b:=inf{z > zg,m(z) € {—e1,e1}} < +o0.



From the regularity of m, we also know that —oco < a < zp and zp < b < 400 and my(z) € (—1,1)
for all € (a,b). So we can define # := arcsinm, € CO’%((CL, b),(—%,%)). As Im|? = 1, we know that

2 2
(%) + (CZ%) = 1. Since mgy, ms3 and cosf are %2 function on (a,b) and the latter does not

vanish on this interval, we can find ¢ € CO’%((CL, b),R) such that cosp = =% and sing = %, In
consequence, with this definition of  and ¢, there holds for all z € R
sin 0(x)
m(x) = | cosf(z) cosp(x) | .
cos 0(x) sin p(z)
We also point out that for a.e. z € (a,b)
cos 0(x) 0
m/(z) =0 (z) | —sinf(z) cosp(z) | +¢'(x) | —cosb(z) sinp(z) |,
—sinf(z) sinp(x) cos 0(z) cos p(x)
cos B(x) 0

‘m'(xﬂz = (0/(2))? + (¢' ()% cos? O(x) + 20" (z) ¢/ (x) | —sinb(x) cosp(z) | - | —cosB(z) sin p(z)

—sinf(z) sin p(x) cos 0(z) cos p(x)

= (0/'(x))” + (¢/(2))” cos® O().

Therefore,

’ / 2 2 2
Es(m)z/ (|m/(2)]” + ma(z)* + ms(z)?)s(z) da

b
> /a ((9'(:5))2 + (¢'(2))? cos? O(x) + cos? 9(3:)) s(z) dz.

In particular, 8’ € L*((a,b)). Now, we define

sin 6(x)
cos O(x) if z € (a,b)
m(z) = 0
—ey if —oco<a<a,
e if b <x < +4o0.

From the regularity of 6 and the (possible) continuous junction(s) at a and b, we can easily see that
m € 7-[; and

Es(m) = /ab (9'(3:)2 + cos? 9(:5))5(3:) dz

b
< / <9/(:L')2 + (¢'(x))? cos? B(z) + cos? H(m))s(:n) dz
< Es(m).

The conclusion holds. O

2.4 Existence of a domain wall
2.4.1 Transforms of function

We know that steady states m € ”H; of (LLG) are critical points of Es(m). On the other hand, they
are also planar (Lemma [) and can be lifted with some function § € #. such that Es(m) = E4(0).
Therefore any steady state is related to a lifting # which is a critical point for Es(#) in #.

9



Our problem has thus been reduced to finding the critical points of the energy FEy(f) on #., but
we can reduce even more this set. For this, we define the set W defined by

Wy = {9 €W i lim 0(z) = ig} c Wy
W= {9 Wy O(R) C [—w/z,ﬂ/z]} W (15)

We must point out that the limit at +oo of any function in W is completely determined.

Lemma 8. There holds W C #j.

Proof. For any 6 € #, we know that lim ¢ exists and satisfies lim 6 > 5. Thus, if §(R) C

[—7/2,7/2], the opposite inequality is obvious, which yields the equality. O

Several transforms which can decrease this functional are at our disposal. In particular, the thresh-
old function T'(z) := max{—m/2; min{x;7/2}}, which is a 1-Lipschitz function, constant outside
[—7/2,7/2], allows us to reduce our search of a minimizer in W.

Lemma 9. For any 0 € W, we define the function 0y =T of. Then 6, € W and E,(6y) < Es(0).
Moreover, if 0 & W, this inequality is strict.

Proof. Let 6 € #4. If O(R) C [~7/2,m/2], then 6; = 6 and lim, ., 0 = F, and the properties are easy.
Assume now that 0(R) D [—m/2,7/2]. Then,

m™ T

Iy = {xER D 0(x) ¢ [_535}}

is non-empty. We recall that 6 is an absolutely continuous function as a consequence of the definition
of #. Since there exists x € R such that §(z) € (—7/2,7/2) for some value of z, this function cannot
be identically constant on the set Iy. Thus,

/ 16/ (2)|* dz > 0. (16)

Iy

By definition of I and T', 6y is constant on Ip. On the other hand, on R\ Iy, T 0 6 = 6. Therefore
/‘Hé(az)‘zs(az) dz = / ‘9&(m)|2s(az) dz
R R\ g
— / ‘(To@)’(az)‘zs(m) dz
R\ /g

:/ ‘9’(x)|2s(x) dz.
R\I,
Combined with (I6), we get

/R|eg(x)| s(x)dz < /R‘H'(xﬂ s(x) da. (17)

Moreover, since the function  +—+ cos?(z) is minimal at 2 = 47/2, then by property of the function 7"

/ cos? (Tof(x))s(z)dx < / cos? (0(z))s(z) da. (18)
R

R
Therefore, (I7) and (I8) imply that f o6, € # and

Ey(fob) < Es(6)).

Last, the property of T' shows that 6;(R) C [-7/2,7/2] and lim4 o, @ = 5. Thus, §;(R) = [-7/2,7/2].
U

10



Therefore, we can only consider functions 8 € W. Let us define the following quantity for any of
these functions:
plf] :=inf {z €R : 0(z) > 0}. (19)

Due to their opposite limits at infinity and their continuity, we know that p[f] € R. It corresponds to
the first time where 6 vanishes. We can therefore reduce our problem to monotonous functions. This
is done in two steps.

Lemma 10. For any function 0 € W, let

Gy 0(@) <0 if © < p[f)]
O(z) = { 16(z)] >0 otherwfse, (20)

and the best non-decreasing upper bound

o (2) := infy ez 4o00) 9(@/) if x < pld]
. SUDye(— oo,z G(y) otherwise,

where pl6] is defined at (9). Then 6,67 € W, 61 is non-decreasing and E(81) < Ey(f) < E4(6).
Moreover,

e if 0 is non-decreasing, then 0= 0,

° zf§ is non-decreasing, then 0% = 0.

Proof. To start-with one can check directly that [|0]|ge = |||z = |||z~
Step 1: Since the function cos? is even, we have cos? y = cos? |y| for any y € R. Thus,

cos? (x cos? O(z
A#S(x)dgp = /R#s(:n) dz. (21)

On the other hand, the triangle inequality gives that ||f(z + y)| — |f(2)|| < |f(z +y) — f(z)|, which

implies
[Ist@lswa < [ |7w) (22)

We now observe that since p[f)] is a zero of 6, then the transformation giving 0 from 6 does not create
a discontinuity at the point p[f]. Therefore the function 0 is weakly differentiable if and only if 6 is
weakly differentiable. Its weak derivative satisfy for almost every =z € R:

#@)] = 16'@) (23)
If we now combine ([22) and (23], we get:

/\9 dx>/|0 (24)

Thus, (2I) and (24]) together imply

E (0) < E(6). (25)

In particular this implies bew.

Step 2: The function 61 is indeed non-decreasing. One can check that the set of 2 such that 6 (z) # 6(x)
is a reunion of 2-by-2 disjoint intervals and on each of these intervals the function A% is constant (for
more details and properties, see [I7]). As a consequence, we have:

N (2)*s(z) dz 0'(z)]?
L1y @Pswar < [ [06)
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with equality if and only if 9=0t
From the properties of W, there holds

vesolf], -5 < 07(z) < f(z) <0
Thus,
rlo] rlo] ~
/ cos? (HT(:E)) s(z)de < / cos? (0(z)) s(z) dz
Similarly,
Vo> plt), 5 >60(2) > 6() >0
Thus,
/ cos? (HT(:E)) s(z)de < / cos? (5(:17)) s(z)dx
pl0] plo]

Combining these inequalities gives:

COS2 f xT))s\r)ax 0082 x)) s(x)dxr
[ o @) st s < [ cos? (@10) s(w)a

R

Similarly as before, this gives an inequality of the energy for this transform. Combining it with (25)
yields the conclusion.

O

Last, if the notch is symmetric, there is also another transform using symmetric decreasing rear-
rangement (see [19] for details about rearrangements) that we can use.

Lemma 11. Assume that s € ,(Q2) and s(-) # 1. For § € W non-decreasing, we define
=00y, (26)

where y is defined in (§), and

T # T
)= (F-10) -5 and @)= P,

where § denotes the symmetric decreasing rearrangement of non-negative functions on R and ~ denotes
the transform of Lemmallll Then 0* is a non-decreasing odd function in W, and Es(0*) < E4(0). The
inequality is strict if 0 is not odd.

Proof. By the Polya—Szegé inequality for the rearrangements, we have

/(ﬁi)/(yfdy < /ﬁ’(y)2dy. (27)
R R

Since the function 6 is assumed to be non-decreasing, so is 9. Using the case of equality in the
Polya—Szegs inequality, we infer that the inequality above is an equality if, and only if,

JaeR, YyeR, —|d(y—a) = 9} (y). (28)

On the other hand, since the function z — s(z) belongs to 2% (R), then we have —s(z) = (—s)(x). It
is direct to check that this property is then also satisfied for 0. We now recall that if f is a non-negative
non-decreasing function then we have f o (gﬁ) =(fo g)ﬁ almost everywhere. Thus, almost everywhere:

cos? (%) = sin® <<g — ]ﬁ\>ﬁ> = <Sin2 <g - W))ﬁ

12



and then cos? (193:) = cos? (19)ﬁ. Therefore, by the Hardy-Littlewood rearrangement inequality, we have

/ cos? (9(y)) (—o?) () dy < / (cos? (9))*(y) (—02)H () dy = / cos? (94(y)) (—o?)(y) dy.  (29)
R R

R

We combine (27) and (29) and get
Ey(07) < Es(0), (30)

and the case of equality is given by (28]).

To conclude that 6* is an odd function, there remain to prove that the number a € R appearing
in (28) is actually 0. We consider a function ¢ such that (28] holds for some value of a > 0 and we
prove that in this case (29)) is actually a strict inequality. The same reasoning also holds in the case
a < 0. First, using the parity of cos? and (28], we write

2

_ /R < /_ ﬁ;(yﬂ) cos(v) sin(v) du) < /0 02@) du> dy

0 +o00
= /R/_g/o 1{0i(y+a)2u} 1{62(3/)2#} cos(v) sin(v) dpdr dy,

where for the last inequality we used the fact that ¥* < 0. By the Fubini theorem,

1(9) := 1/RCOS2 (19(1/)) o(y)dy = = /Rcos2 (ﬁi(y + a)) a?(y) dy.

I1(9) = /_07r /0+00 meas ({y eR: ¥ (y4+a)>v and o3(y) > ,u}) cos(v) sin(v) dv dpu.

Since the function y ++ —o?(y) is symmetric decreasing, we have

{y eR :0*(y) < p} = [—my, my),

where m,, := meas{y € R : 0?(y) < p}/2. Similarly, since the function y — 9*(y) is symmetric
decreasing, we have
{yER 19i(y—l—a) 27/} = [_ql/_av qv_a]7

where ¢, := meas{y € R : ¥*(y) < v} /2. Thus,

I(9) = /_+0<> /0+00 meas ([ —q—a,q—a]\ [-my, mu]) cos(v) sin(v) dv dpu. (31)

uy
2

Similar computations lead to

I(Wh) = /_+OO /0+oo meas <[ — @, @] \ [-my, m“]) cos(v) sin(v) dv dpu. (32)

3
It is a direct consequence of the Hardy-Littlewood rearrangement inequality to have:

meas ([ —q,—a, q, — a] \ [=my, mu]) > meas ([ - qy, q,,] \ [=my, mu]) (33)

Therefore, we get the announced strict inequality if and only if the inequality above is strict for a set
of v that have a non-vanishing Lebesgue measure. More precisely, we study

R, = {u € [— g,O} : Inequality ([B3) is strict. }

13



We first remark that since x — s(x) is not constant, so is z — o(x) and thus
M::{,uzO : 0<mu<+oo}
is an interval with non-empty interior. Moreover, we have
{yer o'y > o} ={0}, and {yeR:vi(y)> —g} ~R.

Then, since the function ¥ is continuous increasing, we have for all p > 0 a unique v such that ¢, = p.
Therefore, assuming for instance thatE a >0,

VueM, {1/ € [— g, O} Pmy —a < gy <my+ a} is a non-empty interval.

We now observe that ([B3)) is a strict inequality if and only if ¢, —a < m, or —¢, —a < —my,. It is in
particular true when m, —a < g, < my, + a. Thus,

YueM, meas I, > 0.

Plugging this back into (3I) and (B2) gives that (29) is a strict inequality. Thus, we proved that
Inequality (30) is an equality if and only if —|¥| = ©¥%. This property is equivalent to ¥ odd, and thus
0 odd. This concludes the proof. O

2.4.2 The switch must be performed inside the notch

The last transform is a simple but still powerful translation in order to localize the switch in (or near
enough) the notch. This property will be very important, in particular in order to get a compactness
property for the minimizing sequence for the problem.

Lemma 12 (Localization of the spin switch). Let 8 € W non-decreasing. Assume that the notch
profile s is equal to 1 outside some interval [a,b] and is below 1 inside this interval. Then, there exists
a non-decreasing function 8y € W such that:

(1) The set of zeros of Oy intersects the interval [a, b).
(13) We have Es(6) > Es(6o).

Proof. In the case where the sets of zeros for 0 intersects the interval [a, b], it is enough to define 6y = 6.
Otherwise, we proceed to a translation of the function # until this property is satisfied. We first observe
that the set of zeros {z € R : §(x) = 0} is an interval [zg,x;] since 6 is non-decreasing. Assume now,
without loss of generality, that x1 < a we consider again the change of variable 6 <+ ¥ given by (26]) so
that we can work with the following formulation of the energy:

B.0) = 5 [0 0Pdu 5 [ o (9) ) do

Since the change of variable is an increasing diffeomorphism of R, then o is equal to 1 outside [a_, a].
We also have that the largest zero of ¥, which we denote z) (and that is the image of =1 by the change
of variable) is such that 2} < a’. We define

Yo(z) := Fx —9)

where § = a’ — 21 > 0 and we define the function 6y from 9y using the change of variable formula (28]).
To compute the difference of the energies between 6 and 6y, we first observe that

/Rﬂ/(y)zdyz/[&%(yfdy-

?In the case a < 0, we can do the same reasoning by simply swapping signs.

14



On the other hand, one has:

™

- =1l =19l
cos? (¥(y)) = sin’ <§ — ‘0(3;)‘) = 2/ cosvsinvdy = / sin(2v) dv
0 0

Therefore with the Fubini theorem, we are lead to

“+oo
/Rcos2 (9(y)) o*(y) dy = /R/o 1{%_|0(y)‘>u} sin(2v) o2 (y) dv dy (34)

The same computation holds for ©g. We observe that since 8 and then ¥ is increasing, then the function

% — 9] is unimodal (i.e non increasing on (—oo, 2] and non decreasing on [z, +00)). As a consequence,
7T

the super-level sets {3 — [J(y)| > v} are intervals and they satisfy:

Yy (V) := inf {— — [9(y)| > V} <z} <sup {g — [9(y)| > 1/} =: 2,(¥) (35)
We also have
Y (9) <y (V) + 6 =y, (Yo), and 2,(0) < 2,(9) + 6 = 2, (o). (36)

We now compute

2
/Rl{g— asv) 7 WAy = /{ poisv} O W v dy

yu (9)+6 zu(9)+48
= / o?(y) dy — / o (y) dy
Y 2 ()

(37)

We now observe that, combing (B3] and (36]):
v, (V) <y (9)+ 8 < d.

Therefore, o2 is identically equal to 1 on the interval of integration [y, (9);y, (1) + 6]. Since 1 is the
maximal value of o2 we conclude that

yu (9)+6 ) zu(9)+8 )
/ o*(y) dy 2/ o*(y) dy
yu (9) 2z ()

Plugging this back into (37)) and then in ([34]), we eventually conclude:

Es(e) > ES(HO)' U

2.4.3 The main result
We are now in the position to prove the existence of a minimizer for E4(0).

Proposition 13 (Existence of a minimizer). Let s € Uy(R) such that s # 1. Then the following
properties holds.

(i) The energy Es introduced at (I2) admits a minimizer in #x. In particular, Equation @) admits
a solution.

(it) If 01 € W1\ W, there exists g € W such that
ES(HO) < ES(Hl).

In particular, any minimizer of E4 belongs to W.
(13i) Any 0 minimizer of the energy Es in W is an increasing function on R.
() If s € ,(2), then any minimizer is odd.
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Proof. First, we point out that, from the assumption that s € U,(R) and s # 1, s = 1 outside some
interval [a, b] and is strictly below 1 inside this interval. The property (ii) is proved by Lemma [0 For
(#i1), we first use Lemma [I0 in order to show that any minimizer is non-decreasing. Invoking now the
strong maximum principle for elliptic equations, we get that any solution to (Bl cannot be constant
on a non trivial interval without being constant on the whole R. This is eventually contradictory with
6 € W so that a minimizer of Es in W is necessarily increasing. Moreover, Lemma [I1] leads to (iv).

In order to prove (i), let 6, € #. be a minimizing sequence, that is Fs(#,) — m (defined in
([@)). Using the transformations in Lemmas [9 and [[0] we can assume that every 6,, belongs to W and
is non-decreasing. Moreover, due to Lemma 2] we can also assume that, for any n € N, we have
some x, € [a,b] such that 6,(z,) = 0. Since ||9;L||%2 < %Es(ﬁn), ¢!, is uniformly bounded in L?(R).
Therefore there exists 6 € H{ _ such that (up to a sub-sequence) ¢/, converges weakly to ¢’ in L? (and
in particular ' € L?(R)) and 6, — 6 in C(K) for any compact K. Moreover, since f(z,u) = u?s(x) is
convex in u, there holds

/(9'(3:))2 s(z)dz < liminf [ (0] (x))? s(z)dz. (38)
n—-+o0o

We must also point out that, since x,, € [a,b] is uniformly bounded, we have some T € [a, b] such that
(up to a further sub-sequence) z,, — Z. From the uniform convergence of 6,, on compact sets and the
fact that 60,,(xy) = 0, there holds 6(Z) = 0. Moreover, every 6, is non-decreasing and satisfies |0,,| < I,
which implies that 6 is also non-decreasing and that |0| < 7 due to the uniform convergence on compact
sets.

On the other hand, we also have a uniform bound of cos6,, in H'. Indeed, (cosBy,) = —0! sinb,,

so that 5
2
l|cos 0, ||31 < ||cos O |72 + 107172 < %ES(H,L).

This estimate proves that there exists ¢ € H'(R) such that (also up to a further sub-sequence) cos 6,
converges towards ¢ weakly in H' and in particular cos#,, — ¢ in C(K) for any compact K. But we
also have cos 6, — cos in C(K) for any compact K, since cos is continuous. Thus, ( = cos#. Similar
arguments as for 0 yields

n——+o0o

/cos2(9(a:)) s(z)dz < liminf | cos®(6,(z)) s(x)dz. (39)

In particular, we get cos € H'(R), which proves that lim; oo cosp(z) = 0. But 6 is non-
decreasing and satisfies 6(Z) = 0 and |#| < §, we have —§ < 0(x) <0 for x <7 and 0 < 0(x) > 5 for
x > 7. Thus, it is now easy to get that limi 0 = £5. From all these properties, we get § € W, and

from (38)) and (B9)

n—-4o0o n—-+4o00

< lim inf/(@%(a:))2 s(x) dx + lim inf/cos2(9n(a:)) s(z) dx

< liminf / (61,2 + cos? (0 ()] s(z) da

n——+00
< liminf F4(0,,) = m.

n—-4o0o

Thus, 0 is a minimum for F4(6) and m defined as (I0) for any ¢ is a minimum of Es(m). O
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3 Uniqueness of the domain wall

3.1 First properties
3.1.1 Energy point-wise inequality

It is notable that € solving () satisfies a point-wise energy-like property.

Lemma 14. For any 0 € W satisfying (), there holds
0"(y) — cos®(0(y)) >0 for a.e. y € R. (40)

This inequality is an equality if |y| > a. There also holds 6% — cos?() # 0 if s(-) # 1 and if 0 is not
constant.

Proof. Let ¥(y) = 6(z) where y is defined in (§). Then ¥ is a weak solution to
9" + 0% cos ¥sin v = 0. (41)

We also know that cos®? € L?, so that ¥/ € L?, and the previous equality is true in L?. We can
therefore multiply this equality by ¢ € L?, so that

i(19’)2 -0 & cos*(9) = 0.

This equality is true in L'. Thus, integrating it on (yo,%1) for any yo,y1 € R leads to
2 oo d 2 "2
(@) ()= | o (y)d—y cos™(¥(y)) dy = ()" (yo)-
Yo

Moreover, there also holds

[ )4 o 0) dy = o2 (0n) (cos00m) — cos*9(u0))
Yo dy ,
so that

()2 (1) — o*(y1) cos*(I(y1)) — /y1 (o*(y) — ‘72(?41))(% cos”(D(y)) dy = (9)*(yo) — o*(y1) cos® (I (yo))-
Yo

Using the fact that ¢ € H' and cos® € H', we know that, for 3; fixed, the right-hand side goes to 0
when |yg| — oco. Thus we get, for any y; € R,

Y1

()2 (y1) — 0% (y1) cos*(I(y1)) — / (o*(y) — Uz(yl))(% cos*(9(y)) dy = 0,

—00

9 0) o) cos’0u)) + [ (0%(0) - 7 (11)) 5 cos”(9(0) dy = .

Y1

If y1 <0, define o, by

Oy (y) = {0-2(2/1) B 02(y) if y<un

0 if y > y1.

Recall that o is equal to 1 outside an interval denoted [a_,ay], according to the proof of Lemma
From the properties of o, we know that oy, is a non-decreasing function with bounded variation, which
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is constant for y < a_ and for y > y;. Thus, its derivative is a (non-negative) measure supported on
[a_,y1], that we call doy,, and for any non-negative continuous function f, there holds

[onwrway=- [ 1o, <o
R

This inequality becomes an equality if f is supported outside of [a_,y1] (and in particular if y; < a_).
Thus, since 9 is continuous (and then so is cos? ), there holds

/ " (%) - a2<y1>>d% cos(9(y)) dy = — /R - (y)diy cos>(9(y)) dy > 0,

and the last inequality is an equality if y; < a_. The case y; > 0 can be treated similarly, so that, for
all y; € R,

v

(0)2(y1) — o2 (y1) cos*(9(y1)) = 0
()2 (1) — 02 (y1) cos?(I(y1)) =0 ify1 < a_ or y1 > ay.

The conclusion is reached by coming back into the x variable, along with the fact that (o (y)) ™19’ (y) =
' (z) in L.

As for the last property, if 8”2 — cos?(§) = 0 in L', then from classic ODE techniques cos# and 6’
can never vanish unless 6 is constant and 6 is actually smooth. Thus, differentiating this expression,
we get

0" 4+ cos fsinf = 0.

Then (B) becomes
§0'=0 inD.

As 6’ is smooth and never vanishes, there holds s’ = 0 in D', which means that s is constant and is
therefore equal to 1. O
3.1.2 Strict monotonicity of the critical points

Lemma 15. If s € Ay(R) is a symmetric notch, then any critical point 0 of the energy Eg in W is
strictly monotone.

Proof. The functions ¥ and o as defined in (26]) satisfy (41). This shows that 9" € L*(R). We
already know that § € L>®(R) from ¢’ € L?(R) and lim4.|0| < oo, so that ¥ € L>°(R). Therefore
¥ € W2 (R), and in particular ¥’ € C(R). On the other hand, we also know from (@) that "2 — cos? @

is non-negative in R. We also have
1 T du
o= Lo ([ 8, o
D=@ Uy s 2

92 (y) > o(y)? cos® I(y). (43)

Thus we get for all y € R

From this, we know that 1 does not change sign. Indeed, if so, then, from the continuity of ¥/, we
have yop € R such that ¢ (yg) = 0, which leads to cos ¥(yp) = 0 with (#3)). Solving the Cauchy problem
of (@Il with this initial condition leads to ¥ = cste, which is in contradiction with the limits at +o0o of
6. Therefore, from ([{2), #" has the same sign all over R, which leads to the conclusion. O
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3.1.3 Strict coercivity of a Schrédinger operator

In [3, Theorem 1] and [8, Theorem 1.1], existence of a (stationary) solution to Problem () is proved for
admissible sections s € 7, (R). Furthermore, this solution is stable and asymptotically stable modulo
rotations around the wire axis. The proof of this result rests upon the rewriting of System (LLG]) in
the mobile frame (M(x), M1(x), M3), with

sin 6(z) —cosf(x) 0
My(x) = | cosb(z) |, Mi(x)=| sinf(z) |, M;=10],
0 0 1

where 6 solves (@)). Furthermore, by introducing = = [ry, 73] " such that

m(t,z) =+/1—|r(t,z)|?Mo(z) + r1(t,2) M1 (x) + ro(t, x) Mo,

one shows that Eq. (LLG]) can be recast as

8 1 —L1 —L2 T

= - R

ot <T2> < L —Ly) \r) ™" ™).
where R is shown to be a remainder term in the stability analysis and

Li(r) = —0pr — %’3967‘ + (sin? § — cos? )r,
LQ(T) = = Ot — sgl(%r + (Sin2 0 — 9/2)7’.

On L%(R), let us introduce the weighted inner product (,-), given by

(u,v>8:/Ru(a:)v(x) s(z) dz.

We recall some properties of Ly and Ly proved in [§].
Lemma 16. If 0 is such that ' € L* and satisfies @) and 0(z) € (=3, %) for all x € R, then

o Lo = ("0 where { = 0, + 0'tan 0, and Lo is non-negative with ker Ly = R(cos 0).

e L1 is a positive definite operator, and

Ja>0 | VYueHYR), (Liu,u)s>alul? (44)
where ||ul|? = (u,u)s.
Proof. One easily shows that for any u, v in H2(R), one has
(Lou,v)s = (fu,fv)s, with £ =0, + 0'tan@.

This implies Ly = £*¢ and we infer that Lo is non-negative. Moreover, it is easy to see that Lo cos = 0,
and it never vanishes on R, which implies that ker Ly = R(cos 6) as Ly is a Schrodinger operator. It is
also shown in [8] that the essential spectrum of Lo is [1/2, +00).

Regarding now Ly, observe that Ly = Ly + (0" — cos?#)Id. We also know that 6”2 — cos? 6 is
non-negative in R, but 82 — cos?# # 0 in L'. Thus we infer that L; is positive definite on H?(R) and
that (44]) holds. O

Remark 17. The fact that ker Ly = R(cos 6) corresponds to the invariance of the equation (LLGI) with
respect to rotations around the nanowire axis.
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9/

Figure 3: Phase portrait of a notched nanowire: (dashed line) separatrix lines are modified (continuous

line). D,,.

3.2 Critical point and strict local minimizer

Lemma 18. Fach critical point of Es is a strict local minimum: for every Oy critical point of Fs
in Wy, there exists € > 0 and as > 0 such that, for every § € H'(R) such that |0« < €, then
Ey(00 +6) — Es(60) > asl|6]2.

Proof. The fact that F is three times differentiable is standard. Let us roughly compute its differentials.
There holds

dEs(0).h = /R(H/h/s—l—cosﬁsinﬁhs) dz
= /Rh(—(SH')' + scosfsinf) dx
We thus infer that
d%E,(0).(hy,hy) = /R hy (—(shb)" + shycos(20)) dz = (Lih1, ha)s (45)
where the operator L; has been introduced in Section B.1.3] and finally,
APE(0).(h1, ha, h3) = —2/Rh1h2hgssin(26) de.

It follows that
‘dgES(H)‘(hlv ha, h3)‘ < 2”}7’1”L2(s(x) dx)Hh2”L2(s(:v) dx)Hh?)”L‘X’ (46)
Thus, there holds

1
Ey (60 +6) — Ey(6y) — dE4(6p).0 — %dQEs(HO).(G,G) = % / (1 —1)? d3E,(0o +10)(0,0,6)ds,
0
and, with (#6]) and the assumption [|0]| ;o < &,
1 1
Es(60 +0) — Es(60) — E4(60)-0 — 3 d2Es(90)-(979)‘ < gHe“%Q(s(w)dx)He”Lw

€ipn2
< 3100z2(5(2) a)
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On the other hand, if y is a critical point of Es, then E’(6y).60 = 0 and more precisely 60 + %96 +
cos By sinfy = 0. Then, from this property and Lemma [I6] ([45]) shows that

E;/(HO)(Hv 9) > a”e”%Q(s(m) dx)*
By taking ¢ = «, we get the conclusion with as = §. O

3.3 Transformation of the energy and convexity

E, is not convex, because of cos? @ in the potential energy, which is not convex itself. However, we have
a way to make this function somehow convex. For this, we introduce the function

L:Rx(0,1) >R

y2

.

and the functional spaces, defined for any xy € R by

Teo =10 € LN HL . (—00,20) |0 < ¥(z) < 1 for a.e. x € (—00,20) and L(¢, ) € LY(—o0,z0)},

T = {¢ € L* N H(x0,00) |0 < 1b(x) < 1 for a.e. x € (xg,00) and L(¢',¢) € L' (20,00)},  (48)

from which we define the following partial functionals

e =5 [ (L@ 0@) + v(@?)sta) da. (49)
&) =3 [ (LW @) 0@) +6@?)s(w) s (50)

respectively defined on jx_o and j;g. The reason why we introduce this functional is the fact that it is
related to our initial energy Es(6), or more specifically to its partial integrals

B, = %/:: (9'(:17)2 + cos? 9(:17))8(3}) dz, (51)
Ef,, = % /x:o (9'(%)2 + cos? 9(m)>s(az) dz. (52)

Lemma 19. For any 0 € # such that —5 < 0(x) <0 for a.e. x € (—00,x0), there holds

E; ., (0) =&, (cos ).

5,20

A similar property holds for Ef, . with 0 < 6(x) < 5 for a.e. x € (xp,00).

ER

The proof is obvious and left to the reader. We also point out that, when —%5 < 6(z) < 0, then
0(z) = — arccos cos 0(z), whereas we have () = arccos cos #(z) when 0 < 0(z) < 3.

2
We continue by some simple properties on L.
Lemma 20. L is a non-negative convex function on R x (0,1).

Proof. From the definition of L, it is indeed positive as soon as 22 < 1. As for the convexity, we point
out that

2 4yz
2 _~2)2
Hess L(y, z) = ( 14yzz 02 (-2 )8y222 )
T-222 -2 T 123"



In particular, it is easy to see that its trace is non-negative for all y € R and z € (0,1). As for the
determinant, we get

2 2y2 8y22’2 dyz ?
det Hess L = N
etHess Ly 2) = T8 |r= o2 P r—a2p] ~ =2
4y2
—_ 7  _>.
(1—22)3 — 0

This proves that Hess L(y, z) is a non-negative symmetric form for all y € R and z € (0,1), and thus
that L is convex on this space. O

Such a property on L induce the convexity of the partial functionals Sjcto on jxfg.
Lemma 21. jjg are convez sets and 5;% are convex functionals on these respective sets.

Proof. We will focus on J,;; and &, . The proof can be easily adapted for j;g and 5;:).
Let o, 91 € T, and X € (0,1), and define 9y == (1 — N)tho + Ay € L2 N H}, (—00,20). Of course,
0 < Yy(z) <1 for a.e. x € (—00,z0). We know that, due to the convexity of L,

LW (), ¥a(@)) < (1 = ML (@), o (@) + AL (2), ¥ (2)).

Since L is non-negative on R x (0,1), this shows that L(¢},v5) € L'(—00,x0), which proves that
Py € j;g, and that

Z

/ " L () (@))s(a) d < (1 - A) / L) wn(a)s(o)ds 1 [ " LW (@), ())s(2) d.

On the other hand, we also have

o zo

(o(z))?s(x) dz + )\/ (Y1 (x))?s(x) dz.

—0o0

[ m@ps@a<a- [

—00 —00

Thus,
Eoo(Wn) < (1= A&, (Vo) + A&, (¥1). O

3.4 Construction of a particular path

From such properties, we can construct some interesting paths connecting a critical point to a translated
basic domain wall without notch, whose angle is given by 6, (z) = arctan(sinh(z)).
In particular, we have

1
cosh(x)

cos O, () = and sin 0, (z) = tanh(z).

Lemma 22. Let 6y € W be a critical point of Es and xy € R such that 6y(xo) = 0. For any A € [0, 1]
and r € R, we define

Pxr(0o)(z) = sgn(x — x0) arccos((l — A)cosby(x) + Acos b (x — xo)).

Then A+ Px(0o) is a path with values in W, continuous with respect to the H' norm, connecting 6y
and 0.(- — xo), and for any A € (0,1),

Eg(Pr(00)) < (1= A)Es(00) + AEs(0+(- — z0)). (53)

22



Proof. First, from Lemma [I3] we know that —% < 6g(z) < 0 for all z € (—o0,z0) and 0 < Op(z) < 5
for all = € (z,00). The same property holds for 0. (z — x0) and for Py(6p)(x). Then, using Lemma [T9]
it is easy to see that cosfy € Ji, and so is cos 0, therefore so is cos Py (6p) = (1— X) cos 6 + A cos 6, by
the convexity of these spaces due to Lemma 2]l Concerning the regularity of the map A — Py(0y) € W,
the only point that may create a singularity is the multiplicative signum function. This is not the case
here as a consequence of Lemma [32]in Appendix [Al To apply this lemma, it is easy to check that for
all X € [0, 1], the function

x— arccos((l — A) cosbp(x) + Acos O, (x — xo)),

vanishes when x = zy. As a consequence of Lemma but also Lemma [33] and its corollary [34] in
Appendix [Al we can write A — Py(6p) € W as a composition of continuous functions (for W being
endowed with the H'! norm).

For the estimate, decomposing F(Px(0y)) leads to

Ey(Px(00)) = Eq 2,(Pa(00)) + E 5, (P (60))
= &, (cos Pr(00)) + £ (cos Pr(6o))
< &, (1= X)cosby + Acos b (- — m0)) + E (1 — A) cos by + Acos b (- — ).

By using Lemma 21] and Lemma [I9 once again, we get

Es(Pr(00)) < (1 —N)E,, (cosbp) + AE,, (cos 0. (- — x0)) + (1 — )\)5+ (cosby) + )\5;0(008 0.(- — xp))
< (1 )‘) 55(;0(90) + )‘Es xo(e ( - :EO)) + ( )‘) sxo(eo) + )‘E::cg(e ( - 330))
<

(1 )‘) 3(90) + )‘Es(e*( - 5170)) O

Lemma 23. The function v +— 6.(- — ), which takes values in W, is continuous with respect to the
H? topology. Moreover, for any s € %,(R) such that s(-) # 1 and for any v« € R,

max Fg(0.(- —7)) < E1(6x).
YE[=vw 4]
Last,
lim B0, =) = F1(0.)
Proof. Since s < 1 and 6, is strictly increasing (in particular it is not constant on supp(s — 1), which
is of positive measure), it is easy to show that Eg(0.(- — 7)) < E1(0.(- —v)) = E1(0.). Moreover,

B0, =) =5 [ (106, + o (0.(a) s(a + ) da

VI%02/ 0:0.(2)F + cos(0.(2))) da

as it is easy to prove that, since s — 1 is compactly supported, there holds s(- —v) —1 — 0 as |y| — oo
for the Radon measure topology M(R) but also for the local uniform convergence.

Also, there also holds 0,0, € L?(R) and cos 6, € L%(R), thus v — 9,0.(- —7) and vy + cos 0.(- — )
are continuous with respect to the L? norm, which gives the continuity of v — E(6.(- —7)). We also
point out that 6, converges exponentially to its limits at 400, so that for any v € R, ,(-—v) — 0, € L?,
and the continuity of v ~ 6,(- — ~) with respect to the L? norm can be easily proven. O

We are now in position to bound from above the energy of the critical points by comparison with
the notchless case:
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Lemma 24. Any critical point 0y of Es satisfies Es(6p) < Es(04(- — xg)) < E1(0x), where zg € R is
such that 8p(zo) = 0.

Proof. The second inequality is given by Lemma 23l On the other hand, we know that Py () defined
in Lemma is a path continuous with respect to the H' topology. Therefore, by Lemma [I8 there
exists A\gp > 0 such that, for every A € (0, \g), Es(Px(fo)) > Es(6p). Putting these inequalities in (53)),
we find

Es(6p) < (1 —N)Es(00) + AEs(04(- — x0)),

for any A € (0, ). Thus,
0< )\(Es(e*( - 330)) - Es(e(]))y

which leads to the conclusion. O

Corollary 25. For any critical point 0y of the energy Es, the mazimal energy of the path Px(6y) is
maxye(o,1] £s(Pr(6o)) = Es(0(- — x0)), where xq is such that 0p(xg) = 0.

Proof. Combining (53) and Lemma 24] we get that Es(Px(0y)) < Es(04(- — xg)) for all X € [0,1]. The
conclusion comes from the fact that P1(6g) = 0.(- — o). O

The set B of continuous path on [0, 1] connecting the critical point 6y to the minimizer 64 of the
energy F is defined as an affine subspace included in C([0, 1], W), where W, as defined in (I3]), is
an affine space whose associated vector space is H'. Thus, ‘B is naturally endowed with a distance
inherited from the H! norm.

The structure of our proof can be easily guessed : we would like to use the so-called mountain pass
theorem between 6y and 65 to find a new critical point of the energy Es. Such a function should be a
saddle point, but it is actually a strict local minimizer due to Lemma [I8] giving a contradiction with
the existence of another critical point than 6.

From such a tactic, it is classic to show that the functional satisfies the Palais-Smale property.
However, such a property is false for E generally speaking : one can think of 6.(. — n), which is a
notchless domain wall for the nanowire without notch translated to infinity, and whose energy converge
to F1(6s). Nonetheless, this is probably the "minimal" counter-example which can be found, and such
a thing can not happen in our problem. To be more precise, first, from all the previous results, we can
construct a path, whose maximal energy is strictly lower than the notchless energy of the notchless
domain wall.

Lemma 26. Let 0, a minimizer of Es in W and 0y be any other critical point in #,. Define, for any
A€ [0,1],

P3x(bo) if X e [0, 3],
co(A) =4 0.(- = (2=3Nxo) if A€ (5,3),
P3—3>\(08) if)‘ € [%7 1]’

Then co(N) is a path in C([0,1], W), connecting 0y and 05. Moreover, it satisfies

Jnax, Es(co(A)) = Es(0.(- — 20)) < E1(64)-

Proof. This path is a continuous concatenation of three continuous paths with respect to the H! norm,
whose maximal energies are known to be respectively E;(6.(-—x¢)) (due to Corollary 25)), Es(6.(-—x0))
(due to Lemma 23)) and E,(f,) (using again Corollary 25l with 6, which is a particular critical point).
The conclusion follows from Lemma 23] once again. O
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3.5 Palais-Smale property

Due to this particular path, the problem is much more reduced : the Palais-Smale condition has to be
proved only for sequences of functions whose energies are strictly smaller than Fq(0,). Actually, we
can prove that, up to a sub-sequence, we have a strong convergence with respect to the H' norm. But
before that, we need two properties. The first one gives a weakly /strongly converging sub-sequence for
any sequence whose energy is uniformly bounded.

Lemma 27. Let 0,, € W such that sup,, E5(0,) < co. Then, for any z,, € R, there exists 0 € W such
that, up to an omitted extraction,

o 0p(.+xn) — 0 in L*(I) and C(I) for any bounded interval I,

o 0/ (. +an) =0 inL?

e cosOy(. + x,) — cos@ in C(I) for any bounded interval I,

e cosOy,(. +x,) — cosf in L2,

e sin(20,,(. + x,)) — sin(20) in L2,

e if |z, — 00, then 0 can be chosen so that E1(0) < liminf, . Es(0y).

Proof. The proof of all but the last point follows from the fact that 6,(. + x,), cosf,(. + z,) and
sin(2(. + x,,)) are bounded in L? and due to the compact Sobolev embeddings H'(I) < C(I) for any
bounded interval I.

As for the last point we can show in the case |x,| — oo that v/s(. + z,,)0,(.+x,) — 6 in L2. Indeed,
\/ (. + 2,)0, (. + ) is uniformly bounded in L? and, since s = 1 outside [—a, a], converges weakly to
9 in LQ(I) for every bounded interval I. The same thing can be done for \/s(. + x;,) cos 0, (. + z,) and
thus

_ 2 1 _
Bi@) = ], + 5 lcos][}.
<l1g11an\/ A 2)0(+x) §1H_I>llan\/ .+ xy) cos by (. + xy) L
< liminf F4(6,). O
n——+00

Then, we need a property showing that, roughly speaking, no big bump can go to infinity if the
energy is too low and if the sequence is close to be a critical point of Ej.

Lemma 28. Let 6, € W and |z,| — 400 such that —3F < 6,(zy,) < 3F and (s6},)' + £ sin(26,) — 0
in H='. Then liminf, . Es(6,) > E1(6,).

Proof. We can assume that the energy of at least a sub-sequence of 6, is bounded, otherwise the property
is obvious. If so, take a sub-sequence (still denoted 6,,) whose energy converge to liminf, .~ Es(6).
Then, we can use Lemma with 6,(. + x,,), from which we deduce for the provided limit § of a
sub-sequence that :

. 8 <7(0) < &,
e [ (5) < liminf, 400 Es(6y).

Furthermore, for ¢ € C°(R), ¥(. — ;) is uniformly bounded in H', so that

((s0%) + %sin(29n),¢(. — ) — 0.

n—oo
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On the other hand,

((s0,) + gsin(%n), (. —xp)) = — /s(az)@%(w)w'(az —zp)de + % / s(x) sin(20,, (x))Y(z — zy,) dz

:_/;@+x@%@+mmwwwm
+ % / s(x + ) sin(20, (x + )¢ (x) da

and since s(. + x,) = 1 on supp ¢ for n large enough,

- — /9,’1(3: + xp)Y (z) dz + % /sin(29n(x + xp))th(x) dx

— —/5/(az)w'(m) dx+%/sin(29(az))¢(m) dz.

n—oo

This proves that 8 + 5in(20) = 0 in D'(R), and thus in L? and therefore § € C*°(R). In particular,
é is a critical point of Fq, which is not constant since —3% <0(0) < %’T. Thus, up to a translation,
0 =0, (]9]) and liminf, .~ Es(0,) > E1(0) = E1(64). O

Now, we have all the materials to prove a Palais-Smale property as announced previously.
Lemma 29 (Weak-strong Palais-Smale property). Let 0,, € W such that

. —%’T < Op(x) < 5%fora,llaze]R and n € N,

e sup, Fs(0,) < E1(0.),

e (s0,) + £sin(20,) — 0 in HY(R).

n—o0

Then, up to a sub-sequence, there exists a critical point @ € W of Es such that HH” — §HH1 — 0.
Proof. Let 0 given by Lemma 27 applied to 6,,. Since we also have
50, — s§  and s8in(26,) — ssin(26) in L2,

then we can easily shows that (35/)/ + %s sin(20) = 0, which shows that 6 is a critical point of E5. On
the other hand, from Lemma 28] there exists L > 0 such that

e forallv > L and all n € N, %ﬁ@n(:n)ﬁ%ﬂ,
o forallz < —Landalln € N, —3F <0, (z) < —3Z.

Thus, such properties are still valid for 6. Since cos@ € H' C Co(R), we thus get Emioog = +37, s0
that 8 € #4, and thus 8 € W by Lemma This proves that, for all n € N, 6,, — 0 € H'. From the
strong convergence of 6,, in L? on bounded intervals, we also get

L
B, ::/ (0, — 0)?dz — 0.

L n—00

Then, for any ¥,z € (%’T, ‘%’r), we know that

V3

3
cos(y) — cos(z)] = Loy — .

26



From the previous property, we get

/ C0, — ) de < = / h (cos(6) — cos(d)) " da

, Vil
< lgucos 0, — cos |,
< = (leos a3z + [eos ]
< \/;:80 (E4(6,) + E4(9))
< ﬁiOEl(e*)

A similar property holds for the interval (—oo, —L). Obviously, there also holds

—/ , — 1 — 2
16 = 8Y[| 2 < (1602 + (18] 12 < ﬁ(\/&wn) +VE®) < T VB,
Therefore, HHn — EH 1 1s bounded uniformly in n. Hence,

[ p—

‘((39;)/ + %sin(%n),@n - §>‘ < H(se,g)' + gsin(zen)

However, we also have (35/)/ + £ sin(26) = 0, which yields
Ap = ((0,) + 5 5in(20,), 0 = 0) = {(5(8, = 8)) + 2 (sin(20,) — sin(20)), 0, — )

- /3(9; ~7)dx
+ % / s(sin(26,) — sin(20)) (6, — 9) da

We decompose the last integral into three intervals : (—oo,—L), (=L, L) and (L, c0). From the property
of the function sin(2z), it is easy to estimate the second integral:

‘ / ¥ o (sin(268,) — sin(20))(6, — B)dz| < O B,.
L

On the other hand, for the third integral, we know that, as soon as yi,ys € (%’r, %’r), there exists

Y3 € (%ﬂ, %’T) such that
sin(2y;) — sin(2y2) = 2(y1 — y2) cos(2ys),
and thus
(sin(2y1) — sin(2y2))(y1 — y2) = 2(y1 — y2)* cos(2y3) < —v2(y1 — y2)*.
Therefore, assuming also L > a so that s =1 on (L, 00), we obtain

/Oo s (sin(26,) — sin(28)) (6, — B) dz < —\/E/oo(en _9)2dz <0,
L

L

A similar estimate holds for (—oo, —L). Gathering these estimates, we get

- 1 — 1
s(0, —9’2dx+—/en—92dx<An+CBn+—Bn — 0.
[0~ da s — [0, -7 e < B =
This proves that 6,, — 6 strongly in H!. U
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3.6 A contradiction by the mountain pass theorem

With such a Palais-Smale property, we are able to prove the uniqueness of the critical point of E; by
contradiction through the method of the mountain pass theorem.

Theorem 30. The critical point of Es in #j is unique.

Proof. We have already constructed 65 in Proposition [[3} it is a minimizer of E, in #{ and therefore
a critical point. By contradiction, let 6y be another critical point.

Step 1 : Setting up the mountain pass problem.
Let ¥ be the set of continuous path (with respect to the H! norm) on [0, 1] connecting 6y to 0.
We want to solve the problem

m = mi Eg(c(N)). o4
= g ) o

We know that Es(0y) < E1(0.) by Lemma 24 and that there exists a path ¢y (constructed in Lemma
[26]) whose maximal energy is strictly smaller than E;(6,). Thus, m < E;(6,).

On the other hand, let ¢ € P such that maxy Es(c(N)) < E1(6x). We know that, for any A\, A2 €
[0, 1],

leh) = c(a) o0 < Clle(n) — el Zae(n) = e |12
< Cllen) — eIz (le) 2 + fle) [ )*

2E (0. 1
<0228 1) el

Take some ¢ > 0 (independent on the path ¢ chosen) such that

1
0 < 51160 — Ol 2 (55)
and
C QE;(H*)aé < min(eo, &), i
0

where g¢ (resp. €5) is given by applying Lemma[I8to 0y (resp. 65). We know that there exists A\; € [0, 1]
such that [[c(A1) — 6ol| ;2 = 0 due to (B3] and the fact that ¢(0) = 6. Then, (56) along with Lemma
I8 ensures that

ES(C()\l)) > Es(e(]) + a252.

Similar arguments lead to
Ey(c(A\2)) > Es(0s) + a0d?.

This shows that maxy Fs(c(\)) > a2é? + max(Es(6p), Es(0s)), and therefore

W > a9 + max(Es(60), Es(0s)). (57)

Step 2 : Constructing a good minimizing sequence of paths.
Take a minimizing sequence ¢, for problem 54l Let fo € C!'(R) such that

o fole) =z forall z € [-3,Z],
o fo(x) =73 forall z > 9%,

o fo(z)=—F forallz < -2,
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e fois 1-Lipschitz and || fo| ;0 < 2Z.

Then ¢, () == f2(¢,(A)) € P and for all A € [0,1], Es(¢n(N)) < Es(€,(N)), with a similar proof as
in that of Proposition I3l Therefore, ¢, is also a minimizing sequence, with the further property that
(M)l < 5

From this sequence, we can use the theory developed for the mountain pass theorem (see for instance
[1, Chapter 5, Section 5]). To be more precise, since Ey is Gateaux-differentiable and FE’ is strong-to-
weak# continuous (i.e. continuous from W to H~1), applying Corollary 3.2 of [I] (see also Theorem
5.5) with ¢, as reference sequence yields another sequence of paths ¢, € P as well as some sequence of
moments A, such that

o max e (N) — &Nl — 0,
o Ey(cn(Mn)) = maxxelo,1] Eg(cn(N)) n:zo m,

e El(cy(Mn)) — 0in HL,
n—oo
Step 3 : Convergence of the sequence ¢, ()

We know that m < Ej (), so we can assume that sup,cn aepo,1] £s(cn(A)) < E1(6) —e. Moreover,
for all A € [0,1] and n € N,

len ()l < Il +llen() = 20N < 3%+ Cllen ~ Ealleqoam) 2 n-
so we can assume that ||c, ;e < %.

Since E.(6) = (s0")'+5 sin(26), we proved that the sequence ¢, (\,) satisfies exactly the assumptions
of Lemma Therefore, up to a sub-sequence, ¢,(\,) converges strongly to some critical point # in
H!. In particular, Fs(c,(\,)) converges to Es(6), therefore Es(0) = m < Ey(6,). Thus, with (E1), we
know that 6 is neither 6, or 6.

Step 4 : Contradiction with @ being a strict local minimizer.

Since 6 is a critical point of E,, Lemma [I8 also applies. Let & @y > 0 given by this result and take
& > 0 such that

_ 1 . — a
5 < 3 mm{”9 - 90HL27 16 - 65HL2}
and
S0

Then, for any n (possibly large enough), similar arguments as in step 1 shows that there exists A, such
that ||c,(An) — 0HL2 = ¢, and also that

ES(g) +agd < ES(Cn(Xn)) < Es(en(Mn)) — Es@),
thus a contradiction. O

3.7 Property of the solution

Now that we have obtained existence and uniqueness of the solution, we prove here a property of the
solution concerning its decay :

Lemma 31. Let 05 be the critical point of Es in the set W. Then

!%(z)!—%‘ < wexp(—/olxl %)
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Proof. By symmetric arguments, it is enough to consider the case x < 0. We recall that

sin(204(x)) .

(s(2) 0h()" = ()™=

Multiply this equation by s(x) 0. (z) and integrate gives

@ @ = - [ =g 2 ay

Since —7/2 < f5(x) < 0 (with z < 0), we use the convexity properties of the sine function to write

_Siﬂ(2§s(y)) < g +0.(0).
Thus, ,
ol < [ (5 +0.00) it st an

Since the function 6 is increasing, we can continue the estimate of this integral by writing s(y)? < 1.

We eventually get
T N 1 [* T 2]’ i 2
— < — — = — .
<2 +95(x)> ] <3 /_OO <2 +95(y)>] dy <2 +98(x)>

The signs of the quantities appearing above being known, we can remove the square and get:

s(x)?

V<0, 0< <g+98(x)>/ < %(gws(@).

We know that 6,(0) < 5 and then the announced estimate follows from the Grénwall lemma applied
to the function 5 + 0. O
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A Continuity properties for paths in infinite dimension

Lemma 32. We consider the space X, := {f € W'P(R) : f(0) = 0} for p € [1,+00]. We define the
multiplication by the signum function:
S: X, — Xp
f — [3: — sgn(z) f(z)].
The functionnal S is a well-defined linear involution on X, that satisfy ||Sf|lrr = || fllzr (whether finite
or infinite) and ||V (Sf)|ee = ||V fllLe. In particular, it is a continuous endomophism on the Banach

space LP N X,, (endowed with the standard WP norm) and on the Banach space X, endowed with the
norm f ||V fllL».

Proof. First, we can check directly that S is indeed a linear involution that preserves all the LP norms.
We prove here that it maps X, into itself and preserves ||V f||».
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Let f : R — R be a C! function in W'» such that f(0) = 0. It is direct to check that = — sgn(z) f(x)
is C! on R\ {0} and
Va#0, |[Vf(z)|=I[Vsgn(z) f(z)]

Concerning what happens at x = 0, since we have f(0) = 0, then Sf(0) = 0 and it is continuous at
x = 0 as a consequence of f being continuous. Since f is absolutely continuous, so is Sf and its weak
derivative is given by the following formula:

VeeR, V(Sf)(xz)=sgn(z)Vf(x). (58)
It is indeed direct to check that
VaeR i)~ [ s Vi)

We can then conclude from (E8) that ||V (Sf)|le = V£ Le- O

Lemma 33 (Ponctual estimates for composition). Let Q be an interval of R and let T'y,T'; be two
intervals of R and let A be an increasing C° homeomorphism that maps Ty into T'y. Define for f, g two
measurable increasing functions that map Q — Ty

Yae[0,1], VzeQ,  Ty(z):=A"! [AA o fla) + (1—AN)Ao g(x)},
where X € [0,1] is fized. Then we have, for all p € [1,+00):
VeeQ, |Taz)—¢@)|" < [fl@)—v@)|" + |g(z) — ()|, (59)

where ¥ is any measurable function.
If moreover f and g are non-decreasing and A and A~ are C' in the interior of Ty or I'y respectively,
then:

Va,y e, |Ta(z) - Ta(y)|" < 277! (\f(x) — )"+ |g(x) - g(y)|p) (60)

Proof. Part 1. Let x € Q. Using the layer-cake representation of functions [19],
“+oo
Taa) = b@P =p [ P 1{{TM@) - w(a)| > o)) do
0

+oo
:p/o Vp—11<{\A—1(AAo F+1=XNAog)(z) - vz) > y}> dv,

where 1 refers to the indicator functions. We treat separately the two cases depending on the sign of

Tx(z) — ¢ (z). We are led to :
T (z) — ()P
_ p/+oo I ({AT (Mo f 4+ (1= N Ao g) (@) —(x) > v} ) dv
0

+p/0+oo w1 ({ATT (Mo f 4+ (1= VAo g)(@) — b(z) < —v}) dv o
—p /+oo w1 (Ao f@) + (1= N Ao g(x) > AW() +v)}) dv
0

“+oo
+p/ l/p_11<{)\A of(x)+(1—=XNAog(x) < A(Y(z) — 1/)}) dv.
0
We now use the general fact, since A € [0, 1],

AAo f(z)|+ (1 =N)]Acg(x)|>p = [Acf(z)]>p or [Aog(x)]> p,
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for any p € R. We also know that for X,V two subsets of R, we have 1(X UY) < 1(X) +1(Y). Then
1({A o f(@) + (1= NAog(z) > () +)})
<1({A40 f(@) > A@w() +1)}) +1({A0 g(@) > AW () +)})
= 1({f(a:) > (x) + u}) + 1({9( > 1h(x) + 1/})
Where the last equality is given by the inversibility of A. Similarly,
1({A o f(@) + (1= N Ao g(x) < AW(z) - 1)})
<1({#@) < p(@) = v}) +1({ge) < v(@) - v}).

Plugging these estimates in (61]) eventually gives

@) =@l <p | (1@ > @) + o) dv / 1 ({g(2) > vl@) + v}) dv
o [Tt <w<x>—v}) vt [ (o) < vt - o) v
:+p/0+ooypl <{|f |>V}>du+p/ vl <{|g |>V}) v

= (@) = d(@)" + |g(x) = ()],
Part 2. Let z,y € Q with z < y. Assume that f, g, A are increasing. We then have,

Ao f(y)+(1-A)Aog(y) 4
T\ (y) — Th(z)] :/ —ATH(t)dt.
Mo f(z)+(1-X)Aog(x) At

We can estimate this integral as follows, since A € [0, 1]:

—A

Aof(y)+(1-M)Aog(y) 4 max{Aof(y); Aeg(y)} 4
/ L) de g/ —A7Y(t)dt.
Ao f(x)+(1—A)Aog(x) dt min{Aof(z); Aog(x)} dt

We continue this estimate by adding a non-negative term and reorganize the bounds of the integrals:

max{Aof(y); Aog(y)} d
/ —A7Nt)dt
min{Aof(x); Aog(x)} dt

max{Aof(y); Aog(y)} g min{Aof(y); Aeg(y)} 4
g/ — A7) dt+/ — AN

min{Aof(z); Aog(z)} 4t max{Aof(2); Aog(z)} 1
/Aof(y) dA Yy /Aog(y) dA ) dt
= — A7) dt +

= [f(y) = f(@)| + |g(y) — g()].
As a consequence, using the standard convexity inequality for power functions:
@)~ @) < 27 (|f@) — )] + o) — 9)]”) O

Corollary 34. With the same assumptions:

(1) If f and g belong to the affine space ¥+ LP(Q2;T) with p < 400 (endowed with the standard LP
norm) then the function A — Ty draws a continuous path with respect to the LP topology that connects

ftog.

32



(i3) If f and g belong to W'P(Q:;T) with p < +oo (endowed with the standard WP half-norm)
and are increasing, then the function X — Ty draws a continuous path with respect to the W1P(Q;Ty)
topology that connects f to g.

Proof. First, by continuity of A™!, we have
Ve, Ty(xz) — Ty(x), as XA — p.

As a consequence of (B9), we can apply the Lebesgue dominated convergence theorem and conclude:
/ T\ () — Tu(az)‘p dz — 0, as A — p.
Q

Similarly, by continuity of (A~!)" on I'; and of A’ on I'y, we also have
Ve, VT\(z) — VT, (x), as A — p.

Since (60) implies that VI (2)|? S [V f(x)]P + |Vg(z)[P for any A and x, the Lebesgue dominated
convergence theorem also applies to the gradients:

/ VT (z) — VT, (2z)|"dz — 0, as A — p. O
Q

This corollary gives the continuity of the path X — T with respect to the WP topology. In the
case of the LP topology, it is possible to improve the result and get that this path is actually C' using
the implicit functions theorem:

Lemma 35. Let Q be an interval of R and let Ty, Ty be two open sets of RP such that there exists a C*
diffeomorphism A that maps Ty into T'y. Assume that Ty is conver. Let X C LP(Q;T) be a Banach
space such that for all function ¢ € X we have Ao ¢ in the affine space 1o + L*(;T1), for some
function 1pg. We further assume that the map ¢ € X v Ao ¢ — g € L2(;T1) is CL. We now define

VAER, YreQ, Ti(z):=A" [AAo F(x)+ (01— NAog()],

where f,g are two fized functions in X. Then the function A — Ty with values in X is a C' function
(where X is endowed with a LP or WP norm).

Proof. Let f and g be two functions in X. We first remark that for all A € R we have T) € X, as
a consequence of I'; convex and Lemma B3l We recall that every separable Hilbert space admits a
Hilbertian base (see Theorem V.10 in [2]). In particular, any subspace of L? admits a Hilbertian base
(associated to the standard scalar product of L?). We denote by (e, )nen a Hilbertian base of the space

{(Aof—Aog)}t C L2(Ty).

F: X — 2(R)
¢ <AO¢—AOf|en>L2-

It is direct to check that F(¢) = 0 if and only if Ao ¢ — A o f belongs to the affine straight line
Aog+ (Ao f— Aog)R. Namely,

F(@)=0 <=  3JAeR, Aod=Mof+(1-NAog.

This last equality is equivalent to ¢ = T. To conclude to the regularity of A — T we use the implicit
functions theorem applied to the function F. The fact that A is a C' diffeomorphism ensures that the
differential of F is not degenerate. O

33



References

(1]

2]
3]

4]

[5]

[6]

7]

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

J. Aubin and I. Ekeland. Applied Nonlinear Analysis. Dover Books on Mathematics Series. Dover
Publications, 2006.

H. Brezis. Functionnal Analysis. Springer Link, 2010.

G. Carbou. Notch-Induced Domain Wall Pining in Ferromagnetic Nanowires. In M. Donahue,
editor, Compendium on Electromagnetic Analysis. From Electrostatics to Photonics: Fundamentals
and Applications for Physicists and Engineers., volume 1 of Electrostatic and Magnetic Phenomena,
pages 149-179. World Scientific Publishing, 2020.

G. Carbou and R. Jizzini. Domain walls dynamics in a nanowire subject to an electric current. J.
Differential Equations, 258(8):29412965, 2015.

G. Carbou and S. Labbé. Stability for static walls in ferromagnetic nanowires. Contin. Dyn. Syst.

Ser. B 6, 6(2):273-290, 2006.

G. Carbou and S. Labbé. Stabilization of Walls for Nano-Wires of Finite Length. ESAIM Control
Optim. Calc. Var., 18(1):1-21, 2012.

G. Carbou, S. Labbé, and E. Trélat. Control of travelling walls in a ferromagnetic nanowire.
Discrete Contin. Dyn. Syst., page suppl., 2007.

G. Carbou and D. Sanchez. Stabilization of walls in notched ferromagnetic nanowires. Preprint
HAL, 2018.

R. Cote and R. Ignat. Asymptotic stability of precessing domain walls for the Landau-Lifshitz-
Gilbert equation in a nanowire with Dzyaloshinskii-Moriya interaction. Comm. Math. Phys.,
401(3):2901-2957, 2023.

S. Cox and R. Lipton. Extremal eigenvalue problems for two-phase conductors. Archive for rational
mechanics and analysis, 136(2):101-117, 1996.

R. Cote and G. Ferriere. Asymptotic Stability of 2-Domain Walls for the Landau-Lifshitz—Gilbert
Equation in a Nanowire With Dzyaloshinskii-Moriya Interaction. International Mathematics Re-
search Notices, 2024(4):3551-3600, 11 2023.

G. Ferriere. On the stationary solution of the Landau-Lifshitz-Gilbert equation on a nanowire with
constant external magnetic field, 2024. Preprint. https://hal.science/hal-04591267.

A. Hubert and R. Schéfer. Magnetic domains: the analysis of magnetic microstructures. Springer
Science & Business Media, 2008.

R. Ignat. Uniqueness result for a weighted pendulum equation modeling domain walls in notched
ferromagnetic nanowires. Comptes Rendus. Mathématique, 360:819-828, 2022.

R. Jizzini. Optimal stability criterion for a wall in ferromagnetic wire submitted to a magnetic
field. J. Differential Equations, 250:3349-3361, 2011.

T. Keisuke. Stability of travelling wave solutions for the Landau-Lifshitz equation. Hiroshima

Math. J., 41(3):367-388, 2011.

L. Godard-Cadillac. Tamped functions: A rearrangement in dimension 1. Nonlinear Analysis,
209:112354, 2021.

34


https://hal.science/hal-04591267

[18] S. Labbé, Y. Privat, and E. Trélat. Stability properties of steady-states for a network of ferromag-
netic nanowires. Journal of Differential Equations, 253(6):1709-1728, 2012.

[19] E. Lieb and M. Loss. Analysis (2nd version). Grad. Stu. in Math. 14., Amer. Math. Soc., 2014.

[20] S. Parkin, M. Hayashi, and L. Thomas. Magnetic Domain-Wall Racetrack Memory. Science,
320:190-194, 2008.

[21] Y. Privat and E. Trélat. Control and stabilization of steady-states in a finite-length ferromagnetic
nanowire. ESAIM Control Optim. Calc. Var., 21(2):301-323, 2015.

[22] V. Slatiskov and C. Sonnenberg. Reduce models for ferromagnetic nanowires. IMA Journal of
applied Mathematics, 77:220-235, 2012.

[23] A. Thiaville and Y.Y. Nakatani. Domain wall dynamics in nanowires and nanostrips, Spin dynam-
ics in confined magnetic structures. B. Hillebrands, A. Thiaville Eds. Topics in Applied Physics
(Springer), 101:161-206, 2006.

35



	Introduction
	Presentation of ferromagnetic nanowires
	A model for a notched ferromagnetic nanowire
	Energy, functional spaces and Cauchy theory
	Domain walls for notched nanowire: a variational formulation
	A minimization problem for infinite unimodal nanowire

	Existence of the domain wall
	A useful change of variables
	Steady-states are planar
	Energy of the lifting
	Existence of a domain wall
	Transforms of function
	The switch must be performed inside the notch
	The main result


	Uniqueness of the domain wall
	First properties
	Energy point-wise inequality
	Strict monotonicity of the critical points
	Strict coercivity of a Schrödinger operator

	Critical point and strict local minimizer
	Transformation of the energy and convexity
	Construction of a particular path
	Palais-Smale property
	A contradiction by the mountain pass theorem
	Property of the solution

	Continuity properties for paths in infinite dimension

