
HAL Id: hal-04812747
https://hal.science/hal-04812747v1

Preprint submitted on 1 Dec 2024

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

QUANTITATIVE INDEX, NOVIKOV CONJECTURE AND
COARSE DECOMPOSABILITY

Hervé Oyono-Oyono, Guoliang Yu

To cite this version:
Hervé Oyono-Oyono, Guoliang Yu. QUANTITATIVE INDEX, NOVIKOV CONJECTURE AND COARSE DE-
COMPOSABILITY. 2024. ⟨hal-04812747⟩

https://hal.science/hal-04812747v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


QUANTITATIVE INDEX, NOVIKOV CONJECTURE

AND COARSE DECOMPOSABILITY

HERVÉ OYONO-OYONO AND GUOLIANG YU

Abstract. We define for families of finite metric spaces quanti-
tative assembly map estimates that take into account propagation
phenomena for pseudo-differential calculus. We relate these esti-
mates to the Novikov conjecture and we show that they fit nicely
under coarse decompositions. As an application, we provide a geo-
metric proof of Novikov conjecture for groups with finite decom-
position complexity.
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Introduction

Since the pioneering work of Atiyah and Singer on the index theory
of elliptic differential operators, operator algebras and their K-theory
have become a central tool in the study of topological invariants in
differential geometry. The most spectacular example is probably the
Novikov conjecture on the homotopy invariance of higher signatures
which can be stated as follows. Let Γ be a finitely generated group
and let M be a compact oriented manifold with fundamental group
Γ. Let BΓ be the classifying space for Γ and let fΓ : M → BΓ be
the classifying map. We denote by L(M) ∈ H∗(M,Q) the Pointrjagin-
Hirzebruch class of M . Recall that we have a natural isomorphism
H∗(Γ,Q) ∼= H∗(BΓ,Q), so any x in H∗(Γ,Q) can be pulled back to an
element f ∗Γ(x) in H

∗(M,Q). The rational numbers

〈f ∗Γ(x),L(M) ∩ [M ]〉
are called higher signatures ofM (here [M ] stands for the fundamental
class for M).

Conjecture (Novikov). The higher signatures are oriented homotopy
invariant.

By introducing in his work on the Novikov conjecture the bivariant
K-theory [11], Kasparov provided a far reaching generalization to the
concept of index with a wide range of important applications to ge-
ometry. He proved the Novikov conjecture for discrete subgroups of
Lie groups. His approach has been extended successfully to the case of
groups actings on an euclidian building [12], of ”bolic” groups (includ-
ing Gromov hyperbolic groups) [13] and had culminated in the proof
of Novikov conjecture for groups which are amenable at infinity [9, 25].

Following the development by Roe of a higher index theory for elliptic
differential operators on non-compact complete riemannian manifolds
[18], the 90’s have seen the emergence of a more geometric approach.
It has generated a great deal of interest as it has highlighted geomet-
ric obstructions for the Baum-Connes conjecture leading to the only
known counterexamples [8]. It has also striking applications to sec-
ondary invariants [21, 22]. The foundational principle is the fact that
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the higher indices have their receptacles in the K-theory of a canonical
C∗-algebra, called the Roe algebra. The Roe algebra only depends on
the large scale geometry of the underlying space. It can be viewed as
an algebra of order zero pseudo-differential calculus and inherits from
the geometry a propagation structure. For a finitely generated group
(viewed as a metric space using any word length) the computability of
the Roe algebra using higher indices implies (under some very mild con-
dition) the Novikov conjecture. A prominent achievement of this is the
proof of the Novikov conjecture for finitely generated groups with finite
asymptotic dimension [24] by proving that the K-theory of a localized
version of the Roe algebra can be computed using a ”cut-and-pasting”
techniques. This was done by introducing for these algebras a quantita-
tive version of the K-theory which takes only into account propagation
up to a given order. At each order there is a Mayer-Vietoris type de-
composition which allowed to compute the quantitative K-theory and
then, the K-theory is obtained by letting the order goes to infinity.
Quantitative K-theory has been generalized in [15] to the setting of
filtered C∗-algebras by the two authors. Thereafter, they introduced
in [16, Section 3.1] geometric controlled assembly maps that compute
locally the K-theory of the Roe algebra. For a finite metric space X
and a C∗-algebra A, these maps have source the K-homology with co-
efficients in A of the Rips complex of X and range the quantitative
K-theory of A⊗K (ℓ2(X)). Here K (ℓ2(X)) stands for the algebra of
matrices with entries in X and the filtration is provided by the metric.
Quantitative assembly maps (QAM) estimates for metric spaces where
stated for purpose of computing the K-theory of Roe algebras from the
geometric controlled assembly maps by uniform approximations [16,
Section 4.2]. It was then shown that if Γ is a finitely generated group
such that the QAM-estimates are uniformly satisfied by the family of
its finite subsets, then Γ satisfies the Novikov conjecture. It is worth
pointing out that unlike the proof of the Novikov conjecture for groups
amenable at infinity, this QAM-estimates only involve finite dimension
analysis and finite linear algebra.

The aim of this paper is to establish a stability result for uniform
QAM-estimates under geometric decomposition that we shall explain
in more details now. Geometric decomposability in the context of met-
ric spaces has been brought in by by Guentner, Tessera and Yu in their
study of topological rigidity for manifolds [5]. For a given positive num-
berR, a family of discrete metric spaces X is said to be R-decomposable
with respect to another family Y if for any metric space X in X , there
exists a decomposition X = X(1) ∪ X(2) such that X(i) is for i = 1, 2
the R-disjoint union (i.e at mutual distance greater than R) of metric
spaces in Y . We are now in position to state the main result of this
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paper (Theorem 2.13). Let X be a family of finite metric spaces. As-
sume that for any R > 0, there exists a family of finite metric spaces
Y such that

• X is R-decomposable with respect to Y ;
• the family Ỹ of all subsets of all metric spaces in Y satisfies
uniformly the QAM-estimates.

Then the family X satisfies (under some uniform boundedness condi-
tion) uniformly the QAM-estimates. A special case of interest is the
class of families with finite decomposition complexity [5]. A class C
of families of proper discrete metric spaces is said to be closed under
coarse decomposition if any family X of discrete proper metric spaces
which is R-decomposable with respect to a family Y in C for any pos-
itive number R lies indeed in C. Let us define the class Cfdc as the
smallest class of families that contains uniformly bounded families of
discrete metric spaces and which is closed under coarse decomposabil-
ity. As uniformly bounded families of discrete metric spaces satisfy
obviously uniformly the QAM-estimates, we obtain as a consequence
of our main result that any family X in Cfdc with uniformly bounded
geometry satisfies uniformly the QAM-estimates (Theorem 2.20). If X
is a discrete proper metric space, we say that X has finite decompo-
sition complexity if the single family {X} is in Cfdc [5]. Examples of
such metric spaces are provided by metric spaces with finite asymp-
totic dimension. As a consequence of Theorem 2.20, we get that if Γ is
a finitely generated group with finite decomposition complexity which
admits a classifying space with finite homotopy type, then Γ satisfies
the Novikov conjecture. This result was already known as group with
finite decomposition complexity are amenable [6] but as already em-
phasized, our proof does not involve infinite dimension analysis.

Let us now explain the general idea of the proof of the main result
of this paper. In [17] was stated a controlled Mayer-Vietoris exact se-
quence in quantitative K-theory. It was indeed motivated by K-theory
computability of Roe type algebras under the geometric decompositions
described above and thus result in six-term controlled exact sequences
on the right hand-side of the quantitative assembly maps. These de-
compositions also give rise to Mayer-Vietoris exact sequences in K-
homology on the left-hand side of the quantitative assembly maps. Our
proof then amounts to prove the compatibility of these two sequences
under the quantitative assembly maps. The major obstacle is that the
two boundary maps do not have the same nature. In K-homology,
the boundary maps is constructed using homotopy theory whereas in
a quantitative K-theory, we use an approximating lifting property for
almost unitaries. The first step to circumvent this obstacle is to show
that as it is the case for usual assembly maps, local quantitative coarse
assembly map factorize through quantitative index maps. These quan-
titative index maps are indeed defined for any compact metric space Z
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and is valued for a fixed non degenerate standard Z-module HZ in the
quantitative K-theory of the algebra K (HZ) of compact operators on
HZ (or in A⊗K (HZ) for the version with coefficients). The second
step is to prove that for finite simplicial complexe and for small propa-
gation (depending only on the dimension), the quantitative index maps
are (up to some rescaling) isomorphisms. This is done once again by us-
ing controlled Mayer-Vietoris exact sequence in quantitative K-theory.
Checking the compatibility of the boundary maps is a quite tedious
chore but it is worth noticing that it can be straightforwardly gener-
alized to the equivariant case (in particular with respect to groupoid
actions). The proof of our main result then amounts to show that for
any finite metric space X in X , then the map induced in quantitative
K-theory by some canonical morphism K (HPd(X))→ K (ℓ2(X)) is an
isomorphism up to uniformly controlled rescaling if the same holds for

any metric spaces in Ỹ . Geometric decompositions give also rise to
controlled Mayer-Vietoris exact sequence to compute the quantitative
K (HPd(X)). The two controlled exact sequences being now intertwined
by natural morphisms, this is achieved by using a controlled version of
the five lemma.

By analogy with metric spaces, the notion of geometric decomposi-
tion can be also defined for groupoids [7, 14]. An interesting perspective
would be to extend the main result of the paper to prove the perma-
nence property of the Baum-Connes conjecture for étale groupoids un-
der geometric decomposition [14, Theorem 6.8] without the assumption
of the existence of a γ-element in the sense of [20, Proposition 5.20 and
Remark 5.21]. To reach this goal, we need to develop the analogous of
the theory of standard module in the framework of cocompact proper
action of groupoids (see [1] for the case of ample groupoids).

Outline of the paper.
In Section 1, we review from [15, 16] the main features of quantitative

K-theory for filtered C∗-algebras. We draw attention of the reader on
the fact that the definition of quantitative K-theory that we give in
this paper is slightly different from the original one given in [11][Section
3.1]. We have changed the range of the control ε and allowed larger
homotopies in the equivalence relations between almost projections and
almost unitaries. The purpose for this is to define later on in this
section the rescaling operator which allows to reduce the control ε in
quantitative K-theory.

The main theorem is stated in Section 2. We first recall from [16] the
construction of the geometric controlled assembly map which can be
viewed as a geometric version of the controlled Baum-Connes assem-
bly maps (see [15]). Next we give the formulation of the quantitative
assembly maps estimates for a proper discrete metric space. We re-
call the link with the coarse Baum-Connes conjecture and with the
Novikov conjecture. We then state the main result of this paper. We
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apply this result to metric spaces with finite decomposition complexity
introduced in [6] and we obtain has a consequence the Novikov conjec-
ture for finitely generated groups with finite decomposition complexity
(under the standard assumption on classifying spaces).

Section 3 is devoted to the definition and to the study of the quanti-
tative index map. After some reminders about non-degenerated stan-
dard modules and propagation for theirs operators, we introduce for a
compact metric space X and a non-degenerated standard X-modules
HX the fundamental class in quantitative K-theory. This is a family
of rank 1 projections in C(X,K (HX)) with arbitrary small propaga-
tion and which are moreover compatible with respect to the structure
maps in quantitative K-theory. This leads to the definition of quanti-
tative indices. We then study some naturality properties for this map
and we state the fundamental theorem for quantitative indices : if X
is a finite simplicial complexe, then for small propagation depending
only on the dimension, quantitative indices are (up to some controlled
rescaling) isomorphisms. This theorem will be proved in Section 4. We
end the section by proving that the geometric quantitative assembly
maps factorizes through quantitative index maps.

In Section 4, we introduce the central tool of this paper : the con-
trolled six terms exact sequence in quantitative K-theory associated
to a Mayer-Vietoris pair decomposition for a filtered C∗-algebra [17].
We show that a classical Mayer-Vietoris decomposition for a compact
metric space gives rise to a Mayer-Vietoris pair for the right hand side
of the quantitative index map. We prove by an arduous computation
that the Mayer-Vietoris boundary maps in K-homology and in quanti-
tative K-theory are intertwined by the quantitative index maps. As a
consequence, we prove by using a controlled version of the five Lemma
that for small propagation, the quantitative index is an isomorphism
up to some rescaling.

In Section 5, we collect results from Section 3 and 4 to show that
the proof of the main theorem reduces to replace in the QAM-estimates
the geometric assembly maps by the morphisms induced in quantitative
K-theory by some canonical map K (HPd(X))→ K (ℓ2(X)). Noticing
that geometric decompositions give rise to compatible Mayer-Vietoris
pair decompositions both for K (HPd(X)) and K (ℓ2(X)), this us done
by using once again a five Lemma type argument for the associated
controlled six terms exact sequences in quantitative K-theory.

1. Overview on quantitative K-theory

In this section, we recall the basic concepts of quantitative K-theory
for filtered C∗-algebras and collect the main results of [15] concerning
quantitative K-theory that we shall use throughout this paper. The
structure of filtered C∗-algebras allows us to talk about the propagation
scale of elements in the C∗-algebras. Roughly speaking, quantitative
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K-theory is the abelian groups of K-theory elements at each given
scale.

Definition 1.1. A filtered C∗-algebra A is a C∗-algebra equipped with
a family (Ar)r>0 of closed linear subspaces indexed by positive numbers
such that:

• Ar ⊆ Ar′ if r 6 r′;
• Ar is stable under involution;
• Ar · Ar′ ⊆ Ar+r′;

• the subalgebra
⋃

r>0

Ar is dense in A.

If A is unital, we also require that the identity 1 is an element of Ar for
every positive number r. The elements of Ar are said to have propa-

gation r.

Let A and A′ be respectively C∗-algebras filtered by (Ar)r>0 and
(A′r)r>0. A homomorphism of C∗ -algebras φ : A−→A′ is a filtered

homomorphism (or a homomorphism of filtered C∗-algebras) if
φ(Ar) ⊆ A′r for any positive number r.

If A is not unital, let us denote by A+ its unitarization, i.e.,

A+ = {(x, λ); x ∈ A , λ ∈ C}
with the product

(x, λ)(x′, λ′) = (xx′ + λx′ + λ′x, λλ′)

for all (x, λ) and (x′, λ′) in A+. Then A+ is filtered with

A+
r = {(x, λ); x ∈ Ar , λ ∈ C}.

We also define ρA : A+ → C; (x, λ) 7→ λ.

1.1. Definition of quantitative K-theory. Let A be a unital filtered
C∗-algebra. For any positive numbers r and ε, we call

• an element u inA an ε-r-unitary if u belongs toAr, ‖u∗·u−1‖ <
ε and ‖u · u∗ − 1‖ < ε. The set of ε-r-unitaries on A will be
denoted by Uε,r(A).
• an element p in A an ε-r-projection if p belongs to Ar, p = p∗

and ‖p2 − p‖ < ε. The set of ε-r-projections on A will be
denoted by Pε,r(A).

Notice that an ε-r-unitary is invertible, and that if p is an ε-r-projection
in A, then it has a spectral gap around 1/2 and then gives rise by
functional calculus to a projection κ0(p) inA such that ‖p−κ0(p)‖ < 2ε.

Recall from [16, Lemma 1.7] the following result that will be used
quite extensively throughout the paper.

Lemma 1.2. Let A be a C∗-algebra filtered by (Ar)r>0.
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(i) If p is an ε-r-projection in A and q is a self-adjoint element of

Ar such that ‖p − q‖ < ε−‖p2−p‖
4

, then q is an ε-r-projection.
In particular, if p is an ε-r-projection in A and if q is a self-
adjoint element in Ar such that ‖p − q‖ < ε, then q is a 5ε-
r-projection in A and p and q are connected by a homotopy of
5ε-r-projections.

(ii) If A is unital, u is an ε-r-unitary and v is an element of Ar
such that ‖u − v‖ < ε−‖u∗u−1‖

3
, then v is an ε-r-unitary. In

particular, if u is an ε-r-unitary and v is an element of Ar
such that ‖u−v‖ < ε, then v is a 4ε-r-unitary in A and u and
v are connected by a homotopy of 4ε-r-unitaries.

(iii) If p is a projection in A and q is a self-adjoint element of Ar
such that ‖p− q‖ < ε

4
, then q is an ε-r-projection.

(iv) If A is unital, u is a unitary in A and v is an element of Ar
such that ‖u− v‖ < ε

3
, then v is an ε-r-unitary.

We get as a corollary:

Corollary 1.3. Let u be an ε-r-unitary in a unital filtered C∗-algebra
A, then diag(u, u∗) and I2 are homotopic as 3ε-2r-unitaries in M2(A).

For any integer n, we set Uε,r
n (A) = Uε,r(Mn(A)) and Pε,rn (A) =

Pε,r(Mn(A)). For any unital filtered C∗-algebra A, any positive num-
bers ε and r and any positive integer n, we consider the inclusions

Pε,rn (A) →֒ Pε,rn+1(A); p 7→
Å
p 0
0 0

ã

and

Uε,r
n (A) →֒ Uε,r

n+1(A); u 7→
Å
u 0
0 1

ã
.

This allows us to define

Uε,r
∞ (A) =

⋃

n∈N
Uε,r
n (A)

and

Pε,r∞ (A) =
⋃

n∈N
Pε,rn (A).

For a unital filtered C∗-algebra A, ε ∈ (0, 1/100) and r > 0, we define
the following equivalence relations on Pε,r∞ (A)× N and on Uε,r

∞ (A):

• if p and q are elements of Pε,r∞ (A), l and l′ are positive integers,
(p, l) ∼ (q, l′) if there exists a positive integer k and an element
h of P25ε,r

∞ (A[0, 1]) such that h(0) = diag(p, Ik+l′) and h(1) =
diag(q, Ik+l).
• if u and v are elements of Uε,r

∞ (A), u ∼ v if there exists an
element h of U25ε,2r

∞ (A[0, 1]) such that h(0) = u and h(1) = v.
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If p is an element of Pε,r∞ (A) and l is an integer, we denote by [p, l]ε,r
the equivalence class of (p, l) modulo ∼ and if u is an element of Uε,r

∞ (A)
we denote by [u]ε,r its equivalence class modulo ∼.
Definition 1.4. Let r and ε be positive numbers with ε < 1/100. We
define:

(i) Kε,r
0 (A) = Pε,r∞ (A)× N/ ∼ for A unital and

Kε,r
0 (A) = {[p, l]ε,r ∈ K0(A

+) such that rankκ0(ρA(p)) = l}
for A non unital (κ0(ρA(p)) being the spectral projection asso-
ciated to ρA(p));

(ii) Kε,r
1 (A) = Uε,r

∞ (A+)/ ∼, with A = A+ if A is already unital.

Then Kε,r
0 (A) turns to be an abelian group [15, Lemma 1.15] where

[p, l]ε,r + [p′, l′]ε,r = [diag(p, p′), l + l′]ε,r

for any [p, l]ε,r and [p′, l′]ε,r in K
ε,r
0 (A). According to [15, Lemma 1.15],

Kε,r
1 (A) is equipped with a structure of abelian group such that

[u]ε,r + [u′]ε,r = [diag(u, v)]ε,r,

for any [u]ε,r and [u′]ε,r in K
ε,r
1 (A).

We draw attention of the readers on the fact that this definition
of controlled K-theory differs slightly from the original one given in
[15][Section 3.1]. We have increased control of homotopies for purpose
of rescaling (see Section 1.2). As quantitative objects (see Section 1.3),
the two objects are related by a controlled isomorphism. Furthermore,
controlled morphisms and isomorphisms and controlled exact sequences
for both objects are in natural correspondance with each other.

Recall from [15, Corollaries 1.19 and 1.21] that for any positive num-
bers r and ε with ε < 1/100, then

Kε,r
0 (C)→ Z; [p, l]ε,r 7→ rankκ0(p)− l

is an isomorphism and Kε,r
1 (C) = {0}.

We have for any filtered C∗-algebra A and any positive numbers r, r′,
ε and ε′ with ε 6 ε′ < 1/100 and r 6 r′ natural group homomorphisms

• ιε,r0 : Kε,r
0 (A)−→K0(A); [p, l]ε,r 7→ [κ0(p)]− [Il] (where κ0(p) is

the spectral projection associated to p);
• ιε,r1 : Kε,r

1 (A)−→K1(A); [u]ε,r 7→ [u] ;
• ιε,r∗ = ιε,r0 ⊕ ιε,r1 ;

• ιε,ε′,r,r′0 : Kε,r
0 (A)−→Kε′,r′

0 (A); [p, l]ε,r 7→ [p, l]ε′,r′;

• ιε,ε′,r,r′1 : Kε,r
1 (A)−→Kε′,r′

1 (A); [u]ε,r 7→ [u]ε′,r′.

• ιε,ε′,r,r′∗ = ιε,ε
′,r,r′

0 ⊕ ιε,ε′,r,r′1

If some of the indices r, r′ or ε, ε′ are equal, we shall not repeat it in
ιε,ε

′,r,r′

∗ . Furthermore, when the range (resp. source, source and range)
is obvious, we shall write ιε,r,−∗ (resp. ι−,ε

′,r′

∗ , ι−,−∗ ) instead of ιε,ε
′,r,r′

∗ .
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Notice that with this definition, the family of morphisms

(ιε,r∗ : Kε,r
∗ (A)→ K∗(A))ε∈(0,1/100),r>0

gives rise to an isomorphism

lim
r>0

Kε,r
∗ (A)

≃−→ K∗(A), (1)

where the inductive limit on the left hand side is taken with respect to
the inductive system

ιε,r,r
′

∗ : Kε,r
∗ (A)→ Kε,r′

∗ (A)

for r′ > r > 0.
If φ : A→ B is a homomorphism of filtered C∗-algebras, then since

φ preserves ε-r-projections and ε-r-unitaries, it obviously induces for
any positive number r and any ε ∈ (0, 1/100) a group homomorphism

φε,r∗ : Kε,r
∗ (A) −→ Kε,r

∗ (B).

Moreover the quantitativeK-theory is homotopy invariant with respect
to homotopies that preserves propagation [15, Lemma 1.26]. There is
also a quantitative version of Morita equivalence [15, Proposition 1.28].

Proposition 1.5. If A is a filtered algebra and H is a separable Hilbert
space, then the homomorphism

A→ K (H )⊗ A; a 7→

Ñ
a

0
. . .

é

induces a (Z2-graded) group isomorphism (the Morita equivalence)

Mε,r
A : Kε,r

∗ (A)→ Kε,r
∗ (K (H )⊗ A)

for any positive number r and any ε ∈ (0, 1/100).

1.2. Rescaling the control. In this subsection, we describe a rescal-
ing process that allows to fix the control in quantitative K-theory.

Recall that if q is an ε-r projection, then κ0(q) stands for the spectral
projection corresponding to q′. If u is an ε-r unitary, we set κ1(u) =
(u∗u)−1/2u (then κ1(u) is a unitary).

Lemma 1.6. There exists a non increasing function

(0, 1/8)→ [1,+∞); ε 7→ lε

such that for any unital filtered C∗-algebra A, any ε in (0, 1/8) and any
r > 0, then the following holds

(i) for any ε-r-projection q in A, there exists an ε/2-lεr-projection
q′ such that ‖κ0(q)− q′‖ < ε/8.

(ii) for any ε-unitary u in A, there exists an ε/2-lεr-unitary u
′ such

that ‖κ1(u)− u′‖ < ε/6.
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Moreover, if J is an ideal in A and if q−1 (resp. u−1) lies in J , then
we can choose q′ (resp. u′) such that q′ − 1 (resp. u′ − 1) lies also in
J .

Proof. Let us first prove the even case. Let us fix α in
Ä
0, 1− 1/

√
2
ä
.

Then the spectrum of q is included in [−α, α] ∪ [1 − α, 1 + α] for any
ε-r-projection q with ε in (0, 1/8). Let us fix κ0 : R→ R a continuous
function such κ(t) = 0 for t in [−α, α] and κ0(t) = 1 for t in [1−α, 1+α]
and let (QN )N∈N be a polynomial sequence such that (QN)N∈N converge
uniformly to κ0 on [−α, α] ∪ [1 − α, 1 + α]. For ε in (0, 1/8), let Nε

be the smallest integer such that ‖QNε(t) − κ0(t)‖ < ε/8 for all t in
[−α, α]∪ [1−α, 1+α]. Set then lε = max{doQk; k = 0, . . . , Nε}. Then
q′ = QNε(q) belongs to Alεr and ‖κ0(q) − q′‖ < ε/8. In particular,
according to the third point of Lemma 1.2, we see that q′ is an ε/2-lεr-
projection.

In the same way for the odd case, using the power serie of t 7→
(1 + t)−1/2, we see that there exists:

• a non increasing function (0, 1/4)−→N; ε 7→ lε
• for any ε in (0, 1/4) a polynomial function Qε

such that

• The degree of Qε is lε;
• Qε(1) = 1
• |Qε(t)− t−1/2| < ε/8 for all t in [3/4, 5/4].

If we set u′ = Qε(u
∗u)u, then we have that ‖κ1(u) − u′‖ < ε/6 and

in view of the fourth point of Lemma 1.2, we see that u′ is an ε/2-
(2lε + 1)r-unitary. �

If q is an ε-r-projection in A, with ε in (0, 1/200), we deduce from the
first point of Lemma 1.2 that two elements that satisfy the condition
of the first item of the lemma are homotopic as 5

4
ε-r-projections and

hence there exists a well defined homomorphism

Lε,rA,0 : K
ε,r
0 (A)−→Kε/2,lεr

0 (A),

natural with respect to homomorphisms of filtered C∗-algebras, such
that if A is unital, then Lε,rA,0([q, k]ε,r) = [q′, k]ε/2,lεr for any ε-r-projection
q in some Mn(A), any integer k and any ε/2-lεr-projection q

′ inMn(A)
such that ‖κ0(q)− q′‖ < ε/8.

In the same way, there exists a well defined natural homomorphism

Lε,rA,1 : K
ε,r
1 (A)−→Kε/2,lεr

1 (A)

such that if A is unital, then Lε,rA,1([u]ε,r) = [u′]ε/2,lεr for any ε-r-
unitary u in someMn(A) and any ε/2-lεr-unitary u

′ inMn(A) satisfying
‖κ1(u)− u′‖ < ε/8.

For any ε in (0, 1/200) and r > 0, let us set lrs,ε = lε and

Lε,rA,∗ = Lε,rA,0 ⊕ Lε,rA,1 : Kε,r
∗ (A)−→Kε/2,lrs,εr

∗ (A).
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We clearly have that

Lε
′,r′

A,∗ ◦ ιε,r,−∗ = ι
−,ε′/2,lrs,ε′r′
∗ ◦ Lε,rA,∗

for any ε, ε′, r and r′ such that 0 < ε 6 ε′ < 1/200, 0 < r 6 r′ and
lrs,εr 6 lrs,ε′r

′.

Lemma 1.7. For any unital filtered C∗-algebra A, any ε in (0, 1/200)
and any r > 0, then

(i) ι
ε/2,ε,lεr
∗ ◦ Lε,rA,∗ = ιε,r,lεr∗ ;

(ii) Lε,rA,∗ ◦ ι
ε/2,ε,r
∗ = ι

ε/2,lεr
∗ .

Proof. We can assume without loss of generality that A is unital. Let
us prove the first point in the even case. Let q be an ε-r-projection
in some Mn(A) and let q′ be an ε/2-lεr-projection in Mn(A) such that
‖κ0(q)− q′‖ < ε/8 as in Lemma 1.6. Then

‖q − q′‖ 6 ‖q − κ0(q)‖+ ‖κ0(q)− q′‖

<
17ε

8
.

In view of the first point of Lemma 1.2, we obtain that q and q′ are
homotopic as 25ε-lεr-projections and we deduce the result for the first
point in the even case. The odd case is quite similar.

For the second point, let q be an ε/2-r-projection in someMn(A) and
let us consider q as a ε-r-projection. Pick then an ε/2-lεr-projection q

′

in Mn(A) such that ‖κ0(q)− q′‖ < ε/8. Then

‖q − q′‖ 6 ‖q − κ0(q)‖+ ‖κ0(q)− q′‖

<
9ε

8

and hence q and q′ are homotopic as 25ε
2
-lεr-projections and we deduce

the result of the second point in the even case, the odd case being
similar. �

1.3. Quantitative objects. In order to study the properties of quan-
titative K-theory, we introduce the following concept of quantitative
object.

Definition 1.8. A quantitative object is a family O = (Oε,r)0<ε<1/100,r>0

of abelian groups, together with a family of group homomorphisms

ιε,ε
′,r,r′

O : Oε,r → Oε′,r′

for 0 < ε 6 ε′ < 1/100 and 0 < r 6 r′ such that

• ιε,ε,r,rO = IdOε,r for any 0 < ε < 1/100 and r > 0;

• ιε′,ε′′,r′,r′′O ◦ ιε,ε′,r,r′O = ιε,ε
′′,r,r′′

O for any 0 < ε 6 ε′ 6 ε′′ < 1/100
and 0 < r 6 r′ 6 r′′;

As for structure maps attached to quantitative K-theory, when some

of the indices r, r′ or ε, ε′ are equal, we shall not repeat it in ιε,ε
′,r,r′

O .
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Example 1.9. Of course, our prominent example will be quantitative
K-theory K∗(A) = (Kε,r

∗ (A))0<ε<1/100,r>0 of a filtered C∗-algebras A

with structure maps ιε,ε
′,r,r′

∗ : Kε,r
∗ (A)−→Kε′,r′

∗ (A).

In order to define the relevant notion of morphisms between quanti-
tative objects, we need to introduce control pairs.

Definition 1.10. A control pair is a pair (λ, h), where

• λ > 1;
• h : (0, 1

100λ
)→ [1,+∞); ε 7→ hε is a non-increasing map.

The set of control pairs is equipped with a partial order: (λ, h) 6

(λ′, h′) if λ 6 λ′ and hε 6 h′ε for all ε ∈ (0, 1
100λ′

). If (λ, h) and (λ′, h′)
are two control pairs, define

h ∗ h′ :
Å
0,

1

100λλ′

ã
→ (0,+∞); ε 7→ hλ′εh

′
ε.

Then (λλ′, h ∗ h′) is again a control pair.

Definition 1.11. Let (λ, h) be a control pair and let O = (Oε,r)0<ε<1/100,r>0

and O′ = (O′ε,r)0<ε<1/100,r>0 be quantitative objects. A (λ, h)-controlled
morphism

F : O → O′

is a family F = (F ε,r)0<ε< 1
100λ

,r>0 of groups homomorphisms

F ε,r : Oε,r → O′λε,hεr

such that for any positive numbers ε, ε′, r and r′ with 0 < ε 6 ε′ <
1

100λ
, r 6 r′ and hεr 6 hε′r

′, we have

F ε′,r′ ◦ ιε,ε′,r,r′O = ι
λε,λε′,hεr,hε′r

′

O′ ◦ F ε,r.

When it is not necessary to specify the control pair, we just say that
F is a controlled morphism. If O = (Oε,r)0<ε<1/100,r>0 is a quantitative
object, let us define the identity (1, 1)-controlled morphism IdO =
(IdOε,r)0<ε<1/100,r>0 : O → O. Observe that if A and B are filtered C∗-
algebras and if F : K∗(A) → K∗(B) is a (λ, h)-controlled morphism,
then F induces a morphism F : K∗(A) → K∗(B) uniquely defined by
ιε,r∗ ◦ F ε,r = F ◦ ιε,r∗ .

In some situation, as for instance controlled boundary maps of con-
trolled Mayer-Vietoris pair (see Section 4.2), we deal with family F ε,r :
Oε,r → O′λε,hεr of group morphisms defined indeed only up to a certain
order.

Definition 1.12. Let (λ, h) be a control pair, let O = (Oε,s)0<ε<1/100,s>0

and O′ = (O′ε,s)0<ε<1/100,s>0 be quantitative objects and let r be a posi-
tive number. A (λ, h)-controlled morphism of order r

F : O → O′
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is a family F = (F ε,s)0<ε< 1
100λ

,0<s< r
hε

of groups homomorphisms

F ε,s : Oε,s → O′λε,hεs

such that for any positive numbers ε, ε′, s and s′ with 0 < ε 6 ε′ <
1

100λ
, s 6 s′ and hεs 6 hε′s

′ < r, we have

F ε′,s′ ◦ ιε,ε′,s,s′O = ι
λε,λε′,hεs,hε′s

′

O′ ◦ F ε,s.

Let O = (Oε,r)0<ε<1/100,r>0, O′ = (O′ε,r)0<ε<1/100,r>0 and O′′ =
(O′′ε,r)0<ε<1/100,r>0 be quantitative objects, let

F = (F ε,r)0<ε< 1
100α

,r>0 : O → O′

be a (α, k)-controlled morphism, and let

G = (Gε,r)0<ε< 1
100α′ ,r>0 : O′ → O′′

be a (α′, k′)-controlled morphism. Then G◦F : O → O′′ is the (α′α, k′∗
k)-controlled morphism defined by the family

(Gαε,kεr ◦ F ε,r : Oε,r → O′′
α′αε,kεk′αεr)0<ε< 1

100αα′ ,r>0. (2)

Notice that if F : O → O′ and G : O′ → O′′ are respectively a (α, k)-
controlled morphism and (α′, k′)-controlled morphism of order r, then
equation (2) defines a (α′α, k′∗k)-controlled morphism G◦F : O → O′′
of order r.

Notation 1.13. LetO = (Oε,r)0<ε<1/100,r>0 andO′ = (O′ε,r)0<ε<1/100,r>0

be quantitative objects, let F = (F ε,r)0<ε< 1
100α

,r>0 : O → O′ (resp.
G = (Gε,r) 1

100α′ ,r>0 : O → O′) be an (α, k)-controlled morphism (resp.

an (α′, k′)-controlled morphism) and let (λ, h) be a control pair. We

write F (λ,h)∼ G if

• (α, k) 6 (λ, h) and (α′, k′) 6 (λ, h).
• for every ε in (0, 1

100λ
) and r > 0, we have

ιαε,λε,kεr,hεrO′ ◦ F ε,r = ι
α′ε,λε,k′εr,hεr
O′ ◦Gε,r.

Recall from [16] the definition of a controlled isomorphisms.

Definition 1.14. Let (λ, h) be a control pair, and let F : O → O′ be
a (α, k)-controlled morphism with (α, k) 6 (λ, h). F is called (λ, h)-
invertible or a (λ, h)-isomorphism if there exists a controlled morphism

G : O′ → O such that G ◦ F (λ,h)∼ IdO and F ◦ G (λ,h)∼ IdO′. The
controlled morphism G is called a (λ, h)-inverse for G.

In particular, if A and B are filtered C∗-algebras and if F : K∗(A)→
K∗(B) is a (λ, h)-isomorphism, then the induced morphism F : K∗(A)→
K∗(B) is an isomorphism and its inverse is induced by a controlled mor-
phism (indeed induced by any (λ, h)-inverse for F).
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In order to define the quantitative index map, we need to consider the
special case of controlled morphisms with constant source (see Section
3.4).

Definition 1.15. Let Z be an abelian group and let O = (Oε,s)0<ε<1/100,s>0

be a quantitative object. A projective morphism F : Z → O is a family
of group homomorphisms

F = (F ε,s : Z → Oε,s)0<ε<1/100,s>0

such that for every positive numbers ε, ε′, s and s′ with ε 6 ε′ < 1/100

and s 6 s′, then F ε′,s′ = ιε,ε
′,s,s′

O ◦ F ε,s.

Remark 1.16. Let

F = (F ε,s : Z → Oε,s)0<ε<1/100,s>0

be a projective morphism.

(i) let us fix ε0 in (0, 1/100) and s0 > 0. Then F is completely
determined by the knowledge of (F ε,s)0<ε<ε0,0<s<s0.

(ii) for any fixed ε in (0, 1/100), the projective morphism F induces
a morphism

Z −→ lim←−
s>0

Oε,s

x 7→ (F ε,s(x))s>0,

where the right hand side is the projective limit with respect

to the inductive system (ιε,s,s
′

O )0<s6s′.

If Λ : Z ′ → Z is a homomorphism of abelian group, then

F ◦ Λ def
==(F ε,s ◦ Λ)0<ε<1/100,s>0 : Z−→O

is a projective morphism and if G : O → O′ is a (α, k)-controlled
morphism, then

G ◦ F def
==
(
G

ε
α
, s
kε/α ◦ F

ε
α
, s
kε/α

)
0<ε<1/100,s>0

: Z−→O′

is a projective morphism. In order to study the behaviour of quanti-
tative objects for small propagation, we introduce the following notion
of h-isomorphism.

Definition 1.17. Let (0, 1/200)→ [1,+∞); ε 7→ hε be a non decreas-
ing function. A projective morphism

F = (F ε,s)0<ε<1/100,s>0 : Z → O
is called a h-isomorphism if for any ε in (0, 1/200),

• F ε,s : Z → Oε,r is one-to-one for any positive number r with
r < 1/hε;
• For any positive number r with r < 1/h2ε and any y in Oε,r,

there exists x in Z such that F ε,hεr(x) = ιε,r,hεrO (y).
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In other words, this means that F ε,r is one-to-one onto ι
ε,r/hε,r
O (Oε,r/hε)

for any positive number r with r < 1/hε.

The restriction to (0, 1/200) of the range of the control is for con-
trolled rescaling reasons that will become clear later on when stating
the properties of the quantitative index map. The meaning of this def-
inition is that up to a rescaling, Z and Oε,r are isomorphic for small
propagation. In view of the second point of Remark 1.16, this implies
in particular that for any ε in (0, 1/200), the projective morphism F
induces an isomorphism

Z
≃−→ lim←−

s>0

Oε,s.

Let us recall now the definition of the controlled exact sequence for
quantitative objects. This controlled exact sequence is an important
tool in computing quantitative K-theory for filtered C∗-algebras.

Definition 1.18. Let (λ, h) be a control pair,

• Let O = (Oε,s)0<ε< 1
100

,s>0, O′ = (O′ε,s)0<ε< 1
100

,s>0 and O′′ =
(O′′ε,s)0<ε< 1

100
,s>0 be quantitative objects, let

F = (F ε,s)0<ε< 1
100α

,s>0 : O → O′

be a (α, k)-controlled morphism and let

G = (Gε,s)0<ε< 1
100α′ ,s>0 : O′ → O′′

be a (α′, k′)-controlled morphism with (α′, k′) 6 (λ, h). Then
the composition

O F→ O′
G→ O′′

is said to be (λ, h)-exact at O′ if G ◦ F = 0 and if for any 0 <
ε < 1

100λα
, any s > 0 and any y in O′ε,s such that Gε,s(y) = 0

in O′′α′ε,k′εr
, there exists an element x in Oλε,hεs such that

F λε,hεs(x) = ιε,αλε,r,kλεhεsO′ (y)

in O′αλε,kλεhεs.
• A sequence of controlled morphisms

· · ·Ok−1
Fk−1−→ Ok

Fk−→ Ok+1
Fk+1−→ Ok+2 · · ·

is called (λ, h)-exact if for every k, the composition

Ok−1
Fk−1−→ Ok Fk−→ Ok+1

is (λ, h)-exact at Ok.
• a controlled morphism F : O → O′ is called (λ,h)-injective
if

0→ O F→ O′
is (λ, h)-exact;
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• a controlled morphism F : O → O′ is called (λ,h)-surjective
if

O F→ O′ → 0

is (λ, h)-exact.

It is then obvious that if a controlled morphism F is a (λ, h)-isomorphism,
then there exists a controlled pairs (λ′, h′) depending only on (λ, h)
such that F is (λ′, h′)-injective and (λ′, h′)-surjective. Conversely, if
F is (λ′, h′)-injective and (λ′′, h′′)-surjective, then there exists a con-
trolled pair (λ, h) depending only on (λ′, h′) and (λ′′, h′′) such that F
is a (λ, h)-isomorphism.

The notion of (λ, h)-exactness of a composition and of a sequence
can be extended to the setting of controlled morphism of order r.

Definition 1.19. Let (λ, h) be a control pair,
Let O = (Oε,s)0<ε< 1

100
,s>0, O′ = (O′ε,s)0<ε< 1

100
,s>0 and O′′ = (O′′ε,s)0<ε< 1

100
,s>0

be quantitative objects, let

F = (F ε,s)0<ε< 1
100α

,0<s<
r1
hε

: O → O′

be a (α, k)-controlled morphism of order r1 and let

G = (Gε,s)0<ε< 1
100α′ ,0<s<

r2
hε

: O′ → O′′

be a (α′, k′)-controlled morphism order r2 with (α′, k′) 6 (λ, h). For r
in (0,min{r1, r2}), the composition

O F→ O′
G→ O′′

is said to be (λ, h)-exact at O′ and at order r if

• for any 0 < ε < 1
100λα

, any 0 < s < r
kεhαε

and any x in Oε,s,
then Gαε,kαεs ◦ F ε,s(x) = 0 in O′′αα′ε,kεk′αεs

.

• for any 0 < ε < 1
100λα

, any 0 < s < r
kλεhε

and any y in O′ε,s

such that Gε,s(y) = 0 in O′′α′ε,k′εr
, there exists an element x in

Oλε,hεs such that

F λε,hεs(x) = ιε,αλε,r,kλεhεsO′ (y)

in O′αλε,kλεhεs.

1.4. Six-term controlled exact sequence. Examples of controlled
exact sequences in quantitative K-theory are provided by controlled
six term exact sequences associated to a completely filtered extensions
of C∗-algebras [15, Section 3].

Definition 1.20. Let A be a C∗-algebra filtered by (Ar)r>0, let J be an
ideal of A and set Jr = J ∩ Ar. The extension of C∗-algebras

0→ J → A→ A/J → 0
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is called a completely filtered extension of C∗-algebras if the bijective
continuous linear map

Ar/Jr−→(Ar + J)/J

induced by the inclusion Ar →֒ A is a complete isometry i.e for any
integer n, any positive number r and any x in Mn(Ar), then

inf
y∈Mn(Jr)

‖x+ y‖ = inf
y∈Mn(J)

‖x+ y‖.

Notice that in this case, the ideal J is filtered by (Ar ∩ J)r>0 and
A/J is filtered by (Ar + J)r>0. A particular case of completely filtered
extension of C∗-algebra is the case of a filtered and semi-split extension
of C∗-algebras [15, Lemma 3.3] (or a semi-split extension of filtered
algebras) i.e extension

0→ J → A→ A/J→0,

such that

• A is filtered by (Ar)r>0;
• there exists a completely positive and completely contractive
(if A is not unital) cross-section

s : A/J → A

such that

s(Ar + J) ⊆ Ar

for any number r > 0.

For any extension of C∗-algebras

0→ J → A→ A/J → 0

we denote by ∂J,A,∗ : K∗(A/J) → K∗(J) the associated (odd degree)
boundary map.

Proposition 1.21. There exists a control pair (αD, kD) such that for
any completely filtered extension of C∗-algebras

0 −→ J −→ A
q−→ A/J −→ 0,

there exists an (αD, kD)-controlled morphism of odd degree

DJ,A,∗ = (∂ε,rJ,A,∗)0<ε< 1
100αD

,r>0 : K∗(A/J)→ K∗(J)

which induces ∂J,A,∗ : K∗(A/J)→ K∗(J) in K-theory.

Moreover the controlled boundary map enjoys the expected natural-
ity properties with respect to completely filtered extensions. We have
in the setting of controlled exactness the analogue of the six terms exact
sequence in K-theory.
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Theorem 1.22. There exists a control pair (λ, h) such that for any
completely filtered extension of C∗-algebras

0 −→ J
−→ A

q−→ A/J −→ 0,

the following six-term sequence is (λ, h)-exact

K0(J)
∗−−−→ K0(A)

q∗−−−→ K0(A/J)

DJ,A,∗

x DJ,A,∗

y

K1(A/J)
q∗←−−− K1(A)

∗←−−− K1(J)

Moreover, by construction (see [15, Section 3.2]), the controlled bound-
ary map is compatible with the rescaling defined in Section 1.2.

Proposition 1.23. For any completely filtered extension of C∗-algebras

0 −→ J
−→ A

q−→ A/J −→ 0,

if we set (α, k) = (αD, kD) and l = lrs (with notation of Section 1.2,
then we have

∂
ε/2,lεr
J,A,∗ ◦ Lε,rA/J,∗ = ι

−,αε/2,kε/2lεr
∗ ◦ Lαε,kεrJ,∗ ◦ ∂ε,rJ,A,∗

= L
αε,

kε/2lεr

lαε
J,∗ ◦ ∂ε,

kε/2lεr

kεlαε
J,A,∗ ◦ ιε,r,−∗

for any ε in
(
0, 1

200α

)
and any r > 0.

1.5. Tensorisation in KK-theory and controlled morphisms.

Let A be a C∗-algebra and let B be a filtered C∗-algebra filtered by
(Br)r>0. Let us define A⊗Br as the closure of the algebraic tensor
product of A and Br in the spatial tensor product A⊗B. Then the
C∗-algebra A⊗B is filtered by (A⊗Br)r>0. If f : A1 → A2 is a homo-
morphism of C∗-algebras, let us set

fB : A1⊗B → A2⊗B; a⊗b 7→ f(a)⊗b.
Recall from [11] that for any C∗-algebras A1, A2 and B, G. Kasparov
defined a tensorization map

τB : KK∗(A1, A2)→ KK∗(A1⊗B,A2⊗B).

If B is a filtered C∗-algebra, then for any z in KK∗(A1, A2) the mor-
phism

K∗(A1⊗B)−→K∗(A2⊗B); x 7→ x⊗A1⊗BτB(z)

is induced by a control morphism [15, Theorem 4.4].

Theorem 1.24. There exists a control pair (αT , kT ) with kT > 1 such
that

• for any filtered C∗-algebra B;
• for any C∗-algebras A1 and A2;
• for any element z in KK∗(A1, A2),
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There exists an (αT , kT )-controlled morphism

TB(z) = (τ ε,rB (z))
ε∈
(
0, 1

100αT

)
,r>0

: K∗(A1⊗B)→ K∗(A2⊗B)

with same degree as z that satisfies the following:

(i) TB(z) : K∗(A1⊗B) → K∗(A2⊗B) induces the right multiplica-
tion by τB(z) in K-theory;

(ii) For any elements z and z′ in KK∗(A1, A2). Then

TB(z + z′) = TB(z) + TB(z′).

(iii) Let A′1 be a filtered C∗-algebra and let f : A1 → A′1 be a
homomorphism of C∗-algebras. Then we have TB(f ∗(z)) =
TB(z) ◦ fB,∗ for all z in KK∗(A

′
1, A2).

(iv) Let A′2 be a C
∗-algebra and let g : A′2 → A2 be a homomorphism

of filtered C∗-algebras. Then we have TB(g∗(z)) = gB,∗ ◦ TB(z)
for any z in KK∗(A1, A

′
2).

(v) TB([IdA1])
(αT ,kT )∼ IdK∗(A1⊗B).

(vi) For any C∗-algebra D and any element z in KK∗(A1, A2), we
have TB(τD(z)) = TB⊗D(z).

(vii) For any semi-split extension of C∗-algebras 0 → J → A →
A/J → 0 with corresponding element [∂J,A] of KK1(A/J, J)
that implements the boundary map, we have

TB([∂J,A]) = DJ⊗B,A⊗B.

Moreover, TB is compatible with Kasparov products [15, Theorem
4.5].

Theorem 1.25. There exists a control pair (λ, h) such that the follow-
ing holds :

let A1, A2 and A3 be separable C
∗-algebras and let B be a filtered C∗-

algebra. Then for any z in KK∗(A1, A2) and any z′ in KK∗(A2, A3),
we have

TB(z⊗A2z
′)

(λ,h)∼ TB(z′) ◦ TB(z).

We also have the following naturallity result with respect to the
filtered C∗-algebras.

Proposition 1.26. Let A1 and A2 be separable C∗-algebras, let B1

and B2 be filtered C∗-algebras and let f : B1 → B2 be a morphism
of filtered C∗-algebras. Let us consider fA1 : A1⊗B1 → A1⊗B2 and
fA2 : A2⊗B1 → A2⊗B2 the morphisms of filtered C∗-algebra induced
by f on tensor product. Then

fA2,∗ ◦ TB1(z) = TB2(z) ◦ fA1,∗

for any z in KK∗(A1, A2).
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Remark 1.27. We can extend Proposition 1.26 to the slightly more
general following situation. Let f : B1 → B2 be a homomorphism
of C∗-algebras and assume that there exist a positive number θ with
θ > 1 and a non negative number β such that f(B1,r) ⊆ B2,θr+β for all
positive number r. Then f induces for every positive numbers ε and r
with ε < 1/100 and for any C∗-algebra A a morphism

f ε,rA,∗ : K
ε,r
∗ (A⊗B1)−→Kε,θr+β

∗ (A⊗B2).

With notations of Proposition 1.26, we have with (α, k) = (αT , kT )

ι−,αε,kε(θr+β)∗ ◦ fαε,kεrA2,∗ ◦ τ
ε,r
B1

(z) = τ ε,θr+βB2
(z) ◦ f ε,rA1,∗

for all positive numbers ε and r with ε < 1
100α

.

By construction of TB (see [15, Section 3.2]) and in view of Proposi-
tion 1.23, this quantitative version of Kasparov transformation is com-
patible with the rescaling defined in Section 1.2.

Proposition 1.28. Let us set (α, k) = (αT , kT ) and l = lrs (with
notation of Section 1.2. Then for any filtered C∗-algebra B, for any
C∗-algebras A1 and A2 and any element z in KK∗(A1, A2), we have

τ
ε/2,lεr
B (z) ◦ Lε,rA1⊗B,∗ = ι

−,αε/2,kε/2lεr
∗ ◦ Lαε,kεrA2⊗B,∗ ◦ τ

ε,r
B (z)

= L
αε,

kε/2lεr

lαε
A2⊗B,∗ ◦ τ

ε,
kε/2lεr

kεlαε
B (z) ◦ ιε,r,−∗

for any ε in
(
0, 1

200α

)
and any r > 0.

2. Quantitative assembly maps estimates and coarse

decomposition

In [16], the authors developed a geometric version of the controlled
Baum-Connes assembly maps (see [15]) and of the related quantitative
statements. It was proved that if the family of finite subsets of a proper
discrete metric space Σ satisfies uniformly these geometric quantitative
statements, then Σ satisfies the coarse Baum-Connes conjecture. Due
to the descent principle [18], in the particular case of a finitely gener-
ated group with finite type classifying space, this implies the Novikov
conjecture. In this section, we recall the setting for these geometric
statement and we state the main result of this paper: uniform geo-
metric quantitative statements for families of finite metric spaces with
uniformly bounded geometry are stable under coarse decompositions.
We apply this result to metric spaces with finite geometric complexity
introduced in [6]. We prove that the family of finite subsets of such a
metric space with bounded geometry satisfies uniformly the geometric
quantitative statements.



22 H. OYONO-OYONO AND G. YU

2.1. Geometric controlled assembly maps. Let Σ be a proper dis-
crete metric space. For any C∗-algebra A, set AΣ = A⊗K (ℓ2(Σ)).
Then the distance d on Σ induces a filtration on AΣ in the following
way: let r be a positive number and T = (Tσ,σ′)(σ,σ′)∈Σ2 be an ele-
ment in Aℓ2(Σ), with Tσ,σ′ in A for any σ and σ′ in Σ2. Then T has
propagation r if Tσ,σ′ = 0 for σ and σ′ in Σ such that d(σ, σ′) > r. We
define the Rips complex of degree d of Σ as the set Pd(Σ) of probability
measure on Σ with support of diameter less than d. Then Pd(Σ) is a
locally finite simplicial complex and is locally compact when endowed
with the simplicial topology. Let us define then

K∗(Pd(Σ), A)
def
== lim

Z⊆Pd(Σ)
KK∗(C(Z), A),

where Z runs through compact subsets of Pd(Σ). In [16] was con-
structed for any C∗-algebra A local quantitative coarse assembly maps

νε,r,dΣ,A,∗ : K∗(Pd(Σ), A)→ Kε,r
∗ (AΣ),

with d > 0, ε ∈ (0, 1/100) and r > rd,ε, where the map

(0,+∞)× (0, 1/100)→ (0,+∞); (ε, d) 7→ rd,ε

is non increasing in ε, non decreasing in d and satisfies rd,ε > 2d for
all positive numbers ε and d with ε < 1/100. Let us recall now the
definition of these quantitative assembly maps:

Notice first that any x in Pd(Σ) can be written as a finite convex
combination

x =
∑

σ∈Σ
λσ(x)δσ

where

• δσ is the Dirac probability measure at σ in Σ.
• for every σ in Σ, the coordinate function

λσ = λΣ,σ : Pd(Σ)→ [0, 1]

is continuous and its support is the closure of the set of prob-
ability measures on Σ for which σ is in the support.

Let X be a compact subset of Pd(Σ). Let us define

PX : C(X)⊗ℓ2(Σ)→ C(X)⊗ℓ2(Σ)
by

(PX · h)(x, σ) = λ1/2σ (x)
∑

σ′∈Σ
h(x, σ′)λ

1/2
σ′ (x), (3)

for any h in C(X)⊗ℓ2(Σ). Since
∑

σ∈Σ λσ = 1, it is straightforward
to check that PX is a projection in C(X)⊗K (ℓ2(Σ)) = C(X)Σ with
propagation less than 2d and hence gives rise in particular to a class
[PX ] in K

ε,r
0 (C(X)Σ) for any ε in (0, 1/100) and any positive number r

with r > 2d. Let us set rd,ε = 2dkε/α, for any positive number ε and r
with ε < 1/100, where (α, k) = (αT , kT ) is the control pair of Theorem
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1.24. For any C∗-algebra A, any ε ∈ (0, 1/100) and any r > rd,ε, the
map

KK∗(C(X), A) −→ Kε,r
∗ (AΣ)) (4)

x 7→
(
τ
ε/α,r/kε/α
K (ℓ2(Σ)) (x)

)
([PX , 0]ε/α,r/kε/α)

is compatible with inductive limit over compact subsets of Pd(Σ) and
hence gives rise to a local coarse assembly map

νε,r,dΣ,A,∗ : K∗(Pd(Σ), A)−→K∗(AΣ).

The map νε,r,dΣ,•,∗ is natural for C
∗-algebras and induces inK-theory the

index map, i.e the maps ιε,r∗ ◦νε,r,dΣ,A,∗ is up to Morita equivalence given for
any compact subset Z of Pd(Σ) by the morphism in the inductive limit
KK∗(C(Z), A) → K∗(A) induced by the map Z → {pt}. Moreover,
the maps ν•,•,•Σ,A,∗ are compatible with structure morphisms and with
inclusion of Rips complexes:

• ι−,ε′,r′∗ ◦ νε,r,dΣ,A,∗ = νε
′,r′,d

Σ,A,∗ for any positive numbers ε, ε′, r, r′ and
d such that ε 6 ε′ < 1/100, rd,ε 6 r, rd,ε′ 6 r′ and r 6 r′;

• νε,r,d′Σ,A,∗ ◦ qd,d′,∗ = νε,r,dΣ,A,∗ for any positive numbers ε, r, d and d′

such that ε < 1/100, d 6 d′ and rd′,ε 6 r, where

qd,d′,∗ = qΣd,d′,∗ : K∗(Pd(Σ), A)→ K∗(Pd′(Σ), A)

is the homomorphism induced by the restriction from Pd′(Σ)
to Pd(Σ).

The construction of the map νε,r,dΣ,A,∗ has to be compare with the con-
struction of the coarse assembly map in [19, Section 2.3].

Lemma 2.1. Let Σ be a proper discrete metric space and let Σ′ be a
subset of Σ. Let us consider :

• ♯Σ,Σ′ : K (ℓ2(Σ′)) →֒ K (ℓ2(Σ)) the natural inclusion;
• Pd(Σ),Pd(Σ′),∗ : K∗(Pd(Σ

′), A) → K∗(Pd(Σ), A) the homomor-
phism induced by the restriction from Pd(Σ) to Pd(Σ

′).

Then we have the equality

νε,r,dΣ,A,∗ ◦ Pd(Σ),Pd(Σ′),∗ = ♯Σ,Σ′,A,∗ ◦ ν
ε,r,d
Σ′,A,∗

for any positive numbers ε, r, d such that ε < 1/100, and rd,ε 6 r,
where

♯Σ,Σ′,A : AΣ′ −→ AΣ

is the filtered morphism induced by ♯Σ,Σ′.

Proof. Let X be a compact subset of Pd(Σ
′) ⊆ Pd(Σ) and let PX in

C(X)⊗K (ℓ2(Σ)) and P ′X in C(X)⊗K (ℓ2(Σ′)) be the projections of
equation (3) respectively obtained from Σ and Σ′. It is straightforward
to check that

♯Σ,Σ′,C(X)(P
′
X) = PX . (5)
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Now the result is a consequence of the naturality in the filtered C∗-
algebra of T• stated in Proposition 1.26. �

Let us set l = lrs (with notation of Section 1.2 and let X be a
compact subset of Pd(Σ). It is clear that Lε,rC(X)⊗K (ℓ2(Σ))([PX , 0]ε,r) =

[PX , 0])ε/2,lεr for r > 2d and hence according to Proposition 1.28, the
local quantitative assembly maps are compatible with the rescaling
map.

Proposition 2.2. Let Σ be a proper discrete metric space and let A be
a C∗-algebra A. For any positive numbers ε, r and d with ε < 1/200

and rd,ε 6 r, let us set k′ε =
lε/αk ε

2α

kε/α
. Then, we have

ν
ε/2,k′εr,d
Σ,A,∗ = ι−,ε/2,k

′
εr,d∗ ◦ Lε,rAΣ,∗ ◦ ν

ε,r,d
Σ,A,∗.

2.2. Quantitative Assembly Maps estimates. Let us consider for
d, d′, r, r′ and ε positive numbers with d 6 d′, ε < 1/100, rd,ε′ 6 r′ and
r 6 r′ the following statements:

QIΣ,A,∗(d, d
′, r, ε): for any element x inK∗(Pd(Σ), A), then ν

ε,r,d
Σ,A,∗(x) =

0 inKε,r
∗ (A⊗K (ℓ2(Σ))) implies that qd,d′,∗(x) = 0 inK∗(Pd′(Σ), A).

QSΣ,A,∗(d, r, r
′, ε): for every y in Kε,r

∗ (AΣ), there exists an ele-
ment x in K∗(Pd(Σ), A) such that

νε,r
′,d

Σ,A,∗(x) = ιε,r,r
′

∗ (y).

Definition 2.3.

• Let Σ be a proper discrete metric space. We say that Σ satisfies
the Quantitative Assembly Map estimates (QAM-estimates) if

– for every positive numbers ε, r and d with ε < 1
200

and
r > rd,ε, there exists a positive number d′ with d′ > d such
that QIΣ,A,∗(d, d

′, r, ε) holds for any C∗-algebras A;
– for every positive numbers ε, r with ε < 1

200
there exists

positive numbers d and r′ with rd,ε 6 r′ and r 6 r′ and
such that QSΣ,A,∗(d, r, r

′, ε) holds for any C∗-algebras A;
• Let Y be a family of proper discrete metric spaces. We say that
the family Y satisfies uniformly the QAM-estimates if

– for every positive numbers ε, r and d with ε < 1
200

and
r > rd,ε, there exists a positive number d′ with d′ > d
such that QIΣ,A,∗(d, d

′, r, ε) holds for any C∗-algebras A
and any proper discrete metric space Σ in Y;

– for every positive numbers ε, r with ε < 1
200

there exists
positive numbers d and r′ with rd,ε 6 r′ and r 6 r′ and
such that QSΣ,A,∗(d, r, r

′, ε) holds for any C∗-algebras A
and any proper discrete metric space Σ in Y.

Remark 2.4. According to Lemma 1.7 and Proposition 2.2, it is
enough to check the QAM-estimates for a fixed ε in (0, 1/200):
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Assume that there exists ε in (0, 1/200) such that

• for every positive numbers r and d with r > rd,ε, there exists
a positive number d′ with d′ > d such that QIΣ,A,∗(d, d

′, r, ε)
holds for any C∗-algebras A;
• for every positive number r, there exists positive numbers d and
r′ with rd,ε 6 r′ and r 6 r′ and such that QSΣ,A,∗(d, r, r

′, ε)
holds for any C∗-algebras A.

Then Σ satisfies the QAM-estimates.
We have a similar statement in the uniform case.

The next two results, proved in [16, Theorem 4.10 and 4.11], provide
numerous examples of discrete proper metric space that satisfy the
QAM-estimates.

Theorem 2.5. Let Γ be a finitely generated group provided with any
word metric. Assume that Γ satisfies the Baum-Connes conjecture.
Then Γ as a metric space satisfies the QAM-estimates.

Before stating the second result, we recall the definition of coarse
embedability.

Definition 2.6. A proper discrete metric space (Σ, d) coarsely embeds
into a Hilbert space H if there exist two functions ρ± : (0,+∞) →
(0,+∞) and a map f : Σ→H such that

• lim
x 7→+∞

ρ±(σ) = +∞.

• ρ−(d(σ, σ′)) 6 ‖f(σ) − f(σ′)‖ 6 ρ+(d(σ, σ
′)) for all σ and σ′

in Σ.

Recall that a discrete metric space has bounded geometry if every
ball of a given radius as uniformly bounded cardinal.

Theorem 2.7. Let Σ be a discrete metric space with bounded geometry
that coarsely embeds into a Hilbert space, then Σ satisfy the QAM-
estimates.

The QAM-estimates are also related to the Novikov conjecture in
the following way [16, Theorem 5.1] .

Theorem 2.8. Let (Σ, d) be a proper discrete metric space and as-
sume that the family of finite subsets of Σ satisfies uniformly the QAM-
estimates. Then Σ satisfies the coarse Baum-Connes conjecture.

In view of the descent principle [18], we have the following conse-
quence.

Corollary 2.9. Let Γ be a finitely generated group which admits a
finite type classifying space and let us equip Γ with any word metric.
Assume that the family of finite subsets of Γ satisfies uniformly the
QAM-estimates. Then Γ satisfies the Novikov conjecture.
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Notice that Theorems 2.5, 2.7 and 2.8 were originally stated with a
rescaling which is now taken into account by enlarging homotopies in
the definition of quantitative K-theory.

Next we show that for a proper discrete metric space Σ we can reduce
QAM-estimates for Σ to uniform QAM-estimates for the family of finite
subsets of Σ.

Proposition 2.10. Let Σ be a discrete proper metric space and as-
sume that the family of finite subsets of Σ satisfies uniformly the QAM-
estimates. Then Σ satisfies the QAM-estimates.

Proof. Let us fix σ0 inΣ and set

Σn = {σ ∈ Σ such that d(σ, σ0) < n}.
According to [15, Proposition 1.28], the sequence of inclusions

♯Σn,Σ
: K (ℓ2(Σn)) →֒ K (ℓ2(Σ))

induces an isomorphism

lim
n
Kε,r(AΣn)

≃−→ Kε,r(AΣ).

In the same way the sequence of restrictions of Pd(Σ) to Pd(Σn) induces
an isomorphism

lim
n
K∗(Pd(Σn), A)

≃−→ K∗(Pd(Σ), A)

and according to Lemma 2.1, we see that if QIΣn,A,∗(d, d
′, r, ε) holds

for every n, then QIΣ,A,∗(d, d
′, r, ε) is also satisfied. We can proceed

similarly for the QS-statement �

2.3. The main theorem. In this subsection, we state the main The-
orem of this paper. This theorem will be proved in Section 5. Let us
first recall from [6] the definition of coarse decomposability for discrete
proper metric spaces.

Definition 2.11. Let X and Y be families of discrete metric spaces
and let R be a positive number. The family X is R-decomposable with
respect to Y if for any X in X , there exists X(1) and X(2) two subsets
of X such that

• X = X(1) ∪X(2);
• for i = 1, 2, then X(i) is the R-disjoint union of metric spaces

in Y, i.e there exist (X
(i)
j )j∈Ji a family of metric space in Y

such that X(i) =
⊔
j∈Ji X

(i)
j and d(X

(i)
j , X

(i)
j′ ) > R if j 6= j′ (in

this situation, we shall write X(i) =R

⊔
j∈Ji X

(i)
j ).

We also need to generalize the concept of bounded geometry to fam-
ilies of discrete proper metric spaces.
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Definition 2.12. Let X be a family of discrete proper metric spaces.
Then X has uniformly bounded geometry if for every positive number
r, there exists an integer nr such that for any metric space in X , balls
of radius r have cardinal bounded by nr.

If X is a family of finite metric spaces, we denote by ‹X the family
of all subsets of all metric spaces in X .
Theorem 2.13. Let X be a family of finite metric spaces and assume
that for every positive number R, there exists a family Y of finite metric
spaces with uniformly bounded geometry such that

• X is R-decomposable with respect to Y;
• the family Ỹ satisfies uniformly the QAM-estimates;

Then the family X satisfies uniformly the QAM-estimates.

This theorem will be proved in Section 5.

2.4. Application to metric space with finite decomposition com-

plexity. Spaces with finite geometric decomposition were introduced
in [5, 6]. As an application of Theorem 2.13, we show that family of
finite subsets of a space with finite decomposition complexity satis-
fies uniformy the QAM-estimates. Recall first the concept of coarse
decomposition for a class of proper discrete metric spaces.

Definition 2.14. Let C be a class of family of proper discrete metric
spaces. We say that C is closed under coarse decomposition if the fol-
lowing is satisfied : let X be a family of discrete proper metric spaces
such that for every positive number R, there exists a family Y in C such
that X is R-decomposable with respect to Y. Then X belongs to C.
Example 2.15. The class of families of discrete metric spaces with
uniformly bounded geometry is closed under coarse decomposition.

Let us define as in [5, 6] the class Cfdc as the smallest class of fam-
ily that contains uniformly bounded families of discrete metric spaces
and which is closed under coarse decomposability. Typical examples
of family of metric spaces in Cfdc are provided by spaces with finite
asymptotic dimension. Recall that for a metric space X and a positive
number r, a cover (Ui)i∈N has r-multiplicity n if any ball of radius r in
X intersects at most n elements in (Ui)i∈N.

Definition 2.16. Let Σ be a proper discrete metric set. Then Σ has fi-
nite asymptotic dimension if there exists an integer m such that for
any positive number r, there exists a uniformly bounded cover (Ui)i∈N
with finite r-multiplicity m+ 1. The smallest integer that satisfies this
condition is called the asymptotic dimension of Σ.

We have the following characterization of finite asymptotic dimen-
sion [4].
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Proposition 2.17. Let Σ be a proper discrete metric space and let m
be an integer. Then the following assertions are equivalent:

(i) Σ has asymptotic dimension m;
(ii) For every positive number r there existm+1 subsets X(1), . . . , X(m+1)

of Σ such that
• Σ = X(1) ∪ . . . ∪X(m+1);
• for i = 1, . . .m + 1, then X(i) is the r-disjoint union of

a uniformly bounded family (X
(i)
k )k∈N of subsets of X(i),

i.e X(i) = ∪k∈NX(i)
k , di(X

(i)
k , X

(i)
l ) > r if k 6= l and there

exists a positive number C such diamX
(i)
k 6 C for all

integer k.

Example 2.18. If T is a tree, then T has asymptotic dimension equal
to 1.

Let Σ be a proper metric space with asymptotic dimension m, then
there exists a sequence of positive numbers (Rk)k∈N and for any integer

k a cover (U
(k)
i )i∈N of Σ such that ([4, Page 27] and [24])

• Rk+1 > 4Rk for every integer k;

• U (k)
i has diameter less than Rk for every integers i and k;

• for any integer k, the Rk-multiplicity of (U
(k+1)
i )i∈N is m+ 1.

The sequence (Rk)k∈N is called the m-growth of Σ.

Lemma 2.19. Let m be an integer, let (Rk)k∈N be a sequence of positive
numbers such that Rk+1 > 4Rk for every integer k. Let (Σi)i∈N be a
family of proper metric spaces with asymptotic dimension m and m-
growth (Rk)k∈N. Then the family (Σi)i∈N belongs to Cfdc.
Proof. Let us equip Σ =

⊔
i∈N Σi with a distance dΣ such that the

inclusion Σi →֒ Σ is isometric for any integer i and dΣ(Σi,Σj) > i + j
for all integers i and j with i 6= j. Then Σ has asymptotic dimension
m and hence according to [3], the metric space Σ embeds uniformly in
a product of trees

∏n
j=1 Tj . Let d be the metric on X =

∏n
j=1 Tj and

di the distance on Σi when i runs through integers. Then there exists
two non-decreasing functions ρ± : [0,+∞) → [0,+∞) and for every
integer i a map fi : Σi →

∏n
j=1 Tj such that

• limr 7→+∞ ρ±(r) = +∞;
• ρ−(di(x, y)) 6 d(fi(x), fi(y)) 6 ρ+(di(x, y)) for all integer i
and all x and y in Σi.

If n = 1, then X is a tree and then the result holds in view Example
2.18. A straightforward induction shows that if Σ embeds uniformly in
a product of n trees, then the family (Σi)i∈N belongs to Cfdc. �

Theorem 2.20. Let X be a family of finite metric space in Cfdc with
uniformly bounded geometry, then X satisfies uniformly the QAM-
estimates.
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Proof. Let C′fdc be the class of families of finite metric spaces with
uniformly bounded geometry that belongs to Cfdc. Then the class C′fdc
is indeed the smallest class of families of finite metric spaces such that

• C′fdc contains all families of uniformly bounded finite metric
spaces with uniformly bounded geometry;
• C′fdc is closed under coarse decomposition.

Its also straightforward to check that ‹X belongs to C′fdc if X does.
Notice first that if X is a family of uniformly bounded metric spaces
with uniformly bounded geometry then X satisfies uniformly the QAM-
estimates:

• the QI-statement is a consequence on one hand of that there
exists a positive number d such that Pd(X) is contractible for
every X in X and on the other hand of that ν•,•,•X,A,∗ induces in
K-theory the map induced by Pd(X)→ {pt}.
• since there exists a positive number r such that K (ℓ2(X))r =

K (ℓ2(X)) for all X in X , the QS-statement is a consequence
of the isomorphism of equation (1).

If a family of finite metric space X is R-decomposable with respect to a

a family of finite metric space Y , then ‹X is clearly also R-decomposable

with respect to the family of finite metric space Ỹ . Then the class
of family X of finite metric spaces with uniformly bounded geometry

such that ‹X satisfies the QAM-estimates is according to Theorem 2.13
and in view of Example 2.15 closed under coarse decomposition and
contains family of metric spaces with uniformly bounded diameter and
uniformly bounded geometry. Hence it contains C′fdc. �

As a consequence of this theorem, we can deduce the Novikov conjec-
ture for group with finite asymptotic dimension which admits a classi-
fying space of finite type (see [24] for the original proof). The argument
of the proof can be extended to the case of groups with finite decom-
position complexity. This class of groups was introduced in [5] in their
study of topological rigidity for manifolds.

Definition 2.21. A proper discrete metric space Σ has finite decom-
position complexity if the single family {Σ} is in Cfdc.

Since the family of finite subsets of a discrete metric space with finite
decomposition complexity is in Cfdc, we deduce from Theorem 2.20 the
following.

Theorem 2.22. Let Σ be a metric space with bounded geometry and
finite decomposition complexity, then the family of finite subsets of Σ
satisfies uniformly the QAM-estimates.

As a consequence of Corollary 2.9, we deduce
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Corollary 2.23. Let Γ be a finitely generated group with finite decom-
position complexity and which admits a classifying space of finite type,
then Γ satisfies Novikov conjecture.

Notice that the Novikov conjecture was indeed already known in
this situation since the property (A) holds for finitely generated groups
with finite decomposition complexity [6][Theorem 4.3] and hence under
the extra assumptions of the corollary, the Novikov conjecture is satis-
fied [25]. But as mentioned before, our proof does not involve infinite
dimension analysis.

3. K-homology and small propagation

In this section, we define a quantitative version of the index map
for K-homology of a compact metric space X . This quantitative index
map is valued in the quantitative K-theory for the compact opera-
tors algebra of any non degenerate X-standard module and induces in
K-theory the usual index map. As we shall see, when X is a finite sim-
plicial complexe, then the quantitative index map is a h-isomorphism
in sense of Definition 1.17

3.1. X-modules. Recall that if X is a compact space, then an X-
module is a pair (HX, ρX), where HX is a separable Hilbert space
and ρX : C(X) → L(HX) is a representation of C(X) on HX . An
X-module (HX , ρX) is called

• non degenerate if ρX(1) = IdHX
;

• standard if no non-zero function acts as a compact operator
on HX (in particular ρX is one-to-one).

As usual, if (HX , ρX) is an X-module, then for f in C(X) and ξ in
HX we denote for short ρX(f) · ξ by f · ξ.
Example 3.1. Let µ be a borelian measure on X such that supp µ =
X . Then L2(X, µ) is a non degenerate X-module for the representation
given by the pointwise multiplication and if H is a separable Hilbert
space, then L2(X, µ)⊗H is a non degenerate standard X-module. In-
deed, if X has no isolated point, then the representation on L2(X, µ)
is standard.

Let us first recall the definition of support for vectors and operators
on an X-module.

• Let X be a compact space, let (HX, ρX) be an X-module and
let ξ be a vector of HX . Then the support of ξ, denoted
by supp ξ, is the complementary in X of the open subset of
elements x for which there exists f in C(X) with f(x) 6= 0 and
f · ξ = 0.
• Let X and Y be compact spaces, let (HX , ρX) and (HY , ρY )
be respectively a X-module and a Y -module and let T : HX →
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HY be a bounded operator. Then the support of T , denoted
by supp T , is the complementary in X × Y of the open subset
of pairs (x, y) for which there exist f in C(Y ) and g in C(X)
with f(y) 6= 0, g(x) 6= 0 and f · T · g = 0;

Let us now define for a compact space X the restriction of anX-module
to a closed subspace Y . Let (HX , ρX) be aX-module. Define then H Y

X

as the set of elements in HX with support in Y . For an element ξ in
HX , then ξ belongs to H Y

X if and only if f ·ξ = 0 for all f in C0(X \Y ).
In particular, H Y

X is a closed linear subspace of HX and hence is an

Hilbert space. Let f be a continuous function in C(Y ) and let f̃ in

C(X) be a continuous function such that f̃/Y = f . It is straightforward

to check that if ξ lies in H Y
X , then ρX(f̃) · ξ does not depend on the

choice of the lift f̃ for f . Hence, if we set ρYX(f) · ξ = ρX(f̃) · ξ, then
(H Y

X , ρ
Y
X) is a Y -module that we shall call the restriction of (HX, ρX)

to Y . Moreover, if (HX , ρX) is non degenerate then (H Y
X , ρ

Y
X) is also

non degenerate.

3.2. Coarse geometry and non degenerate standard modules.

Definition 3.2. Let X be a compact metric space, let (HX , ρX) and
(H ′

X , ρ
′
X) be two X-modules, let T : HX → H ′

X be a bounded oper-
ator and let r be a positive number. The operator T is said to have
propagation (less than) r if

supp T ⊆ {(x, x′) ∈ X ×X such that d(x, x′) 6 r}.
If X is a compact metric space and if (HX, ρX) is an X-module, the

algebra of compact operator K (HX) is then filtered by (K (HX)r)r>0,
where K (HX)r is for any positive number r the set of compact oper-
ators on HX with propagation less than r. If A is a C∗-algebra, let
A⊗K (HX)r be the closure of the algebraic tensor product of A and

K (HX)r in the C∗-tensor product A⊗K (HX), then AHX

def
==A⊗K (HX)

is filtered by (A⊗K (HX)r)r>0.
Recall from [10] that if HX and H ′

X are two non degenerate standard
X-modules, then for every positive number δ, there exists an isometry
V : HX → H ′

X with propagation less than δ. The isometry V gives
rise by conjugation for any positive number ε and r with ε < 1/100 to
a homomorphism

AdV,A : AHX
→ AH ′

X

such that AdV,A(AHX ,r) ⊆ AH ′
X ,r+2δ and hence to a group morphism

Adε,rV,A,∗ : K
ε,r
∗ (AHX

)→ Kε,r+2δ
∗ (AH ′

X
).

Lemma 3.3. With notations above, for any isometries V1 : HX →H ′
X

and V2 : HX →H
′
X with propagation less than δ, then

Adε,rV1,A,∗ = Adε,rV2,A,∗ .
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Proof. Let us set for t in [0, 1]

Rt =

Å
cos πt

2
− sin πt

2
sin πt

2
cos πt

2

ã

and define then the isometry

Wt : HX−→HX′ ⊕HX′; ξ 7→ Rt diag(V1, V2)R−t · (ξ ⊕ 0).

Then

AdWt,A : AHX
−→M2(AHX′

)

is a homomorphism that increase propagation by 2δ and (AdWt,A)t∈[0,1]
is a homomorphism homotopy between diag(AdV0,A, 0) and diag(AdV1,A, 0).

�

As consequence, we get

Corollary 3.4. Let X be a compact metric space, let HX and H ′
X be

two non degenerate standard X-modules. For any positive number r,
choose Vr : HX → H ′

X a partial isometry with propagation less than
r/2. Then

(i) ΛHX ,H
′
X ,∗

def
==(AdVr,A,∗)0<ε<1/4,r>0 : K∗(AHX

) → K∗(AH ′
X
) is a

(1, 2)-controlled morphism that not depend on the choice of the
family (Vr)r>0.

(ii) ΛHX ,H
′
X ,∗ is (1, 4)-invertible.

Let X and Y be two compact metric spaces, let HX be a standard
non degenerate X-module, let HY be a standard non degenerate Y -
module and let f : X → Y be a C-Lipschitz map. Consider HX ⊕HY

as a Y -module by using the homomorphism

C(Y )→ C(X)⊕ C(Y ); h 7→ (h ◦ f)⊕ h.
Then HX ⊕ HY is a standard non degenerate Y -module. For δ a
positive number, fix an isometry V : HX⊕HY →HY with propagation
less than δ. Define then the partial isometry

Vf : HX →HY ; ξ 7→ V (ξ ⊕ 0).

The support of Vf lies in

{(x, y) ∈ X × Y such that d(y, f(x)) < δ}.
For any C∗-algebra A, let AdVf ,A : AHX

→ AHY
the element obtained

by conjugation. According to Lemma 3.3, we see that

AdVf ,A,∗ : K
ε,r
∗ (AHX

)→ Kε,Cr+2δ
∗ (AHY

)

does not depend on the partial isometry V : HX ⊕HY → HY . In
particular, for δ = Cr/2 we obtain then a family of morphisms

f ♯,ε,rA,∗ : Kε,r
∗ (AHX

)→ Kε,2Cr
∗ (AHY

)
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compatible with the structure map and hence

f ♯A,∗
def
==(f ♯,ε,rA,∗ )0<ε<1/100 : K∗(AHX

)→ K∗(AHY
) (6)

is a (1, 2C)-controlled morphism.

Remark 3.5.

(i) In view of the proof of Lemma 3.3 and with the above no-
tations, for any positive number r and any partial isometry
Vr : HX →HY with support in

{(x, y) ∈ X × Y such that d(y, f(x)) < Cr/2},

then we have Adε,rVr ,A,∗ = f ♯,ε,rA,∗ .
(ii) Let X be a compact metric space and let Y be a closed sub-

set of X . Let (HX , ρX) be a non degenerate standard mod-
ule such that (H Y

X , ρ
Y
X) (the restriction of (HX, ρX) to Y ) is

standard. Let X,Y : Y →֒ X be the the inclusion. On the

other hand, let ♯X,Y : K (H Y
X ) →֒ K (HX) be the inclusion

of K (H Y
X ) as a corner in K (HX) via the orthogonal decom-

position HX = H Y
X ⊕⊥ H ′. Then the induced morphism

♯X,Y,A : AH Y
X
→֒ AHX

is for any C∗-algebra A a morphism of
filtered C∗-algebras. The morphism induced in quantitative
K-theory by ♯X,Y,A coincide up to a rescaling of the propaga-
tion by 2 with the morphism constructed in equation (6) from
the isometric inclusion X,Y .

Let X, Y and Z be compact metric spaces, let HX , HY and HZ be
respectively standard non degenerate standard X-module, Y -module
and Z-module and let f : X → Y and g : Y → Z be respectively
C-Lipschitz and C ′-Lipschitz maps. Then we can easily check that

(g ◦ f)♯A,∗
(1,4CC′)∼ g♯A,∗ ◦ f ♯A,∗ (7)

for any C∗-algebra A. Let X and Y be two compact metric spaces and
let C be a positive number.

Definition 3.6. A family of maps (gt)t∈[0,1] with gt : X → Y continu-
ous for all t in [0, 1] is a C-Lipschitz homotopy if

• [0, 1]×X → Y ; (t, x) 7→ gt(x) is continous;
• gt is C-Lipschitz for all t in [0, 1].

Proposition 3.7. Let X and Y be two compact metric spaces, let C be
a positive number and let (gt)t∈[0,1] be a C-Lipschitz homotopy. Then
for any C∗-algebra A, any non degenerate standard X-module HX and
any non degenerate standard Y -module HY , we have

g♯0,A,∗ = g♯1,A,∗.
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Proof. Let δ be a positive number with δ < r/2 and pick

t0 = 1 < t1 < . . . < tn−1 < tn = 1

such that d(gti(x), gti−1
(x)) < δ/4 for all i = 1, . . . , n and all x in X .

For every i = 1, . . . , n, choose Vi : HX →HY an isometry with support
in

{(x, y) ∈ X × Y such that d(gti(x), y) < δ/4}.
Let us set for t in [0, 1]

Rt =

Å
cos πt

2
− sin πt

2
sin πt

2
cos πt

2

ã

and define then the isometry

Wt : HX−→HY ⊕HY ; ξ 7→ R t−ti
ti+1−ti

diag(Vi, Vi+1)R
∗

t−ti
ti+1−ti

· (ξ ⊕ 0)

for ti 6 t 6 ti+1 and 1 6 i 6 n − 1. Then Wt has for all t in [0, 1]
support in

{(x, y) ∈ X × Y such that d(gt(x), y) < δ/2}.
Hence Wt induces by conjugation a homomorphism

AdWt,A : AHX
−→M2(AHY

)

such that

AdWt,A(AHX ,r) ⊆ M2(AHY ,Cr+2δ).

Moreover (AdWt,A)t∈[0,1] is a homotopy of homomorphisms between

diag(AdV0,A, 0) and diag(AdV1,A, 0) which respectively implement g♯,ε,r0,A,∗
and g♯,ε,r1,A,∗. �

3.3. Fundamental class. Let us now define the fundamental class in
Kε,r

0 (C(X)HX
) for a compact metric space X and for any ε in (0, 1/100)

and any positive number r. This class plays the role of the class in K-
theory of a rank one projection. Let us first consider µ a borelian
measure on X such that suppµ = X . Let r be a positive number and
let us choose a continuous function φ : X ×X → R supported in

{(x, y) ∈ X ×X such that d(x, y) < r/2}
and such that for any x in X , then

∫
φ(x, y)dµ(y) = 1.

Consider the operator Eφ : C(X)⊗L2(X, µ)−→C(X)⊗L2(X, µ) de-
fined by

Eφ · ξ(x, y) = φ1/2(x, y)

∫

X

φ1/2(x, z)ξ(x, z)dµ(z).
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Then Eφ is a projection in C(X)⊗K (L2(X, µ)) with propagation less
than r. Indeed, Eφ(x) is supported in B(x, r/2)× B(x, r/2) for every
x in X . If φ and φ′ are two continuous functions supported in

{(x, y) ∈ X ×X ; such that d(x, y) < r/2}
and such that ∫

φ(x, y)dµ(y) =

∫
φ′(x, y)dµ(y) = 1

for any x in X , then (E(1−t)φ+tφ′)t∈[0,1] is a homotopy of projections
with propagation less than r between Eφ and Eφ′ .

Let HX be a non degenerate standard X-module, let H be a sepa-
rable Hilbert space and let us fix e0 a rank one projection on H . For
any positive numbers r, let V : L2(X, µ) → HX be an isometry with
propagation less than r/4. Let Eφ the projection constructed as above
with φ : X ×X → R supported in

{(x, y) ∈ X ×X ; such that d(x, y) < r/4}.
According to Lemma 3.3, for any positive number ε with ε < 1/100,
the element

[EX ]ε,r
def
==Ad

ε,r/2
V,∗ ([Eφ⊗e0, 0]ε,r/2) (8)

in Kε,r
0 (C(X)HX

) does not depend on the choices of V and of φ. It does
not depend neither on e0. Moreover, for any positive number ε, ε′, r
an r′ with ε 6 ε′ < 1/100 and r < r′, then we have ιε,ε

′,r,r′

∗ ([EX ]ε,r) =
[EX ]ε′,r′. For any continuous map f : X → Y where X and Y are
compact sets, any filtered C∗-algebra A and any positive numbers ε
and r with ε < 1/4, Let

f ∗,ε,rA : Kε,r
∗ (C(Y )⊗A)→ Kε,r

∗ (C(X)⊗A)
be the morphism induced by C(Y )→ C(X) : h 7→ h ◦ f .
Remark 3.8. Let X be a compact metric space, let Y be closed subset
of A and let (HX , ρX) be a non degenerate standard X-module with
restriction to H Y

X non degenerate. Then, with notations of point (ii)
of Remark 3.5, we have

♯,ε,rX,Y,C(Y ),∗[EY ]ε,r = ∗X,Y,K (HX )[EX ]ε,r.

This identity can indeed be extended to C-Lipschitz maps.

Lemma 3.9. Let X and Y be two compact metric spaces, let HX

and HY be respectively non degenerate X-module and Y -modules. Let
f : X → Y be a C-Lipschitz map for some positive numbers C. Then
for any positive numbers ε and r with ε in (0, 1/100), we have

f ♯,ε,rC(X),∗[EX ]ε,r = f ∗
K (HY )[EY ]ε,2Cr.

Proof. Let µX and µY be respectively borelian measures on X and Y
such that suppµX = X and suppµY = Y . Let us choose φ0 : X×X →
[0, 1] and φ1 : Y × Y → [0, 1] continuous functions such that
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• φ0 is supported in {(x, x′) ∈ X ×X such that d(x, x′) < r
2C
};

• φ1 is supported in {(y, y′) ∈ Y × Y such that d(y, y′) < r/2};
•
∫
X
φ0(x, x

′)dµX(x
′) = 1 for any x in X ;

•
∫
Y
φ1(y, y

′)dµY (y
′) = 1 for any y in Y .

Define for any x in X

φ0(x, •) : X → [0, 1]; x′ 7→ φ0(x, x
′)

and for any y in Y

φ1(y, •) : Y → [0, 1]; y′ 7→ φ1(y, y
′).

For any x in X then φ
1/2
0 (x, •) is a unit vector in L2(X, µX) and for

any y in Y then φ
1/2
1 (y, •) is a unit vector in L2(X, µY ).

Let us consider for any t in [0, 1] the C(X)-linear operator

Et : C(X)⊗
(
L2(X, µX)⊕ L2(Y, µY )

)
−→C(X)⊗

(
L2(X, µX)⊕ L2(Y, µY )

)

which is pointwise at x in X the rank one projection associated to the
unit vector

t1/2φ
1/2
0 (x, •)⊕ (1− t)1/2φ1/2

1 (f(x), •)
in L2(X, µX) ⊕ L2(Y, µY ). If we view L2(X, µX)⊗L2(Y, µY ) as a Y -
module acted upon for any h in C(Y ) by multiplication (h◦f)⊕h, then
Et(x) is supported in {y ∈ Y such that d(f(x), y) < r/2}2 for every x
inX . Hence Et is for all t in [0, 1] a projection of C(X)⊗K (L2(X, µX)⊗L2(Y, µY ))
with propagation less than r. Moreover,

• E0 is the image of Eφ0 ∈ C(X)⊗K (L2(X, µX)) under conjuga-
tion by the (isometrical) inclusion L2(X, µX) →֒ L2(X, µX) ⊕
L2(Y, µY );
• the pull-back ofE1 by f (which belongs to C(Y )⊗ (K (L2(X, µX)⊕ L2(Y, µY ))))
is the image of Eφ1 ∈ C(Y )⊗K (L2(Y, µY )) under conjugation
by the inclusion L2(Y, µY ) →֒ L2(X, µX)⊕ L2(Y, µY )

Using the definition of f ♯,ε,rC(X),∗[EX ]ε,r, the result is now a consequence

of Corollary 3.4. �

3.4. Quantitative index map. First, let us fix some notations. Let
X be a compact space, let (ρX ,HX) be an X-module and let A be

a C∗-algebra. Recall that we have set AHX

def
==A⊗K (HX). If A is

unital, we can identify the unitarisation fiAHX
of AHX

with the algebra
A⊗K (HX) + C · 1⊗IdHX

(viewed has adjointable operators on the
right Hilbert A-module A⊗HX). If A is non unital, with unitarisation

Ã, then we identify fiAHX
with the subalgebra

A⊗K (HX) + C · 1⊗IdHX

of
Ã⊗K (HX) + C · 1⊗IdHX

.

If B is a C∗-algebra and f : A → B is a ∗-homomorphism, then
fHX

: AHX
→ BHX

stands for the ∗-homomorphism induced by f .
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If z in an element in KK∗(A,B) then τHX
(x) stands for the element

τK (HX)(z) of KK∗(AHX
, BHX

) = KK∗(A⊗K (HX), B⊗K (HX)) and
in the same way

THX
(x) =

(
τ ε,r
HX

(x)
)
ε∈(0, 1

100α ),r>0

stands for
TK (HX )(x) =

(
τ ε,r
HX

(x)
)
ε∈(0, 1

100α),r>0
,

with (α, k) = (αT , kT ).

We are now in a position to define the quantitative index map. ForX

a compact space andA a C∗-algebra, we setK∗(X,A)
def
==KK∗(C(X), A).

Definition 3.10. Let X be a compact metric space, let (HX , ρX) be a
non degenerate standard X-module and let A be a C∗-algebra. For any
positive number ε and r with ε < 1/100, the ε-r-index is the map

Indε,rX,A,∗ : K∗(X,A) −→ Kε,r
∗ (AHX

)

x 7→ τ
ε/α,r/kε/α
HX

(x)([EX ]ε/α,r/kε/α)

with (α, k) = (αT , kT ).

It is straightforward to check that

ιε,ε
′,r,r′

∗ ◦ Indε,rX,A,∗ = Indε
′,r′

X,A,∗

for any positive number ε, ε′, r an r′ with ε < ε′ < 1/100 and r < r′

and hence

IndX,A,∗
def
==(Indε,rX,A,∗)0<ε<1/100,r>0 : K∗(X,A)−→K∗(AHX

)

is a projective morphism in the sense of Definition 1.15. Furthermore,
the class in K0(C(X)HX

) of the projection Eφ constructed above is up
to Morita equivalence the class of the trivial projection 1 in K0(C(X))
and hence we get that ιε,r∗ ◦ Indε,rX,A,∗ is up to Morita equivalence the
usual index map.

Remark 3.11. Let HX and H ′
X be two non degenerate standard X

modules and let us denote respectively by IndHX
X,A and Ind

H ′
X

X,A the quan-
titative index map relatively to HX and H ′

X , then according to Corol-
lary 3.4 and in view of remark 1.27 regarding to the functoriality of T•,
we obtain that

Ind
H ′

X
X,A,∗ = ΛX,HX ,H

′
X ,∗ ◦ Ind

HX
X,A,∗.

By naturality of THX
, we have the following functoriality for the

controlled index:

Proposition 3.12. Let X be a compact metric space, let (HX , ρX) be
non degenerate standard X-module and let f : A → B be C∗-algebra
homomorphism. Then

IndX,B,∗ ◦ f∗ = fHX ,∗ ◦ IndX,A,∗,
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where fHX
: AHX

→ BHX
is induced by f .

The quantitative index map is compatible with the rescaling map
defined in Section 1.2.

Proposition 3.13. Let A be a C∗-algebra, let X be a compact metric
space and let (HX , ρX) be a non degenerate standard X-module. Then

Lε,rAHX
,∗ ◦ Ind

ε,r
X,A,∗ = Ind

ε/2,lεr
X,A,∗

for any ε in (0, 1/200) (with l = lrs as in Section 1.2).

Proof. Let EX as in Equation (8). Since EX is a projection, we have
that

Lε,rC(X)HX
,∗([EX , 0]ε,r) = [EX , 0]ε/2,lεr

for any ε in (0, 1/200) and any r > 0. The result is then a consequence
of Proposition 1.28. �

Moreover, we have the following compatibility result for the quanti-
tative index with respect to Kasparov product.

Proposition 3.14. Let X be a compact metric space, let (HX , ρX) be
a non degenerate standard X-module, let A and B be C∗-algebras and
let z be an element in KK∗(A,B). Then

IndX,B,∗ ◦ (•⊗z) = THX
(z) ◦ IndX,A,∗,

where •⊗z : K∗(X,A)→ K∗(X,B) is the right Kasparov product by z.

Proof. For propagation small enough, this is a consequence of Theorem
1.25. The general case follows then from the first point of Remark
1.16. �

As a consequence of Lemma 3.9, of point (iii) of Theorem 1.24 and
of Remark 1.27, we see that the quantitative index is also functorial in
spaces.

Lemma 3.15. Let X and Y be two compact metric spaces, let HX

and HY be respectively non degenerate X-module and Y -module. Let
f : X → Y be a C-Lipschitz map for some positive number C and
denote by f∗ : K∗(X,A) → K∗(Y,A) the induced morphism. Then we
have

IndY,A,∗ ◦ f∗ = f ♯A,∗ ◦ IndX,A,∗.
Remark 3.16. In the special case of inclusion, let X be a compact
metric space, let Y be a closed subset of A and let (HX , ρX) be a
non degenerate standard X-module with standard restriction to H Y

X .
Then with notations point ii) of Remark 3.5 and according to Remark
3.8, we have

IndX,A,∗ ◦ X,Y,∗ = ♯X,Y,A,∗ ◦ IndY,A,∗.
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We are now in a position to state the main theorem of this section:
for a finite simplicial complexe, then the quantitative index is a h-
isomorphism in the sense of Definition 1.17 with h depending only on
the dimension of the complexe.

Let X be a finite simplicial complex provided with the simplicial
topology. We equip X with the normalized spherical metric (see [23,
Section 7.2]).

• Let ∆ be a (geometrical) simplex of X of dimension n with
vertices x0, . . . , xn. Let x be an element of ∆ with barycentric
coordinates (t0, . . . , tn) with respect to x0, . . . , xn and set

f∆(x) =
1

(t20 + . . .+ t2n)
1/2

(t0, . . . , tn).

Then f∆(x) belongs to the unit n-sphere. We define d on ∆ by

cos
π

2
d(x, y) = 〈f∆(x), f∆(y)〉

for any x and y in ∆.
• If x and y belong to the same connected component of X ,
we set d(x, y) = inf{d(x0, x1) + . . . + d(xn−1, xn), where the
infimium is taken over sequence x = x0, x1, . . . , xn−1, xn = y
such that xi and xi+1 lie for i = 0, . . . , n − 1 in a common
simplex;
• If x and y lie in distinct connected components, we set d(x, y) =
+∞.

Theorem 3.17. There exists a non increasing function

(0, 1/200)→ [1,+∞); ε 7→ hε

such that for any finite simplicial complexe X of dimension less than
m, any non degenerate standard X-module HX and any C∗-algebra A,
then

IndX,A,∗ : K∗(X,A) −→ K∗(AHX
)

is a h(m
2)-isomorphism (in sense of definition 1.17).

This theorem will be proved in Section 4.5.

Corollary 3.18. Let X be a finite simplicial complexe. Then for any
non degenerate standard X-module HX , any C∗-algebra A and any
fixed ε in (0, 1/200), the map

K∗(X,A) −→ lim←−
r>0

K∗(AHX
)

x 7→ (Indε,rX,A)r>0

is an isomorphism.
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We end this section by showing that the quantitative assembly maps
for finite metric spaces can indeed be recovered from the quantitative
index. Let Σ be a finite metric space. For any integer d, we equipped
Pd(Σ) the Rips complex of degree d of Σ with the normalized spher-
ical metric. Let HΣ,d be a non degenerate standard Pd(Σ)-module.
Consider then the isometry

VHΣ,d
: HΣ,d−→ℓ2(Σ,HΣ,d) (9)

defined by
VHΣ,d

· ξ(σ) = λ1/2σ · ξ
for all ξ in HΣ,d and σ in Σ. We equip ℓ2(Σ,HΣ,d) with the Σ-module
structure given by pointwise multiplication by C(Σ).

Lemma 3.19. If T is an element of AHΣ,d
with propagation r, then

AdVHΣ,d,A
· T def

==(IdA⊗VHΣ,d
) · T · (IdA⊗V ∗HΣ,d

)

has propagation 2d(r + 1).

Proof. A pair (σ, σ′) ∈ Σ2 is in the support of AdVHΣ,d,A
if and only if

there exists (x, x′) in the support of T such that σ is in the support of
x and σ′ is in the support of x′. The result is then a consequence of
[23, Corollary 7.2.6]. �

Hence, in view of Proposition 1.5, for every positive numbers ε and
r with ε < 1/100, then AdVHΣ,d,A

induces a morphism

Adε,rVHΣ,d
,A,∗ : K

ε,r
∗ (AHΣ,d

)−→Kε,2d(r+1)
∗ (Aℓ2(Σ,Hd))

∼=−→ Kε,2d(r+1)
∗ (AΣ)

(recall that AΣ = A⊗K (ℓ2(Σ))) such that

ιε,2d(r+1),2d(r′+1)
∗ ◦ Adε,rVHΣ,d,A

,∗ = Adε,r
′

VHΣ,d,A
,∗ ◦ ιε,r,r

′

∗ . (10)

for every positive number r′ with r′ > r

Proposition 3.20. Let Σ be a finite metric space, let A be a C∗-
algebra and let ε, d and r be positive numbers with ε < 1/100 and
r > kT ,ε/αT

− 1. Then for any non degenerate standard Pd(Σ)-module
HΣ,d, we have up to Morita equivalence

ν
ε,2d(r+1),d
Σ,A,∗ = Adε,rVHΣ,d

,A,∗ ◦ Indε,rPd(Σ),A,∗.

Proof. Let us first assume that HΣ,d = L2(Pd(Σ), µ)⊗H , where H is
a separable Hilbert space and µ is a borelian measure with supp µ = X .
For sake of simplicity, let us forget the factor H . Notice that since
rd,ε = 2dkT ,αT ε, we deduce that 2d(r + 1) > rd,ε. Then according to

Remark 1.27, to equation (10) and to the definitions of ν
ε,2d(r+1),d
Σ,A,∗ and

Indε,r∗ (Pd(Σ), A), this amounts to show with notations of Sections 2.1
and 3.3 that for any positive number r, for any continuous map

φ : Pd(Σ)× Pd(Σ)→ R
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supported in

{(x, y) ∈ Pd(Σ)× Pd(Σ) such that d(x, y) < r/2}
and such that

∫
Pd(Σ)

φ(x, y)dµ(y) = 1 and for any continuous function

ψ : Pd(Σ)→ [0, 1] such that
∫
Pd(Σ)

ψ(x)dµ(x) = 1, then

Adε,rVHΣ,d
,C(Pd(Σ)),∗[Eφ, 0]ε,r = [eψ⊗PPd(Σ)]ε,2d(r+1),

where eψ : L2(Pd(Σ), µ)−→L2(Pd(Σ), µ) is the orthogonal projection
corresponding to the unit vector ψ1/2 ∈ L2(Pd(Σ), µ). Let us view
ℓ2(Σ, L2(Pd(Σ), µ)) as functions Pd(Σ)× Σ−→C. Define then

ϕ0(x, •, •) : Pd(Σ)× Σ−→R; (y, σ) 7→ φ(x, y)λσ(y).

and for any t in [0, 1]

ϕt(x, •, •) : Pd(Σ)× Σ−→R; (y, σ) 7→ (1− t)ϕ0(x, y, σ) + tλσ(x)ψ(y).

Then AdVHΣ,d
,C(X)(Eφ) is pointwise at x ∈ Pd(Σ) the rank one projec-

tion associated to the unit vector ϕ
1/2
0 (x, •, •) in ℓ2(Σ, L2(Pd(Σ), µ)).

For every t in [0, 1] and x in Pd(Σ), the projection associated to the

unit vector ϕ
1/2
t (x, •, •) in ℓ2(Σ, L2(Pd(Σ), µ)) has propagation less than

2d(r+1). Hence we get in this way a homotopy of projection of propaga-
tion less than 2d(r+1) in C(Pd(Σ))⊗K (L2(Pd(Σ), µ)⊗ℓ2(Σ)) between
AdVHΣ,d

,C(X)(Eφ) and eψ⊗PPd(Σ).

In the general case, we use Remark 3.11 and the argument of the
proof of Lemma 3.3 to reduce to the previous case. �

4. Mayer-Vietoris six term exact sequences in

K-homology and in quantitative K-theory

4.1. Mayer-Vietoris exact sequence in K-homology. Let (X, d)
be a compact metric space, let X1 and X2 be closed subsets of X such
that X = X̊1 ∪ X̊2 and let A be a C∗-algebra. Then we have the
following six-term exact sequence [2, Theorem 21.5.1]:

K0(X1 ∩X2, A)
(X1,X2,∗,X1,X2,∗)−−−−−−−−−−−−−−−→ K0(X1, A)⊕K0(X2, A)

X1,∗−X2,∗−−−−−−−−−→ K0(X,A)

∂X1,X2,∗

x
y∂X1,X2,∗

K1(X,A)
X1,∗−X2,∗←−−−−−−−−− K1(X1, A)⊕K1(X2, A)

(X1,X2,∗,X2,X1,∗)←−−−−−−−−−−−−−−− K1(X1 ∩X2, A)

.

(11)

where

• X1, X2 , X1,X2 and X2,X1 are respectively induced by the re-
strictions to X1 ⊆ X, X2 ⊆ X, X1 ∩X2 ⊆ X1 and X1 ∩X2 ⊆
X2;
• the boundary maps in K-homology ∂X1,X2,∗ are given by left
multiplication by an element [∂X1,X2] inKK1(C(X1∩X2), C(X))
canonically associated to the pair (X1, X2) and that we shall
describe from [2, Section 21.2] next.
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Let C(X1, X2) be the algebra of continuous functions

f : ([0, 1/2]×X1) ∪ ([1/2, 1]×X2)→ C

(where ([0, 1/2] × X1) ∪ ([1/2, 1] × X1) ⊆ [0, 1] × X is equipped with
the induced topolology) such that

• f(0, x) = 0 for all x in X1;
• f(1, x) = 0 for all x in X2.

Let SC(X1 ∩ X2) be the suspension algebra of C(X1 ∩ X2), i.e the
algebra of continuous functions f : [0, 1] × (X1 ∩ X2) → C such that
f(0, x) = f(1, x) = 0 for all x in X1 ∩X2. By restriction to

[0, 1]× (X1 ∩X2) ⊆ ([0, 1/2]×X1) ∪ ([1/2, 1]×X2),

we get a surjective ∗-homomorphism

ΨX1,X2 : C(X1, X2)→ SC(X1 ∩X2)

with contractible kernel (the direct sum of two cone algebras) and hence
ΨX1,X2 induces an invertible element [ΨX1,X2] inKK∗(C(X1, X2), SC(X1∩
X2)). The restriction to

{1/2} ×X ⊆ ([0, 1/2]×X1) ∪ ([1/2, 1]×X2)

gives rise to a ∗-homomorphism

Ψ′X1,X2
: C(X1, X2)→ C(X).

Let [∂] be the element of KK1(C, C(0, 1)) that corresponds to the
boundary element of the extension

0−→C(0, 1)−→C(0, 1] ev1−→ C−→0,

(ev1 being the evaluation at 1). Then we have (see [2, Section 21.2])

[∂X1,X2 ] = τC(X1∩X2)([∂])⊗Ψ′X1,X2,∗[ΨX1,X2,∗]
−1. (12)

4.2. Controlled Mayer-Vietoris pair. We refere to [17, Section 2]
for the definition of Complete Intersection Approximation (CIA) prop-
erty and of controlled Mayer-Vietoris pairs.

Let us introduce some further notations. Let (X, d) be a compact
metric space.

• For a closed subset Y of X and δ a positive number, we set

Yδ = {x ∈ Y such that d(x, Y ) 6 δ}.
• If (HX , ρX) is a X-module and Y is a closed subset of X , we
set with notations of Section 3.1 HY = H Y

X ;
• If (HX, ρX) is a X-module, r is a positive number, and X1 and
X2 are two closed subsets of X , we set

K (HX1,HX2)r = K (HX1,HX2) ∩K (HX)r.

• with above notations, if A is a C∗-algebra, we set AHX1
,HX2

,r =
A⊗K (HX1 ,HX2)r .
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Let X1 and X2 be two closed subsets of X such X = X̊1 ∪ X̊2. Then
we have HX = HX1 + HX2 . Let us fix δ a positive number and let

X
(δ)
1 and X

(δ)
2 be two closed subsets of X such that X1,δ ⊆ X

(δ)
1 and

X2,δ ⊆ X
(δ)
2 . Then for any positive number r with r < δ

K (HX)r = K (HX1 ,HX
(δ)
1
)r + K (HX2,HX

(δ)
2
)r,

and similarly for any C∗-algebra A,

AHX ,r = AHX1
,H

X
(δ)
1

,r +AHX2
,H

X2
(δ) ,r.

Moreover it is straightforward to check that if 5r < δ, thenÅ
AHX1

,H
X

(δ)
1

,r,AHX2
,H

X
(δ)
2

,r, AH
X

(δ)
1

, AH
X

(δ)
2

ã

is a controlled Mayer-Vietoris pair of order r with coercitivity 1. Ac-
cording to [17, Section 3], then for some universal control pairs (α, k) =
(αMV , kMV ) and (λ, k), there exists a (α, k)-controlled morphism of or-
der r and of odd degree

D(δ)
X1,X2,A,∗ = (∂

ε,s,(δ)
X1,X2,A,∗)0<ε< 1

100αD
,0<s< r

kε
: K∗(AHX

)−→K∗(AH
X

(δ)
1

∩X
(δ)
2

)

(13)
such that the following diagram is (λ, h)-exact at order r

K0(AH
X

(δ)
1

∩X
(δ)
2

)
(

♯,(δ)
X1,X2,A,∗

,
♯,(δ)
X2,X1,A,∗

)

−−−−−−−−−−−−−−−−−−→ K0(AH
X

(δ)
1

)⊕K0(AH
X

(δ)
2

)

♯,(δ)
X1,A,∗

−
♯,(δ)
X2,A,∗−−−−−−−−−−−−→ K0(AHX

)

xD
(δ)
X1,X2,A,∗

D
(δ)
X1,X2,A,∗

y

K1(AHX
)


♯,(δ)
X1,A,∗

−
♯,(δ)
X2,A,∗←−−−−−−−−−−−− K1(AH

X
(δ)
1

)⊕K1(AH
X

(δ)
2

)
(

♯,(δ)
X1,X2,A,∗

,
♯,(δ)
X2,X1,A,∗

)

←−−−−−−−−−−−−−−−−−− K1(AH
X

(δ)
1 ∩X

(δ)
2

)

.

where

• ♯,(δ)X1,A
: AH

X
(δ)
1

→֒ AHX
;

• ♯,(δ)X2,A
: AH

X
(δ)
2

→֒ AHX
;

• ♯,(δ)X1,X2,A
: AH

X
(δ)
1

∩X
(δ)
2

→֒ AH
X

(δ)
1

;

• ♯,(δ)X2,X1,A
: AH

X
(δ)
1

∩X
(δ)
2

→֒ AH
X

(δ)
2

;

are the obvious inclusions. By construction, the Mayer-Vietoris con-
trolled boundary map is compatible with the rescaling defined in Sec-
tion 1.2.

Lemma 4.1. With above notations and with (α, k) = (αMV , kMV ) and
l = lrs as in Section 1.2, we have

∂
ε/2,lεs,(δ)
X1,X2,A,∗ ◦ L

ε,s
AHX

,∗ = ι
−,αε/2,kε/2lεs
∗ ◦ Lαε,kεsAH

X
(δ)
1

∩X
(δ)
2

,∗ ◦ ∂
ε,s,(δ)
X1,X2,A,∗

= L
αε,

kε/2lεs

lαε
AH

X
(δ)
1

∩X
(δ)
2

,∗ ◦ ∂
ε,

kε/2lεs

kεlαε
,(δ)

X1,X2,A,∗ ◦ ι
ε,s,−
∗
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for any ε in
(
0, 1

200α

)
and any s in (0, r

lεkε/2
).

The fact that the quantitative index intertwines with D(δ)
X1,X2,A,∗ and

∂
X

(δ)
1 ,X

(δ)
2 ,∗ is the key point for the proof of Theorem 3.17 and will be

proved in the next two subsections. For that purpose, we need to
introduce a coarse Mayer-Vietoris pair for

AHX ,ρX
def
==A⊗K (HX) + A⊗ρX(C(X))

where A is a C∗-algebra and (HX , ρX) is a non degenerate standard
X-module. Let us consider the following C∗-subalgebras of AρX ,HX

:

A
(1)
HX ,ρX

= A⊗
Ä
K (H

X
(δ)
1
)) + ρX(C0(X̊1)

ä

and
A

(2)
HX ,ρX

= A⊗
Ä
K (H

X
(δ)
2
)) + ρX(C0(X̊2)

ä
.

Notice that if z is an element of AHX ,ρX with propagation r with r < δ

and if f is in A⊗ρX(C0(X̊i)) for i = 1, 2, then f · z is in A
(i)
HX ,ρX

.
For any C∗-algebra A and any r in (0, δ/5), thenÅ
AHX1

,H
X

(δ)
1

,r + A⊗ρX(C0(X̊1)), AHX2
,H

X
(δ)
2

,r + A⊗ρX(C0(X̊2)), A
(1)
HX ,ρX

, A
(2)
HX ,ρX

ã

is a controlled Mayer-Vietoris pair of order r with coercitivity 1 for
AHX ,ρX and hence, as before there exists for (α, k) = (αMV , kMV ) a
(α, k)-controlled morphism of order r and of odd degree

D′(δ)X1,X2,A,∗ = (∂
′ε,s,(δ)
X1,X2,A,∗)0<ε< 1

100α
,0<s<r : K∗(AHX ,ρX )−→K∗(AH

X
(δ)
1

∩X
(δ)
2

)

(14)
such that the following diagram is (λ, h)-exact at order r

K0(A
(1,2)
HX ,ρX

)
(′

♯
X1,X2,A,∗

,′
♯
X2,X1,A,∗

)

−−−−−−−−−−−−−−−−−−−→ K0(A
(1)
HX ,ρX

)⊕K0(A
(2)
HX ,ρX

)
′

♯
X1,A,∗

−′
♯
X2,A,∗−−−−−−−−−−−−−−→ K0(AHX ,ρX )

xD′
X1,X2,A,∗ D

′
X1,X2,A,∗

y

K1(AHX ,ρX )
′

♯
X1,A,∗

−′
♯
X2,A,∗←−−−−−−−−−−−−−− K1(A

(1)
HX ,ρX

)⊕K1(A
(2)
HX ,ρX

)
(′

♯
X1,X2,A,∗

,′
♯
X2,X1,A,∗

)

←−−−−−−−−−−−−−−−−−−− K1(A
(1,2)
HX ,ρX

)

.

where

• A(1,2)
HX ,ρX

def
==AH

X
(δ)
1 ∩X

(δ)
2

+ A⊗ρX(C0(X̊1 ∩ X̊2));

• ′♯X1,A
: A

(1)
HX ,ρX

→֒ AHX ,ρX ;

• ′♯X2,A
: A

(2)
HX ,ρX

→֒ AHX ,ρX ;

• ′♯X1,X2,A
: A

(1,2)
HX ,ρX

→֒ A
(1)
HX ,ρX

;

• ′♯X2,X1,A
: A

(1,2)
HX ,ρX

→֒ A
(2)
HX ,ρX

;

are the obvious inclusions.
In what follows we will respectively identify the unitarisation of

A
(1)
HX ,ρX

, A
(2)
HX ,ρX

andA
(1,2)
HX ,ρX

with the subalgebras A
(1)
HX ,ρX

+C·1⊗IdHX
, A

(2)
HX ,ρX

+

C · 1⊗IdHX
and A

(1,2)
HX ,ρX

+ C · 1⊗IdHX
of fiAHX

if A is unital and of
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ÃHX
+C · 1⊗IdHX

viewed as adjointable operator in the right Hilbert

Ã-module Ã⊗HX if not.

4.3. Compatiblity of boundaries. Next proposition, together with
the naturality of the quantitative index of Proposition 3.12 , shows that
the quantitative index map intertwines the Mayer-Vietoris six terms
exact sequence in K-homology of diagram (11) of Section 4.1 with the
above six term controlled Mayer-Vietoris exact sequence.

Proposition 4.2. For any compact metric space X, any positive num-

ber δ, any closed subsets X1 and X2 of X, any closed subsets X
(δ)
1 and

X
(δ)
2 of X and any standard X-module (HX , ρX) such that

• X = X̊1 ∪ X̊2;

• Xi,δ ⊆ X
(δ)
i for i = 1, 2;

• the restriction of (HX , ρX) to

H
X

(δ)
1 ∩X

(δ)
2

= {ξ ∈HX such that supp ξ ⊆ X
(δ)
1 ∩X2

(δ)}
is standard,

then the following diagram is commutative

K∗(X,A)
∂
X

(δ)
1

,X
(δ)
2

,∗−−−−−−−→ K∗+1(X
(δ)
1 ∩X

(δ)
2 , A)

IndX,A,∗

y
yIndX(δ)

1
∩X

(δ)
2

,A,∗

K∗(AHX
)
D(δ)

X1,X2,A,∗−−−−−−→ K∗+1(AH
X

(δ)
1

∩X
(δ)
2

)

where on the top row, ∂
X

(δ)
1 ,X

(δ)
2 ,∗ is the left multiplication by the element

[∂
X

(δ)
1 ,X

(δ)
2
] of KK1(C(X

(δ)
1 ∩X

(δ)
2 ), C(X)) described in Section 4.1.

Remark 4.3. The above diagram a priori makes sense only up to

order δ/5. But indeed D(δ)
X1,X2,A,∗ ◦ IndX,A,∗ can be extended to any

positive number in the following way: let ε and r be positive numbers
with ε < 1/100, pick a positive number s with kε/αs < δ/5 (with
(α, k) = (αMV , kMV )) and s 6 r. Then

∂
(δ),ε,r
X1,X2,A,∗ ◦ Ind

ε/α,r/kε/α
X,A,∗

def
==ιε,s,r∗ ◦ ∂(δ),ε/α,s/kε/αX1,X2,A,∗ ◦ Indε/α,s/kε/αX,A,∗

does not depends on the choice of s and hence define a projective
morphism of odd degree

D(δ)
X1∩X2,A,∗ ◦ IndX,A,∗ =

(∂
(δ),ε,r
X1,X2,A,∗◦Ind

ε/α,r/kε/α
X,A,∗ )ε∈(0,1/100),r>0 : K∗(X,A)−→K∗+1(AH

X
(δ)
1

∩X
(δ)
2

).

Proposition 4.2 will be proved in next subsection. The end of this
subsection is devoted to a carefull study of the projective morphism

Ind
X

(δ)
1 ∩X

(δ)
2 ,A,∗ ◦ ∂X(δ)

1 ,X
(δ)
2 ,∗ : K∗(X,A)−→K∗+1(AH

X
(δ)
1

∩X
(δ)
2

).
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Let f : X → [0, 1] be a continuous function such that f(x) = 1 if x

is in X \ X̊1 and f(x) = 0 if x is in X \ X̊2. Let (pr)r>0 be a family of
projections in C(X1 ∩X2)HX1∩X2

such that

• pr has propagation less than r for every positive number r.

• ιε,r,r′∗ ([pr, 0]ε,r = [pr′, 0]ε,r′ in K
ε,r′

0 (C(X1∩X2)HX1∩X2
) for every

positive numbers ε, r and r′ with ε < 1/100 and r 6 r′.

Consider then for every positive number r

Uf,r : X−→K (HX1∩X2) + C⊗IdHX1∩X2
(15)

defined by

• Uf,r(x) = IdHX1∩X2
if x /∈ X1 ∩X2;

• Uf,r(x) = e2ıπf(x)pr(x) + IdHX1∩X2
− pr(x) if x is in X1 ∩X2.

Then Uf,r is a unitary in Â�C(X)HX1∩X2
with propagation less than r

and ιε,r,r
′

∗ ([Uf,r]ε,r) = [Uf,r′ ]ε,r′ in K
ε,r′

1 (C(X)HX1∩X2
) for every positive

numbers ε, r and r′ with ε < 1/100 and r 6 r′. For every positive
number ε and r, with ε < 1/100, define then for (α, k) = (αMV , kMV )

Λε,r : K1(X,A) −→ Kε,r
0 (AHX1∩X2

)

x 7→ τ
ε/α,r/kε/α
HX1∩X2

(x)([Uf,r/kε/α ]ε/α,r/kε/α)

and

Λ′ε,r : K1(X,A) −→ Kε,r
0 (AHX1∩X2

)

x 7→ τ
ε/α,r/kε/α
HX1∩X2

([∂X1,X2 ]⊗x)([pr/kε/α , 0]ε/α,r/kε/α)
Then

Λ = (Λε,r)0<ε,1/100,r>0 : K1(X,A)−→K0(AHX1∩X2
)

and

Λ′ = (Λ′ε,r)0<ε,1/100,r>0 : K1(X,A)−→K0(AHX1∩X2
)

are projective morphisms in sense of Definition 1.15.

Lemma 4.4. With above notations, we have Λ = Λ′.

Proof. Let

ΨX1,X2 : C(X1, X2)→ SC(X1 ∩X2)

and

Ψ′X1,X2
: C(X1, X2)→ C(X)

being as in equation (12). Recall that

• the element [ΨX1,X2 ] induced by ΨX1,X2 is invertible as an ele-
ment in KK∗(C(X1, X2), SC(X1 ∩X2));
• [∂X1,X2] = τC(X1∩X2)([∂])⊗Ψ′X1,X2,∗[ΨX1,X2,∗]

−1;
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(recall that [∂ ∈ KK1(C, C(0, 1)) corresponds to the boundary map of

the Bott extension 0−→C(0, 1)−→C(0, 1] ev1−→ C−→0). Then, accord-
ing to Theorems 1.24 and 1.25 we get that there exists a control pair
depending only on (αT , kT ) such that

THX1∩X2
([∂X1,X2 ])

(λ,h)∼ Ψ′X1,X2,HX1∩X2
,∗◦THX1∩X2

([ΨX1,X2,∗]
−1)◦THX1∩X2

(τC(X1∩X2
([∂])),

where Ψ′X1,X2,HX1∩X2
: C(X1, X2)HX1∩X2

→ C(X)HX1∩X2
is the ∗-homomorphism

induced by Ψ′X1,X2
. For any x in K∗(X,A), we define

F(x) = THX1∩X2
(x)◦Ψ′X1,X2,HX1∩X2

,∗◦THX1∩X2
([ΨX1,X2,∗]

−1)◦THX1∩X2
((τC(X1∩X2([∂]))).

Then

F(x) = (F ε,r)0<ε< 1
100αF

,r>0 : K∗(C(X)HX1∩X2
)−→K(AHX1∩X2

)

is a (αF , kF)-controlled morphism for some control pair (αF , kF) de-
pending only on (αT , kT ). According to Theorems 1.24 and 1.25, there
exists a control pair (λ, h), depending only on (αF , kF) such that

F(x) (λ,h)∼ THX1∩X2
(x⊗[∂X1,X2]) (16)

for all x in K∗(X,A). Let f : X → [0, 1] be a continuous function

as above such that f(x) = 1 if x is in X \ X̊1 and f(x) = 0 if x is in

X \ X̊2 and defined then F : X × [0, 1]→ [0, 1] by

• F (x, t) = 2f(x)t if 0 6 t 6 1/2;
• F (x, t) = 2(f(x) + t− f(x)t)− 1 if 1/2 6 t 6 1

Consider then for (pr)r>0 a family of projections in C(X1 ∩X2)HX1∩X2

as above

Wr : (X1 × [0, 1/2]) ∪ (X2 × [1/2, 1]) −→ K(HX1∩X2)) + CIdHX1∩X2

(x, t) 7→ e2ıπF (x,t)pr(x) + IdHX1∩X2
− pr(x).

Then Wr is a unitary in Â�C(X1, X2)HX1∩X2
with propagation less than

r. We clearly have

Ψ′ε,rX1,X2,HX1∩X2
,∗([W ]ε,r) = [Uf,r]ε,r.

By using the homotopy of ε-r-unitaries

[0, 1]× (X1 ∩X2)× [0, 1] −→ C(X1 ∩X2)HX1∩X2
+ C · 1⊗IdHX1∩X2

(s, x, t) 7→ e2ıπ(sF (x,t)+(1−s)t)pr(x) + 1⊗IdHX1∩X2
− pr(x),

we see that Ψε,r
X1,X2,HX1∩X2

,∗([W ]ε,r) is equal to the class inK
ε,r
1 (SC(X1 ∩X2)HX1∩X2

)

represented by the ε-r-unitary defined by

[0, 1] −→ C(X1 ∩X2)HX1∩X2
+ C · 1⊗IdHX1∩X2

t 7→ e2ıπtpr(x) + 1⊗IdHX1∩X2
− pr(x).
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Hence, according to [15, Proposition 3.9] and to point (vii) of Theorem
1.24 and up to possibly rescaling the control pair (αT , kT ) we get that

Ψ
αT ε,kT ,εr

X1,X2,HX1∩X2
),∗([W ]αT ε,kT ,εr) = τ ε,r

HX1∩X2
(τC(X1∩X2([∂])([pr, 0]ε,r).

In view of Theorem 1.25, there exists a control pair (α, k), depending
only on (αT , kT ) such that THX1,X2

([ΨX1,X2]
−1) is an (α, k)-inverse for

ΨX1,X2,HX1∩X2
,∗. We deduce from equation (16) that there exists α > λ

such that

τ ε,r
HX1∩X2

(x)([Uf,r]ε,r) = τ ε,r
HX1∩X2

([∂X1,X2 ]⊗x)([pr, 0]ε,r) (17)

for ε in (0, 1
100λ

) and r > 0. The result is then a consequence of the
first point of Remark 1.16. �

Let (X, d) be a compact metric space, let (HX , ρX) be a standard
X-modules and let X1 and X2 two closed subsets of X such that X =
X̊1∪ X̊2. Let δ and r be positive numbers with 5r < δ and let p : X →
K (HX)+IdHX

be a continuous map such that p(x) is a projection with
support in B(x, r/2)×B(x, r/2) for every x in X . For any continuous
function f : X → [0, 1] such that f(x) = 0 if x /∈ X2 and f(x) = 1 is
x /∈ X1, then

e2ıπf(x)p(x) = e2ıπf(x)p(x) + IdHX
− p(x)

is for any x in X a unitary with propagation r in the unitarisation of
C(X)H

X
(δ)
1

∩X
(δ)
2

. Two continuous functions from X to [0, 1] vanishing

on X \X1 and identically equal to 1 on X \X2 give rise to homotopic
unitaries with propagation r, i.e. connected by a unitary of the uni-
tarisation of C([0, 1]×X)H

X
(δ)
1

∩X
(δ)
2

with propagation r. Moreover two

continuous maps p0, p1 : X → K (HX) + IdHX
such that p0(x) and

p1(x) are projection with support in B(x, r/2)× B(x, r/2) and which
are connected by a homotopy

[0, 1]×X−→K (HX) + IdHX
; (t, x) 7→ pt(x)

such that pt(x) is a projection with support in B(x, r/2)×B(x, r/2) for
any t in [0, 1] and any x in X gives rise to homotopic unitaries. Apply

this to the class [EX ]ε,r, we obtain a class [U
(δ)
X1,X2

]ε,r inK
ε,r
1 (C(X)H

X
(δ)
1

∩X
(δ)
2

)

which satisfies

ι−,ε
′,r′

∗ ([U
(δ)
X1,X2

]ε,r) = [U
(δ)
X1,X2

]ε′,r′

for every positive numbers ε, ε′, r and r′ with ε 6 ε′ < 1/100 and
r′ 6 r < δ/5.
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For any positive number ε and r with ε < 1/100, pick any positive
number s with s 6 r and s < kε/αδ/5 for (α, k) = (αT , kT ). Then

∂Ind
(δ),ε,r
X1,X2,A,∗ : K1(X,A) −→ Kε,r

0 (AH
X

(δ)
1

∩X
(δ)
2

)

x 7→ ιε,s,r∗ τ
ε/α,s/kε/α
H

X
(δ)
1

∩X
(δ)
2

(x)([U
(δ)
X1,X2

]ε/α,s/kε/α)

does not depend on the choice of s and

∂Ind
(δ)
X1,X2,A,∗

def
==(∂Ind

(δ),ε,r
X1,X2,A,∗)0<ε<1/100,0<r : K1(X,A)−→K0(AH

X
(δ)
1 ∩X

(δ)
2

)

is a projective morphism.

Lemma 4.5. We above notations, we have

∂Ind
(δ)
X1,X2,A,∗ = Ind

X
(δ)
1 ∩X

(δ)
2 ,A,∗ ◦ ∂X(δ)

1 ∩X
(δ)
2 ,A,∗.

Proof. Let us set Y = X
(δ)
1 ∩X

(δ)
2 . Let (HX , ρX) be a non degenerate

standard X-module with standard restriction to Y . Let µ be a measure
on X , let µ′ be the restriction of µ tu Y and assume that supp µ = X
and suppµ′ = Y . Fix a Hilbert space H and let choose isometries V1 :
HY → L2(Y, µ′)⊗H and V2 : HX → L2(X, µ)⊗H with propagation
less than r/2. By considering the square

L2(Y, µ′)⊗H −−−→ L2(X, µ)⊗H
′

V1

y
yV2

HY −−−→ HX

,

where the horizontal maps are inclusions and according to the first
point of Remark 3.5, we can indeed assume without loss of generality
that HX = L2(X, µ)⊗H for H a separable Hilbert space and thus
HY = L2(Y, µ′)⊗H . As in the definition of [EX ]ε,r and [EY ]ε,r, let
us choose φ0,r : X × X → [0, 1] and φ1,r : Y × Y → [0, 1] continuous
functions such that

• φ0,r is supported in {(x, x′) ∈ X×X such that d(x, x′) < r/2};
• φ1,r is supported in {(y, y′) ∈ Y ×Y such that d(y, y′) < r/2};
•
∫
X
φ0,r(x, x

′)dµ(x′) = 1 for any x in X ;
•
∫
Y
φ1,r(y, y

′)dµ′(y′) = 1 for any y in Y .

Then y 7→ φ1(y, •) can be viewed as a continuous function from Y

valued in L1(Y, µ′) ⊆ L1(Y, µ). The idea is to compare [U
(δ)
X1,X2

]ε,r with
the class of the unitary of Equation (15) arising from Eφ0,r . Define then
for any t in [0, 1]

φt,r : Y → L1(X, µ) : x 7→ (1− t)φ0(y, •) + tφ1(y, •).
For all y in Y and for all t, the support of φt,r(y) is included in

{x ∈ X such that d(y, x) < r}.
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Consider then the operator

Et,r : C(Y )⊗L2(X, µ)−→C(Y )⊗L2(X, µ)

defined by

Et,r · ξ(y, x) = φ
1/2
t,r (y, x)

∫

X

φ
1/2
t,r (y, x

′)ξ(y, x′)dµX(x
′)),

with ξ in C(Y )⊗L2(X, µ) viewed as a function in Y ×X . Then Et,r(y)
is for all t in [0, 1] a projection of C(Y )L2(X,µ) = C(Y )⊗K (L2(X, µ))
with propagation less than r. If f : X → [0, 1] is a continuous function
such that f(x) = 0 if x /∈ X2 and f(x) = 1 is x /∈ X1, define for r < δ/5

Ut,r(x) : X−→K (L2(Y, µ′)) + C · IdL2(Y,µ′)

by

• Ut,r(x) = IdL2(Y,µ′) if x /∈ Y ;
• Ut,r(x) = e2ıπf(x)Et,r(x) + IdL2(Y,µ′) − Et,r(x) if x is in Y .

We obtain in this way a homotopy of unitaries with propagation r in the

unitarisation of C(X)L2(Y,µ′). Since [U0,r(x)]ε,r = [U
(δ)
X1,X2

]ε,r, the result
is now a consequence of Lemma 4.4 applied to the family (E1,r)r>0. �

4.4. Proof of Proposition 4.2. This proof will require some prelim-
inary work. Let considerer a semi-split extension

0→ J → A→ C(X)→ 0

where J is a closed two sided ideal in a unital C∗-algebra A. Let
(Er)r>0 be a family of projections in C(X)⊗K (HX) such that for
every positive number r and for every x inX , then Er(x) has support in
B(x, r/2)×B(x, r/2) and [EX ]ε,r = [Er, 0]ε,r for every positive numbers
ε and r with ε < 1/100. Let f : X → [0, 1] be a continuous function

such that supp f ⊆ X̊2 and supp(1− f) ⊆ X̊1

Let r0 be a positive number such that |f(x)−f(x′)| < ε
16π

if d(x, x′) <
r0. We can assume without loss of generality that Er(x) has support in
B(x, r0/2)×B(x, r0/2) for every positive number r and for every x in
X . Let then zr in AHX

be a lift for Er with propagation r with respect
to the semi-split filtered extension

0→ JHX
→ AHX

→ C(X)HX
→ 0

such that ‖zr‖ 6 1. Let g : [0, 1]→ [0, 1] be defined by

• g(t) = 0 if 0 6 t 6 1/4;
• g(t) = 2(t− 1/4) if 1/4 6 t 6 3/4;
• g(t) = 1 if 3/4 6 t 6 1.

Let us fix a positive number δ and consider, with the notations of
Section 4.2 the following elements

• u : [0, 1]→ AHX ,ρX ,

• v : [0, 1]→ C(X)
(1)
HX ,ρX

+ C · 1⊗HX ,
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• w : [0, 1]→ C(X)
(2)
HX ,ρX

+ C · 1⊗HX

defined for θ in [0, 1] by

• u(θ) = (1⊗ρX(exp(2ıπθg ◦ f))) · exp(2ıπ(1− θ)zr)
• v(θ) = (1⊗ρX(exp(2ıπθ(g ◦ f − 1)))) · Er + 1⊗IdHX

− Er;
• w(θ) = Er + (1⊗ρX(exp(2ıπθg ◦ f))) · (1⊗IdHX

−Er).
Since

‖(1⊗ρX(exp(2ıπθg◦f)−1))·Er−((exp(2ıπθg◦f)−1)⊗IdHX
)·Er‖ < ε/4

(18)
and

‖Er·(1⊗ρX(exp(2ıπθg◦f)−1))−Er·((exp(2ıπθg◦f)−1)⊗IdHX
)‖ < ε/4

we deduce that

‖(1⊗ρX(exp(2ıπθg◦f)−1))·Er−Er ·(1⊗ρX(exp(2ıπθg◦f)−1))‖ < ε/2
(19)

Hence, v and w are ε-r-unitaries and moreover, v − 1⊗IdHX
lies in

C([0, 1]×X)
(1)
HX ,ρX

that w − 1⊗IdHX
lies in C([0, 1]×X)

(2)
HX ,ρX

.
For next proposition, we need to recall from [17, Section 2] the notion

of ε-r-N -invertible for positive number ε, r and N with ε < 1/100:
an element x of a unital C∗-algebra B filtered by (Br)r>0 is ε-r-N -
invertible if

• x is in Br;
• ‖x‖ < N ;
• there exists an element y in Br with ‖y‖ < N and such that
‖xy − 1‖ < ε and ‖yx− 1‖ < ε.

Such an element y is called an ε-r-N -inverse for x.

Proposition 4.6. For some universal control pair (α, k) and positive
number N and with notations as above, there exist P1 and P2 respec-

tively αε-kεr-N-invertible elements in M2(A[0, 1]
(1)
HX ,ρX

) +C · I2⊗IdHX

and M2(A[0, 1]
(2)
HX ,ρX

) + C · I2⊗IdHX
(with A[0, 1] = C([0, 1], A)) con-

nected to I2 as αε-kεr-N-invertible for any positive numbers ε and r
with ε < 1

100α
and r < δ

5kε
and such that

(i) ‖P1P2 − diag(u, u∗)‖ < αε;
(ii) ‖Ṗ1 − diag(v, v∗)‖ < αε, where Ṗ1 is the image of P1 in

M2(C(X)
(1)
HX ,ρX

[0, 1]) + C · I2⊗IdHX

relatively to the extension

0→ A
(1)
HX ,ρX

[0, 1]→ B
(1)
HX ,ρX

[0, 1]→C(X)
(1)
HX ,ρX

[0, 1]→ 0;

(iii) ‖Ṗ2 − diag(w,w∗)‖ < αε, where Ṗ2 is the image of P2 in

M2(C(X)
(2)
HX ,ρX

[0, 1]) + C · I2⊗IdHX
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relatively to the extension

0→ A
(2)
HX ,ρX

[0, 1]→ B
(2)
HX ,ρX

[0, 1]→C(X)
(2)
HX ,ρX

[0, 1]→ 0.

(iv) P1(1) is an αε-kεr-N-invertible ofM2(AH
X

(δ)
1 ∩X

(δ)
2

)+C·I2⊗IdHX

connected to I2⊗IdHX
as an αε-kεr-N-invertible ofM2(AH

X
(δ)
1 ∩X

(δ)
2

)+

C · I2⊗IdHX
.

Moreover,

• P1(0) and P2(0) lie respectively in M2(AH
X

(δ)
1

) + C · 1⊗IdHX

and M2(AH
X

(δ)
2

) + C · 1⊗IdHX

• P1(1) − I2⊗IdHX
and P−11 (1) − I2⊗IdHX

have coefficient in
AH

X
(δ)
1

∩X
(δ)
2

.

Proof. Let us fix a continuous function φ : [0, 1] → [0, 1] such that
φ(1) = 1 and φ(t) = 0 if t is in [0, 3/4] and let us then fix (φn)n∈N
a sequence of real polynomial functions converging uniformly to φ on
[0, 1] and such that |φn(t)| 6 2, φn(0) = 0, φn(1) = 1 and doφn > n for
every integer n and every t in [0, 1]. For ε a positive number let lε be
the smallest integer such that

• for all integer k with k > lε and all t in [0, 1] then |φk(t) −
φ(t)| < ε;

•
∑

k>lε

(2π)k

k!
< ε/3.

If a and b are elements in a C∗-algebra and θ in [0, 1], let us set

ψ(1)
ε (θ, a, b) = φ(a)

lε∑

k=1

(2ıπ(1− θ)b)k
k!

+(1−φ(a))·(exp(−2ıπθg(a))−1)φlε(b)

and

ψ(2)
ε (θ, a, b) = exp(2ıπθg(a)) ·

(
lε∑

k=0

(2ıπ(1− θ)b)k
k!

)
.

Notice that the degree in b of ψ
(1)
ε (θ, a, b) is less than

hε = sup{doφk; k = 0, . . . , lε}.
We define for any θ in [0, 1]

u′(θ) = ψ(2)
ε (θ, 1⊗ρX(f), zr);

y(θ) = 1⊗IdHX
+ ψ(1)

ε (θ, 1⊗ρX(1− f), zr) + ψ(1)
ε (θ, 1⊗ρX(f), 1⊗IdHX

− zr)∗;
u1(θ) = 1⊗IdHX

+ ψ(1)
ε (θ, 1⊗ρX(1− f), zr) + (1⊗ρX(1− g ◦ f)) · (u′(θ)− y(θ))

u2(θ) = ψ(1)
ε (θ, 1⊗ρX(f), 1− zr)∗ + (1⊗ρX(g ◦ f)) · (u′(θ)− y(θ))

Then for every θ in [0, 1] and r < δ
5hε

,
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• u′(θ) and y(θ) are elements of AHX ,ρX with propagation less
than hεr;

• u1(θ)−1⊗IdHX
is an element in A

(1)
HX ,ρX

with propagation less
than hεr;

• u2(θ) is an element in A
(2)
HX ,ρX

with propagation less than hεr;
• u′(θ) = u1(θ) + u2(θ);
• ‖u1(θ)‖ 6 15 and ‖u2(θ)‖ 6 15.

Moreover,
‖u(θ)− u′(θ))‖ < ε/3

and hence u′(θ) is an ε-hεr-unitary in AHX ,ρX .

Let us set then X(x) =

Å
1 x
0 1

ã
and Y (y) =

Å
1 0
y 1

ã
and define then

for θ in [0, 1]

P1(θ) = X(u2(θ))X(u1(θ))Y (−u∗1(θ))X(u1(θ))

Å
0 −1
1 0

ã
X(−u2(θ))

and

P2(θ) = X(u2(θ))

Å
0 1
−1 0

ã
X(−u1(θ))Y (−u∗2(θ))X(u1(θ))X(u2(θ))

Å
0 −1
1 0

ã
.

Then for some constant N and some control pair (α, k) independent
of X ,X1X2, A and B, for all θ in [0, 1] and for all positive number r
with r < δ

5kε
,

• P1(θ) and P2(θ) are invertible elements in M2(AHX ,ρX );

• P1(θ) − I2 and P1(θ)
−1 − I2 have coefficients in A

(1)
HX ,ρX

and
propagation less than kεr;

• P2(θ) − I2 and P2(θ)
−1 − I2 have coefficients in A

(2)
HX ,ρX

and
propagation less than kεr;
• P1(θ), P2(θ) , P1(θ)

−1 and P2(θ)
−1 are bounded in norm by N ;

• ‖P1(θ)P2(θ)− diag(u(θ), u∗(θ))‖ < αε;
• P1(0) and P2(0) lie respectively inM2(AH

X
(δ)
1

)+C ·1⊗HX and

M2(AH
X

(δ)
2

) + C · 1⊗HX ;

• P1(1)−I2⊗HX and P−11 (1)−I2⊗HX have coefficients inAH
X

(δ)
1 ∩X

(δ)
2

;

• P1(1) is connected to I2⊗IdHX
as an αε-kεr-N -invertible of

M2(AH
X

(δ)
1 ∩X

(δ)
2

) + C · I2⊗IdHX
.

Hence if we set for i = 1, 2

Pi : [0, 1] −→ M2(AHX ,ρX )

θ 7→ Pi(θ),

then Pi is an ε-kεr-N -invertible element in

M2(A
(i)
HX ,ρX

[0, 1]) + C · I2⊗IdHX
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connected to I2⊗IdHX
as an ε-kεr-N -invertible.

Let us consider the filtered semi-split extension

0→ A
(1)
HX ,ρX

[0, 1]→ B
(1)
HX ,ρX

[0, 1]→C(X)
(1)
HX ,ρX

[0, 1]→ 0

and let us give an approximation of the image of P1 in the C∗-algebra

M2(C(X)
(1)
HX ,ρX

[0, 1])+C ·I2⊗HX . In this computation, we can replace
in the definition of P1(θ).

• u′(θ) by
(1⊗ρX(exp(2ıπθg ◦ f))) · exp(2ıπ(1− θ)Er);

• ψ(1)
ε (θ, 1⊗ρX(1− f), zr) by

(1⊗ρX(φ ◦ (1− f))(e2ıπ(1−θ) − 1)

+1⊗ρX((1−φ ◦ (1− f))(exp(−2ıπθg ◦ (1− f))− 1))) · Er
=(1⊗ρX(exp(−2ıπθg ◦ (1− f))− 1)) · Er
=(1⊗ρX(exp(2ıπθ(g ◦ f − 1))− 1)) ·Er

• ψ(1)
ε (θ, 1⊗ρX(f), 1⊗IdHX

− zr) by
(1⊗ρX(exp(−2ıπθg ◦ f)− 1) · (1⊗IdHX

− Er);
• y(θ) by

(1⊗ρX(exp(2ıπθ(g ◦ f − 1)))) · Er + (1⊗ρX(exp(2ıπθg ◦ f)) · (1⊗IdHX
− Er) = u′(θ);

• u1(θ) by
1⊗IdHX

− Er + (1⊗ρX(exp(2ıπθ(g ◦ f − 1))) ·Er;
• u2(θ) by (1⊗ρX(exp(2ıπθg ◦ f))) · (1⊗IdHX

−Er).
In these computations, we have used the identities (1 − g)φ = 0 and
g(t)+g(1−t) = 1 for all t in [0, 1] and in the approximation of y(θ) and
of u2(θ), the fact that according to (19), then Er and ρX(exp(2ıπθg ◦
f − 1) almost commute. Using again this almost commutation, we see

that the image of P1 in M2(C(X)
(1)
HX ,ρX

[0, 1]) +C · I2⊗HX is closed to
the unitary

[0, 1] → M2(C(X)
(1)
HX ,ρX

) + C · I2⊗HX (20)

θ 7→ diag(vθ, v
∗
θ)

In the same way, if we consider the filtered semi-split extension

0→ A
(2)
HX ,ρX

[0, 1]→ B
(2)
HX ,ρX

[0, 1]→C(X)
(2)
HX ,ρX

[0, 1]→ 0,

then the image of P2 in M2(C
(2)(X)HX ,ρX [0, 1])+C · I2⊗IdHX

is closed
to the unitary

[0, 1] → M2(C(X)
(2)
HX ,ρX

) + C · I2⊗HX (21)

θ 7→ diag(wθ, w
∗
θ)

with for all θ in [0, 1].
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�

As a corollary we get with notations of Proposition 4.6

Corollary 4.7. For some control pair (λ, h) depending only on the
control pair (α, k) and on the positive number N of Proposition 4.6,
then for any positive numbers ε and r with ε < 1/100λ and r <
δ

5hε
, there exist W1 and W2 respectively λε-hεr-unitary elements in

M2(A[0, 1]
(1)
HX ,ρX

) + C · I2⊗IdHX
and M2(A[0, 1]

(2)
HX ,ρX

) + C · I2⊗IdHX

connected to I2⊗IdHX
as λε-hεr-unitaries such that

(i) ‖W1W2 − diag(u, u∗)‖ < λε;
(ii) ‖Ẇ1 − diag(v, v∗)‖ < λε, where Ẇ1 is the image of W1 in

M2(C(X)
(1)
HX ,ρX

[0, 1]) + C · I2⊗IdHX

relatively to the extension

0→ A
(1)
HX ,ρX

[0, 1]→ B
(1)
HX ,ρX

[0, 1]→C(X)
(1)
HX ,ρX

[0, 1]→ 0;

(iii) ‖Ẇ2 − diag(w,w∗)‖ < λε, where Ẇ2 is the image of W2 in

M2(C(X)
(2)
HX ,ρX

[0, 1]) + C · I2⊗IdHX

relatively to the extension

0→ A
(2)
HX ,ρX

[0, 1]→ B
(2)
HX ,ρX

[0, 1]→C(X)
(2)
HX ,ρX

[0, 1]→ 0.

(iv) W1(0) and W2(0) lie respectively in M2(AH
X

(δ)
1

) +C · 1⊗IdHX

and M2(AH
X

(δ)
2

) + C · 1⊗IdHX

(v) W1(1) is an λε-hεr-unitary of M2(AH
X

(δ)
1 ∩X

(δ)
2

) + C · I2⊗IdHX

connected to I2⊗IdHX
as a λε-lεr-unitary which belongs to

M2(AH
X

(δ)
1

∩X
(δ)
2

) + C · I2⊗IdHX
.

Proof. In view of [17, Lemma 2.4], there exists a control pair (λ, h) and
a positive number N ′ depending only on N and on the controlled pair
(α, k) of Proposition 4.6 for which the following is satisfied :

For any positive number ε with ε < 1
100λ

, there exists a polyno-
mial function Qε of degree less than hε with Qε(1) = 1 such that
Qε(P

∗
1P1) and Qε(P

∗
2P2) respectively admit positive λε-hεr-N

′-inverse

in M2(A
(1)
HX ,ρX

[0, 1]) +C · 1⊗IdHX
and M2(A

(2)
HX ,ρX

[0, 1]) +C · 1⊗IdHX

and such that if we set W1 = P1Qε(P
∗
1P1) and W2 = Qε(P2P

∗
2 )P2, then

• W1 andW2 are λε-hεr-unitaries inM2(AHX ,ρX [0, 1])+C·1⊗IdHX
;

• W1 − I2⊗IdHX
has coefficents in A

(1)
HX ,ρX

[0, 1];

• W2 − I2⊗IdHX
has coefficents in A

(2)
HX ,ρX

[0, 1];
• ‖P1 − |P1|W1‖ < λε and ‖P2 −W2|P ∗2 |‖ < λε;
• W1 and W2 are respectively homotopic to I2⊗IdHX

as λε-hεr-

unitaries inM2(A
(1)
HX ,ρX

[0, 1])+C·I2⊗IdHX
andM2(A

(2)
HX ,ρX

[0, 1])+
C · I2⊗IdHX

;
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• W1(0) and W2(0) lie respectively in M2(AH
X

(δ)
1

) + C · 1⊗HX

and M2(AH
X

(δ)
2

) + C · 1⊗HX .

Proceeding as in the proof of [17, Proposition 2.11] and possibly rescal-
ing λ, we see that ‖W1W2 − diag(u, u∗)‖ < λε. Moreover, since Ṗ1 is

closed to a unitary, then |Ṗ1| is closed to I2⊗HX inM2(C(X)
(1)
HX ,ρX

[0, 1])+

C · I2⊗IdHX
and therefore, up to rescaling λ, we get that ‖Ẇ1 −

diag(v, v∗)‖ < λε and similarly that ‖Ẇ2 − diag(w,w∗)‖ < λε.
Since Qε(1) = 1 and since P1(1) − I2⊗IdHX

has coefficients in
AH

X
(δ)
1

∩H
X

(δ)
2

, then the same holds for W1(1) − I2⊗IdHX
and W1(1)

is connected to I2⊗HX as a λε-lεr-unitary of M2(AH
X

(δ)
1 ∩X

(δ)
2

) + C ·
I2⊗HX . �

End of proof of Proposition 4.2. With notations of Lemma 4.5,
this amounts to proving that

D(δ)
X1,X2,A,∗ ◦ IndX,A,∗ = ∂Ind

(δ)
X1,X2,A,∗.

Let us give the proof for K1(X,A), the even case being deduced from
controlled Bott periodicity. Then any element of K1(X,A) corresponds
to a semi-split extension

0→ A→ B → C(X)→ 0,

where A is closed two-sided ideal in B. We can assume without loss of
generality that B is unital.

Recall that

• f : X → [0, 1] is a continuous function such that supp f ⊆ X̊2

and supp 1− f ⊆ X̊1;
• r0 is a positive number with r0 6 r such that |f(x)− f(x′)| <

ε
16π

if d(x, x′) < r0;
• the function g : [0, 1] → [0, 1] is defined by g(t) = 0 if 0 6

t 6 1/4, g(t) = 2(t − 1/4) if 1/4 6 t 6 3/4 and g(t) = 1 if
3/4 6 t 6 1;
• Er(x) is a projection in C(X)⊗K (HX) with support inB(x, r′)×
B(x, r′) with r′ = 1

2
min{r0, r} and such that [EX ]ε,r = [Er, 0]ε,r

for every positive numbers ε and r with ε < 1/100;
• u(θ) = (1⊗ ρX(exp(2ıπθg ◦ f))) · exp(2ıπ(1− θ)zr) for all θ in
[0, 1] with zr a lift with propagation r of Er in AHX

.

In order to have a more readable end of proof of the proposition, we
divide it into three steps.

Step 1: Let (λ, h) be a control pair and let W1 and W2 be re-

spectively λε-hεr-unitary elements in M2(A[0, 1]
(1)
HX ,ρX

) + C · I2⊗IdHX

and M2(A[0, 1]
(2)
HX ,ρX

) +C · I2⊗IdHX
as in Corollary 4.7. According to
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points (ii) and (iii) of Corollary 4.7, up to enlarging λ and since for
i = 1, 2 the extension

0→ A
(i)
HX ,ρX

[0, 1]→ B
(i)
HX ,ρX

[0, 1]→C(X)
(i)
HX ,ρX

[0, 1]→ 0

is semi-split filtered, there exists an element y1 in M2(A
(1)
HX ,ρX

[0, 1]) +
C · 1⊗IdHX

with propagation less than 2hε such that

‖W ∗
1 diag(I2⊗IdHX

, 0)W1 − y1 − diag(I2⊗IdHX
, 0)‖ < λε

and an element y2 in M2(A
(2)
HX ,ρX

[0, 1])+C · I2⊗IdHX
with propagation

less than 2hε such that

‖W2 diag(I2⊗IdHX
, 0)W ∗

2 − y2 − diag(I2⊗IdHX
, 0)‖ < λε.

Since W2 is close to W ∗
1 · diag(u, u∗), we can assume up to rescaling λ

that
‖y1 − y2‖ < λε.

Using the CIA property and up to rescaling the control pair (λ, h), we
deduce that there exists q a λε-hεr-projection inM2(AHX ,ρX [0, 1]) such
that

• q − diag(1⊗IdHX
, 0) has coefficients in

A
(1,2)
HX ,ρX

[0, 1] = A[0, 1]⊗K (H
X

(δ)
1
∩H

X
(δ)
2
) +A[0, 1]⊗ρX(C0(X̊1 ∩ X̊2));

• ‖y1+diag(1⊗IdHX
, 0)− q‖ < λε and ‖y2+diag(1⊗IdHX

, 0)−
q‖ < λε.

Step 2: Let

DAHX
,BHX

,∗ = (∂ε,rAHX
,BHX

,∗)0<ε< 1
100αD

,r>0 : K∗(C(X)HX
)−→K∗+1(AHX

)

be the controlled boundary map associated to the semi-split filtered
extension

0−→AHX
−→BHX

−→C(X)HX
−→0

and

DAH

X
(δ)
1 ∩X

(δ)
2

,BH

X
(δ)
1 ∩X

(δ)
2

,∗ = (∂ε,rAH

X
(δ)
1 ∩X

(δ)
2

,BH

X
(δ)
1 ∩X

(δ)
2

,∗)0<ε< 1
100αD

,r>0 :

K∗(C(X)H
X

(δ)
1

∩X
(δ)
2

)−→K∗+1(AH
X

(δ)
1

∩X
(δ)
2

)

be the controlled boundary associated to the semi-split filtered exten-
sion

0−→AH
X

(δ)
1 ∩X

(δ)
2

−→BH
X

(δ)
1 ∩X

(δ)
2

−→C(X)H
X

(δ)
1 ∩X

(δ)
2

−→0.

Since W1(0) and W2(0) lie indeed respectively in M2(AH
X

(δ)
1

) + C ·
1⊗IdHX

andM2(AH
X

(δ)
2

)+C·1⊗IdHX
and sinceW1(0)W2(0) is close to

diag(exp(2ıπzr), exp(−2ıπzr)), we see that, up to rescaling (λ, h) and
possibly (αD, kD), the class [q(0), 1]λε,hεr coincides with the image of

ι−,λε,hεr∗ ◦ ∂(δ),αDε,kD,εr
X1,X2,∗ ◦ ∂ε,rAHX

,BHX
,∗([EX ]ε,r)
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under the morphism

K∗(AH
X

(δ)
1

∩X
(δ)
2

)→ K∗(A(1,2)
HX ,ρX

) (22)

induced by the inclusion

K (HH
X

(δ)
1

∩X
(δ)
2

) →֒ K (HH
X

(δ)
1

∩X
(δ)
2

) + ρX(C0(X̊1 ∩ X̊2)).

On the other hand,

• according to points (ii) and (v) of Corollary 4.7;
• since

v(1) = (1⊗ρX(exp(2ıπ ◦ f))) ·Er + 1⊗IdHX
− Er

is according of Equation (18) close and hence homotopic to

(exp(2ıπ ◦ f)⊗IdHX
) · Er + 1⊗IdHX

− Er
as an ε-r-unitary in C(X)

X
(δ)
1 ∩X

(δ)
2
,

we see that up to rescaling (λ, h), then [q(1), 1]λε,hεr coincides with the
image of

ι−,λε,hεr∗ ◦ ∂ε,rAH

X
(δ)
1

∩X
(δ)
2

,BH

X
(δ)
1

∩X
(δ)
2

,∗([U
(δ)
X1,X2

]ε,r)

under the morphism of equation (22).

Step 3: As we have seen in the previous step,

ι−,λε,hεr∗ ◦ ∂ε,rAH

X
(δ)
1

∩X
(δ)
2

,BH

X
(δ)
1

∩X
(δ)
2

,∗([U
(δ)
X1,X2

]ε,r)

and

ι−,λε,hεr∗ ◦ ∂(δ),αDε,kD,εr
X1,X2,∗ ◦ ∂ε,rAHX

,BHX
,∗([EX ]ε,r)

have same images under the morphism of equation (22). Since the
extension

0−→AH
X

(δ)
1

∩X
(δ)
2

−→A(1,2)
H

X
(δ)
1

∩X
(δ)
2

−→A⊗ρX(C0(V1 ∩ V2))−→0

is filtered and split, then according to [15, Corollary 4.9], there ex-
ists a control pair (λ′, h′) such that the morphism of equation (22) is
(λ′, h′)-injective as defined in Definition 1.18. Hence we get the result
for K1(X,A) at least for small ε. For ε in (0, 1/100), the result is a
consequence of the first point of Remark 1.16.

Let us prove now the result in the even case. Let us consider the
following diagram

K0(X, A)
⊗τA([∂])

−−−−−−−−→ K1(X, SA)

⊗[∂
X

(δ)
1 ,X

(δ)
2

]

−−−−−−−−−−−−−→ K0(X
(δ)
1 ∩ X

(δ)
2 , SA)

⊗τA([∂]−1)
−−−−−−−−−−→ K1(X

(δ)
1 ∩ X

(δ)
2 , A)

yIndX,A,∗ IndX,SA,∗

y
Ind

X
(δ)
1 ,X

(δ)
2 ,SA,∗

y
Ind

X
(δ)
1 ,X

(δ)
2 ,A,∗

y

K0(A(HX ))
THX

(τA([∂]))
−−−−−−−−−−−−→ K1(SA(H

X
(δ)
1 ∩X

(δ)
2

))
D

(δ)
X1,X2,SA,∗

−−−−−−−−−−−−→ K0(SA(H
X

(δ)
1 ∩X

(δ)
2

))
THX

(τA([∂]−1))
−−−−−−−−−−−−−−−→ K1(A(H

X
(δ)
1 ∩X

(δ)
2

))

,
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where ⊗• stands for the left Kasparov product. According to Propo-
sition 3.14 and to the even case, the three squares are commutative.
The composition on the top row is

⊗[∂
X

(δ)
1 ,X

(δ)
2
] : K0(X,A)−→K1(X

(δ)
1 ∩X

(δ)
2 , A).

The result for ε small enough is then a consequence of the definition of

D(δ)
X1,X2,A

: K0(SA(HX
(δ)
1 ∩X

(δ)
2
))−→K1(A(HX

(δ)
1 ∩X

(δ)
1
)

(see [17, Section 3.2]). For ε in (0, 1/100), the result is a consequence
of the first point of Remark 1.16. �

4.5. Proof of Theorem 3.17. Let X be a compact metric space, let
A be a C∗-algebra, let HX be a non degenerate standard X-module
and let (0, 1/200) → [1,+∞); ε 7→ hε be a non increasing function.
Recall from definition 1.17 that

IndX,A,∗ : K∗(X,A)−→K(AHX
)

is a h-isomorphism if for any ε in (0, 1/200).

• Indε,rX,A,∗ is one-to-one for any r in (0, 1/hε);

• for any r in (0, 1/h2ε) and any y in Kε,r
∗ (AHX

), there exists x

in K∗(X,A) such that Indε,hεrX,A,∗(x) = ιε,r,hεr∗ (y).

The proof of Theorem 3.17 will be by induction. We first prove a
Mayer-Vietoris type stability result for h-isomorphism of IndX,A,∗.

Lemma 4.8. There exists a non increasing function

(0, 1/200)→ [1,+∞); ε 7→ kε

such that the following is satisfied. Assume we are given

• X a compact metric space and X1 and X2 two closed subsets
such that X = X̊1 ∪ X̊2;
• non increasing functions (0, 1/200) → [1,+∞); ε 7→ hε and
(0, 1/200)→ [1,+∞); ε 7→ h′ε;

• δ > 5
inf{hεh′ε; ε∈(0,1/200)}

and for i = 1, 2 a closed subset X
(δ)
i with

{x ∈ X such that d(x,Xi) 6 δ} ⊆ X
(δ)
i

for which

Ind
X

(δ)
1 ∩X

(δ)
2 ,A,∗ : K∗(X

(δ)
1 ∩X

(δ)
2 , A)→ K(AH1,2)

is for any non degenerate standard X
(δ)
1 ∩X

(δ)
2 -module H1,2 a h-isomorphism

and

Ind
X

(δ)
i ,A,∗ : K∗(X

(δ)
i , A)→ K(AHi

)

is for any non degenerate standard X
(δ)
i -module Hi a h

′-isomorphism
for i = 1, 2.
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Then,
IndX,A,∗ : K∗(X,A)→ K(AHX

)

is a khh′-isomorphism for any non degenerate standard X-module HX .

Proof. The lemma is proved by using a 5-lemma argument. Let (α, k)
be a control pair such that the controlled Mayer-Vietoris sequence of
Section 4.2 is (α, k)-exact. We can assume without loss of generality
that α = 2n0 for some integer n0. We can also assume that the restric-

tions of HX to X
(δ)
1 , X

(δ)
2 and X

(δ)
1 ∩X

(δ)
2 are also standard and then

use the notations of Section 4.2. Let us first prove the injectivity part.
Let us prove indeed that Indε,rX,A,∗ is one-to-one for any ε in (0, 1

200α
)

and any r in (0, 1
kεh2αεh

′
αε
). The general case will follow using a rescaling

argument. Let x be an element of K∗(X,A) such that Indε,rX,A,∗(x) = 0
in Kε,r

∗ (AHX
). In view of Proposition 4.2, we have

Indαε,kεr
X

(δ)
1 ∩X

(δ)
2 ,A,∗

◦ ∂
X

(δ)
1 ,X

(δ)
2 ,∗(x) = 0

with αε in (0, 1/200) and kεr <
1

h2αεh
′
αε
< 1

hαε
. Since by assumption,

Indαε,kεr
X

(δ)
1 ∩X

(δ)
2 ,A,∗

is one-to-one, we deduce that ∂
X

(δ)
1 ,X

(δ)
2 ,∗(x) = 0 in

K∗(X
(δ)
1 ∩ X

(δ)
2 , A). Using the Mayer-Vietoris exact sequence in K-

homology for the pair (X
(δ)
1 , X

(δ)
2 ), we deduce with notations of Section

4.1 that there exist x′1 in K∗(X
(δ)
1 , A) and x′2 in K∗(X

(δ)
2 , A) such that


X

(δ)
1 ,∗(x

′
1)− X(δ)

2 ,∗(x
′
2) = x.

Let us set then y′1 = Indε,r
X

(δ)
1 ,A,∗

(x′1) and y′2 = Indε,r
X

(δ)
2 ,A,∗

(x′2). By

Lemma 3.15 and with notations of Section 4.2, we deduce that


♯,(δ),ε,r
X1,A,∗ (y

′
1)− 

♯,(δ),ε,r
X2,A,∗ (y

′
2) = 0

and hence, by controlled exactness of the quantitative Mayer-Vietoris
sequence, we deduce that there exists y′′ in Kαε,kεr

∗ (AH
X

(δ)
1

∩X
(δ)
2

) such

that

♯,(δ),αε,kεr
X1,X2,A,∗ (y

′′) = ι−,αε,kεr∗ (y′1)

and

♯,(δ),αε,kεr
X2,X1,A,∗ (y

′′) = ι−,αε,kεr∗ (y′2).

Since αε ∈ (0, 1/200) and kεr < 1/h2αε, then by assumption on Ind
X

(δ)
1 ∩X

(δ)
2 ,A,∗,

there exists x′′ in K∗(X
(δ)
1 ∩X

(δ)
2 , A) such that

Indαε,hαεkεr

X
(δ)
1 ∩X

(δ)
2 ,A,∗

(x′′) = ι−,αε,hαεkεr
∗ (y′′).

Since kεhαεr < 1/h′αε, then Indαε,hαεkεr

X
(δ)
i ,A,∗

is one-to-one for i = 1, 2 and

hence, we deduce from Lemma 3.15 that x′1 = 
X

(δ)
1 ,X

(δ)
2 ,∗(x

′′) and x′2 =


X

(δ)
2 ,X

(δ)
1 ,∗(x

′′). We deduce from this that x = 0 and hence Indε,rX,A,∗ is

one-to-one if ε is in (0, 1
200α

) and r is in (0, 1
kεh2αεh

′
αε
). Since we have
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chosen α = 2n0, we see using Proposition 3.13 that Indε,rX,A,∗ is one-to-

one if ε is in (0, 1
200

) and r is in (0, 1
k′εhεh

′
ε
) with k′ε = lε · · · lε/2n0−1kε/2n0

and l = lrs (with notations of Section 1.2).

Let us prove now the surjectivity statement. We can assume with-
out loss of generality that (α, k) is greater than the control pair of
[17, Corollary 3.6]. Let us set l′ε = lε · · · lε/2n0−1 with lε as above and

k′ε = l′εkεkε/α. Let us prove first that for any ε in
(
0, 1

200α

)
, any r inÄ

0, 1
k′εhαεh′

2
αε

ä
and any y in Kε,r

∗ (AHX
), there exists xy in K∗(X,A) such

that

Ind
αε,k′εhαεh′αεr
X,A,∗ (xy) = ι−,αε,k

′
εhαεh′αεr∗ (y).

With notations as above, let us set

y′ = ι−,αε,kεr∗ ◦ ∂(δ),ε,rX1,X2,A,∗(y).

Since αε is in (0, 1/200) and kεr <
1

l′εkε/αhαεh′
2
αε

6 1
h2αε

, there exists x′ in

K∗+1(X
(δ)
1 ∩X

(δ)
2 , A) such that

Indαε,hαεkεr
X,A,∗ (x′) = ι−,αε,hαεkεr

∗ (y′).

Let us set then

x′1 = 
X

(δ)
1 ,X

(δ)
2 ,∗(x

′) ∈ K∗+1(X
(δ)
1 , A)

and

x′2 = 
X

(δ)
2 ,X

(δ)
1 ,∗(x

′) ∈ K∗+1(X
(δ)
2 , A).

According to Lemma 3.15, we have

Indαε,hαεkεr

X
(δ)
i ,A,∗

(x′i) = 0

for i = 1, 2 and hence, since αε ∈ (0, 1/200) and

hαεkεr <
1

h′αε
,

we deduce by injectivity of Indαε,hαεkεr

X
(δ)
i ,A,∗

that x′i = 0 for i = 1, 2. Hence,

by exactness of the Mayer-Vietoris sequence in K-homology, there ex-
ists an element x in K∗(X,A) such that

∂
X

(δ)
1 ,X

(δ)
2 ,∗(x) = x′.

Using Proposition 4.2, we see that

ι−,αε,kεhαεr
∗ ◦ ∂(δ),ε,rX1,X2

(Indε,rX,A,∗(x)− y) = 0

in Kαε,kεhαεr
∗+1 (AH

X
(δ)
1

∩X
(δ)
2

). Let us set

yα = L
ε/2n0−1,l

ε/2n0−2 ···lεr
AHX

,∗ ◦ · · · ◦ Lε/2,lεrAHX
,∗ ◦ Lε,rAHX

,∗(y).
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Then yα lies in K
ε/α,l′εr∗ (AHX

) and in view of Lemma 4.1 and of Propo-
sition 3.13, we see that

ι
−,ε,kε/αhαεl′εr
∗ ◦ ∂(δ),ε/α,l′εrX1,X2

(Ind
ε/α,l′εr
X,A,∗ (x)− yα) = 0

in K
ε,kε/αhαεl′εr

∗+1 (AH
X

(δ)
1

∩X
(δ)
2

).

Then according to [17, Corollary 3.6], there exists yi inK
αε,k′εhαεr
∗ (AH

X
(δ)
i

)

such that


♯,(δ),αε,k′εhαεr
X1,A,∗ (y1)− ♯,(δ),αε,k

′
εhαεr

X2,A,∗ (y2) = Ind
αε,k′εhαεr
X,A,∗ (x)− ι−,αε,k′εhαεr

∗ (yα)

= Ind
αε,k′εhαεr
X,A,∗ (x)− ι−,αε,k′εhαεr

∗ (y),

where the second equality holds in view of the first point of Lemma 1.7
(recall that k′ε = kεkε/αl

′
ε). Since αε is in (0, 1/200) and k′εhαεr <

1
h′2αε

,

we see by surjectivity assumption for Ind
X

(δ)
i ,A,∗ for i = 1, 2 that there

exists xi in K∗(X
(δ)
i , A) such that

Ind
αε,k′εhαεh′αεr

X
(δ)
i ,A,∗

(xi) = ι−,αε,k
′
εhαεh′αεr∗ (yi).

Eventually we set

xy = x− 
X

(δ)
1 ,∗(x1) + 

X
(δ)
2 ,X

(δ)
2 ,∗(x2)

in K∗(X,A). Using Lemma 3.15, we obtain that

ι−,αε,k
′
εhαεh′αεr∗ (y) = Ind

αε,k′εhαεh′αεr
X,A,∗ (xy).

Now, for ε in (0, 1/200), r in
(
0, 1

l′εk
′

ε/α
hεh′2ε

)
and y in Kε,r

∗ (AHX
), we

can apply the preceding result to

L
ε/2n0−1,l

ε/2n0−2 ···lε/2lεr
AHX

,∗ ◦ · · · ◦ Lε/2,lεrAHX
,∗ ◦ Lε,rAHX

,∗(y).

We deduce from Proposition 3.13 that there exist x in K∗(X,A) such
that

Ind
ε,l′εk

′

ε/α
hεh′εr

X,A,∗ (x) = y.

�

Let us first prove Theorem 3.17 for a finite simplicial complexe of
dimension 0.

Lemma 4.9. Let Z0 be a finite metric set such that for some δ > 0,
then d(x, x′) > δ for every distinct points x and x′ in Z0 and let A be a
C∗-algebra. Then Indε,rZ0,A,∗ is an isomorphism for any ε in (0, 1/200)
and any r in (0, δ).

Proof. We have an isomorphism

K∗(Z0, A)
∼=−→ K∗(A)

Z0 (23)
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induced by the family of evaluation at points in Z0. Any non degenerate
standard Z0-module (ρZ0 ,HZ0) is unitary equivalent to (ρ, ℓ2(Z0)⊗H )
where H is a separable Hilbert space and ρ is the pointwise multiplica-
tion. Hence we can assume without loss of generality that (HZ0, ρZ0) =
(ℓ2(Z0)⊗H , ρ) and then we have a Morita equivalence Kε,r

∗ (AHZ0
)) ∼=

Kε,r
∗ (A⊗K (ℓ2(Z0))). Any operator in A⊗K (ℓ2(Z0)) with propagation

less than δ is actually diagonal. Hence if r is a positive number with
r < δ, then any ε-r projection of A⊗K (ℓ2(Z0)) is given by a family
(qz)z∈Z0 of self-adjoint elements in A such that ‖q2z − qz‖ < ε. Since ε
lies in (0, 1/200), then the spectra of qz lies in (−∞, 1/5)∪ (4/5,+∞).
Let us fix a continuous function κ0 : R→ [0, 1] sucht that

• κ0(t) = 0 if t 6 1/5
• κ0(t) = 1 if t > 4/5.

If Pn(A) stands for the set of projections in Mn(A), it is then straight-
forward to see that

P ε,r
n (A⊗K (ℓ2(Z0)))−→Pn(A)Z0; diag(qz)z∈Z0 7→ (κ(qz))z∈Z0

induces an isomorphism

Kε,r
0 (A⊗K (ℓ2(Z0)))

∼=−→ K0(A)
Z0.

Similarly, in the odd case, the map

Uε,r(A⊗K (ℓ2(Z0)))−→GL(A)Z0 ; diag(uz)z∈Z0 7→ (uz)z∈Z0

induces an isomorphism

Kε,r
1 (A⊗K (ℓ2(Z0)))

∼=−→ K1(A)
Z0.

Under these identifications and that of equation (23), then

IndZ0,A,∗ : K∗(Z0, A)−→K∗(A⊗K (HZ0))

is the identity map for any positive number ε and r with ε < 1/200
and r < δ. �

As a first application of Lemma 4.8, we have the following estimates
for boundaries of simplices. Let ∂∆n be the boundary of the standard
simplex of dimension n equipped with the normalized spherical metric.

Lemma 4.10. There exists a non increasing function

(0, 1/200)→ [1,+∞); ε 7→ hε,

such that for any integer n, for any C∗-algebra A and for any non
degenerate standard ∂∆n-module H∂∆n, then

Ind∂∆n,A,∗ : K∗(∂∆n, A)−→K∗(AH∂∆n
)

is a hn-isomorphism.
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Proof. Let us view ∂∆n as embedded in Sn and let us consider for α in
(0, 1)

∂∆+
n,α =

{
cos θ · v + sin θ · en+1; θ ∈

[απ
2
, π/2

]
, v ∈ Sn−1 ⊆ Sn

}⋂
∂∆n

and

∂∆−n,α =
{
cos θ · v + sin θ · en+1; θ ∈

[
0,
απ

2

]
, v ∈ Sn−1 ⊆ Sn

}⋂
∂∆n.

Then for any β in (0, α), we have

{v ∈ ∂∆n such that d(v, ∂∆+
n,α) < β} ⊆ ∂∆+

n,α−β

and for any β in (0, 1− α), we have

{v ∈ ∂∆n such that d(v, ∂∆−n,α) < β} ⊆ ∂∆−n,α+β .

For δ in (0, 1/6), we set X1 = ∂∆+
n,1/3, X

δ
1 = ∂∆+

n,1/3−δ , X2 = ∂∆−n,2/3
and Xδ

2 = ∂∆−n,2/3+δ .

We have thus that

• Xδ
1 can be contracted to {en+1} by a 1-Lipschitz homotopy;

• Xδ
2 is homotopic to ∆n−1 by using a 3/2-Lipschitz homotopy

which in turn can be contracted to its center by a 1-Lipschitz
homotopy;
• Xδ

1 ∩Xδ
2 is homotopic toß

1√
2
(v + en+1); v ∈ Sn

™⋂
∂∆n (24)

by a 3-Lipschitz homotopy. The metric subspace of equation
(24) is a rescaling of ∂∆n−1 with a factor 1√

2
. Using equation

(7) of Section 3.2, Proposition 3.7 and Lemma 3.15 and in view
of Lemma 4.9, we see that Ind

X
(δ)
i ,A,∗ is a C-isomorphism for

some constant C that does not depend on n and that we can
choose such that C > 30. Pick then δ in (5/C, 1/6), the result
is then by induction a consequence of Lemma 4.8.

�

We are now in a position to achieve our goal.

Proof of Theorem 3.17 : Let X be a connected finite simpli-
cial complexe of dimension n. Let us prove the result by induction
for k = 0, . . . , n and any simplicial subcomplexe of X of dimension k.
According to Lemma 23, the result clearly holds for subcomplexes of
dimension 0. Let us fix k in 1, . . . , n and let Z be simplicial subcom-
plexe of X of dimension k. Let Z ′0 be the set of centers of k-simplexes
in Z. For any σ in Z ′0 let ∆σ be the k-dimension simplex that contains
σ and define for any λ in (0, 1) the set

∆σ,λ = {x ∈ ∆σ; ∃x′ ∈ ∆σ / d(x, x
′) = (1−λ)d(x′, σ) and d(x, σ) = λd(x′, σ)}.
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In other word, an element x of ∆σ belongs to ∆σ,λ if there exists x′

in ∆σ such that x is in the geodesic arc between σ and x′ at distance
λd(x′, σ) from σ and (1− λ)d(x′, σ) from x′. Let us set then

Z1 =
⊔

σ∈Z′
0

∆σ,2/3,

Z2 = Z \
⊔

σ∈Z′
0

∆σ,1/3,

and for δ in
Ä
0, 2

3π2(k+1)

ä
,

Z
(δ)
1 =

⊔

σ∈Z′
0

∆
σ,2/3+δπ

√
k+1
4

,

and

Z
(δ)
2 = Z \

⊔

σ∈Z′
0

∆
σ,1/3−δπ

√
k+1
4

.

A lenghty but straightforward computation shows that for
Ä
0, 2

3π2(k+1)

ä
and i = 1, 2, we have

{x ∈ Z such that d(x, Zi) < δ} ⊆ Z
(δ)
i .

Using equation (7) of Section 3.2, Proposition 3.7 and Lemma 3.15, we
see that

• ∆
σ,2/3+δπ

√
k+1
4

being homotopic to {σ} by a C-Lipschitz ho-

motopy with C which depends neither on σ, k nor δ, we de-

duce that Z
(δ)
1 is homotopic to Z ′0 by a C-Lipschitz homotopy.

Noticing that the distance between two points in Z ′0 in greater
than 4

π
√
k+1

, we get according to Lemma 4.9 that Ind
Z

(δ)
1 ,A,∗ is

a C ′
√
k + 1-isomorphism for C ′ > 1 that depends neither on k

nor δ.
• since

Z
(δ)
1 ∩ Z

(δ)
2 =

⊔

σ∈Z′
0

∆
σ,2/3+δπ

√
n+1
4

⋂
∆σ \∆σ,1/3−δπ

√
n+1
4

with

∆
σ,2/3+δπ

√
n+1
4

⋂
∆σ \∆σ,1/3−δπ

√
n+1
4

homotopic to the boundary of ∆σ by a C-Lipschitz homotopy
with C which depends neither on k nor δ, then according to
Lemma 4.10, there exists a non increasing function

(0, 1/200)→ [1,+∞); ε 7→ hε

that we can choose satisfying hn > 10π2(n+ 1) for all positive
integer n and such that Ind

Z
(δ)
1 ∩Z

(δ)
2 ,A,∗ is a h

k-isomorphism.
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Since Z
(δ)
2 is homotopic to the k − 1-skeletton of Z by a C-Lipschitz

homotopy with C independent of k, and in view once again of equation
(7) of Section 3.2, Proposition 3.7 and Lemma 3.15, we can then apply
Lemma 4.8 to Z = Z1 ∪ Z2, h, h

′ = C ′
√
k + 1 and Zδ

1 and Zδ
2 for δ inÄ

1
2π2(n+1)

, 2
3π2(n+1)

ä
. The result follows then by induction.

5. Quantitative assembly map estimates and coarse

decomposability

In this section, we give the proof of Theorem 2.13.

5.1. Preliminary.

Definition 5.1. Let X and Y be two discrete proper metric spaces
such that Y ⊆ X and let s be a positive number. The metric space Y is
called a s-net for X if for any element x in X there exists an element
y in Y such that d(x, y) < s.

Lemma 5.2. Let X be a proper metric space, let s be a positive number,
let Y be a s-net for X and let H be a separable Hilbert space. Then
for any positive number d and for any rank 1 projection e on H , there
exists a continuous map

φd : Pd(X)−→Pd+2s(Y )

and a unitary map

Vd : ℓ
2(X,H )→ ℓ2(Y,H )

such that

(i) for any z in Pd(X), then suppφd(z) has support contained in

{y ∈ Y such that d(y, supp z) < s}

(where supp z is the support of z as a probability measure on
X);

(ii) Vd has support contained in

{(x, y) ∈ X × Y such that d(x, y) < s};

(iii) for any compact subset Z of Pd(X) and for any positive number
r with r > 2d+4s, then AdVd,C(Z)·(PZ⊗e) and φ∗d,ℓ2(X,H )(Pφd(Z)⊗e)
are homotopic as ε-(r + 2s)-projections in C(Z)ℓ2(Y,H ), where
• φ∗d,ℓ2(X,H ) : C(φd(Z))ℓ2(X,H )−→C(Z)ℓ2(X,H ) is the map in-

duced by φd;
• PZ and Pφd(Z) are respectively the projections in C(Z)Y =
C(Z)⊗K (ℓ2(Y )) and C(φd(Z))X = C(φd(Z))⊗K (ℓ2(X))
constructed in Section 2.1.
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Proof. Let (λX,x)x∈X and (λY,y)y∈Y be respectively the coordinate sys-
tems for the Rips complexes of X and Y . For each x in X , pick x̃ in
Y such that d(x, x̃) < s and set Xy = {x ∈ X, x̃ = y} for any y in Y .
Define then φd : Pd(X)−→Pd+2s(Y ) by

λY,y(φd(z)) =
∑

x∈Xy

λX,x(z)

for any z in Pd(X) and any y in Y . Then φd(z) is clearly a probability
measure supported in

{y ∈ Y such that d(y, supp z) < s}.
Let η be a vector in H with ‖η‖ = 1 such that e is the projection on
C · η and let us choose for any y in Y a unitary

Wy : ℓ
2(Xy)⊗H −→H

such that

Wy ·
Ç

1√
♯Xy

χXy⊗η
å

= η,

where χXy is the characteristic function of Xy viewed as an element in
ℓ2(Xy). Define then

Vd =
⊕

y∈Y
Wy : ℓ

2(X)⊗H ∼=
⊕

y∈Y
ℓ2(Xy)⊗H −→ℓ2(Y )⊗H .

The support of Vd is obviously in {(x, y) ∈ X × Y such that d(x, y) <
s}. Now for any z in Z, then φ∗d,K (ℓ2(X)⊗H ) · (Pφd(Z)⊗e)(z) is the pro-

jection associated toÖÑ
∑

x∈Xy

λX,x(z)

é1/2

⊗η

è

y∈Y

.

Define for all x in X

λ′x =
1

♯Xx̃

∑

x′∈Xx̃

λX,x′.

Consider then for any t in [0, 1] and any x in Z the projection qt(z) on

(((1− t)λX,x(z) + tλ′x(z))
1/2⊗η)x∈X .

If r > 2d + 4s, then (qt)t∈[0,1] is a projection in C(Z)⊗K (ℓ2(X)⊗H )
with propagation less than r such that q0 = PZ⊗e and

AdVd,C(Z) · q1 = φ∗d,K (ℓ2(X)⊗H ) · (Pφd(Z)⊗e).
�

Remark 5.3. Let A be a C∗-algebra and let d, s, X and Y be as in the
lemma and recall that AX = A⊗K (ℓ2(X)) and AY = A⊗K (ℓ2(Y )).
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(i) According to Lemma 3.3, then the compositions

K (ℓ2(X)⊗H )
AdVd−→ K (ℓ2(Y )⊗H ) →֒ K (ℓ2(X)⊗H )

and

K (ℓ2(Y )⊗H ) →֒ K (ℓ2(X)⊗H )
AdVd−→ K (ℓ2(Y )

respectively induce for r > 2d+4s and up to Morita equivalence

ιε,r,r+2s
∗ : Kε,r

∗ (AX)−→Kε,r+2s
∗ (AX)

and

ιε,r,r+2s
∗ : Kε,r

∗ (AY )−→Kε,r+2s
∗ (AY ).

(ii) The compositions

Pd(X)
φd−→ Pd+2s(Y ) →֒ Pd+2s(X)

and

Pd(Y ) →֒ Pd(X)
φd−→ Pd+2s(Y )

are respectively homotopic to the inclusions Pd(X) →֒ Pd+2s(X)
and Pd(Y ) →֒ Pd+2s(Y ) and hence induce respectively the mor-
phisms

qXd,d+2s,∗ : K∗(Pd(X), A)−→K∗(Pd+2s(X), A)

and

qYd,d+2s,∗ : K∗(Pd(Y ), A)−→K∗(Pd+2s(Y ), A).

(iii)

qYd+2s,d′+2s,∗ ◦ φd,∗ = φd′,∗ ◦ qXd,d′;∗
for any positive number d′ with d′ > d;

(iv)

ιε,r+2s,r′+2s
∗ ◦ Adε,rVd,∗ = Adε,r

′

Vd′ ,∗ ◦ ι
ε,r,r′

∗

for any positive number r′ with r′ > r, r > 2d + 4s and r′ >
2d′ + 4s.

Lemma 5.4. Let X and Y be families of proper discrete metric spaces.
Assume that there exists a positive number s such that

• for any X in X , there exists a set Y in Y contained in X as a
s-net;
• for any Y in Y, there exists X in X that contains Y as a s-net.

Then the following assertions are equivalent:

(i) the family X satisfies the QAM-estimates;
(ii) the family Y satisfies the QAM-estimates.
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Proof. Let X be an element of X and let Y be a s-net for X that
belongs to Y , let

♯X,Y : K (ℓ2(Y ))→ K (ℓ2(X))

be the inclusion and for any C∗-algebra A, let

Pd(X),Pd(Y ),∗ : K∗(Pd(Y ), A)−→K∗(Pd(X), A)

be the morphism induced by the inclusion Pd(Y ) →֒ Pd(X). Then
according to Lemma 2.1, we have

νε,r,dA,X,∗ ◦ Pd(X),Pd(Y ),∗ = ♯,ε,rX,Y,A,∗ ◦ νε,r,dA,Y,∗, (25)

where
♯X,Y,A,∗ : K∗(AY )−→K∗(AX)

is the morphism induced by ♯X,Y . According to Remark 1.27 and
Lemma 5.2, we also have (up to Morita equivalence)

Adε,rVd,A,∗ ◦ ν
ε,r,d
A,X,∗ = νε,r+2s,d+2s

A,Y,∗ ◦ φd,∗ (26)

for every number r such that r > rd+2s,ε, where

φd,∗ : K∗(Pd(X), A)−→K∗(Pd+2s(X), A)

is the morphism induces by φd as in Lemma 5.2. In view of Remark
5.3 and using Equations (25) and (26), then for any positive numbers
ε, d, d′, r and r′ with ε < 1

200
, then

• QIX,A,∗(d, d′, r, ε) implies QIY,A,∗(d, d
′ + 2s, r, ε) if r > rd,ε and

d′ > d;
• QIY,A,∗(d + 2s, d′, r + 2s, ε) implies QIX,A,∗(d, d

′ + 2s, r, ε) if
r > rd+2s,ε and d

′ > d+ 2s;
• QSX,A,∗(d, r, r′, ε) implies QSY,A,∗(d+ 2s, r, r′ + 2s, ε) if r′ > r
and r′ > rd+2s,ε − 2s;
• QSY,A,∗(d, r + 2s, r′, ε) implies QSX,A,∗(d, r, r

′, ε) if r′ > r + 2s
and r′ > rd,ε.

�

5.2. Notations. For convenience of the readers, we collect in this sec-
tion some notations that we shall use throughout the proof of Theorem
2.13.

• If Z is compact metric space, then for any subset Y of Z and
any positive number s, we set Ys = {z ∈ Z such that d(Y, z) 6
s};
• IfX1 and X2 are two subsets of a finite metric space X and A is
a C∗-algebra, then AX1,X2,r = (A⊗K (ℓ2(X1), ℓ

2(X2))) ∩ AX,r
(recall that AX = A⊗K (ℓ2(X)));
• if (H , ρ) is a Z-module,

– we set AH = A⊗K (H ). Then AH is filtered by

(AH ,r)r>0 = (A⊗K (H )r)r>0;
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– if H ′ is a closed linear subspace of H , we view AH ′ as a
corner sub-C∗-algebra of AH and IdH ′ as the projection
onto H ′;

– If H ′ and H ′′ are two closed linear subsets of H , we
view

AH ′,H ′′

def
==A⊗K (H ′,H ′′)

as a closed subset of AH and we set AH ′,H ′′,r = AH ′,H ′′∩
AH ,r;

• let X be a finite metric space, let d be a positive number and
let (Hd, ρd) be a Pd(X)-module.

– VHd
: Hd → ℓ2(X,Hd) is the isometry defined by

(VHd
· ξ)(x) = ρ(λ1/2x ) · ξ

for any ξ in Hd, where (λx)x∈X is the coordinates system
in Pd(X).

Let X be a finite metric space and let X(1) and X(2) be two subsets of
X such that X(1) ∪ X(2). Let δ0 be a non negative number and let δ1
and r be positive numbers such that δ1 > 5r. With notations as above
and for any C∗-algebra A,Å

A
X

(1)
δ0
,X

(1)
δ0+δ1

,r
, A

X
(2)
δ0
,X

(2)
δ0+δ1

,r
, A

X
(1)
δ0+δ1

, A
X

(2)
δ0+δ1

ã
(27)

is a r-controlled Mayer-Vietoris pair for AX . We denote respectively
by


(1),♯
X,A : A

X
(1)
δ0+δ1

−→AX ,


(2),♯
X,A : A

X
(2)
δ0+δ1

−→AX ,


(1,2),♯
X,A : A

X
(1)
δ0+δ1

∩X(2)
δ0+δ1

−→A
X

(1)
δ0+δ1

and


(2,1),♯
X,A : A

X
(1)
δ0+δ1

∩X(2)
δ0+δ1

−→A
X

(2)
δ0+δ1

the morphisms of filtered C∗-algebras induced by the inclusion ℓ2(X
(1)
δ0+δ1

) →֒
ℓ2(X), ℓ2(X

(2)
δ0+δ1

) →֒ ℓ2(X), ℓ2(X
(1)
δ0+δ1

∩ X(2)
δ0+δ1

) →֒ ℓ2(X
(1)
δ0+δ1

) and

ℓ2(X
(1)
δ0+δ1

∩X(2)
δ0+δ1

) →֒ ℓ2(X
(2)
δ0+δ1

). Let

D
X

(1)
δ0+δ1

,X
(2)
δ0+δ1

,A,∗ = (∂ε,s
X

(1)
δ0+δ1

,X
(2)
δ0+δ1

,A,∗
)0<ε< 1

4α
,0<s< r

kε
: K∗(AX)−→K∗(AX(1)

δ0+δ1
∩X(2)

δ0+δ1

)

be the associated controlled Mayer-Vietoris boundary map (of order r)
with (α, k) = (αMV , kMV ).

Let d be a positive number and let (Hd, ρd) be a non degenerate

Pd(X)-module. For i = 1, 2, and δ > 0, let H
(i)
d,δ be the set of elements
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of Hd with support in Pd(X
(i)
δ ). Assume now that δ0 > 2d and δ1 >

(2d+ 1)(5r + 1). It is straightforward to check that

Pd(X) =
˚̧ �

Pd(X
(1)
δ0

) ∪
˚̧ �

Pd(X
(2)
δ0

). (28)

Let us describe the r-controlled Mayer-Vietoris for AHd
associated to

the decomposition Pd(X) = Pd(X
(1)
δ0

) ∪ Pd(X(2)
δ0

). Since Pd(Y )s ⊆
Pd(Y2d(s+1)) for any subset Y of X and any positive number s,Å

A
H

(1)
d,δ0

,H
(1)
d,δ0+δ1

,r
, A

H
(2)
d,δ0

,H
(1)
d,δ0+δ1

,r
, A

H
(1)
d,δ0+δ1

, A
H

(2)
d,δ0+δ1

ã
(29)

is a r-controlled Mayer-Vietoris pair for AHd
. We denote respectively

by


(1),♯
Pd(X),A : A

H
(1)
d,δ0+δ1

−→AHd
,


(2),♯
Pd(X),A : A

H
(2)
d,δ0+δ1

−→AHd
,


(1,2),♯
Pd(X),A : A

H
(1)
d,δ0+δ1

∩H
(2)
d,δ0+δ1

−→A
H

(1)
d,δ0+δ1

and


(2,1),♯
Pd(X),A : A

H
(1)
d,δ0+δ1

∩H
(2)
d,δ0+δ1

−→A
H

(2)
d,δ0+δ1

the morphisms of filtered C∗-algebras induced by the inclusions H
(1)
d,δ0+δ1

→֒
Hd, H

(2)
d,δ0+δ1

→֒ Hd, H
(1)
d,δ0+δ1

∩H
(2)
d,δ0+δ1

→֒ H
(1)
d,δ0+δ1

and H
(1)
d,δ0+δ1

∩
H

(2)
d,δ0+δ1

→֒H
(2)
d,δ0+δ1

.
On the same way, for K-homology, we denote respectively by


(1)
Pd(X),∗ : K∗(Pd(X

(1)
δ0+δ1

), A)−→K∗(Pd(X), A),


(2)
Pd(X),∗ : K∗(Pd(X

(2)
δ0+δ1

), A)−→K∗(Pd(X), A),


(1,2)
Pd(X),∗ : K∗(Pd(X

(1)
δ0+δ1

∩X(2)
δ0+δ1

), A)−→K∗(Pd(X(1)
δ0+δ1

), A)

and


(2,1)
Pd(X),∗ : K∗(Pd(X

(1)
δ0+δ1

∩X(2)
δ0+δ1

), A)−→K∗(Pd(X(2)
δ0+δ1

), A),

the morphisms induced by the inclusions Pd(X
(1)
δ0+δ1

) →֒ Pd(X), Pd(X
(2)
δ0+δ1

) →֒
Pd(X), Pd(X

(1)
δ0+δ1

∩X(2)
δ0+δ1

) →֒ Pd(X
(1)
δ0+δ1

) and Pd(X
(1)
δ0+δ1

∩X(2)
δ0+δ1

) →֒
Pd(X

(2)
δ0+δ1

).
Let

DX,d,δ0,δ1,A,∗ = (∂ε,rX,d,δ0,δ1,A,∗)0<ε< 1
100α

,0<s< r
kε

: K∗(AHd
)−→K∗(AH

(1)
d,δ0+δ1

∩H
(2)
d,δ0+δ1

)

be the associated controlled Mayer-Vietoris boundary map at order r
with (α, k) = (αMV , kMV ).
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Assume now that there exists a positive number R such for i = 1, 2
then

X(i) =R

ni⊔

j=1

X
(i)
j

and let us fix a positive number δ such that 2δ < R. Let s and s′ be
positive numbers with 2s < R−2δ and s 6 s′. Let us define for i = 1, 2

ι′
(i),ε,s,s′

X,A,∗ :

ni⊕

j=1

Kε,s
∗ (A

X
(i)
j,δ
)−→

ni⊕

j=1

Kε,s′

∗ (A
X

(i)
j,δ
)

and

ι′
(1,2),ε,s,s′

X,A,∗ :
⊕

j=1,...,n1,l=1,...,n2

Kε,s
∗ (A

X
(1)
j,δ ∩X

(2)
l,δ
)−→

⊕

j=1,...,n1,l=1,...,n2

Kε,s′

∗ (A
X

(1)
j,δ ∩X

(2)
l,δ
)

as the morphisms obtained by increasing the control from s to s′. As

usual, we should write ι′
(i),−,ε,s′
X,A,∗ (resp. ι′(i),ε,s,−) when the source (resp.

the range) is obvious and similarly for ι′
(1,2),ε,s,s′

X,A,∗ . Let

′
(1,2),♯,ε,s′

X,A,∗ :
⊕

j=1,...,n1,l=1,...,n2

Kε,s′

∗ (A
X

(1)
j,δ ∩X

(2)
l,δ
)−→

n1⊕

j=1

Kε,s′

∗ (A
X

(1)
δ,j
)

be the morphism induced by the inclusion

⊕

j=1,...,n1,l=1,...,n2

A
X

(1)
j,δ ∩X

(2)
l,δ
→֒

n1⊕

j=1

A
X

(1)
j,δ

and let

′
(2,1),♯,ε,s′

X,A,∗ :
⊕

j=1,...,n1,l=1,...,n2

Kε,s′

∗ (A
X

(1)
j,δ ∩X

(2)
l,δ
)−→

n2⊕

l=1

Kε,s′

∗ (A
X

(2)
l,δ
)

be the morphism induced by the inclusion

⊕

j=1,...,n1,l=1,...,n2

A
X

(1)
j,δ ∩X

(2)
l,δ
→֒

n2⊕

l=1

A
X

(2)
l,δ

Let us set also for any positive number d

P ′d
Ä
X

(i)
δ

ä
=

ni⊔

j=1

Pd
Ä
X

(i)
j,δ

ä
⊆ Pd

Ä
X

(i)
δ

ä
for i = 1, 2;

P ′d
Ä
X

(1)
δ ∩X

(2)
δ

ä
= P ′d

Ä
X

(1)
δ

ä
∩ P ′d

Ä
X

(2)
δ

ä
=

⊔

j=1,...,n1; l=1,...n2

Pd
Ä
X

(1)
j,δ ∩X

(2)
l,δ

ä
;

Pd,δ(X) = P ′d
Ä
X

(1)
δ

ä
∪ P ′d

Ä
X

(2)
δ

ä
.
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For i = 1, 2 and ε, s positive numbers with ε < 1/100 and s > rε,d,
let us define

ν ′
ε,s,d

X
(i)
δ ,A,∗

: K∗(P
′
d(X

(i)
δ ), A)−→

ni⊕

j=1

Kε,s
∗ (A

X
(i)
j,δ
)

as the composition

K∗(P
′
d(X

(i)
δ ), A)

∼=−→
ni⊕

j=1

K∗(Pd(X
(i)
j,δ), A)

⊕ni
j=1ν

ε,s,d

X
(i)
j,δ

,A,∗

−−−−−−−−−−→
ni⊕

j=1

Kε,s
∗ (A

X
(i)
j,δ
)

where the first map is induced by the isomorphism

C(P ′d(X
(i)
δ ))

∼=−→
ni⊕

j=1

C(Pd(Xj,δ(i))).

Define similarly

ν ′
ε,s,d

X
(1)
δ ∩X

(2)
δ ,A,∗

: K∗(P
′
d(X

(1)
δ ∩X

(2)
δ ), A)−→

⊕

j=1,...,n1;l=1,...,n2

Kε,s
∗ (A

X
(1)
j,δ ∩X

(2)
l,δ
).

Assume that d < R − 2δ, in which case we have P δ
d (X) = Pd(X),

P ′d(X
(i)
δ ) = Pd(X

(i)
δ ) for i = 1, 2 and P ′d(X

(1)
δ ∩X

(2)
δ ) = Pd(X

(1)
δ ∩X

(2)
δ ).

Let d′ be a positive number with d 6 d′. For any C∗ algebra A, let us
define

q′d,d′,δ,∗ : K∗(Pd(X), A)−→K∗(Pd′,δ(X), A),

q′
(1)
d,d′,δ,∗ : K∗(Pd(X

(1)
δ ), A)−→K∗(P ′d′(X

(1)
δ ), A),

q′
(2)
d,d′,δ,∗ : K∗(Pd(X

(2)
δ ), A)−→K∗(P ′d′(X

(2)
δ ), A)

and

q′
(1,2)
d,d′,δ,∗ : K∗(Pd(X

(1)
δ ∩X

(2)
δ ), A)−→K∗(P ′d′(X

(1)
δ ∩X

(2)
δ ), A)

as the morphism induced by the inclusion Pd(X) →֒ Pd′,δ(X).

On the other hand, let (Hd′,δ, ρd′,δ) be a non degenerate Pd′,δ(X)-
module, let Hd be the set of elements in Hd′,δ with support in Pd(X)

and let ρd be the restriction of ρd′,δ to Hd. For i = 1, 2, let H
(i)
d′,δ be

the set of elements of Hd′,δ with support in P ′d′(X
(i)
δ ).

Let then
q′
♯
d,d′,δ : K (Hd)−→K (Hd′,δ)

be the natural inclusion and let us denote respectively by

q′
(1),♯
d,d′,δ : K (H

(1)
d,δ )−→K (H

(1)
d′,δ )

q′
(2),♯
d,d′,δ : K (H

(2)
d,δ )−→K (H

(2)
d′,δ )

and
q′

(1,2),♯
d,d′,δ : K (H

(1)
d,δ ∩H

(2)
d,δ )−→K (H

(2)
d′,δ ∩H

(2)
d′,δ )

the restriction of q′♯d,d′,δ to H
(1)
d,δ , H

(2)
d,δ and H

(1)
d,δ ∩H

(2)
d,δ .
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Since the inclusion Pd(X) →֒ Pd′(X) is contractive, we see that q′♯d,d′,δ
is a morphism of filtered C∗-algebras. Notice that if moreover (Hd, ρd)
and (Hd′,δ, ρd′,δ) are standard modules and up to a propagation rescal-

ing, then q′♯d,d′,δ induces in quantitative K-theory the morphism corre-
sponding to the inclusion Pd(X) →֒ Pd′,δ(X) constructed in Section 3.2
(see Remark 3.5).

As for Pd(X), we denote respectively by


(1),♯
Pd′,δ(X),A : A

H
(1)

d′,δ

−→AHd′,δ
,


(2),♯
Pd′,δ(X),A : A

H
(2)

d′,δ

−→AHd′,δ
,


(1,2),♯
Pd′,δ(X),A : A

H
(1)

d′,δ
∩H

(2)

d′,δ

−→A
H

(1)

d′,δ

and


(2,1),♯
Pd′,δ(X),A : A

H
(1)

d′,δ
∩H

(2)

d′,δ

−→A
H

(2)

d′,δ

the morphisms of filtered C∗-algebras induced by the inclusions H
(1)
d′,δ →֒

Hd′,δ, H
(2)
d′,δ →֒Hd′,δ, H

(1)
d′,δ∩H ′(2)

d′,δ →֒H
(1)
d′,δ and H

(1)
d′,δ∩H

(2)
d′,δ →֒H

(2)
d′,δ .

In the same way, for K-homology, we denote for i = 1, 2 by


(i)
Pd′,δ(X),∗ : K∗(P

′
d′(X

(i)
δ ), A)−→K∗(Pd′,δ(X), A),

the morphisms induced by the inclusion P ′d′(X
(i)
δ ) →֒ Pd′,δ(X).

Eventually let

VHd′,δ
: Hd′,δ−→ℓ2(X,Hd′,δ)

be the isometry defined by

(VHd′,δ
· ξ)(x) = ρ(λ1/2x ) · ξ

for any ξ in Hd′,δ and any x in X . Let

V
H

(1)

d′,δ

: H
(1)
d′,δ−→ℓ2(X

(1)
δ ,H

(1)
d′,δ ),

V
H

(2)

d′,δ

: H
(1)
d′,δ−→ℓ2(X

(2)
δ ,H

(2)
d′,δ )

and

V
H

(1)

d′,δ
∩H

(2)

d′,δ

: H
(1)
d′,δ ∩H

(2)
d′,δ−→ℓ2(X

(1)
δ ∩X

(2)
δ ,H

(1)
d′,δ ∩H

(2)
d′,δ )

be respectively the restriction of VHd′,δ
to H

(1)
d′,δ , H

(2)
d′,δ and H

(1)
d′,δ∩H

(2)
d′,δ .
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5.3. The QI-statement. In this subsection, we set (α, k) = (αMV , kMV ).

Lemma 5.5. There exists a control pair (λ, h) with (λ, h) > (α, k)
such that the following holds :

Let X be a finite metric space and let X(1) and X(2) be two subsets
of X such that X = X(1) ∪X(2), then

• for any C∗-algebra A;
• for any positive numbers ε, s, d, δ0, δ1 and r with δ0 > 2d,
δ1 > (2d+ 1)(5r + 1), ε < 1

100λ
, s > rd,αε and s <

r
kε
,

we have

ναε,kεs,d
X

(1)
δ0+δ1

∩X(2)
d,δ0+δ1

,A,∗
◦ ∂

Pd(X
(1)
δ0+δ1

),Pd(X
(2)
δ0+δ1

,∗) = ∂ε,s
X

(1)
δ0+δ1

,X
(2)
δ0+δ1

,A,∗
◦ νε,s,dX,A,∗.

Proof. Let us choose a non degenerate standard Pd(X)-module (Hd, ρd)

such that the restriction to Pd(X
(1)
δ0+δ1

∩X(2)
δ0+δ1

) is also standard. Then
AdVHd

,A clearly maps the controlled r-controlled Mayer-Vietoris pair

of equation (29) to the one of equation (27) and hence intertwines up
to Morita equivalence the associated controlled boundary maps. The
lemma is then a consequence of Propositions 3.20 and 4.2. �

Lemma 5.6. There exists a control pair (λ, h) with (λ, h) > (α, k)
such that

• for any finite metric space X;
• for any C∗-algebra A;
• for any subsets X(1) and X(2) of X and any R > 0 such that

– X = X(1) ∪X(2);

– X(i) =R

⊔ni

k=1X
(i)
k for i = 1, 2.

• for any positive numbers d, d′, δ0, δ1 and s with 2(δ0+δ1) < R,
d < 2s, d 6 d′, δ0 > 2d and δ1 > (2d + 1)(5s + 1), s <
R/2− δ0 − δ1,

the following is satisfied:

• let (Hd′,δ0+δ1, ρd′,δ0+δ1) be a non degenerate Pd′,δ0+δ1(X)-module
and let (Hd, ρd) be its restriction to the set of elements in
Hd′,δ0+δ1 with support in Pd(X);
• let ε0, ε and s0 be positive numbers such that ε0 6 ε < 1

100λ
,

hε0s0 < s and 2d(hεs0 + 1) < s;
• let y be an element in Kε0,s0

1 (AHd
) such that

– ι−,ε,s∗ ◦Adε0,s0VHd
,A,∗(y) = 0 in Kε,s

1 (AX) (up to Morita equiv-

alence);

– q′
(1,2),♯,αε0,kε0s0
d,d′,δ0+δ1,A,∗ ◦∂

ε0,s0
X,d,δ0,δ1,A,∗(y) = 0 in K

αε0,kε0s0
0 (A

H
(1)

d′,δ0+δ1
∩H

(2)

d′,δ0+δ1

),

Then there exists

• y(1) in Kλε0,hε0s0
1 (A

H
(1)

d′,δ0+δ1

);
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• y(2) in Kλε0,hε0s0
1 (A

H
(2)

d′,δ0+δ1

);

• z in
⊕

j=1,...,n1; l=1,...,n2

K
λε,2(d′+1)(hεs+1)
1 (A

X
(1)
j,δ0+δ1

∩X(2)
l,δ0+δ1

)

such that

(i) 
(1),♯,λε0,hε0s0
Pd′,δ0+δ1

(X),A,∗(y
(1))−(2),♯,λε0,hε0s0Pd′,δ0+δ1

(X),A,∗(y
(2)) = ι

−,λε0,hε0s0∗ ◦q′♯,ε0,s0d,d′,δ0+δ1,A,∗(y)

in K
λε0,hε0s0
1 (AHd′,δ0+δ1

);

(ii) ι′
(1),−,λε,2(d′+1)(hεs+1)
X,A,∗ ◦Adλε0,hε0s0V

H
(1)

d′,δ0+δ1

,A,∗(y
(1)) = ′

♯,(1,2),λε,2(d′+1)(hεs+1)
X,A,∗ (z)

in K
λε′,hε′r
1 (A

X
(1)
δ0+δ1

);

(iii) ι′
(2),−,λε,2(d′+1)(hεs+1)
X,A,∗ ◦Adλε0,hε0s0V

H
(2)

d′,δ0+δ1

,A,∗(y
(2)) = ′

♯,(2,1),λε,2(d′+1)(hεs+1)
X,,A,∗ (z)

in K
λε,2(d′+1)(hεs+1)
1 (A

X
(2)
δ0+δ1

) where the equalities in points (ii)

and (iii) are indeed up to Morita equivalence.

Proof. Let u be a ε0-s0-unitary in some Mn(fiAHd
) such that y = [u]ε0,s0

in Kε0,s0
1 (AHd

). In view of [17, Lemma 1.8], we can assume without loss
of generality that u− In⊗IdHd

is in Mn(AHd
). As in the construction

of the controlled Mayer-Vietoris boundary [17, Section 3.2] and possi-
bly taking a larger n, let us pick two αε0-kε0s0-unitaries v1 and v2 in
„�M2n(AHd

) and an αε0-kε0s0-projection p in „�M2n(AHd
) such that

• vi − I2n⊗IdHd
lies in M2n(AH

(i)
d,δ0+δ1

) for i = 1, 2;

• p− diag(In⊗IdHd
, 0) lies in M2n(AH

(1)
d,δ0+δ1

∩H
(2)
d,δ0+δ1

)

• ‖ diag(u, u∗)− v1v2‖ < αε0;
• ‖p− v∗1 diag(In⊗IdHd

, 0)v1‖ < αε0;
• ‖p− v2 diag(In⊗IdHd

, 0)v∗2‖ < αε0;

• [p, n]αε0,kε0s0 = ∂ε0,s0X,d,δ0,δ1,A,∗(y) inK
αε0,kε0s0
0 (A

H
X(1),δ0+δ1
d ∩H

X(2),δ0+δ1
d

).

Let us set

u′ = u− In⊗IdHd
+ In⊗IdHd′,δ0+δ1

v′1 = v1 − I2n⊗IdHd
+ I2n⊗IdHd′,δ0+δ1

v′2 = v2 − I2n⊗IdHd
+ I2n⊗IdHd′,δ0+δ1

p′ = p− diag(In⊗IdHd
, 0) + diag(In⊗IdHd′,δ0+δ1

, 0),

(recall that IdHd
is viewed as the projection on Hd ⊆Hd′,δ0+δ1). Apply

then [17, Lemma 3.5] to „�AHd′,δ0+δ1
, ‰�A

H ′(1)

d′,δ0+δ1

, „�A
H

(2)

d′,δ0+δ1

, u′, u′∗, v′1,

v′2 and p′, we see that for some control pair (λ, h) depending only on
(α, k) = (αMV , kMV ) and such that (λ, h) > (α, k) and possibly taking a

larger n, there exist two λε0-hε0s0-unitaries w1 and w2 in Â�Mn(AHd′,δ0+δ1
)

such that
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• wi − I2n⊗IdHd′,δ0+δ1
lies in A

Hd′,δ0+δ1
(i) for i = 1, 2;

• ‖ diag(u′, In⊗IdHd′,δ0+δ1
)− w1w2‖ < λε0.

Let us set then

• y(1) = [w1]λε0,hε0s0 in K
λε0,hε0s0
1 (A

Hd′,δ0+δ1
(1));

• y(2) = [w∗2]λε0,hε0s0 in K
λε0,hε0s0
1 (A

Hd′,δ0+δ1
(2)).

Point (i) is then a consequence of the equality

[u′]ε0,s0 = q′
ε0,s0
d,d′,δ0+δ1,∗([u]ε0,s0).

Notice that

[AdVH
d′,δ0+δ1

,Mn(A)
(u′)+In⊗Idℓ2(X,Hd′,δ0+δ1

)−In⊗VHd′,δ0+δ1
V ∗

Hd′,δ0+δ1
]ε0,2d(s0+1)

is the image of

[AdVHd,Mn(A)
(u) + In⊗Idℓ2(X,Hd) − In⊗VHd

V ∗Hd
]ε0,2d(s0+1)

under the morphism

K
ε0,2d(s0+1)
1 (Aℓ2(X,Hd))−→K

ε,2d(s0+1)
1 (Aℓ2(X,Hd′,δ0+δ1

))

induced by the inclusion Aℓ2(X,Hd)) →֒ Aℓ2(X,Hd′ ,δ0+δ1
) and hence

[AdVH
d′,δ0+δ1

,Mn(A)
(u′)+In⊗Idℓ2(X,Hd′,δ0+δ1

)−In⊗VHd′,δ0+δ1
V ∗

Hd′,δ0+δ1
]ε,s = 0

in Kε,s
1 (Aℓ2(X,Hd′,δ0+δ1

)).

Hence, in view of [17, Proposition 2.12], and up to rescaling (λ, h)
and to enlarging n, we see that there exists two λε-hεs-unitaries V1 and

V2 in Mn( Â�Aℓ2(X,Hd′,δ0+δ1
)) such that

• Vi − I2n⊗Idℓ2(X,Hd′,δ0+δ1
) is in

ni⊕

j=1

Mn(Aℓ2(X(i)
j,δ0+δ1

,Hd′,δ0+δ1
)
)

for i = 1, 2;
• Vi is homotopic to In⊗Idℓ2(X,Hd′,δ0+δ1

) as a λε-hεs-unitary in

ni⊕

j=1

Mn(Aℓ2(X(i)
j,δ0+δ1

,Hd′,δ0+δ1
)
) + C · In⊗Idℓ2(X,Hd′,δ0+δ1

);

• ‖AdVH
d′,δ0+δ1

,Mn(A)
(u′)+In⊗Idℓ2(X,Hd′,δ0+δ1

)−In⊗VHd′,δ0+δ1
V ∗

Hd′,δ0+δ1
−

V1V2‖ < λε.

Let us set for i = 1, 2

Wi = AdVH
d′,δ0+δ1

,Mn(A)
(wi)+In⊗Idℓ2(X,Hd′,δ0+δ1

)−In⊗VHd′,δ0+δ1
V ∗

Hd′,δ0+δ1
.

For i = 1, 2, then Wi is a λε0-2d
′(hε0s0 + 1)-unitary in

Mn(Aℓ2(X,Hd′,δ0+δ1
)) + C · In⊗Idℓ2(X,Hd′ ,δ0+δ1

)
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and moreover, since the propagation of wi is less than hε0s0 then Wi−
In⊗Idℓ2(X,Hd′,δ0+δ1

) lies in

ni⊕

j=1

Mn(Aℓ2(X(i)
j,δ0+δ1

,Hd′,δ0+δ1
)
).

Furthermore, we have

‖V1V2 −W1W2‖ < 2λε

and hence

‖V2W ∗
2 − V ∗1 W1‖ < 12λε.

Using the CIA-property for the pair of algebras
(

n1⊕

j=1

A
ℓ2(X

(1)
j,δ0+δ1

,Hd′,δ0+δ1
)
,

n1⊕

j=1

A
ℓ2(X

(2)
j,δ0+δ1

,Hd′,δ0+δ1
)

)
,

we deduce that there exists a 12λε-2(d′ + 1)(hεs+ 1)-unitary U in the
unitarization of

⊕

j=1,...,n1; l=1,...n2

Mn(Aℓ2(X(1)
j,δ0+δ1

∩X(2)
l,δ0+δ1

,Hd′,δ0+δ1
)
)

such that

‖U − V ∗1 W1‖ < 12λε

and

‖U − V2W ∗
2 ‖ < 12λε.

In particular, in view of point (ii) of Lemma 1.2, we deduce that

• U and W1 are homotopic as 48λε-2(d′ + 1)(hεs + 1)-unitaries
in
ni⊕

k=1

Mn(Aℓ2(X(1)
k,δ0+δ1

,Hd′,δ0+δ1
)
) + C · In⊗Idℓ2(X,Hd′ ,δ0+δ1

);

• U and W ∗
2 are homotopic as 48λε-2(d′ + 1)(hεs + 1)-unitaries

in
ni⊕

k=1

Mn(Aℓ2(X(2)
k,δ0+δ1

,Hd′,δ0+δ1
)
) + C · In⊗Idℓ2(X,Hd′ ,δ0+δ1

);

Let us replace 48λ by λ and let then set z = [U ]λε,2(d′+1)(hεs+1) (up to

Morita equivalence) in K
λε,2(d′+1)(hεs+1)
1 (A

ℓ2(X
(1)
δ0+δ1

∩X(2)
δ0+δ1

)
). We have

′
♯,(1,2),λε,2(d′+1)(hεs+1)
X,A,∗ (z) = [′

♯,(1,2)
X,Mn(A)

(U)]λε,2(d′+1)(hεs+1)

= [W1]λε,2(d′+1)(hεs+1)

= ι′
(1)−,λε,2(d′+1)(hεs+1)
∗ ◦ Adλε0,hε0s0V

H
(1)

d′,δ0+δ1

,A,∗(y
(1))
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and similarly

′
♯,(2,1),λε,hεs
X,A,∗ (z) = ι′

(2),−,λε,2(d′+1)(hεs+1)
∗ ◦ Adλε0,hε0s0V

H
(2)

d′,δ0+δ1

,A,∗(y
(2)).

and hence we deduce points (ii) and (iii).
�

End of the proof of the QI statement. Let X be a family of finite
metric spaces satisfying the assumptions of Theorem 2.13. Let ε, s and
d be positive numbers with ε < 1

200
and s > rd,ε. Let us show that there

exists a positive number d′ such that for anyX in X and any C∗-algebra
A, then QIX,A,∗(d, d

′, s, ε) holds. Using controlled Bott Periodicity, we
can reduce to the odd case. As before, we set (α, k) = (αMV , kMV ) and
for sake of simplicity, we shall also denote by (α, k) the control pairs
of Lemmas 5.5 and 5.6.

Let us fix four positive numbers r, δ0, δ1 and R such that kεs < r,
δ0 > 2d, δ1 > (2d + 1)(5r + 1) and R > 2(δ0 + δ1) + 2r. Let Y be a
family of finite metric spaces with uniformly bounded geometry such
that

• X is R-decomposable with respect to Y ;
• Ỹ satisfies uniformly the QAM-estimates.

For any positive number δ, let X̃δ be the set of all subsets of metric
spaces in X thats contains a metric space in Y as a δ-net. According

to Lemma 5.4, the family X̃δ satisfies uniformly the QAM-estimates.

Step 1: Assume that ε < 1
200α

(the general case will be obtained
by rescaling using Proposition 2.2). Let X be a metric space in X and
let X(1) and X(2) be two subsets of X such that

• X = X(1) ∪X(2);

• X(i) =R

⊔ni

j=1X
(i)
j with X

(i)
j in Y for j = 1, . . . , ni and i = 1, 2.

Recall from equation (28) that

Pd(X) =
˚˛�

Pd(X
(1)
δ0+δ1

) ∪
˚˛�

Pd(X
(2)
δ0+δ1

).

Let d′ be a positive number with d′ > d such that QIX′,A,∗(d, d
′, kεs, ε)

holds for all metric spaces in‡Xδ0+δ1 . Notice that

K∗(Pd(X
(1)
δ0+δ1
∩X(2)

δ0+δ1
), A) ∼=

⊕

j=1,...,n1,l=1,...n2

K∗(Pd(X
(1)
j,δ0+δ1

∩X(2)
l,δ0+δ1

), A)

and

Kαε,kεs
∗ (A

X
(1)
δ0+δ1

∩X(2)
δ0+δ1

) ∼=
⊕

j=1,...,n1,l=1,...n2

Kαε,kεs
∗ (A

X
(1)
j,δ0+δ1

∩X(2)
l,δ0+δ1

)
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and that under these two identifications, then

ναε,kεs,d
X

(1)
δ0+δ1

∩X(2)
δ0+δ1

,A,∗
=

⊕

j=1,...,n1,l=1,...n2

ναε,kεs,d
X

(1)
j,δ0+δ1

∩X(2)
l,δ0+δ1

,A,∗
. (30)

Let x be a element ofK1(Pd(X), A) such that νε,s,dX,A,∗(x) = 0 inKε,s
1 (AX).

Since QI
X

(1)
δ0+δ1

∩X(2)
δ0+δ1,A,∗

(d, d′, kεs, αε) holds, we deduce from Lemma

5.5 and from equation (30) that

q′
(1,2)
d,d′,δ0+δ1,∗ ◦ ∂Pd(X

(1)
δ0+δ1

),Pd(X
(2)
δ0+δ1

),∗(x) = 0. (31)

Step 2: Let nd′ be an integer such that for any metric space in Y ,
balls of radius d′ have cardinal bounded by nd′ . In view of Theorem
3.17, let (0, 1/200) → [1,+∞); ε 7→ hε be a non increasing function
such that for any finite simplicial complexe Z with dimension less than
nd′ and for any C∗-algebra A, then IndZ,A,∗ is a h-isomorphism. Let us
fix a non degenerate standard module Pd′,δ0+δ1(X)-module (Hd′,δ0+δ1 , ρd′,δ0+δ1)
such that the restrictions to elements of Hd′,δ0+δ1 with support in

Pd(X), P ′d′(X
(1)
δ0+δ1

), P ′d′(X
(2)
δ0+δ1

) and P ′d′
Ä
X

(1)
δ0+δ1

∩X(2)
δ0+δ1

ä
are stan-

dard. Let (Hd, ρd) be the restriction of (Hd′,δ0+δ1 , ρd′,δ0+δ1) to element
of Hd′,δ0+δ1 with support in Pd(X). Let us pick two positive numbers
ε0 and s0 with ε0 < ε, s0 <

1
kε0h

2
αε0

, kε0s0 < s and 2d(kε0s0 + 1) < s

(recall that s > rd,ε > 2d). Let us set then

y = Indε0,s0Pd(X),A,∗(x)

in Kε0,s0
1 (AHd

). According to Proposition 3.20, we see that

ι−,ε,s∗ ◦ Adε0,s0VHd
,A,∗(y) = 0.

On the other hand,

q′
(1,2),♯,αε0,kε0s0
d,d′,δ0+δ1,A,∗ ◦∂

ε0,s0
X,d,δ0,δ1,A,∗(y)

=q′
(1,2),♯,αε0,kε0
d,d′,δ0+δ1,A,∗ ◦ ∂

ε0,s0
X,d,δ0,δ1,A,∗ ◦ Ind

ε0,s0
X,A,∗(x)

=q′
(1,2),♯,αε0,kε0s0
d,d′,δ0+δ1,A,∗ ◦ Ind

αε0,kε0s0

Pd(X
(1)
δ0+δ1

∩X(2)
δ0+δ1

),A,∗
◦ ∂

Pd(X
(1)
δ0+δ1

),Pd(X
(2)
δ0+δ1

),∗(x)

=Ind
αε0,kε0s0

Pd′,δ0+δ1
X

(1)
δ0+δ1

∩X(2)
δ0+δ1

,A,∗
◦ q′(1,2)d,d′,∗ ◦ ∂Pd(X

(1)
δ0+δ1

),Pd(X
(2)
δ0+δ1

),∗(x)

=0,

where

• the second equality is a consequence of Proposition 4.2;
• the third equality is a consequence of Remark 3.16;
• the last equality is a consequence of equation (31).
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Step 3: Let y(1) inK
αε0,kε0s0
1 (A

H
(1)

d′,δ0+δ1

), y(2) inK
αε0,kε0s0
1 (A

H
(2)

d′,δ0+δ1

)

and z in
⊕

j=1,...;n1; l=1,...,n2

K
αε,2(d′+1)(kεs+1)
1 (A

X
(1)
j,δ0+δ1

∩X(2)
l,δ0+δ1

) be as in Lemma

5.6 with respect to y. Pick then positive numbers d′′ and s′ with
s′ > rd′′,αε and s

′ > 2(d′ + 1)(kεs+ 1) and such that

QSX′,A,∗(d
′′, 2(d′ + 1)(kεs + 1), s′, αε)

holds for any metric space X ′ in‡Xδ0+δ1 .
Then there exists an element xz in

K1(P
′
d′′(X

(1)
δ0+δ1
∩X(2)

δ0+δ1
), A) ∼=

⊕

j=1,...,n1,l=1,...,n2

K1(Pd′′(X
(1)
j,δ0+δ1

∩X(2)
k,δ0+δ1

), A)

such that under above identifications

ν ′
αε,s′,d′′

X
(1)
δ0+δ1

∩X(2)
δ0+δ1

,A,∗
(xz) = z′, (32)

where z′ is the image of z under the map
⊕

j=1,...;n1; l=1,...,n2

K
αε,2(d′+1)(kεs+1)
1 (A

X
(1)
j,δ0+δ1

∩X(2)
l,δ0+δ1

)

−→
⊕

j=1,...;n1; l=1,...,n2

Kαε,s′

1 (A
X

(1)
j,δ0+δ1

∩X(2)
l,δ0+δ1

)

(increasing control).
Since kε0s0 < 1/h2αε0 and Ind

P ′

d′
(X

(i)
δ0+δ1

),A,∗ is a h-isomorphism, there

exists an element x(i) in K1(P
′
d′(X

(i)
δ0+δ1

), A) for i = 1, 2 such that

Ind
αε0,hαε0kε0s0

P ′

d′
(X

(i)
δ0+δ1

),A,∗
(x(i)) = ι

−,αε0,hαε0kε0s0∗ (y(i)). (33)

For i = 1, 2, let x′(i) in K1(P
′
d′′(X

(i)
δ0+δ1

), A) be the image of x(i) under

the morphism induced by the inclusion P ′d′(X
(i)
δ0+δ1

) →֒ P ′d′′(X
(i)
δ0+δ1

).
Then

ν ′
αε,s′,d′′

X
(i)
δ0+δ1

,A,∗
(x′(i)) = ι

′(i),−,αε,s′
X,A,∗ ◦ Adαε0,kε0s0V

H
(i)

d′,δ0+δ1

,A,∗(y
(i))

= 
(1,2),♯,αε,s′

Pd′′,δ0+δ1
(X),A,∗ ◦ ι−,−∗ (z)

= 
(1,2),♯,αε,s′

Pd′′,δ0+δ1
(X),A,∗ ◦ ν ′

αε,s′,d′′

X
(1)
δ0+δ1

∩X(2)
δ0+δ1

,A,∗(xz).

Step 4: Let d′′′ be a positive number with d′′′ > d′′ and such that

QIX′,A,∗(d
′′, d′′′, s′, αε) holds for every metric space X ′ in‡Xδ0+δ1. Since

P ′d′′(X
(i)
δ0+δ1

) =
⊔

j=1,...,ni

Pd′′(X
(i)
j,δ0+δ1

)



82 H. OYONO-OYONO AND G. YU

and according to Lemma 2.1 and to equation (32), we deduce that in

K1(P
′
d′′′(X

(i)
δ0+δ1

), A), the image of x′(i) under the morphism induced by

the inclusion P ′d′′(X
(i)
δ0+δ1

) →֒ P ′d′′′(X
(i)
δ0+δ1

) and the image of xz under the

morphism induced by the inclusion P ′d′′(X
(1)
δ0+δ1
∩X(2)

δ0+δ1
) →֒ P ′d′′′(X

(i)
δ0+δ1

)
coincides for i = 1, 2. As a consequence of equation (33) and of the

injectivity of Ind
αε0,hαε0kε0s0

P ′

d′
(X

(i)
δ0+δ1

),A,∗
and since


(1),♯,αε0,kε0s0
Pd′,δ0+δ1

(X),A,∗(y
(1))− (2),♯,αε0,kε0s0Pd′,δ0+δ1

(X),A,∗(y
(2)) = ι

−,αε0,kε0s0∗ ◦ q′♯,ε0,s0d,d′,δ0+δ1,A,∗(y)

in K
αε0,kε0s0
1 (AHd′,δ0+δ1

), we deduce from Remark 3.16 that


P

(1)

d′,δ0+δ1
(X),A,∗(x

(1))− (2)Pd′,δ0+δ1
(X),A,∗(x

(2)) = q′d,d′,δ0+δ1,A,∗(x)

and hence


P

(1)

d′′,δ0+δ1
(X),A,∗(x

′(1))− (2)Pd′′,δ0+δ1
(X),A,∗(x

′(2)) = q′d,d′′,δ0+δ1,A,∗(x)

and therefore qd,d′′′,∗(x) = 0. Hence the condition QIX,A,∗(d, d
′′′, s, ε)

holds.

5.4. The QS-statement. Let X be a family of finite metric spaces
and let Y be a family of finite metric spaces with uniformly bounded
geometry such that for any positive number R,

• X is R-decomposable with respect to Y ;
• Ỹ satisfies uniformly the QAM-estimates.

As for the QI-statement, by using controlled Bott Periodicity we can
reduce it to the odd case and we set (α, k) = (αMV , kMV ).

Let ε and s be positive numbers with ε < 1
200α

(the general case
will follow by rescaling). Let X be a metric space in X and let z be an
element inKε,s

1 (AX). Let us fix δ and R two positive numbers such that
10kεs < 10r < 2δ < R. Let X = X(1) ∪X(2) be a R-decomposition of

X in Y with X(i) =R

⊔ni

j=1X
(i)
j for i = 1, 2. Then X

(i)
δ =R−2δ

⊔ni

j=1X
(i)
j,δ

for i = 1, 2 and as mentioned in Section 5.2 (see equation (27)), for any
C∗-algebra A,

(A
X(1),X

(1)
δ ,r

, A
X(2),X

(2)
δ ,r

, A
X

(1)
δ
, A

X
(2)
δ
)

is a r-controlled Mayer-Vietoris pair for AX . Recall from Lemma 5.4

that the family X̃δ satisfies uniformly the QAM-estimates.

Step 1: Let s′ and d be positive numbers with s′ > rd,αε, s
′ >

kεs and such that the condition QSX′,A,∗(kεs, s
′, d, αε) holds for every

metric space X ′ in X̃δ. Since

Kε,s
∗ (A

X
(1)
δ ∩X

(2)
δ
) ∼=

⊕

k=1,...,n1; l=1,...,n2

Kε,s
∗ (A

X
(1)
k,δ∩X

(2)
l,δ
)
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and under the identification

K0(P
′
d(X

(1)
δ ∩X

(2)
δ ), A) ∼=

⊕

j=1,...,n1; l=1,...,n2

K0(Pd(X
(1)
j,δ ∩X

(2)
l,δ ), A),

there exists an element x′ in K0(P
′
d(X

(1)
δ ∩X

(2)
δ ), A) such that

ν ′αε,s
′,d

X
(1)
δ ∩X

(2)
δ ,A,∗

(x′) = ι′
(1,2),−,αε,s′
∗ ◦ ∂ε,s

X
(1)
δ ,X

(2)
δ ,A,∗

(z).

Since


(1,2),♯
X,A,∗ ◦ DX(1)

δ ,X
(2)
δ ,A,∗ = 0

and


(2,1),♯
X,A,∗ ◦ DX(1)

δ ,X
(2)
δ ,A,∗ = 0,

using Lemma 2.1 we deduce that

ν ′
αε,s′,d

X
(1)
δ ,A,∗

◦ (1,2)Pd,δ(X),∗(x
′) = 0 (34)

and

ν ′
αε,s′,d

X
(2)
δ ,A,∗ ◦ 

(2,1)
Pd,δ(X),∗(x

′) = 0, (35)

where


(1,2)
Pd,δ(X),∗ : K∗(P

′
d(X

(1)
δ ∩X

(2)
δ ), A)−→K∗(P ′d(X

(1)
δ ), A)

and


(2,1)
Pd,δ(X),∗ : K∗(P

′
d(X

(1)
δ ∩X

(2)
δ ), A)−→K∗(P ′d(X

(2)
δ ), A)

are respectively the morphism induced by the inclusions

P ′d(X
(1)
δ ∩X

(2)
δ ) →֒ P ′d(X

(1)
δ )

and

P ′d(X
(1)
δ ∩X

(2)
δ ) →֒ P ′d(X

(2)
δ ).

Step 2: Let d′ be a positive number with d′ > d and such that

QIX′,A,∗(d, d
′, s′, αε) holds for every metric space X ′ in X̃δ. We deduce

from equation (34) that


(1,2)
Pd′,δ(X),∗ ◦ q′

(1,2)
d,d′,δ,∗(x

′) = q′
(1)
d,d′,δ,∗ ◦ 

(1,2)
Pd,δ(X),∗(x

′)

= 0,

and similarly from equation (35) that


(2,1)
Pd′,δ(X),∗ ◦ q′

(2,1)
d,d′,δ,∗(x

′) = 0.

Let (λ, h) be the control pair of [17, Lemma 3.8]. For sake of simplicity,
we also denote by h the non increasing function of Step 2 of the proof
of the QI-statement in Section 5.3. Let us pick ε0 and s0 two positive
numbers such that ε0 <

1
200λ

and s0 <
1

h2λε0
hε0

. Let us fix (Hd′,δ, ρd′,δ) a
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non degenerate standard Pd′,δ(X)-module with standard restriction to

H
(1)
d′,δ , H

(2)
d′,δ and H

(1)
d′,δ ∩H

(2)
d′,δ . Let us set then

y′ = Indε0,s0
Pd′(X

(1)
δ ∩X

(1)
δ ),A,∗

◦ q′(1,2)d,d′,δ,∗(x
′)

in Kε0,s0
0 (A

H
(1)

d′,δ
∩H

(2)

d′,δ

). From Remark 3.16, we deduce that


(1,2),♯,ε0,s0
Pd′,δ(X),A,∗(y

′) = 0

in Kε0,s0
0 (A

H
(1)

d′,δ

) and


(2,1),♯,ε0,s0
Pd′,δ(X),A,∗(y

′) = 0

inKε0,s0
0 (A

H
(2)

d′,δ

). Let then q be an ε0-s0-projection in someMn(‰�A
H

(1)

d′,δ
∩H

(2)

d′,δ

)

and let l be an integer with l 6 n such that y′ = [q, l]ε0,s0 inK
ε0,s0
0 (A

H
(1)

d′,δ
∩H

(2)

d′,δ

).

We can assume without loss of generality that

• q − diag(Il⊗IdHd′,δ
, 0) is in Mn(AH

(1)

d′,δ
∩H

(2)

d′,δ

)(see [17, Lemma

1.7]);
• q is homotopic to diag(Il⊗IdHd′,δ

, 0) as an ε0-s0-projection in

Mn(flAH
(i)

d′,δ

) for i = 1, 2.

Applying [17, Lemma 3.8]), we see that for an integer N with N > n,

there exist w1 and w2 two λε0-hε0s0-unitaries in MN(flAHd′,δ
), u an λε0-

hε0s0-unitary in Mn(flAHd′,δ
), v an λε0-hε0s0-unitary in MN−n(flAHd′,δ

)
such that

• wi − IN⊗IdHd′,δ
is in MN (AH ′(i)

d′,δ

) for i = 1, 2;

•
‖w∗1 diag(In⊗IdHd′,δ

, 0)w1 − diag(q, 0)‖ < λε0

and

‖w2 diag(In⊗IdHd′,δ
, 0)w∗2 − diag(q, 0)‖ < λε0.

• ‖ diag(u, v)− w1w2‖ < λε0.

Step 3: Let U be an ε-s-unitary in some Mm(‰�Aℓ2(X,Hd′,δ)
) such

that z = −[U ]ε,s in Kε,s
1 (AX) (up to Morita equivalence). According

to [17, Lemma 1.8], we can assume without loss of generality that
U − Im⊗Idℓ2(X,Hd′,δ)

is in Mm(Aℓ2(X,Hd′,δ)
). Up to stabilization and

by construction of the Mayer-Vietoris controlled boundary map, there

exist W1 and W2 two αε-kεs-unitaries in M2m(‰�Aℓ2(X,Hd′,δ)
) and Q an

αε-kεs-projection in M2m(‰�Aℓ2(X,Hd′,δ)
) such that

• Wi − I2m⊗Idℓ2(X,Hd′,δ)
is in M2m(Aℓ2(X(i)

δ ,Hd′,δ)
) for i = 1, 2;

• Q− diag(Im⊗Idℓ2(X,Hd′,δ)
, 0) is in M2m(Aℓ2(X(1)

δ ∩X
(2)
δ ,Hd′,δ)

)
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• ‖ diag(U, U∗)−W1W2‖ < αε;
•

‖W ∗
1 diag(Im⊗Idℓ2(X,Hd′,δ)

, 0)W1 −Q‖ < αε

and

‖W2 diag(In⊗IdHd′,δ
, 0)W ∗

2 −Q‖ < αε;

• up to Morita equivalence, then

∂ε,s
X

(1)
δ ,X

(2)
δ ,A,∗

(z) = −[Q,m]αε,kεs

in Kαε,kεs
0 (A

X
(1)
δ ∩X

(2)
δ
).

Let s′′ be a positive number such that s′′ > s′ and s′′ > 2d′(hε0s0 + 1).
Applying [17, Lemma 3.5] to

diag(AdVH
d′,δ

,A
u+ In⊗IdHd′,δ

− In⊗VHd′,δ
V ∗

Hd′,δ
, U),

diag(AdVHd′,δ,A
v + IN−n⊗IdHd′,δ

− IN−n⊗VHd′,δ
V ∗Hd′,δ

, U∗)

and to the matrices obtained from

diag(AdVH
d′,δ

,A
w1 + IN⊗IdHd′,δ

− In⊗VHd′,δ
V ∗

Hd′,δ
,W1),

diag(AdVHd′,δ,A
w2 + IN⊗IdHd′,δ

− In⊗VHd′,δ
V ∗Hd′,δ

,W2)

and

diag(AdVH
d′,δ

,A
diag(q, 0) + IN⊗IdHd′,δ

− In⊗VHd′,δ
V ∗

Hd′,δ
, Q)

by swapping the order of the coordinates n + 1, . . . , N and N +
1, . . . , N + m, we see that for some control pair (λ′, h′) that depends
only on (α, k) and (λ, h) with (λ′, h′) > (λ, h), there exists U (1) and

U (2) two λ′ε-h′εs
′′-unitary in some Mn′(›AX) such that

• U (i) − In′⊗Idℓ2(X) is in
⊕ni

k=1Mn′

(
A
ℓ2(X

(i)
k,δ)

)
for i = 1, 2;

• up to Morita equivalence, we have

[U (1)]λ′ε,h′εs′′ + [U (2)]λ′ε,h′εs′′ =

[AdVH
d′,δ

,A
u+ In⊗IdHd′,δ

− In⊗VHd′,δ
V ∗

Hd′,δ
]λ′ε,h′εs′′ − ιλ

′ε,h′εs
′′

∗ (y)

in K
λ′ε,h′εs

′′

1 (Aℓ2(X)).

Step 4: Assume from now on that ε < 1
200λ′

, the general case
being deduced by rescaling using Proposition 2.2. Let s′′′ and d′′ be
positive numbers with d′′ > d′, s′′′ > h′εs

′′, s′′′ > rd′′,λ′ε and s′′′ >
2d′′(hε0hλε0s0 + 1)) such that the condition QSX′,A,∗(d

′′, h′εs
′′, s′′′, λ′ε)

holds for any metric space X ′ in X̃δ and any C∗-algebra A. Then for

i = 1, 2, there exists x′(i) in K1(P
′
d′′(X

(i)
δ ), A) ∼=

⊕ni

j=1K1(Pd′′(X
(i)
j,δ), A)

such that up to Morita equivalence, then

ν ′
λ′ε,s′′′,d′′

X
(i)
δ ,A,∗

(x′(i)) = [U (i)]λ′ε,s′′′,d′′
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in Kλ′ε,s′′′

1 (
⊕ni

j=1AX(i)
j,δ
). Since IndPd′,δ(X),A,∗ is a h-isomorphism, there

exists a unique element x′ in K1(Pd′,δ(X), A) such that

Ind
λε0,hλε0hε0s0

Pd′,δ(X),A,∗ (x′) = [u]λε0,hλε0hε0s0

in K
λε0,hλε0hε0s0
1 (AHd′,δ

). Let x in K1(Pd′′(X), A) be the image of x′

under the morphism induced by the inclusion Pd′,δ(X) →֒ Pd′′(X). By
choosing a non degenerate standard module for Pd′′(X) that restricts
to (Hd′,δ, ρd′,δ) on Pd′,δ(X), it is straightforward to check using Lemma
2.1 and Proposition 3.20 that we have up to Morita equivalence

νλ
′ε,s′′′,d′′

X,A,∗ (x) = [AdVH
d′,δ

,A
u+ In⊗IdHd′,δ

− In⊗VHd′,δ
V ∗

Hd′,δ
]λ′ε,s′′′ (36)

in Kλ′ε,s′′′

1 (AX). For i = 1, 2, let x(i)ø be the image of x′(i) under the

map K1(P
′
d′′(X

(i)
δ ), A) → K1(Pd′′(X

(i)
δ ), A) induced by the inclusion

P ′d′′(X
(i)
δ ) →֒ Pd′′(X

(i)
δ ). We deduce from equation (36) that

νλ
′ε,s′′′,d′′

X,A,∗ (x− 
Pd′′(X

(1)
δ ),A,∗(x

(1))− 
Pd′′(X

(2)
δ ),A,∗(x

(2)))

=[AdVHd′,δ,A
u+ In⊗IdHd′,δ

− In⊗VHd′,δ
V ∗Hd′,δ

]λ′ε,s′′′ − [U (1)]la′ε,s′′′ − [U (2)]λ′ε,s′′′

=ι−,λ
′ε,s′′′

∗ (y)

,

where the first equality holds by Lemma 2.1. Thus the condition
QSX,A,∗(d

′′, s, s′′′, ε) holds for any C∗-algebra A. �
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