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ON RELATIVE INTEGRAL MONODROMY OF ABELIAN LOGARITHMS
AND NORMAL FUNCTIONS.

YVES ANDRÉ

ABSTRACT. The relative algebraic monodromy of abelian logarithms (defined as the ker-
nel of a map between algebraic monodromy groups attached to an abelian scheme with and
without a section) was computed in [1]: under natural assumptions, this vector group turns
out to be maximal.

The relative integral monodromy of abelian logarithms is defined similarly as a kernel
of integral monodromy groups, without taking Zariski closures. We show that if the inte-
gral monodromy of the abelian scheme is a lattice in the algebraic monodromy (which is
not always the case), then the relative integral monodromy of the abelian logarithm is also
a lattice in the relative algebraic monodromy. The proof uses a Hodge-theoretic interpreta-
tion of sections of abelian schemes.

We also consider relative integral monodromy groups in the more general context of
normal functions.

1. INTRODUCTION

1.1. The relative monodromy of abelian logarithms of the title refers to the following sit-
uation: let f : A → S be an abelian scheme parametrized by a connected smooth com-
plex variety endowed with a section σ. The Betti realization of the family of 1-motives
[ZS

1 7→σ→ A] lies in an exact sequence of local systems

(1.1) 0→ VZ = R1f
an
∗ Z→ VZ → ZS → 0

on San, where ZS denotes the constant local system Z on San cf. e.g. [16, §10][2, §1.4].
Let s ∈ S(C) be a base point, Γ (resp. Γ) be the image of π1(S(C), s) inGL(Vs) (resp.

GL(Vs)), and H (resp. H) be its Zariski-closure. By a theorem of Deligne, the neutral
component of H is a semisimple group [15].

Let ∆ (the relative integral monodromy) be the kernel of Γ → Γ and U (the relative
algebraic monodromy) be the kernel of H → H , so that U is a vector group and ∆ is a
subgroup of U(Z). In [1] (cf. also [2, §§1.4, 1.5]), the following result was proven:

1.1.1. Theorem. Assume that
i) A/S has no fixed part, even after pull-back to a finite etale cover of S,
ii) Z.σ(S) is Zariski-dense in A (i.e. the image of the section is not contained in any
proper S-subgroup of A).

Then there is a natural isomorphism U(Z) ∼= H1(As,Z).

This has been used in a number of contexts, notably in the study of Betti maps in Dio-
phantine Geometry [4]1.

Date: 8/10/2024.
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function.
1the name “Betti map”, due to D. Bertrand, actually refers to this context of Betti realizations.
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2 YVES ANDRÉ

1.2. It is tempting to replace the conclusion of Theorem 1.1.1 by2:
∆ is of finite index in H1(As,Z) (?)

However, as P. Corvaja and U. Zannier pointed out [13], it is not clear whether ∆
is Zariski-dense in U : indeed, taking a kernel does not commute with taking a Zariski-
closure.

The aim of this note is to clarify this point. We prove:

1.2.1. Theorem. Assume moreover that
iii) Γ is a lattice in HR.

Then ∆ is a lattice in H1(As,R) (equivalently, Γ is a lattice in HR).

Assumption iii) is equivalent to: Γ is of finite index in H(Z) [8]. It holds for instance
in the situation of elliptic schemes, which is settled in [13]3.

However, iii) does not always hold: there are abelian schemes with non-lattice mon-
odromy Γ, cf. [25]. We do not know whether the conclusion holds in such cases.

1.3. One key point in our proof is the Hodge-theoretic interpretation of (holomorphic ver-
sus algebraic) sections of abelian schemes, which is of independent interest (cf. Theorem
3.2.1, which depends on a theorem of Graber-Starr).

This allows us to reduce the question to the “modular case” and apply the theorem of
Mok-To on sections of Kuga fibrations.

1.4. On the other hand, in many cases, the study of relative integral monodromy can be
settled by general results on vanishing of the first cohomology group of representations
of integral monodromy groups when the latter are arithmetic. We review these results
(Margulis-Starkov, Bass-Milnor-Serre) in §§5.1, 5.2.

Such arguments, which do not bear on the geometry of the situation, allow to deal with
relative integral monodromy in the more general sitaution of normal functions, notably in
the context of Lefschetz pencils §5.3.

2. THE CASE OF FAMILIES OF ELLIPTIC CURVES: HODGE-THEORETIC
INTERPRETATION OF [13]

2.1. Replacing S by a finite etale cover, we may assume that for some N > 2, the N -
torsion of f is defined over S, whence a (non-constant) map S → A1,N = X(N) from
S to the modular curve, Γ being a subgroup of finite index of Γ(N). Denoting by S′ the
finite etale cover of X(N) with fundamental group Γ, there is a cartesian square

A
h→ A′

f ↓ ↓ f ′

S
g→ S′.

The cocycle e ∈ H1(San, R1f
an
∗ Q) = H1(π1(S, s), H1(As,Q)) attached to the sec-

tion σ comes (via (hσ)∗) from a cocycle in H1(Γ, H1(As,Q)).
The rank of ∆ is a priori 0, 1 or 2. If it is 2, ∆ is a lattice in H1(As,R).

2cf. e.g. [33, §3.1] - which however only uses 1.1.1, not its overinterpretation in terms of integral relative
monodromy.

3in this particular situation, Theorem 1.1.1 was obtained previously by D. Bertrand, and we reformulate
[13] in Hodge-theoretic terms in §2 below. Theorem 1.2.1 in the case of polarized abelian schemes of relative
dimension g over a base which is finite surjective over the moduli spaceAg was considered in [17]).
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It cannot be 1, because Q.∆ is monodromy-invariant, and Γ-invariant subspaces of
H1(As,Q) are 0 or H1(As,Q).

If it is 0, i.e. Γ = Γ, then e comes via g∗ = (f ′hσ)∗ from a cocycle in

H1(Γ, H1(As,Q)) = H1(π1(S′, g(s)), H1(A′h(s),Q)) = H1(S′an, R1f
′an
∗ Q).

The morphism

g∗ : H1(S′an, R1f
′an
∗ Q)→ H1(San, R1f

an
∗ Q)

is a morphism of mixed Hodge structures. The morphism g extends to a morphism ḡ :
S̄ → S′ between compactifications j : S ↪→ S̄, j′ : S′ ↪→ S′, and the weight-0 part of g∗

can be identified with

H1(S′, j′∗R
1f ′

an
∗ Q(1))→ H1(S̄, j∗R

1fan∗ Q(1)).

According to [34], the (0, 0)-component of this map can be identified with the map between
sectionsA′(S′)⊗Q→ A(S)⊗Q induced by g. Therefore, if ∆ = 0, then σ comes from a
section of f ′. But A′(S′) is torsion according to Shioda’s theorem [30]. Hence σ is torsion
and U = 0 in that case.

2.1.1. Remark. In the case of Legendre pencil f : A → S = S′ = P1 \ {0, 1,∞}, an
example of a non-torsion class e ∈ H1(S, Vs) coming from a holomorphic, non-algebraic,
section of fan is given in [13, (2.6)].

3. HODGE-THEORETIC INTERPRETATION OF SECTIONS OF ABELIAN SCHEMES

Let f : A → S be an abelian scheme without fixed part. Let VZ be the local
system R1f

an
∗ Z on San - its fiber H1(Aan,Z) at s ∈ S(C) is a representation of

Π := π1(S(C), s)), and it underlies a polarized integral variation of Hodge structures
of type (0,−1), (−1, 0).

Let us discuss holomorphic sections versus algebraic sections of A/S from a Hodge-
theoretic viewpoint.

3.1. Holomorphic sections. Let Sec fan be the sheaf of germs of holomorphic sections
of f . One hasH0(San, Sec fan) = OAan(San) and an exact sequence of sheaves on San:

(3.1) 0→ VZ → LieAan → Sec fan → 0.

In the Hodge-theoretic viewpoint, it is useful to identify LieAan with the notch Gr−1H
of the holomorphic vector bundle H := V ⊗ OSan with respect to the Hodge filtration.
Since H0(San, VZ) = 0 by assumption (no fixed part), one gets an exact sequence
(3.2)

0→ H0(San, Gr−1H)→ H0(San, Sec fan)→ H1(San, VZ)→ H1(San, Gr−1H).

Elements of H1(San, VZ) = H1(Π, VZ,s) parametrize extensions of the local systems Z
by VZ:

(3.3) H1(San, VZ) ∼= Ext1
loc.sys(ZS , VZ),

while elements of H0(San, Sec fan) (holomorphic sections of A/S) parametrize exten-
sions of the variation of mixed Hodge structures of Z by VZ:

(3.4) H0(San, Sec fan) ∼= Ext1
VMHS(ZS , VZ)

(indeed: fiberwise, extensions of Z by VZ,s as mixed Hodge structures are parametrized by
points of As [10]; in the relative situation, note that Griffiths’ transversality, which is part
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of the axioms of a VMHS, is automatic here4 since there is only one intermediate step in
the Hodge filtration ofH, namely F 0).

The kernel of the map which forgets Hodge structures

(3.5) Ext1
VMHS(ZS , VZ)→ Ext1

loc.sys(ZS , VZ) = H1(San, VZ)

is therefore H0(San, Gr−1H), via (3.2), (3.4) and (3.3) (elements of H0(San, Gr−1H)
just perturbs the Hodge filtration).

3.2. Algebraic sections. Steenbrink-Zucker and Kashiwara have defined a notion of ad-
missible variation of mixed Hodge structures VZ (with respect to a smooth compactifi-
cation S̄ of S [32][22] - a notion which can be tested by restriction to curves in S, and
which is equivalent to the extendability of the VMHS to a mixed Hodge module on S̄ in
M. Saito’s sense).

On the other hand, Deligne-Zucker-Cattani-Kaplan-Kashiwara showed that
H1(San, VZ) underlies a canonical polarized mixed Hodge structure [11][22]. The
restriction of (3.5) to admissible VMHS gives rise to an injection

(3.6) Ext1
VMHSad(ZS , VZ) ↪→ H1(San, VZ)0,0

(injectivity follows from the normality theorem of [1] for admissible VMHS, which itself
relies on the theorem of the fixed part of Steenbrink-Zucker and Kashiwara, cf. [2, §1.4]).

Any algebraic section σ ∈ OA(S) gives rise to an integral admissible variation of mixed
Hodge structures VZ ∈ Ext1

VMHSad(ZS , VZ). In particular, the class in H1(San, VZ) of
any algebraic section belongs to H1(San, VZ)0,0, and one gets injections

(3.7) OA(S) ↪→ Ext1
VMHSad(ZS , VZ) ↪→ H1(San, VZ)0,0

(injectivity of the left map can be checked fiberwise, where it reduces to the fact that the

MHS associated to the 1-motive [Z 17→σ(s)→ As] splits only if σ(s) = 0 [16, §10]).
All the above discussion may be seen as a well-known special instance “sections of

abelian schemes” of the modern theory of normal functions initiated by Green and Grif-
fiths. However, the following comparison between the three terms which intervene in (3.7)
does not belong to the general theory but only to this special instance: indeed, it essentially
relies upon a geometric theorem by Graber and Starr [20, Theorem 1.3].

We continue to assume that A/S has no fixed part.

3.2.1. Theorem. (3.7) induces isomorphisms

(3.8) OA(S)⊗Q ∼= Ext1
VMHSad(QS , V ) ∼= H1(San, V )0,0.

Moreover, if either
a) S is proper or contained in a proper variety with boundary of codimension > 1, or
b) S has a compactification with boundary with normal crossings and the local mon-
odromies of V at the boundary are unipotent, or
c) if for some N ≥ 3, the pull-back A′/S′ of A/S over some Galois covering S′/S where
A′ acquires N -torsion has no fixed part,

then the maps in (3.7) are isomorphisms.

(Only (3.8) will be used in the sequel).

4in the language of normal functions, any holomorphic section (which is the same as a normal function in this
situation) is horizontal.
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Proof. Let j : S ↪→ S̄ be an open immersion into a proper variety. Let π : S̄ → Pd be
a surjective generically finite etale morphism. If d = dimS > 1, the theorem of Graber-
Starr says that for any general conic C ′ ⊂ Pd, setting C := C ′ ×Pd S (which is a smooth

curve C
i
↪→ S), the restriction map on sections is an isomorphism

(3.9) OA(S) ∼= OAC
(C).

If d = 1, we take C = S in the sequel of the proof. Let us consider the commutative
diagram

(3.10)
OA(S) ↪→ Ext1

VMHSad(ZS , VZ) ↪→ H1(San, VZ)0,0

i∗ ↓ i∗ ↓ ↓ i∗
OAC

(C) ↪→ Ext1
VMHSad(ZC , i∗VZ) ↪→ H1(Can, i∗VZ)0,0.

The first vertical map (3.10) is an isomorphism. The third vertical map is injective since
π1(C)→ π1(S) is surjective by Bertini-Lefschetz, hence

(3.11) H1(San, VZ) ⊂ H1(Can, i∗VZ).

In case a), C is proper, hence OAC
(C) = OAan

C
(Can) and the bottom line of (3.10) is

a sequence of isomorphims. And so is the top line.
In case b), the bottom line of (3.10) is a also sequence of isomorphims: by [34, 10.2]

(which uses the assumption: no fixed part), the map OAC
(C) → H1(Can, i∗VZ)0,0 re-

stricts to an isomorphism

(3.12) O0
AC

(C) ∼= H1(C̄an, jC∗i
∗VZ)0,0,

where O0
AC

(C) denotes the subgroup of sections which factor through the identity com-
ponent of the Néron model, which is the case of all sections if the local monodromies are
unipotent. Therefore the top line of (3.10) is again a sequence of isomorphisms.

In case c), let G be the Galois group of S′/S, and Π′ be the kernel of Π→ G. One has
OA(S) ∼= OAS′ (S

′)G. Let us consider the commutative diagram (with exact bottom row)

(3.13)
OA(S) → OAS′ (S

′)G

↓ ↓
H1(G,V Π′

Z,s) → H1(Π, VZ,s) → H1(Π′, VZ,s)
G

Since V Π′

Z,s = 0 by assumption (no fixed part), one has H1(G,V Π′

Z,s) = 0, so that the
map H1(Π, VZ,s) → H1(Π′, VZ,s)

G is injective. On the other hand, since N ≥ 3, A′/S′

falls in case b), so that OAS′ (S
′) ∼= H1(Π′, VZ,s)

0,0, and one concludes that OA(S) ∼=
H1(Π, VZ,s)

0,0.
In general

(3.14) H1(C̄an, jC∗i
∗V )0,0 = H1(Can, i∗V )0,0.

Taking into account that Ext1
VMHSad(ZS , VZ) ⊗ Q ∼= Ext1

VMHSad(QS , V ) [9, Lemma
2.8], one concludes (3.8) from (3.13), (3.12), (3.9). �

3.2.2. Remarks. 1) Even when f extends to a semiabelian scheme f̃ over a compactifica-
tion of S with boundary with normal crossings and dimS > 1, neither σ nor any non-zero
multiple of σ will extend to a section of f̃ in general: it may be necessary to blow up some
subscheme of S to achieve this (roughly, the condition of admissibility on a holomorphic
section has to do with moderate growth, and further with meromorphy, not holomorphy,
at infinity). Therefore, the inquiry about algebraicity of sections cannot be performed in
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general by looking at limits in various extensions of Aan/San as in the general theory of
normal functions: instead, we used the Graber-Starr theorem.
2) An element of OA(S) ⊗ Q gives rise to a 1-motive over S up to isogeny. Its rational
Betti realization V is an admissible variation of mixed Hodge structures [1]. Theorem
3.2.1 suggests the question of the converse: does any polarizable admissible variation of
mixed Hodge structures of types (0, 0), (0,−1), (−1, 0), (−1,−1) comes from a 1-motive
up to isogeny over S?

In this respect, note that by Cartier duality, Theorem 3.2.1 also provides a Hodge-
theoretic interpretation of extensions of abelian schemes by Gm.
3) After finishing this note, the author received the preprint [18] where the authors show,
under mild technical assumptions, that for a ramified section σ, ∆ is a lattice in U(R). This
is especially interesting since it is not assumed that Γ is a lattice in H(R).

Assume for simplicity that S is a curve. Assume that the torsion group A[N ] is con-
stant for some N ≥ 3, whence a map S

ϕ→ Ag,N , and a finite extension C(S)/C(ϕ(S))
(which we may assume to be Galois). Let S′ be the normalization of ϕ(S) in the maximal
subextension C(S′) ⊂ C(S) unramified at all points of ϕ(S). There is a factorization
S → S′ → ϕ(S) and f comes from an abelian scheme f ′ : A′ → S′. A section of f is
ramified if it does not come from a section of f ′.

In order to prove that ∆ 6= 0 for ramified sections, [18] uses the Betti map. Let us
sketch how this could follow alternatively from Hodge-theoretic considerations.

Let Π′ be the fundamental group of S′, and V ′Z = R1f
′an
∗ Z; one can show that Π→ Π′

is surjective (given that S is Galois over S′). The section σ gives rise to a cocycle in
H1(Π, VZ,s) = H1(S, VZ), in fact in H1(S, VZ)0,0. If ∆ = 0, it comes from a cocycle
e ∈ H1(Γ, VZ,s), whose image e′ ∈ H1(Π′, V ′Z,s) = H1(S′, V ′Z) lies in H1(S′, V ′Z)0,0 ⊂
H1(S, VZ)0,0. It follows from (3.12) + (3.14) that σ comes from a section of f ′.

4. A “HODGE-THEORETIC PROOF” OF THEOREM 1.2.1

Our proof of Theorem 1.2.1 is a generalization of the previous argument for elliptic
schemes, relying on the generalization by Mok and To of Shioda’s theorem, and on the
Hodge-theoretic interpretation of sections (which depends on the Graber-Starr theorem)5.

4.1. General setting.

4.1.1. Let S be a smooth connected algebraic complex variety. For s ∈ S(C), let us write
Π = π1(San, s). Let

(∗) 0→ VZ → VZ → ZS → 0

be an extension of local systems of torsion-free abelian groups on San. We set

V = VZ ⊗Q, V = VZ ⊗Q.
Let Γ (resp. Γ) be the image of π1(S(C), s) in GL(Vs) (resp. GL(Vs)), and H (resp.

H) its Zariski-closure. Let ∆ be the kernel of Γ → Γ and U be the kernel of H → H ,
so that U is a vector group and ∆ is a subgroup of U(Z). One has Γ = ∆ o Γ, and a
surjection Π→→ Γ which induces an injection

(4.1) H1(Γ, VZ,s) ↪→ H1(Π, VZ,s).

The extension (∗) is given by a class eZ ∈ Ext1(ZS , VZ) = H1(San, VZ) =
H1(Π, VZ,s) which comes from H1(Γ, VZ,s).

5both results go beyond Hodge theory, whence the quotes.
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More precisely, let v ∈ Vs map to 1 ∈ Z, and let us consider the map ϕ : U(Q) →
Vs, u 7→ u(v)− v. It has the following three properties:

- ϕ is independent of the choice of v; in particular, one may replace v by γ(v), which
also maps to 1 for any γ ∈ Γ,

- ϕ is Γ-equivariant for the action on U(Q) by conjugation: this follows from the pre-
vious point,

- ϕ is injective: the kernel, viewed as a subgroup of H, fixes both v and Vs, hence is
trivial.

In particular, Vs ∩Q.ϕ(∆) is stable under Γ. The split exact sequence

0→ ∆→ Γ→ Γ→ 0,

together with the fact that ∆ acts trivially on Vs gives rise to an exact sequence (cf. e.g.
[14, §12] for exactness on the right)

(4.2) 0→ H1(Γ, Vs)→ H1(Γ, Vs)→ H1(∆, Vs)
Γ ∼= HomΓ(Q.ϕ(∆), Vs)→ 0.

4.1.2. This situation occurs in the setting of an abelian scheme f : A → S and a section
σ of f , with VZ = R1f

an
∗ Z. In the situation of Theorem 1.2.1, one has to show that the

image e of eZ in H1(Π, Vs)
0,0 is 0. On the other hand, by assumption, e comes from a

cocycle in H1(Γ, Vs).

4.2. Reduction to the case ∆ = 0.
It turns out that one may assume thatA/S is simple, but it is not clear a priori that Q.∆ is

then either 0 orH1(As,Q). This is related to the issue of non-rigid abelian schemes, which
arises when EndSR1f

an
∗ Z (endomorphisms of the local sytem) is bigger that EndSA (en-

domorphism of the variation of Hodge structures) - see [28] for a thorough investigation6

of the issue of non-rigid abelian schemes.

4.2.1. By restricting S one may assume that A/S is polarized. One may also assume that
A/S is simple: indeed, if A is isogeneous to a polarized fibered product A1 ×S A2 ×S
· · · ×S An with simple factors, V becomes a sum ⊕Vi and the problem reduces to the
analogous problem for each Vi.

4.2.2. Assume that A/S is simple. In order to show that ∆ is either a lattice in Vs or 0, it
is enough to show that Q.ϕ(∆) is sub-Hodge structure of Vs; since Q.ϕ(∆) is Γ-invariant,
it is the fiber at s of a local subsystem W ⊂ V , and this amounts to showing that W is a
subvariation of Hodge structures of V .

We use the fact that (∗) comes from a section σ and that Γ is a lattice in H . The latter
implies that there is a weakly special subvariety S′ ⊂ Ag,n such that the image of the
canonical map S → Ag,n lies in S′, and the monodromy of f ′ : A′ → S′ is Γ (after
‘adjustment” of subgroups of finite index). The variation V on S comes from a variation
V ′ on S′. One has a cartesian square

A
h→ A′

f ↓ ↓ f ′

S
g→ S′

6initiated by Deligne and Faltings.
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which induces a commutative square of π1’s

Vs o Π → Vs o Γ
↓ ↓
Π → Γ

and a commutative diagram with exact colums and injective rows

H1(S′an, V ′) = H1(Γ, Vs)
g∗→ H1(San, V ) = H1(Π, Vs)

f ′
∗ ↓ ↓ f∗

H1(A′an, f ′
∗V) = H1(Vs o Γ, Vs)

h∗→ H1(Aan, h∗V ) = H1(Vs o Π, Vs)
↓ ↓

H1(Vs, Vs)
Γ = EndR1f∗Q

∼→ H1(Vs, Vs)
Π

The section σ gives rise to a retraction H1(Vs o Π, Vs) → H1(Π, Vs) of f∗, and the
composition σ∗h∗ factors as

H1(A′an, f ′
∗V) = H1(Vs o Γ, Vs)→→ H1(Γ, Vs) ↪→ H1(San, V ) = H1(Π, Vs).

It follows that H1(Γ, Vs) carries a mixed Hodge structure. The quotient map

H1(VsoΓ, Vs)/H
1(Γ, Vs) = EndR1f∗Q→ H1(Γ, Vs)/H

1(Γ, Vs) = HomΓ(Q.ϕ(∆), Vs)

is a morphism of Hodge structures (of weight 0) and a morphism of EndR1f∗Q-modules.
It is thus given by an idempotent element of (EndR1f∗Q)0,0, hence Q.ϕ(∆) is a Hodge
substructure of Vs. Since A/S is simple, this is 0 or Vs, hence ∆ = 0 or is a lattice in UR.

4.3. Reduction to finiteness of the Mordell-Weil groups of Kuga fiber spaces.
Let us assume that ∆ = 0, i.e. Γ = Γ. This implies that e ∈ H1(S, V )0,0 comes from

H1(S′, V ′)0,0. By Theorem 3.3.1 (applied to S′ instead of S), e actually comes from an
element of OA′(S′) ⊗ Q. To conclude, we notice that f ′ : A′ → S′ is a Kuga family
of polarized abelian varieties in the sense of [24]. The main theorem of [24]7 asserts that
there is no non-torsion section of f ′. Hence e = 0, σ is torsion, and U = 0. �

5. VARIANTS AND COMPLEMENTS

5.1. Vanishing theorems of H1 for arithmetic groups.

5.1.1. Margulis-Starkov vanishing theorem. LetHR be a semisimple algebraic group over
R, and Γ ⊂ HR a lattice (for instance, an arithmetic subgroup of a semisimple algebraic
group over Q). Improving on previous results by Margulis, Starkov [31] proved that if there
is no epimorphismϕ : HR → L to a Lie group locally isomorphic to SO(1, n) or SU(1, n)
such that ϕ(Γ) is a lattice in L, then for any finite-dimensional real representation WR of
Γ, H1(Γ,WR) = 0.

5.1.2. This applies to the situation Γ ⊂ H of §1.1. In that case, HR must be of hermitian
type, so that only the case when L is locally isomorphic to SU(1, n) has to be considered
(note that the case of §2.1 corresponds to SU(1, 1) ∼= SL(2)).

For instance, the case considered in [17] is to H = Sp2g, g > 1, so that H1(Γ, Vs) =
0 by Starkov’s theorem, so that our cocycle e = 0 and one gets Theorem 1.2.1 as an
immediate consequence (without using the Mok-To theorem).

7which generalizes earlier works by Shioda and Silverberg.
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5.1.3. Reduction to the case whereH is Q-simple. One can go a little further in the reduc-
tion, assuming, as we may, that A/S is simple and that H is connected.

Assume that there is a non-trivial almost direct product decomposition (of semisimple
groups) H = H1.H2. Then there is a subgroup of finite index of Γ of the form Γ1 × Γ2

where Γi is a non-trivial arithmetic subgroup of Hi. Passing to a finite etale cover of S,
one may assume that Γ = Γ1 × Γ2.

Then V Γ1
s = V Γ2

s = 0, and H1(Γ, Vs) = 0.
Indeed, V Γi

s is H-stable; and since H is normal in the Tannakian group G of the varia-
tion of Hodge structures V , which is connected likeH [1][3],G acts on AutH by inner au-
tomorphisms of H , hence normalizes Hi. Therefore V Γ1

s , V Γ2
s are, up to isogeny, fibers at

s of abelian subschemes. Since Γ acts faithfully andA/S is simple, one has V Γ1
s = V Γ2

s =
0. Then the exact sequenceH1(Γ1, V

Γ2
s )→ H1(Γ, Vs)→ H1(Γ2, Vs)

Γ1 = H1(Γ2, V
Γ1
s )

shows that H1(Γ, Vs) = 0.
Therefore one may assume that H is (almost) Q-simple; it is well-known that it is then

a restriction of scalars ResF/QH
F , where HF is an almost absolutely simple group over a

totally real field F ); and further that some real embedding HF ⊗F R is locally isomorphic
to SU(1, n) (the other real embeddings being compact).

5.2. The pro-` picture; congruence subgroup property and vanishing theorems for
H1.

5.2.1. Let ` be a prime number.
Let Γ` (resp. Γ`) be the image of of the etale fundamental group πet1 (S, s) in GL(Vs ⊗

Q`) (resp. GL(Vs⊗Q`)), an `-adic analytic Zariski-dense subgroup of HQ`
(resp. HQ`

).
Note that derived Lie subalgebras of an algebraic Lie algebra are algebraic [7, §7,

Cor. 7.9]. In particular Lie Γ` = LieH`, DLie Γ` = DLie HQ`
. The same holds for the

Lie algebra of an analytic subgroup of a vector group (such as Hab
Q`

). One deduces that
Lie Γ` = Lie H`, and further that ker(Γ` → Γ`) is Zariski-dense in UQ`

.

5.2.1. Remark. If α ∈ Z∗` is not a root of unity, the image of Z` → GL2,Q`
, z 7→(

α 1
0 α

)z
is not open in its Zariski-closure Ga ×Gm8.

5.2.2. Let H̃ denote the universal covering ofH , and Γ̃ be the inverse image of Γ in H̃(Q).
Note that H̃ has no compact factor, hence the strong approximation theorem applies to H̃ .
If moreover H̃ satisfies the congruence subgroup property, Bass-Milnor-Serre show9 that
H1(Γ̃,W ) = 0 for any finite-dimensional Q-representation of Γ̃ [6, Theorem 16.2]. In
particular, H1(Γ, Vs) ⊂ H1(Γ̃, Vs) = 0.

5.3. Vista: Integral relative monodromy of normal functions.

5.3.1. Let S be a smooth connected complex algebraic variety and f : X → S a projective
smooth morphism. Let us consider the local system VZ = R2n−1fan∗ Z(n) (for some
n ∈ N): it underlies a variation of Hodge structures of weight −1, as in 3.2.2.

Any extension of variations of mixed Hodge structures 0 → VZ → VZ → ZS → 0
corresponds to a holomorphic section (called a horizontal normal function) of the relative
intermediate Jacobian Jn(X/S), which is fibered in complex tori over San: any such
extension corresponds to a holomorphic section ν of Jn(X/S). Standard examples of

8this example also shows that the property of being open in the Zariski-closure cannot be tested on the
semisimplification.

9their proof uses an argument similar to the one above §5.2.1.
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(admissible) normal functions come from families of algebraic cycles of codimension n
which are homologically trivial in the fibers, by the Abel-Jacobi construction, cf. e.g. [12,
§2].

Theorem 2.2.1 generalizes to this situation whenever the monodromy of VZ is a lattice
satisfying Starkov’s condition.

5.3.2. Other examples of admissible normal functions occur in the Green-Griffiths ap-
proach to the Hodge conjecture. One starts with a smooth projective variety X̄ of dimen-
sion 2n and a Hodge cycle ξ ∈ H2n(X̄,Z)(n). Let X → S ⊂ P1 be constructed from a
Lefschetz pencil of hyperplane sections of X̄ (blowing up the axis of the pencil). Assume
moreover for simplicity10 that H2n−1(X̄,Z) = 0. This provides a normal function ν, cf.
e.g. [12, §3]11.

In this situation, [21, §6.7] presents mild geometric conditions (conjecturally always
satisfied according to loc. cit. ) which guarantee that the monodromy of VZ is a lattice in
HR = Sp(Vs ⊗ R). Theorem 2.2.1 then applies if the lattice is of rank ≥ 4: the relative
integral monodromy of VZ is a lattice in the relative algebraic monodromy.
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