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ON INTEGRALITY OF NON-SEMISIMPLE QUANTUM
REPRESENTATIONS OF MAPPING CLASS GROUPS

MARCO DE RENZI AND JULES MARTEL

Abstract. For a root of unity ζ of odd prime order, we restrict coefficients of
non-semisimple quantum representations of mapping class groups associated
with the small quantum group uζsl2 from Q(ζ) to Z[ζ]. We do this by exhibiting
explicit bases of states spaces that span Z[ζ]-lattices that are invariant under
projective actions of mapping class groups.

1. Introduction

Quantum representations of mapping class groups are one of the most valuable
byproducts of TQFTs (Topological Quantum Field Theories). Those constructed
by Reshetikhin and Turaev [RT91], which were inspired by the work of Witten
[Wi89], will be referred to here as WRT representations, or semisimple quantum
representations. We will focus in particular on projective representations associated
with the quantum group of sl2 at a root of unity of odd order r. Many remarkable
properties of these representations are known. They preserve a (positive-definite)
Hermitian pairing [Tu94, BHMV95], but their image is infinite [Fu98, Ma99]. They
are asymptothically faithful [An02, FWW02], in the sense that the intersection of all
their kernels, as r takes all possible values, is trivial. Furthermore, their coefficients
can be restricted to rings of cyclotomic integers [GMv02, GM04]. This last property
in particular is at the heart of many applications of WRT representations: it can
be used to show that every finite group is a quotient of a finite index subgroup of
the mapping class group of any closed surface of genus at least 2 [MR11], or to
construct finite covers of surfaces whose homology is not spanned by lifts of simple
closed curves [KS15].

Despite these striking properties, it is easy to find elements in the kernels of WRT
representations, since every Dehn twist is sent to a finite-order operator. This is
not the case, however, for the non-semisimple quantum representations constructed
by Kerler [Ke94] and Lyubashenko [Ly94], based on the work of Hennings [He96],
which will be referred to here as HKL representations, or non-semisimple quantum
representations (once again, we will restrict our attention to the quantum sl2 case).
Indeed, every Dehn twist is sent to a non-diagonalizable infinite-order operator by
these representations [DGGPR20], which therefore have infinite image. Even more
can be said, since no diffeomorphism has been found yet in the kernels of these
actions, which have been shown to be faithful in genus 1 [Ke96]. On top of this,
many of the nice properties of semisimple quantum representations generalize to the
non-semisimple setting. Indeed, HKL representations preserve a Hermitian pairing
too, although an indefinite one [GLPS21]. Furthermore, asymptotic faithfulness is
an immediate consequence of a homological model developed in [DM22], which em-
beds HKL representations into a direct sum of twisted homological representations
appearing in [BPS21], see Remark 6.1 for an explanation.

1.1. Main result. This paper is concerned with integrality, whose generalization
to quantum sl2 HKL representations was not known in general, up to now. In
order to state more precisely our main result, we need to introduce some notation.
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2 M. DE RENZI AND J. MARTEL

First of all, let g ⩾ 0 be an integer, and let r ⩾ 3 be an odd integer. Let us
fix a connected surface Σg of genus g with a single boundary component, whose
mapping class group will be denoted Mod(Σg). Next, let uQζ = uζsl2 denote the
small quantum group of sl2 at the root of unity ζ = e

2πi
r over the field Q(ζ), whose

definition is recalled in Section 3. The corresponding HKL representation, whose
definition is recalled in Section 2, is given by a homomorphism

ρQg,r : Mod(Σg) → PGLuQ
ζ
(Ug).

where Ug := (uζsl2)
⊗g carries the structure of a uQζ -module through the gth tensor

power of the adjoint action, and where PGLuQ
ζ
(Ug) denotes the group of invertible

uQζ -module endomorphisms, considered up to non-zero scalars in Q(ζ). We show
that, if r is prime, then it is possible to restrict coefficients from Q(ζ) to Z[ζ].
We do this by considering an integral version uZζ of uQζ defined over Z[ζ], and by
providing an explicit integral basis of Ug for the action of both uZζ and Mod(Σg),
see Corollary 9.3.

Theorem 1.1. If r is prime, then the basis BE1′F
g of Ug defined by Equation (35)

spans a Z[ζ]-lattice U ′
g ⊂ Ug that is invariant under the action of both uZζ and

Mod(Σg), and thus yields a homomorphism

ρZg,r : Mod(Σg) → PGLuZ
ζ
(U ′

g).

It should be specified that some integrality properties in the non-semisimple
setting had already been established, thanks to the work of Chen and Kerler [CK13].
Their results, however, only concern those HKL representations that arise from
quantum doubles of Hopf algebras, so uQζ does not fit in their framework.

1.2. Strategy of the proof. In order to establish our result, we rely on the homo-
logical model developed in [DM22], which allows us to reduce the question to a sim-
pler but equivalent integrality problem, see Remark 6.2. Indeed, the state space Ug

can be embedded into a Q(ζ)-vector space HV
g that can be constructed as a direct

sum of twisted homology groups of unordered configuration spaces Cn,g = Cn(Σg)
of the surface Σg. Coefficients for these twisted homology groups are provided by
the Schrödinger representation φg : Hg → GLZ[ζ](Vg) of the Heisenberg group Hg,
which can be identified with a quotient of the surface braid group πn,g = π1(Cn,g) for
n ⩾ 2. This embedding of Ug into HV

g also intertwines actions of uZζ and Mod(Σg)
defined on both sides: the ones on Ug are given by the HKL representation, while
the ones on HV

g were introduced in [BPS21] and [DM22].
Let us try to be a little more precise. There exists an identification

HV
g

∼=
⊕
n⩾0

HH
n,g ⊗Z[Hg ] Vg,

where HH
n,g is the nth twisted homology group of the configuration space Cn,g (rela-

tive to a portion of its boundary) with coefficients in the group ring Z[Hg]. Twisted
homology classes in HH

n,g can be explicitly described in terms of diagrams com-
posed of system of curves in the surface Σg, see Section 4. We use these diagrams
to construct an action of uZζ onto HV

g that is defined in purely homological terms.
Furthermore, a very nice feature of this model is that it comes with computation
rules that allow us to express any arbitrary diagram as a Z[Hg]-linear combination
of diagrams belonging to a fixed basis of HH

n,g. We stress the fact that these dia-
grams actually represent submanifolds of a regular cover Ĉn,g = Ĉn(Σg) of Cn,g,
and computation rules represent homological relations between these submanifolds,
so the model is not purely combinatorial.
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The problem for integrality then lies entirely with coefficients in Vg. Indeed, the
action of f ∈ Mod(Σg) onto σ ⊗ v ∈ HH

n,g ⊗Z[Hg ] Vg is given by

f · (σ ⊗ v) = (Ĉn(f) · σ)⊗ (f · v),

where Ĉn(f)·σ is determined by the natural action of a self-diffeomorphism onto the
homology of its domain (and can be explicitly described by the system of curves in
the surface Σg obtained by applying f to the diagram representing σ), and where
f · v is determined by a projective representation ψg : Mod(Σg) → GLQ(ζ)(Vg).
This is the only ingredient in the whole construction to feature coefficients in Q(ζ)
instead of Z(ζ) or Z[Hg]. With this in mind, we simply set out to find a basis of Vg
spanning a Z[ζ]-lattice V ′

g ⊂ Vg that is invariant under the projective action of the
mapping class group Mod(Σg).

1.3. Structure of the paper. In Section 2, we recall the definition of the non-
semisimple quantum representations we refer to here as HKL representations. These
can be built out of any factorizable ribbon Hopf algebra H (or more generally out
of any modular category in the potentially non-semisimple sense of Lyubashenko,
although we will not need the notion here). Their construction yields projective
actions of the mapping class group Mod(Σg) of the connected surface Σg of genus
g with a single boundary component on H⊗g.

In Section 3 we recall the definition of the small quantum group uQζ = uζsl2
and of its integral version uZζ . This provides the concrete example of factorizable
ribbon Hopf algebra we will focus on, and the integrality of the associated HKL
representations will be established in this paper.

In Section 4, we recall the definition of the Heisenberg group Hg and of the cor-
responding Heisenberg homology groups HH

n,g of the surface Σg, following [BPS21,
DM22]. We recall in particular the natural crossed Z[Hg]-action of Mod(Σg) carried
by HH

n,g.
In Section 5, we recall how to obtain from this construction a family of projective

representations of Mod(Σg), by choosing a homomorphism φg : Hg → GLZ[ζ](Vg)
called the Schrödinger representation, which comes with an associated projective
representation ψg : Mod(Σg) → PGLQ(ζ)(Vg) that is responsible for the appearence
of both denominators and projective indeterminacies.

In Section 6, we recall the main result of [DM22], which allows us to embed the
HKL representations of Sections 2–3 into the direct sum of twisted homological
representations of Sections 4–5. Thanks to this model, we are able to reduce the
integrality problem for Ug to the one for Vg.

In Section 7, we define a triangular basis Bt
g for Vg, which owes its name to

the fact that, with respect to Bt
g, standard Lickorish generators of Mod(Σg) all

become either upper-triangular or lower-triangular, see Proposition 7.2. The proof
of this crucial property relies on explicit computations which are carried out in
Appendices A and B.

In Section 8, we define an integral basis Bv′

g for Vg obtained from Bt
g through

a diagonal renormalization process that ensures that all non-diagonal coefficients
for the action of generators of Mod(Σg) belong to Z[ζ], see Proposition 8.1. Our
approach is inspired by [GMv02]. Once again, explicit proofs are postponed to
Appendix C.

Finally, our main result is proved in Section 9, see Theorem 9.1 and Corollary 9.3.

Acknowledgments. The authors would like to thank Renaud Detcherry and Gre-
gor Masbaum for helpful discussions and encouragements.
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2. HKL representations of mapping class groups

A Hopf algebra over a field k is a k-vector space H equipped with a family of
k-linear maps composed of a unit η : k → H, a product µ : H ⊗H → H, a counit
ε : H → k, a coproduct ∆ : H → H ⊗ H, and an antipode S : H → H. These
structure morphisms are subject to a well-known list of axioms, that the reader can
find in [Ka95, Definitions III.1.1, III.2.2, & III.3.2]. For all elements x, y ∈ H, we
will use the short notation µ(x⊗ y) = xy (for the product), η(1) = 1 (for the unit),
and ∆(x) = x(1) ⊗ x(2) (for the coproduct, which hides a sum).

If H is finite-dimensional, then its adjoint representation is the H-module given
by the k-vector space H itself, equipped with the adjoint action

x ▷ y = x(1)yS(x(2))

for all x, y ∈ H. The gth tensor power of the adjoint representation is defined by

x ▷ y = (x(1) ▷ y1)⊗ . . .⊗ (x(g) ▷ yg)

for all x ∈ H and y = y1 ⊗ . . .⊗ yg ∈ H⊗g.
A ribbon structure on H is given by an R-matrix R = R′

i ⊗R′′
i ∈ H ⊗H (which

hides a sum) and by a ribbon element ϑ ∈ H, see [Ka95, Definitions VIII.2.2. &
XIV.6.1]. We denote by M ∈ H ⊗H the M-matrix associated with the R-matrix
R, which is defined by M = R′′

jR
′
i ⊗R′

jR
′′
i (with sums hidden).

A left integral λ ∈ H∗ of H is a linear form on H satisfying λ(x(2))x(1) = λ(x)1
for every x ∈ H, and a left cointegral Λ ∈ H of H is an element of H satisfying
xΛ = ε(x)Λ for every x ∈ H, see [Ra12, Definition 10.1.1 & 10.1.2]. Recall that,
if H is finite-dimensional, then a left integral and a left cointegral exist, they are
unique up to scalar, and we can lock together their normalizations by requiring

λ(Λ) = 1,

as follows from [Ra12, Theorem 10.2.2].
The Drinfeld map D : H∗ → H of a ribbon Hopf algebra H is the linear map

determined by D(f) := (f ⊗ idH)(M) for every f ∈ H∗, where M is the M-matrix
of H. By definition, H is factorizable if D is a linear isomorphism. This happens
if and only if λ(R′

jR
′′
i )R

′′
jR

′
i is a cointegral, see [Ke96, Theorem 5] and [BD21,

Proposition 7.1], and we fix the normalization of both λ and Λ by asking that

λ(R′
jR

′′
i )R

′′
jR

′
i = Λ.

Let us fix a connected surface Σg of genus g with one boundary component, that
we will represent as follows:

Let us denote by Mod(Σg) the mapping class group of Σg. By definition, it is
the group of positive self-diffeomorphisms of Σg fixing the boundary pointwise,
considered up to isotopies fixing the boundary pointwise. As proved in [Li64], it is
generated by (positive) Dehn twists

{ταj , τβj , τγk
| 1 ⩽ j ⩽ g, 1 ⩽ k ⩽ g − 1}

along the simple closed curves
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When g = 1 we set τα := τα1
and τβ := τβ1

, and when g = 2 we set τγ := τγ1
.

The HKL representation ρHg : Mod(Σg) → PGLH(H⊗g), originally defined in
[Ly94, Section 4], is determined by

τα · x ∝ ϑ−1x, (1)
τβ · x ∝ λ(ϑ(2)x)S(ϑ(1)) (2)

for every x ∈ H when g = 1, by

τγ · (x1 ⊗ x2) ∝ x1S(ϑ
−1
(1))⊗ ϑ−1

(2)x2 (3)

for all x1, x2 ∈ H when g = 2, and by

ταj · x ∝ x1 ⊗ . . .⊗ xj−1 ⊗ (τα · xj)⊗ xj+1 ⊗ . . .⊗ xg,

τβj · x ∝ x1 ⊗ . . .⊗ xj−1 ⊗ (τβ · xj)⊗ xj+1 ⊗ . . .⊗ xg,

τγk
· x ∝ x1 ⊗ . . .⊗ xk−1 ⊗ (τγ · (xk ⊗ xk+1))⊗ xk+2 ⊗ . . .⊗ xg

for every x = x1⊗. . .⊗xg ∈ H⊗g when g ⩾ 2, as proved in [DM22, Proposition 4.2].
Here, PGLH(H⊗g) denotes the group of invertible H-module endomorphisms for
(the gth tensor power of) the adjoint action of H onto H⊗g, considered up to
non-zero scalars in k.

3. Small quantum sl2

Let us consider a formal variable q and, for all integers n ∈ Z and k, ℓ ⩾ 0, let
us set

{n}q := qn − q−n, {n; k}q :=

k∏
j=1

{n− k + j}q, {k}q! := {k; k}q,

[n]q :=
{n}q
{1}q

, [k]q! :=

k∏
j=1

[j]q,

[
k
ℓ

]
q

:=
[k]q!

[ℓ]q![k − ℓ]!
,

with the convention that {n; 0}q = 1 and [0]q! = 1. For convenience, we also set

{n; k}q := 0,

[
k
ℓ

]
q

:= 0

whenever k < 0, ℓ < 0, or k < ℓ. Notice that

{n}q, {n; k}q, {k}q!, [n]q, [k]q!,
[
k
ℓ

]
q

∈ Z[q, q−1]

and that

{n}q−1 := −{n}q, {n; k}q−1 := (−1)k{n; k}q, {k}q−1 ! := (−1)k{k}q!,

[n]q−1 := [n]q, [k]q−1 ! := [k]q!,

[
k
ℓ

]
q−1

:=

[
k
ℓ

]
q

for all integers n, k, ℓ ∈ Z.
Let us fix an odd integer r ⩾ 3, and let us consider the primitive rth root of

unity ζ = e
2πi
r . Notice that [n]ζ , [k]ζ !, and

[
k
ℓ

]
ζ

are invertible in Z[ζ] for all integers

n, k, ℓ ∈ Z, see [MR97, Lemma 3.1.(ii)]. For every n ∈ Z/rZ, we denote by Gn the
Gauss sum

Gn :=

r−1∑
ℓ=0

ζ−2ℓ(ℓ−n) = i
r−1
2
√
rζ

r+1
2 n2

, (4)

see [BD21, Appendix B] for a computation.



6 M. DE RENZI AND J. MARTEL

The small quantum group uQζ = uζsl2, first defined by Lusztig in [Lu90], is the
Q(ζ)-algebra with generators {E,F (1),K} and relations

Er = (F (1))r = 0, Kr = 1,

KEK−1 = ζ2E, KF (1)K−1 = ζ−2F (1), [E,F (1)] = K −K−1.

It admits a Hopf algebra structure obtained by setting

∆(E) = E ⊗K + 1⊗ E, ε(E) = 0, S(E) = −EK−1,

∆(F (1)) = K−1 ⊗ F (1) + F (1) ⊗ 1, ε(F (1)) = 0, S(F (1)) = −KF (1),

∆(K) = K ⊗K, ε(K) = 1, S(K) = K−1.

Remark that Lusztig considers the opposite coproduct, while we are using the one
of Kassel [Ka95, Section VII.1].

Let us set

1n :=
1

r

r−1∑
m=0

ζ2mnKm, F (k) :=
(F (1))k

[k]ζ !
, (5)

for every n ∈ Z/rZ and every integer 0 ⩽ k ⩽ r−1. Thanks to [Lu90, Theorem 5.6],
a basis of Ug = (uQζ )

⊗g over Q(ζ) is given by

BE1F
g :=

Eℓ1mF (n)

∣∣∣∣∣ ℓ = (ℓ1, . . . , ℓg),n = (n1, . . . , ng) ∈ N×g,
m = (m1, . . . ,mg) ∈ (Z/rZ)×g,
0 ⩽ ℓj , nj ⩽ r − 1 ∀ 1 ⩽ j ⩽ g

 , (6)

where
Eℓ1mF (n) := Eℓ11m1F

(n1) ⊗ . . .⊗ Eℓg1mgF
(ng).

In particular, BE1F
1 spans a Z[ζ]-lattice

uZζ := ⟨BE1F
1 ⟩Z[ζ] ⊂ uQζ . (7)

Notice that uZζ is a sub-Z[ζ]-algebra of uQζ , generated by {E,F (1), 1n | n ∈ Z/rZ}.
Indeed, we have

1nE = E1n+1, 1nF
(1) = F (1)1n−1, 1m1n = δm,n1n (8)

for all m,n ∈ Z/rZ, see [DM22, Lemma 4.3]. Furthermore, uZζ is a Hopf subalgebra
of uQζ , because

∆(1n) =

r−1∑
m=0

1n−m ⊗ 1m, ε(1n) = δn,0, S(1n) = 1−n

for all m,n ∈ Z/rZ, see [DM22, Lemma D.1].
Both uZζ and uQζ admit ribbon Hopf algebra structures. Indeed, an R-matrix

R = R′
i ⊗R′′

i ∈ uZζ ⊗ uZζ is given by

R =

r−1∑
m,n=0

ζ
n(n−1)

2 K−mEn ⊗ 1mF
(n) =

r−1∑
m,n=0

ζ
n(n−1)

2 1mE
n ⊗K−mF (n),

and a ribbon element ϑ ∈ uZζ is given by

ϑ =

r−1∑
m,n=0

(−1)mζ−
(m+3)m

2 −2(m+n+1)nEmF (m)1n,
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with inverse ϑ−1 ∈ uZζ given by

ϑ−1 =

r−1∑
m,n=0

ζ
(m+3)m

2 +2(m+n+1)nEmF (m)1n,

compare with [Ma95, Example 3.4.3], [BD21, Lemma B.2], or [DM22, Lemma D.2].
A non-zero left integral λ of uQζ is given by

λ(EℓF (m)1n) =
ζ−2n

√
r
δℓ,r−1δm,r−1,

and a non-zero two-sided cointegral Λ of uQζ satisfying λ(Λ) = 1 is given by

Λ :=
√
rEr−1F (r−1)10,

compare with [Ly94, Proposition A.5.1]. The ribbon Hopf algebra uQζ is factorizable,
as shown in [Ly94, Corollary A.3.3], see also [Ma95, Example 3.4.3]. Then, we set

ρQg,r := ρ
uQ
ζ

g , (9)

where ρHg is defined by Equations (1)–(3) for a factorizable ribbon Hopf algebra H.

4. Heisenberg homology groups

Let us consider the nth unordered configuration space

Cn,g = Cn(Σg) := {{x1, . . . , xn} ⊂ Σg | xi ̸= xj ∀ i ̸= j}
of the surface Σg. Its fundamental group πn,g = π1(Cn,g), called the nth surface
braid group, has been intensively studied, see [BG05, Theorem 2.1], based on [Be01,
Theorem 1.1], for an explicit presentation. In particular, πn,g admits a quotient1

which is isomorphic to the gth Heisenberg group

Hg :=

〈
σ, αj , βj ∀ 1 ⩽ j ⩽ g

∣∣∣∣∣ [σ, αj ] = [σ, βj ] = [αj , αk] = [βj , βk] = 1,

[αj , βk] = σ−2δj,k ∀ 1 ⩽ j, k ⩽ g

〉
whenever n ⩾ 2 (or to a subgroup otherwise), see [BGG11, Lemma 4.4]. When
g = 1, we set α := α1 and β := β1. We denote by Ĉn,g = Ĉn(Σg) the corresponding
cover, and by p̂ : Ĉn,g → Cn,g its covering map, and we define the nth Heisenberg
homology group2 as

HH
n,g := HBM

n (Cn,g,C
∂−
n,g;Z[Hg]) ∼= HBM

n (Ĉn,g, p̂
−1(C∂−

n,g)),

where

C∂−
n,g := {{x1, . . . , xn} ∈ Cn,g | ∃ i xi ∈ ∂−Σg} ⊂ ∂Cn,g,

and where ∂−Σg, ∂+Σg ⊂ ∂Σg are intervals satisfying ∂−Σg ∪ ∂+Σg = ∂Σg and
∂−Σg ∩ ∂+Σg = ∂(∂−Σg) = ∂(∂+Σg), that we represent as the bottom side and as
the union of the remaining three sides in the picture below, respectively.

1For all integers n ⩾ 3 and g ⩾ 1, the Heisenberg group Hg is isomorphic to the third and
largest lower central quotient πn,g/Γ3(πn,g), which is recursively defined by Γ1(πn,g) = πn,g and
by Γk(πn,g) = [πn,g , Γk−1(πn,g)] for k > 1, see [BGG05, Theorem 1].

2This definition involves the use of Borel–Moore homology, see [DM22, Appendix A.2] for
more details. See also [DM22, Appendix A.1] for a reformulation of the construction of [DM22,
Section 2.2] in terms of regular covers.
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Twisted homology classes in HH
n,g can be represented efficiently through a dia-

grammatic language based on (systems of) curves in the surface Σg. For instance,
the following picture represents a twisted homology class in HH

n,1:

Indeed, every properly embedded arc Γ ⊂ Σg satisfying ∂Γ ⊂ ∂−Σg determines a
homology class Γ ∈ H1(Σg, ∂−Σg), and its configuration space Cn(Γ ) ⊂ Cn(Σg)

determines a homology class Γ (n) ∈ HBM
n (Cn,g,C

∂−
n,g). The label n ⩾ 0 in the

picture above denotes the switch from an embedded arc in Σg to its configura-
tion space in Cn(Σg). In order to specify a lift Ĉn(Γ ) of Cn(Γ ) to Ĉn(Σg), we
simply need to choose a path from a base-point (which we fix on ∂+Σg for aes-
thetic purposes) to any point of Cn(Γ ), which yields a twisted homology class
Γ̂ (n) ∈ HBM

n (Ĉn,g, p̂
−1(C

∂−
n,g)). This is what the red path is for (notice that a path

in Cn,g is actually given by an ntuple of paths, so we adopt the convention that,
whenever an embedded arc is labeled by an integer n ⩾ 0, its red path actually
represents n parallel paths in Σg).

It can be shown that HH
n,g is a free Z[Hg]-module of rank

(
2g+n−1

n

)
, see [BPS21,

Theorem A.(a)] or [DM22, Proposition 2.9]. Furthermore, explicit computation
rules [DM22, Proposition 2.13] allow us to express every twisted homology class in
HH

n,g as a Z[Hg]-linear combination of twisted homology classes in the basis

BΓ
n,g :=

{
Γ̂ (a, b)

∣∣∣∣∣ a = (a1, . . . , ag), b = (b1, . . . , bg) ∈ N×g

a1 + b1 + . . .+ ag + bg = n

}
, (10)

where

Γ̂ (a, b) :=

Every self-diffeomorphism f of Σg can be extended to a self-diffeomorphism
Cn(f) of Cn(Σg) by setting

Cn(f){x1, . . . , xn} = {f(x1), . . . , f(xn)},
and, since Γ3(πn,g) < πn,g is a characteristic subgroup, Cn(f) lifts to a self-
diffeomorphism Ĉn(f) of Ĉn(Σg). In particular, Mod(Σg) acts on the quotient
Hg of πn,g by setting

f · [γ] := [Cn(f) · γ]

for every γ ∈ πn,g, and on the homology group HH
n,g by setting

f · σ := Ĉn(f) · σ

for every σ ∈ HH
n,g. Notice that this action is crossed with respect to the Z[Hg]-

module structure on HH
n,g, in the sense that

f · ([γ] · σ) = [Cn(f) · γ] · (Ĉn(f) · σ)

for all γ ∈ πn,g and σ ∈ HH
n,g.
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5. Schrödinger representations

We consider the Schrödinger representation, which is the unique irriducible rep-
resentation of Hg where σ acts by scalar multiplication by −ζ−2. More explicitly,
this is obtained by fixing an rg-dimensional Q(ζ)-vector space Vg with basis

Bv
g := {vn = vn1

⊗ . . .⊗ vng
| n = (n1, . . . , ng) ∈ (Z/rZ)×g}, (11)

and by considering a homomorphism φg : Hg → GLZ[ζ](Vg) determined by

α · vn = ζ4nvn, (12)
β · vn = vn+1, (13)

for every n ∈ Z/rZ when g = 1, and by

αj · vn = vn1
⊗ . . .⊗ vnj−1

⊗ (α · vnj
)⊗ vnj+1

⊗ . . .⊗ vng
,

βj · vn = vn1
⊗ . . .⊗ vnj−1

⊗ (β · vnj
)⊗ vnj+1

⊗ . . .⊗ vng

for every n = (n1, . . . , ng) ∈ (Z/rZ)×g when g ⩾ 1, where vn = vn1
⊗ . . . ⊗ vng

.
Since HH

n,g is a free Z[Hg]-module, changing coefficients amounts to taking a tensor
product

HV
n,g := HBM

n (Cn,g,C
∂−
n,g;Vg)

∼= HH
n,g ⊗Z[Hg ] Vg.

The induced action of Mod(Σg) onHV
n,g can be untwisted by counteracting the effect

on coefficients using the projective representation ψg : Mod(Σg) → PGLQ(ζ)(Vg)
determined by

τα · vn ∝ 1

G1

r−1∑
ℓ=0

ζ−2ℓ(ℓ−1)αℓ · vn =
1

G1

r−1∑
ℓ=0

ζ−2ℓ(ℓ−2n−1)vn

= ζ2(n+1)nvn, (14)

τβ · vn ∝ 1

G1

r−1∑
ℓ=0

ζ−2(ℓ+1)ℓβℓ · vn =
1

G1

r−1∑
ℓ=0

ζ−2(ℓ+1)ℓvn+ℓ

=
1

G1

r−1∑
m=0

ζ−2(m−n+1)(m−n)vm (15)

for every n ∈ Z/rZ when g = 1, where G1 is the Gauss sum of Equation (4), by

τγ · (vn1
⊗ vn2

) ∝ 1

G1

r−1∑
ℓ=0

ζ−2(ℓ+1)ℓ(α−ℓ · vn1
)⊗ (αℓ · vn2

)

= ζ2(n1−n2+1)(n1−n2)vn1
⊗ vn2

(16)

for n1, n2 ∈ Z/rZ when g = 2, and by

ταj
· vn ∝ vn1

⊗ . . .⊗ vnj−1
⊗ (τα · vnj

)⊗ vnj+1
⊗ . . .⊗ vng

,

τβj · vn ∝ vn1 ⊗ . . .⊗ vnj−1 ⊗ (τβ · vnj )⊗ vnj+1 ⊗ . . .⊗ vng ,

τγk
· vn ∝ vn1 ⊗ . . .⊗ vnk−1

⊗ (τγ · (vnk
⊗ vnk+1

))⊗ vnk+2
⊗ . . .⊗ vng

for every n = (n1, . . . , ng) ∈ (Z/rZ)×g when g ⩾ 2, where vn = vn1
⊗ . . . ⊗ vng

,
see [DM22, Corollary 2.27] (notice that the difference between these formulas and
[DM22, Equation (19)] is that here we chose representatives in PGLQ(ζ)(Vg) with
determinant in Z[ζ]×, by dividing the image of every generator by a factor G1).
We obtain a projective action of Mod(Σg) onto HV

n,g determined by

f · (σ ⊗ v) = (Ĉn(f) · σ)⊗ (f · v) (17)

for all f ∈ Mod(Σg), σ ∈ HH
n,g, and v ∈ Vg.
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6. Isomorphism between quantum and homological representations

Let us set

HV,†
n,g := Hn(Cn,g,C

∂−
n,g;Vg), HV,†

g :=
⊕
n⩾0

HV,†
n,g .

Since all standard chains (and cycles) determine Borel–Moore chains (and cycles),
we have natural maps ιn,g : HV,†

n,g → HV
n,g, whose images we denote

HV (r)
n,g := im ιn,g ⊂ HV

n,g, HV (r)
g :=

⊕
n⩾0

im ιn,g ⊂
⊕
n⩾0

HV
n,g =: HV

g . (18)

It is shown in [DM22, Section 2.4.3] that the Q(ζ)-vector space H
V (r)
g admits a

basis

BΓ,v
g :=

Γ̂ (a, b)⊗ vn

∣∣∣∣∣ a = (a1, . . . , ag), b = (b1, . . . , bg) ∈ N×g,
n = (n1, . . . , ng) ∈ (Z/rZ)×g,
0 ⩽ aj , bj ⩽ r − 1 ∀ 1 ⩽ j ⩽ g

 , (19)

built from the bases BΓ
n,g and Bv

g defined by Equations (10) and (11) respectively.
As explained in [DM22, Section 2.3], the subspace HV (r)

g of HV
g can be equipped

with the structure of a uZζ -module. Roughly speaking, the action of E is given by
(the restriction to H

V (r)
n,g of) the operator

E : HV
n,g → HBM

n−1(C
∂−
n,g,C

2∂−
n,g ;Vg) ∼= HV

n−1,g (20)

σ ⊗ v 7→ (−1)n−1∂∗(σ)⊗ v,

where ∂∗ is the connection homomorphism in the long exact sequence of the triple
(Cn,g,C

∂−
n,g,C

2∂−
n,g ) for

C2∂−
n,g := {{x1, . . . , xn} ∈ Cn,g | ∃ i < j xi, xj ∈ ∂−Σg} ⊂ C∂−

n,g,

see [DM22, Definition 2.14] for more details. Similarly, for every 0 ⩽ k ⩽ r− 1, the
action of F (k) is given by (the restriction to H

V (r)
n,g of) the operator

F(k) : HV
n,g → HV

n+k,g (21)

σ ⊗ v 7→ ζ
k(k−1)

2 +2kg(Φ̂(k)× σ)⊗ v,

where Φ̂(k)× σ ∈ HH
n+k,g is the twisted homology class obtained from σ ∈ HH

n,g by
gluing a collar ∂+Σg × [0, 1] of ∂+Σg to Σg whose core Φ = ∂+Σg × { 1

2} is labeled
by the integer k, see [DM22, Definition 2.15] for more details. Finally, for every
m ∈ Z/rZ, the action of 1m is given by (the restriction to H

V (r)
n,g of) the projector

1m : HV
n,g → HV

n,g (22)
σ ⊗ v 7→ δm,n+g(r)σ ⊗ v,

where δm,n+g(r) = 1 if m ≡ n + g (mod r), and δm,n+g(r) = 0 otherwise, as
follows from [DM22, Definition 2.16] and Equation (5). Notice that this action
of uZζ clearly commutes with the projective action of Mod(Σg), since the latter is
induced by diffeomorphisms that fix the boundary of Σg pointwise, while the former
only involves boundary operations.

For all a = (a1, . . . , ag), b = (b1, . . . , bg) ∈ Z×g and n = (n1, . . . , nr) ∈ (Z/rZ)×g,
let us set

Nk(ak, bk, nk) := ζ2(ak+bk)(k−1)+
ak(ak−1)

2 +2akbk−2(bk−1)nk ∈ Z[ζ],

N(a, b,n) :=
∏

1⩽i<j⩽g

ζ2(ai+bi)(aj+bj)

g∏
k=1

Nk(ak, bk, nk) ∈ Z[ζ].
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It is shown in [DM22, Theorem 6.1] that, if we set

k̄ = (kg, . . . , k1), ι(k) = (r − k1 − 1, . . . , r − kg − 1)

for every k = (k1, . . . , kg) ∈ Z×g, then

Φg : HV (r)
g → Ug (23)

Γ̂ (a, b)⊗ vn 7→ N(a, b,n)Eι(b̄)1n̄F
(ā)

defines an isomorphism of representations of both uZζ and Mod(Σg).

Remark 6.1. An important byproduct of the isomorphism Φg : H
V (r)
g → Ug defined

by Equation (23) is that the projective action of Mod(Σg) onto Ug is asymptotically
faithful. Indeed, on the one hand, if

f ∈
⋂
r⩾3

r≡1 (mod 2)

ker ρQg,r,

then, in particular, Ĉn(f) · σ = σ for all n ⩾ 0 and σ ∈ HH
n,g, thanks to Equa-

tion (17). On the other hand, thanks to [BPS21, Proposition 40], the kernel of
the action of Mod(Σg) onto HH

n,g is contained in the nth term Jn(Mod(Σg)) of the
Johnson filtration of Mod(Σg). Since their total intersection is trivial, we have

f ∈
⋂
n⩾0

Jn(Mod(Σg)) = {id}.

Remark 6.2. Another important consequence of the isomorphism Φg : H
V (r)
g → Ug

defined by Equation (23) is that it allows us to reduce the question of integrality for
ρQg,r : Mod(Σg) → PGLQ(ζ)(Ug) to the same one for ψg : Mod(Σg) → PGLQ(ζ)(Vg),
thanks to Equation (17). Indeed, the action of Mod(Σg) onto HH

n,g is a (crossed)
Z[Hg]-linear action, so it is integral by definition, and the Schrödinger representa-
tion φg only features coefficients in Z[ζ]. Therefore, ψg : Mod(Σg) → PGLQ(ζ)(Vg)
is the only ingredient that features coefficients in Q(ζ), so the homological model
naturally localizes the part of the construction that poses problems for what con-
cerns integrality.

7. Triangular basis

In this section, we define a basis

Bt
g := {tn = tn1 ⊗ . . .⊗ tng | 0 ⩽ nj ⩽ r − 1 ∀ 1 ⩽ j ⩽ g} (24)

of the Schrödinger representation Vg, which we refer to as the triangular basis. For
every integer 0 ⩽ n ⩽ r − 1, let us set

tn :=

n∑
k=0

(−1)n−kζ(n−k)(n−1)

[
n
k

]
ζ

vk. (25)

Clearly, Bt
1 is a basis of V . Indeed, the transition matrix from Bt

1 to Bv
1 is

upper-triangular, with constant diagonal 1. The next result then gives the inverse
transition matrix, from Bv

1 back to Bt
1.

Lemma 7.1. For all integers 0 ⩽ n ⩽ r − 1 we have

vn =

n∑
k=0

ζk(n−k)

[
n
k

]
ζ

tk. (26)
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For a proof of Lemma 7.1, see Appendix B. The following statement motivates
the name of Bt

g: indeed, these bases make αj ∈ Hg, ταj
, τγk

∈ Mod(Σg) into
upper-triangular matrices, while they make βj ∈ Hg and τβj ∈ Mod(Σg) into
lower-triangular ones for all integers 1 ⩽ j ⩽ g and 1 ⩽ k ⩽ g − 1.

Proposition 7.2. For every integer 0 ⩽ n ⩽ r − 1 we have

α · tn = ζ4n
2∑

k=0

ζ−
k(k−2n+5)

2 {2; k}ζ
[
n
k

]
ζ

tn−k,

β · tn = ζ2n
1∑

k=0

ζ−k(k+2n−1)

[
1
k

]
ζ

tn+k,

where tr := 0. Furthermore, for all integers 0 ⩽ n, n1, n2 ⩽ r − 1, we have

τα · tn ∝ ζ2(n+1)n
n∑

k=0

(−1)kζk(2k−3n−3)

[
n
k

]
ζ

C4(n−k)+3,k(ζ)tn−k,

τβ · tn ∝ (−1)n
ζ−(n+3)n

G1

r−n−1∑
k=0

ζ−2k(k+2n+1)Dr−n−k−1,n(ζ)tn+k,

τγ · (tn1
⊗ tn2

) ∝ ζ2(n1−n2+1)(n1−n2)
n1∑

k1=0

n2∑
k2=0

(−1)k1+k2

ζ2(k1−k2)
2−k1(3n1−4n2+3)+k2(4n1−3n2+1)

[
n1
k1

]
ζ

[
n2
k2

]
ζ

E4(n1−k1−n2+k2)+3,−4(n1−k1−n2+k2)−1,k1,k2
(ζ)tn1−k1

⊗ tn2−k2
,

where Cm,n(ζ), Dm,n(ζ), Em1,m2,n1,n1
(ζ) ∈ Z[ζ] are defined by Equations (45), (47),

and (51) for all m,m1,m2 ∈ Z, and where Gn ∈ Z[ζ] is defined by Equation (4).

Since the proof of Proposition 7.2 is a direct computation, we postpone it to
Appendix B.

8. Integral rescaling

In this section, we define a basis

Bv′

g := {v′
n = v′n1

⊗ . . .⊗ v′ng
| 0 ⩽ nj ⩽ r − 1 ∀ 1 ⩽ j ⩽ g} (27)

of the Schrödinger representation Vg obtained from Bt
g by rescaling, which we refer

to as the integral basis. For every n = (n1, . . . , ng) ∈ Z×g satisfying 0 ⩽ nj ⩽ r− 1
for every integer 1 ⩽ j ⩽ g, let us set

v′
n := h(ζ)

−
⌊∑g

j=1
nj

2

⌋
tn, (28)

where

h(q) := 1− q ∈ Z[q, q−1]. (29)

In order to motivate the name of Bv′

g , let us recall a few simple results from
elementary number theory. If x, y ∈ Z[ζ], then we write x ∼ y whenever there
exists an invertible z ∈ Z[ζ]× such that x = yz. Then, we have

h(ζ)
r−1
2 ∼ Gn (30)

for every n ∈ Z/rZ, where Gn is the Gauss sum defined by Equation (4). Indeed,
h(ζ)r−1 ∼ r ∼ G2

n, but h(ζ) is prime in Z[ζ], as proved in [MR97, Lemma 3.1.(i)
& (iii)], so Equation (30) follows.
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Proposition 8.1. For all integers m,n ⩾ 0, we have

h(q)⌊
n+1
2 ⌋ | Cm,n(q), (31)

h(q)⌊
m+n+1

2 ⌋ | Dm,n(q), (32)

h(q)⌊
n1+n2+1

2 ⌋ | Em1,m2,n1,n2(q), (33)

where Cm,n(q), Dm,n(q), Em1,m2,n1,n1(q) ∈ Z[q, q−1] are defined by Equations (45),
(47), and (51).

Since, once again, the proof of Proposition 8.1 is obtained by direct computation,
we postpone it to Appendix C.

9. Main theorem

In this section, we prove our main result.

Theorem 9.1. If r is prime, then the Z[ζ]-lattice V ′
g = ⟨Bv′

g ⟩Z[ζ] ⊂ Vg defined by
Equation (27) is invariant under the actions of both Hg and Mod(Σg).

Proof. Thanks to Proposition 7.2, we have

α · v′n = ζ4n
2∑

k=0

ζ−
k(k−2n+5)

2
{2; k}ζ

h(ζ)⌊
n
2 ⌋−⌊n−k

2 ⌋

[
n
k

]
ζ

v′n−k,

β · v′n = ζ2n
1∑

k=0

ζ−k(k+2n−1)h(ζ)⌊
n+k

2 ⌋−⌊n
2 ⌋
[
1
k

]
ζ

v′n+k,

where tr := 0. Furthermore, we have

τα · v′n ∝ ζ2(n+1)n
n∑

k=0

(−1)kζk(2k−3n−3)

[
n
k

]
ζ

C4n−4k+3,k(ζ)

h(ζ)⌊
n
2 ⌋−⌊n−k

2 ⌋ v
′
n−k,

τβ · v′n ∝ (−1)nζ−(n+3)n
r−n−1∑
k=0

ζ−2k(k+2n+1)

h(ζ)⌊
n+k

2 ⌋−⌊n
2 ⌋Dr−n−k−1,n(ζ)

G1
v′n+k,

τγ · (v′n1
⊗ v′n2

) ∝ ζ2(n1−n2+1)(n1−n2)
n1∑

k1=0

n2∑
k2=0

(−1)k1+k2

ζ2(k1−k2)
2−k1(3n1−4n2+3)+k2(4n1−3n2+1)

[
n1
k1

]
ζ

[
n2
k2

]
ζ

E4(n1−k1−n2+k2)+3,−4(n1−k1−n2+k2)−1,k1,k2
(ζ)

h(ζ)⌊
n1+n2

2 ⌋−⌊n1+n2−k1−k2
2 ⌋

v′n1−k1
⊗ v′n2−k2

,

Then, the claim follows from the identities⌊n
2

⌋
−
⌊
n− k

2

⌋
⩽

⌊
k + 1

2

⌋
,⌊

n+ k

2

⌋
−
⌊n
2

⌋
+

⌊
r − k

2

⌋
⩾
r − 1

2
,⌊

n1 + n2
2

⌋
−
⌊
n1 + n2 − k1 − k2

2

⌋
⩽

⌊
k1 + k2 + 1

2

⌋
together with Equations (31), (32), and (33). □
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Remark 9.2. In the proof of Theorem 9.1 we only checked integrality of coeffi-
cients for the action of positive Dehn twist generators τα, τβ , τγ , because the same
property for their inverses is an immediate consequence of our choice of represen-
tatives with determinant in Z[ζ]× for ψg(τα), ψg(τβ), ψg(τγ) ∈ PGLQ(ζ)(Vg), see
Equations (14)–(16). Notice that the same implication does not hold for the choice
of representatives appearing in [DM22, Equation (19)], as observed in [DM22, Re-
mark 2.25].

Let us consider the basis of HV (r)
g defined by

BΓ,v′

g :=

Γ̂ (a, b)⊗ v′
n

∣∣∣∣∣ a = (a1, . . . , ag), b = (b1, . . . , bg) ∈ N×g,
n = (n1, . . . , ng) ∈ N×g,
0 ⩽ aj , bj , nj ⩽ r − 1 ∀ 1 ⩽ j ⩽ g

 , (34)

which is built from the bases BΓ
n,g and Bv′

g defined by Equations (10) and (27)
respectively. Let us also denote by

BE1′F
g :=

Eℓ1′
mF (n)

∣∣∣∣∣ ℓ = (ℓ1, . . . , ℓg),n = (n1, . . . , ng) ∈ N×g,
m = (m1, . . . ,mg) ∈ N×g,
0 ⩽ ℓj ,mj , nj ⩽ r − 1 ∀ 1 ⩽ j ⩽ g

 (35)

the basis of Ug defined by

Eℓ1′
mF (n) := h(ζ)

−
⌊∑g

j=1
mj

2

⌋
Eℓ1Tm1

F (n1) ⊗ . . .⊗ EℓgTmg
F (ng),

where

Tn :=

n∑
k=0

(−1)n−kζ(n−k)(n−1)

[
n
k

]
ζ

1k

for every integer 0 ⩽ n ⩽ r − 1. Finally, let us denote by

HV ′(r)
g := ⟨BΓ,v′

g ⟩Z[ζ] ⊂ HV (r)
g , U ′

g := ⟨BE1′F
g ⟩Z[ζ] ⊂ Ug (36)

the Z[ζ]-lattices spanned by these two bases.

Corollary 9.3. The Q(ζ)-linear isomorphism Φg : H
V (r)
g → Ug defined by Equa-

tion (23) restricts to a Z[ζ]-linear isomorphism Φ′
g : H

V ′(r)
g → U ′

g that intertwines
the actions of both uZζ and Mod(Σg).

Proof. Up to reordering, the basis BE1′F
g of Equation (35) is obtained from the

image of the basis BΓ,v′

g of Equation (34) under the isomorphism Φg : H
V (r)
g → Ug

of Equation (23) by a diagonal rescaling, with each rescaling factor being a power
of ζ. Therefore, the two bases span the same Z[ζ]-lattice U ′

g ⊂ Ug. Then, the claim
about the action of Mod(Σg) follows directly from Theorem 9.1. Furthermore,
since the action of E,F (k), 1m ∈ uZζ on σ⊗ v ∈ H

V (r)
n,g ⊂ HH

n,g ⊗Z[Hg] Vg determined
by Equations (20)–(22) is clearly independent of v ∈ Vg, then the Z[ζ]-lattices
H

V ′(r)
n,g ⊂ H

V (r)
n,g and U ′

g ⊂ Ug are both stable also under the action of uZζ . □

Appendix A. Quantum identities

We will make extensive use of the identities[
n
k

]
q

= qk
[
n− 1
k

]
q

+ qk−n

[
n− 1
k − 1

]
q

, (37)[
n
k

]
q

= q−k

[
n− 1
k

]
q

+ qn−k

[
n− 1
k − 1

]
q

, (38)

which hold for all integers n > 0 and k ∈ Z, see [Ja96, Equations (1) & (2),
Section 0.2].
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For all integers ℓ,m, n ⩾ 0 satisfying m ⩽ n+ ℓ, let us set

Aℓ,m,n(q) :=

n∑
k=m−ℓ

(−1)kqk(m−n+1)

[
n
k

]
q

[
k + ℓ
m

]
q

. (39)

Lemma A.1. For all integers ℓ,m ⩾ 0 and n > 0 satisfying m ⩽ n + ℓ, the
polynomial Aℓ,m,n(q) ∈ Z[q, q−1] satisfies the recurrence relation

Aℓ,m,n(q) = Aℓ,m,n−1(q)− qm−2n+2Aℓ+1,m,n−1(q). (40)

Proof. We have

Aℓ,m,n(q)
(39)
=

n∑
k=m−ℓ

(−1)kqk(m−n+1)

[
n
k

]
q

[
k + ℓ
m

]
q

(37)
=

n∑
k=m−ℓ

(−1)kqk(m−n+1)

(
qk
[
n− 1
k

]
q

+ qk−n

[
n− 1
k − 1

]
q

)[
k + ℓ
m

]
q

=

n∑
k=m−ℓ

(−1)kqk(m−n+2)

[
n− 1
k

]
q

[
k + ℓ
m

]
q

− qm−2n+2
n∑

k=m−ℓ

(−1)k−1q(k−1)(m−n+2)

[
n− 1
k − 1

]
q

[
k + ℓ
m

]
q

(39)
= Aℓ,m,n−1(q)− qm−2n+2Aℓ+1,m,n−1(q). □

Lemma A.2. For all integers ℓ,m, n ⩾ 0 satisfying m ⩽ n+ ℓ, we have

Aℓ,m,n(q) = (−1)nq(ℓ+1)n

[
ℓ

m− n

]
q

. (41)

Proof. Let us prove Equation (41) by induction on n ⩾ 0 for all 0 ⩽ m ⩽ n+ ℓ. If
n = 0 and 0 ⩽ m ⩽ ℓ, then we have

Aℓ,m,0(q)
(39)
=

0∑
k=m−ℓ

(−1)kqk(m+1)

[
0
k

]
q

[
k + ℓ
m

]
q

=

[
ℓ
m

]
q

.

If n > 0 and 0 ⩽ m ⩽ n+ ℓ, then we have

Aℓ,m,n(q)
(40)
= Aℓ,m,n−1(q)− qm−2n+2Aℓ+1,m,n−1(q)

= (−1)n−1q(ℓ+1)(n−1)

[
ℓ

m− n+ 1

]
q

− (−1)n−1qm+ℓ(n−1)

[
ℓ+ 1

m− n+ 1

]
q

= (−1)nq(ℓ+1)n

(
−q−ℓ−1

[
ℓ

m− n+ 1

]
q

+ qm−ℓ−n

[
ℓ+ 1

m− n+ 1

]
q

)
(38)
= (−1)nq(ℓ+1)n

[
ℓ

m− n

]
q

. □

For every integer n ⩾ 0, let us set

Bn(q) :=

n∑
k=0

(−1)kq−k(n−5)

[
n
k

]
q

. (42)

Lemma A.3. For every integer n > 0, the polynomial Bn(q) ∈ Z[q, q−1] satisfies
the recurrence relation

Bn(q) = q−n+3{n− 3}qBn−1(q). (43)
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Proof. We have

Bn(q)
(42)
=

n∑
k=0

(−1)kq−k(n−5)

[
n
k

]
q

(37)
=

n∑
k=0

(−1)kq−k(n−5)

(
qk
[
n− 1
k

]
q

+ qk−n

[
n− 1
k − 1

]
q

)

=

n∑
k=0

(−1)kq−k(n−6)

[
n− 1
k

]
q

− q−2(n−3)
n∑

k=0

(−1)k−1q−(k−1)(n−6)

[
n− 1
k − 1

]
q

(42)
= Bn−1(q)− q−2(n−3)Bn−1(q). □

Lemma A.4. For every integer n ⩾ 0, we have

Bn(q) = (−1)nq−
n(n−5)

2 {2;n}q. (44)

Proof. Let us prove Equation (44) by induction on n ⩾ 0. If n = 0, then we have

B0(q)
(42)
=

0∑
k=0

(−1)kq5k
[
0
k

]
q

= 1.

If n > 0, then we have

Bn(q)
(43)
= q−n+3{n− 3}qBn−1(q)

(42)
= q−n+3{n− 3}q(−1)n−1q−

(n−1)(n−6)
2 {2;n− 1}q

= (−1)nq−
n(n−5)

2 {2;n}q. □

For all m,n ∈ Z with n ⩾ 0, let us set

Cm,n(q) :=

n∑
k=0

(−1)kqk(2k+m−n)

[
n
k

]
q

. (45)

Lemma A.5. For all m,n ∈ Z with n ⩾ 0, the polynomial Cm,n(q) ∈ Z[q, q−1]
satisfies the recurrence relation

Cm,n(q) = Cm+2,n+1(q) + qm+3Cm+4,n(q). (46)

Proof. We have

Cm,n(q)
(45)
=

n∑
k=0

(−1)kqk(2k+m−n)

[
n
k

]
q

(38)
=

n∑
k=0

(−1)kqk(2k+m−n)

(
qk
[
n+ 1
k

]
q

− qn+1

[
n

k − 1

]
q

)

=

n∑
k=0

(−1)kqk(2k+m−n+1)

[
n+ 1
k

]
q

+ qm+3
n∑

k=0

(−1)k−1q(k−1)(2k+m−n+2)

[
n

k − 1

]
q

(45)
= Cm+2,n+1(q)− (−1)n+1q(n+1)(m+n+3)

+ qm+3
(
Cm+4,n(q)− (−1)nqn(m+n+4)

)
= Cm+2,n+1(q) + qm+3Cm+4,n(q). □
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For all integers m,n ⩾ 0, let us set

Dm,n(q) :=

n∑
k=0

(−1)kq−k(2k+4m+n+1)

[
n
k

]
q

C−4k−2m−1,m(q−1). (47)

Lemma A.6. For all integers m ⩾ 0 and n > 0, the polynomial Dm,n(q) ∈ Z[q, q−1]
satisfies the recurrence relation

Dm,n(q) =
(
1− q−2(m+n)

)
Dm,n−1(q)− q−2(2m+n+1)Dm+1,n−1(q). (48)

Proof. We have

Dm,n(q)
(47)
=

n∑
k=0

(−1)kq−k(2k+4m+n+1)

[
n
k

]
q

C−4k−2m−1,m(q−1)

(37)
=

n∑
k=0

(−1)kq−k(2k+4m+n+1)

(
qk
[
n− 1
k

]
q

+ qk−n

[
n− 1
k − 1

]
q

)
C−4k−2m−1,m(q−1)

(46)
=

n∑
k=0

(−1)kq−k(2k+4m+n)

[
n− 1
k

]
q

C−4k−2m−1,m(q−1)

− q−2(2m+n+1)
n∑

k=0

(−1)k−1q−(k−1)(2k+4m+n+2)

[
n− 1
k − 1

]
q(

C−4k−2m+1,m+1(q
−1) + q4k+2m−2C−4k−2m+3,m(q−1)

)
(47)
= Dm,n−1(q)− q−2(2m+n+1)

(
Dm+1,n−1(q) + q2m+2Dm,n−1(q)

)
. □

Lemma A.7. For all integers 0 ⩽ m < n ⩽ r − 1 we have

Dr−m−1,n(ζ) = 0. (49)

Proof. Let us prove Equation (49) by induction on 0 < n ⩽ r−1 for all 0 ⩽ m < n.
If n = 1 and m = 0, then we have

Dr−1,1(ζ)
(47)
=

1∑
k=0

(−1)kζ−2k(k−1)

[
1
k

]
ζ

C−4k+1,r−1(ζ
−1)

(45)
=

1∑
k=0

(−1)kζ−2k(k−1)

[
1
k

]
ζ

(
r−1∑
ℓ=0

(−1)ℓζ−2ℓ(ℓ−2k+1)

[
r − 1
ℓ

]
ζ

)
(4)
= G−1 −G1

= 0,

where the third equality uses the identity[
r −m− 1

ℓ

]
ζ

= (−1)ℓ
[
ℓ+m
ℓ

]
ζ

, (50)

which holds for all integers 0 ⩽ m ⩽ r − 1 and 0 ⩽ ℓ ⩽ r −m− 1. If 1 < n ⩽ r − 1
and 0 ⩽ m < n, then we have

Dr−m−1,n(ζ)
(48)
=
(
1− ζ2(m−n+1)

)
Dr−m−1,n−1(ζ)− ζ2(2m−n+1)Dr−m,n−1(ζ)

= 0.

Notice that, when m = n−1, the induction hypothesis does not allow us to recover
the value of Dr−m−1,n−1(ζ), but in this case 1− ζ2(m−n+1) = 0. □
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For all m1,m2, n1, n2 ∈ Z with n1, n2 ⩾ 0, let us set

Em1,m2,n1,n2
(q) :=

n1∑
k1=0

n2∑
k2=0

(−1)k1+k2q2(k1−k2)
2+k1(m1−n1)+k2(m2−n2)

[
n1
k1

]
q

[
n2
k2

]
q

. (51)

Appendix B. Computations

In this section, we prove results that were announced in Section 7.

Proof of Lemma 7.1. It is enough to prove that
n∑

k=0

(−1)n−kζ(n−k)(n−1)

[
n
k

]
ζ

(
k∑

m=0

ζm(k−m)

[
k
m

]
ζ

tm

)
= tn.

This follows from the computation
n∑

k=0

(−1)n−kζ(n−k)(n−1)

[
n
k

]
ζ

(
k∑

m=0

ζm(k−m)

[
k
m

]
ζ

tm

)

= (−1)nζn(n−1)
n∑

m=0

ζ−m2

(
n∑

k=m

(−1)kζk(m−n+1)

[
n
k

]
ζ

[
k
m

]
ζ

)
tm

(39)
= (−1)nζn(n−1)

n∑
m=0

ζ−m2

A0,m,n(ζ)tm

(41)
= ζn

2
n∑

m=0

ζ−m2

[
0

m− n

]
ζ

tm = tn. □

Proof of Proposition 7.2. For α, we have

α · tn
(25)
=

n∑
k=0

(−1)n−kζ(n−k)(n−1)

[
n
k

]
ζ

α · vk

(12)
=

n∑
k=0

(−1)n−kζ(n−k)(n−1)+4k

[
n
k

]
ζ

vk

(26)
=

n∑
k=0

(−1)n−kζ(n−k)(n−1)+4k

[
n
k

]
ζ

(
k∑

m=0

ζm(k−m)

[
k
m

]
ζ

tm

)

= (−1)nζn(n−1)
n∑

m=0

ζ−m2

(
n∑

k=m

(−1)kζk(m−n+5)

[
n
k

]
ζ

[
k
m

]
ζ

)
tm

= (−1)nζn(n−1)
n∑

m=0

ζ−m2

(
n−m∑
k=0

(−1)k+mζ(k+m)(m−n+5)

[
n

k +m

]
ζ

[
k +m
m

]
ζ

)
tm
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= (−1)nζn(n−1)
n∑

m=0

(−1)mζ−m(n−5)

[
n
m

]
ζ(

n−m∑
k=0

(−1)kζk(m−n+5)

[
n−m
k

]
ζ

)
tm

(42)
= (−1)nζn(n−1)

n∑
m=0

(−1)mζ−m(n−5)

[
n
m

]
ζ

Bn−m(ζ)tm

(44)
= ζn(n−1)

n∑
m=0

ζ−m(n−5)− (n−m)(n−m−5)
2 {2;n−m}ζ

[
n
m

]
ζ

tm

= ζ4n
n∑

k=0

ζ−
k(k−2n+5)

2 {2; k}ζ
[
n
k

]
ζ

tn−k.

Notice that, when k > 2, we have {2; k}ζ = 0. For β, we have

β · tn
(25)
=

n∑
k=0

(−1)n−kζ(n−k)(n−1)

[
n
k

]
ζ

β · vk

(13)
=

n∑
k=0

(−1)n−kζ(n−k)(n−1)

[
n
k

]
ζ

vk+1

(26)
=

n∑
k=0

(−1)n−kζ(n−k)(n−1)

[
n
k

]
ζ

(
k+1∑
m=0

ζm(k−m+1)

[
k + 1
m

]
ζ

tm

)

= (−1)nζn(n−1)
n+1∑
m=0

ζ−m(m−1)

(
n∑

k=m−1

(−1)kζk(m−n+1)

[
n
k

]
ζ

[
k + 1
m

]
ζ

)
tm

(39)
= (−1)nζn(n−1)

n+1∑
m=0

ζ−m(m−1)A1,m,n(ζ)tm

(41)
= ζ(n+1)n

n+1∑
m=0

ζ−m(m−1)

[
1

m− n

]
ζ

tm

= ζ2n
1∑

k=−n

ζ−k(k+2n−1)

[
1
k

]
ζ

tn+k.

Notice that, when k < 0, we have
[
1
k

]
ζ

= 0. For τα, we have

τα · tn
(25)
=

n∑
k=0

(−1)n−kζ(n−k)(n−1)

[
n
k

]
ζ

τα · vk

(14)
∝

n∑
k=0

(−1)n−kζ(n−k)(n−1)+2(k+1)k

[
n
k

]
ζ

vk

(26)
=

n∑
k=0

(−1)n−kζ(n−k)(n−1)+2(k+1)k

[
n
k

]
ζ

(
k∑

m=0

ζm(k−m)

[
k
m

]
ζ

tm

)

= (−1)nζn(n−1)
n∑

m=0

ζ−m2

(
n∑

k=m

(−1)kζk(2k+m−n+3)

[
n
k

]
ζ

[
k
m

]
ζ

)
tm
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= (−1)nζn(n−1)
n∑

m=0

ζ−m2

(
n−m∑
k=0

(−1)k+mζ(k+m)(2k+3m−n+3)

[
n

k +m

]
ζ

[
k +m
m

]
ζ

)
tm

= (−1)nζn(n−1)
n∑

m=0

(−1)mζm(2m−n+3)

[
n
m

]
ζ(

n−m∑
k=0

(−1)kζk(2k+5m−n+3)

[
n−m
k

]
ζ

)
tm

(45)
= (−1)nζn(n−1)

n∑
m=0

(−1)mζm(2m−n+3)

[
n
m

]
ζ

C4m+3,n−m(ζ)tm

= ζ2(n+1)n
n∑

k=0

(−1)kζk(2k−3n−3)

[
n
k

]
ζ

C4(n−k)+3,k(ζ)tn−k.

For τβ , we have

τβ · tn
(25)
=

n∑
k=0

(−1)n−kζ(n−k)(n−1)

[
n
k

]
ζ

τβ · vk

(15)
∝ 1

G1

n∑
k=0

r−1∑
ℓ=0

(−1)n−kζ(n−k)(n−1)−2(k−ℓ)(k−ℓ−1)

[
n
k

]
ζ

vℓ

(26)
=

1

G1

n∑
k=0

r−1∑
ℓ=0

(−1)n−kζ(n−k)(n−1)−2(k−ℓ)(k−ℓ−1)

[
n
k

]
ζ(

ℓ∑
m=0

ζm(ℓ−m)

[
ℓ
m

]
ζ

tm

)

= (−1)n
ζn(n−1)

G1

r−1∑
m=0

ζ−m2

(
n∑

k=0

(−1)kζ−k(2k+n−3)

[
n
k

]
ζ(

r−1∑
ℓ=m

ζ−ℓ(2ℓ−4k−m+2)

[
ℓ
m

]
ζ

))
tm

= (−1)n
ζn(n−1)

G1

r−1∑
m=0

ζ−m2

(
n∑

k=0

(−1)kζ−k(2k+n−3)

[
n
k

]
ζ(

r−m−1∑
ℓ=0

ζ−(ℓ+m)(2ℓ−4k+m+2)

[
ℓ+m
m

]
ζ

))
tm

(50)
= (−1)n

ζn(n−1)

G1

r−1∑
m=0

ζ−2(m+1)m

(
n∑

k=0

(−1)kζ−k(2k−4m+n−3)

[
n
k

]
ζ(

r−m−1∑
ℓ=0

(−1)ℓζ−ℓ(2ℓ−4k+3m+2)

[
r −m− 1

ℓ

]
ζ

))
tm

(47)
= (−1)n

ζn(n−1)

G1

r−1∑
m=0

ζ−2(m+1)mDr−m−1,n(ζ)tm

= (−1)n
ζ−(n+3)n

G1

r−n−1∑
k=−n

ζ−2k(k+2n+1)Dr−n−k−1,n(ζ)tn+k.
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Notice that, when k < 0, we have Dr−n−k−1,n(ζ) = 0, thanks to Equation (49).
For τγ , we have

τγ · (tn1
⊗ tn2

)
(25)
=

n1∑
k1=0

n2∑
k2=0

(−1)n1−k1+n2−k2ζ(n1−k1)(n1−1)+(n2−k2)(n2−1)

[
n1
k1

]
ζ

[
n2
k2

]
ζ

τγ · (vk1 ⊗ vk2)

(16)
∝

n1∑
k1=0

n2∑
k2=0

(−1)n1−k1+n2−k2ζ(n1−k1)(n1−1)+(n2−k2)(n2−1)

ζ2(k1−k2+1)(k1−k2)

[
n1
k1

]
ζ

[
n2
k2

]
ζ

vk1
⊗ vk2

(26)
=

n1∑
k1=0

n2∑
k2=0

(−1)n1−k1+n2−k2ζ(n1−k1)(n1−1)+(n2−k2)(n2−1)

ζ2(k1−k2+1)(k1−k2)

[
n1
k1

]
ζ

[
n2
k2

]
ζ(

k1∑
m1=0

k2∑
m2=0

ζm1(k1−m1)+m2(k2−m2)

[
k1
m1

]
ζ

[
k2
m2

]
ζ

tm1
⊗ tm2

)

= (−1)n1+n2ζn1(n1−1)+n2(n2−1)
n1∑

m1=0

n2∑
m2=0

ζ−m2
1−m2

2

(
n1∑

k1=m1

n2∑
k2=m2

(−1)k1+k2ζ2(k1−k2)
2+k1(m1−n1+3)+k2(m2−n2−1)

[
n1
k1

]
ζ

[
k1
m1

]
ζ

[
n2
k2

]
ζ

[
k2
m2

]
ζ

)
tm1

⊗ tm2

= (−1)n1+n2ζn1(n1−1)+n2(n2−1)
n1∑

m1=0

n2∑
m2=0

ζ−m2
1−m2

2

(
n1−m1∑
k1=0

n2−m2∑
k2=0

(−1)k1+m1+k2+m2ζ2(k1+m1−k2−m2)
2

ζ(k1+m1)(m1−n1+3)+(k2+m2)(m2−n2−1)[
n1

k1 +m1

]
ζ

[
k1 +m1

m1

]
ζ

[
n2

k2 +m2

]
ζ

[
k2 +m2

m2

]
ζ

)
tm1

⊗ tm2

= (−1)n1+n2ζn1(n1−1)+n2(n2−1)
n1∑

m1=0

n2∑
m2=0

(−1)m1+m2

ζ2(m1−m2)
2−m1(n1−3)−m2(n2+1)

[
n1
m1

]
ζ

[
n2
m2

]
ζ(

n1−m1∑
k1=0

n2−m2∑
k2=0

(−1)k1+k2ζ2(k1−k2)(k1−k2+2(m1−m2)+1)

ζk1(m1−n1+1)+k2(m2−n2+1)

[
n1 −m1

k1

]
ζ

[
n2 −m2

k2

]
ζ

)
tm1 ⊗ tm2
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(51)
= (−1)n1+n2ζn1(n1−1)+n2(n2−1)

n1∑
m1=0

n2∑
m2=0

(−1)m1+m2

ζ2(m1−m2)
2−m1(n1−3)−m2(n2+1)

[
n1
m1

]
ζ

[
n2
m2

]
ζ

E4(m1−m2)+3,−4(m1−m2)−1,n1−m1,n2−m2
(ζ)tm1

⊗ tm2

= ζ2(n1−n2+1)(n1−n2)
n1∑

k1=0

n2∑
k2=0

(−1)k1+k2

ζ2(k1−k2)
2−k1(3n1−4n2+3)+k2(4n1−3n2+1)

[
n1
k1

]
ζ

[
n2
k2

]
ζ

E4(n1−k1−n2+k2)+3,−4(n1−k1−n2+k2)−1,k1,k2
(ζ)tn1−k1

⊗ tn2−k2
.

□

Appendix C. Divisibility results

For all ℓ,m ∈ Z, let us set

c(ℓ,m) := ℓ(2ℓ+m). (52)

Remark C.1. Notice that we have

c(ℓ,m) = c(ℓ− 1,m+ 4) +m+ 2 (53)

for all ℓ,m ∈ Z. Furthermore, we have

c(k,m− n)

(
n

k

)
= n

(
−2(n− 1)

(
n− 2

k − 1

)
+ (m+ n)

(
n− 1

k − 1

))
. (54)

for all integers 0 ⩽ k ⩽ n and m ∈ Z.

For all integers ℓ, n ⩾ 0 and m ∈ Z, let us set

Pℓ,m,n(q) :=

n∑
k=0

(−1)kc(k,m− n)ℓ
(
n

k

)
qc(k,m−n). (55)

Remark C.2. For all integers ℓ, n ⩾ 0 and m ∈ Z, we have(
d

dq
Pℓ,m,n

)
(q) = q−1Pℓ+1,m,n(q). (56)

Lemma C.3. For all integers ℓ, n ⩾ 0 and m ∈ Z, we have

Pℓ,m,n(q) = nqm−n+2
ℓ−1∑
j=0

(
ℓ− 1

j

)
(m− n+ 2)ℓ−j−1

(
2(n− 1)Pj,m+2,n−2(q)− (m+ n)Pj,m+3,n−1(q)

)
. (57)

Proof. We have

Pℓ,m,n(q)
(55)
=

n∑
k=0

(−1)kc(k,m− n)ℓ
(
n

k

)
qc(k,m−n)

(54)
=

n∑
k=0

(−1)kc(k,m− n)ℓ−1

n

(
−2(n− 1)

(
n− 2

k − 1

)
+ (m+ n)

(
n− 1

k − 1

))
qc(k,m−n)
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(53)
=

n∑
k=0

(−1)k (c(k − 1,m− n+ 4) +m− n+ 2)
ℓ−1

nqm−n+2

(
−2(n− 1)

(
n− 2

k − 1

)
+ (m+ n)

(
n− 1

k − 1

))
qc(k−1,m−n+4)

(55)
=

ℓ−1∑
j=0

(
ℓ− 1

j

)
(m− n+ 2)ℓ−j−1

nqm−n+2

(
− 2(n− 1)Pj,m+2,n−2 + (m+ n)Pj,m+3,n−1

)
. □

Lemma C.4. For all integers m ∈ Z and n ⩾ 0, we have

h(q)⌊
n+1
2 ⌋ | P0,m,n(q), (58)

where h(q) := 1− q ∈ Z[q, q−1].

Proof. Let us prove that ((
d

dq

)ℓ

P0,m,n

)
(1) = 0

for every integer 0 ⩽ ℓ ⩽ n−1
2 . Thanks to Equation 56, we can equivalently check

that

Pℓ,m,n(1) = 0

for every integer 0 ⩽ ℓ ⩽ n−1
2 . Equation (57) implies that

Pℓ,m,n(q) ∈
〈
P0,i,j(q)

∣∣∣∣ m ⩽ i ⩽ m+ 3ℓ
n− 2ℓ ⩽ j ⩽ n

〉
Z
.

The claim then follows from

P0,i,j(1)
(55)
=

j∑
k=0

(−1)k
(
j

k

)
= δj,0. □

For all ℓ1, ℓ2,m1,m2 ∈ Z, let us set

e(ℓ1, ℓ2,m1,m2) := c(ℓ1,m1) + c(ℓ2,m2)− 4ℓ1ℓ2. (59)

Remark C.5. Notice that we have

e(ℓ1, ℓ2,m1,m2) = e(ℓ1 − 1, ℓ2,m1 + 4,m2 − 4) +m1 + 2

= e(ℓ1, ℓ2 − 1,m1 − 4,m2 + 4) +m2 + 2

= e(ℓ1 − 1, ℓ2 − 1,m1,m2) +m1 +m2 (60)

for all ℓ1, ℓ2,m1,m2 ∈ Z. Furthermore, we have

f(k1, k2,m1 − n1,m2 − n2)

(
n1
k1

)(
n2
k2

)
= n1

(
−2(n1 − 1)

(
n1 − 2

k1 − 1

)
+ (m1 + n1)

(
n1 − 1

k1 − 1

))(
n2
k2

)
+ n2

(
−2(n2 − 1)

(
n2 − 2

k2 − 1

)
+ (m2 + n2)

(
n2 − 1

k2 − 1

))(
n1
k1

)
− 2n1n2

(
n1 − 1

k1 − 1

)(
n2 − 1

k2 − 1

)
(61)

for all integers 0 ⩽ k1 ⩽ n1, 0 ⩽ k2 ⩽ n2, and m1,m2 ∈ Z.
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For all integers ℓ, n1, n2 ⩾ 0 and m1,m2 ∈ Z, let us set

Qℓ,m1,m2,n1,n2
(q) :=

n1∑
k1=0

n2∑
k2=0

(−1)k1+k2f(k1, k2,m1 − n1,m2 − n2)
ℓ

(
n1
k1

)(
n2
k2

)
qf(k1,k2,m1−n1,m2−n2). (62)

Remark C.6. For all integers ℓ, n1, n2 ⩾ 0 and m1,m2 ∈ Z, we have(
d

dq
Qℓ,m1,m2,n1,n2

)
(q) = q−1Qℓ+1,m1,m2,n1,n2

(q). (63)

Lemma C.7. For all integers ℓ, n1, n2 ⩾ 0 and m1,m2 ∈ Z, we have

Qℓ,m1,m2,n1,n2
(q)

=

ℓ−1∑
j=0

(
ℓ− 1

j

)(
(m1 − n1 + 2)ℓ−j−1n1q

m1−n1+2

(
− 2(n1 − 1)Qj,m1+2,m2−4,n1−2,n2(q) + (m1 + n1)Qj,m1+3,m2−4,n1−1,n2(q)

)
+ (m2 − n2 + 2)ℓ−j−1n2q

m2−n2+2(
− 2(n2 − 1)Qj,m1−4,m2+2,n1,n2−2(q) + (m2 + n2)Qj,m1−4,m2+3,n1,n2−1(q)

)
− (m1 +m2 − n1 − n2)

ℓ−j−12n1n2q
m1+m2−n1−n2

Qj,m1−1,m2−1,n1−1,n2−1(q)

)
. (64)

Proof. We have

Qℓ,m1,m2,n1,n2
(q)

(62)
=

n1∑
k1=0

n2∑
k2=0

(−1)k1+k2f(k1, k2,m1 − n1,m2 − n2)
ℓ

(
n1
k1

)(
n2
k2

)
qf(k1,k2,m1−n1,m2−n2)

(61)
=

n1∑
k1=0

n2∑
k2=0

(−1)k1+k2f(k1, k2,m1 − n1,m2 − n2)
ℓ−1

(
n1

(
−2(n1 − 1)

(
n1 − 2

k1 − 1

)
+ (m1 + n1)

(
n1 − 1

k1 − 1

))(
n2
k2

)
+ n2

(
−2(n2 − 1)

(
n2 − 2

k2 − 1

)
+ (m2 + n2)

(
n2 − 1

k2 − 1

))(
n1
k1

)
−2n1n2

(
n1 − 1

k1 − 1

)(
n2 − 1

k2 − 1

))
qf(k1,k2,m1−n1,m2−n2)
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(60)
=

n1∑
k1=0

n2∑
k2=0

(−1)k1+k2

(
f(k1 − 1, k2,m1 − n1 + 4,m2 − n2 − 4) +m1 − n1 + 2

)ℓ−1

n1q
m1−n1+2

(
−2(n1 − 1)

(
n1 − 2

k1 − 1

)
+ (m1 + n1)

(
n1 − 1

k1 − 1

))
(
n2
k2

)
qf(k1−1,k2,m1−n1+4,m2−n2−4)

+

(
f(k1, k2 − 1,m1 − n1 − 4,m2 − n2 + 4) +m2 − n2 + 2

)ℓ−1

+ n2q
m2−n2+2

(
−2(n2 − 1)

(
n2 − 2

k2 − 1

)
+ (m2 + n2)

(
n2 − 1

k2 − 1

))
(
n1
k1

)
qf(k1,k2−1,m1−n1−4,m2−n2+4)

−
(
f(k1 − 1, k2 − 1,m1 − n1,m2 − n2) +m1 +m2 − n1 − n2

)ℓ−1

2n1n2q
m1+m2−n1−n2

(
n1 − 1

k1 − 1

)(
n2 − 1

k2 − 1

)
qf(k1−1,k2−1,m1−n1,m2−n2)

(62)
=

ℓ−1∑
j=0

(
ℓ− 1

j

)(
(m1 − n1 + 2)ℓ−j−1n1q

m1−n1+2

(
− 2(n1 − 1)Qj,m1+2,m2−4,n1−2,n2(q) + (m1 + n1)Qj,m1+3,m2−4,n1−1,n2(q)

)
+ (m2 − n2 + 2)ℓ−j−1n2q

m2−n2+2(
− 2(n2 − 1)Qj,m1−4,m2+2,n1,n2−2(q) + (m2 + n2)Qj,m1−4,m2+3,n1,n2−1(q)

)
− (m1 +m2 − n1 − n2)

ℓ−j−12n1n2q
m1+m2−n1−n2

Qj,m1−1,m2−1,n1−1,n2−1(q)

)
. □

Lemma C.8. For all integers m1,m2 ∈ Z and n1, n2 ⩾ 0, we have

h(q)⌊
n1+n2+1

2 ⌋ | Q0,m1,m2,n1,n2
(q), (65)

where h(q) := 1− q ∈ Z[q, q−1].

Proof. Let us prove that((
d

dq

)ℓ

Q0,m1,m2,n1,n2

)
(1) = 0

for every integer 0 ⩽ ℓ ⩽ n1+n2−1
2 . Thanks to Equation 63, we can equivalently

check that

Qℓ,m1,m2,n1,n2(1) = 0

for every integer 0 ⩽ ℓ ⩽ n1+n2−1
2 . Equation (64) implies that

Qℓ,m1,m2,n1,n2
(q) ∈

〈
Q0,i1,i2,j1,j2(q)

∣∣∣∣ m1 +m2 − 2ℓ ⩽ i1 + i2 ⩽ m1 +m2

n1 + n2 − 2ℓ ⩽ j1 + j2 ⩽ n1 + n2

〉
Z
.
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The claim then follows from

Q0,i1,i2,j1,j2(1)
(62)
=

j1∑
k1=0

j2∑
k2=0

(−1)k1+k2

(
j1
k1

)(
j2
k2

)
= δj1,0δj2,0. □

We are now ready to prove Proposition 8.1.

Proof of Proposition 8.1. First, in order to prove Equation (31), we simply notice
that ((

d

dq

)ℓ

Cm,n

)
(1) =

((
d

dq

)ℓ

P0,m,n

)
(1) = 0

for every integer 0 ⩽ ℓ ⩽ n−1
2 , where the polynomial

Pℓ,m,n(q) ∈ Z[q, q−1]

is defined by Equations (52) and (55) for all integers ℓ, n ⩾ 0 and m ∈ Z. Indeed,
if we set [

n
k

]
(q) :=

[
n
k

]
q

,

then we have [
n
k

]
(1) =

(
n

k

)
,

(
d

dq

[
n
k

])
(1) = 0.

Then, the claim follows from Equation (58).
Next, let us prove Equation (32) by induction on n ⩾ 0 for all m ⩾ 0. If n = 0

and m ⩾ 0, then we have

Dm,0(q)
(47)
= C−2m−1,m(q−1).

This implies

h(q−1)⌊
m+1

2 ⌋ | Dm,0(q),

and the claim follows from h(q) | h(q−1) = −q−1h(q). If n > 0 and m ⩾ r− 1, then
we have

Dm,n(q)
(48)
=
(
1− q−2(m+n)

)
Dm,n−1(q)− q−2(2m+n+1)Dm+1,n−1(q),

and the claim follows from h(q−1) |
(
1− q−2(m+n)

)
.

Finally, in order to prove Equation (33), we notice again that((
d

dq

)ℓ

Em1,m2,n1,n2

)
(1) =

((
d

dq

)ℓ

Q0,m1,m2,n1,n2

)
(1) = 0

for every integer 0 ⩽ ℓ ⩽ n1+n2−1
2 , where the polynomial

Qℓ,m1,m2,n1,n2
(q) ∈ Z[q, q−1]

is defined by Equations (59) and (62) for all integers ℓ, n1, n2 ⩾ 0 and m1,m2 ∈ Z.
Then, the claim follows from Equation (65). □
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