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ON INTEGRALITY OF NON-SEMISIMPLE QUANTUM
REPRESENTATIONS OF MAPPING CLASS GROUPS

MARCO DE RENZI AND JULES MARTEL

ABsTrRACT. For a root of unity ¢ of odd prime order, we restrict coefficients of
non-semisimple quantum representations of mapping class groups associated
with the small quantum group u¢slz from Q(¢) to Z[¢]. We do this by exhibiting
explicit bases of states spaces that span Z[(]-lattices that are invariant under
projective actions of mapping class groups.

1. INTRODUCTION

Quantum representations of mapping class groups are one of the most valuable
byproducts of TQFTs (Topological Quantum Field Theories). Those constructed
by Reshetikhin and Turaev [RT91]|, which were inspired by the work of Witten
[Wi89], will be referred to here as WRT representations, or semisimple quantum
representations. We will focus in particular on projective representations associated
with the quantum group of sly at a root of unity of odd order r. Many remarkable
properties of these representations are known. They preserve a (positive-definite)
Hermitian pairing [Tu94, BHMV95], but their image is infinite [Fu98, Ma99]. They
are asymptothically faithful [An02, FWWO02], in the sense that the intersection of all
their kernels, as r takes all possible values, is trivial. Furthermore, their coefficients
can be restricted to rings of cyclotomic integers [GMv02, GMO04]. This last property
in particular is at the heart of many applications of WRT representations: it can
be used to show that every finite group is a quotient of a finite index subgroup of
the mapping class group of any closed surface of genus at least 2 [MR11], or to
construct finite covers of surfaces whose homology is not spanned by lifts of simple
closed curves [KS15].

Despite these striking properties, it is easy to find elements in the kernels of WRT
representations, since every Dehn twist is sent to a finite-order operator. This is
not the case, however, for the non-semisimple quantum representations constructed
by Kerler [Ke94] and Lyubashenko [Ly94]|, based on the work of Hennings [He96],
which will be referred to here as HKL representations, or non-semisimple quantum
representations (once again, we will restrict our attention to the quantum sly case).
Indeed, every Dehn twist is sent to a non-diagonalizable infinite-order operator by
these representations [DGGPR20], which therefore have infinite image. Even more
can be said, since no diffeomorphism has been found yet in the kernels of these
actions, which have been shown to be faithful in genus 1 [Ke96]. On top of this,
many of the nice properties of semisimple quantum representations generalize to the
non-semisimple setting. Indeed, HKL representations preserve a Hermitian pairing
too, although an indefinite one [GLPS21]. Furthermore, asymptotic faithfulness is
an immediate consequence of a homological model developed in [DM22], which em-
beds HKL representations into a direct sum of twisted homological representations
appearing in [BPS21], see Remark 6.1 for an explanation.

1.1. Main result. This paper is concerned with integrality, whose generalization

to quantum sl HKL representations was not known in general, up to now. In

order to state more precisely our main result, we need to introduce some notation.
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2 M. DE RENZI AND J. MARTEL

First of all, let g > 0 be an integer, and let r > 3 be an odd integer. Let us
fix a connected surface X, of genus g with a single boundary component, whose
mapping class group will be denoted Mod(X}). Next, let u(g = u¢sly denote the
small quantum group of sly at the root of unity ¢ = e*7 over the field Q(¢), whose
definition is recalled in Section 3. The corresponding HKL representation, whose
definition is recalled in Section 2, is given by a homomorphism

P2, : Mod(%y) — PGLyq(U).

where U, := (u¢sly)®9 carries the structure of a u(c@—module through the gth tensor
power of the adjoint action, and where PGL o(Uy) denotes the group of invertible
u?—module endomorphisms, considered up to non-zero scalars in Q(¢). We show
that, if » is prime, then it is possible to restrict coeflicients from Q(¢) to Z[(].
We do this by considering an integral version u% of u? defined over Z[(], and by
providing an explicit integral basis of U, for the action of both u% and Mod(X,),
see Corollary 9.3.

Theorem 1.1. If r is prime, then the basis %’fllF of Uy defined by Equation (35)
spans a ZL[C]-lattice U, C Uy that is invariant under the action of both u? and
Mod(Xy), and thus yields a homomorphism

ph .t Mod(X,) — PGLyz (Up)-

It should be specified that some integrality properties in the non-semisimple
setting had already been established, thanks to the work of Chen and Kerler [CK13].
Their results, however, only concern those HKL representations that arise from
quantum doubles of Hopf algebras, so u? does not fit in their framework.

1.2. Strategy of the proof. In order to establish our result, we rely on the homo-
logical model developed in [DM22], which allows us to reduce the question to a sim-
pler but equivalent integrality problem, see Remark 6.2. Indeed, the state space Uy,
can be embedded into a Q(¢)-vector space %gv that can be constructed as a direct
sum of twisted homology groups of unordered configuration spaces €, 4 = €n(2y)
of the surface Y;. Coeflicients for these twisted homology groups are provided by
the Schrodinger representation ¢, : Hy — GLg(Vy) of the Heisenberg group Hy,
which can be identified with a quotient of the surface braid group m, 4 = 71 (€ 4) for
n > 2. This embedding of U, into %, also intertwines actions of u? and Mod(%,)
defined on both sides: the ones on U, are given by the HKL representation, while
the ones on %, were introduced in [BPS21] and [DM22].
Let us try to be a little more precise. There exists an identification

%qv = @yff}g Rz, Vs

n=0

where 7(’3]}9 is the nth twisted homology group of the configuration space €, 4 (rela-
tive to a portion of its boundary) with coefficients in the group ring Z[H,]. Twisted
homology classes in %,Elg can be explicitly described in terms of diagrams com-
posed of system of curves in the surface Xy, see Section 4. We use these diagrams
to construct an action of u? onto %gv that is defined in purely homological terms.
Furthermore, a very nice feature of this model is that it comes with computation
rules that allow us to express any arbitrary diagram as a Z[H,|-linear combination
of diagrams belonging to a fixed basis of %,Elg. We stress the fact that these dia-
grams actually represent submanifolds of a regular cover G, 4, = €, (%,) of Gy,
and computation rules represent homological relations between these submanifolds,
so the model is not purely combinatorial.



ON INTEGRALITY OF NON-SEMISIMPLE QUANTUM REPRESENTATIONS 3

The problem for integrality then lies entirely with coefficients in V. Indeed, the
action of f € Mod(X,) onto ¢ ® v € ?/Eg ®zm,) Vy is given by

frlo@v)=(€ulf) 0)®(f ),

where %n( f)-o is determined by the natural action of a self-diffeomorphism onto the
homology of its domain (and can be explicitly described by the system of curves in
the surface X, obtained by applying f to the diagram representing o), and where
[ - v is determined by a projective representation v, : Mod(X,) — GLg)(Vy).
This is the only ingredient in the whole construction to feature coefficients in Q(()
instead of Z(¢) or Z[H,]. With this in mind, we simply set out to find a basis of V,
spanning a Z[(]-lattice V; C V; that is invariant under the projective action of the
mapping class group Mod(X)).

1.3. Structure of the paper. In Section 2, we recall the definition of the non-
semisimple quantum representations we refer to here as HKL representations. These
can be built out of any factorizable ribbon Hopf algebra H (or more generally out
of any modular category in the potentially non-semisimple sense of Lyubashenko,
although we will not need the notion here). Their construction yields projective
actions of the mapping class group Mod(X) of the connected surface X, of genus
g with a single boundary component on H®9.

In Section 3 we recall the definition of the small quantum group u(? = ucsly
and of its integral version u%. This provides the concrete example of factorizable
ribbon Hopf algebra we will focus on, and the integrality of the associated HKL
representations will be established in this paper.

In Section 4, we recall the definition of the Heisenberg group H, and of the cor-
responding Heisenberg homology groups %ﬂgq of the surface X, following [BPS21,
DM?22|. We recall in particular the natural crossed Z[H,]-action of Mod(%,) carried
by ?/Eg.

In Section 5, we recall how to obtain from this construction a family of projective
representations of Mod(Y,), by choosing a homomorphism ¢, : Hy, — GLz(V})
called the Schrédinger representation, which comes with an associated projective
representation ¢, : Mod(X,) — PGLg)(Vy) that is responsible for the appearence
of both denominators and projective indeterminacies.

In Section 6, we recall the main result of [DM22], which allows us to embed the
HKL representations of Sections 2-3 into the direct sum of twisted homological
representations of Sections 4-5. Thanks to this model, we are able to reduce the
integrality problem for U, to the one for V.

In Section 7, we define a triangular basis 93’; for V,, which owes its name to
the fact that, with respect to 99;, standard Lickorish generators of Mod(X,) all
become either upper-triangular or lower-triangular, see Proposition 7.2. The proof
of this crucial property relies on explicit computations which are carried out in
Appendices A and B.

In Section 8, we define an integral basis %’;’l for V, obtained from %’g through
a diagonal renormalization process that ensures that all non-diagonal coefficients
for the action of generators of Mod(X,) belong to Z[(], see Proposition 8.1. Our
approach is inspired by [GMv02]. Once again, explicit proofs are postponed to
Appendix C.

Finally, our main result is proved in Section 9, see Theorem 9.1 and Corollary 9.3.

Acknowledgments. The authors would like to thank Renaud Detcherry and Gre-
gor Masbaum for helpful discussions and encouragements.



4 M. DE RENZI AND J. MARTEL

2. HKL REPRESENTATIONS OF MAPPING CLASS GROUPS

A Hopf algebra over a field k is a k-vector space H equipped with a family of
k-linear maps composed of a unit : k — H, a product 4 : H ® H — H, a counit
€: H — k, a coproduct A : H - H ® H, and an antipode S : H — H. These
structure morphisms are subject to a well-known list of axioms, that the reader can
find in [Ka95, Definitions 111.1.1, I11.2.2, & I11.3.2]. For all elements =,y € H, we
will use the short notation pu(x ®y) = zy (for the product), n(1) = 1 (for the unit),
and A(r) = x(1) ® z(2) (for the coproduct, which hides a sum).

If H is finite-dimensional, then its adjoint representation is the H-module given
by the k-vector space H itself, equipped with the adjoint action

>y = x1)yS(T(2))
for all x,y € H. The gth tensor power of the adjoint representation is defined by

oy = (x> y1) ® ... (T4 >yy)
forallze Handy =11 ®...®y, € H®I.

A ribbon structure on H is given by an R-matrix R = R, ® R/ € H ® H (which
hides a sum) and by a ribbon element ¢ € H, see [Ka95, Definitions VIIL.2.2. &
XIV.6.1]. We denote by M € H ® H the M-matrix associated with the R-matrix
R, which is defined by M = R} R; ® R} R} (with sums hidden).

A left integral A € H* of H is a linear form on H satisfying A(x(a))z1) = A(z)1
for every x € H, and a left cointegral A € H of H is an element of H satisfying
xA = e(x)A for every x € H, see [Ral2, Definition 10.1.1 & 10.1.2]. Recall that,
if H is finite-dimensional, then a left integral and a left cointegral exist, they are
unique up to scalar, and we can lock together their normalizations by requiring

AA) =1,

as follows from [Ral2, Theorem 10.2.2].

The Drinfeld map D : H* — H of a ribbon Hopf algebra H is the linear map
determined by D(f) := (f ® idg)(M) for every f € H*, where M is the M-matrix
of H. By definition, H is factorizable if D is a linear isomorphism. This happens
if and only if A(R}R})R]R;} is a cointegral, see [Ke96, Theorem 5] and [BD21,
Proposition 7.1], and we fix the normalization of both A and A by asking that

AR, R!)RIR, = A.

Let us fix a connected surface X, of genus g with one boundary component, that
we will represent as follows:

Let us denote by Mod(X,) the mapping class group of ¥,. By definition, it is
the group of positive self-diffeomorphisms of X, fixing the boundary pointwise,
considered up to isotopies fixing the boundary pointwise. As proved in [Li64], it is
generated by (positive) Dehn twists

{Ta; 78, Ty | 1<j< g, 1<k <g—1}

along the simple closed curves

k E+1
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When g = 1 we set 7, := 7o, and 75 := 73,, and when g = 2 we set 7, :=7,,.
The HKL representation pf : Mod(X,) — PGLy(H®9), originally defined in
[Ly94, Section 4], is determined by

To -z o<Vt (1)
75 - T o< AM(V2y2)S (V1)) (2)

for every z € H when g =1, by
Ty (21 ® 22) x xls(ﬁa) ® 19(3952 (3)

for all x1, x5 € H when g = 2, and by

To,  TXLL®...Q0Tj—1® (Ta ) ATjp1 @ ... 0 g,

J
Tg XTI R ... QT 1 ® (T T5) ®Tjy1 ® ... DTy,
Ty  EXT1 Q... QL1 Q(Ty - (T @ Tpt1)) R Tp2 D ... @ g
for every x = 21®...Qx, € H®Y when g > 2, as proved in [DM22, Proposition 4.2].
Here, PGLy (H®9) denotes the group of invertible H-module endomorphisms for
(the gth tensor power of) the adjoint action of H onto H®Y, considered up to
non-zero scalars in k.

3. SMALL QUANTUM sls

Let us consider a formal variable ¢ and, for all integers n € Z and k,¢ > 0, let
us set

k
nyg=q¢"—a"  Anklo=[[{n—k+i}e  {k} = {ksk}g,

j=1
{n} LI k [£],!
[nlg = 77 [Klg! = ] ] lias =
“T = 1 o, T k-
with the convention that {n;0}, =1 and [0],! = 1. For convenience, we also set
{n;k}q =0, [IZ] =0
q

whenever k < 0, £ <0, or k < £. Notice that

(o (5K (Rl L |5 @ 2l

q

and that
{nyg1 = —{n}e,  Amklgr = (CD) mk}y,  {khgale= (—1)ME}
[nls = [l [Klg11 2= [k, HIEsH

for all integers n, k, £ € Z.
Let us fix an odd integer r > 3, and let us consider the primitive rth root of

unity ¢ = e** . Notice that [n]¢, [K]¢!, and ﬁ] are invertible in Z[(] for all integers

n,k, ¢ € Z, see [MR97, Lemma 3.1.(i¢)]. For every n € Z/rZ, we denote by G,, the
Gauss sum

r—1
G 1=y (T2 =50 g (4)

=0
see [BD21, Appendix B] for a computation.
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The small quantum group u(CQ = ucsly, first defined by Lusztig in [Lu90|, is the
Q(¢)-algebra with generators {E, F(1), K} and relations

E"=FY)y =0 K =1,

KEK '=¢CE, KFWEK-'=¢2p0), (B, FM] =K - K,
It admits a Hopf algebra structure obtained by setting
AE)=EQK+1®E, e(F) =0, S(E)=—-EK™!,
AFDY =K 'oFD + FO g1,  FDy=0, SFY)=—-KF!
AK)=K®K, e(K) =1, S(K)=K™"'.

Remark that Lusztig considers the opposite coproduct, while we are using the one
of Kassel [Ka95, Section VIL1].

Let us set
r—1
1 (F(l))k
]-n P 2 : CQWLnJ;{m7 F(k’) = , (5)
r = [F]¢!

for every n € Z/rZ and every integer 0 < k < r—1. Thanks to [Lu90, Theorem 5.6],
a basis of U, = (u(CQ)@g over Q(¢) is given by
L= (ly,....4),n=(ny,...,ng) € NI,
B = S E 1, F™ | m = (my,...,my) € (Z/rZ)*9, . (6)
0<l,n; <r—1V1<j<yg
where
E1,F™ = g"1,, F"™ @ .. @ E%1,, F").

!%ElF

In particular, spans a Z[(]-lattice

= (B g Cug. (7)
Notice that u? is a sub-Z[(]-algebra of u(g@, generated by {E, FV 1, | n € Z/rZ}.
Indeed, we have
1,E = Ely, 1,FO =Wy, Lnly = 6mnln (8)
for all m,n € Z/rZ, see [DM22, Lemma 4.3]. Furthermore, u% is a Hopf subalgebra
of u(C@7 because

= Z ]-'n,fm ® ]-m7 5(]—n) = 5n,0; S(]‘n) = 1*774

for all m,n € Z/rZ, see [DM22, Lemma D.1].
Both u% and u?) admit ribbon Hopf algebra structures. Indeed, an R-matriz
R = R;® R} € uf ®u? is given by

r—1 r—1
Z Cn(nz—l) Kmen ® lmF(n) _ Z é_n(nz—l) lmEn ® KfmF(n)’
m,n=0 m,n=0
and a ribbon element ¢ € u? is given by

r—1
9 = Z (_1)m<-—7<m+23)m —2(m+n+1)nEmF(m)1n’

m,n=0
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with inverse 97! € u? given by
r—1
91 = Z §w+2(m+"+l)nEmF(m)1m
m,n=0
compare with [Ma95, Example 3.4.3], [BD21, Lemma B.2], or [DM22, Lemma D.2].
A non-zero left integral A of u? is given by

( 0 ro(m) ) C—2n
AMEF 1,) = 0¢,r—10m r—1,
vro ’

and a non-zero two-sided cointegral A of u(? satisfying A\(A) = 1 is given by
A= JFETIRD,
compare with [Ly94, Proposition A.5.1]. The ribbon Hopf algebra u?) is factorizable,
as shown in [Ly94, Corollary A.3.3], see also Ll\~1a95, Example 3.4.3]. Then, we set
Pir =g 9)
where pf is defined by Equations (1)—(3) for a factorizable ribbon Hopf algebra H.

4. HEISENBERG HOMOLOGY GROUPS

Let us consider the nth unordered configuration space
Cn,g=Cn(Xy) ={{z1,...,2,} C Xy | i #£x; Vi#j}

of the surface Xy. Its fundamental group m, 4 = m1(%p,q), called the nth surface
braid group, has been intensively studied, see [BG05, Theorem 2.1|, based on [Be01,
Theorem 1.1|, for an explicit presentation. In particular, m, , admits a quotient®
which is isomorphic to the gth Heisenberg group

H, <U’ 085 V1<) <o [0, a;] = [o, Bj]A: [aj,aﬂ = (85, Bkl = 1, >

[, Bi] = 072 V1< jk<yg

whenever n > 2 (or to a subgroup otherwise), see [BGG11, Lemma 4.4]. When
g=1,weset a:=ay and 8 := #;. We denote by (gmg = ‘é”n(Eg) the corresponding
cover, and by p : ?;”n’g — @n,g its covering map, and we define the nth Heisenberg
homology group? as

Hyy = HM (4,60

n,g’

Z[Hy)) = HPM (€, 0 (B2,)),
where
Gl ={{1,.. .2} €Bny | Ji @i €0_53} C 0y,

and where 0_X,,0,Y, C 90X are intervals satisfying 0_%, U 0%, = 0%, and
0_-X;N04%, =0(0-%,) = 0(0+X,), that we represent as the bottom side and as
the union of the remaining three sides in the picture below, respectively.

0y g

IFor all integers n > 3 and g > 1, the Heisenberg group Hy is isomorphic to the third and
largest lower central quotient 7y, g/I3(n,g), which is recursively defined by I't (7n,g) = 7n,g and
by I't(7n,g) = [Tn,g, [k—1(7n,g)] for k > 1, see [BGGO5, Theorem 1].

2This definition involves the use of Borel-Moore homology, see [DM22, Appendix A.2] for
more details. See also [DM22, Appendix A.1] for a reformulation of the construction of [DM22,
Section 2.2| in terms of regular covers.
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Twisted homology classes in %T]LH)IQ can be represented efficiently through a dia-
grammatic language based on (systems of) curves in the surface X,. For instance,
the following picture represents a twisted homology class in %f}lz

Indeed, every properly embedded arc I" C ¥, satisfying 0I" C 9- X, determines a
homology class I' € Hi(X,,0_X%,), and its configuration space €, (") C €, (X,)
determines a homology class I'(n) € H}?M(%n,g,%ﬁjg). The label n > 0 in the
picture above denotes the switch from an embedded arc in X, to its configura-
tion space in €, (X,). In order to specify a lift €, (I") of €, (I) to €n(Z,), we
simply need to choose a path from a base-point (which we fix on 04X, for aes-
thetic purposes) to any point of €, (I"), which yields a twisted homology class

I'(n) € HBM (%n,g,]ﬁ_l(%,?@)). This is what the red path is for (notice that a path
in €,,4 is actually given by an ntuple of paths, so we adopt the convention that,
whenever an embedded arc is labeled by an integer n > 0, its red path actually
represents n parallel paths in X).

It can be shown that %, is a free Z[Hy]-module of rank (97771, see [BPS21,
Theorem A.(a)] or [DM22, Proposition 2.9]. Furthermore, explicit computation
rules [DM22, Proposition 2.13] allow us to express every twisted homology class in
%f}g as a Z[Hg|-linear combination of twisted homology classes in the basis

a=(a,...,aq),b=(b1,...,by) € N*9 }7 (10)

. .
=< I
Fn.g { @B bt agt by =n

where

Every self-diffecomorphism f of Yy can be extended to a self-diffecomorphism
Gn(f) of €,(X,) by setting

%n(f){xh s ,.Tn} = {f(xl)a EERE) f(l'n)},
and, since I3(m,4) < 7,4 is a characteristic subgroup, %,(f) lifts to a self-

diffeomorphism &, (f) of i%n(Eg). In particular, Mod(X,) acts on the quotient
H, of m, 4 by setting

f-Dl=[8n(f) ]
for every v € m, 4, and on the homology group %f}g by setting
fo=%n(f) 0

for every o € #,",. Notice that this action is crossed with respect to the Z[H,g]-

module structure on #,..,, in the sense that

f-(B)-0) =[ul(f) 7] (Gulf) - 0)

for all v € m, 4 and o € %,
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5. SCHRODINGER REPRESENTATIONS

We consider the Schridinger representation, which is the unique irriducible rep-
resentation of H,; where o acts by scalar multiplication by —( —2. More explicitly,
this is obtained by fixing an r9-dimensional Q(¢)-vector space V; with basis

93;’ ={Vn = Un, @... Uy, [n=(n1,...,ny) € (Z/rz)*9}, (11)

and by considering a homomorphism ¢, : Hy — GLz(¢)(V;) determined by
a- v, = (Moy, (12)
B vy = Upq1, (13)

for every n € Z/rZ when g = 1, and by
Qj VU =V, @...QUp,_; ® (0 V) QVUp;,;, ® ... QVp,,

Bi Vn=0Un, ®...0Un,_, (B Vn;) ®VUn;,, ®...Q vy,

for every m = (n1,...,ny) € (Z/rZ)*9 when g > 1, where vp = vy, @ ... @ Up,.
Since %]f}g is a free Z[H,]-module, changing coefficients amounts to taking a tensor
product

%n‘fg i= HPM (G, Gl 5i Vo) 2 . ®zm,) Ve

n.g’ n.g
The induced action of Mod(X) on %"n‘fg can be untwisted by counteracting the effect
on coeflicients using the projective representation v, : Mod(X,) — PGLg(¢)(Vy)
determined by

r—1 r—1
1 —oee—1y, 0 1 —20(0—2n—1)
Ta Unchl;C o Un_G1;< Un,

= Pntlny,, (14)
1 r—1 1 r—1
B S L S
L =0 Li=o
1 r—1
_ Z C—2(m—n+1)(m—n)vm (15)
Gl m=0

for every n € Z/rZ when g = 1, where G; is the Gauss sum of Equation (4), by
r—1
1 _ _
Ty~ (vnl ®vn2) x El ZC 2(6—1—1)@(@ ‘. Unl) & (O/ . vn2)
=0

— CQ(nl_n2+1)(nl_n2)Unl ® ,Un2 (16)

for ny,ny € Z/rZ when g = 2, and by

Ta; " Un XVp, @ ... QUn,_; ®(TaUn;) @V, ®...Q Uy,

T8, "V X Upy ® ... QVUpn;_, ®(T5Un;) ®Un;y, @ ... R Un,,

Ty " Vn X Upy @ .o @ Uy, @ (Ty - (Uny, @ Vpyyy)) @ Uy @10 @ U,
for every m = (n1,...,ny) € (Z/rZ)*9 when g > 2, where vp = vy, @ ... @ Uy,
see [DM22, Corollary 2.27] (notice that the difference between these formulas and
[DM22, Equation (19)] is that here we chose representatives in PGLg(¢)(V,) with

determinant in Z[¢]*, by dividing the image of every generator by a factor Gy).

We obtain a projective action of Mod(Xy) onto %’an determined by

flo@v)=(Gnlf) o) (f-v) (17)
for all f € Mod(X,), 0 € Z2

n,g’?

and v € V.
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6. ISOMORPHISM BETWEEN QUANTUM AND HOMOLOGICAL REPRESENTATIONS

Let us set
Vit o o—. Vit .— Vv,
HY T = Hy(Grg, €1 V), x) =P,
n=0
Since all standard chains (and cycles) determine Borel-Moore chains (and cycles),

we have natural maps ¢y, g : %n‘{g — %n‘)/q, whose images we denote

), =imu, , c Y, H " =Pimun, cPH, =% (19
n=0 n=0

It is shown in [DM22, Section 2.4.3| that the Q(¢)-vector space %gv(r) admits a
basis

a=(ai,...,aq),b=(b1,...,b,) € N*9,
B ={T(a,b)@vy, | n=(n1,...,ng) € (Z/TL)*, . (19)
0<a;,bj<r—1VvV1<ji<yg
built from the bases B, and BY defined by Equations (10) and (11) respectively.
As explained in [DM22, Section 2.3], the subspace %gv(r) of %gv can be equipped
with the structure of a u?—module. Roughly speaking, the action of E is given by
(the restriction to 7/”‘7/557") of) the operator

E Ay~ HP V(G 6 V) =), (20)
oc@uvi (=1)" 10, (0) ® v,

where a*r is the connection homomorphism in the long exact sequence of the triple

(Brn.gs Grorg, Gy ) for

‘gfb,ag* ={{x1, . 0} €GBy | i< j xiz; €N, C GO

n,9°
see [DM22, Definition 2.14| for more details. Similarly, for every 0 < k < r —1, the
action of F(®) is given by (the restriction to %;Xé” of) the operator
FE HY = HY (21)
k(k—1)

cQui ¢z THRIP(k) x 0) @,

where (k) x o € %’ﬂ_,ﬁ , 1s the twisted homology class obtained from o € %Eg by
gluing a collar 04 Xy x [0, 1] of 84 X, to X, whose core ® = 9 X x {5} is labeled
by the integer k, see [DM22, Definition 2.15] for more details. Finally, for every

m € Z/rZ, the action of 1,, is given by (the restriction to %’n‘{gm of) the projector
LY, 2, (22)
TRV Omnyg(r)o @ v,
where 0y nig(r) = 1 if m = n + g (mod r), and dp, nig(r) = 0 otherwise, as
follows from [DM22, Definition 2.16] and Equation (5). Notice that this action
of u% clearly commutes with the projective action of Mod(X,), since the latter is
induced by diffeomorphisms that fix the boundary of X; pointwise, while the former
only involves boundary operations.
Foralla = (a1,...,a4),b=(b1,...,by) € Z*9 andn = (ny,...,n,) € (Z/rZ)*9,
let us set

ag(ap—1)
N, by, ng) = (200 (=1 + =2 20ib—2(be—Dne ¢ 7[¢],

g
N(a,b, n) = H CQ(ai'f‘bi)(aj'f‘bj) H Nk(akvbkvnk) = Z[C]
k=1

1<i<j<g



ON INTEGRALITY OF NON-SEMISIMPLE QUANTUM REPRESENTATIONS 11

It is shown in [DM22, Theorem 6.1] that, if we set

k= (kg,... k1), k)=(r—ki—1,...,r—ky—1)
for every k = (k1,...,ky) € Z*9, then
o, )" = U, (23)

I'(a,b) ® v, — N(a,b, n)EL(E)lﬁF(a)

defines an isomorphism of representations of both u? and Mod(X)).

Remark 6.1. An important byproduct of the isomorphism @, : ?/gv(r) — Uy defined
by Equation (23) is that the projective action of Mod(X,) onto Uy is asymptotically
faithful. Indeed, on the one hand, if

fe ) kerp?,,
r>3
r=1 (mod 2)
then, in particular, %n(f) cog=ocforalln >0and o € 7/}319, thanks to Equa-
tion (17). On the other hand, thanks to [BPS21, Proposition 40], the kernel of
the action of Mod(X,) onto %, is contained in the nth term .J,, (Mod (X)) of the
Johnson filtration of Mod(X,). Since their total intersection is trivial, we have

fe ) Jn(Mod(2,)) = {id}.

n=0

Remark 6.2. Another important consequence of the isomorphism @, : %gv(r) — U,
defined by Equation (23) is that it allows us to reduce the question of integrality for
p(gm : Mod(¥,) — PGLg(¢)(Uy) to the same one for ¢, : Mod(X,) — PGLg(¢)(Vy),
thanks to Equation (17). Indeed, the action of Mod(X,) onto ', is a (crossed)
Z[Hg]-linear action, so it is integral by definition, and the Schrédinger representa-
tion ¢, only features coefficients in Z[(]. Therefore, 14 : Mod(Xy) — PGLg(¢)(Vy)
is the only ingredient that features coefficients in Q(¢), so the homological model
naturally localizes the part of the construction that poses problems for what con-
cerns integrality.

7. TRIANGULAR BASIS

In this section, we define a basis
Bli={ty =ty ®...0t,, |0<n; <r—1VY1<j<g} (24)

of the Schrédinger representation V;, which we refer to as the triangular basis. For
every integer 0 < n < r — 1, let us set

n

tn =) (=1 Py mgw. (25)

k=0
Clearly, &! is a basis of V. Indeed, the transition matrix from %! to %Y is
upper-triangular, with constant diagonal 1. The next result then gives the inverse
transition matrix, from %Y back to 9Bt.

Lemma 7.1. For all integers 0 < n < r — 1 we have

v, = ch(n—k) |:Z‘:| th. (26)
k=0 ¢
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For a proof of Lemma 7.1, see Appendix B. The following statement motivates
the name of %: indeed, these bases make o; € Hy, 7o, 7y, € Mod(X,) into
upper-triangular matrices, while they make 3; € Hy and 75, € Mod(X,) into
lower-triangular ones for all integers 1 < j<gand 1<k <g—1.

Proposition 7.2. For every integer 0 < n < r — 1 we have

2
_ k(k—2n+5)
e M e 1o N
¢

k=0

1
n — n— 1
5 . tn = C2 ZC k(k+2 1) |:k:| tn+ka
¢

k=0
where t,. := 0. Furthermore, for all integers 0 < n,ni,ny < r — 1, we have

n
n n —3n— n
Tov - tn o< (201D Z(—l)ka@k 3n=3) {k} Can—r)+3,6(Oln—r,

k=0 ¢
. C—(n+3)n r—n—1

Tt 0 (<) 3 D (Ot
1
k=0
ni  ns
Ty - (tnl ® tng) x 4-2(?11—7!2"1‘1)("1—%2) Z Z (_1>k1+k2
k1=0 ko=0

C2(k1—k2)2—k1(3n1—4n2+3)+k2(4n1—3n2+1) n n2
k1 ¢ ko ¢

E4(n1*k1 —na+k2)+3,—4(n1 —k1—no+k2)—1,k1 ko (C)tnl_kl ® tnz—kz y

where Cpy 1 (C); Dinn(C)s By mona,ng (§) € Z[C] are defined by Equations (45), (47),
and (51) for all m,my,mg € Z, and where G,, € Z[(] is defined by Equation (4).

Since the proof of Proposition 7.2 is a direct computation, we postpone it to
Appendix B.

8. INTEGRAL RESCALING
In this section, we define a basis
%g/::{v;:vgl(@...@v;g\Ognjér—lVléjég} (27)

of the Schrodinger representation V; obtained from %’; by rescaling, which we refer
to as the integral basis. For every n = (n1,...,ng) € Z*9 satisfying 0 <n; <r—1
for every integer 1 < j < g, let us set

i1
vy, = h(C)_{ ? Jtn, (28)
where
h(q) :=1—q € Zlg.q']. (29)

In order to motivate the name of (%’gl, let us recall a few simple results from
elementary number theory. If z,y € Z[(], then we write x ~ y whenever there
exists an invertible z € Z[(]* such that = yz. Then, we have

r—1
h(¢) = ~Gn (30)
for every n € Z/rZ, where G, is the Gauss sum defined by Equation (4). Indeed,
h(¢)"™r ~ r ~ G2, but h(¢) is prime in Z[(], as proved in [MR97, Lemma 3.1.(3)
& (i1i)], so Equation (30) follows.
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Proposition 8.1. For all integers m,n > 0, we have

W)= Crnla), (31)
W) | Don(a), (32)
10 Sl I N (33)

where Cry 10(q)s Dinn (@), Emy imana i (@) € Zlg,q ] are defined by Equations (45),
(47), and (51).

Since, once again, the proof of Proposition 8.1 is obtained by direct computation,
we postpone it to Appendix C.

9. MAIN THEOREM

In this section, we prove our main result.

Theorem 9.1. If r is prime, then the Z[(]-lattice V, = <%5l>z[c] C Vy defined by
Equation (27) is invariant under the actions of both Hy and Mod(X).

Proof. Thanks to Proposition 7.2, we have

2
AN o kemzen {2k m /
SRR WOl 1] k], e

1
n — n— ntk | _|n| |1
Buf, = (33 (R Dpoyl==]-13] M U
k=0 ¢
where t,. := 0. Furthermore, we have

To -0, oc (2D zn:(_l)kgk(%—i’m—s) {n} Cian—ar+3%(C) o

Pt ke nolsl-L=*1 "
r—n—1
75 'U;z o (_1)n<7(n+3)n ZC72k(k+2n+1)
k=0
n+k | _ | n
h(C)L 2 J L2JDrfn7k71,n(O ’
Gl anrk’
ny nz
Ty (v, ®v),) oc XD S SNyt
k1=0 k2=0

<2(k17k2)27k1(3n174n2+3)+k2(4n173n2+1) ni N2
k1 ko c

¢
E4(n1 —k1—no+k2)+3,—4(n1—k1 —naotka)—1,k1,k2 (C) /

% ’

\_nl;an_Lnl#»nQ;klszJ ni—ki
Then, the claim follows from the identities

{BJ _ n—~k < k+1 ’
2 R
n+k _[QJ‘F r—k 27“—1’
2 2 2| 2
nmtng |  |nitng—k—kp < ki +ky+1
2 2 171 2
together with Equations (31), (32), and (33). O

/
® U’I’L27k27
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Remark 9.2. In the proof of Theorem 9.1 we only checked integrality of coeffi-
cients for the action of positive Dehn twist generators 7, 73, 7y, because the same
property for their inverses is an immediate consequence of our choice of represen-
tatives with determinant in Z[(]* for 14(7a),¥y(75),%¢(7y) € PGLg()(Vy), see
Equations (14)—(16). Notice that the same implication does not hold for the choice
of representatives appearing in [DM22, Equation (19)], as observed in [DM22, Re-
mark 2.25].

Let us consider the basis of ?’fgv(r) defined by

a=(ay,...,ay),b=(b1,...,by) € N9,
n=(ny,...,ng) € N*9, , (34)
Oéaj,bj,njgrfl Vléjgg

which is built from the bases %) , and (%’gl defined by Equations (10) and (27)
respectively. Let us also denote by

L= ((1,...,€g),n = (nl,...,ng) S ng’

m = (my,...,mg) € N9, (35)
Oéﬁj,mj,nj <r—-1VvV1<ji<yg

v . )7 /
By" =1 I'(a,b)@wv,

BEVT = B P

the basis of U, defined by

z;? m;
EY1 F™ .= h(¢) { 2 JEflelFW ®...® E%T,, F"),
where

= n—k n— n— n
T, = Z(—l) kgn=k)n=1) {k]clk

k=0
for every integer 0 < n < r — 1. Finally, let us denote by

)" ") = (B Vg c %), Uy = (BE Vg c U, (36)
the Z|(]-lattices spanned by these two bases.
Corollary 9.3. The Q(()-linear isomorphism @, : %gv(r) — Uy defined by Equa-

tion (23) restricts to a Z[(]-linear isomorphism @ : %gv’(r) — U, that intertwines
the actions of both u? and Mod(X,).

Proof. Up to reordering, the basis %’fllF of Equation (35) is obtained from the

image of the basis %’5 " of Equation (34) under the isomorphism @, : %g\/(r) — U,
of Equation (23) by a diagonal rescaling, with each rescaling factor being a power
of ¢. Therefore, the two bases span the same Z|[(]-lattice U, C Uy. Then, the claim
about the action of Mod(X,) follows directly from Theorem 9.1. Furthermore,

since the action of E, F%) 1,, € u? onoRu e %X_é’") C %’Eg ®zm,) Vy determined

by Equations (20)—(22) is clearly independent of v € V,, then the Z[(]-lattices

%n‘fg(’r) C %’n‘fé” and Ué C Uy are both stable also under the action of u? O
APPENDIX A. QUANTUM IDENTITIES

We will make extensive use of the identities

quk [ngl]ﬁqk_”[z_ﬂq’ (37)

nl _ _pln—1 nek |n—1
R s R P o
q q q
which hold for all integers n > 0 and k € Z, see [Ja96, Equations (1) & (2),
Section 0.2].
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For all integers ¢, m,n > 0 satisfying m < n + ¢, let us set

n

Aema@) = 3 (gt (1) RS (39)

m
k=m—¢

Lemma A.1. For all integers {,m > 0 and n > 0 satisfying m < n + £, the
polynomial Ae m n(q) € Zlg, q 1] satisfies the recurrence relation

AZ,'rn,n (Q) = A€,7n,n—1(Q) - qm72n+2A€+1,m,n—1(Q)- (40)
Proof. We have

39 men n| [k+/¢

Af,m,n(Q) (:) (_ qu( w [IJ [ m }
k=m—~{

1

1)
i e (A R P4
)

q
q
_ ok k(m—nt2) [P — 1] [k+ ¢
= [k | [,

k=m—¢
n
_ g2 Yl g(e= 1) (m—n+2) |1~ I (k+¢
> 0 R
k=m—{ q q
39 _
( ) AZ m,n— 1(Q) - qm 2n+2AZ+1 m nfl(Q)' O
Lemma A.2. For all integers £,m,n > 0 satisfying m < n + £, we have
_ (_1\n,,(+1)n t
Acmanla) = (g h—J; (a1)

Proof. Let us prove Equation (41) by induction on n > 0 for all 0 < m < n+ £. If
n=0and 0 < m < ¢, then we have

Aomola) (39) 20: (—1)kgktm+D) {ZL {kn—&;é]q _ Lf;]q.

k=m—/{
If n>0and 0 <m < n—+¥ then we have

(40) m—2r
Apmn(@) =" Apmn—1(0) — """ Api1mn—1(9)

_1\yn—1_(f+1)(n—1) 14 _ (_1\n—1 _m+l(n—1) £+1
(1" [m_n+Jq (1" g [m_n+1q

o 4 o f+1
_1\n,(+D)n [ —t—-1 m—~£—n
(=) ( q [m—n—#lL—i_q {m—n+1L>

(‘2) (_1)nq(€+1)n|: 14 :| )
q

m—n
For every integer n > 0, let us set
= k(n—s) |1
Bula) = (-1t o] (42
k=0 q

Lemma A.3. For every integer n > 0, the polynomial B,(q) € Z[q,q™ ] satisfies
the recurrence relation

Bu(q) = q7""{n = 3}¢Ba-1(a)- (43)
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Proof. We have

k=0 q
(37 - Cko—k(n—5) [ k| —1 ben P —1
=3 (-1)q (q{k +4q b1,
k=0 q
n n— 1 o 1
= (_1)kq7k(n76) [ L } —z(n 3)2 k 1~ (k—1)(n—6) {k— J
k=0 a q

—~
no
—

=" Bn_1(9) — ¢ " ¥B,_1(q).

Lemma A.4. For every integer n > 0, we have

Proof. Let us prove Equation (44) by induction on n > 0. If n = 0, then we have

(42)2 k5k|::| -1
q

(44)

If n > 0, then we have

43) _
Bu(g) 2 ¢ {n - 3},B_1(q)

(42) nol _(n=1)(n=6)

= ¢ " {n-3},(-1)""q = {2 -1}
771(77, 5)

= (-1)"q {2;n}q. O

For all m,n € Z with n > 0, let us set
- - 1k, k(2k+m—n) |1
@)1= 31" M (45)

Lemma A.5. For all m,n € Z with n > 0, the polynomial Cy, n(q) € Z[q,q7]
satisfies the recurrence relation

Omm(‘]) = Cm+2,n+1(Q) + qm+30m+4,n(Q)~ (46)
Proof. We have

n

(45) m—n) |7
Connl@) L 3 (1) gk@4m=m) M
k=0 q

(38) men n+1 n n
2 Z(_l)qu(2k+ ) <qk |: . :l —q +1 |:k v 1:| )
q q

k=0

I
NE

(—1)kghkrm=nt1) {n Z 1}
q

=
Il

0

m+3 k 1 (k 1)(2k+m—n+2) n
YE A
q

(_ 1)n+1 q(71,+1) (m+n+3)

+

(45)
- m+2,n+1 (Q) -

+ qm+3 (Cm+4,n(Q) - (_1)nqn(m+n+4)>

= Chpson+1(9) + qm+3cm+4,n(Q)~ U
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For all integers m,n > 0, let us set

Dn(q) = 3 (—1)hg @kt aminsd) [Z] Costomoimla™). (47)
k= q

[}

Lemma A.6. For all integersm > 0 andn > 0, the polynomial Dy, »(q) € Z[q,q ]
satisfies the recurrence relation

Dpn(q) = (1 - ffz(mw) Dyn—1(q) — ¢ 2™ Dy i1 1 (q) (48)

Proof. We have

A
15

NE

)

- m—+n n —
Dmm(‘]) (‘qu k(2k+amtnitl) L‘:] Cf4k72mfl,m(q 1)
q

ko —k(@ktdmant1) [ k[P —1 k—n | —1
(=1)"q <q { i L+q {k_l]q)

ak—2m-1.m(q7Y)

b
Il
o

w

IE

3
N
o

Q

n

) _ man) |7 —1 _
(_1)kq k(2k+4m+n) |: f :| C*4k72m71,m(q 1)
0 q

(

s

b
i

—2(2m—+n - -1 _—(k— m+n n—1
—q 2(2m+n+1) Z(il)k lq (k—1)(2k+4m-+n+2) |:k - 1:|
k=0 q

(C_sh—2mit,me1(q7h) + ¢ P20 g _omizm(a™h))

(47) —2(2m+n m
- Dm,nfl(Q) —q 2(2mtn+l) (Dm+1,n71(q) + q2 +2Dm,n71(Q)) . g

Lemma A.7. For all integers 0 <m <n <r — 1 we have
Dy _p10(¢) =0. (49)

Proof. Let us prove Equation (49) by inductionon 0 < n < r—1forall 0 < m < n.
If n =1 and m = 0, then we have
1

D,_11(¢) ‘o (—1)k¢2R0=1) Lﬂ Cogpr1r—1(CY)
¢

(45) (=1)h¢ 2k ﬁL (f(_l)zc—zm—zkﬂ) [T z 1]4)

£=0

where the third equality uses the identity
T e (50)
¢ ¢
which holds for all integers 0 < m<r—land 0</<r—m—-1. Ifl<n<<r—1
and 0 < m < n, then we have
Drfmfl,n(C) = (1 - CQ( +1)> Drfmfl,nfl(C) - C2(2 +1)Dr7m,n71(<)
= 0.

Notice that, when m = n — 1, the induction hypothesis does not allow us to recover
the value of D, _,,—1,-1(¢), but in this case 1 — ¢2m=nt+l) — (. O
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For all mq, mo,ny,ne € Z with ny,ny > 0, let us set

E E k1+k2 2k1 k2)?4k1 (m1—n1)+ka(ma—n2)

k1=0ko=0

[ZiuzzL- o

APPENDIX B. COMPUTATIONS

Eryimama 7”2

In this section, we prove results that were announced in Section 7.
Proof of Lemma 7.1. 1t is enough to prove that

3 (1) H (Zcmk m>[ Lm) e

k=0
This follows from the computation

n

;;)( )=k n=k)(n=1) [ } (ngw m)[ Ltm)

1y ntn=) ZC m? (Z (1) ckom—nt1) mc Uﬂ{) .

k=m

:) (71)n<n(n71) Z CimQAO,m,n(C)tm
m=0

@) 2= oz [ 0 B
=y ¢ {m—nLtm = t,. O

Proof of Proposition 7.2. For «, we have

(_1)n7k<(n7k)(nfl) |:Z:| Q- v
¢

(_1)n—kC(n—k)(n—1)+4k |:Z:| vk
¢

k
(26) n— n— n— n m(k—m k
= (R MXZC " >[mLtm>

m=0
1)n<n(n—1) Z C—mz
m=0

(£l 1)-

k=m

— (pree Y
m=0
(Z (71)k+mc(k+m)(mfn+5) [k; J_Lm] C [k —;Lm] C) -
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Cn(n 1) Z mC m(n—>5) |:m:|

¢

(42) nn(n—1) S m n
D (—1yrgneD 3 (1) M B (Ot
m=0 ¢
(49) cnin=1) Z ¢-m(n=5) wu n—m}e { } .
¢
 k(k— 2n+5)
= C4”ZC {2k} { ] n—k-
k=0
Notice that, when k > 2, we have {2;k}. = 0. For S, we have
(25) ik n=k) (- [
3.1, Z kn=k)(n=1) ZCﬂ'vk
(13) n—k p(n—k)(n—1) | 7]
9 S kg 1),
k=0 Sl
(26) < ] (S k41
<D _1\n—k,(n—k)(n—1) m(k +1)
S S k(Zcm i ]m)
k=0 L4 ¢ \m=0 ¢
n+1 n
= Gy e (3 (apgren i) [11
m=0 k=m—1 ¢
(39) n+1
22 (71)n<n(n71) Z Cim(mil)Al,m,n(C)tm
m=0

1) n+1 1

21 ~(n+1)n —m(m—1)

D (i 3¢ o lu]
m=0 ¢

1
n — n— 1
— C2 Z C k(k+2n—1) |:k;:| thrk'
¢

k=—n

Notice that, when k < 0, we have ﬁ] = 0. For 7,, we have
¢

2 § —k(n—k)(n—1) |7
n — Z<_1)n (n " k Ta * Vi
k=0 <
(g(l) (_1)n—k<(n—k)(n—1)+2(k+l)k {Z] .

k=0 ¢

19

n k

26) n— n— n— n m(k—m k

(26 Z(_l) ke (n=k)(n=1)+2(k+1)k {k] (Z ¢mk—m) [m] tm>
k=0 ¢ ¢

m=0

1)ncn(n71) i Cfmz

m=0

(Berener ] 1)

k=m
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_ (_1)ncn(n—1) Z C—mz
m=0

— _ 1\k+m (k+m)(2k+3m—n+3) n k+m
(Z( e ] L)) e

k=0
_ Cn(n 1) Z mcm(2m n+3) |1
=0 ¢
n—m n—m
_1\k E(2E+5m—n+3) -
(Z( 1) s )tm
k=0 ¢
(45) n(n—1) m m(2m-n+3) | T
C Z C m Cc4m+3,n7m(<-)tm

n

= Y (g M Can—t)+3.6(Q)tn—k-

k=0 ¢
For 75, we have

25) — _ _ 1 |n
ot S capcohien [1] o
k=0 ¢

n r—1
(é?) Gi (= 1)k =R (=1 =2(k=0) (b= L=1) [’Ij 0
L ¢
n r—1
(2:6) i (_1)n—kc(n—k)(n—l)—2(k—€)(k—£—1) [ﬂ
L k=0 ¢=0 ¢
1
(Sl
m=0 m ¢
r—1 n
R Y —m? k —k(2k+n—3) [T
SRl S PO Al

—
|
[~z
L

N
e~

+

&

R

B

=

JF

3

JF

)

| — |
~
3+
3

| I

e

N———
N——

~

3

=0
n(n— r—1 n
(5:0) ) (n—1) ZC 2(m+1)m k(2k—4m4n—3) [T
k
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r—m—1
( Z —p(26— 4k+3m+2)|: —m—l] ))t
=0 ¢ ¢
n(n—1) 7—1
47
(:) ) C Z< 2(m+1)mD o 1n(§)tm
Cf(n+3)n7" n—1
- (71)’”7 Z CiQk(kJrszrl)Dr—n—k—l,n(g)tn+k~
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Notice that, when k < 0, we have D,_,,_x_1,,(¢) = 0, thanks to Equation (49).

For 7, we have

ni no

) Z Z (—1)m—krtna—kz - (m—k1)(m —1)+(nz—kz)(nz2=1)

k1=0 k2=0

n1 N9
F RS

L. N1 N2
(19 Z Z(_1)n1—k1+n2—kgc(n1—kl)(n1—1)+(n2—kg)(n2—1)

2

&

(
Ty - (tn1 ® tn2)

k1=0 ko—=0
C2(k1—k2+1)(kl_k2) |:le| |:22:| Vg, ® Vg,
1 C 2 C
ni n2
(2_6) Z Z(_1)n1—k1+n2—k2g(n1—kl)("1_1)+(n2_k2)(n2_1)
k1=0 k2=0

CQ(kl—k2+1)(k1—k2) n )
k1 ¢ ko ¢

k1 ko
Z Z le(k17m1)+m2(k27m2) kl k2 tm1 ®tm2
mi ¢ mo ¢

m1=0mgo=0

— (_1)n1+n2Cnl(nlfl)JrnQ(ngfl) zl: 22: Cfmffmg

ma =0 mao =0

( zl: 22: (_1)k1+k2<2(k1—k2)2+k1(m1—n1+3)+k2(m2_n2_1)

ki=m1 ka=m2

RN AR
¢ mi ¢ L2, ma ¢

— (_1)n1+n2Cnl(nlfl)JrnQ(ngfl) zl: 22: Cfmffmg

ma =0 mo =0

ny—mip na2—msa

E E (_1)k1+m1+k2+m2<2(k1+m17k27m2)2
k1=0 ko=0

C(lirml)(ml7n1+3)+(k2+m2)(m27n271)

ny Ifl + mq %) kQ —+ mo ¢ @t
k1 + mq ¢ mq ¢ ko + mo ¢ mo ¢ m ma

ni no
_ (_1)n1+n2Cnl(n1_1)+n2(n2_1) Z Z (_1)m1+m2

m1=0ms=0

<2(m17m2)27m1(n173)7m2(n2+1) |:TL1:| |:n2:|
¢ ¢

mi mo

ny—mi ng—ms:
( S (mnkthe k) mket2m mma) )

k1=0 ko=0

ky

CFama—nat 1)+ (ma—na+1) [”1 - ml} {“2 - mﬂ ) tm, @ tm,
¢ ¢

ko
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S (—pymtmagmmDtnana ) Z Z (=)

m1=0mo=0

<2(m1—m2)2—m1(n1—3)—m2(n2+1) |:

1
mi

¢ M2l

E4(m1*m2)+3ﬁ4(m1*m2)*1’n1*m1’n2*m2 (Otmy ® tm,

— C2(n17n2+1)(n17n2) Zl i(*l)kl+k2

C2(k:17k2)27k1(3n174n2+3)+k2(4n173n2+1) |:n1:| |:n2:|
¢ ¢

k1=0 k2=0

k1 ko

Ey(ny—k1—na+ks)+3,—4(n1—k1 —nz+ka)— Lk ks (Olny —ky @ tny—ky-

APPENDIX C. DIVISIBILITY RESULTS

For all /,m € Z, let us set

c(l,m) = £(20 4+ m).
Remark C.1. Notice that we have
clym)=cl—1,m+4)+m+2

for all £,m € Z. Furthermore, we have

et =w(}) = (=20-0(} Z3) + (7 71))

for all integers 0 < k < n and m € Z.

For all integers £,n > 0 and m € Z, let us set

n

k=0

Remark C.2. For all integers £,n > 0 and m € Z, we have

d
dq

(Pl,m,n> (Q) = q_llerl,m,n(q)'

Lemma C.3. For all integers £,n >0 and m € Z, we have

-1
Pé,m,n(Q) = nqm—n+2 Z

Proof. We have

PE,m,n (q)

(200~ DPsmszna(a) = (m + W)Pimsans @)

=0

(5 Jommwer

O

(52)

(53)
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522 (k—1,m—n+4)4+m-n+2)"

-2 —1
ng™ "t (—Z(n —1) (Z _ 1) + (m+n) (Z _ 1)) gek=tm=n+d)

PICHEEI

(55

||Cn

j=0
ng™ "2 ( —2(n —1)Pj mt2n—2+ (m+ n)Pj77n+37n_1). O
Lemma C.4. For all integers m € Z and n > 0, we have
W)= | Pomn(a). (58)

where h(q) :=1—q € Z[q,q71].

(&) neo-s

for every integer 0 < ¢ < % Thanks to Equation 56, we can equivalently check
that

Proof. Let us prove that

Ppyn(1)=0
for every integer 0 < £ < "T_l Equation (57) implies that

m<i<m+3/¢
Prmn(q) € <P0,i,j(q) ‘ n-20<j<n > '
~ ~ Z

The claim then follows from
Pras0 230 (3) = ao 0
k=0
For all ¢4, 05, m1,ms € Z, let us set
e(l1, o, my,ma) := c(ly, mq) + c(la, ma) — 4€145. (59)
Remark C.5. Notice that we have
e(l1,la,m1,ma) =e(ly —1,03,my +4,ma —4) +mq +2
=e(l1,lo —1,m; —4,mg +4) +mg + 2
=e(ly — 1,05 — 1,my,ma) + m1 + ma2 (60)

for all ¢4, 5, m1, my € Z. Furthermore, we have

st ) 1)

o (= () e (1)) (1)

o (s 022+ e (1) (1)
2 71) (1201 o

for all integers 0 < k1 < n1, 0 < ko < ng, and mq, mo € Z.
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For all integers ¢,n1,ns > 0 and my,my € Z, let us set

n n
Qe mamy s (4 Z Z DRtk £y kg my — ny,ma — ng)* (é) (kj)

k1=0 ko=0
qf(kl,kz,m1*’ﬂl,m27n2)' (62)

Remark C.6. For all integers £,nq,n2 > 0 and mq, ms € Z, we have

d _
(dqu,ml,mz,nhTQ) (Q) =4q 1Ql+1,m1,m2,n1,n2 (CI) (63)

Lemma C.7. For all integers £,n1,ns > 0 and my, ms € Z, we have

Qf,mhmzynhnz (Q)
-1
-1 .
G (s
i=o N/

( - 2(7’L1 - I)Qj77711+27m2—47n1—27"2 (Q) + (ml + nl)Qij +3,m2—4,n1—1,n2 (C])>
+ (mg — N9 + 2)Z7j71n2qm27n2+2
( = 2(n2 — 1)Qj,my —4,ma+2,n1,n2—2(q) + (M2 + nz)Qj7mr47mz+3,m,nrl(Q))

_ (ml +me —ng — n2)£—7—12n1n2qm1+m2—n1—n2

Qj,ml—l,mz—l,nl—l,ng—l(Q))' (64)

Proof. We have
Qe yML, M2, 11,2 (q)

62 ny\ /n
@ Z Z )RR £k, kg, my — ny,ma — TLQ)@(]{I) <k‘z)

k1=0ko=0

f(k1,k2,m1—ny1,ma—n2)

q

61 -
@ Z Z 11582 £k, kg, my — naymg — ng)!

k1=0 k2=0

ny — 2 ny — 1 n2
— -1
(m ( 2(ny )(lﬁ _ 1) + (ma +n1)(k1 — 1)) (kz)
Ny — 2 ng — 1 ni
+ny (—Q(nz - 1)(k2 _ 1) +(m2 +ns) (kg - 1>> (lﬁ)
B ni—1\ /ny—1 f(k1,k2,m1—n1,ma—nz)
27“?7,2 <k‘1 - 1> (k/? - 1>) ¢
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(60) S _1\k1+k2
=2 2.1

k1=0 k2=0

N———
~
L

<f(k:1l,kg,mln1+4,m2n24)+m1n1+2

-2 ny —1
mi—ni+2 _9 -1 n 1
niq < (n1 )<k1 )T (m1 +ny) by 1

N2\ f(ki—1,k2,m1—n1+4,ma—nz—4)
ko )

N—
~
L

+<f<k17k2_1>m1_n1_47m2_n2+4)+m2_n2+2

-2 -1
s (o0 (2 25) e (3221))
2 = 2 =

<n1 qf(kl:szl’m1*n174,m27n2+4)
k1

-1
— <f(k1 — 1,I€2 — 1,m1 — N1, M3 —Tl2) +mq 4+ mo —nq —TLQ)

—ni—ny (M1 1Y (2 =1 k1i—1ka—1,m1— —na)
innzqm1+m2 ni nz( ) ( >qf( 1—1,ka—1,m1—n1,ma—no
ki —1)\ke —1

62) <= (£ —1 4

(:) 2 : ( . ) ((ml —ny + 2)[—]—1n1qm1—n1+2
; J
j=0

( —2(ny — 1)Qj,m1+2,m274,n172,n2 (q) + (m1 + nl)Qj7m1+3»m2*4»n1*1,n2 (Q)>
+ (M2 — ng 4 2)" " Inygma 2t
( —2(n2 — 1)Qjmy —4,mat2,m1 ,na—2(q) + (M2 + nz)Qj,m1—4,m2+3,n1,n2—1(Q)>

—(m1+me —ng — ng)g’ﬂ’12n1n2qml+m2’”1’"2

Qj,m117m21,n11,n21(q)) . U
Lemma C.8. For all integers my, mo € Z and ni,ny = 0, we have
nq4ng+1
h’(Q)L ' 22 ! |Q0,m1,m2,n1,n2(Q)a (65)

where h(q) :=1—q € Zlg,q7'].

d 4
<(dq> Qoyml,mZ,nl"ﬁQ) (1) =0

for every integer 0 < ¢ < %"2*1 Thanks to Equation 63, we can equivalently
check that

Proof. Let us prove that

Q£7m11m27n11n2 (1) =0

ni+ns—1
2

for every integer 0 < ¢ < . Equation (64) implies that

Qf7m1,m27n17n2 (Q) € <Q07i17i2»j1,j2 (Q)

m1+m272€<i1+i2<m1+m2
ny+ng — 20 < g1+ j2 <Sny g 7
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The claim then follows from
Jj1 o J2 . .
(62) kitke [J1N [ T2
Qi1 ,ing1.52 (1) = kZOkZ:O(—l) o 2(k1> (k2> = 04,,00j5,0- U
1=0 ko=
We are now ready to prove Proposition 8.1.

Proof of Proposition 8.1. First, in order to prove Equation (31), we simply notice

that
() ene) 0= (&) )=

n—

for every integer 0 < £ < %51, where the polynomial

2
PZ,nL,n(q) € Z[Qa qil]
is defined by Equations (52) and (55) for all integers ¢,n > 0 and m € Z. Indeed,

if we set
-,
m (1) = (Z)

d |n
— 1) =0.
(@)
Then, the claim follows from Equation (58).
Next, let us prove Equation (32) by induction on n > 0 for allm > 0. If n =0
and m > 0, then we have

then we have

(47)

Dm,O(Q) = C—2m—1,m (qil)-

This implies
na ] | Do(@).
and the claim follows from h(q) | h(¢™!) = —¢~'h(q). If n > 0 and m > r — 1, then
we have
Dm,n(q) (g) (1 - q72(m+n)) Dm,nfl(q) - q72(2m+n+1)Dm+l,n71(q)a

and the claim follows from h(g™1) | (1 — ¢=2(m+m)).
Finally, in order to prove Equation (33), we notice again that

d\* d\?
<<dq) Eml*mz’nl’n2> (1) - <<dq> Qo’m11m2,n1,n2> (1) =0

ni+ns—1
2

for every integer 0 < £ < , where the polynomial

Qe’m11m27n1»n2 (q) € Z[q7 q_l]

is defined by Equations (59) and (62) for all integers ¢, nq,n > 0 and my,ms € Z.
Then, the claim follows from Equation (65). O
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