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Abstract

Number theory is an interesting mathematical area focusing on integer values and arithmetic functions, especially

on topics including prime factor decompositions and properties. Relatively fewer developments have been developed

respectively to real numbers, including their rational and irrational subsets. In the present work, real numbers are

approached from a particular number-theoretic perspective focusing on canonical representations. In particular, it

is shown that canonical representations can be generalized to rational numbers by using np-sets, namely multisets

involving non-negative and non-positive multiplicities. This np-set based approach also allows not only effective repre-

sentation and performance of products and divisions between rational numbers, but can also be directly related to the

identification of the least common denominator and greatest common divider of two rational numbers. In addition, it

is also argued that the comparison between the canonical representations of two rational numbers can be performed

in terms of the np-set Jaccard similarity index between those representations, actually corresponding to the quotient

between the greatest common divider and least common denominator. Also developed in this work is the possibility

to characterize the complexity of both rational and irrational numbers in terms of the Jaccard similarity between the

number of primes factors and total multiplicity signatures obtained by successive respective decimal expansion of this

type of real numbers.

1 Introduction

Through the long history of science, great interest has

been continuously placed on the area known as num-

ber theory (e.g. [1]), an area involving both theoreti-

cal (e.g. [2, 3, 4, 5, 6, 7, 8]) and computational aspects

(e.g. [9, 10, 7, 11, 12]) which addresses several aspects

and properties related to the basic structure of numbers,

with emphasis on their prime factor structure and arith-

metic operations. Introductory texts to number theory

include (e.g. [8, 13, 14]). Number theory has not only been

approached from theoretical and computational perspec-

tives, but also motivated a wide spectrum of interest rang-

ing from scientific dissemination works involving accessi-

ble mathematical concepts (e.g. [15, 16, 17]) to the most

intricate mathematical approaches including the proof of

Fermat’s last theorem (e.g. [18, 19]).

Yet, despite the continuous and intense attention the

area of number theory has received, most developments in

this interesting area have been focused on positive integer

values, while real numbers have received relatively less

attention (e.g. [20, 21]).

In the present work, some possible developments re-

lated to the extension of number theory to real numbers

are described, with emphasis on the adoption of concepts

and methods related to np-sets [22], namely a general-

ization of multisets (e.g. [23, 24, 24, 25, 26]), involving

two respective multiplicities, one non-negative and an-

other non-positive. These two multiplicities are needed

in order to accommodate the results from the union of

two np-set, which can possibly include both types of mul-

tiplicities.

The adoption of np-set concepts [22], properties and

methods allowed several interesting results, including the

effective expression of canonical representation of positive

rational numbers, as well as the performance of their pair-

wise products and divisions, which are directly associated

to the sum and subtraction between the np-set representa-

tions of the canonical forms. It has also been shown that

the least common denominator and greatest common di-

vider are directly related to the np-set operations of union

and intersection. The np-set Jaccard similarity index was

also verified to correspond to the division between these

two quantities.
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Emphasis has also been placed on an attempt to quan-

tify the complexity of real numbers from the specific per-

spective of their prime factors structures. The approach

respectively developed in the current work to character-

ize the prime factors structure of real numbers, including

irrational numbers, corresponds to obtaining successive

respective decimal expansions which, as integer values,

can be decomposed into prime factors.

This work starts by revising some basic concepts from

rational and irrational numbers, as well as the subjects of

prime factor factorization and canonical representations.

Then, some basic concepts of np-sets are summarized,

which is followed by applying them to canonical represen-

tations, as well as integer and rational arithmetics. The

subjects of least common denominator and greatest com-

mon divider are subsequently addressed in terms of the

np-set extension of the Jaccard similarity index. The pos-

sibility to employ the described concepts and methods to

estimate the complexity, from the perspective of prime

factor structure, of rational and real numbers is then de-

scribed and illustrated.

2 Rational and Irrational Num-

bers

Fractional numbers are characterized by possibly present-

ing a fractional part, placed at the right-hand side of the

decimal point. Though integer values can be understood

as particular cases of fractional numbers (with null frac-

tional parts), the term fractional number is typically ap-

plied to non-null decimal portion. Generally speaking,

real numbers are fractional numbers including integer, ra-

tional and irrational numbers (e.g. [27]) as subsets.

Given a fractional number its i-th decimal expansion

corresponds to the truncation of its product by 10i, i.e.:

ai = ⌊a 10i⌋ (1)

As an example, in the case of a = 0.2468, we would

have:

a0 = 0

a1 = 2

a2 = 24

a3 = 246

a4 = 2468

Two main types of fractional numbers are contained in

the set of real numbers R: rational and irrational. Ra-

tional numbers are those which can be expressed as the

division between two integer values, which is not the case

for irrational numbers. Examples of irrational numbers

include π,
√
2, e, as well as the golden ratio (1+

√
5)/2. In

addition, every square root of a non-perfect square num-

ber can be shown to correspond to an irrational number.

There is, however, no definite procedural specification of

all possible irrational numbers. For instance, it is now

known if π e or π+ e are irrational numbers. At the same

time, almost all real numbers are irrational. The study of

irrational numbers, including additional such properties,

constitutes an interesting research area (e.g. [27])

It follows from the own nature of rational numbers of

being expressible as the division between two integer num-

bers that the the inverse of a rational number is necessar-

ily a rational number. At the same time, the sum or

product of two irrational numbers may or not be an irra-

tional number, but a sum of a rational and an irrational

number is necessarily an irrational number.

The fractional part of a real number corresponds to the

digits at the right of the decimal point. A terminating

real number has only zeros following one of its finite frac-

tional positions. For instance, the number a = 1.234 is a

finite real number with fractional part 0.234. This type

of numbers are necessarily rational, because they can be

readily expressed as a quotient between two integer val-

ues. For instance, the number a in the previous example

can be represented as:

a =
1234

1000
= 0.1234 = 0.1234000 . . .

There is another type of rational number, called re-

peating decimals, which are characterized by unending

but periodical fractional parts. As an example, we have

b = 1/3 = 0.333 . . ., involving the repetition of only a sin-

gle digit. and therefore having a period of 1 However, it

is also possible to have larger repetition periods, such as:

c = 19.3582828282 . . .

The sequence of digits which is repeated in the frac-

tional part of a rational number is called its repetend,

which therefore corresponds to the period of the decimal

sequence. For instance, in the case of the above examples,

the respective repetends are:

rep(a) = 0 . . . = 0

rep(b) = 3 . . . = 3

rep(c) = 8282 . . . = 82

The repetend (or period) is often identified under a line.

For instance, in the case of the number c above, we could

also write:

c = 19.3582

Given a generic repeated decimal number a, it is always

possible to express it as a division between two integer
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values. For instance, in the case of the number c above,

we could write:

c = 19.3582 =⇒ 100 c = 1935.82 =⇒
=⇒ 10000 c = 193582.82 =⇒
=⇒ 10000 c− 100 c = 193582− 1935 =⇒

=⇒ 9900 c = 191647 =⇒ c =
191647

9900

which took into account that 82.82− 0.82 = 82.

The basic procedure consists of obtaining the respective

decimal expansion so that the repetend is placed just after

the decimal point, then obtaining a second decimal expan-

sion by the length of the repetend, and subtracting these

expansions. The fact that this procedure always apply

is compatible with the fact that both repeating or termi-

nating rational numbers can be expressed as the quotient

between two positive integer values, which is not the case

for irrational decimals.

A particular interesting perspective to approach real

numbers is in terms of the information content, which

can be gauged in terms of minimum length descriptions

(e.g. [28, 29]) in terms of digits. It follows from the discus-

sion above that repeating decimals tend to be less com-

plex than irrational numbers, because the former type

of number can be expressed in terms of two finite pos-

itive integer values, while irrational numbers require an

infinite numeric description. It is interesting to observe

that minimum description quantifications of complexity

are relative to specific types of description. For instance,

the irrational number 1.414214 . . . can be simply repre-

sented as
√
2, while its fractional form requires an infinite

number of digits. Henceforth, the complexity of real num-

bers is approached from the perspective of the minimum

length of their respective canonical forms and prime factor

structure.

Though the complexity of methods and algorithms for

generating and recognizing prime numbers has motivated

related approaches (e.g. [30, 31, 32, 33, 11]), relatively

fewer works have addressed possible means to characterize

the patterns of structural complexity of integer and real

numbers themselves (e.g. [34, 35, 36]).

The Venn diagram in Figure 1 illustrates the sets of

numbers considered in the present work, as well as their

interrelationships. In particular, observe that the positive

integers have been understood as a special case of rational

numbers with denominator equal to 1.

3 Primes and Canonical Repre-

sentations

Prime numbers are positive integer numbers which can

only be divided (integer division) by the numbers 1 or

Figure 1: Venn diagram illustrating the main sets of numbers con-

sidered in this work: (a) positive integers Z+; (b) positive rationals

Q+, and (c) positive irrationals I+, all of which being subsets of

R+ and R.

themselves. Examples of prime numbers include 2, 3, 5, 7,

11, 13. Observe that 1 is not typically considered a prime

number. Numbers which are not prime are said to be

composite numbers. According to Euclid’s theorem [37],

there is an infinite number of prime numbers.

Prime factors are prime numbers used to express

generic positive integer numbers. A prime factor can be

added to a given number n (in case it is not contained yet)

by taking the product of that prime factor and n. Simi-

larly, prime factors can be removed from a positive integer

by dividing it by that prime factor. Therefore, if prime

factors are understood as the ‘ingredients’ from which all

integer numbers are made, the operations of product and

division constitute a primary way of specifying ‘recipes’

for manipulating integer numbers.

To a good extent, the interest of integer prime num-

bers from the perspective of integer arithmetics stems

from the fact that operations between this type of num-

bers is not closed, indicating that integer numbers are re-

spectively incomplete. More specifically, in integer arith-

metics, prime numbers cannot be divided by numbers

other than 1 and themselves, while real a division always

yields a real number as result. That is why prime numbers

have often been approached from the integer perspective.

Given a positive integer value n, it can be expressed in

terms of its prime factors, i.e. the set of P prime numbers

pi, i = 1, 2, . . . , P , so that:

n = (p1)
m1 (p2)

m2 . . . (pP )
mP =

P∏
i=1

(pi)
mi (2)

where mi are the respective multiplicities associated to

each prime factor pi. Equation 2 is called the canonical

representation of the positive integer number n. In addi-

tion, The sequence of exponents of the prime factors (in

increasing order) of a given positive integer number n has

been called the prime signature of n (e.g. [36]).

Thus, the prime factor decomposition of a given pos-

itive integer value n consists of finding the respective
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prime factors pi as in Equation 2, which can be repre-

sented as the elements of the vector P⃗ = [p1, p2, . . . , pP ],

with p1 < p2 < · · · < pP , which is called the respec-

tive canonical representation. The set of multiplicities

of n can be similar organized into a respective vector

M⃗ = [m1,m2, . . . ,mP ]. The number 1 is typically not

considered in prime factor decompositions.

As examples of prime factor decomposition and canon-

ical representations, we have:

n = 432 = (2)2 (3)3 (4)

m = 720 = (2)2 (3)2 (4) (5)

The quotient representation of rational numbers where

both the numerator and denominator do not share com-

mon factors are said to be irreducible.

The prime factors of a number n are of particular im-

portance because they can be understood as the unique

‘ingredients’ from which the positive integer value n is

composed. In addition, the quantity of prime factors in a

given number n, taken jointly with their respective mul-

tiplicity, can be related to the amount of information of

that number, in the sense of minimum respective descrip-

tion in terms of the Equation 2.

For instance, from this perspective, the number

65.536 = 216 could be described by the numbers 2 and 16

(three digits), while 40320 = (2)(3)(4)(5)(6)(7)(8) would

require seven digits, meaning that the former number

has a shorter description, being therefore associated to

a smaller amount of information (or complexity). Hence-

forth, the total number of unique prime factors in a given

number n is expressed as P (n).

The amount of information (and complexity) of a posi-

tive integer value n can also be related to the multiplicities

of its respective prime factors, in the sense that the larger

the multiplicities the less complex the number tends to

be. In this work, we shall consider the sum of all multi-

plicities of a number n, namely M(n) =
∑P

i=1 mi, as a

measurement of interest.

While larger numbers can have more prime factors, it

does not necessarily follow that a large number will be

more complex than a smaller one, as is the case in the

example above. However, it has been shown that prime

numbers become less frequent as the numbers increase.

In particular, let π(x) be the prime counting function,

providing the number of primes which are smaller or equal

to x. This function can be asymptotically approximated

as:

π(x) ≈ c(x) =
x

log(x)
(3)

which has derivative as:

d c(x)

dx
=

log(x)− 1

log2(x)
(4)

Figure 2 illustrates the above derivative for a long range

of x. The fact that the derivative values decrease with x

are related to the smaller density of large prime numbers.

However, this is only an informal indication of this im-

portant result, which can be more formally approached.

0e+00 4e+06 8e+06

0.
06

0.
12

x

dc
/d

x

Figure 2: The derivative of the approximated number of prime num-

bers smaller or equal to x decreases with x, therefore indicating the

smaller density of large prime numbers.

In addition, prime factor decomposition can also help

the study and computation of several operations between

numbers, especially the product and division. For in-

stance, if two numbers n and m have respective prime

factor decompositions specified by P⃗n, M⃗n, P⃗m, and M⃗m,

the number r corresponding to their product will necessar-

ily have its prime factors corresponding to the elements of

the union of the sets of original prime factors, while the

multiplicities would correspond to the respective sums.

For instance, if n = 432 and m = 720, we would have (as

from our previous examples):

r = nm = 311040 = (2)4 (3)5 (4)2 (5)

This interesting result follows directly from the prop-

erty that (a)b (a)c = (a)b+c.

In the case of the division of two numbers n and m,

the result s = n/m will correspond to a fraction between

two integer values with respective prime factors which are

not common to both numerator and denominator. As an

example:

s =
n

m
=

432

720
=

(2)2 (3)3 (4)

(2)2 (3)2 (4) (5)
=

3

5
(5)

Prime factor decompositions and canonical representa-

tions are interesting not only from the theoretic-analytical

perspective, but also have several interesting applications,

including in signal processing (e.g. [38, 39, 40, 32, 41]),

cryptography (e.g. [42, 43, 44, 45]), computing (e.g. [46,

47, 48, 49]), and even biology (e.g. [50, 51, 52, 53]).
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4 NP-Sets

Multisets (e.g. [23, 24, 24, 26]) are generalizations of tra-

ditional sets allowing for the multiplicity of each element.

Though the multiplicity of multisets is often limited to

non-negative values, here we adopt the extension of mul-

tisets as np-sets [22] as a means to integrate properties of

sets and real vector spaces.

An np-set [22]
⇀
a is a set of tuples:

⇀
a =

{
[a1,m

p
a1
,mn

a,1], [a2,m
p
a2
,mn

a2
], . . . , [aN ,mp

aN
,mn

aN
]
}

(6)

where ai is an identifier or label of each element, while

mp
a and mn

a are its non-negative and non-positive real-

valued multiplicities, respectively. The support of a mul-

tiset
⇀
a is the set of its elements, and the cardinality of

⇀
a

corresponds to the sum of the absolute values of all its

multiplicities. The net value of an np-set corresponds to

the sum of its signed multiplicities. The mull scalar np-

set has the general form
⇀

0 = [0, x,−x], where x is any

non-negative real value. Therefore, null np-sets have all

possible elements in the respective support with net val-

ues equal to zero. Every np-set is henceforth understood

to contain the null scalar tuple of any possible element.

As an example, we have the following np-sets:

⇀
a = {[2, 1, 0], [5, 3,−2], [7, 3,−1]} (7)
⇀

b = {[2, 0,−2], [5, 2,−1], [8, 2, 0]} (8)
⇀
c = {[a, 2, 0], [b, 3,−1], [c, 1,−2]} (9)

which have supports Sa = {a, b, c}, Sb = {2, 5, 7}, Sc =

{3, 7, 8} and cardinalities |⇀a| = 9, |
⇀

b| = 8, and |⇀c| = 6.

Given two np-sets
⇀
a and

⇀

b, their respective union
⇀
a∪

⇀

b

has support corresponding to the union of the original

supports, and can be expressed as:

⇀
a ∪

⇀

b =
{
[ci,max

(
mp

ai
,mp

bi

)
,min

(
mn

ai
,mn

bi

)
]
}

(10)

The intersection between two np-sets has as its support

the intersection between the two original supports, and

can be calculated as:

⇀
a ∩

⇀

b =
{
[ci,min

(
mp

ai
,mp

bi

)
,max

(
mn

ai
,mn

bi

)
]
}

(11)

The sum between two np-sets has as its support the

union between the two original supports, and can be ob-

tained as:

⇀
a+

⇀

b =
{
[ci,m

p
ai

+mp
bi
,mn

ai
+mn

bi ]
}

(12)

The difference between two np-sets has as its support

the union between the two original supports, and can be

obtained as:

⇀
c =

⇀
a−

⇀

b =
{
[ci,m

p
ai
−mn

bi ,m
n
ai
−mp

bi
]
}

(13)

It is also possible to consider the following alternative

form of the difference operation, which is henceforth called

paired difference:

⇀
c =

⇀

b⊖⇀
a↔

{
[ci,m

p
ci ,m

n
ci ]

}
(14)

where:

mp
ci = max

(
mp

bi
−mp

ai
, 0
)
+max

(
mn

bi −mn
ai
, 0
)

mn
ci = min

(
mp

bi
−mp

ai
, 0
)
+min

(
mn

bi −mn
ai
, 0
)

Observe that both the definitions of the difference

above, for a same set of operands, yield results with the

same net value.

As an example, in the case of the np-sets in Equations 7

and 8, we would have:

⇀
a ∪

⇀

b = {[2, 1,−2], [5, 3,−2], [7, 3,−1], [8, 2, 0]}
⇀
a ∩

⇀

b = {[2, 0, 0], [5, 2,−1], [7, 0, 0], [8, 0, 0]}
⇀
a+

⇀

b = {[2, 1,−2], [5, 5,−3], [7, 3,−1], [8, 2, 0]}
⇀
a−

⇀

b = {[2, 3, 0], [5, 4,−4], [7, 3,−1], [8, 0,−2]} ⇀
a−⊖

⇀

b = {[2, 3, 0], [5, 1,−1], [7, 3,−1], [8, 0,−2]}

Observe that all the four above np-set operations are

associative, while only the first three are commutative.

5 NP-Sets and Canonical Repre-

sentations

The prime factor decomposition of any positive integer

number n can be readily represented in terms of the fol-

lowing np-set:

⇀
c(n) = {[p1,m1, 0], [p2,m2, 0], . . . , [pP ,mP , 0]} (15)

For instance, if n = 4725, it follows that:

⇀
c(n) = {[3, 3, 0], [5, 2, 0], [7, 1, 0]}

Real numbers (and real vectors) can be associated to

np-sets with net value equal to the represented num-

ber [22]. Interestingly, a same positive integer value n

can have an infinite number of respective np-set represen-

tations, with each element having net value equal to the

original multiplicity of each prime factor. For instance,

the above number n can also be represented by np-sets so

that each respective tuple has the same net value:

⇀
c(n) = {[3, 4,−1], [5, 4,−2], [7, 3,−2]}

In case every tuple of an np-set has only one of its two

multiplicities non-zero, the np-set is said to be in stan-

dard representation, of which the np-set in Equation 15

is an example. Observe that there is only one standard

representation associated to each possible real number.
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The prime signatures of positive integer values (e.g. [36]

are intrinsically related to multisets (e.g. [54, 55]). Np-

set representations can be used to express the canonical

form of terminating or repeating positive real numbers,

or even the real-valued division between two integers. For

instance, the number s in Equation 5 can be associated

to the following np-set representation:

⇀
c(s) = {[2, 2,−2], [3, 3,−2], [4, 1,−1], [5, 0,−1]}

where the multiplicities of each prime factor are repre-

sented in terms of respective non-negative or non-positive

multiplicities depending on whether the prime factor ap-

pears in the numerator or denominator of the quotient.

The simplification of the above representation can be

obtained by consider the respective standard representa-

tion of the respective multiset, i.e.:

⇀
c(s) = {[2, 0, 0], [3, 1, 0], [4, 0, 0], [5, 0,−1]} ←→ s =

3

5

so that the irreducible fraction of a given rational number

is associated to the standard form of that same number

in an one-to-one manner.

The product of two positive integers can also be read-

ily represented in terms of sum of the respective np-set

representations. For instance, in the case n = 432 and

m = 720, we have:

nm←→ {[2, 4, 0], [3, 5, 0], [4, 2, 0], [5, 1, 0]}

The above described np-set representation of prime fac-

tor decompositions can be readily employed to obtain the

product and division between two terminating or repeat-

ing real decimal values. For instance, if a = 20
140 and

b = 54
60 , it follows that:

a

b
=

20

140

60

54
=

(2)2(5)

(2)2(5)(7)

(2)2(3)(5)

(2)(3)3
←→

←→ {[2, 2,−2], [5, 1,−1], [7, 0,−1]}+
+ {[2, 2,−1], [3, 1,−3], [5, 1, 0]} =
= {[2, 4,−3], [3, 1,−3], [5, 2,−1], [7, 0,−1]} =
= {[2, 1, 0], [3, 0,−2], [5, 1, 0], [7, 0,−1]} ←→

←→ a

b
=

(2)(5)

(3)2(7)

where the np-set representation in the penultimate line

above was placed in its standard form, so that the fraction

is irreducible.

Therefore, an interesting and useful association is es-

tablished between the canonical representation of two pos-

itive rational numbers n and m and their np-set represen-

tation, which is summarized as follows:

The product (or division) of two positive ra-

tional numbers can be represented and per-

formed in terms of the sum (or difference) of

the np-sets associated to their canonical rep-

resentations.

6 Least Common Denominator

and Greatest Common Divider

Given two positive numbers n and m represented in terms

of the respective np-set prime factor decomposition, their

greatest common divider can be readily obtained as the

intersection between those two np-set representations. As

an example, consider n = 360 and m = 420. Then, we

have:

⇀
c(n) = {[2, 3, 0], [3, 2, 0], [5, 1, 0]}
⇀
c(m) = {[2, 2, 0], [3, 1, 0], [5, 1, 0], [7, 1, 0]}
⇀
c(n) ∩⇀

c(m) = {[2, 2, 0], [3, 1, 0], [5, 1, 0]} =⇒
=⇒ gcd(n,m) = (2)2 (3) (5) = 60

The least common denominator among two positive

numbers n and m can be obtained from the union be-

tween their respective np-set prime factor representations.

As an example respectively to the above n and m:

⇀
c(n) ∪⇀

c(m) = {[2, 3, 0], [3, 2, 0], [5, 1, 0], [7, 1, 0]} =⇒
=⇒ lcd(n,m) = (2)3 (3)2 (5) (7) = 2520

In the case of more than two numbers, the two above

methods can be used by employing the associative prop-

erty of the np-set union and intersections.

The least common denominator (or or great-

est common divider) of two positive rational

numbers can be represented and performed in

terms of the union (or intersection) of the np-

sets associated to their canonical representa-

tions.

7 NP-Sets and Coprimes

.

Two positive integer numbers n and m are said to be

mutually coprimes whenever they have only the number 1

as their greatest common divider. We readily have from

the above developments that two numbers are coprime

provided the intersection of their np-set representation

contains only the element [1, 1, 0]. Prime numbers can

then be understood as positive integers that are coprime

with every other possible positive integer smaller than it-

self. Another interesting property is that a rational num-

ber having coprime numerator and denominator is neces-

sarily irreducible.

6



Two coprime numbers n and m are associated to an

interesting geometrical property, namely that when a dis-

crete rectangle of height n+ 1 and width m+ 1 (or vice-

versa) is constructed, the straight line connecting any of

the two opposite vertices do not intersect any of the dis-

crete points. This is depicted in Figure 3.

Figure 3: The grid (a) defined by the pair of coprimes n = 2 and

m = 5. The shown diagonal does not intersect any of the grid

points. As illustrated in (b), this is not the case for the pair of

numbers n = 2 and m = 4, which are not coprimes.

Figure 4 illustrates the fact that the concept of prime

number can be reformulated in terms of coprimality.

Figure 4: The number 5 is prime because it is coprime with each of

integer numbers from 2 to 4.

The constructions ins Figure 3 and 4 also hint at the

fact that prime number structure is a particular aspect

in digital geometry (e.g. [56, 57]), playing a central role

in the concept of digital lines (e.g. [58, 59, 60]) mainly

through the concept of Farey sequences (e.g. [61, 62], see

also Section 14).

The divisibility between positive integers and rational

numbers constitutes an interesting topic (e.g. [63]). Given

that the above described approach also allows rational

numbers to be expressed in terms of respective np-sets, it

becomes possible to consider pairs of such numbers a and

b so that the intersection of the n-set of their canonical

representation only contains null element [e, 0, 0]. These

pairs of rational numbers are henceforth said to rational

coprimes, therefore corresponding to a generalization of

the concept of coprimality to the set of rational numbers.

As an example, the rational numbers a = (2)3(3)
(5)4 and

b = (7)2

(3)(11) are coprimes because:

ca ∩ cb = {[2, 0, 0]; [3, 0, 0]; [5, 0, 0]; [7, 0, 0]; [11, 0, 0]}

which only contains null np-set scalars.

However, the pair of rational numbers a = (2)
(3)2 and

b = (2)
(3) are not coprime rationals because:

ca ∩ cb = {[2, 1, 0]; [3, 0,−1]]}

meaning that both 2 and 3 are divisors of a and b in the

sense that their respective division or product result in

rational numbers having the same prime factors as either

a or b.

The extension of coprimality to rational numbers paves

the way to possible respective generalizations of several

related concepts and results in number theory, including

totients and Euler’s theorem.

Actually, the np-set approach to canonical representa-

tions of rational numbers allows the very concept of prime

number to be extended to rational numbers as those num-

bers whose np-sets associated to their canonical represen-

tations have no intersection with np-sets of other canon-

ical representations. However, there are two facts that

need to be taken into account. First, we have that there is

an infinite number of rational in any real interval, so that

verifying primality in such a given interval would involve

taking into account an infinite number of cases. Then,

we have that the division between two rational numbers

a and b, as understood in terms of intersections of np-set

representations, actually corresponds to the product of a

by the reciprocal of b, which is also a rational number.

Because the product between two rational numbers actu-

ally corresponds to adding the np-sets associated to their

canonical representation, a rational number will always be

divisible by another rational. For instance, take a = 2/3

and b = 1/7. We then have that the division a/b is equal

to 2/(37), which is a valid rational.

For the above reasons, a possible approach to prime ra-

tionals consists of considering the intersection between

np-set canonical representations within a pre-speficied

discrete set Ω. Under these circumstances, given a finite

set of rational number Ω, a prime rational number could

be understood as follows:

Given a discrete set Ω of positive rational num-

bers, a positive rational number a is a rational

prime in that set iff the intersection between

the np-sets associated to the canonical repre-

sentations of a and of every other number in

Ω is the null np-set.

7



As an example, consider Ω = {1/3, 2/3, 4/5, 5/7}.
The rational numbers 11/17 and 10/11 are both rational

primes in this set.

8 Prime Numbers and Power Law

Given a sequence S of values {s0, s1, s2, . . . , si, . . . , sN−1},
it is often interesting to try to identify a basic relationship

underlying those values. For instance, is it possible to ex-

press, even if approximately, the values in S as a mapping

from the set of natural (or positive integer) numbers? A

first indication about this possible type of relationship can

be readily obtained by visualizing the scatterplot obtained

by the tuples [i, si].

Figure 5 illustrates the scatterplot obtained as de-

scribed above considering the prime numbers from i = 100

to 1000.
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Figure 5: The mapping from the positive integer values i =

0, 1, 2, . . . , N − 1 to respective prime numbers for i = 100 to 1000,

shown in linear (a) and logarithmic (b) scales. The relationship

observed in the latter case approaches steadily a straight line, in-

dicating an approximate power law relationship between i and the

prime numbers. Also shown (in cyan) is the respective least mean

square approximation of the observed relationship.

Interestingly, the considered sequence of prime numbers

fits markedly well with a power mapping of the type:

log(si) = b log(i) + c (16)

which can be rewriten as follows:

log(si) = log(ib) + c =⇒ si = a ib. (17)

with a = ec and where log() stands for the natural loga-

rithm.

The exponent b can be estimated by least mean square

regression on the logarthmic representation, yielding c =

0.9328..., a = 2.541616..., and b = 1.1656... for the above

considered case (i = 100 to 1000). The obtained fitting is

expected to provide approximations not too far from the

considered range of i. The average and standard deviation

of the respectively obtained residuals were −1.4074..e−18

and 0.006416.... The average of the absolute values of the

residuals was 0.004834.... This indicates that the residu-

als are evenly distributed above and below the respective

average.

Figure 6 depicts the relationship between the approxi-

mated and original prime numbers in this case.
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Figure 6: The relationship between the approximated and original

prime numbers for i = 100 to 1000, obtained for the least squares

method (a = 2.541616..., and b = 1.1656...).

Interestingly, the value of b being close to unit indicates

a relatively uniform distribution of prime numbers within

the considered range i = 100 to 1000. However, at the

same time the value of b being larger than 1 implied a

reduction of the density of obtained as i increased.

Though the above fitting can give an idea of the magni-

tude of the i− th prime number and suggests an approx-

imated power relationship, it does not provide a particu-

larly effective resource for predicting primes because the

obtained error, in the average, tends to be larger than the

respective average prime gap (i.e. the difference between

a successive and predecessor prime number).

An interesting result providing a minimum bound to

the i−th prime number has been developed [64] as:

si > Bi = i (log(i) + log(log(i))− 1). (18)

For instance, for i = 421, we have from Equation 17

that s421 ≈ 2931 and from Equation 18 that s421 > Bi =

2880.26..., while the 421-th prime is equal to 2909.

9 Prime Numbers Regularity and

Complexity

Prime numbers are particularly important in number the-

ory not only because they can be understood as corre-

sponding to the basic ‘ingredients’ of other numbers (to

8



which they can be added through products, or removed

from by divisions), but also because of the their marked

irregularity and unpredictability. These two properties are

directly related to the potential complexity of prime num-

bers, in the sense that regular and/or predictable struc-

tures tend to be relatively simple, and not complex.

Despite continuing interest that prime numbers have

received along centuries, relatively little has been dis-

covered about eventual regularity or patterns underlying

prime numbers. Actually, the identification of any related

regularity or pattern would contribute to the prediction

and identification of prime numbers, while also decreasing

their complexity and unpredictability.

A simple approach to finding some underlying structure

of prime numbers has been described in Section 8. Several

other developments have been related in the literature,

and two approaches can be highlighted here: (i) the iden-

tification of the number and density of prime numbers;

and (ii) the identification of possible patterns underlying

them.

Regarding the total number of prime numbers, as

briefly discussed in Section 3, it is believed that the den-

sity of prime numbers tend to decrease with their size, so

that there are fewer larger prime numbers than smaller

ones. This subject constitutes on of the major research

lines in number theory (e.g. [3, 4, 5, 6, 7, 8]), and therefore

cannot be comprehensively revised or addressed here.

Ulam spiral [34, 35] consists of one of the few indications

about pattern regularity of prime numbers. More specifi-

cally, when positive integers are arranged along a squared

spiral, certain horizontal, vertical or diagonal lines with

unit absolute slope tend to denser of prime numbers, as

illustrated in Figure 7.

Interestingly, the numbers belonging to the diagonals

containing more primes have the general algebraic form:

p(n) = 4n2 + b n+ c (19)

with n = 0, 1, 2, . . ., and b and c being integer constant

values, b being even.

The respective density of prime numbers associated to

these lines vary markedly with the parameters b and c,

which have an effect on the respective types of solutions

and respectively implied prime numbers. It remains a

conjecture that some of these lines can generate infinitely

many primes, or to have these numbers in a particularly

high density. In particular, the quadratic polynomials

expressed as follows:

p41(n) = 4n2 − 2n+ 41 (20)

p41(n) = 4n2 + 2n+ 41 (21)

seems to be particularly rich in positive integer roots that

correspond to prime numbers. This line has been empha-

sized in cyan in the Ulam’s spiral depicted in Figure 7.

50 100 150

50
10

0
15

0
Figure 7: Ulam spiral for positive integers smaller than 181 × 181.

The composite numbers are shown in light yellow, and the prime

numbers in orange. The prime numbers corresponding to the poly-

nomials p41(n) = n2−2n+41 and p41(n) = n2+2n−41 are shown

in black.

While prime numbers can be understood as presenting

particular complexity as discussed above, the complexity

of other positive integers can be approached in terms of

the total number of their prime factors as well as the re-

spective multiplicities. This possibility provides the main

motivation for the developments described in the present

work related to the possible quantification of the com-

plexity of integer, rational and real numbers in terms of

their prime factor structure revealed by their respective

canonical representations.

10 Comparing Canonical Repre-

sentations

When dealing with rational numbers, it would be inter-

esting to compare their prime factor structure. Though

the absolute value of their difference could be considered,

the np-set generalization of the Jaccard similarity index

(e.g. [65, 66, 67]) provides a promising approach to com-

pare canonical representations of rational numbers since

it considers both the prime factors and respective multi-

plicities.

The np-set generalization of the Jaccard similarity in-

dex (e.g. [67, 22]) between the canonical representations
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⇀
a and

⇀

b of two positive rational numbers a and b can be

calculated as:

s(
⇀
a,

⇀

b) = s(
⇀

b,
⇀
a) =

|⇀a ∩
⇀

b|
|⇀a ∪

⇀

b|
=

=

∑P
i=1

(
min(mp

ai
,mp

bi
)−max(mp

ai
,mp

bi
)
)∑P

i=1

(
max(mp

ai ,m
p
bi
)−min(mp

ai ,m
p
bi
)
) (22)

with 0 ≤ s(
⇀
a,

⇀

b) ≤ 1. Observe that the np-set representa-

tions need to be in the standard form, which corresponds

to the irreducible fractional representation.

The above developments lead to another interesting

relationship between canonical representations and

number theory, namely:

The np-set Jaccard similarity index between

two positive rational numbers n and m corre-

sponds to the quotient between the cardinali-

ties of the np-set representations of their great-

est common divider and least common denom-

inator.

As an illustration, consider the case a = 140/561 and

b = 280/2805. It follows that:

⇀
c(a) = {[2, 2, 0], [3, 0,−1], [5, 1, 0], [7, 1, 0], [11, 0,−1]}
⇀
c(b) = {[2, 3, 0], [3, 0,−1], [5, 1, 0], [7, 1, 0], [11, 0,−2]}

s(⃗a, b⃗) =
2 + 1 + 1 + 1 + 1

3 + 1 + 1 + 1 + 2
=

6

8
=

3

4

The relatively high similarity value which has been ob-

tained indicates that the two canonical representations

are substantially similar, which is indeed the case.

It should be observed that a marked similarity between

the canonical representation of two rational numbers does

not necessarily imply that those numbers have similar

magnitudes, and vice-versa. For instance, in the above

example we have that a ≈ 0.24955 and b ≈ 0.099822, so

that a≫ b while s(
⇀
c(a),

⇀
c(b)) is relatively high.

From the perspective of the canonical representation,

a rational number n having more prime factors (higher

P (n)) and relatively small total multiplicity (M(n) can

be said to be comparatively more complex (from the per-

spective of minimal prime factor representation) than an-

other rational number m with smaller P (m) and larger

M(m). This interpretation is specific to the canonical

representation of the compared rational numbers.

11 Prime and Multiplicity Signa-

tures of Real Numbers

As discussed in the previous section, the complexity of ra-

tional numbers can be related to their prime factor struc-

ture, including the associated values of P (n) and M(n).

That is possible because rational numbers have a finite

rational representation, which is not the case with irra-

tional numbers. In this section, an approach is developed

for characterizing the progressive complexity of irrational

numbers.

Given an irrational number a, we shall consider its suc-

cessive decimal expansions ai by i = 1, 2, . . . , N digits.

Since the described approach is generic to any real num-

ber, we henceforth refer to that more general situation.

For each of the so obtained positive integer value, the re-

spective canonical representation is calculated so that the

associated P (ai) and M(ai) can be determined. These

two sequences of values along i are henceforth denomi-

nated the prime factor and multiplicity signatures of the

real value a. A real value a with identical signatures P (ai)

and M(ai) can be understood to be relatively complex,

because this implies that each prime factor is taken with

multiplicity one, while the presence of relatively high mul-

tiplicities tends to make the number a comparatively sim-

pler from the perspective of the canonical representations

of its decimal expansions. Thus, henceforth we consider

the np-set Jaccard similarity between the two signatures

of a real value a, namely:

J(P (ai),M(ai)) =

[∑N
i=1 (min(P (ai),M(ai)))∑P
i=1 (max(P (ai),M(ai)))

]D

(23)

where D is a parameter controlling how strict the per-

formed comparison is: the larger the value of D, the more

strict the comparison.

The above Jaccard similarity index is henceforth called

the prime factor complexity C(a,N) of the real value a

considering decimal expansions up to N digits. It is inter-

esting to observe that the proportional type of compari-

son [68] implemented by the np-se Jaccard similarity will

imply similar resolution concerning the comparison of two

large or two small numbers. For instance, the comparison

between 1 and 5 will yield the same Jaccard similarity as

the comparison between 10 and 50.

A situation of particular interest, especially to be taken

as a comparative reference, concerns the characteriza-

tion of the Jaccard similarity between the prime factor

and multiplicity signatures of random irrational numbers,

namely numbers whose digits are drawn uniformly from

the basic digits 0, 1, . . . , 9. Figure 8 presents the his-

togram of the Jaccard similarity between their signatures.

This histogram is characterized by near bilateral sym-

metry, but also presenting same skewness. A relatively

high average of 0.8053 has been obtained associated to a

relatively small standard deviation of 0.06924. In prin-

ciple, numbers with prime factor complexity larger than

the obtained average tend to present a relatively more

complex canonical structure.
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Figure 8: The histogram of the prime factor complexity (np-set

Jaccard similarity index for D = 1) obtained by comparing the

signatures P (ai) and M(ai) of 1000 random irrational numbers,

with i = 1, 2, . . . , 16. The obtained histogram has a slightly

skewed shape. The average and standard deviation similarities were

0.8053± 0.06924.

Figure 9 illustrates several examples of the signatures

P (ai) and M(ai) respectively to several fundamental ir-

rational constants. Also shown are the prime factor com-

plexities, corresponding to the respective np-set Jaccard

similarity J between those signatures calculated by using

the equation above.

12 Prime Complexity Networks

The similarity relationships among the prime factor com-

plexity of a set of real values can be visualized in terms of

respective similarity networks (e.g. [69]), which are graphs

having each number represented as a node, while the sim-

ilarity values are associated to respective pairwise links.

This type of networks is henceforth denominated prime

complexity networks.

Relationships between the prime structure of positive

integer number in terms of graphs and complex networks

have been approached before (e.g. [70, 71, 72, 73, 74, 75,

76, 77, 78, 63]). Here, we apply the concepts and meth-

ods described in the previous sections to obtain a graph

interrelating the complexity of the prime structure of real

some numbers, especially irrational values. All graphs

in the present work have been visualized by using the

Fruchterman-Reingold methodology [79].

Figure 10 illustrates the np-set Jaccard similarity net-

work obtained while comparing the prime factor complex-

ity of the eight primary irrational constants in Figure 9,

while also incorporating a node corresponding to the case

of random rational numbers composed by digits uniformly
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Figure 9: Illustration of prime factor and multiplicity signatures

P (ai) and M(ai), in terms of i = 1, 2, . . . , 16, obtained for sev-

eral irrational numbers, also including the respective np-set Jaccard

similarity J . GR stands for the golden ratio. The prime factor

signatures are shown in red, while the multiplicities signature are

presented in blue. Interestingly, the fundamental constants π, e and√
2 resulted with relatively larger values of signatures similarity, re-

flecting their more elaborated prime factor structure. The largest

similarity was obtained for the constant
√
2.

chosen among the set {0, 1, . . . , 9}. The Jaccard similar-

ity is calculated between the pairwise values of the np-set

Jaccard similarities between the signatures.

Interestingly, two modules can be identified, corre-

sponding to nodes more interconnected among them-

selves, as well as a relatively isolated node. The first

module incorporates the constants π,
√
2, π e as well as√

5. This group is characterized by the largest obtained

prime factor complexities. The second module includes

nodes e,
√
7, GR (golden ratio), and rnd (average of ran-

dom fractionals). The isolated node corresponds to
√
3,

which presented the smallest prime factor complexity.
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Figure 10: The prime complexity network (using Jaccard similarity

for D = 9) obtained while considering the Jaccard similarity be-

tween the prime factor complexities of the irrational numbers whose

signatures are illustrated in Fig. 9, as well as for the average com-

plexity similarity obtained for random irrational numbers (rnd).

The width of the links are related to the Jaccard similarity between

the prime factor complexities C(a,N) of the nine considered cases

(considering N = 16), while the size of the nodes is proportional to

the similarities between the respective signatures. Observe that the

number π e is not know for certain to be irrational.

13 Factors-Multiplicity Similarity

Networks

Though the prime complexity networks presented in the

previous section can provide some insight about the com-

plexity of the prime structure of decimal expansions of

real numbers, the similarity between the number of primes

and total multiplicities can only reflect the overall rela-

tionship between the respective prime structure complex-

ities.

In this section, we consider similarity networks obtained

not from the overall similarity between the factors and

multiplicities signatures, but between tuples of numbers

of prime factors and total multiplicity, therefore providing

more information about the respective prime factor struc-

ture of the analyzed decimal expansion of real numbers.

However, these networks refer to individual real numbers,

and not to a set of real numbers as in the case of the

prime complexity networks. More specifically, each node

corresponds to one of the positive integer values obtained

from the decimal expansion an of a same real number a,

while the weights of the interconnections correspond to

the pairwise (between two real numbers a and b) Jaccard

similarities between the respective tuples (P (an),M(an))

and (P (bn),M(bn)) where an is the decimal expansion of

the real value a, N P (an) is its number of prime factors

and M(an) corresponds to the total multiplicity. These

networks are henceforth called factors-multiplicity simi-

larity networks.

Before proceeding to the factors-multiplicity similarity

of individual real numbers, we first illustrate this type of

networks respectively to a set of integer values. In order

to do so, the above described method is modified so that

each node corresponds to a positive integer number, and

the weights are defined as the respective pairwise Jac-

card similarity between pairs of tuples (P (u),M(u)) and

(P (v),M(v)) and where u is a positive integer, P (u) is its

number of prime factors, and M(u) is its total multiplic-

ity.

Figure 11 presents the factors-multiplicity similarity

network obtained considering all integer numbers be-

tween 2 and 50. The widths of the interconnections

are proportional to the similarity between pairs of tuples

(P (u),M(u)), and the size of the nodes corresponds to

the respective prime factor complexity weighted by the

respective total number of prime factors.

Figure 11: Factors-multiplicity network (D = 7) obtained for the

positive integer values from 2 to 50. Each number is represented as a

node, and the weight of the connections corresponds to the similarity

between respective pairs of tuples (P (u),M(u)). The widths of

the interconnections in the network are shown proportionally to

the respective weights, while the size of the nodes are proportional

to the weighted prime complexity of each number. Each of the

obtained modules is associated to the respective type of canonical

representation. For instance ab2 indicates that the numbers in that

group contains two prime factors (a and b), with total multiplicity

3.

The obtained network expresses to a good extent the

overall prime factor structures of the considered numbers.

12



Well-defined modules have been obtained between num-

bers having the same P (n) andM(n). Observe that all in-

terconnections within a same group, or between two same

given groups, are identical. The width of the links reflect

the jaccard similarity between the tuples (P (u),M(u)).

In addition to the well-defined modularity of the ob-

tained network, it is also interesting to observe that its

overall structure is elongated, defining an axis extend-

ing from the prime numbers at the lower-left group to

the number 32 at the other extremity. The axis thus as-

sociated to the overall elongation of the network reflects

the total multiplicity of the involved canonical representa-

tions. In addition, the numbers corresponding to powers

of a unique prime factor resulted organizing along a chain

along the upper portion of the obtained network. The two

numbers having the larges prime factor complexity are 30

and 42, both of which type type abc, therefore involving

three prime factors, all with unit multiplicity.

An alternative possibility to obtain similarity networks

related to the prime factor structure of integer numbers

consists of using the same method described above, but

considering not the total multiplicity, but the respective

sorted multiplicities. For instance, the number u = 40,

with canonical representation (2)3 (5), has total multiplic-

ity 6, and sorted multiplicities 1, 5. The number 36 has

canonical representation (2)3 (3), total multiplicity 6 and

sorted multiplicities 1, 5. Therefore, as these two numbers

also have the same number of prime factors (equal to 2),

they are associated to the same tuple [2, 1, 5], so that the

Jaccard similarity between these tuples is maximum and

equal to 1.

Figure 12 depicts the same set of integer numbers as

in Figure 11, but considering the sorted multiplicities in-

stead of the total multiplicity of each considered integer

number, as well as the number of prime factors.

All connections within the same module or between the

same modules are identical. Compared to the network

shown in Figure 11, more detail has been obtained, yield-

ing more separated modules. This is a consequence of

the fact that the adopted tuples provide additional infor-

mation than only the number of prime factors and total

multiplicity. In addition, the main axis associated to the

overall elongation of the obtained network can be divided

into two portions: one extending from the prime numbers

to the number 32, and another extending from the prime

numbers to the number 48. In both cases, the modules

occur along increasing values of total multiplicities.

It is also interesting to observe that the similarity net-

work shown in Figure 11 can be related to a folding of the

network in Figure 12 around the prime numbers group.

This is a consequence of the fact that the consideration of

the number of prime factors and total multiplicity corre-

sponds to a less detailed characterization of the respective

Figure 12: Similarity network obtained by considering the Jaccard

similarity (D = 7) between tuples containing the total number of

prime factors as well as the sorted multiplicities. A more detailed

structure has been obtained than that shown in Fig. 11.

canonical representations, which tend to decrease the sep-

aration between the obtained modules and, more specifi-

cally, to the merging of modules having the same config-

urations of these two measurements.

The factors-multiplicity networks are now applied to

the real values, namely those already considered in Fig-

ure 9. Markedly distinct structures have been obtained for

each considered value. Several of the networks also pre-

sented considerable level of bilateral symmetry appearing

along an elongated structure. This symmetry is mostly

a consequence of the identical weights associated to links

between nodes of same groups. The elongated axis, how-

ever, resulted associated to progressive variation of the

prime factor complexity of each of the decimal expansions

in each obtained network.

The networks obtained are characterized by marked

similarity between the tuples number of prime factors and

total multiplicity between most of its decimal expansions,

which mostly involve prime factors with unit multiplic-

ity. Though the network obtained for
√
3 is particularly

compact, the prime factor complexity of its nodes (dec-

imal expansions) are substantially smaller (observe that

the sizes of nodes are not shown to the same scale across

the networks).

14 Farey Sequences

Farey sequences (e.g. [15, 2]) are an interesting concept

bringing together positive integer coprime numbers and
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Figure 13: Factors-multiplicity networks obtained (considering similarity between tuples number of prime factors and total multiplicity,

for D = 5) for the same real values as in Fig. 9. These networks provide reflect the relationships between the decimal expansions of each

considered real value, not being directly related to their prime structure complexity of those real values. The size of the nodes in each

network, however, correspond to the prime factor complexity of each respective decimal expansion.

rational numbers. Basically, a Farey sequence is a se-

quence of irreducible rational numbers, in increasing or-

der, which can be either in the interval [0, 1] or uncon-

strained. In addition, each element in this sequence has

denominator smaller or equal to a pre-specified parameter

n.

For instance, the Farey sequence, for n = 5 and re-

stricted to the interval [0, 1], is as follows:

F5 = 0,
1

5
,
1

4
,
1

3
,
2

5
,
1

2
,
3

5
,
2

3
,
3

4
,
4

5
, 1

It follows from the above definition that each element

in a Farey sequence has coprime numerator and denomi-

nator.

A Farey sequence Fn, where n is a positive integer, can

also be understood as the set (no repetitions of elements),

sorted in increasing order, of the elements of the respec-

tive uniformly spaced sequence:

Un = 0,
1

n
,
2

n
, . . . ,

n− 1

n
, 1 (24)

placed in irreducible form.

The Farey sequence has been associated to several inter-

esting geometric representations, including sunburst dia-

grams. These diagrams, illustrated in Figure 14 for n = 5,

are obtained by plotting points at x- and y- coordinates

corresponding to the numerator and denominator of each

element in a Farey sequence, and then reflecting this con-

struction respectively to the identity function, and then

on the other three quadrants of R2.
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Figure 14: Farey sunburst diagram for n = 12.

It is also possible to obtain Jaccard similarity networks

for the tuples [numerator,denominator] of a given Farey

sequence, as illustrated in Figure 15 for n = 12.

The network depicted in Figure 15 reveals greater sim-

ilarity (interconnectivity) among the most central ele-

14



Figure 15: Farey similarity network for n = 12 represented in cir-

cular layout, with the number 0 represented as 0/1. Observe that

the elements of the Farey sequence have been show sequentially in

counter-clockwise sense.

ments of the Farey sequence (left-hand side of the ob-

tained similarity network).

It is also possible to restrict a Farey sequence only to

its elements having prime numbers as both numerator and

denominator. This type of sequence is henceforth denom-

inated prime Farey sequence. For instance, in the case of

n = 5, we obtain:

F5 = 0,
1

5
,
1

3
,
2

5
,
1

2
,
3

5
,
2

3
, 1

Figure 16 illustrates this type of network obtained for

n = 20, also incorporating the values 0 and 1.

15 ‘Prime’ Real Numbers

As discussed in Section 7, a possible approach to extend-

ing the concept of primes to rational numbers involves

assuming a respective reference set Ω of rational num-

bers, so that a rational number a is said to be prime in

Ω provided the intersection between the np-set associated

to its canonical representation and the np-sets associated

to the canonical representations of all numbers in Ω is the

null np-set.

The Farey sequences discussed in Section 14 provides

a natural choice for Ω, as it is composed of a finite set

of rational numbers. For simplicity’s sake, the following
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Figure 16: Prime Farey sunburst diagram for n = 20, also including

the values 0 and 1. The obtained diagram resembles a snowflake.

developments will refer to the Farey sequence restricted

to the interval [0, 1].

First, observe that the Farey sequence for a given pos-

itive integer number n rational numbers whose numera-

tors and denominators correspond to all positive integers

from 0 to n. Therefore, a rational number a = n/m,

where n and m are positive integers, can be understood

as a rational ‘prime’ in Ω = Fn if and only both n and

m are coprimes with all the integer values in the set

{2, 3, . . . , n}, which are represented as numerators or de-

nominators of the respective Farey sequence. The use of

quotes in ‘primes’ is adopted here in order to remind that,

in traditional terms, prime numbers have been intrinsi-

cally related to natural numbers. The above reasoning

leads to the possible definition of a ‘rational’ prime:

A ‘prime’ rational number respective to a re-

stricted Farey sequence Fn is a rational num-

ber so that the intersection of the np-set as-

sociated with its canonical representation and

the np-set associated to each of the elements

of Fn is the null np-set.

It follows that only rational numbers of the form 1/p,

where p is a positive integer prime, can be rational

‘primes’, because forms like q/p, with q ≤ p as required

of restricted Farey sequences, will have q appearing in the

numerator and/or denominator of its elements, leading to

the following:

The set of ‘prime’ rational numbers are the

numbers 1/p, where p are the positive integer

prime numbers.
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The extension of the above concept to rational num-

bers larger than 1 is direct and involves normalizing (or

considering only the factional part) those numbers so as

to fit the restricted Farey sequence.

Actually, the above approach to rational primes can

also be readily extended to real numbers by understand-

ing irrational numbers as real ‘prime’ numbers. Indeed,

because an irrational number has infinite rational rep-

resentation, the np-set associated to its canonical repre-

sentation and those of the elements of any finite Farey

sequence is the null np-set, from the perspective of the

above assumptions and developments, leads to the fol-

lowing:

Every irrational number is a real ‘prime’ num-

ber. The set of real ‘prime’ numbers there-

fore consists of the irrationals and the rational

primes with form 1/p, where p is a positive in-

teger prime.

The above developments are related to the concept of

irreducible numbers in integral domains (e.g. [80]), the

concept of factorization [81, 11], as well as the concept

of divisibility in commutative rings (e.g. [82]). Informally

speaking, an integral domain is a commutative ring (the

product is commutative) so that the product of any pair

of its elements is non-zero. Given that np-set intersec-

tions correspond to products of canonical representations

of rational numbers, the above characterized real ‘primes’

can be understood to relate to irreducible numbers in the

real integral domain.

16 Concluding Remarks

The present work has described an approach to study as-

pects related to the prime factor structure of real values.

This has been done respectively to two main following

ways.

First, we have shown how np-sets can be used to ef-

fectively express canonical representations of positive ra-

tional numbers of both terminating and repeating types.

This approached allowed the identification of several

interesting relationships between np-representations of

canonical representations, including those between prod-

uct and quotient of rational numbers and the sum and

difference np-set operations of sum and difference, as well

as between the concepts of least common denominator

and greatest common divider and the np-set operations

of union and intersection. A relationship has also been

observed between the np-set Jaccard similarity index and

the two latter concepts. The concept of coprime has also

been extended to rational numbers by using the described

np-set form of respective canonical representations.

The second approach described in the present work con-

cerns the possibility of quantifying the prime factor struc-

ture of real numbers in terms of respective prime factor

and multiplicity signatures obtained from the decimal ex-

pansions of the analyzed numbers. Several types of simi-

larity networks have been described which can be used to

reflect the prime factor structure of positive integer and

real numbers. Preliminary examples have provided an in-

dication of the potential of the described concepts and

methods in number theoretical areas. These include the

identification that the fundamental constants pi and
√
2,

which are both irrational values, have decimal expansions

involving mostly prime factors with respective unit multi-

plicity. In addition, networks obtained by comparing the

similarity between the number of primes and respective

multiplicities allowed a set of numbers to be organized

into a modular structure where each module corresponds

to a possible type of canonical representation form.

Possible further studies include addressing other topics

of number theory from the perspective of np-sets concepts

and methods, as well as developing more comprehensive

statistical characterization of the prime factor structure

of rational and irrational real numbers.
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