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Abstract

We propose in this article the study of the deformations of a Calabi-Yau type foliations F.
For three different types of deformations (unfoldings, holomorphic, transversally holomor-
phic) there exist Kuranishi spaces K/, K K" parametrizing the corresponding families
of deformations. We show that K/ is smooth, and that we can obtain K" as the product
KT x K'. At last, we show that we can see the f-deformations of F as the tr-deformations
of a supplementary foliation G.

Introduction

It is customary in deformation theory to seek conditions that ensure the smoothness of the
Kuranishi space for a given object. This property is obtained by assuming, for example,
that there are no obstructions to the deformation of the object under consideration, which
is naturally done by assuming the cancellation of a cohomology group in which obstructions
are constructed. It is well known that Calabi-Yau manifolds, even without this cohomolo-
gical assumption, have a smooth Kuranishi space.

Considering holomorphic foliations on complex manifolds, we are interested in knowing
whether there is a Calabi-Yau type hypothesis that ensures the non-obstruction of defor-
mations of these foliations. For a well-chosen definition of what a strongly Calabi-Yau is,
we show :

Theorem. Let (X, F) be a compact Kihler manifold foliated by a strongly Calabi-Yau
foliation. Then, the Kuranishi space K{ of its f-deformation is smooth.

Those f-deformations are one of the three type of deformations that appears naturally for
holomorphic foliations. The two remaining are h-deformations and tr-deformations. In idea,
the f-deformations govern the deformations of the complex structures of the leaves of F
(but not exactly), the tr-deformations govern the deformations of the transverse structure
of F (forgetting a priori the holomorphic structure of the leaves) and the h-deformations
a mix of both. For those three type of deformations, the existence of a Kuranishi space in
each case has been proved in [1, 2]. Here, we relate together thoses spaces as :

Theorem. Let KJfT, K}_T and Ké}_—, the Kuranishi spaces corresponding respectively to the
fstr, h-deformations of a regular holomorphic foliation (X,F) admitting a regular holo-
morphic foliation supplementary to F and such that Ki- s smooth.

Then there exists an isomorphism between analytic spaces « : KJ]; X K}" — K} making



commutative the following diagramm :

KL x Kl o s KN
x /
s
K%

Finally, since our definition of strongly Calabi-Yau implies automatically the existence of
a supplementary (i.e everywhere transverse and complementary) foliation G for F, we can
try to find relations between their Kuranishi spaces. We can relate the f-deformations of
one to the tr-deformations of the other. It is the content of the following :

Theorem. Let (X,F,G) be two supplementary regular holomorphic foliations on X a
compact complex manifold. We have :

KY ~ K.

In particular, for (X, F) a strongly Calabi-Yau foliation and G a foliation supplementary
to it, we have K}f-" ~ Kg If moreover X is Calabi-Yau, we get that K}C_-, Kéff and K}l_- are
smooth.

We firstly give some preliminaries about the structures of interest and different points of
view that can be taken to deal with our problems. In the section 2 we give the results
we need to obtain the smoothness of K/. Then, in the section 3, we show the decompo-
sition theorem thanks to the almost complex multifoliate description of the holomorphic
foliations. At the end, we relate K}" and Ké
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1 Preliminaries

All over the text, M will be a compact differential manifold and X a compact complex
manifold whose underlying differential manifold is M. Depending on the context, we will
denote T'F for the tangent bundle of F as a differential foliation but also for the tangent
bundle of F as a holomorphic foliation. Sometime, to make it clear, we use the notation
TF% .= (TF ® C) N T, Recall also that vF := TM/TF or vF := TX/TF, when F
seen as a differential respectively holomorphic foliation, depending on the context.

1.1 TI'-structures and examples

A natural way of defining certain geometric structures (of differential manifolds, complex
manifolds, foliated manifolds, ...) on a topological space S is to give local coordinates whose
transition maps belong to a given pseudogroup. More precisely :

Definition 1. A pseudogroup G on a topological space S is given by a collection of homeo-
morphisms (g : Uy — Vy)geq between open sets of S such that :

1. (Ug)g is a cover of S,
the restriction gy of an element g € G to any U' C U, is an element of G,
the composition of two elements of G, where it is defined, is an element of G,

the inverse of an element of G is an element of G,

A

if h: U — V is a homeomorphism between open sets of S such that the restriction to
any non-empty open set of the form UNUy is an element of G, then h is an element

of G.

Therefore we define a I'-structure as the datum of an atlas whose transition maps belong
to a well-adapted pseudogroup :

Definition 2. Let I' be a pseudogroup on a model topological space M. A I'-structure on
a topological space X is the datum of an atlas (U, ¢;); consisting of open sets U; covering
X and homeomorphisms between open sets of X and M such that the transition maps
¢; o (d)j)*l, where they are defined, are elements of I'.

The structures of interest in this text are respectively those associated with the foliation
(its holomorphic structure or its transversely holomorphic structure) of codimension ¢ (and
p:=n —q), and the structures supported by the families of deformations we consider, pa-
rametrized by an analytic space R. These structures are obtained as I'-structures for which
we specify the pseudogroups :



Structures

Associated pseudogroup

Transversaly holomorphic fo-
liation

I''" the pseudogroup of local automorphisms
of R?""2¢ x CY of the form F(z,y,w) =

(filz,y,2",y"), fir(w)), where fi; depending ho-
lomorphically on w := 2’ 4+ iy’ and f; depending
differntially on z,vy, 2" and v/'.

Holomorphic foliation

I'" the pseudogroup of local automorphisms of
CP x C1 of the form F(z,w) = (fi(z,w), fir(w)),
where f;. depending holomorphically on w and
fi depending holomorphically on z and w.

Holomorphic foliation admit-
ting a supplementary holo-
morphic foliation

['*“PP the pseudogroup of local automorphisms
of CP x C? of the form F(z,w) = (fi(z), fir(w)),
where f;. depending holomorphically on w and
fi depending holomorphically on z.

Family of tr-deformations

I'" the pseudogroup of local automorphisms

of R x CP x C? of the form F(r,z,w) =
(r, fi(r,z,w), fir(r,w)), where f; depending ho-
lomorphically on r and w and f; depending ho-
lomorphically on r and differentially on z and
w

F}}% the subpseudogroup of I'}} consisting of ele-
ments such that f; is also holomorphic on z and
w

Family of h-deformations

Fé the subpseudogroup of I'p consisting of ele-
ments such that f;- do not depend on r.

Family of f-deformations

Family of fgypp-deformations F{g“p” the subpseudogroup of Fé consisting of

elements such that f; do not depend on w.

The coordinates defined from these transition maps are such that w represents the trans-
verse coordinates of the foliations obtained and z coordinates in leaves.

The fsypp-deformations correspond to the case of a f-deformation of a foliation admitting
a supplementary foliation.

Remark 1. The inclusions T'fswr I‘j; C I‘}}{ C T% show that any family of fsupp-
deformations is a family of f-deformations, any family of f-deformations is a family of
h-deformations and any family of h-deformations is a family of tr-deformations.

More concretely, we have :

Definition 3. A family of deformation (X, R, (X, F),~v%), denoted X /R or X /(R,~%), of
(X, F) (seen as a transversely holomorphic foliation) parametrized by a complex analytic
space R, is given by a topological space X, a proper projection p : X — R and a F%-
structure v on X such that, in local coordinates (r,z,w) of this structure, the projection



p is the canonical one p : (r,z,w) — r and the fiber at 0 of p, with the foliation given by
w = cst, is isomorphic as a foliated complex manifold to (X, F).

Such a family is called a family of tr-deformation of (X, F) (i.e. deformation of the foliation
seen as transversely holomorphic).

In the following, we will assume that all analytic spaces R we will consider are germs of
the form (R,0), and when we will deal with maps between analytic spaces, it should be
understood that we are dealing with maps between germs of analytic spaces.

We also define the notion of a family of h-deformations of (X, F) by considering I”]% instead
of T and that of a family of f-deformations of (X, F) by considering Fé instead of T'%}.
This last type of family corresponds to the situation where the transverse structure is fixed.

It is important to note that if we have a family of deformation given by a I'g-structure ~y
on X and an analytic map © : " — R, we can define the pull-back ©*y which define a
['gr-structure on the fiber product Xo = X xg R' = {(z,7") / p(x) = O(r')}.

We need to know when two families X/R and Y/R’ are isomorphic families. Without
specifying the type of family :

Definition 4. Two families of deformations X /R and Y /R’ are isomorphic if they define
the same I'-structure (resp. rf, ['), i.e, if there exists ¢ : R — R’ isomorphism of analytic
spaces and ® : X — Y isomorphism of I'-structures such that :

X e y Y
RLR

commutes.

1.2 Multifoliate structures

The previous I'-structures can be described thanks to what Kodaira and Spencer named
multifoliate structures in [1]. We give here a very brief description of what complex multi-
foliate structures are.

We denote (.f(}ga), . ,m%a))i local coordinates on M. Let (P, <) a partially ordered finite
set. We say that an integer set is P-multifoliated if it is endowed with a map ¢ :

o : {l,....,n} — P



Definition 5. Let M be a differential manifold of dimension 2n. A multifoliate structure

on M correspond to the datum of an atlas (Ug, (l‘ga), ... ,xé?))a, a partially ordered set

({1, .-y A}, =) and a surjective application [ ]: {1,...,2n} — {A1,..., A}, such that :

8z§j‘>

va,B, 905 =0, if KA.
!

When we write for an index k its conjugate k, we assume that x](f) has complex value and

NN I i

B 2 NP

that 33(;) = a:l(f). Thanks to these “self-conjugated” coordinates (
we can define the notion of holomorphic coordinates, keeping the same formalism by assu-
ming that [k]<[l] and [k]<]]] for any k and [, in other words, non-conjugated integer and
conjugated ones are not ordered. Sometimes we will simply denote (xga), e ,x%a))a what
should be thought as "self-conjugated" coordinates.

Example. 1. A holomorphic foliation F on X of codimension q is the datum of an
atlas (Uy, (zga) 2 wgo‘), e ,w((lo‘)))a such that :

s Zpgy
awfj’) o aw,(f) o E)w,(ca) —0
9z T 5. T gu®

Va, B, k, 1K' U ( v K
() (a)
) Y Y 9 azk _ azk _
PR

Denoting z,(ga) =: x,(ca), w,(ca) =: xia—)q-s-k; and considering {\1, Ao A1, A2} such that
M =X Xand [{1,....,n—q} =X et {n—q+1,....n}] = A2, we get the following

multifoliate structure :

9z .
vau ﬁ? ax?ﬂ) = O, Zf [)\]/i[)\/],
NG

i.€,
[\ = A2 and [X] € {M1, A1, A2}
(%ga) B ) [A] = A1 and [N] € {1, Ao}
Vo, S, 8905\[?) =0, if [)\] - )\72 and [)\q € {/\1,)\717 )\2}
Al = A1 and [N] € {1, X2}
and in particular,
ouw'® 8w,(€a) ow'®
. 22 T 9. 5@ =0
Va, B, k1K1 s azfj“) _
9:®  gu®

EN{



2. The datum of two holomorphic foliations F and G everywhere transverse and sup-
plementary (TX = TF ®TG) on X, corresponds to the datum of a particular atlas

(Ua, (zia), A zéa),w§a), ... ,w,(]a)))a such that :

Bwéa) . 8w,(€a) . 8w§ca) .

azl(/ﬁ) 8zl<,ﬁ> 6wl(f)
le(a) . az§"‘) le(a)

821(,6) 8w§f) aw,(f)

Vo, Bk, LK T

=0

Denoting x,(f) = z,ia), a:](ﬁ_)k = w,ga) and considerating {\1, Ao, A1, A2} without orde-

ring any element to another and given [{1,...,p}] = A1 and [{p+ 1,...,n}] = Ao,
we get the following multifoliate structure :

8I(a)

va,8, D=0, if (KA,

i.€,
[)\] = )\2 and [A/] S {A17)\717 TQ}
6x(04) . [)\] = )\1 and [)\/] S {)\71 )\72 )\2}
v N _ 0 M ?77
B oam =0 i = X2 and [N] € {A1, A1, Az }
[A] = A1 and [N] € {\1, A2, A2}
and in particular,
92\ (B w?
V(X,B;k,l;k/,l/ l al/ 9 !

8zl(a) o Oz;a) 0zl(“)

—_— T —_— T pr— 0
le(,’ﬁ) Bwff) 8717,(:/3)

1.3 Almost multifoliate structures

Another way of defining multifoliate structures is by means of differential complex su-
bundles of the complexified tangent bundle TecM := TM ® C of M. Since the aim is to
define local systems of differential equations, one natural thing to do is to consider the
subundles whose fields define the equations of interest. We then have :

Definition 6. Let M be a differential manifold (compact). We call almost complex multi-
foliate structure the datum of a collection (F,,,...,F, ) of subundles of Tc M and a partial
order relationship < on {t1,...,tm}, such that :

(i) For allk € {1,...,m}, TcM =F, +F,_

(i1) For allk,l € {1,...,m}, F,, CF,, if and only if, v, < y.



Remark 2. The partial order relationship of this definition does not correspond to that of
the definition given in terms of local coordinates.

Examples. 1. Any almost complex structure TeM = T%' @ TH0 on M.

2. Any transversaly holomorphic foliation on M can be defined thanks to the datum of

a unique subundle F' C TcM defined as ker(TcM RN vFLYO). It is such that
F+ F =TcM. For more details see ([0], 1).

3. Any holomorphic foliation on M 1is defined thanks to the datum of a unique pair
(TOY, F) defining respectively the complex structure on M and the transversaly ho-
lomorphic structure of the foliation. The guarantee that there are coordinates in the
leaves adapted to the global complex structure comes from the relationship T%' C F.

4. Two supplementary holomorphic foliations on M are defined thanks to the datum of
(TYY F, G) defining respectively the complex structure on M and the transversaly ho-
lomorphic structure of each foliation. The guarantee that the coordinates are adapted
to the global complex structure comes from the relationship T%' C F and T%! C G.

Definition 7. An almost complex multifoliate structure (F,,,...,F,, ) is integrable when

bl lm

each F,, is involutive.

We can show that any multifoliate structure on M comes from a unique almost complex
multifoliate structure integrable. It is a part of the theorem 1.

1.4 Deformation Theory
Until now, we have seen three different ways to define our structures of interest : holomor-

phic and transversely holomorphic foliations.

As T'-structures : In the table given in 1.1 we already described what a family of deforma-
tions is from the I'-structure point of view for different type of deformations.

As multifoliate structures : From the point of view of multifoliate structures, a family of
deformations parametrized on an analytic space R corresponds to the data of a family
of atlases (Uy, (:cga)(r),...,J:g(z)(r))reR, a partially ordered set ({A1,...,An},>) and a
surjective application [ | : {1,...,2n} — {A1,...,An}, such that the coordinates are
holomorphic as functions of r and :

811(:1)(7") .
VT, «, 57 W = 07 ,Lf [k]ﬁl]



As integrable almost complex multifoliate structures : From the point of view of integrable
almost complex structures, a family of deformations parametrized on an analytic space R
corresponds to the data of a partial order relationship < on {t1,...,t,} and a collection
(F,,(r),...,E, (r))rer of subundles of Tt M obtained thanks to a family of endomorphisms
holomorphic in r € R :

®: R xTeM — TeM,
as F, (r) = ®.(F,,), where ®, := ®(r,-), and such that :

Vr, F,(r) C F,(r) < wu <u.

and all almost complex multifoliate structures defined are integrable. Since we deal with
complex structures, we assume that ®,|701 = ®p|p1,0.

Since we gave different type of deformations for holomorphic foliations, we will recap the
different ones for each point of view in the following table. Just before, let us note two
things for a holomorphic foliation given as (T%!, F).

Firstly, according to the table of 1.1, a f-deformation (T,E) 1 F,),er is such that the trans-
verse structure is the same. It means that F,. = Fy = F. We need also that o' c F. In
fact, we have :

Lemma 1. The bundle T is a subbundle of F if and only if (P, — id)|7o.1 takes values
in TFHO.

Proof. Thanks to TF? = T19 N F, the converse is immediate.
When 7' C F, the direct implication comes from the fact that (®, — id)|zo.1 has to takes
values in F since T%! C F, and then take values in 710 N F = TF0, ]

Secondly, the datum of two supplementary holomorphic foliations F,G on X (i.e TcM =
TF o TFY @ TGO @ TGHO) is such that F is given by (T%!, F) and G by (T}, Q).
But we can say more thanks to the definition of F and G : F = TFY0 @ TFO ¢ T7G%!
and G = TG @ TG @ TFO1. A fsupp-deformation of F then corresponds only to
a deformation of TF%! (and TF%!), obtained with (®, — id)|zo1 : TcM — T}T’O and
((I)r — ’L'd)|Tg071 =0.

10



Family of | I'-structures Multifoliate  struc- | Almost Complex
tures multifoliate struc-
tures
tr- I'? the pseudogroup of | Atlas of the form | (F,) with F, involutives
deformations| local ~ automorphisms (a:l(a) (), w,(f) (r)) with | and F, + F, = TcM.
(the folia- | of R x R?"72¢ x CY of (:El(a) (M)i<i<on_2q €
tion is seen | the form F(r,z,y,w) = | R2n~2¢  are¢ the dif-
as a trans- | (1, fi(r,z,y,2",y), ferential coordinates
versaly Jur(r;w)),  where  fi | on  the leaves and
holomor- depending holomor- (w;(f))l <k<q € C7 such
phic one) phically on r and ow® ()
w = ' + iy and that 229 () = 0. and
fi  depending  holo- | guw!®(r) 0
morphically on 7 and | 9, ) o
differntially on z,y,z’
and 3.
h- F}}"2 the subpseudogroup | Atlas of the form (T,Q ’1,Fr),with T2 and
deformations| of T'% consisting of ele- (zl(a) (r),w,(fa)(r)) with | F,. involutives, Fr+F, =
ments such thét fi is (zl(a)(r))lglsp €CPand | T @ T = TcM.
als(ci) holomorphic on =z (w;ia))lgkgq € CY¢ such
and w. that the coordinates
are holomorphic and
Bw}(ca)(r) _
92 (r)
/- Fé the subpseudogroup | Atlas of the form (T,Q’l,F), with 72" and
deformations| of T'r consisting of ele- (zl(a) (r),w,ga)(r)) with | F' involutives and F +
= 0,1 . 0,1
ments such that f;, do (zl(a) (r))1<i<p € CP and | ¥ :.Tr @T’f =TcM,
not depend on r (w,ff"))lgkgq € CY such ;btj\a;nedT v;r\;,h <}Ithh t
that the coordinates | *C _> c sucol a
are holomorphic and (@ —id)[gos : T —
a Tfl’o
owi™ (r) _ :
azlw)(r)
Fsupp- Fé‘g“p” the subpseudo- | Atlas of the form | (T}'', F) with 7' =
deformations| group of I'f, consisting (zl(a)(r),w,(f)(r)) with | TFM @ 760!, 79 and

of elements such that f;
do not depend on w.

(Zz(a) (r))1<i<p € CP and

(U);E;a))lgkgq € C1? such

that the coordinates

are holomorphic and
()

Bwécﬁ) (r) —0.

0z, (r)

F' involutives and F +
F=T"'or)" = TcM,
obtained with &,
TcM — TcM such
that (@, — id)|7oa
TFO  — TFLO and
((I)r — id)’Tgo,l =0.

11




Moreover, a family of deformations of multifoliate structures can be represented by a global
derivations (i.e a linear map u between the spaces of global differential forms such that
u(A};) C A3F® for a certain s and verifying Leibniz formula) itself represented by what
Kodaira and Spencer named in [1] (I.1) jet forms. We describe briefly what jet forms are,
it will be useful later. For any details about the relation between derivations and jet forms
or the definition of the bracket for jet forms, see [1].

Definition 8. A jet form of degree r (or r-jet form) on M is the data of a covering (Uy)a
of M and a collection {(¢\®), (N} oer of pairs ({0, €(¥)) of vector forms ¢ and (@) of

respective degrees v and r + 1, defined on U, such that, on intersections U, N Ug we have :

pB) = pl)
{ B — dpB) = gla) — ggple) -

Remark 3. The quantities dp\®) and d¢p®) are not necessarily equal, they depend on the
local charts. In particular, the first equality does not necessarily imply d¢®) = dp(®.

Finally, a jet form is said to respect a given multifoliate structure when :

Definition 9. Let u := {(¢\®, &)Y, be a p-jet form on M. We say that u respects the
I'p-structure of M when :

s =05 Jor AN and ... and Ay 2N,

P
® T
823)\

where £@) = > fg\?)?l,...,Apde(Aof) Ao Adel®

A
AN Api1 P

Kodaira and Spencer showed the following (note that d as a derivation can be represented
by a jet form) :

Theorem 1. (Kodaira € Spencer) Any family of deformations of multifoliate structures
(Uag, (azga)(r), .. ,:L‘é?l)(r))TeR, ({A1,.- s A}, =), determines a family of global 1-jet form
{v(r) = (®(r),E(r)), r € R} respecting the multifoliate structure and verifying :

[v,v] =0
v(0)=d "’
and for ®(r) = ng\a) (:L’,’I")dl‘g\a)(()), we have :
A

G ) () =0, for M.

Reciprocally, any such 1-jet form determines a family of deformations of the initial structure

(Ua, (#1(0), ..., 2$(0)), ({1, -, Am b, 2).

12



In the theorem, the global 1-form vector ®(r) is exactly the family of endomorphisms
®(r) : TcM — TcM. The second term of the pair Z(r) allows to store the involutivity
conditions when the condition [v,v] = 0 is verified.

Remark 4. Considering the representation of families of small deformations by means of
a description in terms of jet forms makes it possible, when it exists, to make natural use
of the existence of a foliation G everywhere transverse and supplementary to F.

We give some ideas that will enlighten how are related the description of a family of de-
formations, as given by suitable local coordinates, to the description obtained by means of
1-jets form. We will call the transition from one to the other the Kodaira-Spencer proce-
dure. We will refer to this procedure later.

Since the general procedure is the same, let us assume, for example, that a set :

(Uas (23 (1), 2l (1)))a

of local coordinates adapted to a family of deformations of a complex multifoliate structure

(@) ()

is given. We denote x,; ’ for ;/(0). So we are looking to construct a global 1-jet form that
respects the multifoliate structure. The challenge is to build a map depending on the
parameter r that contains the way in which a base of fields is transformed.

First, we denote (g,(;j’ﬁ) (1))a,8,k, the transition maps :

d:):;a) Zg dml(ﬁ)( ),

which are such that :
g,g l’ﬁ)( ) =0 for [k,

by definition of multifoliate structures.
Denoting then 1 = ) pg(z) a partition of unity, which we assume without loss of generality
B

is adapted to (U,)q (in particular, these functions are independent of r and therefore
holomorphic with respect to this variable), we set :

ZPBZQ ()97 (0),

and :

=S b

axl ( )
and finally :

13



w® () = Z w,(f) (T)dx,ga).

We can show ([4], 8 and 5) that the (w(®) 4 w(®), can be glued to obtain a global section

v and that the (w,(f),w,ia))k = (w/(\a)) A=k are forming local basis of TcM. Note that ¢
can be seen as a map which for a vector field of the initial structure gives a vector field
dependent on the parameter r (and coinciding with the initial vector field at 0). The vector
fields obtained correspond to a basis of the tangent bundle of the structures defined in r
and are respecting the multifoliate structure.

So we define a global vector 1-form. We still have to define a global 2-form verifying some
properties to obtain a 1-jet form that respects the multifoliate structure and representing
the starting family.

From what we said above, we can express the Poisson brackets of the vector fields w/(\a)

and wg\?‘) as :

W5, i) =3 e L ()l
I

Then, by definition of the bracket and of multifoliate structures by means of pseudogroups :

CE\(;Y))\’7M(T) = 07 for )\Z,Uz and A/Zl'llj

and we define on each U,, a local vector 2-form :

(03 (03 « 8
co(r) == Z(Z cf\))\,’udx()\ A dw&,))m.

nooAN 1

We can then check that u(r) := (¢q, ca)a defines a global 1-jet form respecting the mul-
tifoliate structure and such that [u(r),u(r)] = 0. This last equation corresponds to an
integrability condition of the Frobenius type. By calculating this bracket, we can show
that, under this hypothesis, bundles (%!, F, ... depending on the multifoliate structure)
are indeed involutives.

Reciprocally, by virtue of the latter integrability condition and a Frobenius-type theorem,

we can show that from such a jet form there exists local coordinates (U, (xga) (r),..., 2\ ())a
solutions of :

wg\c,x) (r) 'wg\a) (r) =0, for N\

1.5 Sheaves of infinitesimal deformations

We can define an application representing, for a given family of deformations, the infini-
tesimal deformation obtained in a given direction of the parameter space. Such a map is

14



called a Kodaira-Spencer map. Once we identify what infinitesimal deformations are for a
given structure, the aim is to construct a family of deformation that, in a sense, integrates
this infinitesimal deformation.

With atlases description, we can define such a map in the case of a family of ¢tr-deformations
X /R locally given by (Uy, (r, xga), e ,a:gc:l)_Qq, wga), e ,wga)))a in the following way.

The transition maps on U(*#) are given by :

F(ef) (r’x(a)7w(a)) = (r, féa’ﬁ) (T’$(a)’w(a))’f£f,ﬂ) (r’w(a)))'

To account, in a given direction, for the deformation obtained with the family X'/R, we
calculate for any % € Ty R, the tangent Zariski space of R at 0, the quantities :

0/_\ p 8f0<ﬂ)| o q 8]8(0‘5)’ o
B = r=0 " + r=0 " .
’ k=1 or 81/‘1@ k=1 or 8“’1@

In particular, these fields are C°° and their flows define local isomorphisms of F as a
transversaly holomorphic foliation. We denote Oy, the sheaf of germs of such fields.
From the above equalities, we obtain :

FED (r, 2@ @) = fOP (FED (2@ (@)

and :

FED w0 @) = £550 (o, 107 (w0l @), ) (o, w(@)))

we respectively obtain :

3f(a”3 afglf) +Zp:8f 'Yﬁ af(av’Y) +Zq:af 8ftr
or or axl(’Y) or 8wl(’7) or

and :

aftr a,f3) _ aft(z}f) . Zq: 8ft’7 ,B) aft
or or P awl(W) 87“

and therefore, respectively :
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and :

q af(ang)

> =g lr=0"

k=1

We then note that :

In other words, (@)aﬁ is a 1-cocycle of the sheaf é; In particular, it defines a class in

(v,B)
d afﬁ?lc | . _0
ar Ir=0 9z

k=1
& g L,
i P

k=1
z”: zq: argy) 8f§ffi”| )0
[€D) 0 r= (B)
k=11=1 ow,” " Oy,
i afz(:?l’cﬁ) | 0 Js]
= r= 3
= or axi )
zp: Bféo,élﬁ) ’ 0 o)
or Ir= awl("/)

=1
q 8f£¥;f) aft(aa’v) o

7,1

3] =0 ®)
T oz}

™
p=1i=1 Ow’

(7,8)
i afta:’k |r*0‘ B(B)
o=l a: (@) ok

ﬁé 55 0fyh Of”j”| 2

S ow O =07 5, ®
q o (’Y}CB) 9

tr,
Z O |r=0 : ®B)
k=1 " Owy,

a, ofyni” 9
I
iqawkﬁﬂyo.a

o) r= @)

P S SUNCL dz)]

HY(M, 6;) Finaly, we define a Kodaira-Spencer map :

However, we may consider that the leaf structure is of no interest to us during transverse
holomorphic deformation, and consider only the infinitesimal deformation of the complex
structure obtained thanks to the submersions defining transverse holomorphic foliation. To
do this, we consider only the deformation of complex coordinates (w(a)) by calculating for

% € Ty R, the quantities :

pir: ToR — HY (M, ©y,)
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q 8 (OC,B)

0 ﬂ — t?",k | _0 . 8
" k=1 or T awl(f)

The same considerations lead us to the definition of a second Kodaira-Spencer map. De-
noting Oy, the quotient of ©y. by the sheaf AY(TF) of germs of differential vector fields
tangent to the leaves, we get :

0= AYTF) = Oy — 04 — 0,

and we can define :

p;r :ToR — HI(M, (")tr)
It is worth noting at this point that giving two different maps that a priori account for the
same infinitesimal deformations is not problematic. In fact, since Oy, is the quotient of Oy,
by an acyclic subsheaf (C*°-module), we get for & > 0 :

H*(M,©y) ~ H*(M, ©,,).

We can do the same in the case of holomorphic foliations and define a Kodaira-Spencer
map associated with a holomorphic family of deformations of the foliation :

Ph : TOR — Hl(Mv ®h)7

where Oy, is the sheaf of germs of vector fields whose flows are local isomorphisms of the
holomorphic foliation (in particular, they care about preserving the holomorphic character
of the leaves).

It is also natural to consider the subsheaf of germs of holomorphic vector fields tangent to
the leaves TF'0. The link between T'F, ©j and Oy, is given by :

05 TFY 50, =0, —0.

This is summarized in the following table :
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Structures Sheaves associated to the | Kodaira-Spencer map
infinitesimal deformations

Family of tr-deformations Oy locally given by classes of
vector fields of the form :

0
[Z bt’r,k(r? w(a)) aw(a) ]7
k k

pir : ToR — HY(X, ©4,)

with by, holomorphic.

Family of h-deformations O, locally given by vector
fields of the form :

)
> acr(r, 2, w®)
k 9z

pn: ToR — HY(X,0})

0
+ 3 by w@)
2 ol

k

with ag ) holomorphic and
by 1. holomorphic.

Family of f-deformations TF0 Jocally given by vector
fields of the form :

0
Z aﬁ,k(ra Z(a)v w(a)) (a)’
k 0z,

py: ToR — HY(X, TF"°)

with az j holomorphic.

Note that the multifoliate structure point of view gives rise to another description of
infinitesimal deformations. We will not make the difference between all those descriptions,
since it will be clear which description we adopt.

1.6 Kuranishi’s Theorem

There exists for the deformations we defined, particular families called versal families of
deformations. We have :

Definition 10. The family X /R = (X, R, (X,F)) is said to be versal (resp. universal) if
for any other family of deformation X'/R' = (X', R, (X,F)), there exist a map between
analytic spaces © : (R',0) — (R,0) such that X'/R' and Xo/R' are isomorphic as families
of deformations, and furthermore, the differential of © at 0 is unique (resp. © is unique).

When there exists a versal family of deformations, the corresponding Kodaira-Spencer map
is an isomorphism (see [6] 2.10). We can also show ([10]) that up to an isomorphism, the
analytic space parametrizing such a family is unique.
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Definition 11. An analytic space R parametrizing a versal deformation family is called
versal deformation space or simply Kuranishi space.

The name Kuranishi space associated with such spaces comes from the profound theorem
due to Kuranishi in the context of deformations of compact complex manifolds stating
that for any compact complex manifold there exists a versal family of deformations of its
complex structure. We have in fact :

Theorem 2. (Kuranishi) For any compact complex manifold Xy, there exists a versal
family of deformations parametrized by an analytic space germ (R,0).

More precisely, there is an open neighborhood U of 0 in H*(Xo, T Xo) and an analytic map
U : U — H?(Xo,TXg) such that (R,0) is the germ at 0 of ¥~1(0).

The map ¥ is constructed from the Maurer-Cartan equation that guarantees the integra-
bility of a given almost complex structure obtained as a small deformation of the almost
complex structure of Xj.

For holomorphic foliations, Girbau, Haefliger, Nicolau and Sundararaman showed |2, 1]
there are Kuranishi spaces for all three types of deformation, obtained by means of a
Kuranishi-type theorem, considering the sheaf of germs of infinitesimal transformations
adapted to the type of deformation, and its spaces of cohomologies H' and H?.

We denote K", K and K* Kuranishi spaces corresponding respectively to the defor-
mations of the types h, f and tr, and X"/K" x//Kf and X* /K" the corresponding
versal families. Denoting H* any of the cohomology spaces concerned, we have the following
immediate corollary due to Kodaira and Spencer :

Corollary 1. (Kodaira-Spencer) If H?> = 0, the Kuranishi space is smooth and isomorphic
to an open neighborhood of 0 in H'.

In the case of Calabi-Yau manifolds, results of Tian, Todorov and Bogomolov allows to
show that such a result remains true in the absence of the cohomological assumption of
the previous corollary.

One aim of this text is to obtain such a result for Calabi-Yau type foliations for the space
K7 and obtain a decomposition of K" as the product of K/ and K.

2 Unobstruction of f-deformations for Strongly Calabi-Yau
foliations

The purpose of this section is to show the formal existence of a solution to the Maurer-
Cartan’s equation for any infinitesimal f-deformation of any strongly Calabi-Yau foliation.
The goal here is to show :
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Theorem 3. Let (X, F) be a compact Kihler manifold foliated by a strongly Calabi-Yau

foliation and v € HY(X,TF). Then, there exist a formal power serie Y. ¢pt®, with ¢ €
k>0
AYYTF) such that :

1 =0 and I =— Y _ [¢i, 5]
i+j=k
with [¢1] = v and such that for all k, Ar(¢x) = 0.

Firstly we define what strongly Calabi-Yau foliations are.

2.1 Strongly Calabi-Yau foliations

We can consider Calabi-Yau manifolds as compact Kéahler manifolds on which there is a
holomorphic global form of maximal degree which trivializes its canonical bundle Kx. If we
adapt this for the foliated situation, we can at the beginning suppose that foliated manifold
(X, F) of Calabi-Yau type are compact Kéahler manifolds on which there is a global form
with a degree equal to the dimension of the foliation which trivializes K r, the canonical
bundle of the foliation. Let make this more precise.

Let (X,F) be a compact Kahler foliated manifold of dimension n, with F a regular

holomorphic foliation of dimension p. We fix an atlas (U,, (a:ga) ,...,m%a)))a equal to

(Ud,s (z%a), .. .,zl()a),w§a), . ,w((]a)))a, where ¢ = n — p, adapted to the foliation. Since
we are dealing with holomorphic foliations, we will simply denote T F rather than TF 0
the holomorphic tangent bundle of F and vF its normal bundle. We have :

0O—-TF—->TX - vF—0

and :

0—svF* =>TX*>TF*—=0.
and then :

k k
0— Ny = ATX* = ANTF* -0
Locally, N} is the ideal of A*T'X* generated by < dwq,...,dw, >. We finally have :

l l k l k
0> ANTX*@ N - NTX o \TX* - N\TX* @ \TF* = 0.

We denote by A% (A7), AI;(’Z and A% (A" TF*) the sheaves of germs of sections of each
bundle of the precedent exact sequence and we define projections II for each pair (k,!)
(without noting them) by :
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k
0 — AP (NG) = AR B AN\ TF) — 0. (1)

We also denote A™(N}), A];’}l et A%(AF T F*) the spaces of global sections of each sheaf.
We remark by immediate calculations :

Proposition 1. The differential operator O preserves A% (NF) and defines

k k
OF « A% N\TF*) —» AN\ TFH
such that O oIl =110 0.

We finally denote by Agél( A" TX) the global sections of Ag&l ® A"TX and we define on

@ A%( /\k TX) a supercommutative algebra structure via the Z/2Z-graduation given by
k,l

k + | modulo 2. We have for o € Ag&l and v € T(X, \"TX) a global k-vector fields,
a®v= (-1 ®a.
For a Calabi-Yau manifold Y, the existence of a global holomorphic form 2 vanishing
nowhere of maximal degree (and then trivializing Ky ) allows us to construct the following
isomorphism :
Ny Ag}l(/\k TY) =~ Any_k’l
ar vy = (vgaQ) A aj.

In foliated situation, it is the existence of a global holomorphic form Qr € Ag&o, with
p = dim(F), such that TI(Qr) trivializes Kz := AP TF* that allows the existence of the
following isomorphism :

ng o AMNFTE) ~ AMYAPTETFY)
ar vy — I((vy2QF) A ag),
where (V1 A+ Avg) sQF = iy, 0 - 0dy, (QF), and i,, contraction by v;. We will write (a;®
vy)2QF rather than (v;.Qr) Aag, understanding that contraction of Qx by a holomorphic
vector field gives a holomorphic form and that we respect classical notation for forms of
any bidegree.
This hypothesis gives in particular a section of the precedent exact sequence as :

E s —k,l
S . AN TFY — 114%
5 = nE (B)QrF
We give the following definition :
Definition 12. We call strongly Calabi-Yau foliation a reqular holomorphic foliation F of
dimension p on a compact Kdhler manifold X endowed with a global holomorphic p-form

QOF € H(X, QF), where Q% denotes the sheaf of holomorphic p-forms on X, such that
II(QF) trivializes Kr.
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For this type of foliations, we can construct the following commutative diagramm :

QFE

/\

AOUNETF) 12y AOWAPTRT ) S AR

Jo b b

AO,I(/\k—l TJr) n—l AO,l(/\p—k-i-l Tf*) - Az}){—k-&-l,l
F

In particular we define Ar as :

Ar o AYNTF) —  AYNTITEF)

¢ = nE 0 dF onE(e).
One of the aims of this text is to adapt the proof of the non-obstruction theorem of Calabi-
Yau manifolds (particularly known as Bogomolov-Tian-Todorov theorem) given in [3], to

the case of strongly Calabi-Yau foliations.

Remark 5. We can call Calabi- Yau foliation a holomorphic regular foliation on a compact
Kahler manifold X whose canonical bundle is trivial (Kr ~ Ox ). Actually, Loray, Pereira
and Touzet showed in [5] that the notions of Calabi-Yau foliations and strongly Calabi-Yau
foliations are the same in numerous situations (for example if F is Calabi- Yau it suffices
that F has a compact leaf, or Kx is psef). It is even conjectured that they are the same
notions by Sommese at the end of [7]. In particular, when a Calabi-Yau foliation F is such
that it admits an everywhere transverse and complementary foliation, then F is strongly
Calabi-Yau.

2.2 Tian-Todorov lemma

The fundamental result for the proof of unobstruction theorem for Calabi-Yau manifolds
is the Tian-Todorov lemma which can be understood as a way to express the bracket of
two "0-closed" vector forms as a "d-exact" vector form.

Therefore, we naturally try to obtain an adapted version of this result. Moreover, since T'F
is involutive, it leads us to think that the projection appearing in Ar deletes only terms
of no interest for the following equality :

Lemma 2. (Tian-Todorov) Let ¢ € A%Q(TF) and ¢ € A% (TF). We have :

(=)', v] = Ar(p Ah) — (—1)'Ax(¢) A — o A AF (1))
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Proof. We prove this locally. Let (21, ..., zp, w1, ..., wp—p) local coordinates adapted to F.
We will denote z; := 2z; and zp4; := w;. We can then suppose without loss of generality
that ¢ and v are locally of the form ¢ = ¢ ,;dx; ® a%iand Y =1y,;dT; ® 8%]“

Locally, Qr is of the form Qr = fdz A --- Adzp, + @, with II(QY) = 0, i.e @ €<

dwi,...,dw,—p >, and f holomorphic without zero.
Then :
02QFr = (1) Ygpifdz Ao Adzi A Adzy AdTT 4 ¢
0(¢.QF) = Adraf) lf) dzy A -+ Adzy A dZT + 0
Ar(¢) = (g(ﬂa(ﬁ;—@}")
1 9(¢1,4
7o et
and,
9(b1,i

Ar(@)ny = 220Gl (d77 A dEs) @ 2

Likewise,
OAAFW) = tor 2l o 2 ndzy
= (-1 2 dar nday o 2

Moreover,

b A = (1) 1h(4TT A A7) ® (o A )

" 7 82’2' 82’j
and, without loss of generality, supposing ¢ < j,
(PAY)Qr = (D=1 g by ifdzy A Adzg A--- Adzj A -+ Adzy A dTT A dTF
+(= )@Awpﬂ
Mo((p NY)Qr) = (—=1)Y(—=1)7~ 1Mdz Ao Ndzj A+ Ndzp NdTT NdT )
+(=1)H(=1)? Mdz A Ndz A Ndzy AdTT A AT
(b s _
Ax(d A1) _ %( )l (61, wJJf)(de/\de)@aiZj

_%( 1)18(¢111/;J3f)(dm—1/\dﬁ) Q %
= <>@¢J@m+¢fWWﬁm@m®%

0z 0z;

—(=)!($r 25 40,552 (d77 1 d77) @ 5

Finally, we get :
oY

Ar(pAY) = (D' AF(O) AP = oA AF(¥) = (-1 (1752 (daT[/\daTJ)QQ%
_wJ](%)“(dxl/\de) X 9% )

Z

= (~1)2[6, ]
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We immediatly get the following :

Corollary 2. Let ¢ € AYQ(TF), p € AY(TF) such that Ax(¢) =0 and Ax(p) = 0.
Then, we get :

(=)o, ¢] = Ar(o A Y) et (—1)*nr[d, Y] = Or(nr(d A ).

2.3 Commutation relations

We show here that 0 commute with II, and up to a sign nz. After the proposition we will
denote by 0 any of the following : 9, O+ 77 and Ip= 1z

Proposition 2. We have the following relations :

5/\* TF* o H = H [e) 5
¥ € AR Beclosed . D((+)8) = (-1 H@pre( )8
Iperr-onr = (LPFnrodperr
Proof. (i) : Leta € A .Locally wehave oo = Y aygdziANdzyj+ Y, apgdxiA
Ic{1,....,p}k I¢{1,....,p}k
dzy. In particular, II(a) = >.  argdzr Adzy, then we have the following equality,
Ic{1,....p}*
I o Il(e) = > 8a1’fAdx1Ade
Ic{1,....p}k1
Likewise, 0o = 3 80” dxl ANdxyANdzTT+ > ag%f dz; ANdx; Adxy, and then,
Ic{1,...,p}k,1 I¢{1,....,p}*,l
Hod(a)= Y ag%delAdxjAdTJ:E/\*T;* oI(a).
Ic{1,. }Pl

(ii) : Let ¢ € Aom( /\ TF), which we suppose locally of the form ¢ = a ® 836 . We have
for any global d-closed form 3 = 3" B rdzi A dzr, of bidegree (r,s), the equality ¢ =

KL
> (i-1) _ _
> (—1)el Br,rdrg\r A a A drr. However, 08 = 0 implies d( >, Pk rdzr) = 0
KDL KDL
— > (-1) — —
We get then 0(¢up) = >, (—1)<! (fl)r_kd:cK\I N O(a A Bg.rdzr), ie, 0(pof) =
K>I,L
> (-1) — — —
(1) =% > (=1)iE dag g A O(@) A Bk, LdTr, and then, d(¢oB8) = (—1)""F9(¢)B.
KSILL
(iii) : We apply (i) to Qr = fdz1 A--- Adxp + . The composition by IT of (ii) allows us
to delete the term -1Q and we get what we want. O

In the following, we will use those relations without mentioning them.
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2.4 Theorem proof

We finish this section with the proof of theorem 3, which means that we can integrate any
infinitesimal deformation of order 1 for a strongly Calabi-Yau foliation.

Proof. Step 1 : At first, we want to take a good representative of v. Let a1 € A% (TF) be
a representative of v.

Thanks to proposition 2 and the fact that a; and Qz are O-closed, we get that a;.QF €
AP~L1(X) is still O-closed. Then, we denote by H its harmonic representative and we define
o1 1= 77]___1 oIl(H) € A%YTF).

We have to verify that ¢; represents v and that Az(¢1) = 0. We know that H = a3 .Qr +
083, with g € AP~19(X) thus thanks to commutation relations ¢; = n}l oll(H) = ay +098,
with 8’ € A%(TF), so [¢1] = v.

Since H is O-closed, we have 9x(II(H)) = 0 and then Ax(¢1) = 5" 0 dx(nr(¢1)) = 0.
Step 2 : We construct ¢ in this second step. Thanks to the precedent step and the lemma

2 we get —[¢1, 1] = Ax(d1 A1) = n7 o II(O((¢1 A ¢1)o2r)). We also have that 9((¢1 A
¢1)28F) is 0-exact and is O-closed thanks to proposition 2 since ¢ A ¢; is 0-closed. Thus,
by dd-lemma, we have [¢1, ¢1] = n7 o I1(0das). Then we define ¢o := (—1)Pn5"' o II(Da)
and verify 0¢g = —n}l o II(00ag) = —[¢1, ¢1]. Finally, by proposition 1 applied to dag,
Ax(d2) =0.

Step 3 : Suppose that (¢;)1<i<k have been constructed, we want to define ¢41. The bra-
ckets [¢;, ¢;] are equal to Ar(piApj) = 77]_:1 oII(O((¢i N;)282F)), by foliated Tian-Todorov
lemma and the hypothesis on the ¢;. In the same time we have,

D X ($iNpr—i) = 22 (905 A i) — (¢i A Oye—s;)
1<i<k 1<i<k
= X (X [9,0i]N0k—i) = (BN X (b5, Pr—ivy]))
I<i<k 1<j<i 1<j<k—i
= 2 (X 950yl Ndk—i) = 22 (o > [0, Pr—ijl)
1<i<k 1<5<i 1<i<k 1<j<k—i
= 2 (X B diglNde—i) = > (Geai N X (), dij])
I<i<k 1<j<t 1<k—i<k 1<j<i
= > (X [0 bimjl A br—i — Gu—i N 3 (05, Pij))
1<i<k 1<j<i 1<j<e
= 0-
Then proposition 2 implies that & > ((¢ A ¢r_s)2QF) = 0.
1<i<k
Thus, 9( Y. ((¢i A dr—_i)2QF)) is O-exact and O-closed. We apply 9d-lemma and we get
1<i<k
a1 such that ( S0 (¢ Apr_i) Q7)) = 00y 1. Then we define ¢ 1 = (—1)’“*177;1 o
1<i<k
II(0ag+1) and by tiglemma we have Ar(¢g+1) = 0. d

The convergence of this formal serie in a neighborhood of 0 is due to a theorem of Artin
applied on X without refering the foliation, furnishing an analytic solution to our problem
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of deformation.

We can rewrite our theorem as :

Theorem A. Let (X, F) be a compact Kihler manifold endowed with a strongly Calabi- Yau
foliation. Then, the Kuranishi space KI of its f-deformation is smooth.

3 A theorem of decomposition

In their article [2], Girbau and Nicolau express the Kuranishi space K" as K7 x K' in
the sense of analytic germ spaces, in the situation where the regular holomorphic foliation
(X, F) they deform admits a foliation everywhere transverse and complementary to F,
and with H*(X,TF) = 0.

This last hypothesis allows them to construct a solution to the extension problem they
consider in a very direct way.

In the case of a strongly Calabi-Yau foliation, we always have the existence of a foliation
everywhere transverse and complementary to F. To distinguish Kuranishi spaces of each
foliation, from now on we will denote them K ;‘_-, K 5_- and K. The second hypothesis is no
longer checked, but the vanishing of H2(X,TF) and the strongly Calabi-Yau hypothesis
both imply that K7 is smooth.

We then want to check if the decomposition theorem is still true when the foliation is
strongly Calabi-Yau, and better, if it is sufficient for K J],; to be smooth (with the additional
hypothesis about the existence of the transverse and complementary foliation).

So, the goal here is to show that the germs of space K 5_- X K}f-" et K ;l_- are isomorphic, under
the hypothesis that F is a regular holomorphic foliation on X admitting an everywhere
transverse and complementary foliation G and such that K 5_- is smooth. A way to do it is
to apply the following result from ([2], 2.1) :

Proposition 3. Let f : K x K' — K" and g : K" — K' morphisms between analytic
spaces, with K smooth, such that :

1. the tangent application dof is an isomorphism,

2. the following diagram commutes :
K x K'

A

K/
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Then, f is an isomorphism of germs of analytic spaces.

So what we want is to construct a map K; x K& — K%, such that (1) and (2) are satisfied.

Girbau and Nicolau showed in (|2], 3.3) that when there is a foliation transverse and supple-
mentary to F, we have an isomorphism of analytic spaces K }f_- ~ K9 := 7=1(0), where 7 :
K J}}—_ — Kj—f is the corresponding versal map seen as the forgetful of the complex structures
of the leaves. This means in particular that the versal familly X7 /K 5_- of f-deformation can
be represented by a trivial family of deformation from the transverse deformations view
point. The representation of such a familly can then be made by local coordinates parame-
terized by K% of the form (U, (zga)( )yeees zé,a) (r), wga) 0),... ,w((]a) (0)))reko, adapted at
0 to the foliations F and G everywhere transverse.

Under the same hypothesis, they showed that the versal family X*" /Kf,—f" of transverse
deformation can be represented by a family of holomorphic deformation. In particular, we
can represent this family by (U,, (z%a)(()), cee z,(,a) (0), wga) (r),.. w((la) ()rertr)a-
Following the Kodaira-Spencer procedure, we recalled earlier for 1, we can construct jet
forms respecting the initial multifoliate structure corresponding to each of theses families.
We denote u/ (ry) = (¢/(ry),n'(ry)) and u'”(ry) = (¢ (rer), n'" (rer)) the respective jet
forms, where 1y € Kg_- ~ K; et ry € Kfr"

Proposition 4. The jet forms u/ (r¢) and u' (r4,) are such that ¢/ (r¢) = w/ (r¢) +wf(ry)
and ¢ (ry) = W (ryy) + W (ry) are of the form :

(03 6 e
W (rp) =30 (rf)i(a) ® dz{”)(0)
0z " (ry)

+3 5% (ry) (a) ® dw{™ (0) + Y —— (a ® dw(® (0)
(r) duwl(
0 0
W) = Y @ d(0) + S b () ® dw(?(0)
T a gp \" T P
95 (0) wi® (rir)
Proof. See the construction of the first term of the form jet from the datum of local
coordinates recalled after theorem 1. O

This construction allows us to construct a new family of deformation parametrized by
K% x K% described by a jet form u(rs,r,) obtained from ¢"(rs, ), a global vector
I-form (by virtue of TX = TF & TG), defined by ¢"(rs,74,) = w(rp,rer) + (e, rer),
with :
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(@)
T@dwp (0)
3( (ry) (2)

® dw'™ (0).

Wh(rfartr) = Zblk (Tf)a (a)( B ®dz( ( )+Zbl(ap)(rf)
+ Zb q,p (Ttr)

Sw (a)( )
Reproducing the Kodaira-Spencer procedure used for 1 it allows to construct a global
vector 2-form 1" in such a way that u” := (¢",7") respects the multifoliate structure of F
such that [u”, u"] = 0.

Then we obtain a holomorphic family of deformation of F. Thanks to the versality of K j,l_,
there exist a map between analytic spaces a : K% x K% — K such that (X7 x X”)/(K_{- X

Ky and X! /(K 5_- x K'') are isomorphic as families of deformation.
(63

Let us now recall that Kodaira-Spencer map corresponding to each of these families py,
pir and py, ensure py : TOK% 5 HYX,TF), pr: TOK}T 5 HY(X,0y) and py, TgKf}T =
H'(X,0},), and that the following diagramm commutes :

THKY x TyKlr —%% 1y Kh

\ [ (3)

Hl(Xa @h)

where pj, is the Kodaira-Spencer map for the family of h-deformations represented by ul
and parameterized by K_?_- X K_’;_f

We also recall that a representative of any of these Kodaira-Spencer classes can be obtai-
ned from the description of each family by jet forms in the following way : if v = (¢, 7)
represents a family of f-deformation (respectively tr ,h-deformation) and % € Tng_- (res-
pectively ToK%, ToK%), the class p/ (%) (respectively pt’“(%), p(2)) is represented by

at
¢ 0 9 0
&= (5 50) = (5 d5p) (see [1], 8.3).

Note that by definition of u!", the Kodaira-Spencer map p'" can be seen as taking values

in a subspace T} of H*(X,©) such that T, ~ H'(X,0;,). In other words, T} is the image

of a map in cohomology induced by a section s (given thanks to ©, CTX =TF & TG) :
S

K_\
0 TF > @h ®t1‘ — 0.

Then we show :
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Proposition 5. The following diagramm commutes :

T()K]_— X T()K};_T

pf Xp”l \ (4)

H (X, TF)® T, —2— HY(X,0O))

and S, the sum, is an isomorphism between vector spaces.

Proof. Let % € Tng_- and a?tr € ToK. We get :

o 0 0 0

/ [
ph(arfv 8Ttr) (87'f + artr>(uh)'

An immediate calculation shows thanks to (2) :

(i n o (uh) = oul T Ou'”
Ory — Ory C Oy Oy
and then :
0 0 0 0 0 0
/ —_— = —_— —_— = —_— —_—
G+ ) = 215) + o) = S(os () o)

So the diagramm commutes.
Finally, the fact that .S is an isomorphism comes from the following exact sequence :

s
kT

0 TF > @h Gtr — 0.

which is split. ]
From (2) and (3), we get in particular :
Proposition 6. The following diagramm commutes :

THKY x TyKr —2% 5 TyKh

pFX ptrl lph (5)

HY (X, TF) & T, —— HY(X,0))

and therefore, dya is an isomorphism.

We finaly get :
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Theorem B. Let K;, K;f-" and K, the Kuranishi spaces corresponding respectively to
the f,tr, h-deformations of a regular holomorphic foliation (X, F) admitting a regular ho-
lomorphic foliation supplementary to F and such that K J]; s smooth.

Then there exists an isomorphism between analytic spaces o : K; X K}_f — K} making
commutative the following diagramm :

KL x KY @ y K
& /
K¥

The following proof is an adaptation of a detailed proof of a result from ([2], 2.3) that M.
Nicolau kindly communicated to me.

Proof. According to the previous property, we are tempted to check that the diagramm :

~

0 tr 0% N h
K9 x Kt Kh

& /
K

commutes, which would suffice to apply the proposition 3 allowing us to conclude. The map
o however has no reason to verify the previous relationship. To correct this, we construct
a new a from a.

We denote tger @ K& — K% x K% the map defined by tger(ry) = (0,7). Thus, the
map I' := T ooty K% — K% induces a family X /K" isomorphic to X" /K™ . By
versality, doI' = id and therefore I" is an isomorphism, according to [10].

In addition we note by definition that a sends isomorphically K% x {0} onto 771(0) = K%.
We then denote o := ao(idgoxI' 1) : KSx K% — K% and I := moa/ovger + KiF — K.
The map o is still such that dpa’ is an isomorphism and sends isomorphically K% x {0}
onto 71(0) = K%. The map I" itself is such that :

M(ry) = mod (0,ry)
mTo ch(O,I’_l(rtT))
= 7moao k(T ry))

Ttr,

and therefore, IV = idytr.
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We then denote, h:=Ilo o’ : K% X K}_T — K}T and we define :

H : KYxKfr —»  KYxKUI ‘
(reree) = (rp, h(ry,re))
We note that H (0,7 ) = (0,h(0,74)) = (0,74) and H(r¢,0) = (rg, h(rs,0)) = (r,0). In
particular, dgH = id KOx K and therefore, H is an automorphism of Kg_- X K}’"
We therefore define G :=ho H™! : KO x K" — K'. Thus, G o H = h and therefore :

h(rg,re) = Go H(rg,re) = G(re, h(rg, me)).

And from the fact that h is surjective, we get G = py. We define o := o/ o H~! and
therefore :

7TOOé:7TOO/OH71:hOH71:G:p2'

In addition, dga is still an isomorphism. Since K(]]_- is smooth and K9_- ~ K;_-, we get the
result according to the proposition 3.
O

To conclude this part, we want to show the following result :

tr 10  1-f
K”_KQ_KQ.

for (X, F,G) two supplementary regular holomorphic foliations (in particular for F strongly
Calabi-Yau foliation).

This result follows from the fact that 70! = TFO! @ TG%! and therefore a small f-
deformation of G can be represented by a global 1-vector form corresponding to ¢ : TG%! —
TG0 (see the table in 1.4). To see this, consider Xé/Ké the versal family given locally by
(2£(0), ..., 25(0), wi(r), - . ,wg‘(r))O[’Ké, such that for » = 0 the coordinates are adapted
to TF®TG =TX (see [2]), and so TF>! remains the same during deformation.

The subbundles 7%!, F and G corresponding to the data of F and G are thus transformed in
Xg/Ké into TTO’1 =TFOl g T(],q’l, F.=TF\WgTFMg ng’l and G, = G respectively.
In particular, F, is involutive and G is involutive, so o = F,. N G is involutive, and
' ¢ F, and T © G, and so (Typ’l, F,, G) corresponds to the data of two supplementary
holomorphic foliations. In particular, we obtain :

Proposition 7. The versal family of f-deformations of G can be represented by a family
of deformations of the multifoliate structure (X, F,G).

Forgetting the G foliation and the complex structure of the leaves, Xg /K é can be seen as a
family of tr-deformations of the transversely holomorphic foliation given by F'. By versality,
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there exists S : Ké — K, such that dof : H'(X,TG) — H'(X,0%) is unique. Moreo-
ver, (3 is such that Fg(r) = F). (from the versality porperty we have Xg/Kf ~ (X}ﬁ")ﬁ/Kg)

Reciprocally, we can in this context obtain a holomorphic versal family of tr-deformations
of F which we denote X }_T / Ké_’i locally given by coordinates of the particular precedent
form (2§(0), ..., 2y(0), wi(r), .. .,wg(r’))mK;r, such that for 7/ = 0 the coordinates are
adapted to TF @ TG = TX (see |2] 3.3).

In particular, since the family is holomorphic, the subbundles T%! and F are transformed
into TB,’l and F,s, so that T]-;?,’1 = TFO, TB’l and F}, are involutive, and TB’l C F,.. We
therefore have F,, = TFOloTF 09T QS,’l, and the only transformations we are interested
in are those corresponding to 1-form vectors (global) of the form v : TG%' — TG0,
since any other transformation (¢ : TG% — TFOL @ TFO) is offset by the fact that
TFO' e TFWO C F..

It follows that G,.» =T QB,’I < Tg};o @& TF" = @G, and in particular, G,» = G is involutive,
and we have T:),’l C G, = G. In other words, (T:),’l,FT/?G) corresponds, as before, to a
small deformation of the multifoliate structure (T%!, F, G). Forgetting the foliation F, we
also note that (T 19,’1, G) is a f-deformation of the foliation G. By versality, there exists an
application vy : K& — Ké such that doy : H'(X, o%) — H'(X,TG) is unique. Moreover,
7 is such that F,,) = F (from (Xg),y/Kf ~ X]@”/Kg)

In particular, for r € Ké, Fyop(r) = Fp(ry = Fr and thus Xg/Kf o~ (Xg)«/oﬁ/Kg Thus, by
versality of K / , v o B is an isomorphism.

We then define B := o (yo08)~": K} — K} and it follows that B o~y = id : K}, — K.
To conclude, according to [9], it suffices to show that H'(X,0%) ~ H'(X,TG). Indeed
Wavrik showed :

Lemma 3. (Wavrik) Let (S,0) and (T,0) be germs of analytic spaces having the same
tangential dimension. Let By : (S,0) — (T',0) and B2 : (T,0) — (5,0) be morphisms such
that Bo o By = id. Then By is an isomorphism.

So we prove the following to conclude :

Lemma 4. Let (X, F,G) be a compact complex manifold foliated by two supplementary
regular holomorphic foliations (everywhere transverse and such that TX = TF & TG). We
then have :

HY(X,0%) ~ HY(X,TG).

Proof. We recall that :
0—TF— 0k s0ek-o,

is a split exact sequence. So, in particular :

0— HY(X,TF) - H'(X,0%) - HY(X,0%) = 0.
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And so, HY(X,0%) ~ HY(X,0%)/H' (X, TF). Furthermore, the kernel of the projection
HY(X,0%) — HY(X,TG) is equal to HY(X,TF), and so H'(X,0%) — HYX,TG) is
injective.

It remains to show that there exists an injective map H'(X,TG) — H'(X, ©%F).

Let us note from Proposition 7 that there exists a versal family of f-deformations of G
locally given by coordinates (U, (21(0), ..., 2, (0), w{(r),. .. ,w?(r)))al% such that :

wi'(r) _
822(0)

J

v/r7a7/872"7j7

It follows that the infinitesimal deformations corresponding to this family are locally of the
form 3 fr(w) 52y . We therefore have an application H'(X,TG) — H'(X, ©%) injective,

owg (0)
which concludes the proof. O

In conclusion, we have :

Theorem C. Let (X, F,G) be two supplementary reqular holomorphic foliations on X a
compact complex manifold. We have :

tr 170 1S
KT_KQ_KQ.

In particular, for (X, F) a strongly Calabi-Yau foliation and G a foliation supplementary
to it, we have :
t 0

If one ask me how should be named this result, I would say the Theorem of the sardines tin,
or more briefly, Sardines theorem. In idea, a tr-deformation of F is about the deformation
of a unique leaf of G while an f-deformation of G is about the deformation of all leaves
of G. One sardine moves, all sardine moves (be careful about the fact that the tin can be
deformed too).

4 Examples

F. Touzet’s classification [3| provides examples of codimension 1 strongly Calabi-Yau fo-
liations. We propose here to give the corresponding Kuranishi spaces for some examples in
this classification.

i) X is the product of a torus 7" by a Calabi-Yau manifold V' (simply

connected) and F is obtained by pulling back a foliation .7—" linear of co-
dimension 1 on the first factor by the canonical projection

We have X = T x V 25 T and F is given as pf.;", with dim(T') = np, dim(V) = ny, n =

nr +ny et F of codimension 1. In this situation, the existence of a foliation G everywhere
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transverse and complementary to F can be established by means of the wedge product of
the pullback of the differential form defining a foliation transverse and complementary to

F on T by a holomorphic volume form of V.

Moreover, since X is canonically trivial, then Kg is also trivial (by adjunction formula),
so G is a Calabi-Yau foliation and is therefore strongly Calabi-Yau due to the existence of
F.

Finally, from Theorem C we have K ~ Ké , and so, according to the theorem A for f-
deformations of a strongly Calabi-Yau foliation, we have K% ~ Ug , with Ug C H YX,TG)
open. Similarly, we have K}c_- ~ Uz , with Ur C H(X,TF) open.

Finally, the decomposition theorem allows us to write :

Kbt~ K% x KL~ Ug x Ur ¢ HY(X,TG) ® H'(X, TF),

the last equality coming from the fact that TX =TG & T F.
In particular, we note that K} is an open of H!(X,TX), so it is also the Kuranishi space
for the deformations of the complex structure of X.

We then try to make the link between the deformations of F and those of .;-" .

For tr-deformation, note that we have @tf" = pl_letf and p1,0% = O, Infinitesimaly we

can say thanks to Leray spectral sequence and the exact sequence of low-degrees :

0— HY(T,0%) — H'(X,0) » H'(T,(R'p1.C) @ OF) =0,

since V' is simply connected.

In particular, we get H'(T,07) ~ H'(X, @tf’”) Moreover, since each tr-deformation of F

]:
induces canonically a tr-deformation of F, we can from the versal family X"/ K% construct
F F

a family X /K of ¢r-deformations of F and obtain a morphism such that K7 — K.

f

‘F
Finally, thanks to the lemma 3, we get : K27 ~ K.
‘F

For f-deformation, note that T F = p*{T% @ p5TV, and then p1 . TF = T.;" @ (Or ®

HO(V,TV)), so finaly R'p1. TF = (R'p1.piOx ® T%) ® (O @ HY(V,TV)). But we have
Rp1piOx = 0since H(V,Oy) = 0. In conclusion we have R'p, TF = Or HY(V, TV).
The exact sequence of low-degrees gives then :

0= HYT,TF) ® (H(T,Or) ® H(V,TV)) — H'(X,TF)
— HYT,07) @ HY(V,TV) — H*(T, p1.TF)
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On the one hand, we recognize H* (T, T}) © (HY(T,0r)® H*(V,TV)) as the infinitesimal
deformations generating deformations that preserves the product structure, i.e, we deform
(T, F) and V independantly to obtain a family of deformations of (7" x V,F). On the
other hand, we recognize H*(T,Or) ® H'(V,TV) as the datum of a holomorphic family
infinitesimal deformations of the complex structure of each V for p;.

Since any deformation of (7, .7-" ) and of V' canonically induce deformations of (X, F), which

are independant from each other, we can construct a morphism such that K IxK v — K 5_-
f
(which correspond to the deformations as a product).

ii) X is a rational fibration over a manifold with a zero first Chern class
class (and hence described by Bogomolov’s theorem) and the foliation F
is transverse to the fibers

The foliation G supplementary to F is given by the rational fibration p : X — V (with
c1(V) = 0 and for all v € V , p~!(v) = CP!). Let vy € V be a point of V. From the
decomposition theorem, it follows that :

K~ KL x K%
We partially recover the result of |2] (theorem 4.2) :

Theorem 4. (Girbau & Nicolau) If the fibres P of p are Kdahler and simply connected,
then KJ],CT ~ Ky, where Ky is the Kuranishi space associated with the deformations of the
complex structure of V', and furthermore, K} ~ Kﬁ X K;é”

For the concrete data of K ; we apply this theorem, since CP! is simply connected. Thus,
K}c_. ~ Ky ~ Uy ¢ HYV,TV), with Uy open, according to Bogomolov-Tian-Todorov’s
theorem.

For the calculation of K% , Girbau, Haefliger and Sundaraman showed in ([1], 2.2) that
Kj—f is isomorphic to the versel space K gfpl of 71 (V,vg)-equivariant deformations of CP!.
These deformations represent the way of transforming the representation H : 71 (V,v9) —
Autc(CP) via the holonomy group associated with (X, F) (see [0]).

More precisely, K E‘I}PI is the analytic subspace of (Autc(CP'))* (Autc(CPY) is a complex
Lie group) given as the intersection of the analytic subspaces R;(g1,...,9x) = 1 and X,
where 71 (V,v0) =< g1,...,9k|R1, ..., Ry > is a presentation of the fundamental group of
V in vy and ¥ is the analytic submanifold passing through the point corresponding to H
and complementary to the orbit at this point. Finally we get :

o eq
K~ Uy x K&,
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Geometrically, this means that a holomorphic deformation corresponds to the data of
two things. Firstly, a deformation of the complex structure of the base V' that induces a
holomorphic deformation on all the leaves, while preserving the transverse structure of the
foliation, given here by the fibration. Secondly, a deformation of the transverse structure,
i.e. the fibration, by modifying the holonomy representation, we transform the way the
leaves are transverse to the fibers.

iii) F is given as a fibration by hypersurfaces whose canonical bundle is
trivial

We denote p : X — C the corresponding fibration. For all ¢ € C, we have p~!(c) = H,
such that ¢;(H.) = 0.
The Leray spectral sequence gives exact sequences of low-degrees. For @tf’” we have :

0 H'(C,p.0%) — H'(X,0) » H(C,R'p.0k) — H(C,p.O'F)
Moreover, we have O = p~!TC and R'p,0% = (R'p,C) ® TC then :

0— HY(C, TC) — H'(X,0%) —» H°(C, (R'p.C) ® TC) — H*(C,TC) = 0.

When H°(C, (R'p.Ox) ® TC) = 0 (for example when H, is simply connected), we get
HY(C,TC) ~ HY(X, ©Y%) and then K¢ ~ K%, where K¢ represents the Kuranishi space
associated to the curve C' which is an open neighborhood U of 0 in H'(C,TC) (since
H(C,TC) = 0).

To compute the f-deformations, we write the second exact sequence of low-degrees :

0— HYC,p.TF) —» HY(X,TF) - H*(C,R'p.TF) = H*(C,p.TF) = 0.

We recognize H'(C, p,TF) the Cech 1-cocyles of infinitesimal vertical automorphisms, i.e,
the infinitesimal deformations corresponding to the f-deformations preserving the com-
plex structure of leaves. We recognize also H°(C, R'p,TF) as the holomorphic families of
infinitesimal deformations of the H..
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