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Abstract. We extend the buckling and clamped-plate problems to the con-
text of differential forms on compact Riemannian manifolds with smooth
boundary. We characterize their smallest eigenvalues and prove that, in the
case of Euclidean domains, their spectra on forms coincide with the spec-
tra of the corresponding problems. We obtain various estimates involving
the first eigenvalues of the mentioned problems and the ones of the Hodge
Laplacian with respect to Dirichlet and absolute boundary conditions on
forms. These estimates generalize previous ones in the case of functions.

1 Introduction

Let (M, g) be an n-dimensional compact Riemannian manifold with smooth boundary M and let
v be the inward unit vector field normal to M. For a smooth function f on M, we consider the
following two problems

A’f =Tf onM

f =0 on OM (1)
% =0 on OM
and
A’f =AAf on M
f =0 on OM (2)
% =0 on OM
called the clamped plate and the buckling problem respectively. Note that Af = —tr(V2f) is

the Laplace operator of f and A? its square, which is sometimes called the bi-Laplace operator.
It is well known that these two problems have discrete spectra consisting of eigenvalues of finite
multiplicities

and
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where each eigenvalue is repeated according to its multiplicity. Physically, problem () describes
the vibrations of a clamped plate, whereas problem (2]) describes the critical buckling load of a
clamped plate subjected to a uniform compressive force around its boundary.

These two problems were studied by numerous authors. In 1955, Payne [13] proved that, if M is a
planar domain, then

A > A,

where Ay is the second eigenvalue of the Dirichlet problem on M (see also [8] for a corrected proof).
In 1996, Ashbaugh and Laugesen showed, in their work in [2], that whenever M is a bounded and
connected open subset of the Euclidean space R”,

A2>T1 > A > N2, (3)

where \; is the first eigenvalue of the Dirichlet problem on M. In [4], Chen, Cheng, Wang and Xia
proved that, if the Ricci curvature is bounded below by n — 1, then

'y >nA and Ay > n. (4)

Ilias and Shouman gave in [I2] an estimate relating the first eigenvalue Ay of the buckling problem
to 1, the first nonzero eigenvalue of the Neumann problem:

1 < Aq. (5)

In this paper, we first generalize problems (Il) and (2] to the context of differential forms on the
manifold M. We prove that each problem has a discrete spectrum consisting of a nondecreasing
sequence of real eigenvalues of finite multiplicities and the corresponding eigenforms form a Hilbert

basis of L%-integrable p-forms on M. We also characterize the first eigenvalue of each problem (see
Theorems and [2.4)).

In Section B we prove that if (M, g) is a compact domain of the Euclidean space R™, the spectra
without multiplicities of both problems on p-forms, for p = 1,...,n, and on functions on M coincide
(see Proposition B]). This allows, for example, to determine the first eigenvalues of both of the
problems on p-forms for the Euclidean ball of arbitrary radius. In the same section, namely in
Theorem B3] we establish a relationship between the first eigenvalues of the buckling and clamped-
plate problems on an arbitrary compact Riemannian manifold (M, g) with smooth boundary. In
the same context, we consider the following problem, called the Dirichlet problem on forms,

Aw = w InM (6)
w =0 on OM

and give estimates relating the first eigenvalues of the buckling, clamped-plate and Dirichlet prob-
lems. The estimates that we obtain generalize inequalities (B to differential forms on M. We prove
as well that there exists a connection with the first eigenvalue of the absolute boundary value
problem on forms

Aw =puw on M

viw =0 on OM (7)

vadw =0 on OM

given in Theorem BTl This connection allows to extend () to differential forms.

Further in the same section, we show that, under the condition that the Weitzenbock curvature
operator is bounded below by a positive constant -, the first eigenvalue A;, of problem (@) is
also bounded below by a quantity depending on v, see Theorem This gives new estimates of
the first eigenvalues of the buckling and clamped-plate problems under the same conditions, see

Corollary 318



Finally, we end Section [] by considering domains M of the unit sphere S and derive inequalities
relating the first eigenvalues of the buckling and clamped plate problems on forms of different
degrees (see Theorem [3.20]).
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2 The buckling and clamped plate problems

In order to make this work self-contained, we collect here some classical and useful formulae in the
study of p-forms on manifolds with boundary. In the following, (M", g) denotes an n-dimensional
compact Riemannian manifold with smooth boundary and v the inner unit normal to dM. Then
we recall from [16, Lemma 18] that for any p-form w on M, we have

(Vyw) = vadw + d(vow) 4+ SP(Fw) (8)
and
vaVw = 0 (*w) — *(6w) — SP U (wiw) + (n — 1) Hrvow. 9)

Here 6°M denotes the codifferential on M, SIP! is the natural extension as an endomorphism of
QP(OM) of the shape operator S := —Vv of the embedding ¢ of 9M in M and H = ﬁtr (S) is
its mean curvature, see e.g. [16 p. 624].

We are especially interested in p-forms w € QP(M) which satisfy the boundary condition w,, = 0.
Then, using () and (@), it is not difficult to compute that, along M, we have 1*V, w = vidw and

vaVyw = —t*dw. So it is straightforward to see that
w =0
WiaM =0 viw = 0
{ Viwow — 0 oo — 0 (10)
vadw = 0.

In the following, we will denote by Z the vector space of smooth p-forms on M which satisfy these
boundary conditions that is

Z = {w € Q" (M) |wjprs = 0 and Vywipp = 0} (11)

In this work, we will also often use integration by parts formulae which are cumbersome to write
down in the general frame work of p-forms on manifolds with boundary. However, as we restrict
our attention to elements in Z, it may be very useful to observe that in this context they become
very simple. In fact, for any w,w’ € QP(M), it holds that:

/M<Aw,w'>d,u = /M ((dw,dw') + (5w,6w'>)d,u + /{)M <(1/_:dw,L*w'> — (LM ow,va w'))da (12)

:/ (w, Aw')dp —|—/ ((V_:dw, W) = (Cw,vadd) + (vow, 16w’y — (1w, V_nw/>>d0(13)
M oM

and so we immediately deduce from ([I0) that if w,w’ € Z then

/M<Aw,w/>d,u = /M <(dw,dw'> + (dw, 5w/>>d,u = / (w, A )dp. (14)

M
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Here dpu (resp. do) denotes the Riemmanian measure density of (M™,g) (resp. OM endowed with
the induced metric). Now by replacing w by Aw in ([I3]), we obtain

/ (A0, dp = / (Aw, A')dp +/ <<1/JdAw, Wy — (1 Aw, I/del>)d0'
M M oM
+/ <<I/JAW,L*(56«)/> — <L*5AW,VJC«)/>>dO'
oM
and so if w,w’ € Z, we get

/<A2w,w/>d,u:/ (Aw, Aw')dp. (15)
M M

In the following, we will also denote by (-,-) 2(as) the L*-scalar product on QF(M) and || - || z2(ar)
its associated norm. We finally notice that the boundary conditions studied here turn out to be

elliptic in the sense of Lopatinskii-Shapiro (see [I8] Def. 1.6.1]). This was proved in a more general
setting by the first four authors (see [6, Lemma 6.1]) and we restate this result in our context.

Lemma 2.1 Let (M",g) be a compact Riemannian manifold with smooth boundary OM and let v
be the inward unit normal vector field to the boundary. The following boundary value problem

A = f on M

w =w; on oM
ow  =wyg  on OM
vadw =wz ondM

for given f € QP(M), wy € QP(M)
Lopatinskii-Shapiro.

wy € WPYIOM), ws € QP(OM), is elliptic in the sense of

‘81&17

2.1 The buckling problem

The buckling eigenvalue problem on differential forms is

A% =AAw on M
w =0 on OM (16)
Vywioy =0 on OM

for some real constant A. Let us begin with the following existence result.

Theorem 2.2 There exists a Hilbert basis of the space of L?-integrable p-forms on (M™,g) consist-
ing of eigenforms solutions of the problem (I@) associated to an unbounded and positive sequence
of eigenvalues (A;p)i>1. Moreover, each eigenspace has a finite multiplicity and the corresponding
eigenforms are smooth. Finally, the first eigenvalue Ay ) is characterized by

[Aw]l3
Ay, =inf 5 L>(M) 5
[T + 1020

FEquality holds if and only if w is an eigenform associated to the first eigenvalue.

,we QP (M)\ {0}, wy,,, =0 and Vl,me:O}. (17)
)

Proof. The proof is classical and so we only recall the main steps. For all p-forms w,w’, the two
bilinear forms

(w,w/)v = /M(Aw,Aw'>du and (w,w/)W = /M ((dw,dd) + (5w,5w'>)d,u

4



define scalar products on Z whose associated norms will be denoted by || - ||y and || - [[y. We will
also denote by V and W the completions of Z with respect to these norms. Then one can easily
show that there exists a positive constant C' such that || - [[r < C|| - ||y on Z so that there is a
natural bounded linear operator Z: V' — W extending the identity map on Z. Since by [I] — see [3]
for a corrected proof — any closed and co-closed p-form vanishing along M must vanish identically
on M, the operator Z is actually injective.

Now let I: V' — V be the linear operator defined by

(ICw, w')v = (Zw,Iw/)W

for all (w,w’) € V2. By definition, the operator K is self-adjoint and positive-definite. On the other
hand, since from standard elliptic estimates both norms [ - ||y and || - [[g2(as) are equivalent on
7, the Rellich theorem ensures that Z is compact and so is . The spectral theorem for positive
compact self-adjoint operators applies and yields the existence of a countable Hilbert orthonormal
basis (w;)i>1 of V associated to a monotonously nonincreasing positive real sequence of eigenvalues
of finite multiplicities (o p)i>1 going to 0 such that Kw; = «; pw; for all ¢ > 1. Now fixing i > 1
and using the definition of IC as well as the integration by part formula (I4]), it can be computed
that, for every w € Z,

Qip (Aw, AW)LQ(M) = (,Cwi’w)\/ = (wi’w)W = (Awi’w)L2(M) :
At the same time, we also have by (&) that

(szaAw)H(M) (A Wi, W )L2(M)

for every w € Z and so the previous equality now reads as
(Azwi — Ai,pAwl-, w)

2y =Y

where we let A;, = . It follows that w; is a weak solution of the eigenvalue problem (I6) which,

by ellipticity (see in LemmalZ[I) is in fact smooth. Thus the form w; becomes a smooth eigenform
to problem (6] associated with the eigenvalue A;, = m which is of finite multiplicity, since a4,
is. 7

Conversely, observe that if there exists a nontrivial solution w to (I6]) for a certain A € R, then by

([IH), we have

(0. = A (),
for every w’ € Z. Note that A > 0, since otherwise A%w = 0 which from (I5) implies that Aw = 0
and then w = 0 by [I] since wsy; = 0. By definition of K, we have (w,w’)y, = A (Kw,w'),, for all
w' € Z and hence in V, therefore Kw = %w. This shows that w is an eigenform of K associated to
the eigenvalue a0 = %

Finally, given any eigenform w associated to a positive eigenvalue A of (Il), we have by formula

(IH) that
A/ (Aw,w>d,u:/ |Aw|*dp.
M M

Applying ([[) to the left-hand side of this equality ensures that
1Aw|Z2 s

’p-udwuL%Af-+u5wuL2m4

Ay

for every such eigenform, with equality for w associated to Aj . Finally, if w € V, one may write
its decomposition in the Hilbert basis (w;);>1 so that

1 1
ldeol|Z2 ary + 100l|Z2ar) = (Kw,w)y = D 51— |(@,wi)y | <—ZWM [ = T lAwliZz
i>1 %,p Lp i>1 Lp
This prove the characterization (7)) since Z is dense in V. O



Remark 2.3 The Hodge * operator is an isometry commuting with the Laplacian and preserving
the boundary conditions in the buckling problem so that A; , = Aj p—p for anyi>1 and 1 <p < n.

2.2 The clamped plate problem

The clamped plate eigenvalue problem on differential forms is

A% =Tw onM
w =0 on OM (18)
Viwon =0 on OM

for some real constant I'. As previously, we immediately get the following existence result.

Theorem 2.4 There exists a Hilbert basis of the space of L*-integrable p-forms on (M™,g) consist-
ing of eigenforms solutions of the problem (I8) associated to an unbounded and positive sequence
of eigenvalues (I'; ,);>1. Moreover, each eigenspace has a finite multiplicity and the corresponding
eigenforms are smooth. Finally, the first eigenvalue I' j, is characterized by

. ||AWH%2(M) »
FLP = inf W, w e Q (M) \ {0}, w|8M =0 and VVW‘@M =0,. (19)
L2 (M

Fquality holds if and only if w is an eigenform associated to the first eigenvalue.

Proof. It is enough to take (, )y, to be the L?(M)-scalar product on QP(M) in the proof of Theorem
and then the proof goes the same. Note that if w € QP(M) is an eigenform associated to I'y ,
it follows from (I&]) that I'; , > 0. Moreover if I'; ,, = 0 then any associated eigenform w has to be
harmonic with wjgys = 0 and so w =0 by []. In particular, I'; , > 0. O

Remark 2.5 As for the buckling problem, the Hodge * operator preserves the clamped plate problem
so that I'y ), =T n—p for any i >1 and 1 < p < n.

3 Eigenvalues of the buckling and clamped plate operators

3.1 Eigenvalues for Euclidean domains

In this section, we completely describe the spectrum of the buckling and clamped plate problems for
compact domains in the Euclidean space. More precisely, we prove the following characterization.

Proposition 3.1 Let (M™,g) be a compact domain in the Euclidean space R™. Then the spectrum
of the buckling problem on p-forms on (M™,g) coincide with the spectrum of the buckling problem
on functions that is N;, = Ao for allt > 1 and p € {1,...,n}. The same holds for the clamped
plate problem that is Ty, =10 for alli >1 and p € {1,...,n}.

Proof. First recall that on R™, there exists for each p € {1,...,n} a maximal number of parallel
p-forms.

Fix p € {1,...,n} and denote by wy a nontrivial parallel p-form on M. Then note that for any

smooth function f on M with fispr = 0 and %\8M = 0, the p-form w; := fwy satisfies

wf\@M =0 and Vl/wf|8M =0. (20)



On the other hand, since wg is parallel, we have dw; = df A wp and dwy = —df Jwy and therefore
Aws = (Af)wo. Applying twice this formula leads to

A%wp = A ((Af)wo) = (A2f) wo- (21)

Now if we take f1 (resp. f2) to be an eigenfunction for the buckling (resp. clamped plate) problem
@) (resp. () associated with the eigenvalue A (resp. I'), we conclude combining (20) and (21]) that
wy, (resp. wy,) is a p-eigenform for (I6)) (resp. (I8)) associated with the eigenvalue A (resp. I').

Conversely, first note that if f € C°°(M) is a smooth nontrivial function such that f = (w,wp)
where w is a smooth p-form and wy is a smooth parallel p-form we have

Af = (V*Vw,wy) = (Aw, wo) (22)

where the last equality follows from the Bochner formula (see ([B2]) below) and the fact that M is
Euclidean. Note also that if w satisfies the boundary condition (I0) then f and 0f/0v vanish on
OM . Now if wy and wy denote respectively p-eigenforms to the problems () and (I8]) associated to
the eigenvalues A and I', then there exist two parallel p-forms wé on R” such that f; :== (w;, w6> are
smooth nontrivial functions for ¢ = 1,2. Therefore we easily deduce from (22)) that these functions
are smooth eigenfunctions of ([2) and (Il respectively associated to A and T O

Remarks 3.2

1. Proposition[31] gives immediately the value of the first eigenvalues of the buckling and clamped
plate problems on p-forms for the Euclidean ball of radius R = 1/Hy. More precisely, it follows
from [Z, Sec. 1] that

9 4 4
Aip=ju Hy and Thrp=Fkn ,Hp,

where Jooa s the first positive zero of the Bessel function J% and k%,m is the first positive
zero of J%_llg —|—J%I%_1, with Iy being the corresponding modified Bessel function of the first
kind.

2. If (M",g) is a compact Riemannian manifold carrying a nontrivial parallel p-forms for a
certain p € {1,...,n}, we can mimic the first part of the proof of Proposition [31] to ensure
that if SpecAJ,(M) and Specnp(M) denote respectively the buckling and clamped plate spectra
on p-forms for p € {0,...,n} then we have

Specy o(M) C SpeCAJ,(M) and SpecF,O(M) C Specr ,(M)

3.2 General estimates

In this section, we prove general estimates between the first eigenvalues of the buckling and the
clamped pate problems and other classical problems. These estimates hold on (M", g) without any
extra assumption, except being a compact Riemannian manifold with smooth boundary.

The first result of this part establishes a direct link between the buckling and the clamped plate
problems.

Theorem 3.3 On an n-dimensional compact Riemannian manifold (M™, g) with smooth boundary,
we have Ty, < A7 for all p € {0, ... ,n}.

Before giving the proof of this result, we first note that if w is a p-form satistying w,,, = Vywj,,, =0
then it follows from the identity A = dé + dd and from an integration by parts that

HAWH%%M) = H‘SdWH%?(M) + ||d5w\|%2(M)
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and from (I4]) that
(Aw,w) 2(an) = 1401 F2(ar) + 10w][72ary- (23)

Proof. Let w be a smooth nonzero p-form on M with w,, = 0 and V,wygy = 0. By [23) and the
Cauchy-Schwarz inequality, we get

ldew|Z2(ar) + 10wl Z2ary < AW L2anllwll 2 ary

and this implies that
2
HAw”L2(M) ||AWHL2(M)

HWHLQ(M) N Hde%Q(M) + H&"JH%2(M)

Taking w to be an eigenform of the buckling problem associated to Aj , gives the desired inequality.
Moreover, if equality holds, then for any eigenform w of the buckling problem associated to Ay ,, the
p-form Aw is pointwise proportional to w, therefore Aw = A; ,w on M and thus w is an eigenform
of the Dirichlet problem associated to the eigenvalue Aj,. But because w satisfies V,wjgpr = 0
along OM, the unique continuation theorem for elliptic second-order linear operators (see e.g. [17,
Theorem 1.4] and [I1], chap. VIII]) implies that w = 0 on M. This shows that the inequality must
actually be strict. O

Now we consider Ay, the smallest eigenvalue of the Hodge Laplacian of M with Dirichlet boundary
condition. It is well-known that there exists a Hilbert basis of the space of L*-integrable p-forms
on (M™, g) consisting of smooth eigenforms solutions of the problem

(24)

Aw = w onM
w =0 on OM

associated to an unbounded and positive sequence of eigenvalues (\; )i>1. Moreover the first eigen-
value is characterized by

1wl 2 gy + 10wl
)\1,1) = inf LQ(M) 2 LQ(M) , WE Qp(M) \ {0}7 <")\aM =0
lllZ2am

and has to be positive because of [I].

Remarks 3.4

1. The Hodge % operator preserves the Dirichlet problem so that \; , = \j n—p for any i > 1 and
1<p<n.

2. If (M™,g) is a compact domain in the Euclidean space, one can show, reasoning as in the
proof of Proposition [31], that the Dirichlet eigenvalues on p-forms do not depend on p and
correspond to the Laplacian Dirichlet eigenvalues on functions.

We are now in position to give explicit estimates between the first eigenvalues of the three previous
problems, restricting our attention to 1 < p < [§] by Hodge symmetry of these spectra. Namely we
get:

Theorem 3.5 On an n-dimensional compact Riemannian manifold (M™, g) with smooth boundary,
the following inequalities hold:

1. Mphip <Tip for 0 <p<n;

2. inf()\17p+1, )\17p,1) < Al,p fOT’ 1< D < ny



3. A1 < A
Remarks 3.6

1. The inequalities of Theorems and[3.3 give the analogue of some well-known results in the
case of functions (see [Z] for example).

2. In general, it is not clear whether equality can occur in the second and third inequalities of
Theorem [, We will see that this cannot occur for Euclidean domains.

Proof. To prove the first inequality, we consider w an eigenform of the clamped plate problem (IS])
associated with I'y ;. Then the form w can be considered as a test-form for the first eigenvalue of the
buckling problem as well as for the first eigenvalue of the Dirichlet problem on differential forms.
Therefore we first get

M (Il Z2ar) + 18903200 ) < 1AWz a0

which can be rewritten as

)

(HdWH%%M) + H‘SWH%2(M)> HAWH%%M)
Lp <

”"‘JH%2(M) Hw|’%2(M)

from which the estimate follows. If the inequality is an equality, then any eigenform w of the clamped
plate problem must be an eigenform of the Dirichlet problem for the Hodge Laplacian on M. As
above, the unique continuation theorem implies that w = 0. Therefore the inequality is strict.

For the second estimate, we consider w an eigenform of the buckling eigenvalue problem (IG)
associated with the first eigenvalue Ay, for 1 < p < [§]. We first notice that the two differential
forms w; = dw € QPTL(M) and we = dw € QP~L(M) cannot be both trivial otherwise w would be
a harmonic p-form which vanishes on the boundary which is impossible by [1]. Moreover, it follows

from (I0) that
Gwi=difw =0, vow;=vidw=0

and

_68M(

we = 1" (0w) =0, vowy = vaw) =0

which imply that both w; and we vanish along the boundary. So one can respectively take these
forms as test-forms in (24)) leading to

MprilldolFonny < N18dwlFayy  and  ArpoilldwlFagay < ldowl[72 ay-
By adding these two inequalities, we get
Inf (A py1, Ap—1) <Hdw\|%2(M) + H5WH%2(M)> < [16dwlZ2 gy + 1ddwl 72 ar)

and the variational characterization (I7) allows to conclude.

For the last one, take a smooth eigenfunction f for the buckling problem (2]) on functions associated
to A1 and let w = df € Q1(M). Then as above we observe that w vanishes on M so that it can
be used as a test-form in the variational characterization of A;; leading to the inequality

< fM (Af)2dlu' _
= A Py

This proves the third inequality in the broad sense. O

)\1 1,0-

)

A direct consequence of Theorem and the first inequality in Theorem is the following
estimate.



Corollary 3.7 Let (M™,g) be a compact Riemannian manifold with boundary then

)\17p < VPLP < ALP (25)

for all0 <p <mn.

Since for domains in Euclidean space, the eigenvalues A1, and A;, do not depend on p, it fol-
lows from the previous corollary with p = 0 that equality cannot occur in the second and third
inequalities of Theorem

Remark 3.8 In [5], the Robin problem is defined as

Aw = \w on M
vaw =0 on OM
vadw =T1*w on OM

and it is proven that the first eigenvalue satisfies A\ ,(7) < A1 for any parameter T > 0. Hence, it

follows from @Z8]) that A\ ,(7) < \/T'1p < A1p.

Remark 3.9 [t is in fact not difficult to show that \j,, < Aj, forallj > 1 andp =0,...,n, where
the inequality is strict for j = 1 by Corollary [3.7 Indeed, it can be checked that the eigenvalue
problem (24)) is equivalent to the problem

A2 =)XAw on M
w =0 on OM
Aw =0 on OM

i such a way that the Dirichlet eigenvalues are determined by applying the min-max formula to
the functional

fM |AwlPdu
Torlol? + (5

on subspaces of p-forms which are in (H>N H})(M). Namely, any critical point w € (H>NHE)(M)
of that functional associated with a critical value £ must satisfy

/ (Aw, Aw'dp = ¢ - / ((dw, dw') + (6w, 6w')) dp
M M

for all W' € (H? N HY)(M), that is,

/ (A2w, W )dp —|—/ (" Aw, vodw'y — (voAw, *6w')) dp = £ - (/ Aw,a/)) ,
M oM M
which reduces to

/ (A% — 1AW, W) dp = / ((volhw, 6w’y — (U Aw, vodw')) dp.
M oM

Here we have used that ' vanishes along OM . It can be deduced in the usual way that A2w—{(Aw = 0
on M as well as v2Aw = 0 and *Aw = 0 along OM, using the fact that, for ' € H}(M), we
have 1*0w’ = —v_V,w' and vadw' = *V ', and both the tangential and normal components of
V' can be prescribed independently. Thus Aw = 0 along OM, which yields the above equivalent
problem.

Comparing now the above characterization to that of Aj;,, where the same quotient is considered
on the smaller space Hg(M), allows to conclude. Mind that it cannot be deduced for 7 > 2 whether
the equality can be attained or not.

10



Now for p € {0,...,n}, we consider the Hodge Laplacian with respect to the absolute boundary
condition which satisfies the eigenvalue problem

Aw =puw on M
viw =0 on OM (26)
vidw =0 on OM.

We will denote by pi1,, the first positive eigenvalue which is given by

. deoll7 20y + 110w17 2 1)
wear (M)\{0} w12 ap)

Hip = ,vaw=0and w € HZ(M)l} . (27)

The eigenspace associated with the zero eigenvalue, if non empty, corresponds to the absolute de
Rham cohomology group in degree p defined by

HY (M) ={we QP(M)|dw = 6w =0on M and v_w = 0}.

With these notations, it is clear that ;o corresponds to the first nonzero eigenvalue of the Laplace
operator under the Neumann boundary condition. Note also that the dual eigenvalue problem is
the relative one whose zero eigenvalue reflects the relative de Rham cohomology group

HY (M) ={we QP(M) |dw = éw =0 on M and t*w =0}

and is related to the absolute boundary condition by the Hodge star operator which induces an
isomorphism HY (M) ~ H}; "(M) for all p = 0,...,n. The Hodge star operator maps (28] onto the
boundary problem

Aw =kw onM

w =0 on OM

F(dw) =0 on OM

where k is the corresponding eigenvalue. As usual, up to the possible eigenvalue 0, the
(monotonously nondecreasing) sequence of real eigenvalues is denoted by (k;p)i>1, where ky, is
the smallest positive one. It is a straightforward consequence of that correspondence via the Hodge
star operator that, for all ¢ > 1 and p € {0,...,n}, the identity p;, = kjn—p holds. Moreover,
f1.n = k1,0 > 0 holds because of H%(M) = {0}. By definition, the identity x; o = A1 also holds.

Remark 3.10 If HY (M) = {0}, an eigenform for the Dirichlet problem (Z4) can be taken as
a test-form in the variational characterization of pu1, leading to the estimate p1, < A1, for all
p =1,...,n. Note that this inequality does not hold in general for p = 0. Howewver, it is a well-
known result of Pdlya [TF)] (see also [T]) that pi1o < Ao for Euclidean domains. On the other
hand, for p = 0,...,[5], Guerini and Savo proved in [10, Theorem 2.6, b)] that py, < K1, for
a convex domain M in the Fuclidean space. Even more, if M is strictly convex, this inequality is
strict for 0 < p < [§] (see [10, Theorem 2.6, c)]). Therefore, for a convexr Euclidean domain with

HY (M) = {0} for some p=0,...,[5], we have

M17p S K/17p = lu{lyn*p S Alynfp = A17p

This is the case for example for strictly convexr domains in R™ and in addition the first inequality
is strict for 0 < p < [§] by the above discussion.

It turns out that the first nonzero eigenvalues of the Hodge Laplacian under the absolute boundary
condition can be related with the first eigenvalue of the buckling problem, as is stated below.

11



Theorem 3.11 On an n-dimensional compact Riemannian manifold (M"™,g) with smooth bound-
ary, we have

max ((1,ps f1,n—p) < A1p (28)

for allp =0,...,n. Moreover, equality occurs if and only if there exist k € {p,n — p}, w € QF(M)
and wy € HE (M) \ {0} satisfying the overdetermined boundary value problem

Aw = 1 kW on M
w = wp on OM (29)
*(dw) =0, vidw=0 ondM.

Proof. Let wy; € QP(M) be an eigenform of the buckling problem associated to the eigenvalue Aj ,,.
We denote by wy the L?(M)-orthogonal projection of wy onto HY (M) and we set w := wy; — wp €
OP(M). Then dw = dw; and dw = dw; on M, and in particular Aw = Awj, as well as vow = 0
and vidw = 0 along OM. For this form w, using the first equality in (I4]) and the Cauchy-Schwarz
inequality leads to

dwl|7 Swll3 C = (Aw,w) e < [1Aw]2 2
| WHL2(M)+H WHLz(M) = ( waw)LQ(M)—H WHL?(M)HWHB(My

so that ) ) )
HdeL2(M) + H(SWHLZ(M) - HAWHLZ(M)
Wy Tday + 10w Bay
Note that HdeLQ(M + HéwHLQ(M HdleLQ(M + H(SleLQ(M > 0. Moreover since Aw = Aw; and
w1 is an eigenform assomated Wlth Ay, we deduce that
el g, + 18020 A2y
= 2 2 = A1y
HWHL2(M) HdleLz(M) + H5W1HL2(M)
But vow = 0 and (w,w’)Lg(M) = 0 for all w’ € HY(M) so that the p-form w can be taken as a

test-form in ([27) and therefore p1 ), < Aj,. The same reasoning ensures that 1 ,—p < Ay ,—p and
the result follows since Aj,—, = A1) as noticed in Remark 23]

Now if equality occurs one can assume without loss of generality that & = p (recall that k € {p,n—p}
by assumption). Then the p-form w is an eigenform with respect to the absolute boundary condition
for the eigenvalue ji1 5, so that it satisfies the problem (27)). On the other hand, it is clear that since
w = wy —wp with wy an eigenform for the buckling problem and wy € HY (M) we have t*w = —*wy
and ¢*(dw) = 0 which gives the first part of the equality case. Conversely, assume that there exists
w € QP(M) satisfying ([29) with wy € HY (M) \ {0}. Now if we let wy := w — wy, it is not difficult
to check using (I0) that

wipmy =0 and  Vywygy =0

so that w; can be taken as a test-form in the variational characterization of Aj,. On the other
hand, since wy is an harmonic field we have dw; = dw and dw; = dw and then

1Awi (1725 1Aw|Z2

Ay = MU1,p-

P = dor Zagy + 6 lBaiyy  1dwZaan +H6wuL2(M

This implies that equality occurs in our eigenvalue estimate. The same holds if we replace p by
n —p. O

Note that problem (29]) would not be elliptic without the boundary condition v_dw = 0.

12



Remark 3.12 In other words, Theorem [Z11 states that
max (t1,p, k1,p) < A1 p (30)

for all p = 0,...,n. Moreover, equality occurs if and only if there exist either w € QP(M) and
wo € HY (M) \ {0} satisfying (29), or © € QP(M) and @y € Hp(M) \ {0} such that

AW = K1 pWw on M
w = W on OM (31)
F(ow) =0,vidw=0 on oM.

As a direct consequence of Theorem B.17], we get:

Corollary 3.13 Let (M™,g) be an n-dimensional compact Riemannian manifold with boundary,
then the following hold:

1. if HY (M) = {0} then p1p < A1y forp=0,...,n—1;
2. if HY(M) = {0} and HY,(M) = {0} then Inequality (28) is strict for p=0,...,[%].

Note that, when H% (M) = {0}, the inequality p1, < Aj, is a straightforward consequence of
Corollary B.7 because of max(i1,p, f1,n—p) < A1,p by [5] Prop. 5.4].

Remarks 3.14

1. Since H}(M) = {0} it follows from Theorem [311l that p1, < A1, which is just another
formulation of the inequality Ao < A1 .

2. Let w; € QP(M), i = 1,2, be two p-forms on M such that wyjgns = wojans- Then it follows
directly from (8) and (9) that:

(L*(éwl) =1 "(0wy) and vidw, = Iudwg) =  Vywiom = Vewgaum-

Using this characterization, it is not difficult to show that w € QP(M) and wy € HY (M)
satisfy (29) if and only if

Aw = i1 pw on M
w = wo on OM
Vowon = Vuwgomu — on OM.

Obviously, the same holds for the eigenvalue boundary problem (F1l) with w € QP(M) and
Wy € HY(M).

From Corollary 3.7 the estimate ([B0) for p = 0 reads
pro < Ao and Mg < Ao

The first inequality was proved in [I2] and states more precisely that p1 9 < Ay on any compact
Riemannian manifold with boundary. However the arguments given in the proof of [12) Lemma 3.1]
which establishes that the inequality is strict are not clear. Indeed if M is assumed to be connected,
we have Hg(M ) ~ R and so, as indicated in Theorem B.I1] the equality w1 o = Ao ensures the
existence of a smooth function f on M satisfying the overdetermined problem

Af =mpof on M
foo= vol(Mg‘) Jos fdp on OM
% =0 on OM

which is a particular case of the so-called Schiffer conjecture (see for example [15] and the references
therein). However the fact that the inequality is strict can be proved at least for Euclidean domains.
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Corollary 3.15 Let (M",g) be a compact domain in the Euclidean space. Then pi o0 < Aqp.
Proof. As recall in Remark B.I0, we have p; o < Ajo for any domains in the Euclidean space and
so the result follows from Corollary B.7] O

On a convex Euclidean domain with HJ,(M) = {0}, since the spectrum of the Dirichlet and the
buckling problems do not depend on p, we deduce from Remark B.I0] that

Pip < Ap=A1,0 < A0 < A1g=Aq,

for p = 0,...,[5]. The last inequality is due to Payne [I3] (with a gap in the proof filled by
Friedlander [§]).

3.3 Manifolds with Weitzenbock curvature operator bounded from below

In this section, we give a lower bound for the first eigenvalue Ay, of the Dirichlet Hodge Laplacian
under the condition that the Weitzenbock curvature operator of the Riemannian manifold (M™, g)
is bounded from below by a positive constant v > 0. Combined with some results of the former
part, we obtain estimates for the first eigenvalues of the buckling and clamped plate problems in
this context. These last results generalize previous results by Chen, Cheng, Wang and Xia [4].

For this, we first recall that the Weitzenbock formula for p-forms states that
Aw = V*Vw + WPy, (32)

for any w € QP(M) where V (resp. V*) is the Levi-Civita connection (resp. its L?-adjoint) on forms
and WPl is the curvature term. This last term is usually called the Weitzenbock curvature operator
and it defines a self-adjoint endomorphism acting on p-forms. In the following we will say that W P!
is bounded from below by vp(n — p) € R for a fixed p = 1,...,n if it satisfies

(Wlw,w) > yp(n - p)|wl? (33)

for all w € QP(M). For p = 1, this is equivalent to the fact that the Ricci curvature satisfies
Ric > (n — 1)yg. From [9], this condition is satisfied for all p if the curvature operator is bounded
from below by v € R.

Now integrating ([32)) on M leads to the so-called Reilly formula on p-forms [16, Theorem 3] which
writes as

/ (|dw|? + |0w|?) dp = / <\Vw]2 + (W[p}w,w>) dp + B(w,w)do (34)
M M oM

for all w € QP(M) and where
Blw,w) = 2(vw, M ('w)) + (SPI (1 w), *w) + (n — D H|vw|? — (SP N (vw), vow).

As a direct consequence of this formula, we get the following estimate on Ay .
Theorem 3.16 Let (M™,g) be a compact Riemannian manifold with boundary whose Weitzenbock
curvature operator W) is bounded from below by a positive constant yp(n—p) for some 1 < p < [5].

Then we have A\, > yp(n —p+1).

Proof. We first observe that if w is a p-form on M satisfying wy,,, = 0, the boundary term in the
Reilly formula (B4]) vanishes and then, from ([B3]), we get

/ (deof? + 60]2) dpe > / (IVef? + yp(n — p)|wl?) d.
M M
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On the other hand, with the help of the pointwise inequality
2 1 2 2

Vol > |dae]” + |0c|

p+1 n—p+1

which is true for any p-form « (see [9, Lemme 6.8]), we obtain

1

m(”de%Q(M) + [[6wli72any) +72(n = D)l|wll72(ar)

HdWH%Q(M) + H(SWH%?(M) =
since 1 < p < [5]. Note that equality occurs if w is a conformal Killing form (see Lemma B.I7 below
for a precise definition and [19] for more general properties) and if n = 2p or if 1 < p < [§] and
dw = 0. We finally get

ldoolZ2ar, + 16l22 a0y = vp(n = p+ ]2z an (35)

which, by taking w an eigenform associated to A1 p, leads to the desired estimate in a broad sense.
Assume now that equality holds so that w is a conformal Killing p-form which vanishes on the
boundary. Then Lemma B.I7 ensures that V,wjgy = 0 and this is impossible since w is also a
p-eigenform for the Dirichlet Hodge Laplacian. O

In the previous proof, we considered conformal Killing p-forms w, that is p-forms satisfying the
following equation

1 1
Vyw=——Xdw— ———X" A6 36
Xw | adw p— w (36)

for all X € I'(T'M) and used the following result that we prove now.

Lemma 3.17 On a (not necessarily compact) Riemannian manifold (M™,g) with boundary OM,
a conformal Killing p-form with 1 <p <n — 1 which vanishes on M satisfies V,wygpr = 0.

Proof. Tt is a direct consequence of (36]) that

1
vidw and viVyw=————1"(dw).
1 n—p+1

1
*vy —
(Vo) =

On the other hand, since w € QP(M) vanishes on 9M it is straightforward from (8) and (@) to
compute that

F(Vyw) =vadw and viVyw = —1"(dw).

Putting these relations together imply that

vidw =0 and HL*(&u) =0
n—p+1

which, with the help of ({I0]), allows to conclude. O

Combining Theorem with (23] leads to the following estimates for the buckling and clamped
plate first eigenvalues.

Corollary 3.18 Let (M",g) be a compact Riemannian manifold with boundary whose Weitzenbock
curvature operator WP is bounded from below by yp(n —p) > 0 for some 1 < p < [§]. Then we
have

Ay >ap(n—p+1) and Ty, >~*p*(n—p+1)2
Remarks 3.19
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1. From these estimates, known lower bounds for the first eigenvalues of the buckling and clamped
plate problems on functions [J)] can be deduced. Indeed, for p = 1, the fact that Wil s
bounded from below by n — 1 is equivalent to the fact that the Ricci tensor of (M™, g) satisfies
Ric > (n—1)g. Then the first estimate in Corollary[3.18 reads A1 1 > n under this curvature
assumption.

2. Independently, the third inequality of Theorem [3.8, which reads A1 > Ai1, combined with
the inequality A1,1 > n from Theorem 316, yields A1 o > n. This is exactly [{, Theorem 1.6].
Now putting together this estimate with the first inequality in Theorem[3.4 gives I'1 o > nAi g,
which is precisely [4, Theorem 1.5].

3.4 Domains in the unit sphere

In this section, we derive an inequality which relates the first eigenvalues of the clamped plated
problem for different degrees for domains of the n-dimensional unit sphere S™. This result is a
consequence of a more general estimate for submanifolds isometrically immersed in the Euclidean
space R"™™ which can be obtained using [6, Lemma 3.8]. However, it is in general difficult to
control all the terms which appear in these estimates so that we shall restrict ourselves to the case
when M is a domain of S”. We also obtain a similar result for the first buckling eigenvalue. More
precisely, we obtain:

Theorem 3.20 Let (M™,g) be a compact domain in the unit sphere S™.

1. For 1 <p < [§], we have

pPlip—1+ (n—p)T1pr1 < Crplip, (37)
and o
min(pAyp—1, (n = p)A1pi1) < % A1y, (38)

4+ 2(n — 2p)? n(n — 2p)*
pln—p+1)  pn—p+1)*

2. For n = 2p, we have

where Cpp =n

16
A n 1+ ———— | Aj2n.
1,5*1 < ( + nQ(n + 2)) 1,5 (39)

Proof. Let w be a smooth p-form on €2 which vanishes on M and whose normal covariant derivative
is also zero on the boundary. For any 1 < i < n + 1, we consider the (p — 1)-form 8£Jw on M
where 81TZ, denotes the tangential part in TM of the unit parallel vector field d,, of R**1. Tt is not
difficult to check that

(8£JUJ) =0 and V,,(@mTiJw) =0

oM |oM

so that it can be used as a test-form in the variational characterizations of I'y ,—1 and Aj ;.

1. From (I9), we get
I’l,pl/ |(9$Ti_:w|2d,u§/ |A((9$Ti_:w)|2d,u.
M M

n+1

Summing that inequality over ¢ and using the pointwise identity Z 07 sw|? = plw|? (see e.g.
i=1

[6, Eq. (22)]), we obtain

n+1

Pips [ wPdus [ 3716 0)Pdp.
M M=y
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Now the right-hand side of that inequality was computed for every p-form w in the right-hand
side of [0, Eq. (31) and (33)] and we obtain

P11 122 ar) < Al6wllZ2ar) + P11 A0 + (20 = )22 0, (40)

Since Inequality ([@0) is true for any p-eigenform w, we can apply it to the (n — p)-eigenform
*w to get

(n = )T 1 n—p-1l|wl|F2ar) < AlldwllT2ary + (0 = p)|Aw + (0 = 2p)w| 2y
Summing both inequalities and using the fact that I'y,,—,—1 = I'1 41 yields

(PL1p-1 + (0= p)Tipit) [wlZenny < nllAW|Z2a0) + 1220 = n)? @l 720
+(4 4 2(n — 2p)?
< n||AwHL2 )+ n

(
J(Aw, w) 2 (M)

(20 — n)?[|wl132 )
+(4+2(n— 2p)2)HAwIILz nllwllz2(an

where we used the Cauchy-Schwarz inequality in the last inequality. On the other hand, since
M is in the unit sphere, the estimate (85]) holds with v = 1, and therefore we get

(T 1p-1 4 (n = D)T1pi1) [@ll72(ar) < CrpllAwll72(a)

which allows to deduce ([B7) in the broad sense by taking w to be an eigenform associated
to I'y . If (B7) were an equality, then for any clamped-plate-eigenform w associated to I'y ,
the p-form Aw would be pointwise proportional to w because of the equality in the Cauchy-
Schwarz inequality. But, because of Aw = I'pw on M, we would have Aw = /I' pw
on M, therefore w would be a Dirichlet eigenform associated to the eigenvalue /I'q,.
Again, because w satisfies V,wjgpy = 0 along dM, the unique continuation property for
elliptic second-order linear operators would imply that w = 0 on M. This would lead to a
contradiction and shows that (B7) must be strict.

Now, we prove (B8). Using the variational characterization (7)) of A;,—; for p = 1,...,n
gives

Al,pl/ <|d(amTHw)|2 n |5(amTiJw)|2)du < / IADT _w)[2dp
M M
and summing as above on i from 1 to n + 1 leads to

n+1
Moot 32 (WOE s+ 190000 ) < 5y + 2+ 20 = iy

By the Cartan identity and [I0] id. (4.3)] (see also [6], id. (20)]), we have, for every 1 <i < n+1,

d(@ng) = Ea;r_w—(?T_de
= vamﬂﬂpl w— T 3 dw,

where L£xw is the Lie derivative of w in the X-direction, ]I[p] is the natural extension onto

APT*M of the pointwise endomorphism field Iy, - of TM deﬁned for all X,Y € TM by
Ly (X),Y) = (I(X,Y), a;z> and T is the second fundamental form of M in R™*!. Here a;i
denotes the normal component of 9,, that is, a;i = Oy, —(9;;. Note that, because II, = —g, ®x
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for every x € S™ and hence x € M, we have I = —a;

II[ap}l = —pz; - Id at x. It can be deduced that

\d(afﬂw)ﬁ =

‘Va;iw +H8l

‘VaTW‘

al

P] w—ag;ﬂdw

Id at = = (x4, ...

2

1! w' + |0 - dw|

+2<v6§,%]ﬂ 7 w) — 2(Var w, aw dw) — 2(]1[5”1@, a{inm.

L
o3

Choosing any orthonormal basis (e;)1<j<n of T M for some x € M, we have

n+l1 n
‘VBTC«.) =
i=1

ex)(Ve;w, Ve,w)

SID DD BECNICIENI AR

= |Vw]?.

n+1
(Z(aﬂﬁw ej> <8J1i ) ek>> : <Vejw, Vekw>

As a second step, at every x € M, because of |z| =1,

n+1 2 n+1
Z ]Ig)lw
i=1 i=1
By [6] eq. (22)],
n+1
Z |8T_:dw|
=1
Moreover,
n+1
Z2(V3{iw,]lg';lw> =
i=1 !

because of z1

n+1

Z( g)lw (9T_|dw> =

i=1

18

=p* ) @ilw® = plallwl® = p?lwl*.

(p+ Dl

n+1

p Z 2x; <v8{ W, w>
i=1 '
n+1

pY_ 0l (Jwl?)
=1

p’ (|wl?)

0

= 0 for every x € S". For the same reason,

n+1
prz 8 adw)
p(w,x Jdw)
0.

, Tnt1), SO that



Applying the same computational method as above, we also have, in any pointwise orthonor-
mal basis (e;)i1<j<n of TM,

n+1 n
Z(Vagiw,ag_: dw) = Z(Ve].w,ej_n dw)
i=1 j=1

n

= Z(ez A Ve,w,dw)

j=1
= |dw|?.
On the whole, we obtain
n+1
1@ sw)l? = [Vl + pPlwl? + (p + 1)|dw]? — 2|dw|?

= Vol +p?|wl* + (p — 1)]dw]?.

Therefore
n+1
Z @z )72 (ary = IVl T2 ar) + P2 llE2ary + (0 = Dlldl7aar)-

Using the Weitzenbock formula (B2) with WP = p(n — p) - Id and that W = VoW =0
leads to

n+1
2 *
Z Hd(afiJw)HLz(M) = (V'Vw,w) 20 + 00l 22 an) + (0 = Dlldw] 2 )
= (Aw,w) 20y — <W[p}w,w) . + 0 |wllF2an) + (0 = Dlldwlz2 0
= (Aw,w)2pp) + (0% = p(n = P)@lT2 0y + (0 = Dlldwl72ap)
= p(2p = n)|wlZ2ary + @ = Dlldwl1Z20p) + (Aw,w) L2 (a1
On the other hand, for every i € {1,...,n + 1}, we can compute, using a local orthonormal

basis (e;)1<j<n of TM as well as VXO;C = —x;X for every X € T, M,

Zj

s Lw) = — Zej" Ve, (agi_:w)

n
_ . T T
= — E €j ((Vejami)_:w + 0,4 Vejw)
j=1
n
= g Ve, x, ejJeka—amTiJ&u
7,k=1
n
= zi(ej, er)e;j eka—amTiJ ow
k=1

/

0
_ T
= _8931-—’ dw,

where we used the skew-symmetry of (e;, eg)ejuep w in (j, k). As a consequence, again by

[6, eq. (22)],

n+1 n+1
S I8OLw)? = > |oF Jow]?
=1 1=1

= (p—1dwl,
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n+1
from which Z l|6(0 _:w)HLg(M) (p— 1)H5w\|%2(M) follows. Finally, we deduce that
1=1

Aip-a (p(2p - ”)HWH%%M) + (- 1)(Hdw‘|i2(M) + H5WH%2(M)) + (AW,W)B(M))
< 48wz ar) + Pl AW + (20 = n)wl|T2ap)

that is, using Hde%Q(M) + H(SwH%Q(M) = (Aw, W) p2(ppy

PALp1 ((Aw,w) p2an) + (20 = mlwlZaqary ) < 410wl 22 an) + pllAw + (20 = n)wl 22 an
Noltice that the Lh.s. of that last identity must be positive since it is actually
niL: |d(0Z, 2w HLQ(M) +[|5(0% JU})”%Q(M). Replacing w by *w and using the Hodge symmetry
of the buckling eigenvalues ensure that
(0= D)1 (Aw,w)p2ar) + (0= 29) ]2 )

< 4lldwlZ2 ap) + (0 — )| A + (0 — 20)0] 22 0

Adding those two inequalities, we obtain

2min(pAyp-1, (n = p)Aipt1) - (Aw,w)poary < 4(dwl|T2 ) + 109]72(00)
+pl|Aw + (2p — n)w|[F2 (0
(0 )1 Aw + (1 — 2p)0 Bagan
= 4(Aw,w) 2 + nHAWH%Q(M)
+2(p(2p —n) + (n — p)(n — 2p)) (Aw,w) 12y
+(p(2p = n)* + (n = p)(n = 2p)?) [wlZ2 (1)
= nl|Aw|[T2py + (0 —2p)° |wl[72 (0
+(442(n— 2p)2)(Aw w)Lz M)- (41)
But (35) with v =1 gives
1

lwllrzar) < ( 1AWl 22 (ar)

p(n—p+1)
Substituting that estimate in (I yields the following inequality:
2min(pAip-1, (n —p)Aipy1) - (”dw”%Q(M) + H&"JH%Q(M)> < Copll AW 201y,

where C,, ,, is the constant defined in the first statement of Theorem[3.20l We deduce inequality
B8) by taking w as an eigenform of the buckling eigenvalue problem associated to Aj .
Similarly to the first case, the equality cannot occur in (Bg]).

2. If n = 2p, then (B8] becomes, because of A1, 1 = A1 p—pr1 = A1 pt1,

which is ([B9).

Notice that, by the assumption p < n — p, Inequality (B8] implies that

min(Ayp-1, A py1) < 22;1) “Aip.
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