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Recently introduced “fuzzy sphere” method has enabled accurate numerical regularizations of
certain three-dimensional (3D) conformal field theories (CFTs). The regularization is provided by
the non-commutative geometry of the lowest Landau level filled by electrons, such that the charge is
trivially gapped due to the Pauli exclusion principle at filling factor ν = 1, while the electron spins
encode the desired CFT. Successful applications of the fuzzy sphere to paradigmatic CFTs, such
as the 3D Ising model, raise an important question: how finely tuned does the underlying electron
system need to be? Here, we show that the 3D Ising CFT can also be realized at fractional electron
fillings. In such cases, the CFT spectrum is intertwined with the charge-neutral spectrum of the
underlying fractional quantum Hall (FQH) state – a feature that is trivially absent in the previously
studied ν = 1 case. Remarkably, we show that the mixing between the CFT spectrum and the
FQH spectrum is strongly suppressed within the numerically-accessible system sizes. Moreover, we
demonstrate that the CFT critical point is unaffected by the exchange statistics of the particles and
by the nature of topological order in the charge sector. Our results set the stage for the fuzzy-sphere
exploration of conformal critical points between topologically-ordered states.

I. INTRODUCTION

Understanding the universal properties of continuous
phase transitions has been a long-standing area of fo-
cus [1]. A powerful tool in this endeavor have been con-
formal field theories (CFTs) [2] – a class of interacting
field theories with a rich symmetry structure that can
emerge in statistical mechanics models tuned to a crit-
ical point [3]. In two dimensions (2D), the symmetry
is further enhanced, which leads to the exact solvability
of such CFTs [4], enabling tremendous progress in the
analytical understanding of critical phenomena [5].

In contrast to this elegant framework, progress on
CFTs in d > 2 dimensions has been hindered due to
their different algebraic structure, requiring the use of
sophisticated techniques such as conformal bootstrap [6].
One promising direction for numerical studies of lattice
models realizing CFTs is the so-called state-operator cor-
respondence [5], which allows for the direct extraction of
CFT data from a quantum Hamiltonian. This procedure,
however, is exact only when the quantum theory is de-
fined on Sd−1 × R [7, 8], i.e., when the lattice model is
embedded on a (d−1)-dimensional sphere Sd−1. For one-
dimensional (1D) quantum systems, the “sphere” is sim-
ply a ring with periodic boundary conditions, which al-
lows for treatment by standard numerical techniques [9–
12]. Unfortunately, for d > 2, the Sd−1 manifold displays
non-zero curvature and lattice models can no longer be
seamlessly embedded into it.

In the special case d = 3, the challenge of state-
operator correspondence has recently been circumvented
in Ref. [13] by abandoning the lattice description and in-
stead embedding the CFT into a continuum gas of elec-

FIG. 1. (a) Fuzzy sphere with a magnetic monopole at its
center (star). In contrast to previous works that considered
electrons as underlying degrees of freedom, we consider com-
posite fermions, i.e., electrons dressed with two magnetic flux
quanta (yellow arrows). The composite fermions carry an in-
ternal layer degree of freedom (depicted by blue and red). (b)
A schematic of the phase diagram as a function of the tuning
parameter h, with prototype spectra, energy E vs. angu-
lar momentum L, in the gapped phases (gray boxes) and at
the critical point (red box). In gapped phases, the low-lying
spectrum consists of an FQH ground state and the gapped
magnetoroton collective excitation (dashed line). In the or-
dered phase h < hc, the ground state is two-fold degenerate,
while it is unique in the disordered phase h > hc, signalling an
Ising-type transition. At the critical point, a gapless spectral
branch described by CFT emerges (yellow triangle).

trons that fill the lowest Landau level (LLL) in a perpen-
dicular magnetic field. The projection of the electrons’
Hilbert space to the LLL results in non-commutativity
of their coordinates, [X̂, Ŷ ] = −iℓ2B , where ℓB =

√
ℏ/eB

is the magnetic length [14]. This uncertainty relation
smears the notion of a point and the electrons can be
viewed as living on the surface of a “fuzzy sphere” [15],
with the magnetic field generated by a Dirac monopole
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at its center [16], see Fig. 1(a).

The numerics on the fuzzy sphere have successfully
demonstrated conformal invariance and extracted CFT
data in a number of Wilson-Fisher theories [13, 17–25].
More recently, this scheme has been applied to deconfined
quantum phase transitions in the SO(5) [26] and related
Sp(N) theories [27], showcasing its applicability to crit-
ical points both within the Landau-Ginzburg paradigm
and beyond. In these applications, the electrons com-
pletely fill the LLL, forming an integer quantum Hall
state. However, a partially-filled LLL can host a mul-
titude of exotic fractional quantum Hall (FQH) phases,
such as Laughlin [28], composite fermion [29] and Moore-
Read [30] states, in which electrons fractionalize into
anyons [31]. Would the fuzzy sphere approach still work
if the electrons formed such complex many-body states?
In other words, is the method applicable to the cases il-
lustrated in Fig. 1(a), where the underlying degrees of
freedom are composite fermions, i.e., electrons dressed
by an even number of magnetic flux quanta [32]?

In this paper, we argue that the fuzzy sphere regular-
ization can indeed be applied to large classes of gapped
FQH phases hosted in the charge sector. We illus-
trate this by realizing the 3D Ising CFT using several
Abelian and non-Abelian FQH states. The key differ-
ence with previous work is that the low-energy spec-
trum of FQH states generically exhibits a gapped col-
lective mode [33, 34], as observed in numerous experi-
ments [35–37]. In the long-wavelength limit, this mode is
described by a variant of gravitational Chern-Simons the-
ory whose formulation has attracted much effort over the
past decade [38–45]. In the scenario explored here, the
gapped FQH spectrum persists for all values of the tun-
ing field h, see Fig. 1(b), while precisely at criticality, the
CFT branch comes down and dominates the low-energy
description. While we will show that there is only weak
“hybridization” between the CFT and FQH spectrum in
the examples considered below, the setup developed here
may, in principle, allow to probe the intriguing possibility
of strong coupling between such theories.

The remainder of this paper is organized as follows.
In Sections II and III we introduce the model and in-
vestigate its ground state through exact diagonalization
and mean-field theory. After presenting evidence for an
Ising transition, we then assess the conformal symmetry
at the critical point in Section IV through finite-size scal-
ing and conformal perturbation. We observe good agree-
ment between the spectrum of the model and the oper-
ator scaling dimensions of the 3D Ising CFT, even when
such states are energetically near the charge-neutral ex-
citations of the underlying FQH state. In Section V we
demonstrate the decoupling between the charge and spin
sectors of the model through the lens of F-theorem. We
find that, once accounting for the interacting nature of
the charge sector (by subtracting its topological entangle-
ment entropy), the remaining entropy exhibits an almost
identical behavior to that of the ν = 1 model. In the
Appendices, we demonstrate the broader applicability of

our results to different filling factors and topological or-
ders, with further details on the construction of minimal
models.

II. MODEL

We employ the model of the fuzzy sphere similar to
that of Ref. [13]. Consider N particles on a sphere
with radius R, with a magnetic monopole of strength 2Q
placed at its center [16]. The particles carry an SU(2) in-
ternal degree of freedom which we can physically think of
as a “layer” index, ↑, ↓. The monopole generates a radial
magnetic field B = (2Qϕ0/4πR

2)r̂, where ϕ0 is the flux
quantum. The magnetic field leads to the Landau level
quantization for a particle on the surface of the sphere.
Restricting to the Lowest Landau level (LLL) gives rise
to an effective non-commutative geometry, where the no-
tion of a point is not defined on length scales smaller than
ℓB . In the LLL, the single-particle states are given by
monopole harmonics [46, 47]. The monopole harmonics
are approximately localized (to within ∼ ℓB) around the
circles of latitude, see Fig. 1(a), and there are 2Q+1 such
orbitals that are linearly independent and form the basis
of the LLL. The ratio of the number of particles and the
degeneracy of the LLL allows us to define the filling factor
ν in the thermodynamic limit, ν = limQ→∞N/(2Q).
Our model is described by the Hamiltonian

H = Hintra +Hinter +Ht, (1)

where the first two terms, corresponding to interactions
between particles belonging to same (“intra”) or opposite
layers (“inter”), produce an effective Ising coupling for
the layer degrees of freedom, while the final termHt plays
the role of a transverse field. Specifically, in the second-
quantized form, the three terms are given by

Hintra =
∑
a=↑,↓

Q∑
j1,2,3,4=−Q

V intra
j1j2j3j4(c

†
j1
σacj4)(c

†
j2
σacj3) ,

(2)

Hinter = 2

Q∑
j1,2,3,4=−Q

V inter
j1j2j3j4(c

†
j1
σ↑cj4)(c

†
j2
σ↓cj3) , (3)

Ht = −h
Q∑

j=−Q

c†jσ
xcj , (4)

where cj = (cj↑, cj↓)
T is the bilayer annihilation operator

for the j-th LLL orbital, and σ↑,↓ are projectors onto
the ↑ and ↓ components, respectively, and h is the local
magnetic field in the transverse x-direction which couples
to the standard Pauli matrix σx.

Due to the rotational invariance of the interactions,
the Hamiltonian matrix elements V intra

j1j2j3j4
, V inter

j1j2j3j4
are

fully specified by a discrete set of numbers {Vm} called
the Haldane pseudopotentials [16], where integer m rep-
resents the relative angular momentum of a pair of parti-
cles. For the illustrative example of ν = 1/3 state that we
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focus on throughout the main text, the pseudopotentials
are chosen according to:

V intra = {V0, V1} = {0, 1},
V inter = {V0, V1, V2, V3} = {1, 1, 0.49, 0.09}. (5)

Note that the allowed values of pseudopotentials are con-
strained by the exchange statistics of the particles and
their layer index. This is why, for example, we can
set V intra

0 = 0 when we consider fermions [48]. In Ap-
pendix A we provide further justification for the model
in Eq. (5), while the pseudopotentials for other filling
factors are presented in Appendix B.

In contrast to Ref. [13], we will be interested in the
cases ν < 1 when the LLL is not entirely filled by
electrons. For the Laughlin ν = 1/3 state [28] consid-
ered below, we set the monopole strength according to
2Q = 3N − 3, with the constant offset representing the
Wen-Zee shift [49]. Another difference with respect to
Ref. [13] is that we require the presence of both intra- and
inter-layer interactions in our Hamiltonian. Furthermore,
as we have moved away from integer filling, the micro-
scopic particle-hole symmetry is no longer present in our
case. Instead, the principal microscopic symmetry that
we will exploit is the Ising Z2 symmetry, which relates
the two layers by cj → σxcj . Finally, unlike Ref. [13]
which only considered particles with fermionic statistics,
in Appendix B we will show that our results also hold for
bosonic particles with an appropriate interaction.

III. GROUND STATE

In the ν = 1 case, when the spin is fully polarized by
the transverse magnetic field, the ground state is neces-
sarily gapped due to the Pauli exclusion principle: it is
not possible to add another electron (with the same spin)
to the already filled LLL. For fractional ν, the behavior
of the charge sector is far more complicated, even if the
spin is fully polarized: depending on the filling and the
interaction potential, a large variety of phases can be re-
alized, including different gapped and compressible FQH
states, such as the composite fermion Fermi liquid and
symmetry-broken phases [50].

In this section, using a combination of exact diagonal-
ization (ED) and mean-field (MF) theory, we argue that
the ground state of the model in Eq. (5) at filling factor
ν = 1/3 and for all values of the transverse field h is
described by the Laughlin state [28]:

ψν=1/q({ui, vi}) =
N∏
i<j

(uivj − ujvi)
q, (6)

which has been written in terms of standard
spinor coordinates uj = cos(θj/2) exp(iϕj/2),
vj = sin(θj/2) exp(−iϕj/2) on the fuzzy sphere [16]. The
wave function in Eq. (6) describes only the orbital state
of the electrons, i.e., the full wave function is given by a

FIG. 2. Energy spectrum of the bilayer model in Eq. (5)
plotted as a function of angular momentum L. All data is for
N = 8 particles at filling ν = 1/3, obtained by ED. Top panel:
Ferromagnetic phase at h = 0, where the magnetization M ,
Eq. (7), is a good quantum number that has been resolved.
The spectrum is invariant under M → −M , and only M ≥ 0
is shown. Thus, there are two degenerate ground states with
E = 0 (one at M = 8 and one at M = −8), which are
the exact Laughlin states. The corresponding magnetoroton
branch in the fully layer-polarized part of the spectrum can be
observed, although it is partially masked by other low-lying
excitations corresponding to spin waves (e.g., in sector M =
N−2). Bottom panel: Paramagnetic phase at h = 1. There is
now a unique Laughlin ground state, with the magnetoroton
branch present in the even-parity sector.

tensor product |Ψ⟩ = |ψν=1/q⟩ ⊗ |χ⟩, where |χ⟩ describes
the spin component of the wave function. The latter
depends on the value of the transverse field h, as we
discuss below. Note that, if |χ⟩ does not have maximal
spin polarization, the full wave function |Ψ⟩ needs to be
explicitly (anti)symmetrized to make it consistent with
the exchange statistics of the particles.

A. Exact diagonalization

For our interaction in Eq. (5), the existence of the
Laughlin state in the h≫ 1 limit is ensured by the dom-
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FIG. 3. Real-space entanglement spectrum of the ground
state of interaction (5) in the ferromagnetic (h = 0.1) and
paramagnetic (h = 0.3) regimes. Data is for N = 8 particles,
in the NA = 4 sector. The state counting in both Z2 sectors
is 1, 1, 2, 3, 5, . . . , following that of a chiral boson edge mode,
while the entanglement gap between the two sectors increases
with the transverse field.

inance of V1 pseudopotential. Namely, the large x-field
polarizes the system and the resulting single-layer system
is described by an effective “symmetrized” interaction,
(V intra + V inter)/2 [51]. Consequently, in that limit, the
even pseudopotentials V0, V2 in Eq. (5) drop out, while
the V1 pseudopotential – the parent Hamiltonian of the
ν = 1/3 Laughlin state [16] – remains as the leading con-
tribution to the interaction. This analysis furthermore
predicts that the entire low-energy spectrum at h ≫ 1
should correspond to that of the Laughlin state, with
the characteristic gapped collective mode known as the
magnetoroton or the Girvin, MacDonald and Platzman
mode [33, 34]. This is confirmed in Fig. 2.

To obtain an Ising-type transition, we need two degen-
erate ferromagnetic ground states in the limit of no trans-
verse field (h = 0). Furthermore, those ground states
should still belong to the same Laughlin phase or else
we may have another phase transition in the charge sec-
tor, which would severely complicate the analysis. In
Fig. 2 we confirm that, at h = 0, the ground state is
fully spin-polarized by evaluating the expectation value
of magnetization (layer polarization),

M =

Q∑
j=−Q

c†jσ
zcj , (7)

which is a good quantum number in the absence of h. As
expected, the ground state is two-fold degenerate, M =
±N . For general values of h, the ground state is identified
with the Laughlin state by examining the counting of the
entanglement spectrum, which matches the counting of
edge modes of a chiral boson [52] – see Fig. 3.

The system in both h = 0 and large-h limits exhibits a
finite energy gap that quickly converges with respect to
the system size, as demonstrated in Fig. 4. By contrast,
around h ∼ 0.1, the gap in both Z2 symmetry sectors
is seen to be closing with system size, indicative of a

FIG. 4. Gaps to the first excited states above the ground state
in the Z2-even (left panel) and Z2-odd (right panel) sectors.
The even sector is gapped on either side of the transition. In
the odd sector, we can observe the ground state degeneracy
being lifted across the transition, while the next excited state
also has a finite gap in the ferromagnetic regime. The decrease
(and subsequent closing in the thermodynamic limit) of the
shown gaps is consistent with a continuous phase transition
around h ∼ 0.1.

continuous phase transition. This critical point will be
analyzed more carefully in Section IV below.

B. Mean-field approximation

To understand the nature of the ground state at inter-
mediate values of the field h, we apply a MF treatment
in the spin sector. We approximate the ground state of
the bilayer model with a Laughlin state (or a state close
by), rotated by an optimal angle θopt. Numerically, such
a MF state can be constructed as follows [53]. We project
the fermionic operators onto any chosen direction θ:

cj = (cj↑, cj↓)
T → c̃j = (cos

θ

2
cj↑ + sin

θ

2
cj↓, 0)

T . (8)

Bilayer density terms, defined by an arbitrary spin matrix
σa acting in the spin space, take the form

c†j1σ
acj2 → c̃†j1

(
Rθ/2 σ

a RT
θ/2

)
c̃j2 , (9)

where Rθ/2 is the rotation matrix. This similarly applies
to the density-density interactions in Eq. (2), from which
we can extract the effective pseudopotentials:

Ṽm =

(
cos4

θ

2
+ sin4

θ

2

)
V intra
m + 2 cos2

θ

2
sin2

θ

2
V inter
m .

(10)
Upon diagonalizing this single-layer interaction, we ob-
tain the MF state |ψMF(θ)⟩. It is important to note that
while this treatment discards correlations in the spin sec-
tor, it preserves the interacting nature of the charge sec-
tor. The effective Hamiltonian also preserves the Z2 Ising
symmetry, as it is invariant under θ → π − θ.
The optimal angle θopt is chosen such that the corre-

sponding state maximizes overlap with the ground state
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FIG. 5. Mean-field approximation for the bilayer Laughlin
ground state. The polarization θopt is found by maximizing
the overlap of the MF state, defined via Eq. (10), with the
bilayer ground state using gradient descent (inset). In the
ferromagnetic limit, the ground state is fully layer-polarized,
while in the paramagnetic regime it approaches full transverse
polarization. As expected, the MF approach worsens with
increased system size at the critical point.

of the bilayer system. This approximation has a twofold
benefit. First, the evolution of the effective polarization
offers a simple physical intuition for the phase transi-
tion, as shown in Fig. 5. The ground state starts out
as effectively layer-polarized, and gradually tilts towards
θ = π/2 in the paramagnetic phase. However, the overlap
shows a characteristic dip in the vicinity of the critical
point, where the spin correlations become significant. In
addition, the MF picture can improve our understanding
of the underlying field theory, and will be applied to the
study of state-operator correspondence and entanglement
entropy, in Sections IV and V respectively.

We note that, in a similar manner, we can con-
struct MF approximations to the long-wavelength mag-
netoroton states using the single-mode approximation
(SMA) [34]:

|ϕSMA
L ⟩ = ρ̃L,0|ψMF⟩ , (11)

where ρ̃L,0 is the (L, 0) component of the Fourier trans-
form of the single-layer density operator ρ̃. This con-
struction will be useful for identifying energy levels that
form part of the non-CFT magnetoroton branch in the
following section. Furthermore, since the ground state
has Z2-even parity, from Eq. (11) we can anticipate that
the magnetoroton branch should only be present in the
even-parity sector, in agreement with Fig. 2.

IV. ISING CONFORMAL CRITICAL POINT

Thus far, we have established that the ground state
changes from a Z2-ferromagnet to a paramagnet as the
transverse field is increased, hence we expect a continu-
ous Ising-type transition along the way. In this section

FIG. 6. Finite size scaling of the order parameter in the
ground state of the model in Eq. (5). Assuming the scal-
ing dimension ∆ ≈ 0.5181489 [54], the data for system sizes
N > 5 collapse at h = hc ≈ 0.125. The inset magnifies the
crossing region.

we demonstrate that the critical point falls in the uni-
versality class of the 3D Ising CFT, and one can use ra-
dial quantization on the fuzzy sphere to make predictions
about the spectrum and critical exponents at the phase
transition.

A. Finite size scaling and state-operator
correspondence

Before attempting to match CFT operators with en-
ergy levels of finite systems, we first need to locate the
critical point as accurately as possible. We do this with
the help of magnetization in Eq. (7) as the order param-
eter. The critical point is identified as the crossing in the
quantity ⟨M2⟩/(2Q+ 1)2−∆σ , where we use

√
2Q+ 1 as

the length scale of the model (i.e., the radius of the fuzzy
sphere), and ∆σ = 0.5181489 is the scaling dimension
of the σ primary operator [54]. The scaling of the order
parameter is shown in Fig. 6, and we identify the critical
point from the crossing at hc ≈ 0.125. Note that the
fractional filling considerably increases the dimension of
the Hilbert space, limiting the exact diagonalization to
N ≲ 9 particles; the largest Hilbert space used has di-
mension 12411457.
State-operator correspondence [7, 8] can be achieved

by foliating R3 into S2×R, and defining the Hilbert space
– the physical space of the electrons – on each leaf of foli-
ation S2. Different leaves are connected by the time evo-
lution operator U = exp(−Dτ), hence the Hamiltonian
is equal to the dilation generator D. Since the dilation
and the Lorentz spin generators commute, we can clas-
sify the states of the spectrum according to their scaling
dimension ∆ and spin L, in one-to-one correspondence
with the operators of the CFT.
The spectrum at the critical point consists of con-
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FIG. 7. Energy spectrum of the model in Eq. (5) with N = 8
at the critical value hc = 0.125, estimated in Fig. 6. Empty
circles are ED data and have been rescaled such that the
energy-momentum tensor (i.e., the lowest state with an even
parity and Lorentz spin L = 2) is at ET = 3 [13]. The lines
are scaling dimensions (obtained by conformal bootstrap) cor-
responding to towers of CFT operators in the legend. Filled
green circles mark the magnetoroton states, with their color
intensity determined by the overlap with the corresponding
MF state. In the L = 3 sector, the MF magnetoroton state
is split over two eigenstates, with overlaps 0.15, 0.75, while
in the L = 4 sector, it has overlaps 0.46, 0.32, 0.16 with the
lowest three eigenstates (in increasing order of energy). In
higher momentum sectors, e.g., L = 5, 6, the magnetoroton
is a sharp excitation (overlap > 0.9 with a single eigenstate),
while for L = 2 it resides deeply in the spectral continuum
beyond the scale of this figure.

formal towers, emerging from the primary operators
of the theory. By definition, these operators are an-
nihilated by the generator of special conformal trans-
formations, which has been explicitly verified for the
Ising point on the fuzzy sphere at ν = 1 [55, 56].
For any such primary O of dimension ∆ and spin L,
we can construct an infinite number of descendants of
the form ∂ν1

. . . ∂νj
∂µ1

. . . ∂µi
□nOµ1µ2...µL

, of dimension
∆ + 2n + i + j and spin L − i + j, where i ≤ L and □
denotes the Laplace operator.

In Fig. 7, we show the spectrum at the identified crit-
ical point hc = 0.125 for N = 8 particles. After ac-
counting for the speed of light, the broad features of
the spectrum resemble the expected CFT spectrum, al-
beit there remain visible quantitative differences between
the two. One could envision two possible explanations
for this discrepancy: either the CFT spectrum is per-
turbed due to the small finite size of the system and less-
than-optimal interaction parameters, or there is a mixing
with the charge-neutral FQH excitations that renormal-
izes the energies. The FQH magnetoroton can be seen
at large momenta in the even-parity sector of Fig. 7. To
identify the spinless excitations that affect our finite-size
CFT spectrum, we have applied the MF treatment of
Section III B, by checking overlaps with the magnetoro-
ton states of the effective single-layer problem (which,
at small L, are identified using the SMA). At sufficiently
large L ≥ 5, the magnetoroton states in Fig. 7 can be un-

ambiguously identified as having large overlap (exceeding
0.9) with a single eigenstate. However, at smaller mo-
menta where the magnetoroton enters the continuum of
the spectrum, e.g., L = 3, 4, we see that the MF approx-
imation does not describe a single eigenstate.
In the next subsection, we will show that the mixing

with FQH spectrum does not have a major influence on
the CFT spectrum by deforming the model in accordance
with conformal perturbation theory. In the thermody-
namic limit, the lack of mixing may be anticipated due to
the fact that the magnetoroton branch remains gapped
throughout the transition, hence it will be pushed up-
wards in energy as the system size is increased – this is
due to the normalization imposed on the spectrum by
fixing the energy-momentum tensor to ET = 3, while in
absolute units ET decreases as ∼ 1/R. However, the very
weak mixing between the CFT and FQH spectra in small
finite systems, where their energies are of the same order,
is unexpected.

B. Conformal perturbation

The microscopic Hamiltonian H can be interpreted as
the “pure” CFT Hamiltonian which is perturbed by in-
tegrals of the CFT operators:

H = αHCFT +
∑
O
gO

∫
d2ΩO(Ω) , (12)

where O are Z2-even primaries, and gO are their re-
spective couplings. This approach, known as conformal
perturbation theory [57], was recently applied to the 3D
Ising CFT realized by a small system of spins arranged
on an icosahedron [58]. We shall consider only the rel-
evant operator ϵ, and the first irrelevant operator ϵ′, as
they are enough to capture most of finite-size effects. We
will study their effect on the energy levels σ, ϵ, ∂σ, ∂ϵ.
A given energy level of the microscopic model will be

proportional to the scaling dimension of the correspond-
ing operator ∆i, corrected by an energy δEi that depends
on both the perturbation and the state. In other words,

Ei = α∆i + δE
(ϵ)
i + δE

(ϵ′)
i , (13)

where 1/α is the speed of light of the model, and δEi =
gϵfOϵO (for primaries, with slightly different form for de-
scendants [58]). We assume that the OPE coefficients
fOϵO and fOϵ′O are known (e.g., using the values ob-
tained by conformal bootstrap in [54]), and we minimize

δ =
∑
i

(
Ei − α∆i − δE

(ϵ)
i − δE

(ϵ′)
i

)2

(14)

over the chosen operators to find the couplings gϵ, gϵ′ .
Figure 8 shows the uncorrected energies, Ei/α, along-

side the corrected ones, (Ei − δE
(ϵ)
i − δE

(ϵ′)
i )/α, across
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FIG. 8. The evolution of energy levels σ, ϵ, ∂σ, ∂ϵ across the
transition for N = 4 − 9 particles (colors represent different
system sizes, with darker colors corresponding to larger N).
Solid lines are the raw values (after a single-parameter fit us-
ing the speed of light α), dashed lines are corrected values
using the ϵ and ϵ′ perturbations, and horizontal lines are pre-
dictions based on conformal bootstrap.

FIG. 9. Coupling of the ϵ and ϵ′ perturbations as a function
of system size and transverse field. For the relevant ϵ, the
coupling needs to be zero at the phase transition, allowing
us to identify the intercepts with the x-axis as the finite-size
critical transverse fields hc(Q). A quadratic extrapolation in
1/(2Q + 1) gives a critical point of hc ≈ 0.124 – close to the
value predicted by the order parameter. In contrast, the ϵ′

coupling shows behavior indicative of an irrelevant operator,
as its magnitude scales inversely with the system size.

the transition. The application of the conformal pertur-
bation visibly improves the matching between the ED
data and the theoretical values.

Figure 9 shows the coupling of the ϵ and ϵ′ perturba-
tions. The latter is an irrelevant operator and, indeed,
we observe that the coupling associated with it mono-
tonically decreases with system size. On the other hand,
ϵ is a relevant operator, hence the transition can be lo-
cated as the point hc where its coupling goes to zero,
gϵ(hc(Q)) = 0. Our model exhibits a strong dependence
of the critical field on the particle number, which ex-
plains the finite size effects in Fig. 6. Extrapolating the
value of hc(Q), we obtain the critical value of the field in
the thermodynamic limit hc = 0.124 (quadratic extrap-

FIG. 10. Spectrum of the model in Eq. (5) at h = 0.183
where the coupling to the ϵ perturbation vanishes at the given
system size, N = 8. The ED data (empty circles) are rescaled
such that ET = 3. Filled green circles are identified by having
high overlap with the MF magnetoroton states (> 0.85, with
the minimum attained at L = 3). For low energies and spin,
we observe a one-to-one correspondence between states and
CFT operators, as expected, and their energies are expected
to agree as N → ∞.

olation in 1/(2Q + 1)). This is close to the previously
determined crossing in the order parameter, serving as
an important consistency check for our estimate of the
transition. However, it is worth emphasizing that being
able to determine the finite-size critical fields hc(Q) is,
in fact, one of the strengths of the fuzzy sphere regular-
ization. This allows us to extract CFT data from system
sizes as small as N = 4 electrons. We shall use the knowl-
edge of hc(Q) in the next section to further demonstrate
agreement between the entanglement properties of inte-
ger and fractionally filled models.

Finally, after obtaining some insight into the effect of
conformal perturbations, we make another attempt at
extracting the state-operator correspondence. In Fig. 10
we present the spectrum for N = 8 particles at its own
critical field value hc(Q) ≈ 0.183, which was determined
in Fig. 9. At low energies and angular momenta, we
notice a one-to-one correspondence between the micro-
scopic states and the Ising CFT operators, now with bet-
ter agreement with their scaling dimensions. Similar to
Fig. 7, in the even-parity sector we still observe the non-
CFT magnetoroton states that can be clearly identified
by their overlaps with the MF states, even when they are
close in energy to CFT states (e.g. the L = 3 state). The
consistent results of the MF approach even at the critical
point provide additional evidence that the charge sector
is effectively decoupled from the spin sector. We note
that the energy of the magnetoroton branch is dictated
by the V1 pseudopotential, hence by increasing V intra

1 ,
one can tune the gap of the magnetoroton branch.
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V. ENTANGLEMENT ENTROPY AND THE
F-THEOREM

Our results so far hint towards a “clean” separation be-
tween the charge and spin degrees of freedom: the FQH
spectrum does not strongly perturb the CFT spectrum,
even when the two coexist at similar energies. In this sec-
tion, we probe this further using bipartite entanglement
entropy SA = −trρA ln ρA, where ρA = trĀ|ψ⟩⟨ψ| is the
reduced density matrix of the subsystem A, obtained by
tracing its complement Ā. We choose a real space bipar-
tition with A being a spherical cap defined by the polar
angle θA [59, 60].

In 2+1D, both gapped and gapless (described by a
CFT) systems obey the area law for bipartite entangle-
ment entropy:

SA = ηR sin θA − γ , (15)

where the proportionality constant η is model depen-
dent and γ is a universal subleading constant term that
can contain information about both spin and charge
sectors. For states described by CFT, γ is known
as the F-function and it decreases monotonically along
any RG flow [61–63]. It can be viewed as a higher-
dimensional generalization of a renormalization group ir-
reversibility known as the c-theorem in 2D CFTs [57, 64].
On the other hand, in generic gapped states, the F-
function is also known as the topological entanglement
entropy [65, 66].

The 3D Ising F-function is less than the value of γ
for any topologically ordered state [67]. Hence, the tran-
sition out of any topologically ordered phase cannot be
simply captured by a single Ising CFT. Consequently, the
topological entanglement entropy of any underlying FQH
state in the charge sector must remain constant through-
out the transition, and any changes can be attributed to
the spin degree of freedom. In the fuzzy sphere bilayer
model, Eq. (5), the evolution of the universal constant
can be understood as follows. The Laughlin paramag-
net has γpara = γtopo = ln

√
3, while in the Z2 Laughlin

ferromagnet we expect γferro = γtopo − ln 2. The ln 2
correction comes from working in the even parity sector
such that |ψ⟩ = (|ψM=N ⟩ + |ψM=−N ⟩)/

√
2 and ensures

there is no discontinuity in γ. At the critical point, we
therefore expect γcritical = γtopo + FIsing.

We implement the method of Ref. [68] for the extrac-
tion of the universal constant:

γ = (tan θ∂θ − 1)SA|θ=π/2 . (16)

Similarly to the ν = 1 model, to observe the RG flow of
the F-function in the Ising CFT, we need to account for
the charge sector by subtracting the single layer entangle-
ment entropy. In the integer case, the correction denoted
by γIQH(Q) can be calculated efficiently [69] and van-
ishes in the thermodynamic limit, γIQH(Q → ∞) = 0.
However, in our case the correction needs to be field-
dependent – the effective single-layer interaction depends

FIG. 11. Constant contribution to the regularized entangle-
ment entropy in the bilayer model, Eq. (5). For h < hc,
the constant is expected to be ln 2, as the ground state ap-
proaches a macroscopic superposition of fully polarized states.
For h = hc, the contribution equals the F-function of the un-
derlying CFT, approximately equal to FIsing = 0.0612 (the
blue star). At h > hc, the F-function approaches zero. Top
panel: The ν = 1 model. The subtracted entropy γIQH(Q)
corresponds to a single-layer IQH state, and is independent
of the field h. For the critical field we use hc(Q) = 3.16 for
all Q, as there appears to be no significant drift [13]. Bottom
panel: The ν = 1/3 model. The correction γFQH(Q) corre-
sponds to a single-layer FQH state, and is now dependent
on the field, according to the optimal polarization θopt. The
values of the critical field are those extracted in Fig. 9 with
conformal perturbation theory.

on the polarization (due to the non-zero inter-layer V3
pseudopotential), and this affects how the topological
entropy of the Laughlin state approaches the thermo-
dynamic value of γtopo. We therefore resort to the MF
approximation of Section III B, using the predetermined
optimal polarizations θopt, to compute the corresponding
corrections γFQH(Q).

A direct comparison between ν = 1 and ν = 1/3
is shown in Fig. 11. After applying the regularization
scheme, we observe nearly identical behavior of the uni-
versal constant in the two models, reinforcing the idea
that, in this case, the charge sector is “invisible” to the
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Ising CFT. This serves as a numerical demonstration of
the F-theorem in 2+1D. A non-perturbative estimation
of the Ising F-function can be obtained by extrapolating
the value of γ at the critical point; this was carried out
at ν = 1, obtaining FIsing = 0.0612(5) [68], very close to
that obtained through the 4− ϵ expansion [70]. Unfortu-
nately, at ν = 1/3 the accessible system sizes preclude a
reliable extrapolation of the F-function.

VI. CONCLUSIONS

We have presented evidence for the 3D Ising transi-
tion in a fractionally-filled fuzzy sphere model, where
the charge sector realizes a strongly-correlated state with
topological order. We have illustrated our approach with
the ν = 1/3 Laughlin state, while the Appendices show
that similar results are obtained for both fermionic and
bosonic FQH states with different kinds of topological
order. We have applied conformal perturbation theory
to extract CFT data with improved accuracy. The real-
space entanglement entropy was used to show the de-
coupling of the charge and spin sectors, illustrating the
robustness of the fuzzy sphere regularization.

The approach presented here opens up a number of
interesting directions. An immediate question concerns
the possibility of realizing other kinds of CFTs beyond
the 3D Ising using FQH states as a platform. While our
approach is expected to work more generally, the formu-
lation of the effective interactions that give rise to suit-
able FQH states is subtle and needs to be verified on a
case-by-case basis. Furthermore, given that the charge
and spin degrees of freedom can be separated efficiently,
could models be engineered where the interactions of
the two lead to new CFTs? Recent study [27] has re-
vealed possible parity-breaking CFTs by fractionally fill-
ing multiple flavors of particles. Our approach also lays
the foundation for identifying conformal critical points in
various models that are relevant for FQH bilayer experi-
ments [71–75], where the interactions can be conveniently
tuned by changing the distance between FQH layers [76],
their widths [77], imbalance of charge [78] and even the
underlying band structure via doping [79]. Finally, an in-
teresting question is whether stronger coupling between
the CFT and FQH spectra could be induced, resulting
in a perturbation of a CFT via a gravitational Chern-
Simons theory. Such a situation could arise if the charge
sector is described by a FQH nematic state [80–83], which
is gapped to charge excitations, while it also has a charge-
neutral Goldstone mode due to a spontaneously broken
continuous rotational symmetry.
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Appendix A: Model optimization

The difficulty of locating the optimal point for ob-
serving the conformal transition is considerably increased
once more interaction pseudopotentials are introduced in
the model. Fortunately, we are able to restrict the space
of pseudopotentials directly relevant to the transition to
a small subset by fixing the rest. In this Appendix, we
exemplify this method for the ν = 1/3 model, while gen-
eralizations to other fractions are presented in the subse-
quent Appendix B.
We begin by fixing the overall energy scale by setting

V intra
1 = V inter

1 = 1. Furthermore, for fermions we can
neglect the even intra-layer pseudopotentials, hence we
can set V intra

0 = 0. Although higher odd psuedopoten-
tials do have an effect on the spectrum, they are not
necessary, thus we set them to zero. In order to have
a gapped state in h = 0 limit, we require a non-zero
V inter
0 . Its precise value was found to have a weak effect

on the spectrum at the critical point and we set V inter
0 = 1

(for example, the low-energy spectrum is qualitatively
unchanged for V inter

0 = 10 even near hc). This leaves the
question: how far in inter-layer pseudopotential range do
we need to go? The minimal model must contain V inter

3 ,
as this ensures the Ising Z2 symmetry is not accidentally
enlarged. To see this, we look at the interaction matrix
elements [86]:

Vj1j2j3j4 =
∑
l

Vm(4Q− 2m+ 1)δj1+j2,j3+j4×(
Q Q 2Q−m
j1 j2 −j1 − j2

)(
Q Q 2Q−m
j3 j4 −j3 − j4

)
. (A1)

The symmetry property of the Wigner 3j symbols, in
combination with the fermionic statistics, allow us to
split the inter-layer interaction into singlet (for even pseu-
dopotentials) and triplet actions (for odd pseudopoten-
tials):

Hinter =
∑

V odd
j1j2j3j4(c

†
j1↑c

†
j2↓ + c†j1↓c

†
j2↑)(cj3↑cj4↓ + cj3↓cj4↑)

+ V even
j1j2j3j4(c

†
j1↑c

†
j2↓ − c†j1↓c

†
j2↑)(cj3↑cj4↓ − cj3↓cj4↑)

(A2)

From this, it becomes evident that the minimal model
at ν = 1/3 needs a V inter

3 term. Otherwise, the ground
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σ ϵ ϵ′ σµν σµνρ

Fuzzy Sphere 0.528 1.362 3.798 4.139 4.514

Bootstrap 0.518 1.413 3.830 4.180 4.638

Relative error 1.9% 3.6% 0.8% 1.0% 2.7%

TABLE I. Scaling dimension comparison between conformal
bootstrap and the ν = 1/3 fuzzy sphere model with N = 8
particles. The lowest 5 primaries are included, except the
stress-energy tensor Tµν .

state takes the form of a degenerate S = N/2 Laughlin
multiplet, regardless of the ratio V intra

1 /V inter
1 .

In summary, we are left with three parameters to op-
timize over: V inter

2 , V inter
3 and h. To find the optimal

tower structure, we perform a simple gradient descent,
where the cost function is the sum of squared differences
between ED energies and conformal bootstrap:

δ =
∑

(Ei −∆i)
2 , (A3)

where the energies Ei have been rescaled such that
ET = 3, and the set of states we optimize over
is {σ, ∂σ, ∂∂σ,□σ} in the odd parity sector, and
{ϵ, ∂ϵ, ∂∂ϵ,□ϵ} in the even parity sector.

The optimal point at system size N = 8 was found to
be V inter

3 ≈ 0.087, V inter
2 ≈ 0.488, h ≈ 0.185. The opti-

mal values of V inter
2 , V inter

3 slightly drift with system size;
to compare with bootstrap data, we rely on conformal
perturbation, as detailed in the main text. For the opti-
mal value of the h field predicted by the ϵ perturbation
in system size N = 8 shown in Fig. 10, we list the scaling
dimensions of the lowest five primaries in Table I.

Appendix B: Different filling factors

In this Appendix we briefly investigate the existence
of the 3D Ising transition, discussed in the main text,
for a few other filling factors and particles with bosonic
exchange statistics. We will show that the 3D Ising
CFT can be successfully encoded onto different charge
“substrates”, either by placing electrons at different frac-
tional fillings or by taking bosonic particles instead of
electrons. We recall that bosonic FQH states can be
generally defined by taking a fermionic FQH wave func-
tion and dividing through by an overall Jastrow factor,∏

i<j(uivj−ujvi) [87, 88]. Consequently, a bosonic FQH
state is distinguished from its fermionic counterpart by
a different filling factor: ν−1

b = ν−1
f − 1. Small droplets

of ν = 1/2 bosonic Laughlin states have been realized in
recent experiments on ultracold atoms [89] and photonic
circuits [90].

1. Other models

We propose the following approach for finding models
at fractional filling for which the 3D Ising transition can
be observed. The starting point are single-layer Hamil-
tonians that realize the desired topological order, where
m is the highest relative angular momentum that is pro-
jected out. In the case of Laughlin states, for example, we
have the relation ν = 1/(m+2). Let us fix the intralayer
interaction according to

V intra
p =

{
1 p ≤ m

0 otherwise,
(B1)

while the fine tuning can be performed in the interlayer
interaction. For simplicity, we preserve SU(2) layer sym-
metry up to the mth pseudopotential, and then add two
more pseudopotentials, which are found through opti-
mization. This ensures that, in the h → ∞ limit, the
ground state deviates as little as possible from a pure
Laughlin paramagnet. Specifically, the interlayer inter-
action is

V inter
p =


1 p ≤ m

Vp m < p ≤ m+ 2

0 otherwise.

(B2)

Note that the original ν = 1 model from Ref. [13] also
fits in this framework: since there is no energy scale set
by the intralayer interaction, one can arbitrarily fix one of
the inter-layer pseudopotentials, and optimize only over
the remaining pseudopotential and the transverse field,
i.e., two parameters in total. At any fractional filling,
optimization needs to be done over three parameters in-
stead. Below we showcase this method at fillings ν = 1/2
(bosons) and ν = 1/5 (fermions). We note that the
optimal CFT points were empirically found to display
similar pseudopotential ratios: V0/V1 ≈ 4.75 (ν = 1),
V1/V2 ≈ 5.88 (ν = 1/2), V2/V3 ≈ 5.61 (ν = 1/3) and
V4/V5 ≈ 6.16 (ν = 1/5), with a slight drift towards larger
ratios as the filling factor is reduced. This suggests that
the effective model in the spin space is similar in all the
cases, however at present we do not have a quantitative
understanding of the relation between pseudopotential
ratios and the filling factors, or why the proposed model
works in general.

2. Some examples

Here we provide some illustrations that our model, de-
fined by Eq. (B1)-Eq. (B2) above, works. Using the same
cost function as discussed in detail in Appendix A, we op-
timize the spectrum for N = 7 bosons at ν = 1/2 and
find V1 = 0.53, V2 = 0.09, h = 0.25. Fig. 12(a)-(b)
shows the spectrum at this special point, demonstrating
good agreement with the 3D Ising based on the corre-
sponding bootstrap data. Similarly, we optimized the



11

FIG. 12. Spectra of the optimal models for other examples
of Laughlin states. (a)-(b): Bosonic ν = 1/2 Laughlin state
with N = 7 particles at the optimal interaction point (see
text). (c)-(d): Fermionic ν = 1/5 Laughlin state at h = 0.11,
for N = 6 electrons. In all cases, the ED data are represented
by empty circles. In (d), the states with high overlap with the
MF magnetoroton are filled green. The spectra are in good
correspondence with the conformal bootstrap data of the 3D
Ising transition, indicated by line markers.

spectrum for N = 6 electrons at ν = 1/5 and found
V4 = 0.37, V5 = 0.06, h = 0.11. Fig. 12(c)-(d) shows the
spectrum at this special point, once again demonstrating
good agreement with the bootstrap data. According to
the optimized cost function, Eq. (A3), the finite-size ef-
fects at the critical point do not appear to significantly
increase as the filling factor is decreased.

Finally, we demonstrate a non-Abelian model with
bosons at filling ν = 1 featuring the 3D Ising CFT. It
is known that, for spinless bosons at ν = 1, V0 interac-
tion can stabilize the Moore-Read Pfaffian state [30, 91],
whose quasihole excitations behave as Ising anyons with
non-Abelian braiding statistics [92]. We find that this
state is also realized in our generic model above. Upon
optimizing for the lowest-lying states of the CFT tower,
we find the optimal parameters of V1 = 0.45, V2 = 0.09
and h = 0.43. In the limits of small and large h field, the
bosons form the Moore-Read state, as confirmed by the
characteristic counting in the entanglement spectrum,
corresponding to a chiral boson coupled to a Majorana

fermion. Figures 13(a)-(b) show the optimal spectrum
in the even particle sector. While finite-size effects are
stronger than for the previously studied Laughlin states,

FIG. 13. Spectra of the optimal model for the Moore-Read
state of bosons at ν = 1. (a)-(b): Spectrum for N = 10
bosons in 2Q = 8 flux quanta at the optimal interaction point
(see text). The low-lying states of the spectrum match well
against the conformal bootstrap data of the 3D Ising transi-
tion (shown in the legend). (c)-(d): Spectrum for N = 11
bosons in 2Q = 9 flux quanta. The angular momenta now
take half-integer values. On the fuzzy sphere, the Moore-
Read ground state is absent for odd numbers of particles and
the CFT towers, similarly, could not be identified.

the low-lying CFT states for L ≤ 2 can still be distin-
guished clearly.
One new feature in the non-Abelian case is the sensitiv-

ity to the parity of the particle number. Figures 13(c)-(d)
show the spectrum in the odd particle number sector, for
N = 11 bosons and 2Q = 9. The Moore-Read phase can
be viewed as a p + ip paired superconductor [71], hence
it does not have a ground state for odd particle numbers
on the fuzzy sphere. Instead, its low-lying spectrum con-
sists of a “neutral fermion” excitation [93, 94], which is
interpreted as a Bogoliubov quasiparticle of the underly-
ing p+ ip superconductor. Intriguingly, while the neutral
fermion mode is visible in Fig. 13(c)-(d), there is no visi-
ble trace of the evenly-spaced CFT tower structure that
is present in the even particle sector. We attribute this
to the absence of a conformal vacuum for odd N , and it
remains to be understood if any CFT information can be
extracted in such cases.
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vanović, Tunneling-driven breakdown of the 331 state
and the emergent Pfaffian and composite Fermi liquid
phases, Phys. Rev. B 82, 075302 (2010).

[52] H. Li and F. D. M. Haldane, Entanglement spectrum as a
generalization of entanglement entropy: Identification of
topological order in non-abelian fractional quantum Hall
effect states, Phys. Rev. Lett. 101, 010504 (2008).

[53] N. Thiebaut, M. O. Goerbig, and N. Regnault, Two-
component fractional quantum Hall effect in the half-
filled lowest Landau level in an asymmetric wide quan-
tum well, Phys. Rev. B 89, 195421 (2014).

[54] D. Simmons-Duffin, The lightcone bootstrap and the
spectrum of the 3d Ising CFT, Journal of High Energy
Physics 2017, 86 (2017).

[55] G. Fardelli, A. L. Fitzpatrick, and E. Katz, Constructing
the Infrared Conformal Generators on the Fuzzy Sphere
(2024), arXiv:2409.02998 [hep-th].

[56] R. Fan, Note on explicit construction of conformal gener-
ators on the fuzzy sphere (2024), arXiv:2409.08257 [hep-
th].

[57] A. B. Zomolodchikov, “Irreversibility” of the flux of the
renormalization group in a 2D field theory, JETP Letters
43, 565 (1986).

[58] B.-X. Lao and S. Rychkov, 3D Ising CFT and exact di-
agonalization on icosahedron: The power of conformal
perturbation theory, SciPost Phys. 15, 243 (2023).

[59] A. Sterdyniak, A. Chandran, N. Regnault, B. A.
Bernevig, and P. Bonderson, Real-space entanglement
spectrum of quantum Hall states, Phys. Rev. B 85,
125308 (2012).

[60] J. Dubail, N. Read, and E. H. Rezayi, Edge-state inner
products and real-space entanglement spectrum of trial
quantum Hall states, Phys. Rev. B 86, 245310 (2012).

[61] D. L. Jafferis, I. R. Klebanov, S. S. Pufu, and B. R. Safdi,
Towards the F-theorem: N = 2 field theories on the
three-sphere, Journal of High Energy Physics 2011, 102
(2011).

[62] R. C. Myers and A. Sinha, Holographic c-theorems in
arbitrary dimensions, Journal of High Energy Physics
2011, 125 (2011).

[63] H. Casini, M. Huerta, and R. C. Myers, Towards a
derivation of holographic entanglement entropy, Journal
of High Energy Physics 2011, 36 (2011).

[64] H. Casini and M. Huerta, A c-theorem for entanglement
entropy, Journal of Physics A: Mathematical and Theo-
retical 40, 7031 (2007).

[65] A. Kitaev and J. Preskill, Topological Entanglement En-
tropy, Phys. Rev. Lett. 96, 110404 (2006).

[66] M. Levin and X.-G. Wen, Detecting Topological Order
in a Ground State Wave Function, Phys. Rev. Lett. 96,
110405 (2006).

[67] T. Grover, Entanglement Monotonicity and the Stability
of Gauge Theories in Three Spacetime Dimensions, Phys.
Rev. Lett. 112, 151601 (2014).

[68] L. Hu, W. Zhu, and Y.-C. He, Entropic F -function of 3D
Ising conformal field theory via the fuzzy sphere regular-
ization (2024), arXiv:2401.17362 [hep-th].
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