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TEST FUNCTION APPROACH TO FULLY NONLINEAR
EQUATIONS IN THIN DOMAINS

ISABEAU BIRINDELLI, ARIELA BRIANI, AND HITOSHI ISHII

ABSTRACT. In this note we extend to fully nonlinear operators the well known result
on thin domains of Hale and Raugel [7]. The result is more general even in the case
of the Laplacian.
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1. INTRODUCTION

The classical result of Hale and Raugel [7] in thin domains states that if u. are

solutions of
—Aue +u: = f(z,y) in Q.
Op.ue =0 on 0f.

where Q. = {(z,y) e RV xR : 2 € Q, 0 <y < eg(x)}, for some g € C3(Q2) such that
0< igf g < supg < oo then u. converges to u, solution of
Q

—(Auo—l—%)—i—uo:f(xﬁ) in
Oyup =0 on Of.

This result has been extended in a wide variety of related problems see e.g. the works of
Arrieta, Pereira, Raugel [1, 2, 10]. But all the above results concern variational problems,
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2 I. BIRINDELLI, A. BRIANI, AND H. ISHIT

where the appearance of the first order seems to come from a typical integration by parts,
related to the variational nature of the problem.

In this paper, instead, we treat fully nonlinear equation in thin domains i.e. where
the equation is given by

F(D*u, Du,u, (z,y)) = 0 in Q.

where F : S(N 4+ 1) x RN*1 x R x Q. — R is a proper functional in the sense of the
User’s guide [4]. Of course the solutions are viscosity solutions and the proof follows
the test function approach of Evans [5] which is somehow more direct and completely
different from the papers mentioned above. Furthermore the technique does not require
the operator to be uniformly elliptic as it will be evident from the hypotheses below. An
example of thin domains for degenerate elliptic operator will be given explicitly below.

Even though the results will be proved for a large class of operators, in this introduc-
tion, we will illustrate the special case where the fully non linear operator is one of the
extremal Pucci operators e.g. for 0 < A < A

M A(D*) = sup (trA(D*u) =AY ei+AY e

M <A<AT 20 oS0

where e; = e;(D?u) denotes the i-th eigenvalue of the Hessian matrix D?u.
Under the hypothesis

(H1) g € C1(Q2) and O<igfg§supg<oo,
Q

we will prove that u., the solutions of

(1) _M:\F,A(DQUE) + U = f(:v,y) in €.
Oy.ue =0 on 0f),

converge uniformly to u, solution of

o) { M (D) — A (22222) " g 5 (P28) () = f(2,0) i ©

Oyu, =0 on Of2.
Of course in the first equation /\/l;\r A acts on matrices in S(IV 4 1) while, in the second
equation, it acts on matrices in S(IV).

In the special case A = A = 1, when /\/l;\r A = A, we recover Hale and Raugel result,
but we improve the condition on g that is only required to be the natural condition C!
and not C3.

We wish to explain the heuristic behind the formal proof which will be given in this
paper, for a much larger class of operators. Let u. be a solution of (1) and let

ve(2,y) = us(w,e9(x)y)

so that we have ”flattened” the top boundary. In similarity with the linear variational
case we can suppose that there exists a constant C' such that

|0yyv:| < CE2.
This in turn implies that for ¢ — 0, dy,v. — 0 and then, using the boundary condition,
we get
Ua(xa y) - Uo(x)'
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On the other hand, the above estimates implies also that, for some function k(zx), we
get that
Oyyve(,y)
o2
So we may use the following ansatz:

— k(z) == ¢*(z)h(z).

2
ve(z,y) = w(x) + 52147(33)% + o(e?).

Substituting the ansatz in the equation, we let formally € go to zero; after a tedious
but simple computation it is easy to see that we obtain

D*w(z) 0
_MIA(< 0 hz) ))—l—w(a:)—f(a;,O).

We use the condition on the "top” boundary, in order to determine h(x):

Dg(x) - [Dw(z) + €2D(92h)(56)%] = g(2)h(2)[1 + e*Dg(x)].
Passing to the limit we find

i.e. the limit equation becomes:

N D?w(x) 0
—Mia( 0 LoD ) +w(z) = f(z,0).
g(z
Observe that writing the ansatz directly for u.; one obtains
h(z)

3) ucla,y) = w(@) + 7y + o)

In the rest of the paper we will treat the general case and make rigorous the above idea,
in particular using Evans’s test approach to the problem at hand.

We will first give some a priori bounds, which allow to prove that the upper and lower
relaxed limits u* and u™ of {u® }ee(0,0] are respectively sub and super solutions of the
limit equation:

D?w 0 .
F(( 0 DgDw/g)’(Dw’0)7w7(x)O)>—0 mn Q,

ow
5 =0 on 89

Under the further condition that the comparison principle holds, we will prove that the
convergence of u® to the solution of (4) is uniform.

The scope of this paper is to open the results in thin domains from a perspective that
is, to our knowledge completely different from the previous results, see e.g. [1, 2, 7, 10].
So, in order to make the exposition the clearer possible, we have decided to concentrate
on the more classical case i.e. domains like €}, that in one direction have a one flat
boundary and with a Neumann boundary condition. We plan to investigate in a further
research, more generale domains, for examples with jumps or with non flat sides, or thin

(4)
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domains that also have an oscillatory boundary. We hope the reader will appreciate this
choice.

2. PRELIMINARIES

Let F: S(N +1) x RV x R x Q. — R be a proper functional in the sense of the
User’s guide [4], i.e.
(H2) F e C(S(N +1) x RN x R x O, R),
F(X,p,r, (x,y) < F(Y,p,s,(x,y)) whenever r < s, and Y < X.
Furthermore, for simplicity of the presentation, we strengthen the monotonicity con-
dition on F' in the above as follows.
(H3) There exists a > 0 such that

Oé('f' - 3) S F(X7p7 r, (3773/)) - F<X7p737 (xay))
for r > s and (X, p, (z,y)) € S(N + 1) x RN*1 x Q..
Our PDE problem is:

ou®

(5) F(D*uf, Duf,uf, (x,y)) =0 in Q. and 5
Ve

=0 on ¢,

where v, denotes the outward (unit) normal to .

Since our concern is the asymptotic behavior of solutions u® to (5), we will restrict
ourself to the parameter ¢ in the range (0, £9], where €g > 0 is a number fixed throughout.
Let us note that we shall use v to indicate the normal to € and v. for €).. Obviously,
the assumptions above are not enough to ensure the existence of viscosity solutions in
the sense of the User’s guide [1] to (5). To keep the generality of the assumptions made
above, we consider the notion of viscosity solutions to (5) which eliminates the continuity
requirement. That is, we call a bounded function u on €2, a (viscosity) solution of (5) if
its upper and lower semicontinuous envelopes are viscosity sub and super solutions, in
the sense of [1], to (5), respectively.

We assume throughout that

(H4) ©Q is a bounded C! domain of RY.
Accordingly, we may choose a function p € C*(RY) so that

(6) p(x) <0 forzeQ, Dp(x)#0, and p(z)>0 forzeRY\Q.

Note that the outward unit normal v to  at @ € 99 is given by v = |Dp(x)|~*Dp(x).
The domain €2, has corners, where the N—dimensional hypersurface 92 x R intersects
either the hypersurfaces y = g(z) or y = 0, respectively.

We denote by 9., dgfd., and Orf). the lateral, bottom, and top portions of the
boundary 0f)., which are described respectively as

{(z,y) € Q. : x € 0N}, {(x,y) €90 : y=0}, and
{(z,y) € 00 : y=cg(z)}.
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Furthermore, the outward unit normal to €). at the lateral boundary, at the bot-
tom, y = 0, and at the top boundary, y = eg(x), is given, respectively, by vy, =
(|Dp($)|_1Dp(l'), 0)3 VB = —€N+1 = _(07 R Oa 1)7 and

_ (=<Dyg(x), 1)
V1+e?*[Dg(x)?

The appearance of corners of the domain (). requires a little care in the definition of

sub and super solutions to (5). For instance, when u is a bounded upper semicontinuous

function on €2, we call u a viscosity subsolution of (5) if the following condition holds:
whenever ¢ € C%(€.), 2 = (2,9) € Qe and maxg—(u — ¢) = (u — ¢)(£), we must have

(7) F(D26(2), DY(2), u(2), 2) < 0
if 2 € ), we have either (7) or

®) w, - Do(2) < 0

if 2 € 0L\ (OB U Or):), we have either (7) or

(9) vg - D¢(£) <0

if Z € 9Q \ OLe, we have either (7) or

(10) vy - Dg(£) <0

if 2 € 01, \ 0L, we have either (7), (8), or (9) if 2 € 9.0 NI, and we have either

(7), (8), or (10) if 2 € I N I7Q:. Replacing “max” and “<” with “min” and “>",

respectively, in the above condition yields the right definition of viscosity supersolution.
Thanks to (H2), we can fix a constant Cp > 0 so that

|F(O’O)O7 (SU,Z/))| < Cp for (337y) € Q7250'
Under the assumptions (H1) and (H4), we define k € [0, +00) and &1 € (0, +00] by
1

(11) K= mné%é(l/(x) -Dg(z))™ and & = =

where % = 400 if kK = 0. Define e, = min{eg, e1}.
Proposition 1. Assume that (H1)-(H4) hold. Let € € (0,¢e4).

(1) The constant functions a~1Cy and —a=1Cy are classical super and sub solutions
to (5), respectively.

(2) There is a viscosity solution to (5).

(3) Any viscosity solution u to (5) satisfies supg_|u| < a~1Cy.

The boundary of the domain 2. has corners, o€, N O, and I, N ... The

following two lemmas take care of the main difficulties arising from the corners.

Lemma 2. Assume (H1) and (Hj). Let € € (0,e1). Let ¢ € OpQ: N OLQe. Let Y €
C%(Q.) take a mazimum at c. Then, either

vr-Dip(c) >0 or wvr-Diy(c) > 0.
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Proof. We write (¢/,cn41) for ¢, where eyt = eg(c/). Set 8 = /e2|Dg(¢’)|> + 1 and
¢ = vi(c) 4+ Ovr(c). First, we show that for some ¢y > 0,
(12) c—tCe . forallte (0,t).

Let p € CY(RY) be a function satisfying (6). Writing ¢ = (¢, (y+1), we have
(' =v(d)—eDg(d) and (yy1=1,

and wish to show that for some ty > 0,
(13) p(d —t¢'y <0 and cny1—tvi1 <eg(d —t¢')  for all t € (0,tp).
Since

eg(cd —tl") = enqp1 —tel’ - Dg(d) +o(t) ast— 07,
it is obvious that if
(14) ¢'-Dp(¢)>0 and (yi1—eC’- Dy(d) >0,

then (13) holds.
We compute that

¢+ Dp(c) = |Dp()|(v(¢') — eDyg(c)) - v(') = [Dp(c) (1 - £k),
and

(v —eC’ - Dg(d) =1 - e(v(c') —eDg(c')) - Dg(c') > 1 — k.
Since ek < 1, we find that (14) is valid. In view of (12), we see that

d
0> Zu(e—t0)|_ =—¢- Du(e),

t—
which can be stated as

(v, + Ovg) - DY(c) > 0.
Hence, we have either vy, - DY(c) > 0 or vg - Di(c) > 0. O

Remark 3. A claim similar to the above lemma holds for other boundary points. Indeed,
assume (H1) and (H4), and let ¢ > 0, ¢ € 9. \ (010 N OLQ.), ¢ € C?(€.), and
P(c) = maxg_t. In addition, if ¢ € dQ, then ¢ — tr(c) € Q. for all t € (0,%) and
some ty > 0, which implies that vy, - Dip(c) > 0. If ¢ € 01, then ¢ — tvyp(c) € Q.
for t € (0,t9) and some ty > 0 and, therefore, v - Dy(c) > 0. If ¢ € I€e, then
c —tug(c) € Qe for t € (0,tp) and some to > 0, which yields that vg - Dy(c) > 0.

Remark 4. An important consequence of Lemma 2 and Remark 3 is this. Assume (H1),
(H2), and (H4) and let ¢ € (0,¢4). If u € C?(€) is a classical subsolution to (5), then it
is a subsolution to (5) in the viscosity sense. Let us start by remarking that a classical
subsolution u € C%(Q.) to (5) means that all the following conditions hold pointwise;
F(D?u, Du,u, (z,y)) < 0 on Q., vr-Du < 0 on drf, vg - Du < 0 on 950, and
v, - Du < 0 on 0 f).. For instance, on 0r§2. N 0 €., classical subsolution u satisfies the
pointwise inequality max{F(D?u, Du,u,)), vr - Du, v, - Du} < 0. Similarly, classical
supersolutions to (5) are defined just by reversing the inequalities. Now suppose that
¢ € C?(Q), c € Qg, and (u — ¢)(c) = maxg_(u — ¢). The function ¢ := u — ¢ takes
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a maximum at c¢. If ¢ € Q., then 0 > D?y(c) = D?u(c) — D?¢(c), 0 = Di(c) =
Du(c) — D¢(c), which, together with (H2), yields

0 > F(D?u(c), Dule), u(c), &) > F(D?6(c), Do(e), u(c), o).
If ¢ € 01 NS, then, by Lemma 2, either
0 <wvr-Diy(c) =vyp - Du(x) — vy - Do(c) < —vp - Do(c)

or
0 <y -Dy(c) =v - Du(c) — vy - Dé(c) < —vy, - Do(c),

that is, either v - Dé(c) < 0 or v, - Dp(c) < 0. Finally, consider the case ¢ € 9. \
(0rQ:N0oLQ:). By Remark 3, if ¢ € 9r ), then vp-Di(c) > 0 and, hence, vp-D¢(c) < 0.
If ¢ € 019, then v, - DY(c) > 0 and vy, - Dg(c) < 0. If ¢ € 98, then vp - ¢(c) > 0
and v - Do(c) < 0. Thus, u is a subsolution to (5) in the viscosity sense. Similarly, we
deduce that any classical supersolution of (5) is a viscosity supersolution of (5).

Lemma 5. Assume (H1) and (H}). Let ¢ € (0,e1). Then, there exists a function
¥ € C?(Q,R) such that

v=uy, and z € O,
(15) v-Diy(z) >0 for {v=uvp and z € 01y,
v=uvr and z € O78.
Proof. Let p € C*(RY) be a function satisfying (6). We note here (see Remark 6) that,

for each 7 > 0, it is possible to choose p such that ||Dp(z)| — 1| < 7 for x € 99.
Choose a function n € C'(R) such that

n(r)=0 forr<-—gp, 0<7n(r)<1 forreR, and 7'(0)=1,
where go := infq g > 0. We define ¢ = 1. on RN*! by setting
_ Y y —eg(v) N
¥(z,y) = p(x) +6<77( 5) +77<7€ )) for (z,y) € R™ xR.
If z = (z,y) € OLL,, then
v - Dy(z) = (v(),0) - ((Dp, 0) = of (= £ )ensa
€
(Y — 59(1") _
+1 (75 )( eDg(x), 1))
Yy —eg\x
> Do)~ f (L= D)o > |Dp(a)| —en.
Similarly, if z = (z,0) € 9€, then

vg - Di(2) = —ent1- D¥(2) =0'(0) — ' (—g(x)) = 1,
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and if z = (z,y) € 01, then

m( — \Dplv - Dg(x) — 1 (~g(x)) + 1 (O)(Dg(x)* + 1))
1

= VDT

1

> —(1 - s/i\Dp\).
Ve Dgl? +1

By th choice of ¢, we have ex < 1 and, as noted above, we may assume that

vr - Dw(z) Z

( — ekl Dp| + (| Dg () + 1))>

ek < |Dp(z)] and ek|Dp(z)] <1 for z € .
The function 1 satisfies the property (15). O

Remark 6. For any v > 0, there exists a p € C'(RY) which satisfies (6) and ||Dp(z)| —
1| < 7 for x € Q. To see this, fix any p € C*(RY) having the property (6). Let v > 0.
Since Dp(z) # 0 for x € 92, we may choose a function A € C1(RY) such that A > 0 in
RN and |A(x)|Dp(z)| — 1| < 7 for z € 9. Then, noting that D(\p)(z) = A(x)Dp(x)
for x € 012, we find that the function Ap has the required properties.

Proof of Proposition 1. (1) Set u(z) = a~1Cp for z € Q.. It is clear that vy, - Du(z) =0
for z € O.Qc, vp - Du(z) =0 for z € 98, and v - Du(z) = 0 for z € Q.. It follows
that
F(D*u(z), Du(z),u(z), 2) = F(0,0,u(z), 2) > F(0,0,0,2) + au(z)
> —Cop+Cyp=0 forzeQ..

Thus, the constant function a~1Cy is a classical supersolution of (5). Similarly, the
constant function —a~1Cj is a classical subsolution of (5).

(2) Thanks to Remark 4, the constant functions a~'Cy and —a~'Cy are viscosity
sub and super solutions of (5), respectively. Due to Remark 3, we infer that the Perron
method works for the boundary value problem (5). Indeed, if we set

u(z) = sup{v(z) :v is a viscosity subsolution of (5),
—a "0y <v<alCy on Q.} for z € Q,
then the function w is a viscosity solution to (5). (Remark 3 is critical when one checks
that the lower semicontinuous envelope of u is a supersolution to (5). See a related
remark [4, Remark 4.5].) o
(3) According to Lemma 5, there is a function 1) € C2(€).) satisfying (15). Let u be any
viscosity solution of (5). Let v and w be the upper and lower semicontinuous envelopes

of u on Q., respectively. Fix any 6 > 0. We prove by contradiction that v < a~'Cy
on .. Thus, we suppose that maxg-v > a~1Cy. Choosing positive constants § and

small enough, we have maxgj(v — ) > 6+ atCy. Set ¢ =y + 5+ a 1Cp on ..
Let 2 € Q. be a maximum point of the function v — ¢. Noting that (15) holds with ¢ in
place of ¢, we find by the subsolution property of v that

0> F(D*$(2), Dp(2),v(%), 2)

> F(yD*¥(2),yDY(2),v(2) + o' Co, 2) + ad.
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Sending v — 0T, we obtain F(0,0,a 1Cy, 2)+ad < 0 for some Z € Q., which contradicts
tha&flc’o is a classical supersolution of (5). Hence, we conclude that u < v < a 1C
on Q.. A parallel argument ensures that u > w > —a~'Cy on Q.. O

3. CONVERGENCE RESULTS
Henceforth, unless otherwise stated, we always assume that € € (0,&,).

3.1. Relaxed limits. Let u® be a solution of (5). By Proposition 1, we have
C
oo < =2
o'

This allows us to define the upper and lower relaxed limits u™ and v~ of {u® tee(0,e0):

ut (1) = h%lJr sup{u®(&,n) : (&,1) € Qe, |€ — x| <r,0<e <7},
(16) u () = li%1+ inf{u(&,m) : (&,m) € Qe, [€ —x] <1, 0<e <7}

It follows that u™ > u~ on Q and u*, —u~ € USC(Q2). The limit equation will be

D%w 0 .
F<< 0 Dg-Dw/g>’(Dw’0)vwv('x,O)>—0 in €,

ow
M =0 on Of.

Theorem 7. Suppose that (H1)-(H4) hold. The functions u™ and u™ are, respectively,
sub and super solutions of (17).

(17)

Proof. We treat only the subsolution property. By replacing u® by its upper semicontin-
uous envelope, we may assume that u is upper semicontinuous on .. Let ¢ € C?(Q)
and assume that for some Z € €,

(" — $)(@) < (u* — )(3) if w4
In the following computation, we fix § > 0 arbitrarily. We choose hs € C%(Q) so that

(242) -

<6 forxeq.

We set
+ 1,
and in view of (3), explained in the heuristic of the introduction, we consider the function
O(z,y) = o(x) + o (2,9) + 1% (y/e),
where ¢ € C%(R) is a bounded function on R having the properties
1< (0)<0<{'(y) <1 fory>ming and [¢"(y)] <1 fory € [0, maxg],

and v > 0. B
We choose a maximum point (z,y) = (Z(e,7), y(e,y)) of the function u®* — & on (..
We are to take the limit ¢ — 07. In our limit process as ¢ — 07, the choice of ~
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depends on ¢ in such a way that lim~y/e = 0. A possible choice is v = 2. It is a

standard observation (see Remark 8 below) that as ¢ — 07,

(18) (z,9) — (£,0) and u®(7,9) — ut(2).
Since u® is a subsolution of (5), if

(i) (z,7) €,

then we have

(19) F(D*®(z,5), D®(z,7), u"(z,9). (z,5)) < 0;

if

(i) (%,9) € 01 \ 0L,

then we have either (19) or

(20) —eDg(Z) - Dy ®(Z,e9(Z)) + ®y(z,e9(T)) <0;

if

(iii) (Z,9) € OS2 \ 0L,

then we have either (19) or

(21) —®,(z,0) <0;

if

(iv) (7,9) € 0L \ (9192 U 9pLL),

then we have either (19) or

(5.0
(22) PULY) . Das,5) <o
v,
if
(v) (Z,9) € 0182 N L,
then we have either (19), (20), or (22); if
(Vi) (ja ﬂ) € aBQE N aLsz,
then we have either (19), (21), or (22).
Observe that
Y’ Y
D,® = Do(a) + L-Dhs(a), @, =y (20+ hs(a)) +=1¢ (),

D2® = D*¢(x) + y22D2h5(a:), ®yy = 20 + hs(z) +~¢" (g) :
oy = Pya; = y(ho)a, (2)-
Inequalities (19), (20), (21), and (22), can be written, respectively, as
(23) F(X,p,u*(2,9), (2,9)) <0,
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where
o (Pe@ Lo gD
§Dhs ()" 20+ ha(@) +¢" (£) )
and = (D(z) + 5-Dhs(2),7 (25 + hs(@)) +29¢' (),
82 T 2
o ~Dyfa)- (Do) + 4 i)
+9(2) (264 ha(@) + ¢ (9(2) <0,
(25) ¢'(0) >0,
(26 AL (1l Dp(a),0) - DB ) < 0.

Choosing € > 0 small enough, we may assume that

2 —
§>° %(x)Dg(x) - Dhs(%).
If (24) holds, then we have

_ L, gg(x)?
0> —Dyg() - (De(a) + ==

_ Dg-D¢\ _
+a@ (54 (P222) @) +2¢ 0(o)
> ¢ (9(@))-
This contradicts our choice of ¢, and also (25) is a contradiction.
Thus, we have (23) in the case when either (i), (ii), or (iii) is valid, and we have either

(23) or (26) in the cases when either (iv), (v), or (vi) holds.
Sending ¢ — 0T, we have

. D2¢(& 0 D*(#) 0 .
X = ( (g( ) 25+h5(a:~)> = ( 0 354 29(@) D)
9(2)
and
p — (Dé(2),0).
Therefore, we see that if £ € €2, then we have

D?¢(%) 0
(27) F (( 0 35+ Dg(iz{?)cb(@)) , (Do(),0),u™ (2), (i,O)) <0,
g(x

if £ € 09, then we have either (27) or

vi, - (Do(%),0) =

This guarantees that u™ is a subsolution of (17).
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A remark on the proof of the supersolution property of u~ is that, in this case, one
should use the perturbed test function

@«uy>:¢mw-+¢guaw-—7£g(§). 0

Remark 8. For a general approach to the proof of (18), we may refer to the User’s guide
[4]. Here, for the reader’s convenience, we give a straightforward proof of (18). By the
definition of u*(Z), we may choose {(¢;,z;,y;)}jen so that
_ 1 1
g =07, (zj,y;) €Qc,, a; — 2| < 7 ut(2) < E—i-usﬂ(wj,yj).

Since ® depends on ¢, we write O, for ®. Also, we write (Z;,y;) for (z,7) with € = ¢;.
Thus, (Zj,7;) is a maximum point of u% — @, and we have

. o . 1 .
(u — @c;)(Z4,y5) > (u — Oc;)(z5,y;) > 3 +ut (&) — D, (25,15).

We may assume after passing to a subsequence that for some & € Q and @ € R,
lim(z;,y;) = (Z,0) and limu®(Z;,y;) = .

Since (g4,%;,9;) — (0,Z,0), we see, by the definition of u™ (), that

ut (%) > limu® (z;,9;) = @
All the above together, we see in the limit as j — oo that

ut(Z) — Po(&,0) > @ — o(&,0) > u' (&) — Po(2,0),
where ®q(z,y) := lim._,o+ ®o(2,y) = ¢(x) + Y5 (2,y), that is,
(u" = ¢)() > 0 — d(7) > (u” —¢)(2),

which shows that 7 = 2 and @ = u™(2). O
3.2. Uniform convergence. Let I, ), and g be as in the previous section. Define the
function G € C(S(N) x RY x R x Q,R) by

(28) G(X,p,r,x) = F( <)0( Dy(x) 0p/g(x)> , (p,0), 7, (z, 0))

Recall that the limit equation (17) for u is stated as

0
(29) G(D*u, Du,u,z) =0 in Q and a—u =0 on 0.
v
A convenient assumption for Theorem 9 to draw a uniform convergence result is the
validity of the comparison principle for (29):
(H5) If v and w are viscosity sub and super solutions to (29), respectively, then v < w
on §2.

Indeed, we have
Theorem 9. Assume (H1)-(H5). Let u® be a viscosity solution to (5) for € € (0,¢eq].

Then, for a unique continuous viscosity solution u® of (29), we have

(30) lim max |uf(z,y) —u’(z)| = 0.
e—0t (qj,y)eﬂa
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Proof. The following argument is standard in the asymptotic analysis based on the
half-relaxed limits, but we here present it for the reader’s convenience. Let u™ and
u~ be the functions defined by (16). By the definition, we have u~ < u* on Q and
ut, —u~ € USC(Q2). Theorem 7 ensures that u™ and u™ are viscosity sub and super
solutions to (29), respectively. Furthermore, (H5) assures that u™ < u~ on €. Hence,
we see that u™ = u~ on ), which readily shows that u* = u~ is continuous on .
Writing u® for ut = u~, we find that u° is a continuous viscosity solution to (29).

To check (30), fix any 6 > 0. By the definition of u™, for any z € Q, we select
r =r(d,z) > 0 so that

ug(ﬁ,n)<u0(az)+5 ifo<e<r (§,m)€Q., and |[€—2z| <.

Reselecting r > 0 sufficiently smaller, we may assume that u®(z) < u%(¢) + 5 if € € Q
and | —z| < r. Now, the above inequality can be stated as

(31) uf(€,m) <ul(€)+20 if0<e<r (§1) €., and |€ —z| <r.
Since Q is compact, we can choose a finite number of balls, By, ..., B,,, which cover
€2, such that for every j € {1,...,m}, if x; and r; denote, respectively, the center and

radius of Bj, then (31), with (z;,r;) in place of (z,7), holds. Setting ro = min{r; : j =
1,...,m}, we find that

uf(€,m) < u(€)+26 for (£,7) € Q. and 0 < e < 7.

An argument parallel to the above yields, after replacing rg > 0 by a smaller one if
necessary,

uf (&,m) > ul(€) =26 for (£,m) € Q. and 0 < e < ro,
which completes the proof of (30). O
Let us recall that there are a number of contests where the comparison principle (H5)
holds. In particular, when dealing with Neumann boundary conditions, one can refer to
the results of Hitoshi Ishii [8], Guy Barles [3] and Stefania Patrizi [9].
We consider here the general comparison principle given in [4, Theorem 7.5]. This
leads us to assume, further hypotheses on the domain 2 and the operator G.

On , in addition to (H4), we need the uniform exterior sphere condition, i.e. that
there is a constant r¢ > 0 such that

(32) Byy(z+rov(z))NQ =0 for z € 99,

where B, () denotes the open ball {y € RY : |y — 2| < r}. On the function G a crucial
and typical hypothesis is the following:

There is a function w : [0,00) — [0, 00) that satisfies w(0") = 0 such that
(33) whenever v >0, p € RV, 2,y € Q, r € R, and X,Y € S(N) satisfy

X 0 Iy —In
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Here I,,, denotes the identity matrix of order m. We impose another continuity condition
on G, which states:

There is a neighborhood V of 912, relative to €, such that
(34) G(X,prz) =G, qrz) <w(|X =Y +|p—q])
for X,Y € S(N),p,q c RN, rcR,and z € V.
Note that if (H3) holds, then
(35) alr—s) <G(X,p,r,x) —G(X,p,s,x)

for r > s and (X, p,z) € S(N) x RN x Q.
The next proposition is a direct consequence of [4, Theorem 7.5] and Theorem 9.

Proposition 10. Assume (H1)-(H4) and (32)—(34). Then (H5) is satisfied and the
uniform convergence (30) as in Theorem 9 is valid.

Before concluding our discussion, we present two important examples of equations to
which Theorem 9 applies, one is fully nonlinear and the other is linear but degenerate
elliptic.

Ezxample 11. We apply Proposition 10 to show the uniform convergence result for the

solution of equation (1), involving the extremal Pucci operator as presented in the

Introduction. The extremal Pucci operator —MI A(X) has the property (33). Indeed,

the matrix inequality on the right-hand side of (33) implies that X < Y and hence,

M\ (Y) + M}, (X) < 0. If the regularity of g is strengthened so that g € C1(€2),
then both the functions

+

H(p,z) = <Dg(ar)p>

9(x)

satisfy
|H(p,y) — H(p,z)| < Clz — yl|p]

for all p € RN, 2,y € Q and some constant C > 0. It is then obvious to see that the
operator

. + :L’ . -
G(X,p,1,2) = =M 5 (X) = A (%) A (W) +ar — f(2,0),

where f € C(9Q,), satisfies (33). Thus, thanks to Proposition 10, we find that the
uniform convergence (30) for the solution u® to (1), as in Theorem 9, holds, provided
that a > 0, (H1), g € CH1(Q), f € C(Q2,), (H4), and (32) are satisfied. Of course the
case of the Laplacian is recovered just by considering A = A = 1.

Ezample 12. In these examples we concentrate on simple degenerate elliptic equations
in order to emphasize how the nature of the limit equation depends on the direction of
the diffusion. Let u. be the solution of

—8§y(u5) +ue = f(z,y) in Q. Oy . ue =0 on 0€..
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If g € CH1(Q) and f € C(Q.,), then we are under the hypothesis of Proposition 10,

therefore u. converges uniformly to u, solution of a first order equation precisely:

Dg - Du, .
—u—l—uozf(x,O) in €, Oyuy = 0 on 0.

Instead, if u. is the solution of
—0%  (ue) +ue = f(z,y) in Q. Oy.u: =0 on 00

T1T1

it will converge to u, solution of
—(Uo)zyz, + Uo = f(x,0) in Q, Oyu, =0 on OfL.
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