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Abstract

We study optimal liquidation strategies under partial information for a single asset within
a finite time horizon. We propose a model tailored for high-frequency trading, capturing price
formation driven solely by order flow through mutually stimulating marked Hawkes processes.
The model assumes a limit order book framework, accounting for both permanent price impact
and transient market impact. Importantly, we incorporate liquidity as a hidden Markov process,
influencing the intensities of the point processes governing bid and ask prices. Within this set-
ting, we formulate the optimal liquidation problem as an impulse control problem. We elucidate
the dynamics of the hidden Markov chain’s filter and determine the related normalized filtering
equations. We then express the value function as the limit of a sequence of auxiliary continuous
functions, defined recursively. This characterization enables the use of a dynamic programming
principle for optimal stopping problems and the determination of an optimal strategy. It also
facilitates the development of an implementable algorithm to approximate the original liquidation
problem. We enrich our analysis with numerical results and visualizations of candidate optimal
strategies.

Keywords: Optimal Execution, Impulse Control, Stochastic Filtering, Hawkes Processes, Market
Microstructure, Hidden Markov Chain.

Mathematical subject classifications: 93E20, 49125, 91B28.

1 Introduction

In modern financial markets, the execution of large orders within short timeframes presents unique
challenges. Traders must develop strategies to maximize profits while minimizing risks, navigating a
complex landscape influenced by immediate market depth and liquidity constraints. The studies by
Bouchaud, Farmer, and Lillo [14], Zhou [50], and Taranto et al. [49], for instance, highlight how large
trades impact asset prices by depleting available market liquidity. This depletion occurs because the
market’s immediate depth is limited, meaning that a single large order can exhaust all current buyers
or sellers. Consequently, splitting large orders into smaller blocks often proves advantageous, reducing
the price impact and allowing for more efficient execution.

Research in market microstructure has extensively explored the optimal execution problem across
various models of market impact and cost functions. For instance, Bertsimas and Lo [12] introduced
one of the earliest frameworks for optimal trade execution, focusing on minimizing the total trading cost
given a linear price impact. Almgren and Chriss [2] extended this line of research by considering a trade-
off between volatility risk and liquidation costs. They incorporated linear permanent and temporary
market impact models, providing a more dynamic approach to the execution problem. Their work

*Laboratoire de Mathématiques et Modélisation d’Evry, Université Paris-Saclay, UEVE, UMR 8071 CNRS, France;
email: etienne.chevalier@Quniv-evry.fr

fLaboratoire de Mathématiques et Modélisation d’Evry, Université Paris-Saclay, UEVE, UMR 8071 CNRS, France;
email: yadh.hafsi@Quniversite-paris-saclay.fr

fLaboratoire de Mathématiques et Modélisation d’Evry, Université Paris-Saclay, ENSIIE, UEVE, UMR 8071 CNRS,
France; email: vathana.lyvath@ensiie.fr



laid the groundwork for subsequent studies, including Ly Vath, Mnif, and Pham [36], Gatheral [30]
and Obizhaeva and Wang [40], who examined different aspects of market impact and execution costs,
proposing models that account for both temporary and permanent price impacts. Different extensions
of these models have been introduced since then to include nonlinear impacts, reflecting more realistic
trading conditions; see e.g. Bouchard, Dang, and Lehalle [13], Guéant, Lehalle, and Fernandez-Tapia
[31], Guilbaud and Pham [32], Kalsi, Lyons, and Arribas [34], Popier and Zhou [43], Becherer, Bilarev,
and Frentrup [10], Fu, Horst, and Xia [29], Cartea and Sédnchez-Betancourt [20], and Carmona and
Zeng [19].

Our study builds on this foundation by proposing a model tailored for high-frequency trading,
capturing price formation driven solely by order flow. Our approach incorporates both permanent
and transient market impacts, providing a comprehensive model that goes beyond the specific char-
acteristics of a block-shaped limit order book. This framework extends the prior works of Predoiu,
Shaikhet, and Shreve [44], Obizhaeva and Wang [40] as well as Chevalier et al. [23]. These earlier
studies have examined nonlinear price impact models but considered order arrival processes as Poisson
processes. In contrast, our model represents order arrivals through Hawkes processes. The use of
mutually stimulating point processes to model order flow, as introduced by Bacry, Mastromatteo, and
Muzy [6], allows for a more realistic representation of market dynamics. In fact, similarly to Alfonsi
and Blanc [1], this approach recognizes the feedback loops present in high-frequency trading, where
the occurrence of trades influences the likelihood of subsequent trades. However, our approach adopts
a more general limit order book shape compared to Alfonsi and Blanc [1] as well as fixed transaction
costs, broadening the representation of market impact and taking into account the inherent operational
costs related to trading infrastructure.

As a subsequent step, our modeling approach incorporates the stochastic behavior of liquidity. In
this context, we explore a more realistic approach to modeling market liquidity. Our study acknowl-
edges that liquidity regimes are unobservable, which adds to the challenges presented by Alfonsi and
Blanc [1]. These hidden aspects of market microstructure have been shown to substantially influence
trading outcomes. For instance, the recent work by Chevalier, Hafsi, and Ly Vath [22], based on real
market data, exhibits that the distribution of market liquidity is not directly observable and, further-
more, exhibits substantial intraday variation. Studies like Bayraktar and Ludkovski [9], Colaneri et al.
[24] and Dammann and Ferrari [27] have begun addressing this gap by modeling hidden liquidity as
a stochastic process. These works emphasize that ignoring hidden liquidity can lead to suboptimal
execution strategies, as traders may underestimate the true market depth and the associated risks.
We propose an approach that enables the integration of the dynamics of hidden liquidity, which we
model as a hidden Markov process. This hidden Markov process influences the intensities of the point
processes that govern the bid and ask prices, resulting in prices driven by Markov-modulated Hawkes
processes.

Given the non-observable nature of liquidity within the limit order book, market participants
must operate under a state of incomplete information. Consequently, they are required to estimate the
prevailing liquidity conditions based solely on the observable order flow data. To address this challenge,
we use stochastic filtering to derive our state variables under complete information. More precisely,
we utilize the innovation approach for point processes described in the work of Brémaud [16] and Ceci
and Gerardi [21]. This allows us to derive the Kushner-Stratonovich equations, which characterize
the dynamics of our estimates for these hidden liquidity states as new information becomes available.
This enables us to make informed trading decisions, ensuring that our strategies adapt to the evolving
market conditions.

Once we have a method for estimating liquidity states, we move on to tackle an optimal liquidation
problem formulated as an impulse control problem. The impulse control problem involves determining
the optimal times and sizes of trades. We apply the separation principle, which simplifies the problem
by treating the estimation and control tasks separately. This principle, rooted in control theory, allows
us to manage the complexity of partial observation and control, as described by Menaldi [39], Fleming
and Pardoux [28], Mazziotto and Szpirglas [38], and Mazliak [37]. This approach has been particularly
effective in systems where the underlying state variables cannot be directly observed, requiring robust
estimation techniques to guide optimal control actions. Next, we derive an approximating sequence of
auxiliary functions defined recursively. This approach has also been utilized in the works of Bayrak-
tar and Ludkovski [8] and Ludkovski and Sezer [35], among others. We prove that this sequence of



functions is continuous and converges locally uniformly to the original value function. This characteri-
zation enables the use of a dynamic programming principle for closed loop optimal stopping problems,
providing us with a critical argument for the explicit determination of the optimal liquidation strat-
egy. Our model introduces complexities and specific features that make it challenging to adapt the
previously established mathematical tools. Overall, our approach to optimal execution incorporates a
broad range of market conditions and dynamics, marking a first in taking into account both hidden
liquidity states and generalized limit order book shapes with fixed transaction costs, to our knowledge.

The article is structured in the following manner. In Section 2, the primary aim is to develop a
model that characterizes the dynamics of a Limit Order Book (LOB) within a framework that accounts
for the stochastic nature of market liquidity. In Section 3, we elucidate the dynamics of the filter using
the Kushner-Stratonovich equations, which allows to update the estimates of the hidden liquidity states
based on new information (see Theorem 3.1). Section 4 formulates the impulse control problem and to
transition to a full information setup using the separation principle. It also introduces an approximating
sequence of functions to characterize the value function and states the dynamic programming principle
in various forms. In Section 5, we investigate the regularity of the value function, which will pave the
way for constructing an optimal strategy under the given market conditions through the Verification
Theorem 5.1. Finally, in Section 6, we provide numerical illustrations of the shape of the optimal
exercise region while assessing the influence of the state variables and the price impact on the candidate
optimal liquidation policy.

2 Model Setup

In this section, our objective is to characterize the dynamics of a limit order book subject to recurrent
buy and sell market orders within a framework of stochastic liquidity. Expanding upon the model
proposed by Alfonsi and Blanc [1] for a single asset, we generalize the impact function and move beyond
the constraints of a block-shaped LOB. This model is selected due to its suitability for high-frequency
trading, as it captures price formation driven by order flow through mutually exciting point processes.
We will further extend this framework across various liquidity regimes by employing Markov-modulated
processes.

2.1 Liquidity Dynamics

Consider a complete filtered probability space (Q,F, F = {Fi}i>0,P), where {F;}i>0 is a right-
continuous filtration. Throughout this paper, any equality between random variables is understood to
hold P-almost surely, though this is not always explicitly stated.

Markov Chain. Let {I;};>¢ be a continuous-time Markov chain with values in a finite state space
E = {1,...,d} C N and with cadlag sample paths. Let F! = {F/};>¢ denote the natural filtration
generated by I, augmented by the P-null sets. The process I represents the liquidity state within
the limit order book. This process is driven by a possibly time-dependent transition rate matrix
Y(t) = (Yr(t))1<j.k<d, such that, for all ¢ > 0,

L P =g I =)
S

Vi # j.

The transition rate matrix 1(¢) captures the probabilities of transitioning between different liquidity
states over infinitesimally small time intervals. The off-diagonal elements ;;(t) for ¢ # j represent the
instantaneous rate of transitioning from state ¢ to state j. We assume that I is stable and conservative,
i.e., for all (j,k) € E? and t > 0,

Yii(t) = = wk(t), and 1;;(t) < +o0.
oy

Order Arrivals. Let i € E be a market regime. Consider the sequences (T,Z’Jr)kzl and (TZ’_)kzl
of strictly increasing positive F-measurable stopping times and (112‘*) r>1 and (v 7 )k>1 as a sequence



of i.i.d Rj-valued F-measurable random variables. Here, (TZ’Jr)kzl and (T,i’*)kzl represent the ar-

rival times of buy and sell market orders, respectively, while (vfjr)kzl and (v,i’f)kzl represent the
corresponding order volumes. We define n®* and n®~ as the Poisson counting measures on Rt x R+
associated with the cadlag symmetric two-dimensional Marked Hawkes process defined on the measur-
able space (Ry x Ry, B® B), where B denotes the Borel o-field on R+. These processes correspond

to the sets of points {(Tii#’vliﬁ);k = 1} and {(T,i’_,v,i’_);k > 1}, respectively. Therefore, for all
CeB®B,
()= el o), and wtT(C) 1=} o(m ),

E>1 E>1
We consider the filtration F&V = {]—'Z ’N}t>0, which represents the natural filtration of the processes
(n*,n®7), specifically defined for all i € Eandte R, as
FilN .= \/ o (n"*(s,v);s € [0,t],v € Ry).
ke{+,—}
Additionally, we introduce the filtration F1'V = {}"t[ ’N}t>0 as the natural filtration of the processes
(n"Mick, (" )iep and I, enlarged by the P-null sets A, such that for all ¢ > 0,

FPN = (\/f{“vff) VN.

icE

Intensity Dynamics and Combined Measures. In this Markovian framework, we define the
volume distributions v; along with the F*N-intensities A\;’" and A~. The order intensities A+ and
A5~ return to their baseline intensity levels A’ at a rate of 8; and are influenced by previous order
arrivals through the functions % and ¢¢, for each liquidity regime i € E. In other words,

d)\i’"" =5 )\i’+ — AL ) dt+ fR+ ol (v/mq) nbT(dt, dv) + fﬂh ot (v/my) nb~(dt, dv),
d%\;’f = fﬁl Ay — )\éo dt + f]m ol (v/my) nbt(dt,dv) + fR+ @t (v/mq) n®~(dt,dv), (1)
AT = RN =R

where ¢!, ¢! : RT x N — RT are measurable positive functions, (3;)1<i<a, and A%, are positive reals,

my = [p. vvi(dv) < +oo, for t > 0.
Next, we introduce the (P, F/V)-intensities

d d
A=) Lggmp AT and A7 =) Lo AT (2)

i=1 i=1
These intensities reflect the aggregated effect of the individual intensities A»** and A»~, weighted by
the current liquidity state I;. This aligns with the conclusions drawn by Chevalier, Hafsi, and Ly
Vath [22], where it is shown that the order arrival intensities fluctuate with the order book’s liquidity.
Consequently, the corresponding counting measures n+ and n~ for the buy and sell orders satisfy, for

all C e B® B,

d d
nt(C) =) n{lﬂiﬁzi} o(r ™), and nT(C) =)0 1{%_:14} Ae(ry™,up7).

i=1k>1 i=1 k>1
We denote FV = {ftN}t>0 as the natural filtration associated to (n™,n~) and define the marginal

processes NZ’i = fot fR+ n®*(du, dv), counting the number of incoming buy and sell orders, respec-
tively, up to time ¢ within each liquidity regime i € E. Following the definition of the intensities A™
and \~, the associated processes NT and N~ can be expressed as

t d t d
N = Ny +/0 > -y dNIT, and Np o= Ny +/0 > Ay dNiT, t>0.
i=1 i=1



We focus on the scenario where the marks are identically and independently distributed according to
a common law v; on RT on each regime i € E, i.e. for any A € B(R™") and ¢ > 0 (See Definition 6.4.I11
and Section 7.3 in Daley and Vere-Jones [26]),

_ t+h
AbE i (A) = lim EU / *(du, dv) | FN|.

h—0+ h

To ensure the well-definedness of the subsequent processes and to guarantee the non-explosiveness of
Nt and N, we introduce the following assumptions:

Assumptions 2.1. The following conditions must hold for all i € E:

(A1) The first and second moments are finite:
my = / vy(dv) < 400, mg = / v? v (dv) < +o0.
R+ R+

(A2) The following integrals are finite:

[0 () witdo) < oo, [ (et () wta) < 400,

(A3) The spectral radius of the branching matrix satisfies:

sup A <1,
Aep(|IT[)

where [T = {||+?*|| } and p (||T]|) is the set of all eigenvalues of ||T'(¢)]].

(j,k)€{+,f}><{s,c}

(A4) The decay functions 7% (t) := f0+°° e~ Pty (v) dv satisfy:
+oo )
/ by (1) dt < 400, V(. k) € {+—} x {s¢}.
0
These assumptions establish the necessary conditions for the existence and uniqueness of the asso-

ciated point processes.

Proposition 2.1 (Theorem 8 of Brémaud and Massoulié [17]). Suppose that Assumptions 2.1 are
satisfied, then there exists a unique point process N** with associated intensity process A%, for all
i€ Eandke{+,—}.

10| — Intensity process o —

---- Regime change 40
— Counting process
35

Alt)

,—:—"—,
. JJ:,’:,IS:\,\,J\F

0.0 25 5.0 75 10.0 12.5 15.0 17.5 20.0
t

Figure 1: Representation of a Markov-Modulated Hawkes Process (MMHP) featuring an exponential
Hawkes process intertwined with a two-state Markov chain.



2.2 Price Modelling

Empirical evidence suggests that an order’s price impact is non-linear (see Brokmann et al. [18]).
Given our interest in short-term liquidity, we derive the market impact function by directly integrating
the density of the limit order book. We choose a general ”shape function” of the LOB (see Predoiu,
Shaikhet, and Shreve [44], Obizhaeva and Wang [40] and Aurélien Alfonsi and Schied [3] for example)
that is represented by a depth density function f : RT — R™T. The density function measures the
frequency of orders per unit price in the LOB. In this order book configuration, the quantity available
at a distance Ap > 0 from the mid-price p is expressed as V(Ap) := OAP f(x)dz. The price impact
Q : Ry — Ry of an order executed with a size v is continuous on R and is determined by the inverse
function of V, denoted as Q(v) := V~1(v). Here, p — Q(v) represents the post-trade price resulting
from a large investor trading a position of v shares of stock, where p represents the pre-trade mid-price.
Generally, Q(0) equals zero, signifying that no trading activity leads to no impact on the price.

Example 2.1 (Block-Shape). In the work by Obizhaeva and Wang [40], the authors introduce an
example of a block-shaped limit order book, where the density functions are represented as x — f(x) = q,
with q being a positive constant.

Example 2.2 (Power-Shape). An illustrative instance that aligns with the concave price impact and
similar findings by Brokmann et al. [18] and Avellaneda and Stoikov [4] is the power density function
x> f(x) = co= 1t where ¢ and e are positive constants.

We define the price process P based on the order flow (n*,n~) and suppose that it is FV-
measurable. This means we rely exclusively on the filtration FV, without observing the filtration
FI generated by the liquidity process I. Consequently, the liquidity status of the traded asset might
not be directly observable. As per convention, a buy order contributes positively to P, whereas a sell
order results in a decrease in P. It is assumed that the price P is a cadlag process. We depict it as a
composition of a fundamental price component S and a price deviation process D, i.e.,

P, =S, +D;, Vt>0.

We propose to maintain the framework of the impact model introduced by Obizhaeva and Wang
[40] and to assess it under different liquidity regimes in the order book in order to account for these
variations when evaluating transaction costs. We consider the following price dynamics:

dsS; = VfR+ Q(v)n(dt, dv),
dDy = —pD,-dt + (1 —v) fR+ Q(v)n(dt, dv), vt >0, (3)
SO =S, Do = d,

where n := nT —n~. This means that a fraction v of the price impact persists permanently, while the
complementary fraction 1—v exhibits transient behavior, decaying exponentially with a rate parameter
p > 0. Finally, the asset bankruptcy time is defined as the F"-stopping time

7g:=inf{u € [t,T] : P, <0} AT, (4)
with inf{(} = 4o0.

Remark 2.1. Adapting Corollary 1 from Bacry et al. [5], we obtain similar results to Alfonsi and
Blanc [1] regarding the convergence in law of S—\/% to a non-standard Brownian motion with zero drift
when m goes to infinity. This is significant because it implies that the price dynamics are governed by
a diffusion process in low-frequency asymptotic, aligning with the classical literature on the topic.

3 The Filtering Equations

In the subsequent discussion, we define ! as a sub-o-field generated by the process I, where F/ is
defined as o (I;s € [0,t]) for all ¢ € [0,7]. We also consider G = {G;}+>0 as the initial enlargement
of FN, with G; := o(F,0({I}+>0)) for all t > 0. The filtration G encapsulates the information
available to a hypothetical observer who knows the entire path of I from the outset at time ¢t = 0.



Given that the liquidity status of the limit order book is not directly observable, there exists inherent
information incompleteness. Consequently, market participants must estimate it using the data they
have gathered. Here, we present a scenario where they must rely solely on observed order flow FV to
make such estimations.

Assumptions 3.1. We assume, without loss of generality, that the Markov chain I and the jump
processes NT and N~ have no mutual covariation.

Remark 3.1. The proofs in Appendix A cover mutual covariations, but we omit them here to simplify
notation, as they add little value to the model.

Since the process I is not observable, we need to rigorously construct the model introduced in
Section 2. Our aim is to properly define the probability measure P under which N* and N~ have
intensities AT and A~, respectively, as described in (2). To achieve this, we use a change of measure
technique, constructing P from an auxiliary probability measure Q. Under this measure Q, the obser-
vations (N1, N7) transform into a Lévy process, corresponding to a unit rate Poisson process. We
define the Doléans-Dade exponential process Z = (Zt)te[o,T]v

t t
Z= ] exp{—/ 1og(A’;,)st"~‘—/ (1 -2k ds}, P — a.s.
0 0

ke{+,—-}

Proposition 3.1. Assume that the conditions for existence and uniqueness outlined in Proposition
2.1 are satisfied. Then, EQ(Z;) = 1. Additionally, Z is a positive (P, G)-martingale satisfying

dZe=Z Y ()1 -1) {de — AP dt}, P—a.s. (5)
ke{+,-}

Proof. The conditions specified in Proposition 2.1 imply the uniform integrability of the process Z.
The rest of the proof follows directly from Sokol and Hansen [48]. O

Proposition 3.1 enables the application of the Girsanov theorem, using the Radon-Nikodym density
Z~! to establish the probability measure P on (2,G). Specifically, the relationship between P and Q
is given by %bt = Z; ' for all t € [0,T]. As described in Brachetta et al. [15], N* and N~ are Lévy
Poisson processes under Q. Foremost, it’s essential to highlight that their intensities are independent
of I under Q.

Notation 3.1. To improve the clarity of our findings, we define Y as the optional projection of an
FN _progressively measurable process Y in what follows.

As the process [ is partially observable, deriving an estimate based on the available information
FN becomes essential to address the control problem (12). This estimation is defined as the projection
of I within the domain of stochastic processes, denoted as L = {Y; € L2(P),Vt > 0: Y is FN —
measurable}. We define the optional projection of (¢ (13)),s, as

7T-,—((,0) = QO(IT) ]]-{7'<+oo}

(6)
=E SD(IT) ]]-{7'<+OO} | f7]-V ’ P— a.s,

where 7 is an FN-predictable stopping time and ¢ are bounded measurable functions from R to R.

Remark 3.2. As specified in Section II of Bain and Crisan [7], it is crucial to correctly construct an
F-adapted process when dealing with a process that is not adapted to the filtration F. Unlike discrete
time scenarios, directly using the process defined by the conditional expectation E[Y; | Fy], for all
t € 0,T), is not viable due to its potential lack of uniqueness in null sets dependent on t. This mean
that the process t — m(v) would only be defined up to modification. Such a definition could lead to an
unspecified process over a set of strictly positive measure, which is undesirable. As specified in Rao [46],
a proper way to uniquely characterize the optional projection up to indistinguishability for a bounded
measurable process is through (6).



Now let (m(1),...,m(d)) describe the conditional probabilities varying on the unit simplex S :=
{(x(1),...,7(d)) € RL; (1) >0,...7(d) >0, ZZ . m(i) = 1}, such that

(1) =P ({I, =i} | FN), (7)

where 7 is an F"-predictable stopping time bounded by [0,7]. Since the filter (6) can be fully de-
scribed by the conditional probability processes (m¢(i)):e[o0, 1], We intend to state the filtering equations
for (m;(@))seqo, 1) only in the following, with i € E. However, complete proofs of these equations are pro-
vided in the appendix for the case of a filtering problem where the observed processes and unobserved
variables are marked point processes and taking into account the covariations between.

Theorem 3.1 (Kushner-Stratonovich equations). Lett € [0,T] and i € E. The filter (7) is the unique
FN_adapted cadlag solution of the stochastic differential equation

d ik
A
dm(i) = Zilfn( )m— (Ddt + Z - (i) (dtm - 1) {de Zﬂt AL kdt} (8)
1=1 ke{+,~} 2= T (A
with 1o = p € S. Additionally, the processes (mw(1),...,7(d)) are piecewise-deterministic Markov

processes (PDMP).

Proof. Let i € E, and (79)k>0 be the jump times of the counting process N* + N~. The fact that
7(7) is a strong solution to the Kushner-Stratonovich equations follows directly from Proposition A.2.
The uniqueness of this solution is established by the results presented in Ceci and Gerardi [21] and
Brachetta et al. [15]. Moreover, this implies that the trajectories of (7(1),...,7(d)) are guided by a
system of ordinary differential equations (ODEs) during the intervals between the jump times of N*
and N~. In fact, based on the definition of the dynamics of the intensities (1), we have that, for all
T£§t§u<rlg+1,

dAGT = =8, (AT = AL ) du, and dNGT = —B; (AT = AL) du
Hence, for all 7)) <t <u <7, ,,
A= 8T = A0)e P p AL and AT = (AT = A)e T L

Additionally, we know that (%) is governed by the following differential equation between two jumps
and that, for all 7)) <t <u <74,

dmy (i Z% Ddu— Y m-(i) [ A - Zw ~(HNE | du, (9)
ke{+,-}
with m = p € S. Consequently, the processes (7(1),...,7(d)) are characterized as piecewise-
deterministic Markov processes (PDMPs). O
4 Optimal Liquidation Problem

4.1 Control Problem Formulation

Our objective is to address an optimal liquidation problem within a finite time horizon 7. Given the
structure of the limit order book under consideration (see Subsection 2.2), the transaction price for a
trade of volume v is expressed as

Qv)
C(p,v) := /O (p—y) f(y)dy — co

Q(v)
=pv—/ yf(y)dy — co,
0



with (p,v) € Ry xR, and ¢g > 0 a fixed constant. Since we explore a scenario where an agent engages
with financial markets on a high-frequency timescale, observations are made at discrete intervals.
In this context, employing impulse controls appears to be a logical choice. Furthermore, the fixed
transaction cost ¢y deters small-sized orders by enforcing a minimum order size, it disallows continuous
trading.

Definition 4.1 (Admissible strategies). Define A(x) as the set of admissible controls for an agent
with a position x € Ry at time t € [0,T]. An admissible liquidation strategy o € A¢(x) consists of a
sequence o = (Tg, &k) > 1, Where (Tk),>, s an increasing sequence of FN —stopping times and (&) k>1

a sequence of FN — measurable, Ry -valued random variables such that Y, &, = x.
t<Tp<T

The agent’s holdings X form an FN-progressively measurable process. We define the controlled
dynamics of the processes S%, D%, and X< as

dse = yfR )n(du,dv), for 7, < u < Ty

5% = vQ(ﬁk)

dlsa——pD”‘ du+ (1 fR n(du, dv), for 7, < u < T4 (11)
Dy =Dp — (1~ V)Q(Ek)

X‘ﬂ = X2 + &,

Sta:s Do‘*d X ==z,

with u € [t,7s], k € N*, v € [0,1], and o = (7%, &k),~; an admissible strategy (see Definition 4.1).

By applying classical theory (see Brémaud [16]), we can readily conclude that the aforementioned
system of stochastic differential equations has a unique strong solution. Note that the dynamics of P,
S and D are partially observable while P, S and D themselves are observable. The fact that P, S and
D are FN-adapted implies that there are no additional terms driving the filter (6).

Notation 4.1. We denote the domain Ry x R? x (R‘_f_)2 x S by D. The conditional expectation given

(X2, 8% DX N A, m) under the probability measure P is denoted by
]Ety['] =E"|. | Xta"gvatavj‘zrvj‘t_vﬂt = x,d,s,nﬂmﬂu )

where y = (x,s,d, kT, k7, 1) €D, a € Alx), A\t = ()\i"")ieE, AT = ()\i’_)ieE, and ™= (7(i)),cp-

We aim to solve an optimal execution problem in feedback form from the perspective of a market
participant seeking to liquidate a position X; = x within a finite time horizon on a single stock, ensuring
a zero terminal inventory at time 7g. The optimization involves minimizing costs while adhering to
execution constraints. We will examine F¥-adapted execution strategies involving a series of discrete
trades. We aim to maximize the revenue J over the set of admissible strategies, such that

J(ty,a) =Ey {Z Li<n <} C (87, + D5 [AXD]) + C (87 + D, X7 |- (12)
k

with ¢t € [0,T], y € D, a € A(z), and g the bankruptcy time defined in (4). The corresponding value
function V : [0,T] x D — R is equal to

Vi(ty):= sup J(ty,a). (13)
a€A(x)

The problem at hand is equivalent to one with partial observation, as the separation principle (see
Fleming and Pardoux [28] and Mazziotto and Szpirglas [38]) enables control and filtering to be disen-
tangled, allowing them to be handled as separate tasks.

We conclude this section with a standard result regarding the finiteness of the value function.

Proposition 4.1. The value function V described in (13) is finite.



Proof. Let t € [0,T], y = (z,8,d, ",k ,u) € D and o € As(x). Based on (10),

Q(x)
CPo)<P [ )y e
0
S Pt.’E.
Using Assumptions 2.1, we get that sup;c g E¢ y [Supse[()’t] (fos Q(v)n"E(dv, du))z] < too. This leads

to E¢ |:Sups€[0,t] SE} < 400 and E; {supse[oﬂ Dg} < 400, for all ¢ € [0,7T]. Conversely, given that

p+— C(p,x) is non-decreasing on R, we have that

J(t,y,oz)SEt,y[ Z C( sup SS+DS,§Tk)+STS+DTS]

re€ltrs] set,T]
o[ aw 5o (10 ¥ &)
st T] TRE[t, TS|

<(1+ux) Etyy{ sup (Ss+ DS)} < +00.
s€ft,T]

Since « is arbitrary, we conclude that V is finite. O

4.2 Dynamic Programming Principle

When addressing the impulse control problem, it is standard practice to start by defining the value
function as the solution to its corresponding Hamilton-Jacobi-Bellman Quasi-Variational Inequality
(HIBQVI) using the dynamic programming principle. The expected approach is to solve the equation

min {—LV,V — MV} =0, on [0, T[xR; x R} x (R)? x S.
The boundary/terminal conditions here are
|4 (t, 0,s,d,k", ﬁf,u) =0,
% (T,:v,s,d, kT, ﬁ*,u) =C(s+d,z),
\%4 (t, %, 815 a<oy, Al fsta<o} kY, k™, u) =C(s+d, ).

The partial integro-differential operator £ is defined as

d
Lo(t,x,5,d, k7,57, 1) := Oyp — pddasp — Y _ 11iBi [(H” — A )Dr o 4 (K97 = M) Do

i=1

d d d
3 D = Y (=) | B + T,
j=1

i=1 \j=1 ke{+,—-}
with,
Ty =

/R [@ (ta, s +vQ(2),d+ (1 = v)Q(2), (K" + @i (2/m1))i, (K" + we(z/ma))i, (i + Api)s)
d
- (t,m, s,d, kT, fi_,u) ] Z kE T (dz)
k=1

+/R [<P (t,2,s —vQ(2),d — (1 — v)Q(2), (K" + ¢L(z/m1))s, (k"™ + @L(z/m1))is (i + Apa)s)

d
- (ta$7 S,d7 K'+> K_aﬂ):| Z K/k’_yk(dz)’
k=1

10



and the intervention operator M is given by

sup C(s+d,§)+<p(F (t>$757d7f€+7f€_aﬂ>€))7 if G/(LL') 7é {(Z)}a
M (t,x,s,d, n+,/£7,u) = ¢ E€a(a)
400, otherwise, (14)

with a(z) ={{ e Ry : & <a},
and T(t,x,s,d, kT, 5k, 1,&) = (t,r — &, —vQ(€),d — (1 — I/)Q(f)mﬂn_,,u).
We call C the continuation region
C:={(t,y) eDx[0,T]: MV <V},

and, 7 the trade region
T:={t,y) eDx[0,T]: MV =V}.

In a non-degenerate multidimensional setting like ours, obtaining explicit solutions to the system of
HJBQVIs described above is rare, as it typically occurs only in trivial cases. This arises from the
necessity to solve the related HJBQVI. Moreover, the existence and uniqueness of this system often
require consideration of viscosity solutions. The lack of regularity of the value function could represent
an additional challenge. To circumvent these difficulties, we opt to employ a methodology similar to
that utilized in Costa and Davis [25] and @Dksendal and Sulem [41], where the authors demonstrated
that the value function of their control problem resolves a related optimal stopping problem, enabling
them to directly characterize an optimal strategy.

Here, we define the value function as the limit of auxiliary functions. These functions will be used
to study the original value function and to develop an implementable numerical algorithm, detailed in
the next section. Define the subsets AN (z) within A (), for all N € N, as

AN (2) = {(Tk,&c)k21 € Ay(x) : 1, = +oo as. forall k > N + 1}, V(t,z) € [0,T] x Ry.

The associated value function Vj, which represents the value function when the investor can make a
maximum of [V interventions, as

VN (t,x,s,d, H+,H_,u) = sup J(tﬂc,s,d, m+,f$_,u7a)7 (15)
a€Al (z)

with (t,2,s,d, kT, k7, u, N) € [0,T] x D x N. We also introduce the set © of FV-stopping times in
[0,T], ie.,
Oy := {t <7< T:7isan FY — stopping time} .

Proposition 4.2. Let N € N*. For allt € [0,T] and y = (z,d,s,x", k™, ) € D, we have that

\%N (tvy) = Sup Et,y |:MVN1 (T; r,87, D7, j\i_7 5\:771-7') s
TEO,

where Vo (t,y) = E¢ {C(STS + DTS,;E)} .

Proof. Refer to the Appendix B. O

Proposition 4.3 (Compact convergence). Let K C D be a compact set. For every e > 0, there exists
Ny € N such that for all N > Ny,

sup  [Vn(t,y) = V(t,y)| <e.
(t,y)€[0,T]xK

Proof. Let N € N. For all t € [0,T] and y = (2,s,d, s, 5™, ) € K. Since AN C AN (z) C Ai(z)
for all N € N, then Viy < V41 < V. Hence, using the monotone convergence theorem, limy_ o Vi
exists and limy_, o0 Vv <V < +o00. Consider a = (73, &k )k>1 € Ai(x). Recall that the bankruptcy
time 7g is defined as 7g = inf {u € [¢,T] : P, < 0} AT. The price is influenced by the same exogenous
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order flow (n™,n7), in addition to the impulse controls, which always drive the price down. The
impulse controls in the strategy « are more frequent than those in the strategy an. Hence, 7¢ < Tév .

Let ay = (;kagk)lgng € AN (x) define the strategy
(;k,gk):{ (Tk,fkl ,ifl<k<N—-land T <7y
(75, X2 = Di<nan—18k) ; else
Using the definition (12) of the reward function J, we obtain that
|J(t,y, @) = J (t,y,an) |

<E[ S OS5 4+ D% 6,) +O(S% + D2, X%) — O(Ser + Do X — Y sm].
TN ST <Ts 1<k<N-1

(16)

Considering there are almost surely a finite number of switches for any given path, we get that
Imy 100 Y, & = 0uniformly. Based on the proof of Proposition 4.1, we know that C(p, z) < pz,

TNSTE<Ts

for all (p,z) € R x Ry. Hence,

E[ S s+ e, >} SE[ swp (53103 Y sm]

TN <7 <Ts uelt,Tl TN <7 <Ts

< Et,y[sup <su+Du>2}Et,y[( > smﬁ}

et T] TN <TR<Ts

where the second inequality is obtained using the Cauchy-Schwarz inequality. This proves the uni-

form convergence of the first term to zero since E; { sup (S, + DU)Q} is uniformly bounded on the
we[t, T

compact set on [0,7] x K based on Assumptions 2.1, the price P being linearly dependent on the

variables (t,y). Therefore, for any £ > 0 and N large enough,

E[ 3 C<S$k+ka,srk>]< . an)

TN <Tp<Ts

W ™

Next, we will prove the uniform convergence of the second term in inequality (16) to zero using the
expressions of SN and D$¥. Based on (11),

a _ ,—p(Ts—Tn-1) D&
DTS =€ D‘FN—l

Hl-w) Y TG

TNSTK<Ts
TS
+(1- y)/ / e P~ Q(v)n(dt, dv).
TsATN JR4

Since DY = DpX Vu € [t, 75], we obtain that DS, = DeN+(1-v) > e PTs=TRQ(&).

UATN —1 UNTN -1

We proceed in the same way to prove that, S = SPN +vy  __ Q(&). Therefore,

Et,y[wwfs+DSS,XSS>—C<SSSN+D$;mx:g>|]SzEt,y[ ) Q(gw].

TNSTL<Ts

As a result, for any € > 0 and N large enough,

g
Ery 0085, + D5, X2,) - O3 + D X2l | < 5. (18)
Finally, knowing that the cost function satisfies,
QX))
C(S5r+ D5 X2)-CSy+D X - Y &)= | (S2 + D2 — y) F(y)dy,
1<k<N-1 QIXg, 71<k<ZN—1£k)

12



we can apply the Cauchy-Schwarz inequality again to bound it,

Eiy [|C(sgsw S CHRTel N S CRS g,@)@
1<k<N-1

< [Bu| s 002 [E Q0 - Q0 - X wp,

u€[t,T) 1<k<N-1

Since @ is continuous on R* , and applying similar reasoning as before, the following inequality holds,
for any € > 0 and N large enough,

. (19)

w| ™

By OS5 + D2 X2) - OS2 4+ D X5~ @ <
1<k<N—1

As a result of inequalities (17), (18), and (19),
‘J(t,y,O{) - J(tayyaN” <e.

Therefore,
V(tv y) Z J(t7 Y, O51\7) Z J(ta Y, Oé) — &,

Since « and ¢ are arbitrary, Viy converges uniformly to V on [0,7] x K which concludes the proof. [

Next, we present two formulations of the dynamic programming principle. The proof of each result
directly follows from Proposition 3.3 and Proposition 3.4 in Bayraktar and Ludkovski [8]. This will be
key for characterizing the value function in (13) and formulating a verification theorem to obtain the
optimal execution strategy in Section 5.

Proposition 4.4 (Dynamic Programming Principle). Let t € [0,7] and y = (x,s,d, kT, k™, u) € D.

The value function V is the smallest solution of the dynamic programming equation

V (t,y) = sup By [ MV (7,2,5:, D, A, A7, 707) | (20)
TEO,

such that, V> Vj.

Proposition 4.5. Let N € N, t € [0,T], andy = (z,s,d, k", k7, p) € D. Let 7, :={s>t: N < NI},
T, = {s >t: N, < NS_}, o1 = 7_1+ ATy, and Wy = Vy. Then, the value function V is the pointwise
limit of the sequence

W (t,y) == sup E;, []l{pgl}WN_l(al,x,S’UI,DUI,/\;,)\UI,NJI)
s€t,T]

+ ]l{s<o'1}MWN—1(S7 z, Ssa DS7 S‘ja 5‘;7 7Ts):| .
Furthermore, V is the smallest solution of the dynamic programming equation

V(t,y): sup IEt,y [ﬂ{szal}v((jl»xvsauDau/_\+ 5‘7 71',71)

o1 701
s€(t,T]

+ ]]-{s<o1}MV(5axa Ss, Ds, S\j, 5‘37773):| )

such that, V > V.

Remark 4.1. It is important to note that in Proposition J.5, the supremum is taken over deterministic
times in [t, T| rather than over the stopping times in O. This distinction arises from the character-
ization of the stopping times for piecewise deterministic Markov processes (refer to Theorem 33 in

Brémaud [16]).
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5 Characterization of the Value Function

In this section, we will investigate the regularity of the value function V', which will pave the way for
constructing an optimal strategy.

Lemma 1. Let t € [0,T], i € E and (z,s,d, k™, 5™, ) € D. The following results hold:

1. mo = V (t,x0, 8,d, 6T, K™, ) is a non-decreasing function on R .

2. kgt =V (t, z,8,d, kTN kg D n_,,u) is a non-decreasing function on R

3. kg =V (t,x, Sydy kT kT kg ,m_’d,u) is a non-increasing function on R .

4. 80—V (t,z,so,d, l€ kT, p) and dog — V (t,x,8,do, kT, k™, ) are a non-decreasing functions on
R. Addztzonally, (t y) =z, for all (t,y) € [0,T] x D.
Proof. Refer to the Appendix C. O
Lemma 2. Let tg € [0,T] and yo = (z,s,d, kT, 57, 1) € D. Then,

lim P(rd=712) =1,
(t1,91)—(t0,y0) ( 5 S)

and (t,y) — Eq¢y[e”?75] is continuous on [0,T] x D.

PT’OOf. Let (t07t1) € [OaT]27 Yo = (LB(),S(),do,KZS_,Ha,‘LLQ) € Da and Y1 = (m13517d17’€faﬁf7ul) € D.
We suppose, without loss of generality, that t; > ¢y. Using the dynamics (3) of the uncontrolled price
process P, we have that, for all u € [tg, T],

Pl = P = sy sy b g5t ettt

-l-u/t1 Q(v)n'(ds, dv) —u/to Q(v)n°(ds, dv)

Ry Ry
1—1/// e P9 Q(v)nt (ds, dv) 1—V// e P=I)Q(v)n’(ds, dv)

:R(u?t07tlyy07yl)y P_CL.S7

with P} = S} + D} = s; +dy, and P} = SY + DY = 5o + dy. Hence,

P(@:@):P( inf P, >0,Pl <o)

u€[to, 2|

:P( inf P3+R(u,t(),t1,y0,y1)ZO,PTlg <0>

u€[to, 2|

>P( inf P)> sup [ R(uto,tr,y0,y1) [ P+ R(78,t0, 1,90, 41) <0 | -
u€[to, 72| u€lto,T] ’

Standard calculations show that sup,cp, 77 | R(u,to,t1,Y0,y1) | converges in probability to zero when
(t1,y1) = (to,yo). Additionally, inf, | of P? >0 and Pfo < 0 hold P-almost surely. Hence,
S

to,T

lim P inf P?> sup | R(u,to,t1, Y0, Y1) |7P£o +R(Tg,to,thy0,y1) <0)=1
(t1,91)—(to,yo0) s

u€lto,73[ u€lto,T)
and,
(tuyl%i—rgto,yo) ¢ (Té B Tg) =
Therefore,
(tl,yl%iif%tg,yo) Eq, 4 [e775] = By o [e 75,
In conclusion, (t,y) — E; ,[e™?79] is continuous on [0,T] x D. O
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Lemma 3. Let t € [0,T] and y = (z,s,d, k™, k7, 1) € D. The value function without interventions,
Vo(t,y) =E¢y [C(STS + D, :1:)] , is continuous on [t,T] x D.

Proof. Let t € [0,T), and y = (z,s,d, k", k7, ) € Ry x R? x (R1)? x 8.
We know that

Q(x)
Vo (t,y) = 2By y[Srs + Drg] — / vf(v)dv — ¢
0

=z(s+ dIEt,y[ef"(Tsft)]) + avE, , {/TS Q(v)n(du, dv)]
¢ JRr,

Ts Q)
z(1—v)E, [/t /R e P~ Q(v)n(du, dv)] - /0 vf(v)dv — ¢p.

Hence, given that @ is continuous on Ry and that (¢,y) — E; ,[e”?75] is continuous on [0,T] x D, the
continuity of V5 on [0,7] x (R%)? x S will depend on the continuity of the function

TS
(kT kT ) =kt kT kT u) =Eyy {/ / e PTs=Q(v) n(du,dv)].
t  JRy
This is because the proof of the continuity of the mapping
TS
oty By | [ [ Qo) atau, )
t R4
is analogous. We define a functional operator I by its action on a test function w as
d o1/N\Ts ) )
Iow(t, i+, 5 ) = S By [ / / Tu(D)e T Qo) (N = A™) i (dv)du
i=1 t Ry

+E;, {1{01<Ts}w (01, )\Ul,)\gl,wol) } ,
with u € [t,T]. Let us define o, as the n-th jump time of N = N*+ N~ after time ¢. We then introduce

kny1(t, kT, 57, p) recursively as ky,11(¢, k7, 67, 1) = lokn(t, 67, k7, 1), starting with ko (¢, s, k™, p) =
0, for n € N. As a result,

d onN\Ts ) )
kn(t,kt k7, p) = ZEt,y {/ / mu(i)e P75 IQ(v) (AT = A7) vi(do)du
i=1 t Ry
d on/N\Ts
= ZE“’{/ /]R e P~ Q(v)n(dv, du)}
i=1 +

Additionally, we have that, for all n € N,

|kt k7 57 1) =kt 7 K7, )]

d
=S| [ [ m@e Q) |- A o
i=1 nATg JRL

< 2dsup E:(Q)Ey [(rs—anm) up |
i€E s€[0,T]

< 2dsup ]Ez(Q)\/IEty [ sup ()\é’i)2} Et,y [(TS —op N 75)2] .

icE s€[0,T)

with E,;( fR v)v;(dv). An implication of Doob’s inequality, along with the stability conditions
outlined in Assumptlons 2.1, is that E[sup, (o, 71(A5*)?] is bounded. Consequently, k,, converges uni-
formly to k. It remains to demonstrate that the operator Iy preserves continuity, thereby establishing
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the continuity of k£ and, consequently, Vj.

If s+d<0:

The price instantaneously falls to zero, thus 7¢ = ¢ since P is cadlag in the scenario without interven-
tions and no jumps occur at time ¢*. Therefore,

Q(x)
Vo(t,y):x(s+d)—/0 vf(v)dv — co.

Hence, V} is continuous on {y € D : s + d < 0}. For the rest of the proof, we will examine the continuity
of yon{yeD:s+d>0}.

If s>0and s+d>0:

Since the price P can decrease only after a downward jump of N, we have inf {u € [t,T] : P, <0} > o7,

P-a.s. Hence, 01 A 7g = 01 AT, P-a.s. Now let ’H?’k denote the functional operator on a test function
w, such that, for all i € E and k € {+, —},

H?’kw(u, KT KT, 1)
Lk

_ WK
= [ w6 o/ e (5 + phwfm) s (W)l;(d)

Utilizing the piecewise-deterministic Markov property of the processes (Ao );c g, (\> 7 )iep, and (7(4))icE,
we can express [y as

d o AT
Tow(t w5 ) = S By [ [ mbeet g vy - x) w(dv)du}
P t Ry
+ Et7y |:]]-{01§T}w (0'1, )\01, Aal 5 7T(71) :|
d T ,
=3 [ RO O ) ¢ B ey x EQEV)
+ Z Z/ HOkw u/\0+)\0_ 2)Pt,y(lu:i,01:7'1k,01Gdu),
k{+,—} i=1
with A00+ = (kb — X Ye Pilu=t) L\ \0i— — (gh= — X\ Ye=Filu=t) 1 \i and 70 is the unique
solution to the ordinary diﬁerential equation (9).
Let us introduce the functions mi : [0, T]? x (R1)? x S, and u € [t,T] such that, for all i € E,

m;"(t,u,lfr,/{*,u):?t’y (u<Jl,Iu:i,01 :7'1"'), (21)
my (tu, kT kT 1) =Py (u <oy,I, =101 = 7'1_) .

Next, we will determine the forms of m?[ in order to demonstrate their continuity. We know that
Py (u <oy, I, = i, < Tf) =Ey (Lyryeiy - P(u< o< (Is)se[tu])) (22)
Utilizing the definition of a non-homogeneous Poisson process (see Snyder and Miller [47]) and recog-

nizing that the intensities of (\T);cg and (A"~ );cp are deterministic prior to the first jump time oy
due to their nature as PDMPs (see Proposition 3.1), we get that

+Oo d . S ’L — i,
P (u < 7—1+ <7 | ([S)se[t’u]) — E{/ Zl{ls:j}kg’]#e_ S Uy A2 AR ) dr g (I Dsel, u]]
w ‘

— e S L=y AT AR )y

+oo _d
0,i,+ r
< Z”’”E[lu e B g O | (1)
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The transition from the first to the second line is justified by the Fubini-Tonelli theorem. As de-
scribed in Brémaud [16], the dynamics of I can also be understood through the Poisson measure

nfj, which counts the transitions from state i to state j. This process has an F!-intensity given by
t— ]l{ltfzi}wij(t), where 7 and j are elements of the set F. This means that

d (l{lu:i}) = Z (1{%7:]'} - l{lu,:i}> X njl-i(du), Yu € [O,T].
JjeE
By applying It6’s formula, we obtain that
dL;, =d (]1{1 —iye” Sio ﬂ{zszj}(Ai”j”+kg’j’+)d8)
- {_ Lir, =i (Ag’f’_ + /\2’—i’+> du+d (Li,=i) } e T [ 1=y Q07T 4ATI s

This results in

AE1y (L) =By | D01 thyilu) = L) | du—Boy (L) (X057 #2057 du
i

- jz:Et,y (Li,) bji(u)du — By (LY) ( AV A2,5,+) du.

Therefore,

B, (L) = (u el w<s>—A2**—AS’+ds) _ (23)

i
where A% is a d x d diagonal matrix with (A%+);; = A04+. Hence, we get that

Pty (U’ < 7—fL <7 | (Is)se[t,u]) = o JU T =y QT AR ) dr
d

+oo d
DI R T (R
v =1 k=1 k

J
and, based on (22), that

) _ _ pux~d (£0yii— 4 30,0t
Pty (u <oy, L, =i1 <7 ) =Eiy (1{Iu:i} NP D DR FPREVIY T )dT)

+oo d . s 0,— 0,4+
« / SO ADI (el bAoA g
w ij

Therefore, for all i € F and u € [t, T,

+oo d
mj_ (t, u, KZJF, Ko, N) = (,Uf : eftu w(s)fAS’_ng"*'ds) . / Z Ag’j’+ (ef'f zp(r)ng‘_ng""dr) . ds.
v Ju - (%]
J=1

Similarly, we get that

j

_ u A= _A0+g +oo d o s A0 _AOHg
my (tu, kT, 67, p) = (,u-eft P()=Ay T —A 8)/ Z)\S,L— (efu, Y(r)—Ap T =AY r) ds.
i Ju -
Jj=1

Since A2+ = (kb — X )eAilu=t) L X and A0~ = (k5 — X )e A=) 1\ we get a continuous
dependence of A%%T and A\%* with respect to their initial parameters. Hence, (t,x%, k™, pu) —
mi (t,u, kT, k7, ) and (6, K, k7, n) = m; (t,u, kT, K7, p) are continuous on [0,7] x (R4)? x S, for

all i € E and v € [0,T]. Additionally, we know that (¢t,y) — E., {]l{uﬁ,l}ems} is continuous on

17



[0,T] x D, based on the results of Lemma 2 and the fact that (¢,y) — o1 is continuous in probability
on [0,7] x D. Hence, since

+

0
Py (I =i,00 = T o€ du) = ——mF(t,u,xt, k7, p)du, (24)

ou

and %mf is continuous on [0,7T] x D, we conclude that I preserves the continuity. This concludes

this part of the proof.
If s<0and s+d>0:
The bankruptcy time in case of no prior jumps Tg satisfies the equation

de—P(Tg—t) +s=0

7§:G+1m<ﬂﬂ>AT
p s

Hence, 01 A 7s = o1 A 79. The rest of the proof is based on similar arguments as those presented in
the previous case. One can just replace T by 7g. O

before time 7', which implies that

Proposition 5.1. The approzimating sequence of value functions (W) ycy is continuous on [t, T]xD.

Proof. Let t € [0,T], N € N, and y = (v,s,d, k", k", ) € D. Define a functional operator I; by its
action on a test function w as

Ilw(tv u, y) = ]Et,y |:1{u201}w (Jla xZ, 50'1 9 D0'1 ) 5‘2-_1 ) 5\;1 ) 7T0'1)
(25)
+ ]l{u<01}/\/lw (u, z,s, e*P(uft)d’ )\?L,Jr, )\2,77 Wg) :| ,

with u € [t,T], N0+ = (kb — X e Pilu=t) £ AT 200 = (gh= — NI e Piu=t) L X! and 70 =
Py, (I, =i | o1 > u) is the unique solution to the ordinary differential equation (9).

Now let ’H;’k denote the functional operator on a test function w : [0,7] x D +— R, for all i € E and
k € {4+, —}, such that,

Hg’kw(u, y) =

/ w(u,x, s+ kvQw),d+ k(1 —v)Q(v), (/@'H‘ + ]l{k:_yl:i}gpls(v/ml) + ]l{k:+7l:i}<plc(v/m1))l€E,
Ry

B KLk
(" 4 T amiy @ (0/ 1) + Lpe— miy 2 (/1) i | = vi(dv).
Z.i ,U,-Iijﬁk
j=11J I€E

By means of the strong Markov property,

d
Lw(t,u,y) = Z]Pt’y (Iy =i,01 > u) Mw (uw, 5,6 P N0+ )\2’_,71'2)
i=1

d
+ Z Z/ Hg’k’w (7’7 x,Ss, e_p(T_t)da )‘70~7+7 )\27_7 WE) Pt,y (IT = 7;7 g1 = lea o1 € d'f‘) )
ke{+,—}i=1""
Using (21), (24), we can express [; as

d
Lw(t,u,y) = Zmi(tu, KT kT ) Muw (u,x, s, e Pluty, A0 Ag’_,wg)
i=1

d u
. 0
— Z Z/ H%7kw(nx,s,e‘p(“t)d,)\2’+,)\g’_,7r2) a—mf(t,r,m+,n_,u)dr,
ke{t,—} =17t u
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with m;(t,u, k¥, k7, 1) = m} (tu, k67, 0) +my (Gu,wt 67, p0) = (,u el ’b(s)_Ag’+_Ag'7ds) .
The lifting function I, defined in (14), maintains continuity due to its linearity. Since x — a(x) = [0, x]
defines a hemicontinuous, compact-valued correspondence with a(z) # {0}, a consequence of the Max-
imum theorem (see Section 3 in Berge [11]) is that the operator M preserves continuity. We apply the
arguments presented in Lemma 3 to prove that the first jump operator I; preserves continuity. Using
the Maximum Theorem again, since ¢t +— [t,T] also maps to a non-empty set and defines a hemicon-
tinuous compact-valued correspondence, we find that the operator SUD e[t 7] Lw(t,u,y) associated to
the test function w preserves continuity. Therefore, given that the dynamic programming principle in
Proposition 4.5 states W 11(t,y) = supyep ) 1Wn (¢, u,y) and Wo = Vj is continuous (see Lemma
3), we conclude that Wy is continuous for all N € N, which completes the proof. O

Corollary 5.1. The value function V is continuous on [0,T] x D.

Proof. Based on Proposition 3.2 in Ludkovski and Sezer [35], we have that Wy = Vi, for all N € N.
Moreover, [0,T] x D, endowed with the Euclidean metric, is a locally compact space. Since Wi has
been proven to be continuous on [0, 7] x D in Proposition 5.1 and that Vi converges locally uniformly
to V based on Proposition 4.3, we conclude that V' is continuous on [0,T] x D.

O

We conclude this section by presenting a verification theorem, which follows from the continuity of
V established in Corollary 5.1, along with Proposition 4.1 in Bayraktar and Ludkovski [8].

Theorem 5.1 (Verification Theorem). Let t € [0,T], and y = (v,d,s,k", k", 1) € D. A strategy
o = (T, Ek)k>1 1S defined recursively as

e Set& =0 and ™ =0.
e Fork>1,

Tk+1 Tk+1

Tr+1 = inf{s € [, T) : V(s,YS) = MV (s,Y5)},
S = argmin {MV (0, Y7, ) = C(D5, + 85,6 + V(T Y5, 6)

where Y 1= (X2, 827, D" A+, \J,m,), for all s € [0,T).

With the convention that inf{@} = 0, the strategy o* is optimal for Problem 12, i.e.,

Tk ? T3

Vit =By | Y C(sy + DELIAXE ) +C(5T + D X)),

TEE[t,Ts|

6 Numerical Results

Below, we present numerical examples to demonstrate the shape of the optimal exercise and continua-
tion regions. We will also evaluate the impact of the stochastic filtering procedure on the optimal policy
and exercise regions. Now, we will specify the forms of the limit order book density and intensities
used in our illustrations.

e Market impact: Drawing from the research of Bouchaud, Farmer, and Lillo [14] and Gatheral
[30], we propose a price impact model in which the trading size influences the price @ in a concave
manner, meaning that v — V=1 (v) forms a continuous concave function from R* to R*. This
is particularly relevant when the trade size is small, which is often the case in high-frequency
trading. As empirical observations suggest that the price impact function often approximates a
square-root function, we will employ a power-shaped density function x + f(x) = ¢ x x717¢,
where ¢ and e are positive constants. This results in a concave market impact function v

e+l et+1
Qv) = (%)1/6 and a transaction price equal to C(p,v) = pv — “H c(%) © —cg = pv —
et . o
cdv e —cg, with ¢ = ) (%) ° .
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e Hidden liquidity: To ensure clarity in our results, we will focus on two possible regimes
i € {1,2} throughout the remainder of our study. Based on the findings of Chevalier, Hafsi, and
Ly Vath [22] and Pomponio and Abergel [42], we select an exponential distribution for the order
volumes, given by v;(v) = (e~¢”. We aim to illustrate the behavior of the liquidating agent when
market trends reverse. This is achieved through the following dynamics of the intensities )\i’+

and A7, defined as
(Yo ()2
> <m1> o (m1> Tt

where x > 1is a parameter linking the regimes, and ¢ and 7 are positive parameters. Additionally,
we define k2 = k1~ and k>~ = kb1, leading to A>+T = AL~ and A>~ = Ab*. This allows us
to reduce the dimensional complexity 1mpact1ng the numerical scheme.

We propose this set of parameters for the upcoming numerical results to ensure consistency and clarity
in our analysis. Whenever a variable is not explicitly mentioned as changing within a graph, or if it
is not varying across different scenarios, it takes the default values specified in this set. These default
values will be maintained throughout the computations unless stated otherwise.

Parameters | p c e o | v [AL] B Ui
Values 01{10|30|01]08] 10 |0.5]0.05

Table 1: Default parameter values used for numerical results.

6.1 Filter Sample Paths

We analyze a two-state homogeneous Markov chain through sample path analysis. When fully ob-
served, the chain exhibits a clear sequence of transitions between states, providing a detailed view of
its temporal evolution. Each transition is directly observable, facilitating straightforward interpreta-
tion of the chain’s dynamics. We choose the scenario where the transition rate matrix ¥(¢) at time

tel0,7]is
~0.2 0.2
¥ = ( 0.2 —0.2) '

In the context of our Markov chain with discrete states, the accuracy of our state estimation is illus-
trated using the Maximum A Posteriori (MAP) estimator, which selects the state with the highest
posterior probability I, = arg max;eo,1} T¢(4), where (i) refers to the filter (6). This approach en-
sures that the estimate remains within the discrete state space, providing practical and computational
advantages for illustration purposes. However, going forward, we will rely on the Least Squares Esti-
mator (LSE) for its theoretical optimality in minimizing the expected squared error, despite it yielding
a weighted average that may not correspond to an actual discrete state. This ensures a more precise
and theoretically sound estimation in our subsequent analyses.

il 1 WW | «x«x W

—
1501 — N

I
o

Probability

o

Ly | ‘W ' |

00 25 50 75 16.0 125 0.0
Time

Figure 2: Illustration of the filter’s PDMP system trajectory.
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6.2 Optimal Liquidation Strategy

The numerical implementation involves discretizing the domain D and the time horizon [¢,T]. Sub-
sequently, we compute the deterministic supremum in Wyi1(t,y) = sup,ep,r LiWn(t, u,y) for all
(t,y) € [0, T] x D as described in Appendix D. Note that the results presented here use N = 20. How-
ever, we observed that the value function typically converges after approximately 13 iterations. In the
following section, we will primarily discuss the exercise and continuation regions of the approximated
optimal liquidation strategy.

Market Risk. Figure 3 below shows the behavior of the optimal strategy with respect to the buy and
sell intensities. Under the configuration introduced in the beginning of this section, the buy and sell
intensities in Regime 2 are reversed compared to Regime 1. Specifically, (A2, A%7) = (AL=,ALT),
meaning the roles of the buy and sell intensities are swapped between the two regimes.

Difference between Wy and MWy 1 Difference between Wy and MWy, -1

Difference between Wy and MWy, -1

8.4

7.2

6.0

4.8

3.6

2.4

12

9.0

7.5

6.0

4.5

3.0

15

0.0

0.0 1 0.00 19

Figure 3: Contour plot of the its exercise/continuation region of Wy as a function of buy intensity
k1T and sell intensity x> ~. The prior probability m;(0) = g is set to 0.9 in the left figure, 0.5 in the
central figure, and 0.1 in the right figure.

The continuation and exercise regions, as depicted in Figure 3, are influenced by the agent’s beliefs
7w = (m(0),m(1)) regarding the prevailing market regime.

e Left-hand side figure: Here, the probability filter is fixed at 0.9, signaling a high likelihood
of being in regime 1. A higher k1'F (buy intensity in regime 1) corresponds to an upward price
trend. In this case, no sell orders take place. Conversely, the higher k!~ (sell intensity in regime
1), the more likely the agent is to place a sell order (blue region).

e Right-side figure: On the right-hand side plot, the probability filter is fixed at 0.1, signaling
a high likelihood of being in regime 2, where buy and sell intensities have likely switched from
regime 1 to 2. In this case, a higher k' (or lower k% ~) corresponds to a downward price trend,
leading the agent to post sell orders (blue region). We observe a clear symmetry with the right-
hand side plot. The optimal strategy involves liquidating when the price is going downward in
regime 2 and upward in regime 1. This reflects the agent’s adaptive strategy to hedge against
market risks and to exit positions when a downward price trend is expected.

e Middle figure: This is further confirmed by the middle plot, where the agent has no prior belief
about the market state. In this case, the agent liquidates when both buy and sell intensities in
regime 1 (and consequently in regime 2) increase. This behavior is justified by the fact that the
likelihood of an imbalance in intensities is higher when both are elevated, compared to when
both are low, allowing the agent to hedge against market risk.

We continue our analysis by examining the dependence of the approximated optimal strategy on the
remaining inventory and the agent’s prior beliefs regarding the market liquidity state, as depicted in
Figure 4.
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Figure 4: Contour plot of the its exercise/continuation region of Wy as a function of the filter’s
probability to be in regime 1 and the inventory. The buy and sell intensities (k*, k1) are set to
(5,1) in the left figure, (3,3) in the central figure, and (1,5) in the right figure.

Note that as the prior probability of a downward price movement increases (low m;(0) in the left-
hand side figure), the agent’s incentive to liquidate intensifies, driven by the need to mitigate potential
losses. Moreover, the agent exhibits sensitivity to inventory levels, with larger inventories prompting
liquidation regardless of market liquidity conditions. This is reflected in the expansion of the selling
region as the remaining inventory x increases, highlighting the agent’s tendency to execute trades more
aggressively when managing larger positions.

Liquidity Risk. We now examine the market impact of the trading agent in relation to the trade
sizes. Figure 5 illustrates the power-law shape of the price impact function @, highlighting its concave
nature. In this analysis, we vary the parameter ¢ to investigate its influence on the optimal order sizes.
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Figure 5: Representation of the market impact @) as a function of the order size for two price impact
parameters: ¢ = 0.7 and ¢ = 1.0.

Figure 6 illustrates the order sizes that maximize the intervention operator M and reveals that an
increased price impact leads to a decrease in the average order size. More interestingly, its analysis
shows that the order sizes are initially proportional to the inventory, after which they stabilize. This
behavior confirms the effect of the concavity of the impact function @, indicating that as price sensi-
tivity increases, the relationship between order sizes and inventory adjusts in a manner consistent with
the underlying market dynamics. This effect is more pronounced when the price impact is higher, as
depicted in the upper plots for ¢ = 0.7.
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Figure 6: Contour plot of the order sizes as a function of the filter’s probability of being in regime 1 and
the inventory. The buy and sell intensities (k%F,x7) are set to (5,1) in the left figure, (3,3) in the
central figure, and (1,5) in the right figure. The upper plots correspond to a price impact parameter
¢ = 0.7, while the lower plots correspond to ¢ = 1.

Remark 6.1. As shown in Lemma 1, the dimensions of our problem reduce by one since the fundamen-
tal price variable S can be separated from the other variables. Thus, our problem is equivalent to finding
the exercise and continuation regions of the function g introduced in the proof of the aforementioned
Lemma as:

V(t,y) =xs+ sup g(t,z,d,x", k7, u,a), VY(t,y)€[0,T] xD.
ozE.At(x)

The corresponding intervention operator M is defined as

C(d, &) —v —~ U (t,a,d st k™ '
R (tmdont o) o | 0B, 49 ~1000 & +¢(Thodrt km,m0), ifa@) £ {0},

400, otherwise,
with f(t,x,d, KT kT 1,8 = (e —&d— (1 —v)Q&), k1, k7, ).

Thus, the continuation region C and the trade region T are equivalent to
C= {(t,y) €D x[0,T]: ./T/i/g < g}, and T = {(t,y) €D x[0,T]: Mg :g}.

As a result, the fixed point operator Iy, defined in (25), is influenced accordingly and can be expressed
as

LV (t,u,y) = Lig(t,u,y) + E;y |:]l{u<gl}:vs + ]l{uzgl}msgl]

= s+ Lg(t,u,y),
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where,

flg(t7u7 y) = Ilg(tvu7y) + mEt,y |:]]-{u201}(501 - S):|

d
= Z m; (ta u, ’iJra K, N’)/\/;[V (U, Z, eip(U7t)d7 )‘2’+7 )‘2’77 ﬂg)
i=1

d u
- Z Z/ [H%’kV (r,:ﬂ,e*p(“t)d, )\2*,)\2’7,739) + k‘I/Ei(Q)$:| gmf(t,r, KT kT, p)dr.
u

ke{+,—}i=1""

Taking all this into account, the numerical implementation boils down to computing the optimal strategy
that mazimizes g.

7 Conclusion and discussions

This paper presents a detailed framework tailored for high-frequency trading, capturing price formation
driven solely by order flow. Our model effectively captures the key features of order flow and price
dynamics with mutually stimulating Hawkes processes. By incorporating both permanent and transient
market impact functions in a general LOB form, we achieve a realistic depiction of market conditions.

A notable aspect of our approach is the treatment of liquidity as a stochastic and hidden factor.
We address hidden liquidity with advanced non-linear stochastic filtering techniques, allowing for
more accurate estimates of market states and better trading decisions. This is particularly important
in high-frequency trading where rapid and precise adjustments to market conditions are crucial.

We formulate an optimal execution problem and tackle it as an impulse control problem under
incomplete observations. Through comprehensive numerical illustrations, we demonstrate the accuracy
of our filtering approach and provide a reliable approximation of the optimal value function and its
related optimal liquidation strategy.

References

[1] Alfonsi, A. and Blanc, P.: “Dynamic optimal execution in a mixed-market-impact Hawkes price
model”. In: Finance and Stochastics 20 (Jan. 2016). DOI: 10.1007/s00780-015-0282~-y.

[2] Almgren, R. and Chriss, N. A.: “Optimal execution of portfolio transactions”. In: 2001,
pp- 5-39. DOI: 10.21314/J0R.2001.041.

[3] Aurélien Alfonsi, A. F. and Schied, A.: “Optimal execution strategies in limit order books with
general shape functions”. In: Quantitative Finance 10.2 (2010), pp. 143-157. DOI:
10.1080/14697680802595700.

[4] Avellaneda, M. and Stoikov, S.: “High Frequency Trading in a Limit Order Book”. In:
Quantitative Finance 8 (Apr. 2008), pp. 217-224. pOI: 10.1080/14697680701381228.

[5] Bacry, E., Delattre, S., Hoffmann, M., and Muzy, J.: “Scaling limits for Hawkes processes and
application to financial statistics”. In: Stochastic Processes and their Applications 123 (Feb.
2012). por: 10.1016/j.spa.2013.04.007.

[6] Bacry, E., Mastromatteo, I., and Muzy, J.: “Hawkes Processes in Finance”. In:
Market Microstructure and Liquidity 01 (Feb. 2015). DOI: 10.1142/52382626615500057.

[7] Bain, A. and Crisan, D.: “Fundamentals of Stochastic Filtering”. In: Stochastic Modelling and
Applied Probability. Springer New York, 2008. 1SBN: 9780387768960.

[8] Bayraktar, E. and Ludkovski, M.: “Sequential tracking of a hidden Markov chain using point
process observations”. In: Stochastic Processes and their Applications 119.6 (2009),
pp. 1792-1822. 1SSN: 0304-4149. DOI: https://doi.org/10.1016/j.spa.2008.09.003.

[9] Bayraktar, E. and Ludkovski, M.: “Optimal Trade Execution in Illiquid Markets”. In:
Mathematical Finance 21.4 (2011), pp. 681-701. DOI:
https://doi.org/10.1111/3j.1467-9965.2010.00446.x.

24


https://doi.org/10.1007/s00780-015-0282-y
https://doi.org/10.21314/JOR.2001.041
https://doi.org/10.1080/14697680802595700
https://doi.org/10.1080/14697680701381228
https://doi.org/10.1016/j.spa.2013.04.007
https://doi.org/10.1142/S2382626615500057
https://doi.org/https://doi.org/10.1016/j.spa.2008.09.003
https://doi.org/https://doi.org/10.1111/j.1467-9965.2010.00446.x

Becherer, D., Bilarev, T., and Frentrup, P.: “Optimal liquidation under stochastic liquidity”.
In: Finance and Stochastics 22.1 (Jan. 2018), pp. 39-68. 1SsN: 1432-1122. poI:
10.1007/s00780-017-0346-2.

Berge, C.: “Topological Spaces: Including a Treatment of Multi-valued Functions, Vector
Spaces and Convexity”. In: 1963.

Bertsimas, D. and Lo, A. W.: “Optimal control of execution costs”. In:
Journal of Financial Markets 1.1 (1998), pp. 1-50. 1SSN: 1386-4181. DOI:

https://doi.org/10.1016/51386-4181(97)00012-8.

Bouchard, B., Dang, N.-M., and Lehalle, C.-A.: “Optimal Control of Trading Algorithms: A
General Impulse Control Approach”. In: STAM Journal on Financial Mathematics 2.1 (2011),
pp. 404-438. DOI: 10.1137/090777293.

Bouchaud, J.-P., Farmer, J. D.; and Lillo, F.: “How Markets Slowly Digest Changes in Supply
and Demand”. In: Handbook of Financial Markets: Dynamics and Evolution. North-Holland,
2009, pp. 57-160. DOI: https://doi.org/10.1016/B978-012374258-2.50006-3.

Brachetta, M., Callegaro, G., Ceci, C., and Sgarra, C.: “Optimal reinsurance via BSDEs in a
partially observable model with jump clusters”. In: Finance and Stochastics (2023). 1sSN:
1432-1122. por: 10.1007/s00780-023-00523~-z.

Brémaud, P.: “Point Processes and Queues. Martingale Dynamics. Springer-Verlag, Berlin —
Heidelberg — New York 1981, 373 S., 31 Abb., DM 88,—". In: Biometrical Journal 30.2 (1988),
pp. 248-249. DOL: https://doi.org/10.1002/bimj.4710300220.

Brémaud, P. and Massoulié, L.: “Stability of nonlinear Hawkes processes”. In:
The Annals of Probability 24.3 (1996), pp. 1563-1588. DOI: 10.1214/a0p/1065725193.

Brokmann, X., Sérié, E., Kockelkoren, J., and Bouchaud, J.-P.: “Slow Decay of Impact in
Equity Markets”. In: Market Microstructure and Liquidity 01.02 (2015), p. 1550007. DOTI:
10.1142/82382626615500070

Carmona, R. and Zeng, C.: “Optimal Execution with Identity Optionality”. In:
Applied Mathematical Finance 29.4 (2022), pp. 261-287. DOI:

10.1080/1350486X.2023.2193343.

Cartea, A. and Sénchez-Betancourt, L.: “Optimal execution with stochastic delay”. In:
Finance and Stochastics 27.1 (Jan. 2023), pp. 1-47. 1SsN: 1432-1122. Do

10.1007/s00780-022-00491~-w.

Ceci, C. and Gerardi, A.: “Filtering of a Markov Jump Process with Counting Observations”.
In: Applied Mathematics & Optimization 42.1 (Jan. 2000), pp. 1-18. 1sSN: 1432-0606. DOTI:
10.1007/s002450010005.

Chevalier, E., Hafsi, Y., and Ly Vath, V.: “Uncovering Market Disorder and Liquidity Trends
Detection”. In: (2023). DOL: 10.48550/arXiv.2310.09273.

Chevalier, E., Ly Vath, V., Roch, A., and Scotti, S.: “Optimal Execution Cost for Liquidation
Through a Limit Order Market”. In: International Journal of Theoretical and Applied Finance
19(Jan.2013) DOI: 10.2139/ssrn.2361110.

Colaneri, K., Eksi, Z., Frey, R., and Szdlgyenyi, M.: “Optimal liquidation under partial
information with price impact”. In: Stochastic Processes and their Applications 130.4 (2020),
pp. 1913-1946. 1SSN: 0304-4149. DOI: https://doi.org/10.1016/j.spa.2019.06.004.

Costa, O. L. V. and Davis, M. H. A.: “Impulse control of piecewise-deterministic processes”. In:
Mathematics of Control, Signals and Systems 2.3 (Sept. 1989), pp. 187-206. 1SSN: 1435-568X.

DOI: 10.1007/BF02551384.

Daley, D. and Vere-Jones, D.: An Introduction to the Theory of Point Processes. Vol. 2.
Probability and Its Applications. Springer New York, 2007. 1SBN: 9780387213378.

Dammann, F. and Ferrari, G.: “Optimal execution with multiplicative price impact and
incomplete information on the return”. In: Finance and Stochastics 27.3 (July 2023),
pp. 713-768. 1SSN: 1432-1122. DOI: 10.1007/s00780-023-00508~y.

25


https://doi.org/10.1007/s00780-017-0346-2
https://doi.org/https://doi.org/10.1016/S1386-4181(97)00012-8
https://doi.org/10.1137/090777293
https://doi.org/https://doi.org/10.1016/B978-012374258-2.50006-3
https://doi.org/10.1007/s00780-023-00523-z
https://doi.org/https://doi.org/10.1002/bimj.4710300220
https://doi.org/10.1214/aop/1065725193
https://doi.org/10.1142/S2382626615500070
https://doi.org/10.1080/1350486X.2023.2193343
https://doi.org/10.1007/s00780-022-00491-w
https://doi.org/10.1007/s002450010005
https://doi.org/10.48550/arXiv.2310.09273
https://doi.org/10.2139/ssrn.2361110
https://doi.org/https://doi.org/10.1016/j.spa.2019.06.004
https://doi.org/10.1007/BF02551384
https://doi.org/10.1007/s00780-023-00508-y

[28]

[29]

[30]

[31]

[32]

Fleming, W. H. and Pardoux, E.: “Optimal Control for Partially Observed Diffusions”. In:
SIAM Journal on Control and Optimization 20.2 (1982), pp. 261-285. DOI: 10.1137/0320021.

Fu, G., Horst, U., and Xia, X.: “Portfolio liquidation games with self-exciting order flow”. In:
Mathematical Finance 32.4 (2022), pp. 1020-1065. DOI:

https://doi.org/10.1111/mafi.12359.

Gatheral, J.: “No-dynamic-arbitrage and market impact”. In: Quantitative Finance 10.7
(2010), pp. 749-759. DOI: 10.1080/14697680903373692.

Guéant, O., Lehalle, C.-A., and Fernandez-Tapia, J.: “Optimal Portfolio Liquidation with
Limit Orders”. In: STAM Journal on Financial Mathematics 3.1 (2012), pp. 740-764. DOI:
10.1137/110850475.

Guilbaud, F. and Pham, H.: “Optimal High-Frequency Trading in a Pro Rata Microstructure
with Predictive Information”. In: Mathematical Finance 25.3 (2015), pp. 545-575. DOI:
https://doi.org/10.1111/mafi. 12042

Hornik, K., Stinchcombe, M., and White, H.: “Multilayer feedforward networks are universal
approximators”. In: Neural Networks 2.5 (1989), pp. 359-366. 1ssN: 0893-6080. DOI:
https://doi.org/10.1016/0893-6080(89)90020-8.

Kalsi, J., Lyons, T., and Arribas, I. P.: “Optimal Execution with Rough Path Signatures”. In:
SIAM Journal on Financial Mathematics 11.2 (2020), pp. 470-493. Do1: 10.1137/19M1259778.

Ludkovski, M. and Sezer, S. O.: “Finite Horizon Decision Timing with Partially Observable
Poisson Processes”. In: Stochastic Models 28.2 (2012), pp. 207-247. DOI:
10.1080/15326349.2012.672143.

Ly Vath, V., Mnif, M., and Pham, H.: “A model of optimal portfolio selection under liquidity
risk and price impact”. In: Finance and Stochastics 11.1 (Jan. 2007), pp. 51-90. 1SSN:
1432-1122. poI1: 10.1007/s00780-006-0025-1.

Mazliak, L.: “Mixed control problem under partial observation”. In:
Applied Mathematics and Optimization 27.1 (Jan. 1993), pp. 57-84. 1SsN: 1432-0606. DOI:

10.1007/BF01182598.

Mazziotto, G. and Szpirglas, J.: “Separation principle for impulse control with partial
information”. In: Stochastics 10.1 (1983), pp. 47-73. DOI: 10.1080/17442508308833262.

Menaldi, J.-L.: “The Separation Principle for Impulse Control Problems”. In:
Proceedings of the American Mathematical Society 82.3 (1981), pp. 439-445. 1ssN: 00029939,

10886826.

Obizhaeva, A. A. and Wang, J.: “Optimal trading strategy and supply/demand dynamics”. In:
Journal of Financial Markets 16.1 (2013), pp. 1-32. 1sSN: 1386-4181. DOT:

https://doi.org/10.1016/j.finmar.2012.09.001.

@ksendal, B. and Sulem, A.: Applied Stochastic Control of Jump Diffusions. Jan. 2007. ISBN:
978-3-540-69825-8. DOI: 10.1007/978-3-540-69826-5.

Pomponio, F. and Abergel, F.: “Trade-throughs: Empirical Facts and Application to Lead-lag
Measures”. In: Econophysics of Order-driven Markets: Proceedings of Econophys-Kolkata V.
Milano: Springer Milan, 2011, pp. 3-16. DOI: 10.1007/978-88-470-1766-5_1.

Popier, A. and Zhou, C.: “Second order BSDE under monotonicity condition and liquidation
problem under uncertainty *”. In: Annals of Applied Probability 29 (Dec. 2017). DOI:
10.1214/18-AAP1435.

Predoiu, S., Shaikhet, G., and Shreve, S.: “Optimal Execution in a General One-Sided
Limit-Order Book”. In: STAM J. Financial Math. 2 (Jan. 2011), pp. 183-212. pOIL:
10.1137/10078534X.

Protter, P.: Stochastic Integration and Differential Equations. Stochastic Modelling and
Applied Probability. Springer Berlin Heidelberg, 2005. 1SBN: 9783540003137

Rao, M.: “On modification theorems”. In: Transactions of the American Mathematical Society

167 (1972), pp. 443-450.

26


https://doi.org/10.1137/0320021
https://doi.org/https://doi.org/10.1111/mafi.12359
https://doi.org/10.1080/14697680903373692
https://doi.org/10.1137/110850475
https://doi.org/https://doi.org/10.1111/mafi.12042
https://doi.org/https://doi.org/10.1016/0893-6080(89)90020-8
https://doi.org/10.1137/19M1259778
https://doi.org/10.1080/15326349.2012.672143
https://doi.org/10.1007/s00780-006-0025-1
https://doi.org/10.1007/BF01182598
https://doi.org/10.1080/17442508308833262
https://doi.org/https://doi.org/10.1016/j.finmar.2012.09.001
https://doi.org/10.1007/978-3-540-69826-5
https://doi.org/10.1007/978-88-470-1766-5_1
https://doi.org/10.1214/18-AAP1435
https://doi.org/10.1137/10078534X

[47] Snyder, D. L. and Miller, M. I.: “Doubly Stochastic Poisson-Processes”. In:
Random Point Processes in Time and Space. New York, NY: Springer New York, 1991,
pp. 341-465. 1SBN: 978-1-4612-3166-0. DOI: 10.1007/978-1-4612-3166-0_7.

[48] Sokol, A. and Hansen, N. R.: “Exponential Martingales and Changes of Measure for Counting
Processes”. In: Stochastic Analysis and Applications 33.5 (2015), pp. 823-843. DOT:
10.1080/07362994.2015.1040890.

[49] Taranto, E. D., Bormetti, G., Bouchaud, J.-P., Lillo, F., and Toth, B.: “Linear models for the
impact of order flow on prices. I. History dependent impact models”. In: Quantitative Finance
18.6 (2018), pp. 903-915. DOI: 10.1080/14697688.2017.1395903.

[50] Zhou, W.-X.: “Universal price impact functions of individual trades in an order-driven market”.
In: Quantitative Finance 12.8 (2012), pp. 1253-1263. DOI: 10.1080/14697688.2010.504733.

A Proofs of the Results in Section 3

Firstly, we introduce new definitions and notations that will be helpful in formulating our results.

Notation A.1. Let’s assume that for each i € {+,—}, N has the FN -predictable intensity \'. We
also establish the FX-predictable intensity N of N'. Now, consider AN = dANTAN~ with Ny = 0,
~ d d

and let X be its FN -predictable intensity. We define N} = 3~ nj (t) and \{ = > w(t) g,y as
|= k=
175[1’: k‘#ll

its F1 -predictable intensity, for all t € [0,T]. Additionally, we define

AN/ = AN;" AN} + dN;7dN} — AN dN;7dN],

and X as the F-intensity of NT, for all t € [0,T7].

In the subsequent discussion, we define F! as a sub-o-field generated by the process I, where F/ is
defined as o (Is; s € [0,t]) for all ¢ € [0,T]. We also consider FV’s initial enlargement G = {G; };>0
with G; = o(F},0({I;}+>0)) for all t > 0. The filtration G encapsulates the information available to
a hypothetical observer who knows the entire path of I from the outset at time ¢ = 0.

Since the process I is not observable, we need to rigorously construct the model introduced in
Section 2 in the case of co-jumps. We achieve this by employing the change of measure technique,
which involves constructing a new probability measure. Under this new measure, the observations N
transform into a Lévy process, specifically corresponding to a unit rate Poisson process. To achieve
this, we define the Doléans-Dade exponentials Z = (Zt)te[o,T] as

Z= [] exp{—/otlog(/\i ~A)d (N;—Ns) —/Ot(l—Ai+Xs)ds}

7;G{‘hf}

¢ ¢
X exp {/ log(A,-)dNs — / (1- /\S)ds} , P—a.s.
0 0

Proposition A.1. Let us assume that Z is uniformly integrable. Then, E®(Z;) = 1. Additionally, Z
is a positive (P, G)-martingale satisfying

Az =2 Y ((A};_ )i 1) {d(Nf SN - (N Xt)dt}
o)

7, ((Xf)—1 - 1) [dﬁt - Xtdt} .

Proof. Refer to Sokol and Hansen [48]. O

The previous proposition allows us to utilize the Girsanov theorem, incorporating the
Radon-Nikodym density Z to establish a new probability measure Q on (£2,G) given by %‘gt = 7,
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for all ¢ € [0,T]. Note that the dynamics of I can alternatively be represented using the Poisson
measure nllm, which counts transitions from state [ to state m. This process has an F’-intensity given
by t — 1 It:l}wlm(t), where [, m € E. Thus, I has the following semi-martingale decomposition:

dl; = anzl(m —I;- )ni,m(dt)’ t > 0. This will help us derive the Kushner—Stratonovich equation.
We determine the dynamics of E {gp([t) | FN } for a general m-variate point process (N7, ..., N/™)
with no common jumps through the use of the innovation method as described in Brémaud [16].

Proposition A.2. Let ¢ € C3(R) and t € [0,T]. Let (Ntl, cee Nt’") be a m-variate point process,
P-non explosive, and let FN be its internal history. Suppose that for each 1 < i < m, N* admits the

FN _predictable intensity N\ and that [Ni, NJ} =0, V1l <j#1i<m. The filter’s equation can be

expressed as

(p(k) — (1) Yur () T (7, -yt
1

M=

dmi(p) =

-
I

+
.Msﬁi
3

—

) (7Tr (@(I)Ai) +7th(Di) - Wt*(w)ﬂt*(Ai)) X dNti *Wt*()\i)dt )
i=1 i

where D are determined by

E{AMtI dN/ | ]-“t] = Djdt,

and the stochastic process (MtI) 18 given by

te[o,T]

t d
M =[5 ol = (1) [ afas) — vrsds|ve 0.7
0 =
AT,
Proof. Let ¢ € C?(R). We can derive a semi-martingale representation for ¢(I;) by applying
Dynkin’s formula. We get that
t
o) =pllo) + [ Llo(L)ds+ !, te o) (26)
0

where £! denotes the infinitesimal generator associated to I, such that

d
Liol) =) (k) = o) vu(t), Vt,1€[0,T] x E,
izl
and, the stochastic process (MtI)te[o 7 is given by

t d
wi - | > (e~ (1) nfalds) —vracs]. e 0.1
kAL,

Observing that the process (¢(I;)),c(,7y is bounded, it follows that MY is an integrable
Fl-martingale, and that

E[/Ot £l (1,) |ds} < +o0.

We can easily demonstrate, using the of the tower property of conditional expectations, that the
process M defined by the martingale problem

—

AM} = do(T;) — Ll (D)dt, ¢ € [0,T) (27)
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is an optional FV-martingale. Following the martingale representation theorem (see Theorem T9 of
Section III and Theorem T8 of Section VIII in Brémaud [16]), we can express M! as

m
dMf ="K {ng' — Ty (Ai)dt] ,
i=1
where K* is F-predictable, for each 1 < i < m, and
t . .
/ Kir (\)ds < +o0. (28)
0
Let (ﬁ;)n>O define FN-predictable stopping times such that, for each 1 < i < m,
L inf{t >0 [ (14 ]|Ki]) 7wy (A)ds > n} it {t | [ (14 |Ki]) 7o (A)ds > n} # {0},
" 400, otherwise .
We deduce, through integration by parts, that
d (Nti‘P(It))
— N () + 1 )N + ] ] (20)
= (N/-L"(I;) — Dj 4+ D + @(I;-)Ay) dt + N;_dM] + ¢(I;-) (AN} — Njdt) + AM/dN;.

are bounded on [0,T7], then ¢ — ft/m"l

0 ‘p(Iu*) (dN’LZI, - )‘Zdu)’

Since (tp(It))te[O,T] and (NZAT%)te[O ]

t— SAT:‘ N:_dM[ and t — fJAT’i AMIAN? — D! du are F-martingales. Using the Stieltjes-Lebesgue

formula and equation (26), we derive that
a (Nig(n)
— Ni-de(I,) + ¢(I,)AN} +d [Ngg @] (30)
= Ni_m(LTp)dt + Ni_dM] + (go/(f:) + Kf) {ng‘ — Ty (A”)dt] + (90/(1:) + Kf) - (A)dt.

Let us observe that (7Tt7 ()\i)) +€[0,T] is the unique FV-predictable modification of the intensity A’.

Since the process (cp([t—)
it follows that

is bounded and F-predictable and from the definition of (Té)n> o

)tE[O,T]

|

|

AL + KL mar ()

]E[ /0 " (go/(l:: ) + K;) dN;] - ]E[ /O W’% (ga(qu) + K;) Aidu}
[

< O]E{/Otm (1+K}) m,- ()\i)du}

< 400,
with C > 0. Hence, t — fot/\r’ll NZ,d]TJZ and ¢ — f(f/\ﬁ‘ (cpffu\_) + K;) {dNZ — Ty ()\i)du] are
FN-martingales. Knowing that E[N{, ] < 400, we obtain that, for i € {+, -},
Nti/\ﬁ‘fp([t/\rg) = Ng/\ﬁfp(lt/\r;g)

= Nti/\q—;;’()o([t/\ﬁz)'
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By means of the uniqueness of the Doob-Meyer decomposition for semi-martingales (refer to Section
IT1.3 in Protter [45]) with reference to (31), we establish that the finite variations in (29) and (30) are
identical. Thus, we conclude that

—

(JI-:) + Kf) 7 (A dt = (I~ )\idt + Eg‘dt, VO<t<T7 AT

Recall that fg 7e— (A7)ds < +00. Based on (28), we get that lim._,o+ 7 = +oo with 1 <i < m.
Therefore, lim,_,o+ 72 At = t, for all t € [0, 7], and

i 1 i FVE S i
K = m ( (1e-) AL +D (L) (A )) :
Based on the predictability of K*, we have that, for all ¢ € [0, T,
1

K= T (7~ (P(DAY) + m— (D) = m= (0)m- (X)) -
- (A7)
We conclude from (27) that the filter’s the dynamics are driven by
dﬂ't = Tt (;CI )

+Zm 3 (T (PDX) + 7 (D) = me- ()me- (X)) {dNti—m()\i)dt].

O
Next, we present the main results of this section.
Theorem A.1 (Kushner—Stratonovich equation). Let ¢ € C2(R), and t € [0,T]. The filter (6)
equation can be expressed as
d —
dmi(p) = D (k) — (1) (0) Tz, =yt
k=
k 11
L (ﬂt, (¢(I)X) 1, (D) — - ()7 (X)) x [dﬁt - wt(X)dt]
mi-(A)
1 S~ L~ -
+ —— (T DA = XN)) +m— (D' — D) —m— (@)me— (N — A
ie{;}mw» (me- (#N = X)) + 7= (D' = D) = mi- (9)me- (A = X))
X [d(NZ — Z\~7t) — - (A — X)dt} ,
where DT, D=, and D are determined by
E[AMtf AN, |]-'t] = D} dt, ]E[AMt’ANt‘ |]-'t} = D;dt, and E[AMtIANt | ]-"t} = Dydt,
and the stochastic process (Mtl)te[o,T] s given by
M = / Z ){nj ;(ds) — @z;fsjds], te0,T].
]751
Proof. The result follows directly from Theorem A.2 and the fact that the following covariations
vanish for all ¢ € [0,77:
[Nt — Ny, N;] = [N — Ny, Ny = [N;* — Ny, N[ — N;] = 0,
[NtI 7NtIaNtI] - [Ntl 7NtI>Nt} = [NtI 7NtIaNt+} - [Ntl 7Nt17Nt_] =0.
O
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For completeness, we conclude this paragraph by outlining the derivation of the Zakai and
Duncan-Mortensen-Zakai equations. It’s important to note that although presented, these equations
won’t be employed in our approach. Using the Kallianpur—Striebel formula (see Bain and Crisan [7]),
we obtain that, for all ¢ € C3(R),

() = = {Ztl(p(m lftN} Y (32)
EQ [Ztl | fg\’}

Proposition A.3 (Zakai equation). The process (o¢(p),t > 0) satisfies the stochastic differential
equation

+ X (o (DO = D) + 0 (0= D) = v ) ¢ (a0 - F) ] )

+ (o0 ($UDR) +00-(B) ~ v () x [~ ],

with o € CX(R) and Llp(l) = 37 (o(k) — p)uelt), V1€ [0,7] x B.

Proof. Since o4(p) = m;(¢)o(1) = EQ [Zt_l | f,fv} (), we get through the Stieltjes-Lesbesgue

formula that
dot(p) = dmi(p)or- (1) + m- (p)dor (1) + d [m(sé’), Ut(l):| : (34)
Applying the it6 formula, we get the (Q,F™)-martingale
azit=z">" (A;’, — X — 1) {d(Nti —N,) — dt}
{+’_}
+ 77! (Xf - 1) [dﬁt — dt}
Hence, the dynamic of the 7~ -optional process o (1), under the probability measure Q, is
don(1) = (1) 3 (e () = - () 1) [aca; - 5o -
{+1_}
to,(1) (wf ) — 1) {dz\Z - dt] .

Following the results of Theorem 3.1, we derive the covariation between m:(¢) and o4(1) as

(). ()] = Py W(;_x) (7= (o)X =) +71- (D) = 71 (D) = 71 () (N — 1))

x o (1) (- (V) = m- (V) — 1) d {Nti - Nt}

b (7 (P) 7 (B) e (@mee O0) x (1) (- () 1) 4
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We conclude this proof by plugging the previous equations into (34), which yields
dop-(p) = 04~ (L' (p))dt
+ > (o (fN =) + 00 (D) = 00 (D) = 01 ()] [duvz‘ - N - dt]

+ (o (DX) 40 (D) =0 (9)) [dzvt - dt}.
O

Theorem A.3 enables us to describe the dynamics of the unnormalized filter (0¢(¢)),¢(o, ) by defining
it as the unique strong solution to the Zakai equation (33). This equation exhibits linearity and is
driven by n+ and n— instead of the innovation processes fR+ fo ~(AT)ds and

fR+ n=( fo ~)ds, as seen in the Kushner- Stratonovrc equatlon ThlS results from the
express1on of our ﬁlter under the previously constructed probability measure QQ. An alternative
method to derive the Zakai equation would be through the change of probability technique. This

involves analyzing the dynamics of the process (go([ﬁZf) t € [0,T] using Itd calculus to obtain the

Z 1

+Zlfor

stochastic differential equation governing ¢ — o;(p) = E@ [Ztlgo (I) | ]—'tN} , where Zf =

all t € [0,T] and € > 0. The introduction of the transformed process Z° is primarily motivated by its
boundedness, which facilitates the derivation of martingales that are easy to manipulate. The desired
outcome is obtained by letting € approach 0 (see Bain and Crisan [7]). Nevertheless, given that we
have previously established the Kushner-Stratonovic equation, it is more straightforward to derive
the Zakai equation via the Kallianpur-Striebel formula, as o;(¢) = m(p)o(1) holds for all ¢ € [0,T].

B Proofs of the Results in Section 4

Proof of Proposition /.2. Let t € [0,T], N € N* and y = (z,x", k™, d, s,uu) € D. We define Uy and
Uy, such that

Uo (t, y) = Et,y |:C (S'rs + D'rsax):|
UN (tvy) = Ssup Et,y |:MVN—1 (Ta €T, S‘ra S‘ja DT7 5\;,71'7-) :| .
TEO,

For o = (73, &k )k>1 € AN (2), we have that
J (t7y’ a) = Etvy |:]]'{T1<T_1s'v}c (Sa + Dglv |AX7‘1 |) :|

+Et,y|: |: Z O SD‘+D?7|AX7—|)+C( gév+Dgé\7,XTé\7)|./—"7I_\§_:|:|

7'67'17‘3[

As a result of Definition 15 of the value function approximation Vy_1 and Definition 14 of the
intervention operator M,

J(t,y, @)

<Eiy C(sa +D$I,H{T1<TN}\AXT1\) + V(' = L oy [AXG S Ajl+,A;l+,7rTl+)]

<E.,|C (Sa +D°

T1

]1{7—1<T$’}‘AX7'1‘)""_VNfl(F(Tl»wS D2 N An,nﬁ,r{ﬁ@g}Axn))}

T1? T1?7'T1?

T1? T1?7'T1?

<Eiy|MVy_y (11,2,52, D% A )\TI,WTI)]
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It follows that Vi < Uy.
Let € > 0. There exists an e-optimal 7* € O, such that

TH*Y Ry AApxy AArEy

Un (uy)ggﬂat,y MV_y (7,2, 5% , D% AE Are )

Additionally, there exists an FXN-measurable £* taking values in a (X,+), such that

MV (75,2, 8%, D% A Ar, ) < g + OS2 + D, €%)
+ Vo1 (D(7%, 2, 8%, D& N A e, €5)).

TR AT

Hence,

y Mr*y xRy Ny

Un (t,y) <e+Eyy {C(Sﬁi + D% ) + V1 (D(r*, 2, S, D N A e E)) | (35)

Finally, we introduce &, such that

& Tiey Ek) , else

d:{(f,T) yitk=1
= (
where & € AN, (X,~). We obtain that
VN (t,y) 2 Et,y |:C(ST* + DT*ag*) + J& (T*+7I - 5*7 ST*+3DT*+a Xj-_*-#?;‘;*-%—ﬂr‘r**) :| .
Using inequality (35) and the fact that & is arbitrary, we get that

VN (tay) > Et,y |:VN—1 (F (T*7anT*aDT*a5‘j—_*7 7:*7777'*7£*)) + C(ST* + DT*vf*):|
>Un (tvy) - &

As e approaches zero, we conclude the proof. O

C Proofs of the Results in Section 5

Proof of Lemma 1. Proof of result 1:
We fix t € [0,7] and (d, s, £, 67, 1) € R? x (R1)? x S. For 0 < z1 < x5, we define
o= (T, & )k>1 € A(x1) and & = (T, §k)e>1 € Ai(z2) such that

= ooy &) T <Ts
(- &) = { (s, &k + 22 — @), if 7, = 75

where & can be equal to zero in case there is no action at time 75 using the strategy a. Hence,
X2 = X2 +ay—xy and X[ = X7, for all 0 <t < 7g. Since, Q in non-decreasing on R, we have
that

C(S?s +D?S’X§S)

C (S;XS + D¢ ng + ZTo — .Z‘l)

TS ?
>C (52, + D2, X2).
Hence,
Vv (t7x2183d7 K+5R77/~L) > J (tnyaSada K+a/{77ua&)

> By, { SO (824D AXT]) + O (82 + D;‘vyxfs)}

TE[t, 75|

ZEt,y1|: Z C(S'(rX+Dg7|AXg|)+C(S$S +D7(:¥s’Xfrls):|

TEt,Ts|
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Knowing that « is arbitrary, we conclude that
\%4 (t,xl,s,d, /Qﬂ/@f,u) <V (t,mg,s,d, /»iﬂff,ﬂ) , 0< 2 < o,

Proof of results 2 and 3:
Let t € [0,T], € >0, (z,s, 7, k7, 1) € RT xR x (R%)? x S and d; < dy. We define
a = (T, &k )k>1 € Ai(z) as an e-optimal strategy for V (¢, z, s,d1, k1,67, 1) =V (t,y1), i.e

Vv (t,l’,S,d, ‘%1’_"%77#) < J (ta$757d7 KT7577#7 Oé) -
< By, { > C(S2+ D IAX2]) + C (S2 + D2, X2) | +e
TE[t, TS|
We know that, for all 7 € Oy,
DY =ePT9D, — (1-v) Z e PTTTIQ(E) + (1 — 1/)/ / e P Q(v)n(du, dv).
t<TR<T t Ry

Additionally, we know that the term

B [ [ e n ) = ZE[ I [ e R i wae)

is non-decreasing in k1 and decreasing in k%~ on Ry, for all t € [t,T], 7 € ©; and y € D.
Consequently, E, ,,[D%] > E; ., [D$]. Since p — C(p, x) is non-decreasing on R, we get that

Ery, [c (S + D% a) ] — Evyy |C (BrplS® + D2, a) }

2 Etﬂh C(Et,m[‘sf +D$]aa):|

> E,, |C (52 +D$,a>],

for all a € R4. Therefore,

V (t,z,s,do, kT, 57,1 >]Ety2[ Z C(S¢ + D¢, |AX2]) + C (S, +D$S,st)}

TE[t,Ts|

2B | Y OSP4 DRIAX] 4O (55 + D5 X3
TE[t, TS|
ZV(t7$757d17f€+;ff—7ﬂ)_

As e approaches zero, we obtain V (t,z, s,dy, k%, k7, 1) <V (t,2,8,do, s, k7, ) for all 0 < dy < ds.
Therefore, V' is decreasing in d on R;. The proofs of result 3 and of the first part of result 4 are
similar to the proof of result 2.

Proof of result 4:

Let t € [0,T), y = (z,8,d,k", k™, u) € D and a € Ay(x). Using (10) and (12), we get that

Q(AXZ])
Jama) =B ¥ (laxsiszon- [T va-o)]

TE[t, TS|
QUAXz )

+ 81y | Laxs, o (18X2 182 + D5 - | of@ao = )|
0

Based on the controlled dynamics of the fundamental price S* and of the price deviation D®
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described in (11), the reward function J can be expressed as

|Axa(// Qn(du,dv) — 37 Q(&)ﬂ

t<tE<T

J(t,y,a) =xs+ VvE; , {

TEt, TS|

Q(Aaxz)
+Et7y[ Z |AX$‘\D§.‘7/ vf(v)dvco}
0

TE[t,Ts|

+VEty|:]l{|AX“ >0} AXT ] (/ Qu)n(du,dv) — > Q&) )}

Ry t<7p<Ts

QUAXE )
+Ety|:]1{|AXa \>O} (|AX |D —/ Uf(’l))d’l)—Co)]
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Hence, the linear dependence on the initial parameter s in the dynamics of S¢ makes the following
separation

V(t’ y) :J/‘S+ Sup g(t, x7d7 K+7K}_7/’L, a)7
acA(x)

possible. This completes the proof. O

D Numerical Implementation

To parameterize the value function V defined in (13), we implement a neural network as a
parametric function approximator. This method is chosen because the exact form of Wy is typically
unknown. The neural network approximation is particularly motivated by the high dimensionality of
the problem. To validate this approach, we use the universal approximation theorem, justified by the
continuity of Wy (see Proposition 5.1).

Theorem D.1 (Hornik, Stinchcombe, and White [33]). Let W be a value function defined on
(t,y) €[0,T] x D. Suppose W is continuous on the compact domain [0,T] x D. Then, for any € > 0,
there exists a neural network W (t,y;0) with a sufficiently large number of hidden neurons such that

sup  W(t,y) — W(t,y:0)| < c.
(t,y)€[0,T]1xD

The neural network is trained iteratively using the following procedure, which enables the
approximation to progressively converge toward the value function V:

e Initialization: We initialize the parameters 6y and set

WO(t7 Y; 90) = VO(tv y)a

where Vj is the initial value function. The network has an input layer for state variables, three
hidden layers with 64, 32, and 16 neurons respectively, with ReLLU activations, and an output
layer estimating W. Xavier initialization is used for 6 to ensure proper gradient flow.

e Data Generation: We generate a set of training samples (¢, y) from the discretized domain
[0,T] x D. For each sample, we compute the target values using the operator I; defined in (25).

e Approximation of Wyx: We approximate W using a neural network. The term Wy refers to
the approximation of Wy from the previous iteration.

e Target Computation: For each training sample, we determine the target value for W1 by
computing the supremum over u € [t, T] of the operator I; applied to the current
approximation Wy so that we have

Wysi(t,y) = sup LW (t,u,y).
we(t,T)
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e Optimization: We define the loss function L(f) as the mean squared error between the neural
network output W (t, y; 0) and the target values W1 (¢,y), such that
| M

L(9) = i Z (W(ti7yi§9) - WN+1(tiayi))2~

i=1
The optimization is carried out using the Adam optimizer to update the parameters 6.

e Convergence Check: The convergence of the training process is monitored by evaluating
changes in the loss function and network parameters. The training is concluded when the
change in these metrics falls below a predetermined threshold e.
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