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Abstract

This article provides a general expression for infinitely divisible multivariate
gamma distributions defined by their Laplace transforms, as well as the conditional
Laplace transform of infinitely divisible multivariate gamma distributions.

We give algorithms for simulating infinitely divisible gamma distributions and
infinitely divisible multifactor gamma distributions in dimension 2, 3,4 and for all
dimensions greater than 2 in the Markovian case. We give examples of simulations

in dimension 2, 3,4 and in dimension 5 in the Markovian case.
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1 Introduction

The aim of this paper is to extend simulations of bivariate gamma distributions, see
[Bernardoff, 2023], to multivariate gamma distributions and multifactor gamma distribu-
tions defined by their Laplace transforms.

In this paper, we consider the following definitions given in [Bernardoff, 2018]. For
more details see also [Bar-Lev et al., 1994], [Johnson et al., 2000] and [Bernardoft, 2006].

We use the extension of the classical univariate definition to R™ obtained as follows:
we consider an affine polynomial P, (8) in 8 = (04, ...,0,) where ‘affine’ means that, for
j=1,...,n, &®P,/007 = 0. We also assume that P, (0) = 1. For instance, for n = 2, we
have P, (61,02) = 1 + pr1y01 + prayba + pa,230162.

We denote by B,, = B ([n]) the family of all subsets of [n] = {1,...,n} and P the
family of non-empty subsets of [n] . For simplicity, if n is fixed and if there is no ambiguity,
we denote these families by B and B*, respectively. Similarly, we denote by Pr = P (T
the family of all subsets of T'={1,...,n} and PB4 the family of non-empty subsets of T.
Similarly, if there is no ambiguity, we denote P, by P.

We denote by N the set of non-negative integers. If z = (z1,...,2,) € R™ and

a=(ag,...,an) €EN" then al =aq!... !, |a| = a1+ ... + an, aa = aq,

-----

n

2 =[]z =2 (1)

i=1
For T in B, we simplify the above notation by writing 27 = [], .,z instead of z'7
where

1r =(o,...,ap) witha; =1ifieT and a; =01if i ¢ T. (2)

We also write 277 for [[,.p 1/2 if z # 0, Vt € T. For a mapping a : p — R, we shall use
the notation a : B — R, T+ arp. In this notation, an affine polynomial with constant
term equal to 1 is P (0) = ZTem prO”, with py = 1. Now, if there is no ambiguity, for
simplicity, we omit the braces and, if T'= {t,,...,;}, we denote ag,, 4,1} = a4+, and

ag = Qagp.



The indicator function of a set S is denoted by 1g, that is, 1 (x) = 1 for x € S and
0forz ¢ S.
We fix A > 0. If a random vector X = (X7, ..., X,,) on R" with probability distribution

(pd) px is such that its Laplace transform (Lt) is
E {exp [~ (61X1 + - +6,X,)]} = [P (6)] ", (3)

where [E denotes the expectation, for a set of @ with non-empty interior, then we denote
px =7(py, and y(px) will be called the multivariate gamma distribution (mgd) associated
with (P, \) . If X has pd v(p,), we denote it by X ~ v (p ), and P, A is called respectively
the scale parameter, the shape parameter. These mgds occur naturally in the classification
of natural exponential families in R” [Bar-Lev et al., 1994].

The marginal distributions of the mgd associated with (P, \) are univariate gamma

distributions (ugd) of parameters (p;, A) for i = 1,...,n, with Lt
[P<O’"'7070i707-"a0>]_/\ = (1+pzez>_)\7 (4)

and pd
Vs (d2) = 2 p A (V)] exp (—2/pi) Lo,o0) (1) dr. (5)
As in [Bernardoff, 2018], we extend the first definition to the multifactor gamma distri-

bution (mfgd) associated with (P, A) where A = (A Aq,...,\,) and A; = A > 0 for all

1=1,...,n by its Lt

n

E{exp[— (01X1 + -+ 0. X))} = [P (O)] [ (1 +pith)” Y. (6)

i=1
By using (4), the marginal distributions of the mgd associated with (P, A) are ugds of
parameters (p;, A;) for i =1,...,n, with Lt (1 —|—pi<9i)7)‘i, and pd
Ypirn (dx) = 23 1p7 M0 (A)] 7 exp (—2/pi) L(0,00) (2)dz. We can denote either 7, x,) or
V(1+pifi,Ai)-

[Bernardoff, 2018] gives a proposition for building a random vector whose distribution

is the mfgd associated with (P, A).



Proposition 1 A random vector X with distribution ypa can be obtained in the follow-
mg way:

Let'Y be a random vector with distribution ~ypy). Let Z = (Zy,...,Zy,) be a random
vector of independent components for which its pds are y, x,—x), and such that Z and'Y
are independent random vectors. Then the random vector X =Y + Z has Lt (6), and

consequently has the mfgd associated with (P, A).

Remark 2 This construction clearly allows us to simulate ypay by simulating Z ~ ~(py)

andY .

For the bivariate case, see also [Dussauchoy and Berland, 1972].

The Lt of mgd associated with (P, \) and the Lt of mfgd associated with (P, A) are
known by definition. But, its pdfs are unknown, except for the bivariate gamma distribu-
tion (bgd) associated with (P, ) and the bivariate mfgd associated with (P, (A, A1, A2)).
Let us recall in the Proposition below, the known results.

Let FP? be the generalized hypergeometric function (see [Slater, 1966]) defined by

- (1) (), 2
Fp Ly ooy p; 1y+- -5 PPm; = - 7
0B i) = 0 (5 ), o

where (a), =I'(a+ k) /T (a) for a > 0 and k € N (or more generally by Vn € N, Va € R,
(a)o = 1, (a)pr1 = (a + n)(a),) is the Pochhammer’s symbol. For simplification, we

denote F° by F,,. [Bernardoff, 2006] gives the following proposition.

Proposition 3 Let P (01,05) = 1+ p161 + pabs + p126102 be an affine polynomial where
p1,p2 > 0 and p1o > 0. Let 1 =y py) be the bgd associated with (P, \). The measure p

exists if and only if ¢ = (p1p2 — p12) /Do = P1P2/Piopr2 > 0, where p1y = 1—p1o/(pip2)

15 the correlation coefficient between margins. Then we have

Ypy (drr, dry) = Fp(l)\2) e iz T2 (2122) " Fy (N ey o) L) () dz. (8)

with
k

9=3 G =T (V).

k!
k=0



where Iyis the modified Bessel function of order \.

For the case A = (A, A\, \2), the mfgd associated with (P, A) is named by [Chatelain et al., 2008]
the multisensor gamma distribution associated with (P, )\, A2) and they have proved that

its pd is given by the equality

pfzkpz_(/\r)\)l Aol Ag—1 —22 2 P12
doy,dey) = 222 3 12 te pia ™ T 2Py ( Ny — A\ Aoy 210 cq T
Ypa (d71, dzs) TO)T Og) L 72 3( A2 2 €2 € 2)
X 1(0700)2 (.Tl,ﬂfg) dl’ldl'g, (9)
where
(a),, =™y"
m,n=0 m4n

is the Horn function.
For the bivariate general case, we have the following Theorem in [Bernardoff, 2018].

Let F; be the function defined by

i (@ Oy (g 2™ 25" 25"

Fy(a,b =
](a; 7072:) (a+c) (b—l—c) mllmglm?,!’

(11)

m1,ma,ma=0 mi1+ms3 ma+m3

it is a particular generalized Lauricella function defined, by example, in [Panda, 1973].

Theorem 4 The pd of v (pxai,00)) 18 given by the equality

pszpl_(/\l_)\)Pz_(Ar/\) M—1 Ap—1 —22 L
d d — 1— 2—1 =5 15572
Y(P,(\A1,02)) (dzy,das) TOWOT ) A A JR D 12
X I <)\1 — A A= AA, pp_m I, pp_mx% C$1$2) 10,002 (21, 22) daidas, (12)
1 2

If we get Ay = A in the equality (12), we obtain Chatelain and Tourneret’s result (9)

because

Fr (0, Ao — A, )\721722723) =

= ®3 (b; b+ ¢; 29, 23) .

00 (b)m2 Z;nz Zgns
2 (

| |
ma,m3=0 b+ C)m2+m3 Mz: 13

[Bernardoff, 2006] gives the following Proposition:



Proposition 5 Let u be a mgd on R™ associated with (P, \). Assume that p is not
concentrated on a linear subspace of R™ of the form {x € R™; xp = 0} for some k in

n] ={1,...,n}. Then:

(i) For alli € [n], p; #0.

(11) ]fp17 ce DE < 0 and Dk+1y- -3 Pn > 07 then Supp (:u) C (_Ooﬂo]k X [0’ Oo)nik'

(iii) If p1,...,pn > 0 then pp = 0.

[Bernardoff, 2006] gives a necessary and sufficient condition for infinite divisibility of
the mgd associated with (P, \), in the sense that the Lt of v(px) power ¢ for all positive ¢
is still the Lt of a positive measure, by the following theorem using the notation 55 from

the notation bg defined in [Bernardoff, 2003]:

Theorem 6 Let 1 = vp, be a mgd associated with (P, \), where X > 0 and P () =
> Tep, prO” is such that p; > 0, for all i € [n], and py, > 0. Let P(0) = > rep, pro”

be the affine polynomial such that pr = —pz/p for all T € B, where T = [n] \T. Let

S|
gszbs(ﬁ):Z(k_l)! > 1] b (13)
k=1 Tellk TeT
with s
bs(P) =S (k=11 S [ o (14)
k=1 Tenk TET

where | S| is the cardinality of the set S. Then the measure p is infinitely divisible if and
only if
Di :g{i} <0 for alli € [n], (15)

and
bs = 0 for all S € B such that |S| > 2. (16)
Corollary 7 By the properties of infinite divisible distributions we conclude that the

necessary and sufficient conditions for infinite divisibility of a mgd associated with (P, \)

6



of theorem (6), are also necessary and sufficient conditions for infinite divisibility of mfgd

associated with (P, A\) .

To illustrate the difficulty to calculate the mgd associated with (P, \) we recall, for
the trivariate gamma distribution (tgd), the following theorem given in [Bernardoff, 2018].
Let Fj; be the function defined by
- 1 R e e

Z zZ
Fri (A1, Ag, 21, 29, 23, 24) = Z 2 ~3 A4 17)

| | | |’
mi,...,ma=0 (Al)m1+m2+m3 <>\2)2m1+m2+m4 My Mg Mg: My:

it is still a particular generalized Lauricella function.

We note that ¢ in (8) is 51,2.

Theorem 8 In the case n = 3, p; > 0 fori € [3], py > 0 fori,j € [3], by = —-

" pios
p—;’gp““ >0 fori#j and {i,j,k} = [3], praz > 0, and
123

~ 1
bios = — + P12P1 1 P13P2 I P23D1

: : + 2p12p13p23
D123 Pias Pias

>0
2 3 = b)
Pias Piog

the infinitely divisible tgd 7y p ) associated with (P, \), is given by the formula

Y
D123

3
[T (A)]
X FH<)\7 >\7513$1$33233C2$3,5123531902%3,5125751%2,513%1%3 +E23$2$3)1(0,Oo)3 (713) de.

(18)

exp(p1x1 + Do + Paxs) (xlxﬂs)/\_l

Y(Pr) (dz) =

Remark 9 The case pioz = 0 is solved by [Letac and Wesolowski, 2008].

Remark 10 ]fglz = 513 = 523 =0, Theorem 8 gives

“A
[Tp(li?;b exp(P1a1+PaTo+Psw3) (117223)" ' Fy <>" A b123:c1a:2x3> Loy (@) de.

(19)

Y PN (dz) =

and if we put A\ = 1 in this last equality, we obtain the Kibble and Moran distribution
given in [Johnson et al., 2000].



After giving a general expression for the pd of infinitely divisible mgds, this paper
provides their conditional Laplace transforms. These results allow us to extend the result
of [Bernardoff, 2023] from the simulation of bgds to mgds and mfgds. These results allow
us to achieve the aim of this paper for n = 3,4 in the general case and, for two particular
cases for any n.

This paper is organised as follows. Let n € N* {1} and let X,, = (X1,...,X,,) be a
real random vector of infinitely divisible mgd, Section 2 gives a general expression for the
pd px, = Yp.n- Let k€ N*~{1,n} and (21,...,2x) € R, Section 3 gives the condi-

tional Lt of (X, ..., X,,) given (X1, ..., Xy) = (21,...,xx) denoted by Lg;i’;)):(xlxk)

An important particular case is given. Section 4 gives a simpler expression of L‘()gé;xl X
Section 5 apply this last result for n = 2, 3,4, and for the case n = 2 | we obtain the re-
sult of [Bernardoff, 2023], see also [Walker, 2021]. For the case n = 3,4, we obtain a new
general result and algorithms for simulating tgds and quadrivariate gamma distributions.
For n = 5, we could give an expression for L&:“ X and apply the same method as for
cases n = 2, 3,4. Unfortunately, the computations seem long and arduous. Therefore, we
study the simpler Markovian case in Section 6. Section 7 gives examples of simulations
of mgds for n = 2,3,4,5, and of mfgds for n = 2,3. All simulations are performed using

the R software, [R Core Team, 2023]. In order to facilitate the fluent presentation of the

paper, proofs are collected in the appendix in order of appearance.

2 Probability distributions of multivariate gamma
distributions

For a simple example of applying the main results, we will need the following example in

dimension n.

Example 11 Let P, be the affine polynomial defined in [Bernardoff, 2006] by

n

P.(6) =1+ % [L 0+ (20)



where 0 < p=1—q < 1. Let  =yp; = Pnyp1 be the infinitely divisible mgd associated
o (P,1). Let vp\ = @np the mgd associated to (P, \). Then we have:

Forx = (z1,...,x,) in R",
—(n—1)A _ P14 4Tn nly A—1 . In
7(Pn,>\) (dX) We p (33[ ]) Fn,1 ()\, Cey )\; qp X[ ]) 1(()’00)” (X) dx (21)

We will give an expression of the pd 7 p, 4 (dx) in the general case.

Let us denote Q= (61,...,60,) , P, (0y) = > ey, P () 0[7;], for 1 < k < n,
O = (01,...,0k), Pe(O) = Yopeq, Pr (Pr) Oy = Pu((01,-..,0:,0,...,0)), let us de-
fine for T € B,,, pr(P,) = —pz[)’j—;}T, and for T € B, pr(P) = —22T and 6p, =

P{k}

(P1(Pn),s.-ypn(P)), as well as Op, = (p1 (Px),-.., Pk (Pg)). If there is no ambiguity,
we denote 0, = 0, 0p, = Op, pr(P,) = pr, and P, (0,) = P(8). We also denote
pi (P,) = pi (P) = pi, i € [n]. We also denote by p the vector p, = (p1,...,p,). If
n>1let Op, = (51 (P) ... 5w (Pn), so that (2)" (P,) (8r,) = 0,¥i € [n], since P,
is an affine polynomial, using the Taylor formula in @p,_, we get the following proposition

which define the affine polynomial R,,.

Proposition 12 With the above definition, we have

Pa(0,) = by (0 — 0,) " {1 = R [ (815~ 05,) ']} (22)
with
R, (z[n]) =R, (z1,...,2,) = Z rTz[z;L], (23)
TEP,,,|T|>2
and B
_ QT(P)(O ), T € T > 2 (24)
rr = p[n] o0 n Pn)> ’Bm =

Since R,, depends of P,, if necessary we will write R, (P,). If there is no ambiguity,
denoting R, (zf,)) by R (z), we have

P(0)=pp(0—0p)" {1-R[6-6r)"]} (25)



This last equality is still true for n = 1,with R(z) =0

More specifically, let T € PB,,, |T| = 2, we have

Y (20
T eBr

and for anyn € N~ A{0,1} if |T| =2 < n,

rr = br, (27)
if |T|=3<n,
rr :E;Ty (28)
if |T|=4<n,
rr ZZT - Z 3U5V7 (29)
{U,V}ell2. |U|=2,|V|=2
if [T =5 < n,

rr = ET - Z EUZV> (30)

{UV3Iens, |U|=3,|VI=2

Later, we will need the following definition and results. In the sequel, we suppose that

Definition 13 Let T € B,,, and T = [n| \ T, and if there is no ambiguity, for simplicity
we denote Sp(Or) by Sr, the polynomial defined by: if pz # 0, then

Sr(0r) = )T[P,[6)]- (31)

1 ( 0
py 00
If qu is the numbers such that St (01) = > e, qu8", we have

U = ProvPy (32)

Since St depends on P,, if necessary we will write St (P,).

For example, if n = 3, we have Sy 3 (62,03) =1+ %92 + %93 + pl};i" 0203, S; (0;) =

P1,2,3
P31~ {i}

0;,1=1,2,3. We will need the following proposition.

10



Proposition 14 For U € Br, we have ,
Sy (St) = Sy (P,). (33)
We also have the following proposition.

Proposition 15 With the above definition, we have YU € P

qu = Pu, (34)
therefore, we have
by (Sr) = bu, (35)
and
ry(St) = ry(Py). (36)

If v(pyy is an infinitely divisible mgd, g, ) s also an infinitely divisible mgd from

Theorem (6). We have the following equalities

Sr=(=pr) ()" S"— DY rp(-p)"TS™T (37)
T'eBr,|T|>1
or
(-p)'8" = (=pr)Sr+ Y. rp(-p)" TS (38)
T'ePr,|T|>1

Now, we can give the following expression of «vp , by the following theorem.

Theorem 16 Let co )\ (R) such that

[1=R(2)] = can(R)z" (39)

acNn?
then
Y
P, _ Can () o
Yoo (6) = 1 030 (B3 x0T S 1 () ). (40
aeNn @

or more specifically

Py, _ Car(R)
Vipa (%) = =S exp (Bp, %) xO 1 [ B AU, J1(0.00)" (%) (dx) .
[T ()] actmimnizo Ma

(41)

11



We deduce a result given in [Bernardoff, 2006] in the form of the following corollary.
Corollary 17 For P, (0},)) = =+ 117 [T, (1 +pb;), forx = (x1,...,x,) in R", we have
—(n—1)A _Tli4Tn ]\ A1 . In
Y(p, ) (AX) = IWG P (x[ ]) Fooi (A A qp xl }) 1oy (x)dx.  (42)
This is the result (21).

For n = 2, we can give the following corollary.

Corollary 18 Forn = 2, we have

Ry (z) = 51,22122, (43)
and
\) ~
o (2) = T, (41)

and cq\ (R2) = 0 otherwise. Hence, we have

D12 P2 P1 (A-1) 7
Yo, N) (dx) = T ()\)]2 eXP(_ZEﬂh - ]EIQ) (z122) F ()\, 51,2961I2> 1(0700)2 (x) (dx).
(45)
We obtain the formula (8).
For n = 3, we can give the following corollary.
Corollary 19 For n = 3, we have
R;3(z) = 31,22122 +g1,32123 +52,32223 +g1,2,32122z3 (46)
If o = (on, a0, a3) € N?, and max (o, as, a3) = ||a| ., if [e], < %, we have
()\) Eky—ag,gk’—aggky—alza’l:I—a2+a3—2k
car(Bs) = D, el e aTes terra 0 (47)

]| o <k<1Z keN

12



and con (R3) = 0 if ||laf| o, > |a‘, in particular if |a| = 1, cqn (R3) = 0. Thus we have

for x = (x1, 29, x3)

Y
Pp3)

Y(Ps,\) (dx) = T ()\)]3 exp (0p,x) x(A-1s

()\)k 12 bk a2bk alba1+a2+(13 2k XOL

A Y 1Y e 7 iy Lo () (%)

aels ol <! |al| <k<IZlkeN

co 2

(48)

Or, with for z4= (21,22, 23,24) € R*, and 1F3 is a generalized multivariate Lauricella

function defined by

PNz = Wt 2 (49
lEN4 ()\)l2+l3+l4 (/\)ll+l3+l4 (/\)l1+l2+l4 l!
P ~ ~ ~ ~
7(P3,)x) (d ) — ([?;\}”3 exp (0133, X) X(A_1)131F3(>\; bLQI'lZEQ, b173I11'3, b2’3$2$3, b172’3$1$2$3)1(0700)3 (X) (dX) .

(50)

We note that the latter result compared with (18) gives with z; = 51725619(:2,22 =
b1,3$1$3, 3 = b2,3£2$37 24 = b1,2,3x1$2$33

()\>ll+12+13+l4 Zfl

1F3()\a 21y %2y %3, 24) -

leN4 ( )l2+l3+l4 ( )l1+l3+l4( )l1+12+z4 U
= 1 (21,22 + 23, 2223, z4)l
leNt ( )l1+l3+l4 (/\)l2+2l3+l4 I

In the particular three cases 5172,3173,52,3,517273 > 0, 5172,3173,5273 > 0, 317273 =0 and

5172 = 51,3 = 52,3 =0, 5172,3 > 0, we can give the following remarks.

Remark 20 .[fbl g,bl 3,62371)123 > 0, zf||a|| < %7

bk &2bk onga1+a2+a3 2k

() b
CO‘)\ (R3) - Z (k:fa]if(i agl)S(k: a3) (a1+a2+a3 Qk)' > O (51)

el o <k< !, keN

13



and cq ) (R3) =0 if |||, > %' Thus we have

—A
Pp3 -
Virsn (85) = g exp (O, ) %

(/\)k’gk?al‘l;krajgkiag‘ga’lﬁa2+a3*2k X<
X { Z [ Z (k—oq)!Q(Z—azl)?(k—lai)!(04111224-043—2]‘3)!] ()\) }1(0700)3 (X> (dX) ’

e Jlal| <2 e <k< 2 keN

oo™ 2

(52)
Remark 21 ]f’l;l72,’5173,/5273 >0 and 51’273 = O, Zf HaHoo < % =ke N, then
(A) ’l‘)'kfal‘l;llcfa2’l;k72a3
Car <RB) - (k—];f)’f(k—a’;)!(kiag)! >0, (53)
and cq ) (R3) =0 if |||, > %' e N or % ¢ N. Thus we have
P (A—1)13 (Wil 05 %0y, X%
V(s (AX) = TP exp (6p,x)x [ > (k=an)I(k=a2)Ik-a3)! () 110,00y7 (%) (ax) .
aeN3,||a| <12l —keN «
(54)
Remark 22 If51’2,3173,5273 =0, 517273 > 0, then fO’f’ a = klj ,]C e N,
A), ~
cuagn () = Dt (55)

and cq\ (R3) = 0 otherwise. Thus we have

-
p e -
V(P (dX) = T ([i])]g exp (0p,x) xA V(A ) b1,2,3x[3])1(07oo)3 (x) (dx) (56)

3 Conditional Laplace transform

We now assume that P, is an affine polynomial such that P, (0) = ZTe%n prO’ =
1+ZT@3¢L prO”, with pw) > O0for k =1,...,n, and is such that the mgd v p, ,) associated
with (P, A) is infinitely divisible. If k € [n], we denote by Oy = (61,...,0k), Op ) =
(Ok41,---,0,), and P the affine polynomial P (8) = Yy, PrOjy = Po (Ok); Onr).
Similarly, it T = {t;,...,tx} C [n], t1 < ... < t;, we denote by O = (6,,...,0;,), and
if [n)]NT =T = {tpi1,.. . tn}, Op)r = (Htkﬂ, . ,Qtn), and Pr the affine polynomial

14



Pr(07) = > sepr ps07 = P, (0}), where (8%), = 0, if t; € T and (6%), =0 if t; ¢ T.

For all & = (o, ..., a,) € N” we introduce the notation

0 oled
0" = G o
For all T € B,,, we also define (9/00)" = (9/86)'".
Let X = (Xj,...,X,) be a random real vector such that has distribution Y (PaN)s
denoted by X ~ v p, ), we give a formula for the Lt of Xp, x) = (Xg41,...,X,) given
X[k = X[, an important conditional distribution for the simulations of X, in the following

main theorem.

Theorem 23 Let X = (Xy,...,X,) be a random real vector such that X ~ 7y p, ), with
the notation of Theorem 16. Let1 <n € N, 1 <k <n, and Q) the affine polynomials

with respect to the n — k variables Oy, ..., 0, defined by

n

Quui~is) (Oppiw) = [ [1+6:(=65,);"] (57)

i=k+1
Ifx = (21,...,2,) € R", we denote xp) = (z1,...,21) ER*. Ify = (y1,...,yn) € R", let

YiRX[E = (v1z1, ..., Yrxy), then the Lt of X[ given Xpy = Xy 05

~A Fk ()\7 Rn7 X[k] H[n]\[k])

Xi1=x
A CIONT) DNCICDND). Fy O B, O )
with
Xf;c[f] -
Fy ()‘7 Ry, X[k] s e[n]\[k]) = Z \ Ca,\ (Rn) (e[n] — HP”)[H}\[?IL]\M
a=(ap @ n)) ENTcan (Ba) A0 M
(59)

4 Conditional Laplace transform in the particular
case k=1

Another form of Theorem 23 can be given for £ = 1 by the following theorem.
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Theorem 24 Let X = (Xy,..., X,) be a random real vector such that X ~ 7y p, ), with
the notation of Theorem 16. Let1 <n € N, k=1, and S,,_1, B,_1 the affine polynomials

with respect to the n — 1 variables Oy, . .., 0, defined by

Pin e _
Sty (Oipy) = ﬁ (O — O 5 <1 — R, (0, (6, — 9Pn)[n]1\[1])) (60)

p[n] 1n\ 6
Buor (Bp) = 2= (80— 01 )i ) - B ( (60— 05,) 1 1]> (61)
we have
Sipgt] (@) = iipn (0,), (62)
p1 064
1
Boo1 (Opn) = ——Pu (P1, 0 p1)) (63)
y41
and
Puur
S (@) = D - O 1) (64)
ey PH

Let 3,1 the function with respect to the n — 1 variables 0, ..., 0, defined by

Byt (8p)

571,— 9 n|~ =
1 ( [n] [1]) Spg1] (O[n}\m)
9
R (0,80 = 00 ) ) | (65)
1-R, (0, (6 — ‘9Pn)[n]\[1}>
Let us define
I (Rn) = {al S N, Ja = (Oél, a[n]\{l}) c I\I”7 Ca,\ (Rn) 7é 0} ) (66)

then we define G, a function with respect to the variable uq, by

ust
G(Rpuw)= ), % (67)
a1€l (Rn) 1

Ifx = (z1,...,2,) € R", we denote X = (x1,...,2) ERF. Ify = (y1,...,yn) €R", let

Y X[ = (121, - - Yexr), then the Lt of Xy = (Xa, ..., Xy) given Xy = @y is

3G (s 301 (O ) 1)
G (Rus3n—1 (Opypy) 21)

Ly, (Opm) =[Sty (O] (68)
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Before prove Theorem 24, we give the following remark for the affine polynomial

P{1yu
St (Omnn) = Xrcimp (O m) ™

Remark 25 ForT € By, we have pr(Spypy) = pr(R,), hence we have ET (S[n]\[l]) =
by (P,). Therefore, if yp,.» is infinitely divisible V(S 18 also infinitely divisible by
Theorem 6. We also have

rr (Spim) =11 (Pa) =11 (69)

and therefore

pn VAR —_
Sty (@) = f (O —0r) " 1= > (04— 0r) 7} (70)

TC[n]~{1}

Now, we can prove Theorem 24. If there is no ambiguity, we denote S}, 1], Bn—1 and
3n_1 by S, B and 3.

Before giving the main theorem, we prove by finite induction the following lemma.
Lemma 26 With the notations of Theorem (24), unless Rn = 0, we have,
L (R,) = {Oq e N, Ja = (al,a[n]\{l}) € N" can (Rn) # 0} =N,
therefore G defined in Theorem (24) by (67) is exp.
Now, we can give the following main Theorem.
Theorem 27 With the notations of Theorem (24), unless Rn = 0, we have

Xy=a1 oA o Pe(00y) 471
Loy Bmisn) = Sy (Bain) exp{=lg =g == 5 — 1]~ (71)

P{1yuT} T
ZTem([n]\[u)(pT_ ” )9[n}\[1}]ﬂ} (72)

St (O P

= Sy (O exp{—|

= S (Omm) (73)

Pln = n ~ ni~ ~ —
X e{ziT]f“ Srcp ~(po<iry rpur (B I INTSIINEINT (0 (19) S0 (O ) - 11}

17



We denote by S = (S, ..., Sn), with S; (0;) = 1+ (=p:) " 0;, i = 1,...,n. For simplicity,

Xi=x Xi=x
we denote Ly ™" (Op) by Lx| " Swiin) (@) 0y Sipy. and S (Opypyy) by S

and we can write

Xi=z1 _ g—A e{(—ﬁ[n]\m)*ll‘l Srcin) ~(1},0<7 T(yur(—B) \{1}}\T[S["]\{l}\T5[] o~k (74)
X[n]\[l] [n]\[l] :
We can also write
Xi=a1 _ g A Fu) S rcim ayocqr rnyor (-B) NSNS | —C))
b N I N , (75)

where C' =3 rc i) 13,0 T{IUT (—p) "I s such that Liiﬁ] (0p-1) = L.

5 Applications of the main results

5.1 A particular case in the case £k =1

Now let us apply the result of Corollary 17 to get the following Corollary.

Corollary 28 For P, (0) = ! + ]lo [T, (1+pb;), we have

- oo (Ao dap s T (14 p) )
Xip=x _ I » 7Y i=k+1
L (Opaw) = LT (1 +p)] ;
i=k+1 Fy 4 ()\, Co A gpTRxg )
(76)

The case k = 1 is simpler because Fy = exp, so we can give the following corollary.

Corollary 29 Forn > 1,k =1, we have

L5 (Opem) = ([T (1 +p00)] > exp{ap™ o [[ [ (1 +p0:) 7" = 113, (77)
=2 =2
or
2 — (qp~ ' n
Li?n]\[ll] [n] \[1 = kz: exp qp xl 1_! 1 +p9 >\+k) (78)
=0 e

As a result, Formula (78) gives a simulation of Xp,. Let us denote by P (u) the

Poisson distribution (Pd) of parameter p, we derive the following theorem.
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Theorem 30 Let X1 ~ ), let Vi ~ P (qp~'X1), let Xy = (Xo, ..., X,), and
X[n]\[1]| (X1 = 131) ~ ’y( ?:2(1-1-;091‘),)\-0-‘/1)7 then X[n} = (Xl,XQ,...,Xn) ~ ")’(Pm)\), with
Py (0) = 2+ 3 TI, (14 p6y).

We derive the following algorithm for simulating X, ~ v p, -

Algorithm 31 Simulation of an infinitely divisible mgd ~yp, ), with P, (O[n]) =5+
5 I, (1 +p0))

1. Simulate X1 ~ 7yp)
2. Simulate Vy ~ P (gp~' X1)
3. Simulate independently X; ~ ypatvy)

4. Then Xy = (X1, Xo, ..., X,) simulate yp, -

5.2 Thecasen=2and k=1

In this case, we give another proof of Theorem 14 in [Bernardoff, 2023]:

Theorem 32 Let Py (61,605) = 1+ pify + pably + pr.obi6s, with py > 0, py > 0, pro > 0
5172 = g1,2 (P) = plpz/piz — 1/p12 > 0 Let Pi(01) = P>(01,0), X1 ~ 7p, . Let
o = (3152), and Vi ~ P (1 X1). We have Sy (65) = 1+ 226, Let Xy ~ (s, a1va), then
Xz = (X1, X2) ~ vp,0)-

We derive the following algorithm for simulating X = (X1, X2) ~ Yp,), see
[Bernardoff, 2023]:
Algorithm 33 Simulation of an infinitely divisible bgd ~y(p, »)

1. Simulate X1 ~ Y, 2

2. Simulate Vy ~ P(%gl,QXl)

3. Simulate Xo ~ 7(1%2’”‘,1)

4. Then Xpg = (X1, X3) simulates V(P2,N)-
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5.3 Thecasen=3and k=1

In this case, we give the following theorem

Theorem 34 Let P; (01,02,03) = 14 p161 + pabla + psbs + p1.201602 + p1 36103 + pa 30205 +
P123610205 with p; > 0,7 =1,2,3, p1o > 0,pa3 >0, p13 > 0, p1as >0, and ,5172 (Ps) =
PLaP23 DR 55— P3/Pr2s > 0, bis (Ps) = prapes/plas—pe/Pras > 0, bas (Ps) = prapra/plas—
Pl/pl,z,g >0 (; = —p2,3/p1,2,3 <0, pp = —p1,3/p1,2,3 < 0,p3 = —P1,2/P1,2,3 < 0) and
51,2,3 (Ps) = p1,2,3+P1D2,3+P2D1,3+Pab12+2D1P2Ds = —1/p1,2,3—|—p2,3p1/p%72,3+p1,3p2/p%,273+
P12P3/DF 2.3 — 2P2,3P13P12/D5 93 > 0. Let Py (1) = P (61,0,0) = 14p16y, let Xy ~ yp, »).
Let Sy (02,05) = 14 220, + 220, 4 P230,0, S, (6y) = 1+ (—p2) " 05 and S5 (6) =
1+ (—p3)” 93.Leta1—b” a2:b1~ 043—1”33 a4:&a5:%

(=p2)’ (=p3)’ (=p2,3)’ (=P2)(—p2,3)’ (—p3)(—P2,3)’
and V; ~ P (0a; X1) ,1 € [5] independent, with the notation v = (vy,...vs) € N, we have

);2;{2 Z HP (v1+v4)S (v2+vs) S (A+v3+v4+va) (79)

veNs =1

L@t }/2 ~ 7(52,V1+V4)7S/3 ~ 7(53,V2+V5)7 <227Z3) ~ 7(52,3,)\+V3+V4+V5) independent? a’nd let

(X2, X3) = (Yo + Z5, Y3 + Z3), then Xz = (X1, Xa, X3) ~ vy 0)-

From Theorem (34), we derive the following algorithm for simulating X5 = (X7, Xy, X3) ~
V(Ps,N)
Algorithm 35 Simulation of an infinitely divisible tgd ~yp, x

1. Simulate Xy ~ v, n).

b b b b1 .2b b1,3b
2. C’ompute ap = 1,2 y = (711,7?;)7 1,2,3 _ 1,202.3 _ 1,3b2.3

72)” BT Ty ™M T Fna YT e
Simulate independently V; ~ P («; X1),i € [5].

(—=p2,3)

3. Simulate independently Ya ~ (gt 1) Yo ™ Y(poy-tvarva)s (2 Zo) ~ Asaansvosvista):

4. Then X[g} = (X1,Yo + 25, Y3 + Z3) simulates V(P3N
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We can notice that W = (Wy, Wy, W3) = (Vi + Vi, Vo + Vs, Vi + Vi + V) satisfied for
t = (t1, 1o, t3) € (0,00)°,

E (tW|X1 = ZEl) = exp[(aﬂfl —I—O{th+Oj3t3+0&4t1t3+0¢5t2t3)l‘1 — (Oél —I—Oég +&3+&4+OZ5)[L’1],

and WX, = x; is a trivariate Poisson distribution, see [Dwass and Teicher, 1957].

From Theorem (32), we derive the following theorem and algorithm.

b b b by.2b:
Theorem 36 Let Xi ~ v, \). Leta = %,O&Q = %,0@, = %,m = %,% =

bobas o Bo g Vi ~ P(a;X1),i € [5]. Let Zy ~ 7(

(—3)(—p2,3)’ 6 (—p3)’ and

2—12,)\+V3+V4+V5>
Ve ~ P (apZy), let Yo ~ V(=52)=1,Vi+Va)» Y3 ™ V(=) =1, VatV5): Zy ~ V(=p3) "t A+Va+Vat+Vs+Ve)
independent, we have (Zy, Z3) ~ Y(sysrtVstvatvs)s then let Xo, X3 = (Yo + Zy, Y3 + Z4)
then Xy = (X1, X2, X3) ~ Y(py 0)-

Algorithm 37 Simulation of an infinitely divisible tgd

1. Simulate X1 ~ Y, ).

o 51,2 b3 _ biogs o 51,252,3 o 31,332,3
2. Compute oq = =55, 02 = 55,03 = 5,504 = 53500 B = i) (paa)”

(521772)' Simulate independently V; ~ P (a; X;) ,i € [5].

Qg =

N /
3. Simulate Z; 7(%’/\+V3+V4+V5).

4. Simulate Vi ~ P (agZ) .

5. Simulate independently Yo ~ 7((752)_1"/#‘,5),}@ ~ V() Vet vs) ZY ~ V() AVt Vit Vi 4 Vi)

)

Then Xpg = (X1, Xp, X3) = (X4, Y2 + Z3, Y3 + Z3) simulates yp, 5.
We can give the following remark.

Remark 38 In Theorem (34) or Algorithm (35), we use 3 univariate gamma distribu-
tions, 5 Poisson distributions and one bivariate distribution. In Theorem (36) or Algo-
rithm (37), we use 5 univariate gamma distributions and 6 Poisson distributions. For the

simulations themselves, we can use either method with the R software, [R Core Team, 2023].
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54 Thecasen=4and k=1

In this case, we give the following theorem

Theorem 39 Let Py (61) = > rcyp, pr®) with pr > 0,7 € B3, and by (Py) > 0,T €
m?h |T| > 1, Let P1 (01) = P4 (‘91,0,0,0) =1 +p191, let X1 ~ ’)/(ph)\). Let ST,T c mz
defined by (31), so that Sy (y) = 1+ (=p2) "' 0y and Ss(03) = 14 (—=p3)~ " 63, Sy (6s) =
~\—1 _ P1,2, P1,3, P1,2,3, — p1.2,
1+ (—p4) 94, 5273 (92, 93) =1+ ;1?44 92 -+ L3 493 -+ 1]3324(9293, 5274 (92, (94) =1+ ;1—?33(92 +

P14

P1,3,4 P1,2,3,4 _ P1,2,3 P1,2,4 P1,2,3,4 _
94 + P13 ‘9294, 53,4 (‘93, 94) = 1 + PLo ‘93 + P12 94 + PLo 9384, and 5273,4 (02, 93, 04) =

1,3

1 + %02 + %93 + %94 + p—lzﬁ’s 0293 + Pl,?A 0204 -+ pl’?"l Q394 + p1’2i3’4 6293€4. Let

p p p
b 2 b1 3 b1 4 bi23 bi24 b13.4

Nl = —=F==. 09 == —=—. 0 —= ——.(Vy == ————.0r = —=———. =

1 (=p2)? 2 (=p3)? 3 (=pa)? 4 (—p2,3)7 D (—p2,4)’ 6 (—p3,a)’

gl 252 3 gl 252 4 El 3’52 3 51 353 4

Q= —2u202s8 . b12024 . 0 D13028 . _ 513934 .

T (P2)(p23) 8 T (=P2)(=p2a)’ 0 T (=P3)(—p2,3)’ 10 T (=ps)(—psa)’

_ 31,452,4 . _ 51,433,4 . _ 51,2,3,4 . _ El,252,3,4+32,3g1,2,4+52,4E1,2,3,

M T T ma) M2 T T Y8 T Thsa) M4 T (—52) (—12,8,1) )
s = 51,352,3,4+52,351,3,4+33,451,2,3 Qe = 51,452,3,4+52,431,3,4+53,431,2,4,

15 (—p3)(~p2,3,4) 116 (=) (=p2,3,4) ’

2b1,2b2,3b2.4 2b1 3b2,3b3 4 2b1,4b2,4b3 4

A7 = ———5 == 08 = ——5 ;g = ——g

17 (—2)%(—P23a)’ 18 (—p3)%(—P2ga)’ 19 (—Pa)*(—P2,3,4)’
Qo — EQ,S (E1,2E3,4+E1,352,4> P E2,4 (Z1,253,4+E1,452,3) o — E3,4 (51’3'52’4#51,4'52,3) .

207 T(pa) (=) (=P23,4) T2 T T(=p2)(—pa)(—Dasa) 022 T (=ps)(—pa)(—P23.4)

_ 51,2,3E2,3,4 . _ E1,2,432,3,4 . _ 31,3,4};2,3,4 .

2B = hs) (h2s) Y24 T Cha)(p230) Y25 T o) (p2s)
o 32,3 (31,232,3,4-1-52,431,2,3) o — 32,4(51,232,3,44-52,351,2,4) o — 32,3(51,332,3,4-1-33,431,2,3) .
26 7 T (—p)(=p2,3)(=P2sa) 2T T T (=) (—P2a)(—D2za) 2 T T (—ps)(—p2s)(—P234)
Qoo — g3,4 (51,352,3,4+32,3g1,3,4) e — 52,4 (51,452,3,4+53,431,2,4) g — g3,4 (31,432,3,4+52,451,3,4) .
297 T (=p3)(—p3,a)(—D23a) 80 T T (—pa)(—pza)(—h2sa) 3L T T (=pu)(—ps.a)(—P2sa)
o 31,255’352,4 R 51,232,355’4 Oy — 51,33;353,4 .

B2 () () (P2sa) 0 T () (hea)(—P2sa)) ot T (—5s)(—has) (—284)
el Dbl bbalhe o hubil,

BT (—pe) 2 (Bsa)(—P2s0) 20 T (=P (—B2a)(—P2sa)’ o0 (=P (—Psa)(—P2s4)
o 33,3(31,233,4-1-2;1,33;2,4) v ’55’4 (51,253,4+31,432,3) COan — 53,4(51,352,44-%1,452,3)
38 39 7 (—P2) (—pa) (—P2,a) (=P2,3,4) " “ 40 T (=P3)(—pa) (=Ps,4) (—P2,3,4) "

(=p2)(—=p3)(—D2,3)(=P2,3,4)’

Let V; ~ P (; X1) ,1 € [40], independent Poisson distributions , we have with the defini-

22



tions given above and with v = (vy, ..., vy0)

40
L&;fé,le) = Z [HP (Vi = v)] x

V€N4O =1
S—(v1+v7+vs+v14+2v17+v20+v21+v26+v27+2v32+2v33+v38+v39) %
2
S_('U2+7JQ+7J10+'U15+2U18+U20+U22+U28+’U29+2'UB4+27J35+’038+'U40) X
3
S*(US‘F’UH+’Ul2+1716+21)19+v21 +v224+v30+v31+2v36+2v37+v39+v40) X
4

S*(v4+v7+v9 +v23+v26+v28+v324+v34+U38)
2,3 X

S—(vs +uvg+v11+vaa+var+vzo+vzz+uzs+u3g)

2,4 X

S_('U6+7J10+'012+’U25+’U29+U31 +v35+v37+v40)
3.4 X

;gka?i 13 Vi)

Let the following infinitely divisible independent random vectors defined by

X~ V(PN
Yy ~ V(S2, Vi +Va4-Va+Via+2Vi74+-Vag+ Va1 +Vag+Vor +2Vaa +2Va3+ Vg 4+ Vag) s
Y3 ~ Y (S3,Vat-Vo+-Vig+Vis+2Vig+Vao+Vas+Vag +Vag +2Vas+2Vs5+Vas+Vio) »
Yy ~ V(S4,V3+Vi1+Vi2+Vie+2Vig+Va1 +Vao+Vao+Va1+2Vs6+2Var+Vag+Vio ) »
(UL?? U173) ™ Y (S2,3,Vat+Vi+Vo+Vaz+Vag+Vog+Vao+Vaa+Vas):
(U272’ U2:4) ™~ Y (S2,4,Vs+Va+Vi1+Vaa+Vor+Vao+Vaz+Vas+Vag) s
(U3v3’ U3:4) ™~ Y (S3,4,Vo+Vio+Via+Vos+Vag+ Va1 +Vas+Var+Vao)
(WQ’ W, W4) ~ 7(52,3,47/\4-2?213 Vi):
Let (X3, X3, X4) defined by
Xo=Yo + Uz + U + Wy,
X3 =Y3+ U s+ Usz+ Ws,
Xy =Y+ Uy +Usy + Wy,
then

Xy = (X1, X, X3, X4) ~ Y(p 0
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From Theorem (39), we derive the following algorithm for simulating Xy = (X7, X5, X3, X;) ~
V(PN
Algorithm 40 Simulation of an infinitely divisible quadrivariate gamma distribution
V(PyN)

1. Simulate Xy ~ v(p, )

2. Compute «;,i € [40], with «; defined in Theorem (39). Simulate independently
Vi~ P(a;Xy),1 € [40], o; defined above;

3. Sitmulate independently

Yy ~ V(S2,Vi+Vr4+Va+Vig+2Vir+Vao+ Va1 +Vas+Var+2Va2+2Vas+Vas+Va9) 1
Yé ™ Y(S3,Va+Vot+-Vip+Vis+2Vig+Vao+Vao +Vag 4+ Vag+2V34+2Vas+Vag +Vio) s
Yy ~ Y(S4,V3+Vi1+Via+Vig+2Vig+ Va1 +Vao+Vao+ Va1 +2Vs6+2Var+Vag+Vio ) »

(U1727 U1a3) ™~ Y (Sa,3,Vat+Vi+Vo+Vaz+Vas+Vag+Vaa+Vaa+Vag)

(U2:27 U274) ™ Y (S2,4,Vs+Va+Vi1+Vaa+Var+Vao+Vaz+Vae+Vag)*

(U373’ U3:4) ™~ Y (S3,4,Vo+Vio+Via+Vos+Vag+ Va1 +Vas+Var+Vio)

(WZ’ W3’ W4) ~ ’7(52,3,4,)\+Z?213 V:L);
4. Compute Xy = Yo + Usg + Usg + Wo, X3 = Y3 + U3 + Usz + W3, and Xy =
Yy + Uy + Usy + Wy, then Xy = (X1, Xo, X3, Xy) simulates V(P
Remark 41 We need to simulate Y (S2,3,Va+Vr+Vo+Vas+Vog+Vas+Vaz+Vaa+Vas)

7Y (S2,4,Vs+Va+Vi1+Vaa+Var+Vao+Vaz+Vae+Vag)r Y (S3,4,Ve+Vio+Viz+Vas+Vag+Va1+Vas+Var+Vio) and ’7(52,3,4,/\+ng13 Vi)

To do this, we use 40 Pds and 4 ugds, 3 bgds and 1 tgd. In each time for bgd, we can
use 1 Pd and 2 ugds, and for tgd we can use 6 Pds and 5 ugds. Finally, we can simulate

'7(P[4]’,\)wz'th 40+3+6 =49 Pds and 4+ 6 + 5 = 15 ugds.

We see that it is possible to simulate a mgd by induction. Unfortunately, the com-
plexity of the computations seems enormous from n = 5 upwards. This is why we study

the Markovian case, which is simpler.
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6 Markovian multivariate gamma distributions

In this section, we use the results given in [Chatelain et al., 2009]. We suppose that
X = (X1,...,X5) ~ Yp,,n), where P, is an affine polynomial and A > 0. We assume

that y(p, ) is infinitely divisible and it satisfies the following first-order Markov property
P(Xip € BIXi=2;,..., X1 =11) = P (Xi1 € B|X; = 1;), (93)

for any 1 < ¢ < n — 1 and for any bounded set all B C R. Such a distribution is called a
Markovian mgd (Mmgd). Let fx,, be the probability density function (pdf) of X, on
(0,00)", we have by Bayes’ rule and Markov’s property yields

n—1

fX[n] (X[n]) = fX1 (I1> H in|Xi—1:xi71 (xl)
=2

n—l f(X X, )(lL‘ l"+1)
= fx, (71) Zl_! Fx. (20)

where fx,, |x,=a; (Zi+1) is the conditional pdf of X;;; given X; = x;. The pdf of a Mmgd
can then be derived from the pdfs of its univariate and bivariate marginal distributions.
We note that the pdf of Yp,,) = (p1X1,...,ppX5y) is

! fX[n](ﬂw"ay_n)' (94)

fY[n] (y[”]) - m P1 Pn

[Chatelain et al., 2009] use f) defined by

1
Z>:§mr(x+k) =Ty

For p; = 1,i € [n], [Chatelain et al., 2009] give the result :

_ 71'1 _ zn _anl 1—Pi_1,ipi,i+1 Iz T'L n—1 f (pz z+1$7,$7,+1)
_ 1-p12 l=ppn—1n =2 (_ i— i)(lfpii ) (1 Pi, 1+1
fx. . (x —=e (1-pi1, A+l H
[n] ( [n]) i—9 (]- - p’L ’L+1
(95)

_ Piitl

ooy is the correlation coefficient between X; and X;;;. From (5)

where p; ;11 =

and (8), we get bm’+1 = (pipz'+1 _pi,i+1) /pzz,iJrl = pipiJrl/pz%iJrlpi,iJrl > 0, where Piji+1 =
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1 — pii+1/(pipis1) is the correlation coefficient between X; and X 41.

H?;ll (X5, Xi41) (wiv $i+1)

fxy () = -
S H?:zl Ix, (%)
A—1 n _ 1 _ 1 _§ -1 1 (1—Pi—1,z‘/’i,i+1) _
SR g o 0 N T G N Gt | o
OV
n—1 FI(AQ%ZimiJrI)
H PiPi+1(1*ﬂi,i+1)
(1_pi,i+1))\

1=1

From (94) and (95), we have for Y}, = (p1.X1,...,pnX5)

<£ . y_n>>\_1 (— 1 v 1 un _sn—t (1*P7;71,ipi,i+1) viy
1 P1 Pn e (1—01,2) P1 (1_/071,71,71) pn =2 (1—Pi,i+l>(1_l’i—1,i> P

' (y[n}) = I8 T (\)

i=1DPi

(96)

n—1 f}\( Pi,i+1 &M_J,»l)

H (lfpi’¢+1)2 Pi Pi+1
A

i=1 (1 - pi,i—i-l)

or

1=pi—1,iPi i 1)

1 1 —1 1 i—1,iPi,i+

Yy Z;ML‘Z?:Q ry ( Yi)
v (1—ﬂi,i+1>(1—ﬂi—1,i>

(97)

s oy
ne1 By (e Ve
(1*Pz‘,¢+1)

(1=pi,iy1)”

=1

[Chatelain et al., 2009] also give the following Theorem in the case p; = 1,i € [n].

Theorem 42 Let Xy, be a random vector distributed according to a Mmgd with shape

parameter A > 0. The Lt of Xy, can be expressed for @ = (0y,...,0,) € R" as
Lx,, (8) = det (I, + DgRyj2) (98)

where I,1s the n X n identity matriz, Dg s the diagonal matriz whose diagonal entries

are the components of vector 8, and Ry, = (a; ;) 18 a correlation matriz such that

1<i,j<n
a;; =1,VlI<i<n

Aiit1 = \/Piit1, V1 <i<n —1 (99)
aij = \/Pij = \/Pik\/ Py, V1 <1 <k <j<n.
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We also have (Xz, Xi—H) ~ ’Y( with F)[i,i—&-l] (9“ 91'+1) = 1+62+91+1+(1 - aii_H) 6107;4_1,

Pl i )\)

and we have
itl—1
Pii+l = H Pji+1, for all 1 < 1<i+1 < n.
j=i

A straightforward consequence is that (X;, X;41) ~ V(Psi ) with Py 1) (0i,0i41) =

146,401+ (1 — piit1) 0;,0;11. We immediately derive the algorithm for the simulation of

Pii+1 b _
1,0+1 —

pi

Piit1
1—p;it1

X[y from Algorithm 33 and the computations and 2 p“ =1—piit1-

Algorithm 43 Simulation of vyp, »), with P, = det (In + DgRl/Q) under the conditions
of Theorem 42

1. Simulate X; ~ v,y ;

2. Fori=1ton—1, do

e simulate V; ~ P <p—“X1> ,

1—piit1

e simulate X; 1 ~ Y(A—piiv1 Vi) 3
3. Then Xp; = (Xi,. .., Xy) simulate vp, -

We note that if we consider Yp,) = (p1X1,...,p,Xy,), then Yp,; = (V7,...,Y,) ~

Y(Qn,n)» Where @, is an affine polynomial with

Qn (O) = Po (Ppr)Orw))
A
— det (T, + Dy 0, Ri2)

7 Simulations

7.1 Simulations in dimension 2

Let P2 (Ql, 92) =1+ 361 + 3‘92 + ‘9182 and QQ (61, 82) =1+ 15/13‘91 + 3/1392 + 1/139192,

let Xpg = (X1, X2) ~ v(p,2 and Y = (Y1,Y2) ~ v (g, for which the correlation
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coefficients px, x, and py, y, are respectively, px, x, =1 — 511—2’722 = % = 0.889 and py, y, =
32
% = 0.711

Simulations for samples of size 1,000 of bgd 7 (p, o) and g, o) are illustrated respec-

tively by the graphical representations given in Figure 1.

Density graph Bivariate gamma distribution

Density graph Bivariate gamma distribution

Figure 1: Distributions and simulations of Xy and Yy

Let Xy = (X1, X5) ~ Y (py, 2,34y and Yiy = (Y], Y5) ~ ¥(q,,2,3.4) for which the corre-
lation coefficients p’Xi’ x; and /)IY{,YQ' are respectively (by the formula p’X{’ X, = ﬁ PX1.X5)
Py xy = 5 = 2:V3 = 0513 and pl, 3, = A2 = 35vV3 ~ 0.411.

Simulations for samples of size 1,000 of mfgd v p, (2.34y) and ¥(q, 2,34y are illustrated

by the graphical representations given in Figure 2.
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Density graph Bifactor gamma distribution

Density graph Bifactor gamma distribution

Figure 2: Distributions and simulations of X’[Q] and Yfz]

7.2 Simulations in dimension 3

Let Ps(61,0,03) = 1+ 01 + 65 + 03 + 0.550,05 + 0.450,05 + 0.50205 + 0.20,0205 and
Q3 (01,02,05) = 14 01 4 405 + 505 + 2.20,05 + 2.250,05 4 100,05 + 46,0,05, let X3 =
(X1, Xo, X3) ~ v(p,2) and Y3 = (Y1, Y2, Y3) ~ v, ) With (Y1, Y3, Y3) = (X1,4Xy, 5X3).

Simulations for samples of size 1,000 of mgd ~y(p, ) and (g, ») are illustrated by the

graphical representations given in Figures 3,4 and Figures 5,6.
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Distribution of X, Distribution of Xz Distribution of X5

Density
2
|
Density
2
!
density
2
!

Figure 3: Distributions of X, X5, X3

Trivariate gamma distribution

X3

X3

Figure 4: Distribution and simulation of X

Let Xy = (X1, X5, X5) ~ ¥(py. 2845 and Yig = (Y], Y5, Y5) ~ v(g,.28.45))
Simulations for samples of size 1,000 of mfgd v(p, (2,345)) and Vg, (2,345 are illus-

trated by the graphical representations given in Figure 7 and Figure 8.
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Distribution of Y, Distribution of Y2 Distribution of Y5

‘1 “h,l .

i

Figure 5: Distributions of Y7, Y5, Y3

%
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Density
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|
Density
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I
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I

(13
I
w
I

o
1
[}
1

Trivariate gamma distribution

Y2
15

Y3

5 10 15 20 25 30

Y3
Y3
t

Figure 6: Distribution and simulation of Y

7.3 Simulations in dimension 4

First, we look for the symmetric case where

Py(01,05,03,04,04) =1+ 51 (01 + 02+ 03 + 04) + 52 (0105 + 0103 + 010, + 0203 + 050, + 030,)

+ S3 (819203 + 910294 + 919304 + 920364) -+ 8491929394

According to formulas (3.13a) or (3.13b) in [Bernardoff, 2006] and [Comtet, 1974] pp.
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X3

Y's

Trifactor gamma distribution

Bl .
® < 7
° o .
0 X
- 8
s ~
~ 4
2
- o -
o 2z 4 & 8 1 1 T T T T T T
X'y 0 2 4 6 8 10 12
X'y
i ©
)
< ° a8
A
. < 4 iy
%
T T T T T T T T T T T T
o 2 4 3 8 10 12 o 2 4 6 8 10 12
X'y X'z

Figure 7: Distribution and simulation of X/[3}

Trifactor gamma distribution

Figure 8: Distribution and simulation of Yf:,)}
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307-8, we respectively have for n = 4, and |S| = 1,2, 3,4, by = —53/54, (—8480 + 52) /5%,
— (5187 + 283 — 3895354) /53, (653 — 53 + 35557 + 4515357 — 12895254)/s]. Without loss of
generality, we can assume that s, = 1, so we respectively have for n = 4, and |S| =
1,2,3,4, bg = —s3, —89 + s2 —s1 + 35350 — 253,653 — 1 + 353 + 45153 — 12s55. We must
simultaneously check the conditions —s3 < 0, —s9 + s% > 0,—51 4+ 358389 — 23§ > 0 and
653 — 1+ 352 + 45153 — 125952 > 0 for the gamma distribution Y(py, to be indefinitely
divisible.
These conditions are equivalent to

1—-3s2 3
s3> 0,5y < 83, P 2 _ 58% + 38953 < 51 < 35359 — 255, (100)
3

1—3s2 1 3 3 3
=+ g8yt (35953 — 253) < 1 < 38352 — 253,

The last condition (100) is equivalent to —

which is only possible for %—i—%s% < 0. This gives us the following condition 1+§ P
and (100) becomes
1+ 25 ,1-3s2 3, ;
S3 > O, < S2 < S, ———— — =53 + 38283 < S1 < 35382 — 283. (101)

454 2
For s3 = 2, we get 3. 3166248 < s < 4, and sy = 3.5 matches. For s3 = 2,5, = 3.5, we
get 4.53125 < s1 < 5.0 and sy = 4.75 is a possible value. We check that for |S| = 1,2, 3, 4,
we have respectively by = —2,0.5,0.25,1.75. Let Xy = (X1, X2, X3, X4) ~ V(p, 2)-
Simulations for samples of size 1,000 of mgd ~p, o) are illustrated by the graphical
representations given in Figure 9 by four one-dimensional projections and Figure 10 by

various three-dimensional projections.
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Distribution of X; Distribution of X,

Distribution of X Distribution of X,

Figure 9: Distribution and simulation of X7, X5, X3, X4

Next, we search for the general case by slightly modifying the values of sy, ss, s3, S4
checking that the indefinite divisibility conditions of ~ Py remain verified.

For example, we obtain (p1, p2, P3, Pa; P1,2, P1,35 P14 P23, D2,4> P3.45 P1,2,35 P1,2,4, P1,3.4, D2,3.45 P1,2,3,4) =
(4.75,4.8,4.85,4.7,3.5,3.55, 3.6, 3.65, 3.45, 3.4, 2,1.99,2.02,2.01, 1),
(—2.01,—2.02,—1.99, —2,0.6602, 0.5499, 0.37,0.4198, 0.49, 0.48,0.111404, 0.2177,0.3989, 0.5053, 1.590846)
and Q4 (01, 04,03,04,04) = 1+ 4.750; + 4.805 + 4.8503 + 4.70, + 3.50,05 + 3.556,03 +
3.60104 + 3.650503 + 3.45050,4 + 3.4030, + 2010505 + 1.996,050,4 + 2.026,050, + 2.0102056, +
01020504. Let Yy = (Y71,Y5,Y5,Y)) ~ Y(Qu2)- Simulations for samples of size 1,000 of
mgd (g, 2 are illustrated by the graphical representations given in Figure 11 by four

one-dimensional projections and Figure 12 by various three-dimensional projections.
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Gdim3_gamma_E4b-eps-converted-to.pdf

Figure 10: Distribution and simulation of Xy
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Distribution of Y; Distribution of Y,

281 H 287
@ @
2 2
o o
[aln-g [a]r-g
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g g
T T T T 1 T T T T 1
0 10 20 30 0 0 10 20 30 40
Yy Y2
Distribution of Y4 Distribution of Y,

Figure 11: Distribution and simulation of Y7, Y5, Y3, Yy

7.4 Simulations in dimension 5

We apply the result of Theorem 42. For example, we obtain for p;o = 0.92 py3 =
0-82703,4 = 0'72’ Pas = 0'62a
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Gdim3_gamma_4b-eps-converted-to.pdf

Figure 12: Distribution and simulation of Yy
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0.9 1 08
Rip=1072 08 1
0.504 0.56 0.7

0.3024 0.336 0.42

0.56
0.7
1
0.6

0.336
0.42
0.6
1

1 0.9 0.72 0.504 0.3024

and

P5 (017 027 937 047 047 05) = det (I5 + D(91792703764794765)R1/2)

:1+91+92+93+94+65

+ 0.196,05 + 0.481 66,65 + 0.745 984 6,0, + 0.908 554 240,05 + 0.366205

+ 0.686 460204 + 0.887 104 0505 + 0.51650,4 + 0.823 66505 + 0.640,05

+ 0.068 46010205 + 0.130 416 616020, + 0.168 549 76610205 + 0.245 616 6,050,

+ 0.396 645 766,0505 + 0.477 429 766, 0,405 + 0.183 602030, + 0.296 496 650505

+ 0.439 296 050,05 + 0.326 4050,05 + 0.034 884 0,605,050, + 0.056 334 246,050305

+ 0.083 466 2461050405 + 0.157 194 246,050,405 + 0.117 504 05,650,605

+ 0.022 325 766, 02050,05.

Algorithm 43 becomes

Algorithm 44 Simulation ofv(P[E)]’/\), with P (01,02, 03, 04,04,05) = det (I5 + D(gl792793794,94795)R1/2)

P12 = 081, P23 = 064, P34 = 049, P45 = 0.36

1. Simulate X1 ~ vy 5

2. Fori=1 to4, do

1-piit1

o simulate V; ~ P (PH_H

X’L) )

o simulate Xiyy ~ V(A =piit1.A4Vi) 7

8. Then X[5} = (Xb e aX5) simulate Y (P50
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Let X5 = (X1, Xo, X3, X4, X5) ~ v(p, 2). Simulations for samples of size 1,000 of Mmgd

Y(ps,2) are illustrated by the graphical representations given in Figure 13 by various one-

dimensional projections and two-dimensional projections.

Distribution of X; Distribution of X,

Distribution of X3

Frequencies
00 01 02 03 04 05

Frequencies

00 01 02 03 04 05
Frequencies

00 01 02 03 04 05

10

X2

Xq

10

Frequencies
00 01 02 03 04 05

Distribution of X,

Figure 13: Distribution and simulation of X5

8 Appendix

Proofs of Corollaries, Lemmas, Propositions and Theorems
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Proof of Proposition 12. Using the Taylor formula in 8p_ ,we get

PO = X (55) (P68 (0~ 02"

n ENEAS -

TEPn |T|>2 e
Then by (24) and (23) , we obtain (22).

Now we compute rp for T € B, |T'| > 2, from (24), we have

_1 5 _
rT = T Z P59 9Pn
p[" SERR

=Y 5507°71(05,)

SePn

_ Z 'p’% \TﬁT/

SEP,, S=TUT" T'C[n]\T

> brap

T ePr

Hence if |T'| = 2, Without loss of generality we compute ry for T = {1, 2}
TP = P12 + P1P2 + P2p1 — DiD2
= P12+ piD2 = bi1,2y = br.
If |T| = 3, Without loss of generality we compute ry for T'= {1,2,3}
r7 = P1,2,3 + D1,2P3 + P1,3P2 + P2,.3D1 + P1P2P3 + Pap1P3 + PspiP2 + DiD2Ds — P1P2p3
= Di1,2,3 + D1,2P3 + D1,3P2 + +D2,3P1 + 2D1D2p3
=bi23 = br.

If |T| = 4, Without loss of generality we compute ry for T' = {1,2,3,4}, we can prove
that

T{1,.2,34) = b1234 — <b1,2b3,4 + b13b2 4 + b1,4b2,3)

Y b

{UV}elZ, |U|=2,|V|=2
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If |T| = 5, Without loss of generality we compute rr for T = {1,2,3,4,5} , we can prove

that
7{1,2,3,4,5} — E7/1,2,374,5 - E7/1,2,327/4,5 - 2?/1,2,4?7/3,5 - z?i1,2,5z;?,,4 - 2;1,374?9/274 - 51,3,5E2,4
- 51,4,552,3 - 32,3,451,5 - 52,3,5g1,4 - 52,4,551,3 - 53,4,551,2
D S
{U,V}ell2, |U|=3,|V|=2
[ ]

Proof of Proposition 14. Indeed, we have

Su(sp) = P Do L O yrp gy

—_
Q

N pTuU<a_9
1 0

= () R0

= Sy (P).

Proof of Proposition 15. Equality (34) results from the following computation

dy = Prurwv ,Prur _ PT
br br Din]

Equality (35) comes from (13) and (34). Equality (36) comes from (26) and (34). Ac-
cording to (22) for Sy and (36), we get
Sr(0r) = (—pr) " (O —0p,) (1= > 10 (8 —6p,) )
T'eRr,|T'|>1

= (=) (Om —0r) = Y o (B —0p)" ]

T'ePr,|T!|>1
and the equalities 0; — p; = (—p;) Si,i = 1,...n, gives (37). Equality (38) is a rewriting
of (37). m
Proof of Theorem 16. Let us remember some definitions introduced in [Bernardoff, 2006].

We construct certain measures on [0,00)" indexed by I € B*. For ¢ € [n], define
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l; (dxz) = 1(0700) (.fz) dx; if i € I and l; (dIZ) = 50 (dIZ) if 4 ¢ I. We define the follow-

ing measure on [0, 00)":
n

hy (dx) = Q) L (da;) .

i=1
For instance, if n = 3 and I = {2,3}, then

h{g,g} (dQJl, d.CCQ, dl’g) = (50 (dﬂ?l) 1{0700}2 (.CL’Q, ng) dl’gdﬂ?g

We denote by 1,, the vector (1,...,1) € R™ and by 1 if there is no ambiguity, and by 0,
the vector (0,...,0) € R™, and by 0 if there is no ambiguity. For I € B, we write N/ = N
ifiel, Nl ={0}ifi¢ I, and N = x" Nl For 0 = (0y,...,0,) € R" with 6; # 0 for
all i € [n], recall the notations ' = (6;',...,0;1) and for & € N*, 67* = (67")® .For

all I € B, let

a—lI

o (dx) = d 102
o (@) = 31 () (102)
Thus, for 6, > 0,... .0, > 0,the Lt of yiq,ris Ly, , (6) = 8~. More generally, for —a;+6; >

0,...,—a,+6,>0,if a=(ay,...,a,) € R" then we have
Lexp(apa.r (0)=(—a+0)“. (103)

The latter is still true if we replace (o — 17)! in (102) by I' (a) = [[,; I (as) if o5 > 0,
i€n].

Using (25) and (39), we write
(PO =0 D can(R) (—0p+6)"
Using (103) we get

(PO) =L 0)

pfn? exp(0p,x)xA—DI(S | Ca,/\(R)F(;(iig\l))h[n] (

and the equality (A\), =T (o + A1) /[I'(N)]" gives (40). m
Proof of Corollary 17. We apply formula (41) of Theorem (16). We have p; = 1,

i € [n], pr = pT', pr = —p7 17l for all T € PB*. Then Op, = (—p~',...,—p ') =
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—p~'1,. For (6p, + On]) > gqp ™ and 6; > —p~1, Vi € [n], we obtain

P, () =p ' [Jo " + 0L —ap " T[07" + 0071,

i=1 =1

and if z = (z1,...,2,), then

Since

1R =3 O )

1=0
we have ¢, 5 (R,) = % (qp_")l if l € N, and ¢, 5 (R,) = 0 if a # [1,,, | € N. Therefore
formula (41) gives
(pnil)i)\ ( T +---+x ) [n >\ 1) > [n]

Y dX) = —~Fexp| ———m 7 qp "x 10,00y (X) (dX),

( )( ) [T (\)] D ; 1l' )](0 )()( )

n—1\—"A
T+ -+, aly (A—1 —nIn
= o (=) ) Y E L (s X L () (@),

and definition (7) of F,_; gives (42). m
Proof of Corollary 18. From (27), we have (43), and

Hence, if a =115, = ([,1),l € N,
Co, A (RQ) - _,l;%l,%

and cq ) (R2) = 0 otherwise. Formula (41) therefore gives

!
-2 b1 oz
P12 b2 4 (A—1) 1 <1’2 ! 2)
dx) = exp(——x1——x9) (x1T E 1 2 (x) (dx) .
Y(Po,N) ( ) [F ()\)} p( Pia 1 Pia 2) ( 1 2) (leN ()\)l /! ) (0,00) ( ) ( )

and definition (7) of F} gives (45). =
Proof of Corollary 19. From (27) and (28), we have, ry = by for T € PBs |T| =2,3.

This proves the formula (46).
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Now, for z3 = (21, 22, 23) € R® , and A > 0, we develop [1 — R3(z)]™* by

[1 — R3 (23)] [1 (bl 22122 + b1 32123 + b2 32223 + bl ) 3212223)] -

I
Mg

(k‘_ by 22122 + b1 32123 + b2 32223 + bl 2 32’12223)k

/\ k! ~ h o/~ la s~ l3 /~ Iy
),k Z m(hz%@) <b1,32123) (52,32223) <b1,2,3212223>

k=0

Il
I M8

li+la+i3+la=
_ ()\) b b bl3 b l1+l2+l4 l1+l3+l4 l2+l3+l4
- 17171 2,3 123 1
L 105M3114!
k=0 l1+la+Il3+l4=k
_ Z ()\)11+12+l3+l4b blg b b Zl1+12+l4 l1+l3+ly l2+13+l4
11151511, 1,23
1:02:03:04-

1=(l1,l2,l3,l4)EN4

()\) ~ l1 s/~ la /~ ls /~ la
l1+Hla i3+
_ } : bttt <b1722122> <b17321 Zg) <b2,32223> <b1,2,321 2223>

1=(l1,la,l3,l4) EN4 L1511
Now, the conditions k € N,y +Ly +ls+ L = kson = L+l + Ly an = by + 1+ Lo, a3 =
lo+lz+ligiveli=k—a3 > 0,lh=k—ay>0,ls=k—a; >0,ly = a1 +ay+az—2k >0
and we get
b 1By e tes 2k

Thk—a3ik—
(1 . R ()‘)kbl,Zagbl 3 2b23 Za12a22a3
3 ( E : E : (h—as)!(k—an) (1) (o1 fastas—2k) 71 22 73

keN a= (al ,2 ,a3)€N3

k Tk—ag7k— 2k
(/\)k a3b a2b alba1+a2+a3

- Z[ Z (k—az)! (k 042) (h— al)(a1+az+oc3 2k)'] z3

Q€N? peN ka1 k>az,k>as,ks ATo2tes

~k—asTk—aoTk tag+ag—2k
_ E [ § (Mgby, 2a3b1 3 2b2 :salba1 TS ] a
- (k ag)'(k) ag)'(k al)'(a1+a2+a3 Qk) 3

eV [laf . <1g ol <k<Igl ke

and we get the formula (47). The formula (40) gives (48).

Now, from (48), we have by k € NIy + o + 3+ 1y = k;ap = I + 1o + Iy, 0 =
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l1+l3+l4,a3:l2+13+l4

-\
D3 ~
V(P (dX) = T ([)3)]3 exp (0 p, x) xA~D1s

< > X P PR Y i M W Y M
(k—a3)!(k—a2)l(k—o1)! (a1 +as+az—2k)! (A)al ()\)OQ ()\)QZ

aeN [l <12 el <k< 2 keN

o2

X 10 003 (x) (dx)

p—)\
) (A-1)13
= ———exp(fp, X)X
[T (A)]
o A TGl s xll+l2+l4xl1+l3+l4$l2+l3+l4
x {2 : 2 : ( )11+12;L13;+lz4'1l,2 '1,13 ?3 1,2,3 1 2 3 }1(0 )3 (X) (dX)
! ! ! ! ,00
k=0 li+lo+I3+1lsa=k (W12 t)tE) (A)l1+l2+l4 (A)l1+l3+l4 (A)l2+l3+l4
-
Prg)

=T onp &P (6p,x)x D1

% { Z (A)ll+lz+l3+l4 (31,23719732)l1 (31,31123)l2 (52,3902%)13 <31,2,3961962963)l4 }

1) (1) (13)!(1g)!
1=(11,l2,l3,l4)EN4 <)\)l1+12+l4 <>\)l1+13+l4 ()\>12+13+l4 (i)t Ea)! (k)

X 10 003 (x) (dx)

X 1F3()\;51,21‘1@,51,3%%3752,3$2$37,51,2,3$1I2$3)1(0700)3 (X) (dX)

|
Proof of Remark 20. The only difference with (48) is that all ¢4 ) (R3) defined by

51) for |l < @l are positive and the formula (41 gives (52). m
o X 3

Proof of Remark 21. As ,517273 =0, ,5(1"71;’30‘2*'“3_% = 1 only for% = k € N. In this
case, if ||af|, < % =keN,
(V)5 B 201 "

Can (R3) = G iianitcay > 0

gives (53) and (41) gives (54). =
Proof of Remark 22. If 51,275173,5273 =0, 51,273 > 0,
O P

Cap (Bs) = > (Fanl(k—a)\(i—as)l(as t ez Tas 2R 7 O

el k<2l keN
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only for & = k13 ,k € N, and we obtain the formula (55), and cq ) (R3) = 0 otherwise.

Thus we have

o (xBNF
V(P (dX) = [I‘p([—g)j)f exp (0p, x) xA D3] _Z (Xkblf,z,za [((>\)k)]:»,]1(0,00)3 (x) (dx)

o 1 (31,2,3X[3])k
o e () K

110,00y (%) (ax)

p
_ s [3] exp <0P7X) (A-1) 13F <)\ A b123X[ }> 1(0700)3 (X) (dX)

and (7) gives (56). m
Proof of Theorem 23. If 1, = (1,...,1) € R", we denote 1; = (1,...,1) € RF
and 1, = (1,...,1) € R"*. We note that X} is a random real vector such that

i (6w) = Y prbjy= Y prbjy.

TPy TP

Using the equality (41), the Lt Li{:]:;[k] is given by

Xip1=x%x
R CIANT))
~L . (Oriiw1)

i 0 (0, %) x OIS g cnn o ()0 Sy x®)

p[_/\ A=D1 (0700)"*’“ (x[”]\[k]) (dx["]\[k])

‘o /\( )
ﬁexp(epk ,x[k]) (k] (k] k]

k) ¥ oy A (RK)#0 ~ Nag ™ 14 )

X
_ [a] e (6r) — 0 x)

Z Ca[k],A(Rk) k]
a[k]ENkvca[k] A(Rk)#0 (A)a[k] X[k)

X Z <)\>a X[k} Lexp((epn)[n]\[k]7x[n]\[k]),u‘oc[n]\[k]ﬁ*)\lnik,[n]\[k] (e[n}\[k])
a=(a[k]7a[n]\[k])€N”,Ca,A(Rn)#0 (k]
-
Pin)
[ﬁ] exXp ((GPn)[k] - HkaX[k]>
Ca[k],)\(Rk) Ot[k]

Za[k]ENkvca[k],)\(Rkﬁéo (A)a[k] Xk

X > %

a:(a[k] 7a[n]\[k])€Nn7Ca,)\(Rn)7§0
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We obtain

exp <(9Pn)[k] - OPk7X[k]>

Y
Xk =x[) _ Pin]
LX[n]\[k] (e[n]\[k}) - Ca[k],)\(Rk) ap, (p[k} (e[n HPn)[n}\[k])
Za[k] ENFcopy A (Ry)#0 ()\)a[k] Xk

a[k]

k
X Z )\;—]Ca,)\ (Rn) (B[n] ePn)[n] 13 ][k] : (104)
a=(ap),am k) EN"ca,x (Rn)#0 1kl

Since L;%:]:;[k] is the Lt of a pd we have L?f:k (0,,—%) = 1 and we get

exp ((ePn)[k} - 6’kax[k]>

(105)

Ca[k] ,X(Rk) Qg

2a afr) ENF oy A (BE)Z0 (N X[

(Mn< GRJM]H)A[ > A;

Dlx]
cx:(a[k] ,a[n]\[k])GN”,caA(Rn);ﬁO

Can (Bn) (=0p,) 117"

We carry (105) in (104) and we obtain

X[k =X[x]

A CIONT)
(H[n] OPn) [n]\[k]

= |
(~0r)pi

=

-y

R ~[k]
ZO‘ (o‘[k] a[nl\[kl)GN" ca(Rn)#0 (/\) CO‘ A (R”) (0[”] HP”) [n]~ [k]
% . (106)

k] . —Qn] (]
Za=(a[k1’a[n]\[k1)GN”’Ca,A(Rn#O Ny, CoA (Bn) ( Opn)[n]\[k}

As we have (8, — 0p,) 7 5 (=0p,) 75 = Ty [1+0: (=65,); '], (106) gives (58). m
Proof of Remark 25. We have pr(Spn.nj) = P{;}UT and

~ p[n] p{l}u([n]\l)\T p[n]

Sn ~ = T P([n]\1)~ Sn ~ el
Pr(Spm~) Pu}nT(H[M/m ” /p1

DPin]~T ~
= =L = 7 (R.)
Din]
We also have
L0\ g g
Sn\ = 7.\ 74 0
TT( [] [1]) Z% (ao) (pl 861 ( Pn))
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n

Proof of Theorem 24. We calculate, in five steps, another expression of (59) for
k = 1 to obtain a new formula for Lﬁiﬁ} (O[H]\[I]) from (58).
First steps For a; € I (R)., let Ji-q1) (1) = { @) € N' gy (Ra) 0}
then we have by (59)

a

T et
Fi (A Ry, 21, 0p).)) = Z )\1 Z Canatuy > (Bn) (O — OP”)[n]\[[i] o

a1€l1(Ry) )al a[n]\[l]GJ[n]\[l](Oll)

(107)
Second step: For a € Nand j € N, we denote by (a); the number o (a — 1) ... (a — j + 1),
in particular (o), = a! and if j > «, <Oé>j = 0. For ap € N and o; > 5; € N, we

denote by <a[k]>ﬂ[k] the number (a;), -+ (ax),, , in particular (o), = apg! and if

[k)
B

35 € [k],B; > «;, then <Oé[k]>,@[k] = 0. Let f; € N, we apply (%) " to (39) with k& =1,

because R, is an affine polynomial, we obtain by [Comtet, 1974] p. 42

aeNn

B
(Mg, <8i21R" (z)) [1— R, (z)]“)

a1 — Ap)~
- Z Z Car, )y (Bn) <O‘1>,31 2 /Blz[n[]\][l[]l]- (108)

a1€11(Rp) n)(1]€ )< 1) (@1),01 2B

Third step: Doing z; = 0 in Formula (108), we get

B1
—(A+51) 0
(Mg, [1 = R (0,200 111) ] (a—len(O, Z[n]\m))
= D Chapmn (Ba) (B (109)

o fn) (1] € [n)~ (1) (B1)

Fourth step: Doing 8, = oy and zp,. 1) = (OM — OP")[;\U] in Formula (109), we get

—p]~
Z Car,ap kA (1) (0[71] - epn)[n]\[[i] N

ofn) (1] €[] 1) (1)
0

(Mg —(tar) a1\
- 041!1 [1 — fin (O’Z["]\[l})} o (a_len«)a (H[n] - ePn)[n]\[l]) (110)
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Fifth step: Using 3 and S in Formula (110), we get

Z Can,on) i)\ (Rn) (O[n] — OP")[:LT\[E]\M

NI NRICE)

(8 — 6r.) 1y 1) N
- Pln] wllg (e[n]\[l]) L[é (H[n]\m)]o”, (111)

!
p1 1

—-A

hence (111) gives

(61m—0p,)

e
Fy (A Bu 21,0y 1) = [ S (0 )G (B3 (Opp) 21)  (112)

Substituting (112) in Formula (58) for & = 1 and because S (0j,.1j) = 1 from formula
(62) and (57), we get

01 —0p, ), "
0 o5 (01 11)] G (R (O ) 1)

Ly (Op) = [Quupn) (O)] ™ e

(~0p) " )
S (0 )]G (R 3 (Opgpyy) 1)
(113)

p1

Finally (113) and (57).gives (68). Formulas (62), (63) and (64) remain to be proven.
First, according to (25), we have

P (0r)

_ -
Py (01 — 1) = {1 - Ru[(6—60) "]} (61 — epn)[n]\[l] '

We make 6; — oo in the last equality and we get

P, (01))

125 o (01— ) .
—[1-R, (0, 6 — ep)[;l]l\[l])] (O — Or,) 1
and, because P is an affine polynomial, we have
o o (Om) (115)

0120 pra) (81 — 0p,),
T (0,0p)<11)) + 01557 (0, O pyy)
= l1m —
61—00 Py (61 — 1)
a9 P (01)
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Finally the equalities (114) and (115) prove the equality (62).
Secondly, according to (25), with z = (6}, — 9Pn)71 , that is z; = (6; — ;)" or 6; =

Pi+ 27,0 € [n], we have

1 (1 o -
R, (z[n}) =1 - - sz 21 P, (p1 + 2] 1,...,pn+zn1) )
p[n] j=2

By deriving with respect to the variable z;,we obtain

0 R, (%1, % Zn) (116)
621 m \#1ly #2y 5 <n

_ ﬁz P(N—l—_l ~+—1)_—1i[P(~+—1 ~+_1)]
= o 7 (D1 + 21 Dn+ 2, 2] 20, (D1 + 21, Dn+ 2,
Because R, is an affine polynomial with respect to the n variables z1, 2, .. ., z,,, we know
that %Rn (21,22, ...,2,) is an affine polynomial with respect to the n — 1 variables

Zo,...,2p. Putting z; = 0 in the left-hand side of (116) and making z; — oo in the
right-hand side of (116), we get

0

9o (0,22 2m)
1 [~ ~ - ~

- T <HZJ) [Pn (p17p2+22_17-"7pn+2771)}'
p[n] j=2

and

- 0
-1
(HZ. )a—Zan(O,ZQ...,Zn)

1 -~ ~
:_p_ [Pn (p17p2+2517"'7pn+27:1)} .

Substituting z; = (6; — ﬁj)_l , 7 =2,...,n, we obtain

[T -5) a%Rn (0,(02=52) "oy (6 = Pa) )

i

=2
1 ~
= - [Pn<p1;927---70n)] .
Multiplying by % we obtain (63). Thirdly, applyin ﬁa%l to the equality
P, (0) = Z p[l]uTeme%;L]\[l] + Z pTHT
TC(2,...,n) Tep,, TN[1]£[1]

20



we obtain (64). m
Proof of Lemma 26. First. If 3T € B,,,|T| = 2; rr # 0, then without loss of
generality, we can studies the case T' = [2], that is 15 # 0. For z = (21, 22,0,,_2) , we get
[1— Ry (21,22,0 Z Clar,02,0n—2) (R ) 2125
acN?

= (1 — T 22122)_)\

_Z T12

Then we have c( 0, )2 = /\)ZT” # 0,1 € N. Finally, Va; € N, Jap 13 = (1,0,-2)
(A)alfm £0, and I, (R,) = N.

(ayp)A —
Second. Let k € N, such that VT' € B,,, |T| < k <n; rp =0, if 3T € P, |T| = k + 1;

Such tha‘t C(al Y n]~\

ry # 0, then without loss of generality, we can studies the case T = [k + 1], that is

1,1 7 0. For z = (21, .., 241, 0pg—1) , We get
[1 - R, (217 sy Rk, 0n—k— 1 Z Clatseapt1,0n— —k—1),\ (R ) ZI(:—T-?
acN2
= (1 —T1,. k+171 - - - Zk+1)_
RSOV
- l—'z Rlt1-
1=0 )
- (A)ﬂ”l ,,,,, k+1
Then we have cg1,.,.0, )= ——75>— # 0,1 €N,
Finally, Vo, € N, a1y = (a1, On,k,l) such that c(ay a4 1)) = (/\)ZT—’““ # 0, and
]1 (Rn) - N

Third. Now, if VT € B, |T| < n;rr = 0, then R,, = 0,and P, (6,,) = pyj [ 11—, (0; — i) =
[T, (1 + (=p:)"" 6:), because P, (0,) = 1. In this case we have X = (Xi,...,X,),
with X; ~ 5,15, Xi, 1 € [n] being independent Therefore, ¢(a,,...a,,) (FPn) = 0 unless
coy (Pr) =1, and I, (R,) = {0}

This completes the proof by finite induction. m
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Proof of Theorem 27. We have by (62), (63) and (65)

1

_ 9P,
B (@) = = -[Pn (0. 8p1n) + iz~ (0. O]

N 1
I—M%MM%NM—Eﬂ@ﬂMW)

We deduce

B 1 P, (Oa e[n]\[l])
sn1 (Opiny) = —B1 — —
1 ( [n] [1]) ! P1 S (e[n}\[1]>

We then obtain by (68),

5= 1 Pn(08m)
exp{[—p1 p1 S[n]\u](e[n]\[l])]xl}

X" (6 =[5 0 -
[n]N[1
Lyt Opam) =[Sy (O )]

)

e [ P
which gives (71). By (22) and (70), expanding Pn (0, Om\[l]) —S[n]\m (e[n]\m) , We obtain
(72).
By (22) and (70), we get

P (0,607 1 oy
CENTICEND) D1

-1

P (70 (0 0, )™ {1}{1_R" {(_’71)’(%—"Pn)[n}\m} } Ty

=y,

=(1-

o2



By (22) and (70) we get

Pn(O,B[n]\[l]) T
— (AN )22
(S[n]\[l](e[n]\[ll) )p1
Py (=51) (0 =0, )| {1=Rl(=P1): (0 =0pn ) 1 1)) "} 21
:( T Pn) )_

T(G[n]—epn)[n]\{l}{l—an (S[n]\m)[(Oln]—epn)[n]\{l}]ﬂ} I

n]~{1}

= ({1 = R.[(-=11) , (O — HP")[n ) '}
! . {1} @
2 AL = Buc (Statn) (€1 = 0r) gy D1t (O = Or) 1 o St Bm)

- (ﬁl{l - Z TT[(_,ﬁl) ’ (e[n} - OPn)[n]\{l}]_T}

TC[n],|T|>1
1 - [n~{1} 1
T p_{l - Z TT[(O[n] - Opn)[n]\{l}] T})])[n} (e[n] - OPn) S 1 (G[n]\m)
1 TCn]~{1},IT|>1
= (pi{1 - Z rr (0 — 0pn)[n]\{1} Z rayorl(—=p1) , (O — OP")[n]\{l}]_[{l}UT]}
TC[n]N{1},|T|>1 TC[n]N{1},|T|>0
1 7 {1} Z1
T p_{l - Z TT[(Q[”] - epn)[n]\{l}] })p[n} (e[n] - OP,L) " S 1 ( [n]\[l])
1 TCn]~{1},/T]>1
=Eft- > elOm = Or)yy T BT D ryurl(8w = 0r) ] 7T
TCn)N{1},|T|>1 TCn]~{1},|T|>0
! - [(n~{1} 21
T p_l{l N Z TT[(O[”] - epn)[n]\{l}] T}>p[n} (e[n] - HP ) " Sn]l\ 1] (H[H]\[l])

TCnN{1},|T|>1

=m=n > rrlOw=0n)y T D raurl(Om = 0r) )]

TCn]~{1},|T|>1 TCn)~{1},|T|>0

1 1 _ n]~{1} T
=== > (8 = 08y ) D (8 — 05,) pls[n]l 0 Oz, .., 0,)

Pro P ST ms
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then we have

_( Pn(0,02,...,0n) _1>a:1
Stn)~1)(025--,0n)

={(p — > Z TT[(B[R] - Opn)[n]\{l}]fT + Z 7“{1}UT[(0[n HPn)[n \{1}] T)

TCn]~{1},|T|>1 TCn]~{1},|T|>0

+ (i — i Z T’T[(O[n} — 9pn)[n}\{1}]iT>}

Pr Prog g o mis
[n]N{1} T1 4
Xp[n] (B[n] —Op ) e S[n N1 (927"'a9n>
(P + £ ) (p1 + )ZTC IN{1},|T)>1 TT[<9[n] OP")[n]\{l}]iT

= ]

+ ZTC [n]~{1},|T|>0 7”{1]\UT[(‘9 0Pn) n]\{l}]_T

[n]N{1} L1 ~H—
X PIn] (H[n] — Opn) S[n N1 (927 s 7971)

=T
(pl + ﬁ) {1 - ZTc[n]\{l},\T|>1 T [(G[n] O, )[n]\{l}:| }
= -7 }
o + ZTC[n]\{l},lT\:l {yur [(O[n] - 9Pn) [n]\{l}i|

+ ZTc[n]\{l},|T\>1 r{iyur [(a[n] - 9Pn) [n]\{l}i|

Pin) [n]~A{1} —
X E (O[n] —OPn) xls[n}l\[” (927"'a9n)

=T
(]91 + 1,%) {1 - ZTC[n]\{l},\T|>1 rr [(e[n] - 0Pn)[n]\{1}i| }
= { 3 (O — ) }
-T
+ ZTC[n]\{l},|T\>1 r{1yur [(e[n] - 9Pn) [n]\{l}i|

Pn [nI~{1}
X # (6 — 0r,) 1S[n ) (B, )

(13“1 + 1,%) iy (O —Pr)
+ 2 rcm 1>t [T{l}UT - (51 + pil) TT] [(e[n} — epn)[n}\{l}}

Pin nN
X f (0 OPn) MM 1S[n INEY (927---a0n)
1

={ T}
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and

B < Pn(O,HQ,...,Qn) _1) ﬂ
S (02, ..., 0) 2

~ [n]~{1} n [n]~{1,k}
(p1 + i) (0 — 0p,) + 2 s ik (0 — 0p,) Pin
= P _[ }xlsil 1] (0277871,)

~ [n]~{1}\T [n]N[
+ ZTc[n]\{l},\T|>1 [T{1}UT - (pl + p%) TT} (G[n} — 9pn) p1

and because

Stnp) (B2, ..., 6y)

Pin] [n]~{1} _ _
= e (61 — 6p,) {1- Rn—l(S[n]l\m)[(B[n] - epn)[n]\{l}] '}

= (- 0,)" M - Y e [(0 - 05)] )
P1 TCn)\{1},|T]>1

= @{(O[n} - GP,L)M\{l} N Z rr (O[n] - OPn)[n]\{l} [(e[n} - GPWL)TT}
P1 TN\ {1}|T>1
_ %{(em —0p)" = ST e (0 - 02) "

TC\{1}|T[>1

95



(e[n} . 0P )[n]\{l}

n

= ﬂS[n]\[u (Oa,...,0,)+ Z rr (8 — Hpn){[n]\{l}}\T
P TCNILITI>1

[N {1} o—
(0[”} - epn) S[n]l\[l] (027 see 70n)

P1 {M\INT
Pl peppmyrist

—{[n]~ [n]N{1} o—
x (=0p,) " (0, — 65)) Spu (B2 -+ 6n)
)_{[n}\{n} i Z rr (_OP")—{[n}\{l}} (Q[n] _ Opn){[n}\{l}}\T 5[71]1\[1] (0a,...,6,)
TC[n\{1},|T|>1
—{n]~ [n]\{l} —
) (01— 05,) " Sy (62 60)

_ PL_g, )
Pin)

+ N e (=0p) " () NN (g gy, )N g (0, 0,)
TCn\{1},|T|>1
~\— ~ N — n|N{1 _
X (1 + (_p1> ! 017 R 1 + (_pn) ! en)[ M }S[n]l\[l] (92, e ,(gn)

= P gp )i

n Z r (_OPH)_T (1 + (—ﬁl)_l 917 o 1 + (_fp«n)—l en){[n]\{l}}\T S[;l]l\[l] (62, o 79n)
TC[n\{1},|T|>1
X (14 (=P2) 7 02) o (1 (=P0) ™ On) Spoj gy (B2 60)
b1 ~\—1 ~\—1
B o o n T
S (-0 T (L (<5) O T (—B) ) R Spaainy (0255 6n)

TCn\{1},|T|>1

=L (—op,
Din)

X (—ep

n

(117)
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we have

_<Pn(0702a70n) _1>l‘1
S (02, ..., 0) 2
(T
_q (B + 50 5 Sy (B2, -, 0n) + X pup 13,51 77 (O — O, ] |
N n 0. _ g, |k o~ 0o _ g \HNINT
+ 3 ko gy (O — 0p,) + 2 rcp s rmor = (B + o5 ) 7] (0 — Ok,)

x Sl (B, 0,)

[nIN[

o {InN{1IN\T
(pl + p%) | NG (0., 0n) + (p1 + > >y 7T (O — Op,) )
n [n]N{1,k} [R]N{13NT
+ 2k Tk} (O — O,) + 2 rcp (7> [T{l}UT - (p1 + p—1> TT} (6 — 0r.)

Pin _
1
(51 + 1%) ppl Sty (02, -, 00) + > 0o 1y (O — 913”)["]\{1’“ P
:{ [n] } xlsn]\l]<92,...,9)

[nN{1}\T
+ ZTC N1}, |71 T{uT (Q[n] — Opn> b1

n|~{1,k _
- (P1+ ) Zr{lk}—ﬂfl O — Or )H{ }S[n]\[l (6,...,6,)

p[n] nN{1}I\T
+ Z T{l}uTEQUl (0 — 9Pn) S[n]l (0, ...,60,)

TCn)N{1},|T|>1

= (pl + —) + Z T{l}quxl (e[n} — 0Pn)[ DMINT S[n]\[l] (09, ...,60,)
1

P TC[n]~{1},|T|>0

and

Lﬁggzjfx ) (02, ...,6,)

=[Sy (B2 - -, 00)]

~ ]— pn RS AN
€xXp § T1 (pl + —) + Z T{l}uT#% (e[n} - 9Pn)[ = TS 1 Nl (927 RN )
[ 1

P TC[n]~{1},|T|>0
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Because

X1=x1
1=L5",(0,...,0)

~ 1 Dln _ n
=exp{ T (pl + —) + Z T{l}uTLm (—=Pas -, —Dn >{[ NMIINT
P TCn]~{1},|T]>0 1

g 1 Pin ~ ~ n
= €Xp { (p1 + —) :El} exp Z r{l}UTLI'l (=D, . - . _pn){[ ININT
h TC[n] P1

Cln]~{1},|T|>0

and

L (Om)

= Sy (9[n )

p[ ] [RIN{1INT
{951(1’1‘*‘ )+ZTC ] ~{1} L TI>0 T{13uT (G[n] —0p, )

S[] [](927 50n)}

= S[ZL]A\M ()
Pln

] [n]~{1}NT
e{ZTC[n] ~{1} T|>0 T{1IUT T T (9[71]*9}9”)

Plnl () NNy

= Sy (Bmm)

p [nIN{1}NT I
e{ZTC[ ] {1} LITI>0 T{UT =l fCl[( _BPn)n ST (6g,...,00)—(—p) (PNMUINTY

P [n]\[1]

_ oA

- S[n}\m (e[n}\[l})

Pin n —{In ~\ —{n]~ N [n]\{l}\T
elXrcin iy Jris0 o e PN () IV ()~ (e 0T (g 6, )

n\ (92» R )71]}

= Sy (Bm)

IM nIN{1}}I\T —1 nl~ N _
e{ZTC[n] {1} 7|0 T{ur (= p) T (1, 4 (—0p, ) T, M) TSiie [1]( )11}

= Sy (Bmm)

Pln] Al {1}}~ .
o rct 1y o<z Teyur e (=0p) I T (L (=05, 10N NS (O ) -1}

Unless Rn = 0, for T € PB([n] ~ [1]),T = [n] ~ T, and if there is no ambiguity, for
simplicity we denote St (@) by St, the polynomial defined by

St (07) = ! (aao)T(Pn (6))

Z Prur 0T'

repry PT
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srion =1 (2) o

= ()" (O —0r) (1= D v (B —6r) )

T'ep(T),|T'|>1

= (=p1) " [0 — GPn)T - Z v (O — 9Pn)T\T]
T'eB(T),|T'|>1
= (_]AjT)il [<_0Pn)T ST — Z T (_BPH)T\T/ ST\T’]

T'eB(T),|T|>1
We have
St (0r) = Z pﬂgT’ = Z QT’GT/;
T'eB(T) Pt T'eP(T)
with g7 = p%, and for 7" € B (T") , we have
T

Pryr 1!
G = 41 v PTV — B
qr pz;T Pln)
Therefore, we have
bT’ (ST) - bT’)

and if 7(p s an infinitely divisible gamma distribution, v, ) is also an infinitely di-
visible gamma distribution.
Sr=(=pr) ' [(-p)"S" = D re(-p)"TS"T

T/ER(T),[T7]>1
or

(—p)"S" = (=pr)Sr+ > rp(-p)TTSTT
TepB(T),T'|>1
|

Proof of Corollary 28. From Proof of Corollary (17), we have cq (R,,) = 0 unless

a = k1,, k € N in which case ¢, (R,) = % (gp~™)* . We therefore have

o () () nk ~Fln—k
X (] =Xx] - AZk:O E(f‘))k}k w () (0[n] + %171) k
k] =X[k - o
Lx[n]\[k] <0["}\[k]) = H (1+pf:) oo (xp)ftE (V) k(1 i
i=k+1 Do TooyE o (@) (51">
{(A)k} n—k
o0 11 (kB e 1+ p0,) " ;
— k
fted) i 1 k% <qp—l<:x[k])
k=0 {()‘)k} k! k
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and the definition of Fj_; gives formula (76). =
Proof of Corollary 29. Doing k£ = 1 in Formula (76) we get (77). Formula (78)
comes from the definition of exp.

A second proof can be given by application of Theorem 24. We successively have

a1

G (Rp,u1) = D4 en %1' = exp (u1), Sno1 (Opep) = [Ty (L4 p8i), B (Opypy) = gp
and
5 (0py) = ap [T, (1 +p6;)] . As a result, by application of (68) we get (77).

Another proof of this result is given by (74) as follows. In this case, we haveP, (0) = —1+

Tl 5,
Y

LT, (U +p6:) s pr = Y ppy = " e = =" iy = —p7 1,00, =P = —p7'1,,

P = 2", Sy (Oppapy) = Ty (1 + p6;), and

n

P (0) =pu [T+ (=) [1—qp™" ﬁ O+ (=) ]

=1

hence we have rr = 0, if 1 < |T'| <n and rp,; = gp~". We deduce from (74)

Xi=z1 _ Q—-X {qp_lxl[s[;]l\[l]—l]}
RN S[n}\[l}e

- (qp_lxl)k _ —(\+k
=2 o oplma 1) S -
k=0
| |

Proof of Theorem 30. Indeed, X; ~ 7., let Vi ~ P (gp~ ' Xy), we have P (V; = k| X, = 2;) =

(ap~'e1)"
!

- exp (—gp~'x;) . Clearly the variable X;,i = 2...,n are conditionally indepen-

dent and X;| (X1 = z1) ~ Ypa+vs). We have

1= (g[n]\[l]) = Z P (Vi =un|X; =14) Lﬁfl] (0[71]\[1]) ’

Xn\ [
v1=0

and Formula (78) is verified. Finally we have X ~ v(p, »), with P, () = J% +

% [ (1+pb;). w
Proof of Theorem 32. From (74), we deduce the Lt of the conditional distribution of
X2|X1 = I, for (Xl, X2) ~ ’7(P27)\), with P2 (91, 92) = 1+p191 —l—p292+p1,29162 with p1 > O,

P2 > 0, p1,2 > 0, 5172 = 51,2 (PQ) = ppo/piz — 1/])1’2 > 0 We have SQ (92) =1 + %‘92 and

_ b
Ly ™™ = Sy exp{—2<a1(S5" — 1)} (118)
(—p2)
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By expanding the exponential function, we obtain the following expansion:

LY== P (V=) S, (119)

v1EN

Equality (119) proves that X,|X; has distribution g, x4v;), then Xy = (X3, Xs) ~

V(). B

Proof of Theorem 34. Hence for n = 3, we have from definition of St, Sa 3 (62, 03) =
1 + %02 + %03 + p_l]i,s 92037 SQ (02) =1 + 121—2302, 53 (93) =1 + p;;—?;‘gg, and from (75) and

(28), we get

Lg% = Sa3 exp{(—P23) " w1[bg12) (—P3) 3553 + by1,3y (—P2) 52553 + by1,2,31.555 — C]}

(120)
To compute another expression for Lfgg:;?g) we use (38), we then have
(—=p2) (—p3) 5255 = (—52,3) Sa.3 —1-52,37 (121)
By respectively dividing (121) by 55533 and S2Ss 3, we successively obtain
(=Ds) (—D2) S2S54 = (—P23) S5 + 2355 ' Saa, (122)
(—P2) (—P3) S3S53 = (—P2s) Sy + b2355 1S54, (123)

Using (122) and (123) into (120), we get

Lg% = Sap exp{eianSy ! + aaSyt + agSyz + auSy 1S53 + 5551555 — O3,

and by the condition Lé;;;?g) (0,0) = 1, we obtain
L5 = Sap exp{aian (3 =1)+as(Sy ' =1)4as(S5 3 —1)+aa(S; 1S53 —1)+as5(S5 S5 5—1)]}.

We expand exp, and we get (79). Equality (79) proves that Xy = (X1, X3, X3) ~ v(p, 2)-
n

Proof of Theorem 36. We use Theorem (32). Let X/ ~ 7( let

e — bo3(S23) _ bas
67 (=p5(52,3)) (=p3)’

’7(52’3,)\4—‘/:9,"“/4"“/5) [ |

%,A+V3+V4+Vs) ’

and Vs ~ P (s X3), let X5 ~ Y(s; x4 v54vi+154v5), then (X5, X3) ~
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Proof of Theorem 39. Hence for n = 4, from (75), (29) and (37), we get

(_ﬁ2,3) Sa3 = [(—=p2) (—p3) 5253 —52,3], (124)
(=P2a) 24 = [(=P2) (=P1) S251 — b2, (125)
(—P34) Ssa = [(—Ps) (—P4) S354 — bs.dl, (126)
and
Ligé:;%,)ﬂl) =

Sz_,é\,4 eXP{(—ﬁ2,3,4)_l 1 [51,2(—53,4)53,4S£§,4 + 51,3(—§2,4)S2,45£§,4 + 51,4(—@,3)52,352_,;,4
+g1,2,3 (—pa4) S4S£§,4 + 51,2,4 (—ps) S3Si§,4 + 51,3,4 (—p2) 5255;%,4 + 51,2,3,4527,3{74 -}
(127)

To compute Lfgé:fé X, We need to express the following expressions in terms of inverses

of Sp, T € B ({2,3.4))
S374SQ_,§,4v SQ,4S£§,47 SQ,3S£§,47 S4S§,§,4? S3S§,?i47 S2S£§,4‘

From (38), we then successively have

(—52) (_ﬁs) S9S3 = (—52,3) 5'2,3 +62,3, (128)
(—p2) (—p1) S254 = (—P2.4) S24 +gz,47 (129)
(=p3) (—p1) S354 = (—P34) S3.4 +E3,4, (130)

From (37), we also successively have

Saa = (~Pasa) ™ | ((=52) (1) 525 — b ) () Sa = b (~P) S5 — boa (—2) S5 — basa

= (= P0a) ™" [(=P20) Sas (~B1) St = bot (<) S — baa () S2 = Baga |, (131)

52,3,4 = (_52,3,4>_1 ((_ﬁQ) (_ﬁ4> S2S4 - 52,4> <_ﬁ3> SS - 52,3 <_ﬁ4> S4 - 53,4 <_52> SQ - 52,3,4i|

— (~P20.) " [(<Fo0) 2.0 (<) S = bog (<F1) Ss = bt (~F2) S2 = baga| . (132)
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Saa.4 = (~Baaa) | (=) (=51) S551 = b ) (=F2) S = o (~1) i — bt (~P) S5 — bas

= (=)™ [(a) Sa4 (~F2) S = bos (<1) 1 — bs () S5 — Daga |, (133)
and
(—pa) (—Dp23) S1S23 = (—p234) S2,34 +52,4 (—ps) Ss +53,4 (—Dp2) Sz +g2,3,47 (134)

(—p3) (—P2.4) 53524 = (—P2.3.4) S2.34 +52,3 (—pa) Sy +33,4 (—Dp2) S2 +g2,3,47 (135)
(—p2) (—P3.4) 52554 = (—P2.3.4) S2.34 +52,3 (—pa) Sy +g2,4 (—ps) Ss +g2,3,47 (136)

By respectively dividing (128) by S3S25 and S35 3, (129) by 54524 and S55s 4, and (130)

by 54554 and S355 4,we successively obtain

~ . S - 1~ 1

(—=p2) (=ps) Sy (—D23) 5 Thag 5y (137)
o~ S .1~ 1

) (=) 23— 2 1

(=p2) (—ps3) S (=p23) 5, +bz,3525273, (138)
- . S ~ 1 -~ 1

_ _ e (L il b 1

(=p2) (=p4) %, (—P24) 5 Thigs (139)
~ . S ~ 1~ 1

(—=p2) (—p4) gA = (—D24) 5, + b27452—52,47 (140)
o~ S .1~ 1

- —Ps) o— =~ o 141

(—=p3) (—p4) Soa (=ps,4) S +b3,4545374, (141)
~ . S - 1~ 1

(—DPs) (—D4) @ = (—Ds4) S, + b3,4m. (142)

By respectively d1V1d1ng (134) by 32’352’374 and 5452’3,4, (135) by 52,452,3’4 and 5352,374,

and (136) by S34534 and 5253 34, we successively obtain

(7) (7o) 5 (143
= (—P2,34) %3 + 32,4 (—ps) 5213 ] %33 + g3,4 (—p2) 5213 . %23 + 52,3,4m7
(1) () 5

= (—D2,34) S% +32,4 (—ps) S%Si; + g3 4 (—p2) S, S;gz . + g2 3.4 54512 " (144)



(=p3) (=P2.4) San (145)
- 1 ~ 1 S ~
(—=D234) o +b23(—Dpa) —— + by (—P: % 1 !
, D +b
52,2 So.3.4 524 ! 2) S2.3.4 524 234 5245234
(—P3) (—Poa) === 14
S9,3.4 (146)
- 1 ~ .1 8 ~ 1 S ~
= (—D234) = + b2 (—pa) = ! +b34 (—D2) 5 2 =
, D +b
Ss 5 Gaga | e TP gt b e
(=D2) (=Ps3.4) S (147)
- 1 ~ - 1 S ~ 1 S
= (—D234) =— + b2z (—Da) —= + baa (=P >+ b !
3, , , D —+b
53,2 So.3.4 534 ! 3) S2.3.4 534 234 S3.4523.4
Y 3.4
(=Dp2) (—Ds4) S (148)
- 1 ~ .1 8 ~ 1 S ~
= (—P2sa) o + bas (=P1) 5o + boa (—P3) o o !
3, , , D +b
Ss Sy Soza P g Soza 1 SsSaz4’
Using (137) and (138) into (143), we get
- ~ Sy
(—=P4) (—D2.3) Sraa (149)
1 ~
= (=P23a) o— + (=p23) (D2 b + (—Pas) (—ps) b !
152,3 ’ ) baa 595234 (=P23) (=P3) ~ ba.s S3523.4
+ bQBAW + (—ﬁz)_132,352,4; + (_]’53)_152 363 4;
2,302,3,4 595235234 " 535935934
Using (139) and (140) into (145), we get
(=p3) (=P2.4) Sraa (150)
- 1 ~ 1
= (—p23a) o— + (—=p24) (—P: b + (—p: —py) b !
152,4 ’ 2) bas 595234 (=P24) (=P1) b S45234
+f52,374— + (—ﬁQ)_lg b . + (=pa) " byab: 1
S2,452,3.4 23 2’45'252,452,3,4 (=P)" baaboa 545245234
Using (141) and (142) into (147), we get
~ ~ S
(=p2) (—ps4) Sra (151)
— (Fond) e+ (F) (—F0) B 4 () (1) g o
" b 73 - -
S3.4 535234 Paa) (=Pa) " baa 545234
Bt (=) o (=) Doabgg
S3.452,3.4 3 3’45353,452,3,4 (=P1) baabaa 545345234
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Using (151) and (150) into (144), we get

_ ~ . O3
( p4)( p2,3) 527374
_ 1 ~ 1 ~ ~ \-17 L
= (~Pa34) o + bogaga— + (— - b
(—P2,34) S, + 0234 515231 + (=P234) (—P2a)” D24 51521
i~ 1 ~\-17 7 1
—P2)" bagboaggo— + (=P1) byabragra—
+ (—Dp2) 2,302 4 55515234 + (—pa) 3,42,4 52527374
~ \-17 7 1 ) (=T ) Do 2bo 4D !

_ b« b — — bo 3b9 4bo gy ————
+( p274) 2,3,4Y2,4 5452’4527374 +( pg) ( p274) 28724 2’4525452,452,3,4
o L _ o~ 1

+ (_p4) 1 (—p274) ! b2’4b3’462’4—5352’452,374 + (_p2,3,4) (_p3,4) ! b3,4 3453’4
1~ 1 ~\—-17 T 1
— by sbsa——m—a— + (— b24b34 5o
+ ( PS) 2,303.4 535452,374 + ( p4) 2,4Y3,4 525273’4
~ \-17 7 1 ) (= Dr 1) " o 2ba ub !
. b ib — — bo 303 4b3 4y ———F—
( p374) 2,3,403 .4 15549931 + (—p3) ( p374) 2,3Y3,4Y3,4 53545545534
-1 ~ \—17 7 7T 1
+ (=pa) (=D34)" boabsabsa 528545534 (152)
Using (151) and (149) into (146), we get
" ~ S4
(—DP3) (—P24) Sasn
1 ~ 1
= (=D — +b
(=P2a) Ss + 0234 535234
- (Fana) (Fa) B + () BB + (<) B
P2,3,4 P23 2,3 S350 P2 2,402.3 5555534 P3 3,402.3 535273’4
~ \-17 7 1 ) (=D 2) " B 2bo 4b !
B Do a b — — bo 39 4bo 3 ————
+ (—Pas)  bosabes 552 + (=p2) (—p23)  basbaabys 5255553534
~ 1 ~ \—17 7 7 1
4 (= — b2 303 4bo 3—5——7—
(—=p3) ( P2,3) 2,303,402 3 3352735273,4
4 () () o + () oy 4 (50 B e
P234) \7P34 3 53534 ps 2878 525534 ba 2t 53545234
~ 17 7 1 ) (= Da 1) B 2bs 4b !
B b b — — bo 3b3 403 45—
+( p3,4) 23,4734 5353,452,3,4 +( p3) ( p3,4) 23TAT 532S3,4S2:3’4
~ =1 ~ \—17 7 7 1
SV S 153
+( p4) ( P3,4) 2,4Y3,4 3’4535453745273?4 ( )
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Using (150) and (149) into (148), we get

(P (P 2
(o), s, g g g L
(—D2,34) S% +ba34 52;273’4
+ [(~Posa) (—ﬁ2,3)_1 ’527352;5273 + (—]72)_1527432,3335—273#1 + (_ﬁ3)_1g3,452,3m
N (_5273)—1”52’374’5273m + (=) (—52,3)_132,332,432,3m
) (o) Basbabas g (P (Fa) g
+ (=) Do gb 4; + (=p1) " boabs 4; + (=P2a) " basabs 4;
abragre A8 8131 ; 855945934
o i~~~ 1
+ (=) (=Paa) 52,352,452,4m
+ (=)™ (—ﬁ2,4)_152,4g3»452’4m] 15y

Using (151), (150), (149), (152),(153) and (154) into (127), by grouping terms of the same

total degree and using the condition Lé};fé X4) (0,0,0) = 1, we obtain

LX1:3U1 (027 037 64)

(X2,X3,X4)

= 2’34 e:x;p(acl{oq[si2 1]+ ozg[si3 1]+ ozg[s%1 1]+ 044[53 1]+ %[ﬁ — 1]+ ozﬁ[%4 —1]

1

Oé7[52é'2,3 B 1] + 058[52};2,4 o 1] + 049[53;273 o 1] + 0410[53;374 o 1] + a11[54§2,4 o 1] + a12[54§3,4 o

+ al?’[ o 1] + 0114[5251273‘4 B 1] + a15[53512,3,4 o 1] + 0416[5451273’4 o 1]

S2.3.4

+ a17[55512,3,4 - 1] + C¥18[5§512,3,4 o 1] + a19[52512,3,4 - 1] + CYZO[15'25%,}92,3,4 o 1] + a21[5254}5'2,3,4 B

+ ol — U+ amslgmby — U+ cmlgri — U+ asslgis — 1)

+ a26[m — 1]+ @27[m - 1]+ azs[m — 1]+ 0429[m — 1]
T oslgsesy — Ut onlsgnms — U cnelsgsss — U+ oslgs s, — 1
+omlgrsng — U+ ol — U+ oslggsrs: — 1+ owlgsngs — 1

1 1 1
+ asslgmm oy — Ut enlgss mes — U+ aolges s — 1))
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Now we expand exp, and with v = (v1,...,vy4), we get

40 40
L5 x0) = S23a Z [HP (Vi = v)]
UZ‘EN‘IO i=1
1 1.1 1 1 1 1 1 1

Syt Sy? Sy* S5 957 S5% (S252,3)" (S292,4)™ (S355,3)™

» 1 1 1 1 1 1 1
(538374)1)10 (*9(4’5(2,4)1]11 (5451374)1)12 S;}:?A (5282,3,4)U14 (5382,3,4)U15 (5482,3,4)U16

" 1 1 1 1 1
(52833.4)" (525554) " (52823.4)™ (525552.5.4)" (5254525.4)""

» 1 1 1 1 1
(535'452,3,4)v22 (5'2,352,3,4)U23 (52,452,374)1)24 (53745'273,4)7’25 (525’273527374)”26

y 1 1 1 1
(59594593.4)"" (5359352,3.4)"° (535345234)"° (5452,45234)"°

o 1 1 1 1
(548374527374)1)31 (‘5'22‘812,3‘5’2,3,4)US2 (‘32252,452,3,4)U33 <S§52,352,3,4)U34

o 1 1 1 1
(S§53,452,3,4)v35 (54252,452,3,4)v36 (54%53’45’2’374)1)37 (525’3527382’3’4)1)38

1 1

X V39 V40

(525452,452,3,4) (535453,452,3,4> )

x(

Combining, we obtain (80). Definitions (81), (82), (83), (84), (85), (86), (87), (88), and
(89), (90), (91) with Equality (80) give (92). This completes the proof of Theorem (39).
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