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FULLY NONLINEAR ELLIPTIC PDES IN THIN DOMAINS WITH
OBLIQUE BOUNDARY CONDITION

ISABEAU BIRINDELLI, ARIELA BRIANI, AND HITOSHI ISHII

ABSTRACT. This note is the natural continuation of what was started in [§] i.e. the
extension to fully nonlinear operators of the well known result on thin domains of Hale
and Raugel [13]. Here we consider oblique boundary condition, and find some new
phenomena, in particular the limit equations contain "new terms” in the second, first
and zeroth order terms which don’t have an equivalent in the Neumann case.
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1. INTRODUCTION

Let €2, be a cylindrical domain, which is thin in the direction of the axe i.e.
Q. ={(r,y) e QxR :eg (v) <y <egh(v)}
with Q C RY a bounded open domain, ¢g* € C(€,R), and g~ (v) < g*(x). We think of
0€)., as divided in three parts the top, the bottom and the lateral part:
01 ={(z.y) 12 €Qy=ceg"(2)}, BU={(z,y) 1 z€Qy=2cg (v)},
Q. ={(z,y) : €9V eg (v) <y<egh(x)}.

We consider the elliptic PDE problem with oblique boundary conditions on the top and
bottom of the domain:

F(D2Ua,DU€,U€,$,y) =0 in QE’
(1) v"-Duf =p% ondrQ., 7 -Duf=p" ondplk,
B(Duf,u®,z) = 0 on (L,
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2 I. BIRINDELLI, A. BRIANI, AND H. ISHII

where 4v* € C(Q x [-1,1],R¥*!) and g+ € C(Q x [-1,1],R).

Our purpose in this paper is to investigate the asymptotic behaviour of u* when the
positive parameter € is sent to zero. In particular we want to determine the equation
satisfied by the limit function in €. This paper is the natural continuation of [§]. In
that work we had generalized to a non variational setting the famous result of Hale and
Raugel [I3] using the so called test function approach a la Evans. We shall see here that,
choosing the oblique boundary condition, completely changes the limit equation even in
the case of the Laplacian, introducing new first and second order terms.

On the other hand, the choice of the boundary condition on the lateral boundary
JdL82. does not play any crucial role. Hence we shall prove the results with either Neu-
mann, or oblique or Dirichlet boundary condition on the lateral boundary i.e. either
B(Duf,uf,z) :=~-Du® — B(x) or B(u®) := u® — B(x). For the clarity of the discussion, in
the introduction and in the formal expansion of the next section, we concentrate mainly
on the standard Neumann condition:

(2) B(Duf,uf,z) :==v-D,u® =0 on O,

where v = v(z) denotes the outward unit normal vector at = € 0f). Notice that v.(x,y) =
(v(z),0) € RN*! is the outward unit normal vector at (z,y) € 9.

Regarding the obliqueness of v+, we assume that, when we write v+ = (7§, 75"), with
vE e 0Q x [-1,1],RY) and 75 € C(Q x [~1,1],R),

(3) +7f >0 onQx[-1,1].

Hence, without loss of generality, we can suppose that
(4) v =1 and 7y, =—1.
So we will consider the oblique boundary condition

(5) VDot +up =7 on 0rQ.  and 4y - Dut —ui =57 on 9pQk.

If g* € C! (ﬁ, R), v. denotes the outward unit normal vector on 0r{2. U dg€2., and € > 0
is sufficiently small, then v, - (7;",1) > 0 on 01, and v, - (7;,—1) > 0 on Ip{1..

To present the results, we need some hypotheses and notation. As basic hypotheses,

we assume throughout this paper the following (H1) and (H2):

(H1) F € C(S(N +1) x RV x R x Q x [~1,1],R), and for every (p,z,y) € RN*! x
Q x [~1,1] and some constant a > 0, if X,Y € S(N +1), r,s € R, X > Y in the
semi-definite sense, and r < s then F(X,p,r,z,y) —ar < F(Y,p, s, x,y) — as.

(H2) The set  is a bounded, open domain with C* boundary, v* € C(Qx[-1,1], RV*1),
and g+ € C(Q x [-1,1],R).

Here and below, S(k) denotes the space of k X k real symmetric matrices.

We always assume that

(6) gt C'Q), g (z)<gt(z) forxzeQ.

Since we are interested in the asymptotic behaviour, as ¢ — 0T, of the solutions to
the boundary value problem , we may focus our considerations only on small €, say
0 < e < €p, which allows us to assume always that

0. CcQx[-1,1],
(7) v.-(v,1) >0 on or,
Ve  (77,—1) >0 on 0Q.
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A crucial assumption on v+ and 87 is the following:

(8)  pH(x,0)=—B(2,0) =: Bo(x) and ~(x,0) = —~; (x,0) =: 7,(x) for x € Q.
The necessity of this assumption will be evident in Section 2 where we perform a formal
expansion for the clarity of the argument.
We assume that
(9) B, € CHQ,R) and ~, € CY(Q,RY).

In this paper, our notation that f € C*(K,R¥) for a compact subset K of R’ indicates
that f : K — R* is the restriction of a function g € C*(R/, R) to the set K.
We need to assume that for some k* € C(Q,R"Y) and I* € C(Q,R),

Vi (2,y) = £70(x) + K (2)y + o(|y])
B (@, y) = £Bo(z) + F(2)y + o(lyl),
as y — 0, where o(|y|)/|y| — 0 uniformly on Q as y — 0.
Having introduced all the terms in the first order expansion in y, we are in a position

to write down the limit equation. - -
To simplify the notations we introduce the terms b € C(Q,RY), c € C(Q,R) :

(11) b(x) = Yo(D,)" —(gtkT + g7 k),

(10)

(12) c(x) =~ - DBy + —(g"1 +g717),

where D, (z) denotes the matrix, whose (i, j) ™ entry is given by 97,,(z)/0x; and Df,(z)
denotes the row vector, whose i ™" entry is 93,(z)/0x;. From now on, as in and ([12),
in order to simplify notation, when a function f is given and no confusion is expected,
the value f(z) of the function f at z is often written as f.

We define G : S(N) x RN x R x Q — R by

(13) G(X,p,r,x) = F(A+ B+ C.(p,Bo — % p),1, (2,0)),
where
_X’YO( )T
A= < 70 l’ X 70 )XVO(ZE)T)’
D, (x
(14) B= ( pD% (72(17) ,<p)) )

Dﬁo ) )
Dﬂo () )
We remark that if A(X) denotes the above matrix A and X > 0, then
A(X) = (_ jN(x)> X(In —(2)") >0,
which ensures that G is degenerate elliptic, i.e., if XY € S(N) and X < Y, then
G(X,p,r,z) > G(Y,p,r x) for every (p,r,2) € RY x R x Q. In the above and below, Iy

denotes the N x N identity matrix.
The limit problem for with , is the boundary value problem

(15) G(D*u, Du,u,z) =0 in €,
(16) v-Du=0 on 0.
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When the lateral condition is either oblique or Dirichlet then the limit equation inherits
on 0f) the lateral condition.
In the basic case F(D?*u) = —Au, we get that the limit equation is given by

(17) G(D*u, Du,u, x) = —(Au 4 v,(z) D*uryo(x) T + b(z) - Du + c(x)u).

When the boundary data on the top and bottom is not oblique but it is just the
Neumann boundary condition, and when ¢~ (x) = 0 as in our previous paper [§], the
previous quantities 7,, 3,, k= and [* are zero while k*(z) = —z—f and hence we recover

the limit equation:

F( <)O( Dg+0.Du> , (Du,0),u, (x,O)) =0 inQ, v-Du=0 on 0.
gt (z)

As discussed also in [§], the presence of corners in ). requires a little care in the
definition of sub and super viscosity solution. Hence we give a definition of viscosity
solution to , which, contrary to [I0], does not require the continuity of the solution.
The precise definition of sub and super viscosity solution up to the boundary is given in
Section 3 below but let us anticipate that we call a bounded function « on Q. a viscosity
solution to if the upper and lower semicontinuous envelopes of u are viscosity sub and
super solutions to ([1)) in the sense of [I0], respectively. The definition of viscosity solution
to — is made in the same way.

The first result we want to quote is an existence result for € fixed small. We shall state
it when, on the lateral boundary, the Neumann condition holds:

Proposition 1. Assume (H1), (H2), , @, , @, and . Then, there exist

positive constants €1 < g9 and Cy such that for each 0 < € < €1, there is a viscosity
solution u® to with furthermore any solution u® will satisfy

sup [u”| < Co.
Q.

We can now state the convergence theorem. Let S, denote the set of viscosity solutions
to with for given € > 0. Under the hypotheses of Proposition , we define the half
relaxed limits v by

u'(z) = lim supfu(&,n) : w€ S, (§n) € Q., O<e<r, [€—a] <r},
u”(w) = lim inf{u(§,n) - we S, (§n) € Q, 0<e<r, [E—z| <r},
r—

which are bounded functions on € by Proposition .

Theorem 1. Under the hypotheses of Proposition the functions ut and u~ are a
viscosity sub and super solutions to —, respectively.

Clearly, if GG, as defined in (13]) and (|14)), satisfies the comparison principle then u, :=
(L5)—(16).

ut = v~ and it is a solution of Furthermore u® converges uniformly to wu,, see
Corollary

Remark that the assumption (8) is indeed crucial. Consider problem:

—uy, +u=1 in (0,1) x (0,¢),
uy(z,e) =1, —uy(z,0) =0, u,(0,y) =0, wu,(l,y)=0

for which all hypotheses, but , of Proposition [l are satisfied. Clearly its solution is
u(z,y) = ——= (e¥ + €7¥) + 1, which is not bounded as € goes to zero.
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As already mentioned, in the paper the existence results and the convergence results
will be stated and proved for a more general case of lateral conditions, see Proposition
and Theorem [4]

After the work of Hale and Raugel, there has been a number of interesting results that
generalise it in many contexts see e.g. the works of Arrieta, Nakasato, Nogueira, Perreira,
Villanueva-Pesqueira [3, [5, 4, [6] .... with for example oscillating boundary or quasi linear
operators. On the other hand there is also a very large number of papers that treat
the “variational” convergence of functionals F. to a new functional defined in a lower
dimensional space, where the main tool is I' convergence, it is impossible to mention all
the works in that realm, but we can mention e.g. [I, 2, ©]. But, even if the problems
are not so far mathematically, we believe that the point of view are so different that it
would require quite some work to make the connection. And even if this would be very
interesting it is certainly behind the scope of this introduction.

The paper is organised in the following way: In the next section we perform the formal
expansion that will allow us to guess the limit equation and upload the test function
approach. In the third section we prove the existence and bounds at e fixed. In the
fourth section we prove the main asymptotic results and finally in the last section we
prove that when F' is a Bellman-Isaacs operator under the right general condition the
limit operator satisfies the comparison principle i.e. the convergence is uniform.

2. FORMAL EXPANSION

To gain an intuitive understanding of (15]), we perform the following formal calculations.
First, we assume that the following expansion, as ¢ — 0T, is valid in an appropriate sense:

ua(x’y) = u()(x) + Eul(:p,y/g) + €2U2(I7y/8> +eeey

where u° : Q — R, u',u? : Q x [~1,1] — R, and every ingredients appearing above and
elsewhere are supposed to be smooth enough. At this point, we do not require condition
(8) yet, but consider the expansion formula . That is, we set it as follows.

{ W (z,y) =i (2,0) + k= (2)y + o(|y)
Bz, y) = 67 (x,0) + I (z)y + ol|yl).

Insert the above expansions into the boundary condition , on the respective boundaries
01§l and 0Ogfl.,

0=""" Dyu® +u — g+
=f - DU’ 4+ enf - Dou' +24F - Dy’ + u; + 5u§ — B+
=17 (2,0) - Du’(x) + eg*k*(x) - Du’(2) + &7 (2,0) - Dyu'(w, g%)
tuy(z,g%) teul(z,g7) — BF —egl™(x) + - -

(18)

Here and below, for function u = u(x,y), u, denotes the y-derivative du/0y = D,u of
u. Equating to zero the coefficients of €” and ! on the right-hand side of the above, we
obtain

(19) 0 =91 (2,0) - Du’(2) £ (2, g% (x)) — B*(2,0),
(20) 0= g k*(z) - Du’(z) + % (2, 0) - Dyu' (2, g™ ()
+uy(z, g% (7)) — g* ()1 (2).

Tu
+ v
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In the domain €2, we have
(21) 0 = F(D*uf, Du®, u®, x,y),
with
. D2u0 Dmul T
D*uf = (Dmul 5_(1u1 E’i—)u2 ) +o(1),
ally yy Yy

Du® = (Dgu®,uy) + o(1), uf = u’(z) + o(1).

(22)

A natural ansatz here, to obtain a PDE for u° = lim._,¢+ v, is to impose that
uy, (z,y) =0 forz e, g~ (z) <y < g'(x).

To achieve this, we assume that there is a function v : @ — R such that

(23) u(z,y) =v(z)y fory e R.

With this ansatz, and read

(24) 0 =75 (2,0) - Du’(x) £ v(z) — F*(,0),

(25) 0 =g k™(z)- Du’(x) + g7y (2,0) - Do(z) £ul(z,97) — g1 ().

The solution of with respect to v is

v(z) = f7(2,0) =7 - Du’(x) = =B (2,0) + 71 - Du’().
This is well defined if condition holds, and it determines the value for v as
(26) v(@) == By — 70 - Du(2),

and the expansion formula ((18) turns out to be identical to ((10)).
With this choice of v, from (25)), we obtain
(27) uy(, g7 (1)) = £g7(1(2) — k¥ (2) - Du’(2) F 7o(2) - Dv).
For each z, we look for a quadratic function Q(y) with slope u (z, g~ (z)) and v (z, g* (z))
at y = ¢ (x) and y = g7 (x), respectively, and choose:
—9) , =9 5
Qy) = o——=u(z,9") — -———=u;(x,97).
) 2(g" —g7) :97) 2(g" —g7) :97)

Thus, our choice of u? is:

u?(z,y) = M <l+(x) — kT (2) - Du’(z) — 7, - Dv)

23) R
+ ﬁ (r(x) —k(2) - DU () + e Dv).
We set
+ ——gi () — k5 (2) - Dul(x - Dv
(29) w(x)_(g+_g_)<l() k() D ():FfYO D)u
so that can be written as
(30) w(2,9) = 2y — g (@) (@) + 5y — g (@) (x).

2

4y, Which involve

In view of , we wish to give convenient formulas for Du' and u
explicitly neither functions u' nor u?. We compute that

(31) Du, = Dv = D(8, — 7, - Du’(x))
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= DB, — Du’D~y, — v,D*u°,
(32) Yo Dv =", D(Bo — o Duo)
=% DB =7 - DUOD’VO - VODzuorY;f
= %Yo " Dﬂo - [fYO(DIYO)T] : DUO - ’VODZUOIV;I‘v
and

(33) uy(z,y) =w'(2) +w ()

1 1
- <g+l+ + g—l—) -
gt —g g

— (ngkJr + g_/f_) -Du’  —~,-Dv
g
1
= ﬁ(!ﬁﬁ +g 1" -
gt —4g g g
— Yo Dﬂo + [IYO(D’YO)T} ’ Duo + '70D2U0 ,Y;I“

Recalling and , we obtain
(34) uzy = o D*uy} +b- Du’ +c.
We go back to (22)), to find that as e — 07,
D*y0 (DB, — Du’D~y, — ~v,D*u’)T
2 & o o o
D = (Dﬂo — Du’Dry, —v,D%*u® 4, D*uyF +b- Dul + ¢ +o(1)

[ D*  —D*u%yf 0 —(Du’D~,)* 0 Djr
(—%D%ﬂ 70D2u073)+(—Du0D% b-put )t \ps, o )T

+
. i (g+k+ n g—k:—) . Du®

and

Duf = (Du°,v) + o(1) = (Du’, B, — 7, - Du’) + o(1).
Accordingly, in the limit as ¢ — 07, we deduce that is the equation for the limit
function u° of the solutions u° to and .

3. EXISTENCE AND BOUNDS

As mentioned in the introduction and as seen in [8], the presence of corners in €.
requires a little care in the definition of viscosity sub and super solution. Instead since
the choice of lateral condition does not affect the proofs of the main results we now
introduce the more general case.

But first some notations: In the following proofs, we adopt the o(¢?) and O(eP) symbols,
to indicate, respectively, functions ¢(z,¢) and r(z, €) on Q such that |q(z, €)|/eP converges
uniformly to 0 on Q and r(x, €) /&P is uniformly bounded on Q as ¢ — 0*. Similarly, when
q(z,y,€) and r(z,y,¢) are functions of ., ¢ = o(e?) and r = O(e) mean that, as ¢ — 0%,
supg: |q(z,y,¢€)|/e? — 0 and supg_ |r(z,y,¢)/e"| is bounded by a constant.

Recall that £g > 0 has been chosen so that holds, that is, for € € (0,&¢), we have

0. Cc Qx[-1,1],
(35) —eDg" -y +1>0 ondrQ. and eDg -y, +1>0 on dsQ..

Let B € C(002 x [-1,1],R) and v € C(9Q x [—1,1],RV*!) be given. We are interested
in the boundary value problems for (|1|), with the boundary condition on the top and
bottom of the boundary and either of the conditions on the lateral boundary 9y (2.:

(36) v+ Du =B,
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or

(37) u=p.

In the case of we need the following conditions

(38) {7 = (y1,7) € C(AQ x [-1,1], RN g€ 0(0Q x [~1,1],R),
>0 ondQx[-1,1], 7(z,0)=0 forz € Q.

For notational convenience, given ¢ > 0 we call problem (O.) (resp., problem (D.))
problem , with boundary condition B as in (resp., problem , with boundary
condition B as in (37)).

Notice that problem f is a particular case of problem (O.), with v = v, and
f =0, which we call (N.).

In the sequel when we focus on either problem (N.), (O.), or (D.) we call it (P.).

Viscosity solutions to these problems are defined as follows. When w is a bounded
function on ., we call u a viscosity subsolution of problem (O,) (resp., problem (D.))
if the following condition holds for the upper semicontinuous envelope v of u: whenever
¢ € C*(Q.), 2= (%,9) € Q- and maxg(v — ¢) = (v — ¢)(2), we have

(39) F(D*¢(2), D(2),v(2),2) <0

if Z € Q., we have either or

(40) 7(2) - Dp(2) < B(2) (resp., v(2) < (2)),
if 2€ 0L\ (0582 U 01f.), we have either or

(41) 7 (2) - Do(2) < 57 (2)

if 2 € 0g€d. \ 0L, we have either or

(42) V7 (2) - Do(2) < B7(2)

if 2 € 07\ 0L, we have either , , or if 2 € 0. N, and we have either
, , or if 2 € 0. NOrS).. Replacing “max”, “<”, and “upper semicontinuous
envelope”, with “min”, “>”  and “lower semicontinuous envelope” respectively, in the
above condition yields the right definition of viscosity supersolution. Viscosity solutions
are functions which are both viscosity sub and super solutions.

The main result of this section is the following:

Proposition 2. Assume (H1), (H2), (4), (). @), @), and (10). Then, there exist

positive constants €1 < €9 and Cy such that for each 0 < € < €1, there is a viscosity
solution u® to :

, , and either with or ,on 0.
Furthermore any solution u® will satisfy supg_ |u®| < Cj.
Before starting the proof we need a few technical results.

Lemma 2. Let u € C(,R). There is a family {u. : € > 0} of functions in C*°(Q, R)
such that as € — 0%,

u. =u+o(l) and Duf =o(c ).
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Proof. By extending the domain of definition of u, we may assume that u is defined,
bounded, uniformly continuous in RY. Let A € C*(RY,R) be a standard mollification
kernel, with supp A being contained in the unit ball B, centered at the origin. Let A. be
defined by \.(x) = e ¥ \(z/e). Let m be the modulus of continuity of u. Set u, = u * \.
for € > 0, and observe that

|ue(w) — u(z)] < / Ae()u(z —y) — u(z)|dy < m(e)/ Ae(y)dy = m(e),

€ £

Du) = | [ e~ x| =] [ =) - u@) DA

<m(e) [ IDAMw/e) Ny = mie)e [ DAGIdys

By

O

Remark 3. The above proof extends to a general case where u € C*(Q, R), with nonneg-
ative integer k. Let u. be the function defined as above. Fix any j € N. The conclusion
is: for multi-index o = (0y,...,0n), if |o| < k, then

Du. = D%u+ O(e),
if |o| = k, then

D°u. = D%u + o(1)
and, if k < |o| < k+ j, then

Du, = o(ek~1]),

Notice that if |o| < k, then D?u is Lipschitz continuous on €.

It is well known that, to obtain an existence result like e.g. Proposition[2] one can apply
the Perron method to the boundary value problem (P.) (see, for instance, [10, Remark
4.5]). A crucial property in this construction is that classical solutions (twice continuously
differentiable solutions in the pointwise sense) are also solution in the viscosity sense.

A result in this direction is the following.

Proposition 4. Assume g* € Cl(QR), (H1), (H2) and (38). There exists €, € (0,&0)
such that for 0 < e < g, ifu € C*(Q.) is a classical sub (resp., super) solution of problem

(0:),

then it is a viscosity sub (resp., super) solution of (O;).

This proposition is a straightforward consequence of the following Lemma (see also [8,
Remark 4]).

Lemma 3. Assume g* € C'(Q,R), (H2), and [B8). There exist constants . € (0,¢0)
and 0 > 0 such that if 0 < ¢ < &,, ¥ € CY(Q.), and ) takes a mazimum at ¢ € O,Q.NOTQ;
(resp., ¢ € O N OB«2. ), then

(Y +07") - DY(c) >0 (resp., (v +60y7) - Dip(c) > 0).
We present a brief proof of Proposition [d], based on Lemma [3] for completeness.

Proof of Proposition[f We only consider the claim about the subsolution property. Let
u € C2(€.) be a classical subsolution of (O.). Let ¢ € C*(Q.) and ¢ € .. Assume that
u— ¢ takes a maximum at c. If ¢ € )., then the degenerate ellipticity of F', a consequence
of (H1), assures that F(D%@(c), Dé(c),u(c),c) < F(D?u(c), Du(c),u(c), c), which yields
F(D?¢(c), Dg(c),u(c),c) < 0. If ¢ € O \ L, then, by (35)), 7' is oblique to It .,



10 I. BIRINDELLI, A. BRIANI, AND H. ISHII

which implies that v D(¢—wu)(c) < 0, and hence y"-D¢(c) < 57 (c). Similarly, v~ and v
are oblique to dg€2. at ¢ € 92 \OL 2. and to ). at ¢ € OLQ\ (OrQ2:U0RSL,), respectively,
and hence, if ¢ € Jg2. \ 0L 2, then v~ - Do(c) < f7(c) and if ¢ € O \ (012 U Ip€2.),
then v - D¢(c) < B(c). Finally, we consider the case ¢ € (OrQ. U 0g€) N OLQ. If
¢ € 010 NI, then, by Lemma (3| we have (v + 67) - D(u — ¢)(c¢) > 0 for some
¢ > 0. This implies either v - D(u — ¢)(c) > 0 or v© - D(u — ¢)(¢) > 0. Here, the former
and the latter yield v - Do(c) < B(c) and v© - Do(c) < f7(c), respectively. If, instead,
¢ € 0. N OpSL., then we have (v + 0vy~) - D(u — ¢)(c) > 0 for some # > 0 by Lemma
Bl Hence, similarly to the above, we have either v - D¢(c) < B(c) or v~ - Dg(c) < B~ ().
Thus, we conclude that u is a viscosity subsolution of problem (O,). U

Proof of Lemma[3. We use the notation that, given a vector ¢ = ((i,...,C(v41) € RNV
we write ¢; = ((1,...,Cy) € RY and ¢ = (y11 € R, so that ¢ = ({1, ().
It is enough to prove the following
Claim: There exist constants . € (0,&0) and 6 > 0 such that if 0 < ¢ < ¢, then
(i) for any ¢ € O,Q.NOrQY, there ist. > 0 such that c—t(y+0~T) € Q. for0 <t <t,,

(ii) for any c € OLQ.NOBS, there ist. > 0 such that c—t(y+60y~) € Q. for0 <t < t..

Choose p € C'(RY,R) so that
p<0 inQ, p>0 inRY\Q, and Dp#0 ondQ.
We may regard p as a function of (z,y) € R¥*! independent of y. Define p*(x,y) =
+(y—eg*(z)) on RN We only need to show that for a choice of €, € (0,&¢) and 6 > 0,

(iii) (v +6~vT) - Dp(c) > 0 and (y + 67T) - Dpt(c) > 0 for ¢ € O.Q N I and
0 <e<e,,

(iv) (v +60v7) - Dp(c) > 0 and (y+6v7) - Dp=(c) >0 forc € IQ. N I and
0<e<e,.

Fix e € (0,&9) and 6 > 0. For ¢ = (c1, ¢2) € ILQ: N OS82, we compute that
(Y +07") - Dp(c) = (m1 + 03" ,72 +0) - (|1Dpler)|v(er), 0)

43) = 1Dplen)(n(e) - vier) + 057 (0) - vier)),
and
(14) (Y+6+")-Dp*(c) = (v+67") - (—eDg*(c1),1)

= —e(y1+0y) - Dg*(c1) + (32 + 0)(c).
Similarly, for ¢ € 9.2, N g2, we compute that
(v +0v7) - Dp(c) = (71 + 071,72 — 0) - (| Dpler)|v(er), 0)

(45) = 1Dp(e)|(n(e) - vler) + 07 (6) - vier)),

and

(46) (Y+60y") -Dp(c)=(v+6y)-(eDg (1), —1)
=e(m+0v) - Dg (c1) — (2 = 0)(c).

Since

min  y(z,y) - v(z) >0 by (@8),

(z,y)€dx[—1,1]
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we may choose # > 0 small enough so that

g in min{(n(z,y) + 07 (2,) - v(z), (n(zy) + 007 (2,)) - v(@)} > 0.

Consequently, from and , we find that
(v 4+ 6~y%) - Dp(c) >0 for ¢ € I N O,
and
(v4+60y7)-Dp(c) >0 for c € O, NIpSL..
Next, thanks to (B8], we can choose § € (0,1) so that

a(e)] < &
max & —.
0% [—8,0] g -2

We choose €1 € (0, g9) so that
ey max{|gt(2)|,]g” (x)]} <6 forz € Q,
which implies that for 0 < e < e,
Q. C Q x [-4,4],
and moreover,
0
|’72(C)| < 5 for c € (8L95 N 8TQS) U (aLQg N 8]395) and 0 <e <g.
Now, from and , we find that for 0 < e < 1, if ¢ € 9.2 N OS2, then
0
(v +6077) - Dp™(c) 2 5 —e(n +0) - Dg*(er)
and if ¢ € 9, N Og11,,
_ _ 0 _ _
(v+077) - Dp~(c) 2 5 +eln +00n) - Dy (ca).

We select e, € (0,¢1) so that

Y

[\CR N

+ Dot +
5*065513}55,5][(71+971>(C) Dg™(e1)]” <

and

D

go _max_ [(y1+6077)(c) - Dg~(er)]” <

€O X[—5,6) ’

to obtain for 0 < € < &,
(y+0y")-DpT(c) >0 force N,
and
(v+60vy7) -Dp (c) >0 force I NIsl..
This proves the claim and hence the lemma. [l
In the case of the Dirichlet boundary condition (36)), as the next proposition states,

classical sub and super solutions are also viscosity sub and super solutions, respectively.
The corners of the domain do not matter.

Proposition 5. Assume g* € C1(Q,R), (H1), (H2). Let e € (0,&9). If u € C*() is
a classical sub (resp., super) solution of problem (D.), then it is a viscosity sub (resp.,
super) solution of (D:).
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Proof. We only treat the claim about the subsolution property. Let u € C2(€.) be a
classical subsolution to (D.). Assume that for some ¢ € C%(€).) and ¢ € Q., u — ¢ takes
a maximum at ¢. As in the proof of Proposition [4] thanks to the degenerate ellipticity
of F' and the oblique property of v*, as stated as , we easily see that if ¢ € Q,
then F(D?*¢(c), Dg(c),u(c),c) <0, if ¢ € o1 \ L8, then v+ - Do(c) < 87 (c), and if
c € 08 \ OLS)., then v~ - Do(c) < S~ (c). It remains to check the case when ¢ € O9if2..
However, if ¢ € 0., then we have u(c) < B(c), which is enough to conclude that u is a
viscosity subsolution to (D). O

Proof of Proposition [2 First, we build classical strict sub and super solutions to (P.).
Choose functions p, h € C*(Q,R) such that h satisfies

g (z) < h(z) < g"(z) forxeQ.

while p will be chosen depending on the lateral boundary condition. We choose a constant
do > 0 so that

(47) +(g%(x) — h(x)) > & forz e Q.
As suggested by the formal expansion argument in the previous section, we set
E(LE) = ﬁo('x) - 70('%) ) D,O(LIZ'), y(%) = ﬁo(x) + Vo(x) ’ DIO(:C> for z € ﬁa
where (3,,7, are defined by and we choose families {v. : 0 < e < ¢gp} and {v, : 0 <

e < g9} of C? functions, approximating v and v, respectively. According to Lemma [2| and
Remark [3] we can choose {v.} and {v.} so that as ¢ — 0+,

V. =0+0(), Dv.=Dv+o(l), and D =ofs).
o(e™).
€ C*( x [-1,1]) by

v.=v+0(), Dv.=Dv+o(l), and D*v_ =
For a constant A > 0, to be fixed later, we can define ¢, Y€
putting
_ B A ) _
ws(xvy) = p(ZE) + Ua(£)y + E(y - Eh(l‘)) for (a?,y) €O x [_17 1]
and

A _
¥ (2,y) = —p(x) + v.(2)y — E(y —eh(x))? for (z,y) € Q x [-1,1].
The function p will be chosen later in order that ¢ and % satisty the lateral boundary

condition. When ever we need to treat both ¢_ and ¢_ we will use ¢, idem for T, and v,
Note by the definition of ¥ that

(M - Dp+7. — ) (w,e97 () = (07 - Dp+7 — B7)(z,e97(2)) + O(e)
= (Y% Dp+7 - B,)(x) + O(e) = O(e),

and
(v - Dp—v. =B )z, 69 (x) = (v, - Dp—v— B )(w,e9 () + Ofe)
:(_VO'DIO_E"i_ﬁo)( ) () ()

where we have used that by (10), (i, 8%)(z,9()) = (£7,, £8,)(z) + O(e), (for g = g*
and g = ¢~ ). Similarly, we see that

(=1 - Dp+uv. = B)(w,e9%(x) = (=7 - Dp+v—B,)(x) + O(e) = O(e),
and

(=1 - Dp—v. — B )(x,e9” (2)) = (V- Dp— v+ B)(x) + O(e) = Ofe).
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We now compute
D (w,y) = (Dp(x) + yDu.(x) + Ae(eh(w) — y) Dh(x), Ue(x) + Aly — eh(x)).
Hence,
(v - DY, = 5) (@, e9%(2)) = (7 - Dp£ 7. — %) (2,297 (2))
+91 (2,97 (2)) - (697 () DU (2) + Ae(eh(x) — eg™(x)) Dh(x))
+ Aeg™(z) — eh(x))
= el (g% (2) = h(2)) + O(e).
Similarly,
(v - DY~ BF) (@, 29" (2)) = FeA(g*(2) — h(x)) + O(e).
These, combined with , assure that, for some constant C; > 0 independent of ¢,
(V" DY, — 5 (2,697 (x)) > eAdy — Che,
and
(vE- Dy_— BE)(z,e9% (7)) < —eAdy + Cle.
Selecting A > 0 so that dpA > C1, we find that
vt Dy, > BT on 0L, v~ -Dip. > B~ on O,
{7+ Dy < BT on 01, and - Dy <~ on Ogpfl..
Next, we need to choose p in order to satisfy the lateral condition. Hence we need to
treat two different cases: .
For problem (O.) we select p € C'(Q) so that Dp(z)/|Dp(z)| = v(x) for x € 9. Since
v - v > 0on dQ x [—1,1], we have v, - Dp > 0 on 92 x [—1,1]. By approximating p
by a smooth function, we may assume that p € C?(Q) and 7, - Dp > 0 on 9Q x [—1,1].

Multiplying p by a large constant and replacing p with the resulting function, we may
assume that

(48)

v1-Dp>|B|+1 on 002 x [—1,1].
We compute that for any x € 092,
v D, =y - Dp+yy1 - Du.(x) + eA(eh(x) — y)y1 - Dh(z) + 120, + O(e)
=m-Dp+o(l)>p
Similarly
v-Dy_=—y-Dp+o(l) < B.
For problem (D,) instead we choose p € C?(€) such that
p> |8l +1

and the lateral Dirichlet condition is satisfied.
Observe that 1. and wa have the same regularity, as functions on .. We need to prove
that B
Ve = O(1>7 Dy, = 0(1)’ and D2¢6 = O<1)
In this regard, the only terms in 1. that need to be taken care of are f.(x,y) := yv.(x)
or f.(x,y) := yv.(x) but in both cases

fe(z,y) = O(e), Dfe(z,y) = (yDv.(z),v:(x)) = O(1),
Dnys<x7y):(DUsao>:O<1)> D2fs xay>:07
D3 fe(x,y) = yD*v(z) = O(e)o(e™") = o(1).
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Consequently,
F(D*)z, Dipe, Y, ) = O(1)

as functions on €., and there is a constant Cs > 0 such that
|F(D*)., D, )., 2,y)| < Cs3 for (2,y) €Q. and 0<e < é;.
For any M > 0, by (H1), we have for (z,y) € Q,
F(D*)., D, + M, 2,y) > —Cs + alM,
F(Dzﬂ,Dﬂ,gE — M, x,y) <C3—aM.

By selecting M > 0 so that aM > Cj, recalling and the appropriate choice of p that
implies the lateral condition, we find that for every ¢ € (0,¢1), the functions ¥_ + M and
ﬁa — M are classical, strict, sub and supersolutions to (P.), respectively.

Now, let € € (0,£1). It follows from the classical argument for the maximum principle
that if u® is a viscosity solution to (P.), then ﬁg — M <uf <.+ M on Q.. This shows
that the family of all viscosity solutions u® to (P.), with € € (0, 1), is uniformly bounded
on Q.. That is, there is a constant C' > 0, independent of € > 0, such that if «° is a
viscosity solution to (P.), then |u(x,y)| < C for all (z,y) € Q. and ¢ € (0,¢;).

Let e, > 0 be a constant from Proposition 4] or [5| depending on the lateral condition.
We may assume that e; < e,. Let ¢ € (0,1). By Proposition [4] or [5| the functions
Y.+ M and ¢_— M are viscosity sub and super solutions of (P.), respectively. Thus, for
any ¢ € (0,e1), Perron’s method readily produces a viscosity solution u° to (P.) such that
ya —M<ut < ES + M on Q.. Indeed, if we set

u®(z) = sup{v(z) : v is a viscosity subsolution of (1)) — ,ﬂ — M <v<v¢_+ M}

then the function u® is a viscosity solution to (P.). Note that Proposition [4| or [5| are
crucial when one checks that the lower semicontinuous envelope of u° is a supersolution
to (Pe). O

4. PROOF OF MAIN RESULT

We begin by stating Theorem [I|in the general case of problem (P.). Let S. denote the
set of viscosity solutions to (P.), with given ¢ > 0. Under the hypotheses of Proposition
2l we define the half relaxed limits u* by

ut(z) = liI(r)l+ sup{u(&,n) :ue€sS., (£n)e€Q, 0<e<r, |€E—a| <),
r—

4 _
) u(z) = lm inf{u(§,n) : u €S, (&) €&, 0<e<r, [f—af<r},

which are bounded functions on Q by Proposition Let us consider the following problems
in €2

(50) G(D?*u, Du,u,z) =0 in €,
v - Du = (z,0) on 0f2

or

51) G(D?u, Du,u,z) =0 in €,

( u = [B(z,0) on 0f2

which we also call respectively (Og) and (Dy).
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Theorem 4. Under the hypotheses of Proposition [3, if S. are the solutions of problem
(O ), the functions ut and v~ are a viscosity sub and super solutions to (50)), respectively;
while if S. are the solutions of problem (D.), the functions u™ and u™ are a viscosity sub
and super solutions to , respectively.

Proof of Theorem[f] We show first that the relaxed limit u" is a viscosity subsolution of
(B0). Let ¢ € C() and assume that u™ — ¢ has a strict maximum at a point & € Q.
We adapt the calculations in the previous section, to modify the test function ¢, so that
the resulting function ¢ satisfies ;" - D90+ Db > 8% on 0rQ. and vy - Dyp — Dytb > 3~
on 0gfl.. Referring , , , and , with ¢ in place of u°, we define
U(;C) = 60<ZE) - ’Yo<x> ' D¢(x)7
+

+ o g N ) - Dv
w (x>_(g+_g_)(l k D¢:F70< ) D )7

Vuley) = 6(0) + 0(@)0/2) + S{e - gVt @)+ fe — gPur (2)
+0(y/e — h)*}
= o) + o)y + 5 { (v — 20 VP (@) + (y — 29"V () + 6y — =h)?},
where h € C?(Q) is a function chosen to satisfy
g (2) < h(z) < g (z) forzeq,

and ¢ is an arbitrarily fixed positive constant. Comparison of 1. above to the formal
expansion in the previous section indicates that 1. adds the last term as an additional
one, which will allow us to make the boundary inequalities strict.

By assumption, we have v € C1(€,R), w* € C(,R), and . € C(Q2 x [-1,1],R). To
enhance the smoothness of 1., we introduce families {v.}, {w*}, and {g*}, with ¢ > 0,
of functions on Q approximating v, w*, and g*, respectively, such that

v, wi, gt € C%(Q),
v. =v+0(), Dv.=Dv+o(l), D?w. =o(c1),
9= =9* +0(e), Dg: =Dg*+o(l), D¢ =o(™),

wr =w* +o(l), DwF=o(c?), D*wF=o(c?).

(52)

Such a choice of v.,wE, and gZ is possible thanks to Lemma [2 and Remark [3] Moreover,
reparametrizing v., we may assume that

(53) v. =v+o(e), Dv.=Dv+o(l), D*. =o(c1).

Select €1 € (0,¢g) sufficiently small so that for 0 < e < ¢y,

g- +e1<h<gl—e on Q.
In what follows we consider only those with parameter ¢ € (0,e;). We define ¥, €

C>(Q x [-1,1],R) by

W) = 6(a) + vy + 3l — g7 Vurt + (y — gt P + 8y — eh)?).
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Compute that
DV, = D¢ +yDuv. + %{(y —eg2)*Dwl + (y —egl)* D}
(54) —e{ly —ego)w Doz + (y — egF )wz Dy + d(y — eh) Dh},
Dy¥. = v. + (y — eg. )w! + (y — eg)ws +0(y — eh),
and observe by and that for g = ¢g* and g = ¢,
D,V (z,e9(x)) = Do + egDv + o(¢),
. { Dy, 2(w) = v+ elg — g Yt +2(g — 97w + eblg — B) +o(e)
Hence,
(v - Do¥e + DyV. — B7)(2, 69" (2)) = 7/ (2,697) - (D + g™ Dv)
+v+e(gt —g )wt +ed(gT —h)
— B (z,e9") + o(e)
= Yo(2) - (D¢ +eg"Dv) +eg"k" - D¢
+v+e(gt —g )wt +ed(gt —h)
— Bo(z) — g™l + o(e).
By the definition of v, we have
Yo(x) - Do+ v = By(z),
and by the definition of w™, we have
(g7 =g )w" =g (I" =k D¢ — y,(x) - Dv).
Combining these together yields
(M Do¥e + Dy 0. — ) (w,e9" (x)) = €6(g™ — h) + o(e).
A parallel calculation shows that
(1 - DoV — Dy — §7) (2,69 () = ed(h —g7) + ofe).
Consequently, reselecting €; small enough, we may assume that for any 0 < ¢ < &4,
(56) - DY+ D,¥. > 3" ondrQ. and vy -D,V.— D,V > " on Ipl..
By the definition of u™, there exists sequences {¢; € (0,¢,) : j € N}, {u; € USC(Q.,,R) :
j € N}, and {(§;,7n;) € Q,} such that u; is a viscosity subsolution to (O,), with ¢ = ¢;,
lim; oo w;(§5,m;) = ut(2), and lim; o (§;,m;) = (2,0). For every j € N, choose a maxi-
mum point (z;,y;) € e, of u; — ¥.,. We claim that lim;_(z;,y;) = (#,0). To see this,

by passing to a subsequence and concentrating on the subsequence, we may assume that
for some z € €, lim;_,.(z;,y;) = (Z,0). Noting that

lim ma&‘qjs('xay) - ¢(x)| = O:

e—=0% (z,y)eQe

we observe that
limsup(u; — Ve )(z;,9;) < (u — 6)(7),
j—o0

lim inf(u; — We;) (2, 9;) = liminf(u; — V))&, n5) = (u” = )(2),

Jj—o0 Jj—o0
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which assures that ¥ = 2 and our claim is valid. The argument above can be used to
show that lim;_, . u;(x;,y;) = vt ().

Since u; is a subsolution to (O.), with € = ¢;, we find in view of that if (z;,y;) €
Q_aj\ LS., then

(57) F(D*W,,(z5,y;), DV, (2,y;),ui (5, 95), x5, ;) <0,
and if (z;,y;) € OL8),, then either or the following holds
(58) v+ DoV, (),y;) < B(x),95)-

From , together with , we obtain on .,
D2W, = D*$ + o(1),
D,D,¥. = Dv+o(1)
DE\I/6 =w! +w. +6
=w"+w +d+o0(1).
Similarly to , we have
Dv = Df, — DDy, — 7,D*¢.
From these together, we obtain

D2 Dot
2 —
D\Ijs_(Dv w++w+5)+0(1)

— D2¢ (Dﬁo - D¢D’)’o - 70D2¢)T + 0(1)
DBO_D¢D70_70D2¢ w++w_+5 ’
and, similarly to (55),
DV, = (D¢,v) + O(e) = (D¢, Bo — 7o - Dg) + O(e).
Recalling the definition of b and ¢ and following the computation from (33| to , we
find that
(w* +w™)(w) = c(x) + b(x) - DP(x) + () D*P()v0(2) "
Thus, we have
D*¢ (DB, = DpDy, — 7o D*¢)"
2 o o o o
D= (s, i, a0 e 0D s £a) oD
and we infer from and that if £ € €2, then

(59) F(A—i—B—l—C’,ﬁ,uJ“(i),:i“,O) <0,
where p = (D¢p(2), Bo(Z) — 7o(Z) - Do(2)),
(D@ Do)
A= ( (#)D(#) %< > ()7, W)
_ 0 2)70(2))T
b= (—D¢<:ﬁ>%<:ﬁ> Do(i) )

O 0 Dp,(2)"
Dp,(2) c(z)+4d )’
and if & € 09, then either or the following holds

7(#,0) - Do(E) < B(2,0).
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Since 0 > 0 is arbitrary, we conclude that u™ is a viscosity subsolution to ({50)).

An argument parallel to the above shows that u~ is a viscosity supersolution to (50)),
the detail of which is left to the interested reader.

The case of problem (D) is also similar. O

Once the comparison principle is established for (P), the above theorem assures the
uniform convergence of solutions u® to (P.) on 2 as ¢ — 0%,

Corollary 5. Assume the same hypotheses as Proposition[3 and, moreover, the compar-
ison principle for (Py) stated as follows:

(H4) If v and w are viscosity sub and super solutions to (Py), respectively, then v < w
on €.

Let u® be a viscosity solutions to (P.) such that supg_|u®| < Cy for every 0 < e < e and
some &1 € (0,&9) and Cy > 0. Then, for a (unique) viscosity solution u° to (Py), we have

(60) lim sup |uf(z,y) —u’(x)| = 0.
e—0Tt (m,y)EKTE

Proof. Let ut and u~ be the functions defined by . By Theorem , ut and u~ are
viscosity sub snd super solutions to (Py), respectively. The comparison principle (H4)
implies that u* = u~, u® == u* = v~ € C(Q,R), and v’ is a viscosity solution of (Py).
By the definition of u*, we easily deduce that holds. 0

5. COMPARISON PRINCIPLES AND EXAMPLES

In this section, we are concerned with the operators F', for which the uniform conver-
gence is valid i.e. such that the limit equation enjoys the condition for the validity
of the comparison principle. Standard and classical requirements for G are:

(61) for any (X, p,r) € S(N) x RY x Q, r,s € R and some constant a > 0,
G(X,p,r,x) —G(X,p,s,x) >alr—s) ifr>s

and
( for each R > 0, there is a function wg : [0,00) — [0,00), with wg(0) = 0,
such that

whenever § >0, p € RN, r € [-R,R], z,y € RY, and X,Y € S(N) satisfy
X 0 I —In
\ —Ohn < (0 —Y) = (—]N Iy ) '

5.1. Comparison principle. Regarding the validity of the comparison principle (H4),
we follow our previous work [§] and need more conditions on the boundary of . We
always assume:

There are a neighborhood V of 92, relative to Q, and a function w : [0, c0) —
[0, 00), with w(0T) = 0, such that

G(Xapara x) _G(Y7Q7r>x) < w(‘X _Y‘ + ‘p_q,)
for X, Y € S(N), p,g e RN, re R, and z € V.

(63)
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Moreover, if we are considering on the lateral boundary the general oblique conditions,
in addition to (38), we assume either

(64)  the boundary 92 is of class C*! and 74(-,0) € C%1(99Q),

or

(65) 99 is of class C' and 74(+,0), 3(-,0) € C1(99),

while, in the case of standard Neumann conditions on the lateral boundary, the following
suffices:

In addition to the condition that € is C!, there is a constant ry > 0 such
(66) that
B.y(x +rov(x))NQ =0 for z € 0.

The precise result, according to [7, Theorem I.2], [14, Theorem 2.1}, and [10], is the
following:

Lemma 6. Assume (61)—(63).
(0) Assume (38), and either or (65)). Then, comparison principle (H4) holds for

problem (Oy), i.e. (50)).
(N) Under the assumption , the comparison principle (H4) holds for (Ny), i.e.

(5 (5).

5.2. Examples. We seek for some conditions on F' so that that G, defined by ,
satisfies —. To do this, we restrict ourselves to the Bellman-Isaacs type operators
and consider function F' given by

(67) F(X,p,r z) = ing sup P, (X,p,m,2) on S(N +1) x RV x R x Q x [~1,1],
el peM

where L, M are given nonempty sets and
Fy (X,p,r,z) = —tr J)T#U,\MX — by P+ o — foaus
with
o € COMQ X [-1, 1], M(k, N + 1)), by, € C™(Q x [~1,1], RV,
Cs Hru € C(Q x [-1,1],R).
In the above, M(k, N + 1) denotes the set of real k x (N + 1) matrices and k € N is a

given fixed number. We assume the following uniform boundedness and equi-continuity
of oxus baps O, Fru: for any (A, ) € L x M and z,2" € Q x [—1,1],

max{|ox(2)], [bau(2)]; [exna(2)]s [fan(2)[} < Cr,

(68) max{Jrau(2) — o) o (2) — by ()]} < Cilz — 2,
max{lexn(2) — () L) — ) < wre(lz — 2,
where Cp is a positive constant and wp : [0,00) — [0,00) is a function satisfying
wr(0T) = 0. Also, assume that for some constant o > 0,
(69) ou(2) >a for (\p) € Lx M and z € Qx [-1,1].

With all the structural conditions on F' stated above, it is easily seen that F satisfies (H1)
and that
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for X,Y € S(N +1), p,g € R and (r,2) € R x Q x [~1,1]. Moreover, if we write
A(X,z),B(p,z),C(z) for A, B,C € S(N+1) in (14)), respectively, it follows that for some
constant C > 0,

[(A(X,z) + B(p,z) + C(x)) — (A(Y,z) + B(g,z) + C(x))]
+ (0, Bo =0 -p) — (¢, B0 =10 - 9)| < Ci(|X =Y |+ |p—4ql)

for XY € S(N) and p,q € RY. The constant C; can be chosen to depend only on
(70, Bos Dvo, Do) Lo (- 1t is now clear that ([70)) implies (6

Since
A = (LI )X (0 o)),
setting
Fau() == oxu(x,0) (—7{?&1’)) e M(k,N),
we have

tr{(ox, o) (2, 0)A(X, 2)] = tr[(53,0,) () X].

Under assumption (9), we see that 6y, € C%*(Q, M(k, N)) and the family {5,, : (\, p) €
L x M} is equi-Lipschitz continuous on Q. Let eq,...,en denote the standard basis of
RY. Define by, = (a1, - -, baun) € C(Q,RY) by

bawi(@) = trl(o3,00.) (2, 0)Blei, )] + bai(, 0) = byun1 (2, 0)70(2) - €

where by,,; denotes the i entry of the (N + 1)-vector by,. In addition to the regularity
assumptions @ and @D, if we assume that

(71) Y € CYYQ,RY)  and kT e COY(Q,RY),
then by, € C*'(€,RY) and the family {by,} is equi-Lipschitz continuous on €. Set
Pu(x) = fru(z,0) + tr[(oy,0a0) (@, 0)C ()] + bay,n+1(2,0)Bo () for z € €,

and note that the family { f\,} is equicontinous on €. Note also that the family {(Gx., bay, fau)
(A, ) € L x M} is uniformly bounded on Q. Observe that

(72) G(X,p,rw) = nf 51615(— (63,03 X) = ba - D+ exur — fap),

and, as is well-known (see e.g., [10]), this function satisfies , provided that the fam-
ily {(U/\u7b>\uvc/\u>f/\u)} is uniformly bounded, {(J)\M,b,\u)} is equi-Lipschitz continuous
{(exps fAu)} is equi-continuous on €2, which is the case under assumptions and
To simplify the presentation, we introduce the following condition which combines
several conditions:
(H5) The function F takes the forni 67]) and the conditions |@D and ((69)) are satisfied.
Also, the conditions (H2), . @ , and ([71]) are in effect

Theorem 7. Assume (H5).
(O) Assume (38), and either or (65). For e > 0 sufficiently small, let u® be a

viscosity solution to (0O.) i.e. , (). Let u® be a unique viscosity solution to

(o) i.e. . Then, u¢ converges to u° uniformly on Q:

lim sup |uf(z,y) —u’(x)| = 0.
e—0t (w,y)GS'TE
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(N) Assume (66). For e > 0 sufficiently small, let u® be a viscosity solution to (N.)
i.e. (I)—(2). Let u® be a unique viscosity solution to (Ny) i.e. (L5)~(16). Then, u°
converges to u® uniformly on Q:

lim sup |uf(z,y) —u’(x)| = 0.
e—0t (x7y)€ﬁs
Proof. Thanks to Lemma [6] this theorem is just an application of Corollary [5] since, as

noted above, F' satisfies (H1), which, together with (H5), completes the hypotheses of
Proposition O

5.2.1. Dirichlet boundary condition. We consider the case where (P.) (resp., (Py))
corresponds to (D.) (resp., (Dy)), in other words, problem (1)), (5)), and (resp., (B51))).
If the Dirichlet condition in is consistent with the classical one, the comparison
principle (H4) for (Pg) is well understood.

As in the previous subsections, we restrict ourselves to the Bellman-Isaacs type opera-
tors and thus keep the structure condition that , (68)), , and are valid, and
seek for some cases when the Dirichlet condition in (51)) is consistent with the classical
one.

Lemma 8. Assume , @, , , and . Furthermore, assume that for any
x € 01,

(73) inf |v(z) (In =7 (2)) o, (x,0)] > 0.

(A p)ELXM

Then, the Dirichlet condition in can be understood in the classical sense.

Notice that v(x) (In =75 (2)) oy, (2,0) is a 1 x k matrix, i.e., a k-vector. Recall that
we are always assuming that 5 € C'(0Q x [—1,1],R).

Remark 6. Condition reads

. ~T ~
(/\#gijXMtr[a/\ua,\u(m)u(x) ®@uv(x)] >0 forall z € 0.
(See also below.) This condition can be thought of as a strict ellipticity of the
operator G in the normal direction on the boundary 0f).

Proof. The conclusion of the lemma states precisely that if v is an upper semicontinu-
ous subsolution (resp., lower semicontinuous supersolution) to (Dy), then u(z) < f(z,0)
(resp., u(z) > B(x,0)) for any x € 9. We give only the proof in the case when w is such
a subsolution to (Dy), the other case is treated similarly.

We fix any z € 092. Thanks to (66) (the exterior sphere condition), by reselecting
ro > 0 small enough if necessary, we have

(74) B, (z +1ov(2) NQ = {z}.

Due to ([73)), we infer by continuity that for some § > 0 and all (£, x) € Bs(v(z)) X (Bs(z) \
),

inf |€(In =g (2)) oau(x,0)] >4,

(A p)eLxM

which reads

(75) o #gw tr[gy, 0 (2)E ® €] > 62
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For the brevity of notation, we set y := z + rov(z). Choose € € (0,0) so that

Yy—x
To

€ Bs(v(z)) for x € B.(z).

By , we can choose r; > rg, close enough to ry, so that
B, (y) NQ C B.(2).
Under this choice of r{, we have by ,

(76) R M}QEXMU[&M&,\M(@(JU —y)® (z —y)] >1r50° forall z € B, (y)NQ.

Now, we fix any b > (z,0) and will show that u(z) < b, which is enough to complete
the proof. We may assume, by reselecting ¢ > 0 small enough if necessary, that b > 3(z,0)
for all z € B.(2) N 9. For t > 0, we define the smooth function 1, in RV by

Gale) = b+ Cu(1 = I itk € 1= D),

Note that, by ,
mﬁin Yy = YPi(2) = 0,

and
“min ¢, =b+ Cy(1— €)Y 5 400 ast — +oc.
Q\B’f'l (y)

Since u is bounded above in €, this last observation allows us to choose 7' > 0 so that for
t>1T,

(77) maxu < _min .
Q Q\Br (y)

Henceforth, we consider only those v; with ¢t > T.

We consider the case where u < 1), in Q for some ¢t > T. Then we have u(z) < 1,(z) = b,
and we finish the proof. This is only the case we have. Indeed, otherwise, we get a
contradiction. To check this, suppose

max(u — ) >0 forallt>T.
Q

This and imply

max(u — ;) = max (u—1) > 0.
Q Br, (y)NQ

Let 2; € B,,(y) N Q be a maximum point of u — ;. Since z; € B.(z2), if 7, € 99, then
u(w) > Pe(z) 2 b > By, 0).
Hence, the subsolution property of u yields
(78) 0> G(D*u(w0), Du(0), ulwe), we) > G(D*Pu(0), Dipi(e), b, ).
Computing, for any z € RV,
Dijy(x) = 2C, et (4 — Y),
D) = GO @ty — 4t (@ — y) @ (2 — ),
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and moreover, using and that |z, —y| < rq:
— tr[G, O () D*y ()] — bagu(e) - Dipy(xe)
= tCtet(rg’m’y'z)( — 2tr[Gy, 0 ()] + 4t tr[Gy, () (20 — y) @ (20 — y)]
= 2by (1) - (20 — )
> 1C,e! i1V (2B 4726 — 211 B),
where B > 0 is a constant chosen so that

sup max{|l~))\“(a:)|, tr[&fué,\u(x)]} < B.
(2,2 )EQX Lx M

Observe that for ¢ sufficiently large, 4r36%t —2(1+r)B > 1 and
— ]G, G () D*r(0)] — bagu(we) - Dipy(ze)
> tC et lmv) > 40 tti—rh = ¢
This implies that, as t — +o0,
G(D*¢y (), Diy(a), b, 24) — +00,
which contradicts . 0

Theorem 9. Assume (H5), (66), and (73). For e > 0 sufficiently small, let u® be a

viscosity solution to (D.). Then u® converges to u® uniformly on Q:

lim sup |uf(z,y) —u’(z)] = 0.
e—0Tt (x7y)€Q75

Proof. Since G satisfies and and the Dirichlet boundary condition in can
be considered in the classical sense thanks to Lemma , it is well-known (see, for in-
stance, [10]) that the comparison principle (H4) holds for (D). So we just need to apply
Corollary O
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