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K3 SURFACES AND WEYL GROUP OF TYPE Eg

by

Cédric Bonnafé

Abstract. — Adapting methods of previous papers by A. Sarti and the author, we construct K3
surfaces from invariants of the Weyl group of type E¢. We study in details one of these surfaces,
which turns out to have Picard number 20: for this example, we describe an elliptic fibration (and
its singular fibers) and the Picard lattice.

This paper can be seen as a continuation of previous works by A. Sarti and the author on
the construction of singular K3 surfaces by using invariants of finite reflection groups [BoSal,
BoSa3]. We consider here quotients of complete intersections defined by fundamental invari-
ants of a group of rank 6, namely the Weyl group of type Eg.

Let W be the Weyl group of type Eg acting on V' = C5 and let W’ denote its derived
subgroup (which has index 2 in W and is equal to W N SL¢(V)). Then the algebra C[V]"V of
polynomial functions on V invariant under the action of W is generated by six homogeneous
and algebraically independent polynomials fa, f5, fs, fs, fo and fi2 (of respective degrees 2,
5,6,8,9and 12).

We denote by X C P(V) the surface defined by fo = fs = fs = 0 and, for \, u € C?, we
denote by ¥, , the surface defined by f5 = fs + A f3 = fs + ufd = 0. It turns out that X
is smooth and that ¥, , is smooth for generic values of (A, x). Our first main result in this
paper is the following (see Theorem 3.2):

Theorem A.

(a) The minimal resolution of the singular surface X /W' is a smooth K3 surface.
(b) If \, pu be such that Yy, has at most ADE singularities*), then the minimal resolution of
Y,/ W' is a smooth K3 surface.

In the rest of the paper, we investigate further properties of X /W' and of its minimal
resolution X. The second main result of the paper is the following (see Theorem 5.1):

Theorem B.

(a) The K3 surface X admits an elliptic fibration ¢ : X — P'(C) whose singular fibers are of type
E7 + Eg + A2 +2 Ay
(b) The Picard lattice of X has rank 20 and discriminant —228 = —22 .3 - 19.

*)'We do not know if there are values of (), 1) such that %y, has more complicated singularities.



2 CEDRIC BONNAFE

In the course of the proof of Theorem B, we obtain a complete description of the Picard
lattice: it is generated by 22 smooth rational curves whose intersection graph is given by(f)

O f Oo——=0O
O O ® O O
O O

In this graph, the two black disks correspond to sections of the elliptic fibration ¢ mentioned
in Theorem B(a). The disk with a smaller black disk inside corresponds to a double section.
The singular fibers of ¢ of type E7 and Ejg are given by the white disks of the big connected
subgraph.

The paper is organized as follows. In Section 1, we fix general notation and prove some
preliminary results about group actions on tangent spaces. In Section 2, we fix the context,
recall properties of the Weyl group of type Es and recall results from Springer theory [Spr].
Section 3 is mainly devoted to the proof of Theorem A. Section 4 gathers many geometric
properties of the quotient variety X /W’ (singularities, smooth rational curves, explicit equa-
tions in a weighted projective space): in a first reading of this paper, we believe the reader
might skip the details of this very computational section and remember only the concrete re-
sults. Theorem B is proved in Section 5. As a complement to all these data, the last section 6
contains the decomposition of the character of the representation H*(X, C) of W into a sum
of irreducible characters (note that dim H?(X) = 9502).

Many of the results of this paper (namely, the ones from Section 4 to the end) rely on
computer calculations done with the software MAGMA [BCP97]. To simplify the exposition,
we have removed the codes of these computations: they are available on the arXiv version
of this paper [Arxiv], and precise references to this arXiv version will be given at each stage
such a computational check is needed.

1. General notation, preliminaries

All vector spaces, all algebras, all algebraic varieties will be defined over C. Algebraic
varieties will always be reduced and quasi-projective, but not necessarily irreducible. If X
is an algeraic variety and if x € X, we denote by T, (X) the tangent space of X at =. If X is
moreover affine, we denote by C[X] its algebra of regular functions.

(! This means that two smooth rational curves C' and C” in this list intersect if and only if they are joined by an
edge in the above graph, and that, if so, then C' - C' = 1.
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We fix a square root i of —1 in C. If V' is a vector space, g is an element of End¢ (V') and
¢ € C, we denote by V (g, () the (-eigenspace of g. The list of eigenvalues of an element of
Endc (V') will always be given with multiplicities (and will be seen as a multiset: a multiset
will be always written with double brackets, e.g. {{a,b, ... }}). If d € N*, we denote by p, the
group of d-th roots of unity in C* and we set (; = exp(2in/d).

If V is a finite dimensional vector space and if v € V' \ {0}, we denote by [v] its image in
the projective space P(V). If p € P(V'), we denote by G, its stabilizer in G C GL¢(V). In
other words, GG, is the set of elements of G admitting v as an eigenvector.

If X is a subset of V and if G is a subgroup of GL¢(V), we denote by G5! (resp. G%
the setwise (resp. pointwise) stabilizer of X and we set G[X] = G5¢'/G% (so that G[X] acts
faithfully on the set X and on the vector space generated by X).

If dy,..., d, are positive integers, we denote by P(dy, ..., d,) the associated weighted pro-
jective space. If fi,..., fr € C[Xy,...,X,] are homogeneous (with X; endowed with the
degree d;), we denote by Z(f1,. .., f) the (possibly non-reduced) closed subscheme defined
by fi == f, = 0.

The next three lemmas will be used throughout this paper. The first one is trivial, but very
useful [BoSal, Lem. 2.2]:

Lemma 1.1. — Let V be a finite dimensional vector space, let f € C[V], let g € GLc(V) and let
v € V' \ {0} be such that:

) g(v) = &v, with § € C*.

) f is homogeneous of degree d with £ # 1.

) fis g-invariant.

Then f(v) = 0.

(1
(2
(3

The next one is certainly well-known and might have its own interest:

Lemma 1.2. — Let V be a finite dimensional vector space, let n = dimc V, let G be a subgroup of
GLc(V), let v € V \ {0} and let fi,..., fr € C[V] be G-invariant and homogeneous of respective
degrees dy,. .., d,. We assume that:

(1) E(f1,-.., fr) is a global complete intersection in P(V').
(2) G stabilizes the line [v] (let 6, : G — C* denote the linear character defined by g(v) = 6,(g)v
forall g € G).

(3) [v] is a smooth point of E(f1,..., fr).
Then the r-dimensional semisimple representation 04~ @ - .. @ 0% ~1 is isomorphic to a subrepre-
sentation E of the (n — 1)-dimensional representation (V/[v])* of G and, as representations of G, we
have an isomorphism

T(Z(fr-- 0 f) = BL @0,

where B+ = {x € V/[v] |V ¢ € E, ¢(x) = 0}.

Remark 1.3. — Keep the notation of the proposition. Recall that we have a natural identifi-
cation Ty, (P(V))) >~ V/[v] but that this identification is not G-equivariant. We will recall the
construction of this isomorphism in the proof of the proposition, so that we can follow the
action of G: as we will see, we have a natural isomorphism of G-representations T\, (P(V')) ~
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(V/[v]) ® 0, . Therefore, Ty,(X) is naturally a subrepresentation of (V/[v]) ® 6!, and this is
the aim of this proposition to identify this subrepresentation. H

Proof. — Write X = Z(f1,...,f;) and p = [v]. The point p of P(V) corresponds to the
homogeneous ideal p of C[V] generated by v~ C V*. The local ring 6 of P(V') at p is

ClV]p) =1{a/b|a,b € C[V], homogeneous and b ¢ p}.
We denote by m the unique maximal ideal of ©. Then

m = {a/b| a,b € C[V], homogeneous, a € pand b & p}.

The map
dy: m — V*
[ dof
induces an isomorphism

§: Tp(P(V)* = m/m? =5 vt = (V/[u])*.

(Recall that, if a € p is homogeneous of degree m and b ¢ p is homogeneous, then d, (a/b)(v) =
(dya)(v)/b(v) = 0 because (d,a)(v) = ma(v) = 0 by Euler’s identity). Note, however, that §
is not G-equivariant for the classical action: indeed, as g(v) = 6,(g)v for all g € G, § induces
an isomorphism of G-modules

5 TH(P(V))* = (V/[b])* @ ..
Through this isomorphism,
Tp(X)* = ((V/[v])*/E) @ 6o,

where
E =Y Ci(f).
k=1

Now, since X is smooth at p and I is a global complete intersection, this means that the
elements §(f1),..., 6(f) are linearly independent. To conclude the proof of the proposition,
it remains to notice that g(6(fx)) = 0,(g)*13(f1) for all g € G, which follows immediately
from the G-invariance of f. O

The next corollary is an immediate consequence of Lemma 1.2 in the case where G is a
cyclic group.

Corollary 1.4. — Let V be a finite dimensional vector space, let n = dimc V, let g € GLc(V), let
v e V\{0}andlet fi,..., fr € C[V] be g-invariant and homogeneous of respective degrees dj,. ..,
dy. Let {&1, ..., &0} be the multiset of eigenvalues of g. We assume that:

(1) £(f1,..., fr) is a global complete intersection in P(V').

(2) g(v) = &nv.

(3) [v] is a smooth point of E(f1,..., fr)
Then {{&, %, ..., &,9 Y} is contained in the multiset {{&, €1, . .., &, ¢n—1}} and the list of eigenval-
ues of g for its action on the tangent space T, (Z(f1, ..., fr)) is the multiset

{6 6, & B\ HED 6
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Remark 1.5. — Keep the notation of Lemma 1.2 and assume moreover that G is a closed
reductive subgroup of GL¢ (V) (for instance, G’ might be finite), that v € V¢ (so that 6, = 1)
and that P(VS) € E(f1,. .., f). We want to show that

(#) [v] is a singular point of E(f1,. .., fr)-

For this, assume that [v] is smooth and let £ denote the G-stable subspace of (V/[v])* of di-
mension r defined in the proof of Lemma 1.2 and such that the G-module T, (Z(f1,. .-, f+))
is identified with E+. By hypothesis, V¢ /[v] C T (E(f1,-- -, fr)) so, since G acts semisim-
ply on V, its orthogonal F in (V/[v])* satisfies F“ = 0. This contradicts the fact that £ C F.
This shows (#).

If G is finite, dim¢ VE =1 (resp. dimc V& = 2)and r = 1, we retrieve [BoSal, Coro. 2.4]
(resp. [BoSal, Coro. 2.9]). B

2. Set-up

For the classical theory of Coxeter groups, reflection groups, Dynkin diagrams,... we
mainly refer to Bourbaki’s book [Bou] or Broué’s book [Bro]. For Springer theory (and its
enhancement by Lehrer-Springer), we refer to [Spr], [LeSp1], [LeSp2] and [LeMi].

Let V = C5 be endowed with its canonical basis (e1, ez, €3, €4, €5, €6). Through this ba-
sis, we identify GL¢ (V) and GLg(C) and we let it act on V' on the left. We denote by
(X1, X2, X3, X4, X5, X) the dual basis of (e, ez, €3, €4, €5, €6), so that the algebra C[V] will
be identified with the polynomial algebra C[X, X2, X3, X4, X5, Xs]. We endow it with the
symmetric bilinear form (, ) attached to the Dynkin diagram of type E¢ (we follow the strange
numbering of nodes given by Bourbaki [Bou, Chap. 6, Planche V]):

1 3 4 ) 6
(o) O—O0—0—0—0
2!
Recall that this means that
(eg,ex) =1 if1 <k<6,
(e, e) = —1/2 1f 1 <k #1<6and {k, !} is an edge of the graph (Es),
(ek,e1) =0 if 1 <k +#1<6and {k,I} is not an edge of the graph (Es).

Recall that (,) is non-degenerate (in fact, when restricted to RS, it is positive definite). For
1 < k < 6, we denote by s, the orthogonal reflection such that si(e;) = —ej. We set

W = (s1, 52, 53, 54, 55, 56

We denote by O(V) the orthogonal group of V/, with respect to the bilinear form (,). By
construction, W is a sugroup of O(V') and is called a Weyl group of type Es.
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2.A. First properties of W. — The group W is finite and acts irreducibly of V. Moreover,
(2.1) |W| = 51840.

Also, the center of W is trivial, so W acts faithfully on P(V'). Lete : W — p, = {—1.1},
w — det(w). Recall that Ker ¢ is the derived (i.e. commutator) subgroup of W, which will be
denoted by W’. In particular,

(2.2) [W’| = 25 920.

We denote by Deg(W) (resp. Codeg(WW)) the degrees (resp. the codegrees) of W, as defined
in [Bro, Chap. 4]. It turns out that

(2.3) Deg(W) ={2,5,6,8,9,12} and Codeg(W) = {0,3,4,6,7,10}.

In particular, this means that there exist 6 homogeneous W-invariant polynomials f3, fs, fs,
fs, fo and fi2, of respective degrees 2, 5, 6, 8, 9 and 12, such that

(2.4) CVIY = Clfa, f5 fo, fs: fo, f12].
We set f = (fa, f5, f6, fs; fo, fi2) and we recall that f is not uniquely determined. Thanks
to (2.4), we get that
me: P(V) — P(2,5,6,8,9,12)
W] [f2(v), f5(v), fo(v), fs(v), fo(v), fiz(v)]

is well-defined and induces an isomorphism of varieties
(2.5) P(V)/W =5 P(2,5,6,8,9,12).

The graded algebra associated with the weighted projective space P(2,5,6,8,9,12) will be
denoted by C[Zs, Zs, Zs, Zs, Zgy, Z12], with Z; being given the degree d (for all d € Deg(W)).

Remark 2.6. — The quadratic form @ : V. — C, v — (v,v) is W-invariant. Hence f is a

scalar multiple of Q. Since Q is positive definite when restricted to R%, we have in particular
that f2(€1) 75 0. N

Let Ref(1W) be the set of reflections of W and let o be the hyperplane arrangement of W
(i.e. o = {V?*|s € Ref(W)}). Then
(2.7) Ref(W)| =[] = ) (d—1)=36.
deDeg(W)
If H € dl, we denote by oy an element of V* such that H = Ker ayy. We set
Jac = H ag € C[V].
Hed

Since all the ay are well-defined up to a non-zero scalar, Jac is also well-defined up to a
non-zero scalar. Then

(2.8) “Jac = e(w)Jac
forall w € W and
(2.9) CVIY' = Clfa, f5, fs, fs. fo, fr2, Jac].

Moreover, Jac is homogeneous of degree 36 by (2.7). Also, since Jac? € C[V]" by (2.8), there
exists a unique homogeneous polynomial Pr € C[Z3, Z5, Zs, Zg, Z9, Z12] such that

Jac® = Py(fa, f5, fo. fs, fo. f12).
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Of course, Pr depends heavily on the choice of the family f and, up to a non-zero scalar, on
the choice of the ag’s. It turns out that this relation generates the ideal of relations between
the functions fs, f5, f6, fs, fo, fi2 and Jac. In particular, the map
e P(V) — P(2,5,6,8,9,12,36)
W] = [f2(v) s f5(v) 2 fo(v) = fa(v) < fo(v) : fra(v) : Jac(v)]

is well-defined and induces an isomorphism of varieties

210 P(V)/W' = {[z2:25:26:28:20: 212 7] €P(2,5,6,8,9,12,36) |

j2 = Pf(227 255 265 285 29, 212)}'
Finally, we denote by w : P(V)/W’' — P(V)/W the natural morphism, which is just the

quotient map by p, ~ W/W'. Through the isomorphisms (2.5) and (2.10), the action of the
non-trivial element of , is given by the involutive automorphism o given by

0[2222522’6:2:8129:2:12:j]:[221252262282291212:—j]
and w is given by
wlze 1252628 29:212: 7] =[22:25: 26 281 29 ¢ 212].

2.B. Eigenspaces, Springer theory. — Asin [BoSal], an important role is played by Springer
and Lehrer-Springer theory. We recall briefly the results we will need (this subsection is a
simplified version of [BoSal, §3.3], adapted to the particular case of our Weyl group W). All
the results stated here can be found in [Spr], [LeSp1], [LeSp2]. Note that some of the proofs
have been simplified in [LeMi]. Let us fix now a natural number e. We set

A(e) = {d € Deg(W) | e divides d},
A*(e) = {d* € Codeg(W) | e divides d*},
o(e) =[A(e)] and  §%(e) =|A%(e)].

With this notation, we have
(2.11) i(e) = glg})vi(dlm V(w,¢)).

In particular, (. is an eigenvalue of some element of IV if and only if §(e) # 0 that is, if and
only if e € {1,2,3,4,5,6,8,9,12}. In this case, we fix an element w, of W of minimal order
such that

dim V' (we, () = d(e).

We set for simplification V'(e) = V(we, () and W (e) = W[V (e)] = W )/W‘I}t(6

If f € C[V], we denote by fl¢ its restriction to V' (e). Note that if d ¢ A(e), then fa[le] =0by
Lemma 1.1.

Theorem 2.12 (Springer, Lehrer-Springer). — Assume that (e) # 0. Then:
(a) If w € W, then there exists x € W such that x(V (w,(.)) C V(e).
(b) W (e) acts (faithfully) on V (e) as a group generated by reflections.
(c) The family (f C[f]) deA(e) I8 a family of fundamental invariants of W (e). In particular, the list of
degrees of W (e) consists of the degrees of W which are divisible by e.
(d) We have

U Vw,¢) = |J 2(V(e)) = {v € V| Vd € Deg(W) \ Ale), fa(v) = 0}.

weW zeW
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(e) 6*(e) = d(e) with equality if and only z'fW“j'Ze) =1

(f) If 6*(e) = d(e), then w, has order e, W (e) = W‘S/e(te) = Cw(we) and the multiset of eigen-
values (with multiplicity) of w. is equal to {{Cel_d}}deDeg(W). Moreover, if w is such that
dim V' (w, () = é(e), then w is conjugate to we.

Example 2.13. — Lete € {8,9,12}. Then é(e) = 6*(e) = 1. So V'(e) is a line in V, and can be
viewed as an element of P(V'). It follows from the above results that

Wy (ey = (we)

(see for instance [BoSal, Rem. 3.14] for a proof).
Moreover, by Theorem 2.12(f), we have det(w.) = (. 3¢, so

Wy, W1g € w’ and ws € w’.

In particular, if we denote by p, (resp. ¢.) the image of V' (e) in P(V)/W' (resp. P(V)/W),
then the morphism w is unramified (resp. ramified) over g9 and ¢;2 (resp. ps). This implies
also that U(pg) 7é P9 and O’(plg) 7é P12 [

Example 2.14. — Note that 6*(5) = 2 > §(5) = 1 while, if e € {1,2,3,4,6,8,9,12}, then
d*(e) = d(e). If z is an element of order 5, then = admits a primitive fifth root of unity as
eigenvalue, so admits (5 as an eigenvalue because z is represented by a matrix with rational
coefficients. So we can take ws = z, and so ws has order 5.

The above argument shows that the multiset of eigenvalues of wj is {{1,1, s, (2, ¢, (21}
Now, if w is an element of W such that w(V(5)) = V(5), then, since w is defined over Q, it
stabilizes the (¥-eigenspace of w for k € {1,2, 3, 4}. Therefore, it stabilizes the sum E of these
4 eigenspaces. But E = Ker(Idy +wj + w2 + wi + wi) is defined over Q (and so over R) so
its orthogonal E* in V with respect to the bilinear form (, ) satisfies £ @ E+ = V (because
its restriction to R® is positive definite). This shows that w and wj stabilize also E+, which
is necessarily equal to Ker(ws — Idy ). In particular w centralizes ws. But, by the fourth line
of [Arxiv, Comput. 1.12], we have Cyy/(ws) = (ws). So we have proved that

W\’/(5) = (ws).
This fact will be used in the proof of Theorem 3.2. B

3. K3 surfaces

Let

X =Z(f2 fo, f3)
and, for A\, u € C, set
Yaiu = E(fs, fo + AS3 fs + 1f2).
Note that the invariants f» and f5 are uniquely defined up to a scalar and that, up to a scalar,
every fundamental invariant of degree 6 (resp. 8) is of the form fs + \f3 (resp. fs + ufs +
vfefa) for some A € C (resp. u, v € C). But E(fa, fo + \f3, fs + ufs + vfsf2) = XL and
E(fs,f6 + A3, fs + wfy + vff2) = Yru—xv- So this shows in particular that X does not

depend on the choices of the fundamental invariants of W. By construction, X and ¥, , are
W -stable.
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Proposition 3.1. — With the above notation, we have:
(a) X is a smooth irreducible surface, which is a complete intersection in P(V)).
(b) If \, i € C, then Yy, has pure dimension 2, and so is a complete intersection in P(V'). If it is
smooth or has only ADE singularities, then it is irreducible.
(c) The set of (A, ) € C? such that Y, ,, is smooth is a non-empty open subset of C2.

Proof. — Through the isomorphism (2.5), we have
X /W ~P(5,9,12) and Ynu/W ~P(2,9,12),

so X /W and Y, ,/W are irreducible of dimension 2. Since W is finite, this implies that X
and ¥, , are of pure dimension 2 and so are complete intersections. In particular, they are
connected [Har, Chap. II, Exer. 8.4(c)].

(a) By [Arxiv, Comput. I.1], the open affine chart of X defined by z¢ # 0 is smooth. This
shows that the singular locus § of X is contained in the projective hyperplane P(H ), where
H = {(z1, 79,73, 24,75,76) € C® | 26 = 0}. Since W acts on I, we have that S is contained
in P(Nyeww(H)). But Nyeww(H) is a W-stable proper subspace of V, so it is equal to {0}
since W acts irreducibly on V. Hence § = @. This shows that & is smooth and, in particular,
irreducible (because it is connected).

(b) We already know that ¥, , is connected. If moreover it admits only ADE singularities,
then it is necessarily irreducible.

(c) Let U be the set of (A, ) € C? such that ¥, ,, is smooth. It is clear that U is open, so we
only need to prove that it is non-empty. With the particular choice of fundamental invariants
given in [Arxiv, App. I], we have that the open affine chart of Y defined by zs # 0 is
smooth by [Arxiv, Comput. I.1]. The same argument as in (a) allows to conclude that Y o is
smooth and irreducible. O

We are now ready to state the first main result of this paper:

Theorem 3.2. — Let \, i € C be such that Yy ,, admits only ADE singularities and let V" be one
of the varieties X or Yy .. Then V' /W' is a K3 surface with only ADE singularities and its minimal

smooth resolution <V is a smooth K3 surface.

Proof. — The proof will be given in the next subsections, following the same lines as [BoSal,
Theo. 5.4]. More precisely, if %" denotes one of the above varieties X or ¥, ,, we will prove
in the next subsections the following three facts:

(A) The smooth locus of ¥ /W' admits a symplectic form (see Lemma 3.5);

(B) The variety ¥ /W' has only ADE singularities (see Lemma 3.7);

(C) The Euler characteristic of ¥ /W’ is positive (see Lemma 3.10).
Therefore, by (A) and (B), the variety ¥ /W’ is a symplectic singularity and its minimal
smooth resolution ¥ is a crepant resolution, i.e. a symplectic resolution. So % admits a
symplectic form. By the classification of surfaces, this forces ¥ to be a smooth K3 surface or
an abelian variety. But, by (B), the Euler characteristic of ' is greater than or equal to the
one of ¥ /W, so the Euler characteristic of ¥/ is positive by (C). Since an abelian variety has
Euler characteristic 0, this shows that ¥ is a smooth K3 surface. O
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So it remains to prove the three facts (A), (B) and (C) used in the above proof.

Notation. For the rest of this section, we fix A, 1 in C such that Y, ,
admits only ADE singularities and we denote by 7" a variety which
can be X or Yy .

Recall that this implies that ¥ is irreducible and normal and, in particular, that 7 /W is
irreducible and normal too.

3.A. Symplectic form. — Through the isomorphism (2.10), we have
%/W’ ~ {[25 129219 j] € P(E), 9,12, 36) | j2 = Pf((), 25,0, 0, 29, 212)

and G(l,/,\,u/W’ ~ {[z2: 29 : 212 : j| € P(2,9,12,36) ]jz = Pg(22,0, —)\zg’, —uzé‘,zg,zlg)}.

But note that IP(5,9,12,36) = P(5, 3,4, 12), so there exists a unique homogeneous polyno-
mial Qf € C[Y5,Y3,Yy] of degree 24 (where Y; is endowed with the degree i) such that
Pe(0, 25,0,0, 29, 212) = Q¢(22, 29, 212). Hence,

(3.3) L/W' = {[ys : y3 : ya: §] € P(5,3,4,12) | > = Qe (y5, y3, ya) }.

So the degree of the equation defining X /W' (namely, 24) is equal to the sum of the weights
of the projective space (namely, 5 + 3 + 4 + 12). By [BoSal, Lem. A.1], this implies that the
smooth locus of X /W' is endowed with a symplectic form.

On the other hand, P(2,9,12,36) = P(1,9,6,18) = PP(1,3,2,6) so there exists a unique
homogeneous polynomial Q;‘ " e C[Y1,Ys, Ya] of degree 12 (where Y; is endowed with the
degree i) such that P (22,0, —\23, —uzy, 29, 212) = Q;"“(zg, 29, 212). Hence,

(34) Cy)\,M/W/ = {[yl Y3 ty2 .7] € P(1737276) ‘jZ = f>‘\’lt<y17y3ay2)}'

So the degree of the equation defining Y, ,,/W’ (namely, 12) is equal to the sum of the weights
of the projective space (namely, 1 + 3 + 2 + 6). By [BoSal, Lem. 5.4], this implies that the
smooth locus of X /W’ is endowed with a symplectic form. Therefore, we have proved the
following lemma, which corresponds to the Fact (A) stated in the proof of Theorem 3.2:

Lemma 3.5. — The smooth locus of V' /W' admits a symplectic form.

Remark 3.6. — In both cases, the ramification locus of the morphism w : V' /W' — U /W is
given by the equation j = 0 (in the models given by equations (3.3) or (3.4)). B

3.B. Singularities. — We aim to prove here the following lemma, which corresponds to the
Fact (B) stated in the proof of Theorem 3.2:

Lemma 3.7. — The surface V' /W' has only ADE singularities.
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Proof. — First, as ¥ has only ADE singularities and W’ has index 2 in W, every point of
v /W' lying above a smooth point of ¥ /W is smooth or is an ADE singularity by [BoSal,
Coro. B.7]. So it remains only to study the points lying above the singular points of ' /W.

The singular points of X /W ~ P(5,3,4) are gs = [1:0:0], g9 =[0:1:0]and g2 = [0 :
0 : 1]. The singular points of Y, ,/W ~ P(1,3,2)areqy9 = [0: 1 : 0] and ¢g12 = [0: 0 : 1].
Note that the notation g9 and g2 is consistent with Example 2.13, as they correspond to the
points g9 and ¢i2 defined in this example through the embeddings ¥ /W — P(V)/W =~
P(2,5,6,8,9,12). Still by Example 2.13, the morphism ¥ /W' — ¥ /W is unramified above
g9 and qy2. Therefore, the points pg and py = o(py) (resp. pi2 and p}, = o(pi2)) of V' /W' are
distinct and have the same type of singularities than the point gg (resp. q12) of 7' /W. But g9
is a singular point of type Ay of P(5,3,4) or P(1,3,2) and ¢i2 is a singular point of type A3
(resp. A1) of P(5,3,4) (resp. P(1, 3,2)). This shows that the following results holds:

Lemma 3.8. — We have:
(a) The points pg and py are Ay singularities of X /W' and the points p12 and p',
are Ag singularities of X /W'.
(b) The points py and py are Ao singularities of Y,/ W' and the points p2 and
Py are Ay singularities of Yy .,/ W'

Therefore, it remains to prove that the points of X /W' lying above g5 are ADE singularities.
For this, note that

7 (gs) = {z € P(V) | fo(x) = fo(x) = fs(2) = fo(w) = fra(z) = O}
But, by (2.11) and Theorem 2.12(d) applied to the case where e = 5, we get that V(5) is a
line in V, so may be viewed as a point of P(V) and m; '(g5) is the W-orbit of V(5). Now,

0*(5) = 2 > §(5) = 1, so it follows from Theorem 2.12(f) that WSEE)) # 1. By Steinberg’s

Theorem (see for instance [Bro, Theo. 4.7]), this shows that W‘I;t@ contains a reflection, and
so the stabilizer G of V' (5) in W contains a reflection. In particular, G is not contained in W'.
This proves that the morphism X /W’ — X /W is ramified above ¢5: we denote by ps the
unique point of L /W’ lying above gs.

Now, Example 2.14 shows that the stabilizer of V' (5) in W' is (ws). So, in order to determine
the type of singularity of &L /W’ at p5, we only need to determine the two eigenvalues of w;
for its action on Ty, (5)(X). This is easily done thanks to Corollary 1.4: the two eigenvalues

are (5 and (; . We have thus proved the following result:
Lemma 3.9. — The point ps is an Ay singularity of /W',

This completes the proof of Lemma 3.7. O

3.C. Euler characteristic. — Since 7 is a complete intersection which is smooth or has
only ADE singularities, its cohomology (with coefficients in C) is concentrated in even de-
gree [Dim, Theo. 2.1, Lem. 3.2 and Example 3.3]. Now, H*(¥ /W', C) ~ H*(¥,C)"’, so the
cohomology of ¥ /W' is concentrated in even degree. This implies the next lemma, which
corresponds to the Fact (C) stated in the proof of Theorem 3.2, and completes the proof of
Theorem 3.2:

Lemma 3.10. — The Euler characteristic of V' /W' is positive.
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Notation. The minimal smooth resolution of X /W' will be denoted by p :
L — L /W'. Theorem 3.2 says X is a smooth projective K3 surface.

4. Some numerical data for the surface & /W’

We complete here the qualitative result given by Theorem 3.2 with some concrete results
concerning the surface X /W’ (type of singularities, equation, coordinates of singular points,
cohomology,...). These informations will be used in the next section to obtained further prop-
erties of the K3 surface I (Picard lattice, elliptic fibration,...).

4.A. Singularities. — In the course of the proof of Theorem 3.2, we have obtained some
quantitative results (see Lemmas 3.8 and 3.9). We complete them by determining all the
singularities of & /TV":

Proposition 4.1. — The surface X /W' admits Ay + 2 Ag + 3 A + 2 Ay singularities.

Proof. — For proving this proposition, we must investigate fixed points under various el-
ements of W/, up to conjugacy. Note also that we have already found A4 + 2 A3 + 2 A
singularities in X /W’ (see Lemma 3.8 and 3.9), given by the points ps, po, pj, pi2 and p),
lying respectively above the points g5 = [1: 0: 0], g9 = [0:1: 0] and g12 = [0 : 0 : 1] of
X/W ~TP(5,3,4).

Note also that, for any w € W, the fixed point scheme X" is also smooth and in particular
is reduced (so, in the MAGMA computations necessary in the proof of the proposition, we do
not need to compute its reduced subscheme for determining the exact number of points). So
let us now investigate the fixed points subscheme, by letting the order of w increasing.

Lemma 4.2 (Elements of order 2). — There are two conjugacy classes of elements
of order 2: the one of the element wy defined after Theorem 2.12 with eigenvalues
{1,1, -1, -1, =1, —1}} and the one of an element vy admitting {{1,1,1,1, -1, —1}}
as a list of eigenvalues. Moreover:
(a) The image of X2 in X /W' is contained in {pi2,p)s}.
(b) The image of X2 in X /W' consists in two elements py and p' which are both
A singularities.

Proof of Lemma 4.2. — The first statement is proved in [Arxiv, Comput. 1.2].

(a) By [Arxiv, Comput. I.3], X2 has dimension 0 and is contained in Z ( f, fy),
so its image in A /W is g12. This proves (a).

(b) By the first four commands in [Arxiv, Comput. 1.4], we know that &>
has dimension 0 and consists of 96 points. The fifth command shows that, if
g € W'\ {1,vs}, then

() TINL = 2.

If the reader wants to check this computation, he or she must be aware that it
takes about 10 minutes on a standard computer. We now need to understand
how many W’-orbits meet X¥2. For this, let w € W’ and = € X2 be such that



K3 SURFACES AND WEYL GROUP OF TYPE Eg

w(z) € X2, Then w™lvow(z) = z and so it follows from (&) that w=lvew = vo
or, in other words, that w € Cyy(v2).

But |Cy(v2)] = 96 thanks to the last two commands of [Arxiv, Com-
put. L.4]. Since Cyy+(v2)/(v2) acts freely on X2 by (&), there are two Cyy (v2)-
orbits in X2, and we denote by p; and p} their image in X /W"’. Still by (&),
they are both singularities of type A; (indeed, if z € X2, the action of v,
on T, (X) has no eigenvalue equal to 1, because x is isolated; thus, v acts as
—Idp, (). O

Lemma 4.3 (Elements of order 3). — There are four conjugacy classes of elements
of order 3: the one of the element ws defined after Theorem 2.12 with eigenvalues
(G, G3,C3, €3, (2, C2Y), the one of its inverse w3 *, the one of an element v3 with
eigenvalues {{1,1,(s,(3,(3,(3}} and the one of an element ug with eigenvalues
{1,1,1,1,¢3, (3}}. Moreover:
(a) s = A5 has pure dimension 1.
(b) X3 contains 12 points. Moreover, if v € X3, then W, has order 9 and acts as
a reflection group on T, (X). Hence, the image of x in X /W' is smooth.
(c) X“3 contains 96 points. Moreover, if x € L3, then one of the following holds:
(c1) W. = (u3) and ugz acts on T,(X) with eigenvalues (3 and (3. Hence the
image of x in X /W' is an Ay singularity.
(c2) W has order 9 and acts as a reflection group on T, (). Hence, the image
of v in XL /W' is smooth.
Also, all the points x satisfying (cl) belong to the same W'-orbit, and their
image po in X /W' is not equal to pg or pj.

Proof of Lemma 4.3. — The first statement and (a) are both proved in [Arxiv,
Comput. L.5].

(b) The first three commands of [Arxiv, Comput. 1.6] show that X has
dimension 0. The next two commands of [Arxiv, Comput. I.6] show that the
set G(v3) of elements w € W’ such that X" N XY # & has cardinality 9.
The next three commands of [Arxiv, Comput. 1.6] show that G(v3) is a group
isomorphic to p3 x p3. The last command of [Arxiv, Comput. I.6] show that
X C ALY for all w € G(v3).

This implies that, if z € X3, then its stabilizer in W’ is isomorphic to
w3 X p3. But, up to conjugacy, the only subgroup of GL¢(T5(X)) ~ GLy(C)
isomorphic to p3 x pg is (diag(¢s, 1), diag(1, ¢3)), which is a reflection group.

(c) The first four commands of [Arxiv, Comput. 1.7] show that XL“? has di-
mension 0 and contains 96 points. The next two commands of [Arxiv, Com-
put. L.7] show that the normalizer N(uz) = Ny ((u3)) has order 216. Note
that N (u3) acts on X“3. Also, the scheme X" is naturally defined over Q
(we denote by 9363 its Q-form) and computations in MAGMA are performed
over Q. Therefore, the last three commands of [Arxiv, Comput. 1.7] show
that the scheme %53 has three irreducible components .%;, .%o and .%3, ad-
mitting respectively 72, 12 and 12 points over C: we set A = .%;(C) and
B = %(C) U J3(C). In particular, |A| = 72 and |B| = 24. Note that the
group N (ug)/(us) acts on A and B.

13
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(c1) The first three lines of [Arxiv, Comput. 1.8] show that, if w € W'\ (u3),
then AN X" = @. This shows that N(u3)/(u3) acts freely on A. Since |A| =
72 = |N(u3)/(us)|, this also shows that N(u3) acts transitively: we denote by
P the unique point in the image of A in X /W’'. Note that ps & {pg, py} by the
last line of [Arxiv, Comput. L.8].

Since the stabilizer of any point z in A is equal to (u3), we need to determine
the eigenvalues of ug for its action on T,(X). Now, let v € V' \ {0} be such
that [v] € A. Then us(v) = &v for some £ € ps. Since z is a smooth point of X,
it follows from Corollary 1.4 that the multiset {{¢~2,£7%,¢78}} is contained in
the multiset {{¢~1, ¢71 ¢71 ¢=1 ¢71¢5, €71¢3}}. This forces ¢ = 1 and, still by
Corollary 1.4, this implies that the eigenvalues of u3 for its action on T, (X)
are (3 and (3. This shows that ps is an A, singularity.

(c2) The first three lines of [Arxiv, Comput. 1.9] show that the set T of
elements w of W’ such that BN X" # & contains 15 elements. By the next
three lines of [Arxiv, Comput. 1.9], the group G p generated by Tz has order
27 and is contained un N(u3). Now, let z € B. Then its stabilizer W, is
contained in Gg. Since |[N(u3)| = 216 and |B| = 24, this forces |W/| > 9. But
W! # Gp because there are elements w € Gp such that BN X" = & (see
the seventh line of [Arxiv, Comput. 1.9] we have that Gp ~ p3 x ps x ps,
so W, ~ ps X ps. Now, as in (b), we conclude that the image of x in X /W’
is smooth because the unique subgroup of GL2(C) isomorphic to g5 x p5 is
generated by reflections. O

Lemma 4.4 (Elements of order 4). — There are two conjugacy classes of elements
of order 4: the one of the element wy defined after Theorem 2.12 with eigenvalues
{1,1,4,4,—i, —i}} and the one of an element vy admitting {{1,1,—1,—1,i,—i}} as
a list of eigenvalues. Moreover:

(a) The image of X"+ in X /W' is {p12, ps}

(b) X** = 2.
Proof of Lemma 4.4. — This follows immediately from [Arxiv, Comput. I.11].
Ul
Lemma 4.5 (Elements of order 5). — There is a unique conjugacy class of ele-

ments of order 5, namely the one of the element ws defined after Theorem 2.12, which
has {{1,1, (5, C2, C3, (3Y} as list of eigenvalues. Moreover, X> has dimension 0 and
its image in X /W' is the point ps defined in the proof of Lemma 3.7 (and recall that
it is an A4 singularity by Lemma 3.9).

Proof of Lemma 4.5. — The first statement is proved in the first two lines of [Arxiv,

Comput. 1.12]. The last three lines of [Arxiv, Comput. I.12] show that X" has
dimension 0 and contains 4 points.

Now, for 1 <k <4, let vy € V \ {0} be such that ws(vy) = (Fvp. Then
fg(vk) = fG(Uk) = fg(vk) = fg(vk) = f12(1}k) = Oby Lemma 1.1, SO [Uk] IS
Therefore,

X = {[v1]; [va]; [vs], [va] }

and the last statement now follows from the proof of Lemma 3.7. O
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Lemma 4.6 (Elements of order 6). — There are six conjugacy classes of elements
of order 6: the one of the element we defined after Theorem 2.12 with eigenvalues
{6, €6, C5 G5t Gy G5 1Y), the ome of wy *, and four others whose elements w satis-
fies dim Ker(w — (6 Idy) < 1. Moreover:

(a) The image of X6 = X% in X /W' is {p12,plo}-

(b) Ifw is an element of order 6 such that dim Ker(w— (s Idy) < 1, then X" = @.

Proof of Lemma 4.6. — The first statement follows from the first 8§ commands
of [Arxiv, Comput. 1.13]. (a) follows from the next two commands of [Arxiv,
Comput. 1.13]. (b) follows from the last command of [Arxiv, Comput. 1.13].

d

Lemma 4.7 (Elements of order 9 or 12). — There are two conjugacy classes of el-
ements of order 9 (resp. 12): the one of the element wy (resp. wi2) defined after
Theorem 2.12 and the one of wy * (resp. wiy).

(a) The image of X" = Lo s equal to {py,py}.
(b) The image of X2 = X2 is equal to {p12, Py }-

Proof of Lemma 4.7. — This is proved in [Arxiv, Comput. 1.14], following the
same arguments as in the proof of Lemma 4.5. O

Since the order of an element of W/ belongs to {1, 2,3, 4,5, 6,9, 12} by [Arxiv, Comput. 1.15],
we have investigated all the possibilities. So the proposition follows from the series of Lem-
mas 4.2-4.7. O

Remark 4.8. — The fact that wz and w; ' are not conjugate in W’ can also be checked without
computer: in fact, they are not conjugate in SO(V') by [Bon2, Lemma 1.7]. B

For the singular points of & /W', we keep the notation of the proof of Proposition 4.1:

e The two singular points of type A; are denoted by p; and p}. Note that they are both o-
fixed because they lie above smooth points of X /W (so they must lie on the ramification
locusof w : X /W' — XL /W).

e The singular point of type Az coming from the fixed point locus X*3, where u3 has order
3 and satisfies dim V"3 = 4, is denoted by py. Again, o(p2) = p2.

e The singular points ps, pg, Py, p12 and p}, involved in Lemma 3.7 are of type A4, As, Ao,
Az and Aj respectively.
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4.B. Two smooth rational curves. — Recall that V(3) is the eigenspace of ws for the eigen-
value (3 and denote by V'~ (3) the eigenspace of ws for the eigenvalue ¢;'. By (2.11), they
both have dimension 3 and so

(4.9) V=V(3)aV (3).

Let " = P(V(3))NX and €~ = P(V~(3))NX. By Theorem 2.12(f), w3 and w; ' are conjugate
in W, but it follows from Lemma 4.3 that they are not conjugate in W’. Fix g € W be such
that wy ' = gwsg™'. Then g ¢ W’ and ¢(V'(3)) = V~(3). This shows that

(4.10) G =g(B").
Lemma 4.11. — The schemes € and 6~ are smooth irreducible curves of genus 10.

Proof. — By (4.9), P(V)*s = P(V(3)) UP(V~(3)), where U means a disjoint union. So
(4.12) Lws — g+t UG,

Since X"# is smooth, this implies that 6" and €~ are smooth. Now, by Lemma 1.1, the
restriction of fy, f5 and fs to V(3) are equal to 0. Therefore,

6" ={z €P(V(3)) | fo(v) = 0}

This shows that €™ is a connected curve of P(V (3)). Since it is smooth, it must be irreducible.
Moreover, it is of degree 6, so its genus is equal to 10. O

Let 6. (resp. 65 ) denote the image of G (resp. €7) in L /W’ and let 65 denote the
image of € in X /W ~ P(5, 3, 4). Note that 6; is also the image of 6~ by (4.10). Moreover,

(4.13) G5 = {[ys,ys3, ya] € P(5,3,4) | y5 = 0} = P(3,4) = P'(C).

Indeed, 65 is irreducible, of dimension 1 and contained in {[ys : y3 : y4] € P(5,3,4) | y5 = 0}
by Lemma 1.1 (see also Theorem 2.12(d)).

Proposition 4.14. — We have 65 = o(6:") # 6. . Moreover, 65 and 65 are both isomorphic to
PL(C), intersect transversely along only one point and satisfy

G UBs ={[ys:ys:ya:jl € X/W |ys =0}

Proof. — The fact that 65 = o(6;") follows from (4.10). Now, the irreducibility of 6 and
@~ implies the irreducibility of 6" and 6 . Also, by (4.13),

C@;_ U C@g ~ {[y3 T Y4 _]] € ]P)(3,4, 12) |]2 = Qf(O,yg,y4)}.
But P(3,4,12) = P(3,1,3) = P(1,1,1) = P?(C), so there exists a polynomial Q3 € C[T5, Ty],
which is homogenous of degree 2 (with T}, of degree 1) and such that Q¢ (0, ys, y4) = Q3(v3, y3)-
Therefore,
G5 UGs = {[ts :ta:j] € PX(C) | j° = Qslts, ta)}-

It just remains to prove that the polynomial @3 is the square of a linear form: in other words,
we only need to prove that 6 # 6; .

Since €™ is irreducible of degree 6, it cannot be contained in a union of projective lines
of P(V(3)). Since moreover §*(3) = 6(3) = 3, Theorem 2.12(f) thus implies that there exists
v e V(3)\ {0} such that [v] € 8" and W, = 1. We now only need to prove that 7;([v]) & 6.
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So assume that 7¢([v]) € €~. This would imply that there exists w € W’ such that w(v) €
V~(3). Consequently,

wwswws(v) = v,
and so wlwswws = 1 since W,, = 1. Hence, ws and Wy L are conjugate in W/, which is
impossible by Lemma 4.3. O

By exchanging pg and pj (resp. p12 and pi,) if necessary, we may assume that

po,p12 € €5 and  py,pl, € 65 .

4.C. Singular points, equation. — Of course, the equation giving X /W’ and the coordi-
nates of the singular points depend on a model for W and on a choice of fundamental invari-
ants. With the choices made in [Arxiv, App. I], we get:

Lemma 4.15. — The coordinates of the singular points in P(5, 3,4, 12) are given by
p5=[1:0:0:0], po,ph=1[0:1:0:+2/=3], pra,ply=1[0:0:1:+8,/-3]
p1.py = [5(1536V19 + 2336) = §(—n60v/19 — 260) : 5(n130v/19 + 565) : 0], with 1) = 1,
pe=14/9:10/9: —-5/12:0].

Proof. — The coordinates of ps are given by Lemma 1.1. Let vg (resp. vi2) be a generator
of the line Ker(wg — (9 Idy ) (resp. Ker(wiz — ¢121dy)). The computation of the images pg
and pi2 of [vg] and [vi2] are done in [Arxiv, Comput. 1.16] (note that we already know that
fs(vg) = fs(viz) = fo(vi2) = fi2(ve) = 0). To renormalize pg (resp. pi2), we just need to
compute the corresponding value of j2/y§ (resp. j2/y$) and we get the result.

For the coordinates of p| and p/, we compute the image of X2 and renormalize the solu-
tions (see [Arxiv, Comput. I.17]). We do a similar work for ps, by using the set A involved in
the proof of Lemma 4.3 (see [Arxiv, Comput. 1.18]). O

Let us complete this result by computing the coordinates of the intersection point p of C@;
and 6; . For this, note that f5(z) = Jac(xz) = 0 forall x € X3 (see the first two lines of [Arxiv,
Comput. 1.19]). Therefore, p is the image of X3 under the map ;. This image is computed
in [Arxiv, Comput. 1.19] and we get

(4.16) p:=1[0:2/9:1/4:0].

We are now ready to compute the equation of X /W’. A direct way would be to com-
pute the polynomial P involved in (2.10). However, this is a too long computation and our
computer collapsed... So we need another approach.

First, it follows from Lemma 4.14 and its proof that there exist o and 3 in C such that

Qe (ys,y3,v4) = (ays + By3)*> mod ys.

To obtain the coefficients o and 3, we just apply this equation to the coordinates of po, pj,
P12, Py and p computed in Lemma 4.15 and in (4.16). We then get

27 4 16

2
-
o1 Y 243y4) mod ys.

Qe (Y5, y3,y4) = —3(
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By investigating all possible monomials of degree 19 in ys, y3, y4, we get that there exist
complex numbers qa, b, ¢, d, e such that

97 16 4\2
Qs (ys, Y3, ya) = —3(f Y y3> —ysR

6473 243 74
with
R = ysys(ays + bys) + cysy3vi + dy3vs + eyiya.

Using the fact that p;, p), p2 belong to X /W, this gives three equations for a, b, ¢, d, e. Com-
puting the image X2 NP(Ker(x;)) in X /W’ gives two Galois conjugate points r and ' with
coordinates in Q(1/6) (see [Arxiv, Comput. 1.20]). This leads to two other equations for a, b, ¢,
d, e. Solving this system with five equations and five unknowns (see [Arxiv, Comput. 1.21])
yields a unique solution, which is given by (a,b,c,d,e) = (%7, %, %, —3816245, 3110285). In
other words:

417) X/W'={[ys :y3 :ya : j] € P(5,3,4,12) | j2 = =3(Z y3 — 25 v3)* — ysR(y5,y3,ya)}
with

(4.18) R = ysya(BL yi + 800 ) + 1310 292 — 3125,2,8 31358,

4.D. Affine charts. — In the sequel, we will need to compute in the standard open affine
charts of P(5, 3,4,12). If k € {3, 4,5}, we denote by Uy, the open subset defined by

U = {[ys 1 y3 1 ya : §] € P(5,3,4,12) [ yx # 0}.
Since X /W' is contained in U5 U U3 U U4, we do not need to work in the affine chart defined
by j # 0.

4.D.1. The affine chart Us. — Let us first start with U3. Setting y3 = 1, the new variables are
as = y3,bs = y3, cs = ysya and j. So

U3 = {(as, bs, ¢3,5) € AYC) | & = asbs}.
Then it follows from (4.17) that
(%/W,) mcu’?) = {(a3,b3,c3,j) € A4((C) | Cg = a3b3 and

9 _ 27 16 1 \2 _ 207 800 1375 2 | 3125 3125
7%= =351 — 223 bs)” — 33 s — 7gbaCs — €5 T gg1ds T Fog UsCs -

(4.19)

4.D.2. The affine chart 4. — Let us now turn to U4. Setting y4 = 1, the new variables are
ay =y, by = Y3, cs = ysys and j. So

Uy = {(a4a b4,C4,j) € A4((C) ‘ Cil = a4b4}.
Then it follows from (4.17) that
(420) (%/W,) NUy = {(CL4, b47 C47j) S A4((C) ‘ Cil = a,b, and

9 _ 27 16 \2 207 800 1375 2 | 31253 | 3125
3% = =3(51bs — 353)” — F3bacs — TygCs — R0+ 61 ¢ T o Gt
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4.D.3. The affine chart Us. — Obtaining the equation of (X/W') N U5 is much more com-
plicated. This is done in [Arxiv, SLE]). The result is given by [Arxiv, Comput. 1.26]: setting
Ys = 1 and

Ys=u3 Yi=vi, hi=uysj, ha=yiys, hz=yij and hi=uysy},

we have that (X /W’) N Us may be identified with the closed subvariety of AS(C) consisting
of points (Y3, Y4, h1, h, h3, ha) such that

hihy = hahs,
Yahy = hi,
Yih1 = hzhy,
Yshy = h3,
Y3hs = hih3,
(4.21) }%2)/4 jgfﬁh% 2048 400000 4096 7,2
Yy + 533 Yaha — Gg1 Y3ha — Sogag Y3 1 o157 11 ‘
RS + M, — S0ON, + N =,
Viloha + SRRV ¢ YA, — oY,
+%h%h4 - %@hi - 450900(2?90 haha + %h% + 51637210370 hi =0,
Y?’h% + %Ygfu + 413%4486577261 Yiha + %hlhfﬂ
_%hghﬁl - 450900(1890 h% + 51673721%1070 haha + i’%giggg hi - 3?88280 hy = 0.

4.E. Two other smooth rational curves in & /W'. — For k € {3,4}, we set
G ={lys 1 y3 1 ya: 5] € X/W' |y =0}

Proposition 4.22. — The schemes 63 and 64 are reduced, irreducible and are smooth rational
curves. They intersect transversely at ps = [1:0: 0 : 0].

Proof. — From the equation (4.17), we get that
. . 8
G3 ~ {[ys : ya: j] € P(5,4,12) | j2 = —Z5 o + 22 yiwu}-
But P(5,4,12) = P(5,1,3), so
. . 8
63~ {[ys 1 ya: j] €P(5,1,3) | 52 = —Z5 y§ + 322 ysps}.

The open subset 63 N Uy is clearly isomorphic to A(C).
Similary, from the equation (4.17), we get that

. . 7
Ga =~ {[ys : y3: j] € P(5,3,12) | j* = =5 v + 53 vdu3 ).
But P(5,3,12) = P(5,1,4), so
. . Q7
G~ {lys :y3: 4] €P(5,1,4) | 5% = =3 v§ + 352 wsy3 }-
The open subset €4 N U3 is clearly isomorphic to AY(C).

So it remains to prove that 63 and €, are smooth and intersect transversely. Both questions
are local around the point ps = [1: 0 : 0 : 0], so we must work in the affine chart Us. Keep the
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notation from (4.21). Then B3 N Us (resp. B4 N Us) is the subvariety of (X /W) N U5 defined
by Y3 = hy = hy = hy = 0 (resp. Y4 = hy = h3 = hy = 0). Using Equations (4.21), we get

B3N Us = {(Y3,Ya, h1, ho, hg, ha) € A°(C) | Y3 = hy = ho = hy = N\ Y + psYa + vshj = 0}
and
1N Us = {(V3,Ya, hi, ha, hs, hy) € AS(C) | Yy = ha = hg = hy = \,YZ + Y3 + v,h3 = 0}

for some non-zero rational numbers \;, us, v, Ay, s and v,. The smoothness of 63 N Us
and 64 N Us follows immediately, as well as the fact they intersect transversely at ps (which
corresponds to the point (0, 0,0, 0,0,0) € A%(C)). O

5. The K3 surface &

Recall that p : X — X /W’ denotes the minimal smooth resolution. We will deduce
several properties of X (Picard lattice, elliptic fibration,...) from the list of properties of X /W’
given in the previous section. Note that since I is obtained from X /W’ by successively
blowing-up the singular locus, the automorphism o of L /W lift to an automorphism of &
(which will still be denoted by o).

We denote by A; and A} the two smooth rational curves of X lying above p; and p}
respectively. For e € {2,5,9,12}, we denote by Al,..., A the smooth rational curves of L
lying above p. (here, r. is the Milnor number of the singularity pe®), and we assume that
they are numbered in such a way that A¥ N A¥1 £ &. For e € {9, 12}, the smooth rational
curves of X lying above p/, are then given by o(Al),..., o(Ale).

Finally, we denote by Cég,i the strict transform of C@; in L. Of course, Cég = J(CéS+ ). As
I is obtained from X /W’ by successive blow-ups of points, € and 6, are smooth rational
curves. Also, we denote by @3 and B, the strict transforms of B3 and By: for the same reason,
they are also smooth rational curves.

One of the aims of this section is to determine the intersection graph of the 22 smooth
rational curves 63, 64, €5, A1, AL, (AF)cro591911 < k<, and (TAF).cr919)1 < & < .- For
this, we will use the construction of an elliptic fibration on .

Recall that, for a K3 surface, an elliptic fibration is just a morphism to P! (C) such that at least
one fiber is a smooth elliptic curve. Since X /W' has A4 + 2 A3 + 3 As + 2 A; singularities, its
Picard number is greater than or equalto 1 + (4 +2-3 +3 -2+ 1) = 19 (in fact, we will see
later that it has Picard number 20). Therefore, it admits an elliptic fibration (because every
K3 surface with Picard number > 5 admits an elliptic fibration [?, Chap. 11, Prop. 1.3(ii)]).
Another aim of this section is to contruct at least one such fibration. For this, let

oo @MW\ ) — PO
lys cys rya: gl — [ys 0 vdl.
Then ¢ is a well-defined morphism of varieties, so the map p o p : L \ p~(ps) — PY(C)

is also a well-defined morphism of varieties. We are now ready to prove the second main
result of our paper:

M For the definition of the Milnor number of an isolated hypersurface singularity, see [Mil, §7]: recall that the
Milnor number of a singularity of type Ax, Dy or E} is equal to k.
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Theorem 5.1. — With the above notation, we have:
(a) The morphism @ o p: X \ p~*(ps) — P'(C) extends to a unique morphism
¢ : I — PYC),
which is an elliptic fibration whose singular fibers are of type E7 + Eg + As + 2 A;.

(b) There exists a way of numbering the smooth rational curves lying above singular points of
X /W' such that the intersection graph of the 22 smooth rational curves 63, Gy, C@;, Ay, A

k k . .
(Ae)e€{2,5,9,12},1 <k<r and (0A6)66{9,12},1 <k <r, Isgiven by

/ } 65 Al
AFO

Ay A A3
A5 O Al Oo——=0O
(%) 6y O @, 63 O A
A A3
“AFO , O A}
7A1y
7850 -
€ AL
In this graph:

(b1) The union of the singular fibers of ¢ of type Ev and Eg is given by the white disks in the
big connected subgraph of (¥ ).

(b2) The singular fibers of ¢ of type Ay are €, U Ay and €, U A} for some smooth rational
curves €, and 6.

(b3) The singular fiber of ¢ of type A is By U AL U A3 for some smooth rational curve @s.

(b4) The curves marked with full black disks in (%) are sections of ¢.

(b5) The curve A2 is a double section of @.

(c) The 22 smooth rational curves in this intersection graph generate the Picard lattice Pic().
More precisely, Pic(X) is generated by the list obtained from these 22 smooth rational curves by
removing A2 and A}. Its discriminant is —228 = —2% - 3 - 19.

(d) The Mordell-Weil group of ¢ is isomorphic to Z.2.

Remark 5.2. — There are several possible types of singular fibers of type A; (resp. As2) in
elliptic fibrations. In the above Theorem 5.1, singular fibers of type A; (resp. As) are of type
I (resp. I3) in Kodaira’s classification. W

Proof. — The (very computational) proof of the statements (a) and (b) is given in Appendix I.

For (c), let M denote the incidence matrix of the 18 smooth rational curves belonging to
the big connected subgraph of (%). Then M has rank 16 and the greatest common divi-
sor of the diagonal minors of M is equal to 19 by [Arxiv, Comput. IV.1]. Moreover, the
diagonal minor corresponding to the curves B3, G, ‘%gc, Al A3, (A’g)ee{g,m},l <k<r and
("A’;)ee{gﬂ}?l <k <r, isequal to —19 (see the last command of [Arxiv, Comput. IV.1]). So, if
we denote by A the lattice generated by these 16 curves together with A;, A}, Al and A3,
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then A has rank 20 and discriminant —228 = —22 . 3 - 19. This shows that Pic(X) has rank
> 20, and so has rank 20 as a K3 surface has always Picard number < 20. If we denote by n
the index of A in Pic(X), then n? divides 228, which shows that n € {1,2}.

But if we denote by T(X) the transcendental lattice of I, then T(X) has rank 22 — 20 = 2,
is even and definite positive, with discriminant 228/n2. Hence it can be represented by a
matrix of the form

2a b
( b 2c>

with a, ¢ > 0 and 4ac — b? = 22~8/n2. But 4ac — b? =0o0r3 mod 4, so 4ac — b? # 57. This
shows that n = 1 and that Pic(%) is generated by 63, 64, 65", AL, A2, (AF)ecio1211 <k < re
and (O-Alg)ee{g,lz}’l < k < r» as expected. This concludes the proof of (c).

(d) Since we have determined the Picard lattice of X in (c), the structure of the Mordell-
Weil group follows (note that it has no torsion, which is compatible with [Shi, Table 1, en-
try 2420]). O

Remark 5.3. — If we denote by (2; 2bc> a matrix representating the transcendental lattice

of &, then 4ac — b*> = 228, s0 b is even, Writing b = 23, we get ac = 57 + 2,50 ac = 1 or
2 mod 4. In particular, a or ¢ is odd. This shows that the K3 surface I is not a Kummer
surface [?, Chap. 14, Cor. 3.20].

Also, I is not isomorphic to any of the singular K3 surfaces constructed by Barth-Sarti
in [BaSa] (their transcendental lattices have been computed by Sarti in [Sar] and none of
them have discriminant 228). For the same reason, I is not isomorphic to any of the sin-
gular K3 surfaces constructed by Brandhorst-Hashimoto in [BrHa] (see also [BoSa2] for a
description of some of these). B

6. Complement: action of W on the cohomology of &L

The group W acts on X so it acts on the cohomology groups H*(X, C). Since X is a com-
plete intersection in P?(C), with defining equations of degree 2, 6, and 8, we have:

1 if k € {0,4},
6.1) dime HY(X,C) = {9502 ifk =2,
0 otherwise.

The action of W on H%(X, C) and H*(X, C) is trivial. The aim of this subsection is to deter-
mine the character of the representation of W afforded by H*(%, C).

For this, we first need to parametrize the irreducible characters of W. If x € Irr(W), we
denote by b, the minimal number k such that x occurs in the character of the symmetric
power Sym” (V') of the natural representation V of . For instance, if we denote by 1y the
trivial character of W and by xy the character afforded by the natural representation V, then

(6.2) b1, =0, by, =1 and b =|d| =236

(recall that € denotes the restriction of the determinant to W). Indeed, the first two equalities
are immediate from the definition and the last one follows from [Bou, Chap. V, §5, Prop. 5]
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and (2.7). Recall from Molien’s formula that the number b, an be computed as follows: let ¢
be an indeterminate and let

[Taepe (W)(l —t9) x(w™h)
F\(t) = - .
x(t) | wezw det(1 —tw) < €
It is a classical fact [Bro, §4.5.2] that F, (¢) € N[t], that F,(1) = x(1) and
(6.3) by, = val F\ (1).

The polynomial F,(t) is called the fake degree of x.
A particular feature of the Weyl group of type Eg is that the map

DB: Lr(W) — NxN

X — (X(U? bX)
is injective (see for instance the first command of [Arxiv, Comput. I1.2]). We denote by
DB(W) the image of DB and, if (d,b) € DRB(W), we denote by ¢4, its inverse image in
Irr(W). Note that ¢4, is the character afforded by an irreducible representation of dimen-
sion d. For instance, by (6.2), we get

(6.5) pro=1w,  ¢e1=xv and  ¢i3 =¢.
By the last line of [Arxiv, Comput. I1.2], we have that | Irr (/)| = 25 and that

DRB(W) ={(1,0); (1,36); (6, 1); (6,25); (10,9); (15, 17); (15, 4); (15, 16); (15, 5);
(6.6) (20,20); (20,10); (20, 2): (24, 6); (24, 12); (30, 3): (30, 15); (60, 11);
(60,8); (60,5); (64, 13); (64,4); (80, 7); (81,6); (81, 10); (90, 8)}.

(6.4)

Fori > 0, let X(%i) denote the character afforded by the W-module HY(X, C). We set
xo =3 (-1
>0
By (6.1), we have

(6.7) xg:x&o)+xg)+xg):2‘lw+x&2).

We determine X(; ) in the next proposition:

Proposition 6.8. — With the above notation, we have
ngg) = 1w +3e+8¢ps25 + 20109 + 7Th1517 + P154 + 9 P1516 + P155

+14 ¢20,20 + 4 $20,10 + 2 P24.6 + 8 P24,12 + 14 P30,15 + 18 de0,11 + 12 Pgo 8
+4 d60,5 + 26 P64,13 + 2 Peaa + 12 ¢go,7 + 7 Pg1,6 + 21 ¢g1,10 + 12 Pgp 8-

Proof. — Since X is smooth and W is finite, it follows from Lefschetz fixed point formula that
Xx (w) is equal to the Euler characteristic of the fixed point subvariety X*. If dim(X") > 1,
then w is conjugate to 1, s; or w3 (see [Arxiv, Comput. I1.3]). But:

o xa(1) = 9504 by (6.1).
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e Note that P(V)** = [e;] UP(V*1). Since [e1] ¢ X by Remark 2.6, we have that
L =L NP(V).

So X! is a smooth complete intersection in P(V*!) ~ P*(C) defined by equations of
degree 2, 6 and 8 (the restrictions of fs, fs and fg to V*'), so it has Euler characteristic
—2-6:-8:-(2+6+8—4—1)=-1056. Hence, xx(s1) = —1056.
e Recall that L2 is the disjoint union of two smooth curves of genus 10 by Lemma 4.11.
So xg (w3) = —36.
If dim(X") < 0, then xg (w) is just the cardinality of X" (it might be equal to 0). These last
values of yy as well as the decomposition of xy as a sum of irreducible characters are com-
puted in [Arxiv, Comput. IL4]. The result then follows from (6.7). O

To be fair, knowing the exact character is not that interesting, but at least we will use it for
making a sanity check for Proposition 4.1. Indeed, H* (X, C)"" is the direct sum of H*(%, C)W
and the e-isotypic component of H*(X, C). Then Proposition 6.8 together with (6.1) shows
that

> (=1)Fdime H*(X,C)"" = 6.

kEZ
In other words, the Euler characteristic of & /W is equal to 6. But the fiber of the map L —
X /W' above an Ay, singularity is the union of £ smooth rational curves in Ai-configuration,
and this union has Euler characteristic k + 1. So the Euler characteristic of & is the Euler
characteristic of X /W' plus the sum of all the Milnor numbers of singularities of X /W’. So,
by Proposition 4.1, the Euler characteristic of q is

6+2-1+3-24+2-34+4=24,

as expected for a K3 surface.

Remark 6.9. — Since X is a smooth complete intersection, its Hodge numbers can be com-
puted from the degrees of the equations and we get that

R2O(X) = h%%(X) =1591 and  AMY(X) = 6320.

However, we do not know how to compute the character of the representations H4(X, C)
of W,forp+q¢q=2.1

Appendix I
Proof of Theorem 5.1(a) and (b)

LA. Extension of ¢ 0 p. — Let 5 : & — /W’ denote the blow-up of X /W’ at ps. Since ps
is an Ay-singularity, L contains a unique singular point above ps, which will be denoted by
ps. It is an Ay-singularity of L and we denote by 7 : £ — I the blow-up of X at p5 and we
set p = po 7. Since X is obtained from X /W' by successive blow-ups of the singular points,

there is a morphism L — X. Therefore, in order to prove that ¢ o p extends to X, we only
need to prove that the map

%2»

pop: X\ pt(ps) = PYC)
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extends to a morphism T - PL(C).
For this, it is sufficient to work in the affine chart Us. Let 5 denote the restriction of ¢ to
((X/W)NUs) \ {p5}. Keeping the notation of §4.D, 5 is defined by

¥y i ha] i (Va, ha) # (0,0),

[R3: Yy if (he,Ys) # (0,0).

Note that if (Y3, Y4, h1, he, hs, hy) € (X/W') N Us is such that Y3 = Yy = he = hy = 0, then

h1 = hs = 0. So g5 is indeed well-defined by the above formula on ((X/W') N Us) \ {ps}-
We denote by %5 the inverse image of (X/W’) N Us in X (so that A5 is the blow-up of

(/W') N Us at ps. So L5 is embedded in AS(C) x P5(C). If t € {V3,Yy, hy, ho, hs, hy}, we

denote by t' the corresponding variable in P°(C) and by Ef)ét) the open affine chart of s
defined by ' # 0. Then:

o5(Y3,Ya, hi, ho, h3, hy) = {

Lemma 1.1. — The point ps belongs to the affine chart %ﬁéhl) and does no belong to the others.

Proof. — This follows from [Arxiv, Comput. II1.2] O

To prove that ¢ o ,5 extends to &, we first prove the following lemma:

Lemma 1.2. — The morphism p o p: XL \ p~'(ps) — P'(C) extends to a morphism X \ {ps} —
PL(C).

Proof. — If (Y3, hy) # (0,0), then [Y3 : hy] = [Y5 : h)] and so the map g5 o p extends to the
affine charts %Aéyg’) and ﬁféh“). Similarly, if Yy # 0, then [h3 : V4] = [hoh), : Y]] and so ¢35 0 p
extends to the affine chart 225(1/4)‘

Now, it follows from [Arxiv, Comput. IIL.4] that the two affine charts Eféhz) and Sféhg’) can
be embedded in A*(C), and that maps Eif()}”) — (/W) N Us and ?féhB) — (X /W) N U5 are
given by

N (/W) N Us
(a,b,c,d) +—— (a’d,ad?, abd,ad,acd, ad?)

N (/W) N Us

d
an (a,b,c,d) +— (ab,ac,ad,acd?, a,acd).

So the restriction of 5 o p to L")\ 5 1(ps) (resp. L)\ 5~ 1(ps)) is given by (a,b, ¢, d)
[a®d : ad?] (resp. (a,b,c,d) — [a®c2d* : ac]). Now, (a,b,c,d) + [acd* : 1] is well-defined
on Efé}m) and extends g5 o p. Moreover, (a,b,c,d) — [a : d] is well-defined on 9 (thanks
to the command Dimension (Scheme (Xhat5([4][1], [a[l],a[4]])); in[Arxiv, Com-
put. IIL.4], which shows that the subvariety of %Aéh:”) defined by a = d = 0 is empty) and
extends 5 o p.

Therefore, it remains to understand what happens on the open affine subset of Eféhl). Then
it follows from [Arxiv, Comput. II1.6] that

@3) I ={(a,b,c,d) € AYC)|ac® =bd  and
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512 . 6561 , 621 1600, 5 2750 3125 3125
abed — ﬁbd - mab - 1—6abc— %bd - 2—7bd— 6a + mb—i— 5 ¢= 0}
and that p(a, b, ¢,d) = (ab, acd?, a, ac, ad, acd).
Note also that the last command of [Arxiv, Comput. III.4] shows that ps corresponds to
the points (0,0,0,0) in %Aéhl) c AY(C).

In particular, the restriction of p o p to Sféhl) \ p~1(p5) is given by

[ab : acd) if (ab, acd) # (0,0),

b,c,d
by {[a202 : acdz] if (a2c2,acd2) # (0,0).

But this can be extended to a morphism ¢ : %Aéhl) \ {(0,0,0,0)} — P'(C) by the formula

[b:ed] if (b,cd) # (0,0),

hed {[ac 1 d?] if (ac,d?) # (0,0).

Indeed, if (a,b,c,d) € A (h) satisfies b = d = ac = 0, thena = b = ¢ = d = 0 (see the
equations of Sféhl)). O

Therefore, it remains to prove that ¢ o # : @ \ #~1(p5) — P'(C) can be extended to &,

where & = fr*l(iéhl)) is an open subset of I. Note that & is also the blow-up of 525(}“) at p.

But [Arxiv, Comput. II1.8] shows that & is embedded in A*(C) x P?(C) and is the variety of
points ((a,b,c,d), [V : ¢ : d]) € A*(C) x P?(C) such that®

bd = ¢V,
cd =dd,
bd' = db,
(L4) ac? = d'v,
acc = db,
ac® = bd,
abed — 22bd3 — 88 qh? — B2ghe — L8002 — 2150pq — g + 312 4 312 — 0,
If (a,b,c,d,b,c,d) € C7, we set
512 6561 621
"(a,b,c,d, b, d) = (abed — —=bd*d — ——abbl — ——abc’
o(a;b,c,db,c,d) (abed’ ~ eoe7 2048" 16 ¢
1600 2750 3125 , 3125
2 bdd — 2 bd + 20+ 22 6.
243 57 00+ gV + g e/

Then, if ((a,b,¢,d),[V/ : ¢ : d]) € P, itis imediately checked from the equations (I.4) that

o (a,bye,d, b, d)b=ab,
(L5) o (a,b,e,d, b, d)e = ad,
o (a,b,e,d, b, d)d = ad,

) A priori, & should be embedded in A*(C) x P3(C), but the second equation giving T’ in (1.3) has a non-
trivial hommogeneous component of degree 1, which allows to eliminate one variable.
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Therefore, if (b, cd) # (0,0), then [b : ed] = [V : ¢d'] and, if (ac,d ) # (0,0), then [ac d? =
[ (a,b,c,d, b, c,d)c : d?. Butif ¥ = d = o/(a,b,c,d,b,c,d)c =0, hen V=cd=d=0,
which is impossible. Therefore, the formula

(b :ed] if (b/,cd’) # (0,0),

N ,b, 7d,b,, /7d, —
ellabed) b, ¢, d]) {[a’(a,b,c,d,b’,c’,d’)c’:d’2] if (o/(a,b,c,d, V', d')c,d?) # (0,0),

gives a well-defined morphism % — P'(C) which extends ¢ o 7.
This shows that the morphism ¢ : X — P!(C) expected by Theorem 5.1(a) is well-defined.

I.B. Elliptic fibration. — By the work done in the previous subsection, it remains to show
that at least one fiber of ¢ is a smooth elliptic curve. For this, let S be the set of singular
points of X /W’ different from ps and let 8’ = ¢(S) C P!(C). Note that S and S’ are finite.

Among the four rational curves A¥, 1 < k < 4, some of them are mapped to a point under
¢ and some of them are mapped to the whole P! (C). We denote by 8" the set of points which
are image of the rational curves contracted by ¢. We set U = P*(C) \ (8’ US”). We denote by
U’ the open subset of P!(C) such that the restriction of ¢ to ~(U’) — U’ is smooth. Finally,
wesetUT =UNU".

Letz € U*. Since [0 : 1] and [1 : 0] belong to &', we can write z = |
complex number b. Since [1 : b] ¢ 8", ¢~ 1([1 : b]) meets U3 and o~ !
open subset of 7 1([1 : b]) meets %3 But it follows from (4.19) that

e H([1: b)) N U3 =~ {(cs,5) € A3(C) |

1 : b] for some non-zero
([1:0]) NUs is a dense

9 or2T 16 207 . _ 800 _13752 3125 3 | 3125 4
J*=—=3(5 243) 32 Cs — g 0Cs 5 T 8646Cs T T0856C3 s

This equation shows that o~ !([1 : b]) N U3 has genus 1, and so ¢~ 1([1 : b]) is a smooth elliptic
curve.
This shows that the morphism ¢ : £ — P'(C) is an elliptic fibration.

I.C. Local study at pg and pi2. — Let us first study the situation at pg. For this, we work
in the affine chart U3 and use the equations (4.19). In this chart, which is a closed subvariety
of A%(C), the point pg has coordinates (0,0, 0,27y/—3/64). Moving this point to the origin by
working with the coordinate j; = j — 27\/—3/64, we get from (4.19) that

(%/W’) ﬂ %3 = {(CL;;, bg, Cg,j3) ~ A4(C) ‘ 0:33 == algbg and

(Js + —3%)2 — 3(% — m bg) 2302763 ?ggbsczs 137562 + 3816245a3 + 3110285a503}
%4 = {(a37b37037j3) € A4( ) ‘ b3 =C = 0 and ]3 + m32 Js = 38162450/3}
C@;_ = {(a37b37037j3) S A4( ) ‘ as =c; =0and j; = — _3% bg}
and po = (0,0,0,0) € € NGy

Working in the completed local ring of U3 at py, we can replace the variable j; by j;, =
j3 + /= 22 Js, so that, in Oy JW s J4 can be expressed in terms of the variables as, bs, ¢;. In
other words,

O /w7y == Cllas, ba, call/{c — azbs)
and ) A ) )
Oapg = Ot jwrpo/(bs, ) and O o Oy g /{3, €3).
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The computation of the intersections of Cé; , Gy, Aé and A% can be done with these completed
local rings, and we get that, after exchanging A} and A2 if necessary, the following result
holds:

Lemma 1.6. — The curve @7 (resp. @,) intersects A} (resp. A2) transversely at one point and does
not intersect AZ (resp. A}).

The situation at pi2 is very similar to the situation at pg. Indeed, we work in the affine
chart U4 and use the equations (4.20) and we obtain that

6%/W’7p12 =~ Cl[as, bs, C4H/<Ci1 — ayb,)
and
@%371712 ~ @EI/W/J,D/(ZM, C4> and 6%;71712 ~ @%/W/,pu/(azh C4>.

Therefore, after exchanging Al, and A3, if necessary, the following result holds:

Lemma 1.7. — The curve 67 (resp. 63) intersect Al, (resp. A3,) transversely at one point and
does not intersect A3, U A3, (resp. Ay U AZ,).

Finally, since 67 and 6; intersect transversely at a smooth point of X /W, we get:
Lemma 1.8. — The curves 63 and @5 intersect transversely at only one point.

Using the automorphism o, Lemmas 1.6, 1.7 and 1.8 show that the intersection graph of
the 14 smooth rational curves 63, 64, 65, 65, (A5)1 < k <2, “AE)1 <k <2, (A%y)1 <k <3 and
("Af)1 < & < 3 is given by:

/ } 65 Al
A O

At
Aty
AFO
€D €1 O @
7AFO
7AY,

A0 :
G5 AL,

This shows part of Theorem 5.1(b).

I.D. Singular fibers. — The study of singular fibers will be done in several steps:
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L.D.1. Singular fiber above [0 : 1]. — The fiber 3~'([0 : 1]) contains A{,, A%y, Ay, ALy, TAT,
7A3},, 63 and maybe some of the curves A%. Since the curves A¥ do not intersect the curves
Al, and “A7, the Kodaira classification of singular fibers (together with the graph (é))

shows that ¢~1([0 : 1]) contains exactly one of the curves A and is a singular fiber of type
Er.

1.D.2. Singular fiber above [1 : 0]. — The fiber ¢~ '([1 : 0]) contains A}, A3, “Al, A2, 64
and maybe some of the curves A%. Since the curves A¥ do not intersect the curves A} and
?AY, the Kodaira classification of singular fibers (together with the graph (&)) shows that
¢~ ([1 : 0]) contains exactly two of the curves A¥ and is a singular fiber of type Eg.

L.D.3. Singular fibers above ¢ (p1), ¢(p}) and o(ph). — Let €1 = ¢~ (p(p1)), € = & ()
and 8y = ¢ (¢(p2)). Since &; contains A; and at least one other irreducible curve, the
Kodaira classification of singular fibers shows that the Euler characteristic x(é;) of é; is
> 2, and is equal to 2 if and only if it is of type I, in Kodaira’s notation. The same hold for
€. Also, €, contains A} U A3 and at least one other irreducible curve. So x(%2) > 3, with
equality if and only if €, is of type I in Kodaira’s notation.

But, by the two previous paragraphs, we have

x@'([0:1))=9 and  x(¢7([1:0]) =8.
Since the sum of the Euler characteristics of the singular fibers is equal to 24, this forces
x(61) = x(€]) = 2 and x(é2) = 3 and that there is no other singular fiber for ¢. This
completes the proof of Theorem 5.1(a).

LE. Local study at ps. — The fiber p~!(ps) is the union of two smooth rational curves.

By (L.3), its intersection with 93(}”)

P (p )msx5 ) = {(a,b,c,d) € A*(C) |a =bd = b+ 8 = 0}.

is given by the following equations:

It contains two irreducible components A% and A¢ which are respectively given by the equa-
tionsa =b=c=0and a = d = b+ 8¢ = 0. The restriction of ¢ to A%\ {ps} is constant and
equal to [0 : 1], while its restriction to A¢ is constant and equal to [1 : 0]. We denote by Al
(resp. A2 z) the closure of Aa (resp. Ab 2) in x.

We denote by €3 and @, the respective strict tranforms of €3 and €y in the blow-up .

Lemma 1.9. — With the above notation, the following holds:

(a) The curve €3 meets Ak and does not meet A2
(b) The curve B4 meets AL U A2 only at ps.

Proof. — Letk € {3,4}. Since 6}, is a smooth rational curve, its strict transform meets p~*(ps)
(which is identified with the tangent cone of & /W at p5) at only one point (the line given by
the tangent space of 6}, at ps).

As B3N U5 is the subscheme of (X /W')N U5 defined by the equatlons Ys=h1 =hyg=hy =

0, its strict transform does not meet the open chart SI( ). Sop s & B3. So B3 meets A or A2

but does not meet both. Since ¢(@3 \ {ps}) = G(AL\ {ps}) = [0: 1] # [1: 0] = p(A? \ {ps}),
we get (a).
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As B4 N Us is the subscheme of (X /W') N Us defined by the equations Yy = hy = hs =
hy = 0 and since p(a, b, ¢, d) = (ab, acd?, a, ac, ad, acd), B4 N E’féhl) is the subscheme of Si’éhl)
defined by the equations ¢ = d = 0. So it contains ps. O

We denote by Al and A4 the respective strict transforms of Al and A? in T. Also, we
denote by A2 and A3 the two smooth rational curves contained in 771(p5), numbered in
such a way that Al N A # . Finally, we denote by ‘64 the strict transform of € in %. These
are all smooth rational curves. Using the equations of & given in (I.4), we get that:

e ALnS = {((0,0,0,d),[0:0:1]) | d € C} and
#((0,0,0,d),[0:0:1]) =1[0:1].

o A% NP = A% ={((0,0,0,0),[0: 2 :y]) | [x : y] € PL(C)} and
$((0,0,0,0),[0: z : y]) = [(3125/108)z? : ¢?].

2N =A2={((0,0,0,0),[z:y:0])|[z:y] € PL(C)}and
2((0,0,0,0),[x:y:0])=[1:0].

[ )
D))
ot

o A2 = {((0,~8¢,¢,0),[~8:1:0]) | c € C} and
&((0, —8¢,¢,0),[-8:1:0]) =[1:0].

o G ={((a,b,0,0),[1:0:0]) | £Lap? + 6o — 322 = 0} and
¢((a,b,0,0),[1:0:0]) =[1:0].

This allows to check easily that the intersection graph given in Theorem 5.1 is correct.

LE. Sections. — The fact that 6" and 6 are sections of ¢ follows from their explicit de-
scription given in the proof of Proposition 4.14. The fact that A? is a double section follows
from the computations done at the end of the previous subsection.

The proof of Theorem 5.1(b) is now complete.
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