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QUANTITATIVE INDEX, NOVIKOV CONJECTURE
AND COARSE DECOMPOSABILITY

HERVE OYONO-OYONO AND GUOLIANG YU

ABSTRACT. We define for families of finite metric spaces quanti-
tative assembly map estimates that take into account propagation
phenomena for pseudo-differential calculus. We relate these esti-
mates to the Novikov conjecture and we show that they fit nicely
under coarse decompositions. As an application, we provide a geo-
metric proof of Novikov conjecture for groups with finite decom-
position complexity.

Keywords: quantitative operator K-theory, spaces with finite
asymptotic dimension, group with finite complexity decomposition,
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INTRODUCTION

Since the pioneering work of Atiyah and Singer on the index theory
of elliptic differential operators, operator algebras and their K-theory
have become a central tool in the study of topological invariants in
differential geometry. The most spectacular example is probably the
Novikov conjecture on the homotopy invariance of higher signatures
which can be stated as follows. Let I' be a finitely generated group
and let M be a compact oriented manifold with fundamental group
I'. Let Br be the classifying space for I' and let fr : M — Br be
the classifying map. We denote by L(M) € H*(M, Q) the Pointrjagin-
Hirzebruch class of M. Recall that we have a natural isomorphism
H*(T',Q) = H*(Br,Q), so any z in H*(I', Q) can be pulled back to an
element f{i(x) in H*(M,Q). The rational numbers

(fr (), L(M) N [M])

are called higher signatures of M (here [M] stands for the fundamental
class for M).

Conjecture (Novikov). The higher signatures are oriented homotopy
moariant.

By introducing in his work on the Novikov conjecture the bivariant
K-theory [11], Kasparov provided a far reaching generalization to the
concept of index with a wide range of important applications to ge-
ometry. He proved the Novikov conjecture for discrete subgroups of
Lie groups. His approach has been extended successfully to the case of
groups actings on an euclidian building [12], of ”bolic” groups (includ-
ing Gromov hyperbolic groups) [13] and had culminated in the proof
of Novikov conjecture for groups which are amenable at infinity [9] 25].

Following the development by Roe of a higher index theory for elliptic
differential operators on non-compact complete riemannian manifolds
[18], the 90’s have seen the emergence of a more geometric approach.
It has generated a great deal of interest as it has highlighted geomet-
ric obstructions for the Baum-Connes conjecture leading to the only
known counterexamples [§]. It has also striking applications to sec-
ondary invariants [21], 22]. The foundational principle is the fact that
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the higher indices have their receptacles in the K-theory of a canonical
C*-algebra, called the Roe algebra. The Roe algebra only depends on
the large scale geometry of the underlying space. It can be viewed as
an algebra of order zero pseudo-differential calculus and inherits from
the geometry a propagation structure. For a finitely generated group
(viewed as a metric space using any word length) the computability of
the Roe algebra using higher indices implies (under some very mild con-
dition) the Novikov conjecture. A prominent achievement of this is the
proof of the Novikov conjecture for finitely generated groups with finite
asymptotic dimension [24] by proving that the K-theory of a localized
version of the Roe algebra can be computed using a ”cut-and-pasting”
techniques. This was done by introducing for these algebras a quantita-
tive version of the K-theory which takes only into account propagation
up to a given order. At each order there is a Mayer-Vietoris type de-
composition which allowed to compute the quantitative K-theory and
then, the K-theory is obtained by letting the order goes to infinity.
Quantitative K-theory has been generalized in [I5] to the setting of
filtered C'*-algebras by the two authors. Thereafter, they introduced
in [I6, Section 3.1] geometric controlled assembly maps that compute
locally the K-theory of the Roe algebra. For a finite metric space X
and a C*-algebra A, these maps have source the K-homology with co-
efficients in A of the Rips complex of X and range the quantitative
K-theory of A®.# (¢*(X)). Here ¢ (¢*(X)) stands for the algebra of
matrices with entries in X and the filtration is provided by the metric.
Quantitative assembly maps (QAM) estimates for metric spaces where
stated for purpose of computing the K-theory of Roe algebras from the
geometric controlled assembly maps by uniform approximations [I6]
Section 4.2]. Tt was then shown that if T is a finitely generated group
such that the QAM-estimates are uniformly satisfied by the family of
its finite subsets, then I' satisfies the Novikov conjecture. It is worth
pointing out that unlike the proof of the Novikov conjecture for groups
amenable at infinity, this QAM-estimates only involve finite dimension
analysis and finite linear algebra.

The aim of this paper is to establish a stability result for uniform
QAM-estimates under geometric decomposition that we shall explain
in more details now. Geometric decomposability in the context of met-
ric spaces has been brought in by by Guentner, Tessera and Yu in their
study of topological rigidity for manifolds [5]. For a given positive num-
ber R, a family of discrete metric spaces X is said to be R-decomposable
with respect to another family ) if for any metric space X in X, there
exists a decomposition X = XM U X such that X@ is for i = 1,2
the R-disjoint union (i.e at mutual distance greater than R) of metric
spaces in Y. We are now in position to state the main result of this
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paper (Theorem 2.T3). Let X be a family of finite metric spaces. As-
sume that for any R > 0, there exists a family of finite metric spaces

Y such that
e X is R-decomposable with respect to Y

e the family ) of all subsets of all metric spaces in ) satisfies
uniformly the QAM-estimates.

Then the family X satisfies (under some uniform boundedness condi-
tion) uniformly the QAM-estimates. A special case of interest is the
class of families with finite decomposition complexity [5]. A class C
of families of proper discrete metric spaces is said to be closed under
coarse decomposition if any family A of discrete proper metric spaces
which is R-decomposable with respect to a family ) in C for any pos-
itive number R lies indeed in C. Let us define the class Cs4. as the
smallest class of families that contains uniformly bounded families of
discrete metric spaces and which is closed under coarse decomposabil-
ity. As uniformly bounded families of discrete metric spaces satisfy
obviously uniformly the QAM-estimates, we obtain as a consequence
of our main result that any family X in Cy4. with uniformly bounded
geometry satisfies uniformly the QAM-estimates (Theorem [2Z20)). If X
is a discrete proper metric space, we say that X has finite decompo-
sition complexity if the single family {X} is in Cfq. [5]. Examples of
such metric spaces are provided by metric spaces with finite asymp-
totic dimension. As a consequence of Theorem 2.20] we get that if I" is
a finitely generated group with finite decomposition complexity which
admits a classifying space with finite homotopy type, then I' satisfies
the Novikov conjecture. This result was already known as group with
finite decomposition complexity are amenable [6] but as already em-
phasized, our proof does not involve infinite dimension analysis.

Let us now explain the general idea of the proof of the main result
of this paper. In [I7] was stated a controlled Mayer-Vietoris exact se-
quence in quantitative K-theory. It was indeed motivated by K-theory
computability of Roe type algebras under the geometric decompositions
described above and thus result in six-term controlled exact sequences
on the right hand-side of the quantitative assembly maps. These de-
compositions also give rise to Mayer-Vietoris exact sequences in K-
homology on the left-hand side of the quantitative assembly maps. Our
proof then amounts to prove the compatibility of these two sequences
under the quantitative assembly maps. The major obstacle is that the
two boundary maps do not have the same nature. In K-homology,
the boundary maps is constructed using homotopy theory whereas in
a quantitative K-theory, we use an approximating lifting property for
almost unitaries. The first step to circumvent this obstacle is to show
that as it is the case for usual assembly maps, local quantitative coarse
assembly map factorize through quantitative index maps. These quan-
titative index maps are indeed defined for any compact metric space Z
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and is valued for a fixed non degenerate standard Z-module .77 in the
quantitative K-theory of the algebra £ (.7%) of compact operators on
Hy (or in AQ¥ (A7) for the version with coefficients). The second
step is to prove that for finite simplicial complexe and for small propa-
gation (depending only on the dimension), the quantitative index maps
are (up to some rescaling) isomorphisms. This is done once again by us-
ing controlled Mayer-Vietoris exact sequence in quantitative K-theory.
Checking the compatibility of the boundary maps is a quite tedious
chore but it is worth noticing that it can be straightforwardly gener-
alized to the equivariant case (in particular with respect to groupoid
actions). The proof of our main result then amounts to show that for
any finite metric space X in X', then the map induced in quantitative
K-theory by some canonical morphism ¢ (5,x)) — £ ((*(X)) is an
isomorphism up to uniformly controlled rescaling if the same holds for
any metric spaces in ). Geometric decompositions give also rise to
controlled Mayer-Vietoris exact sequence to compute the quantitative
H (HPp,x)). The two controlled exact sequences being now intertwined
by natural morphisms, this is achieved by using a controlled version of
the five lemma.

By analogy with metric spaces, the notion of geometric decomposi-
tion can be also defined for groupoids [7, 14]. An interesting perspective
would be to extend the main result of the paper to prove the perma-
nence property of the Baum-Connes conjecture for étale groupoids un-
der geometric decomposition [I4, Theorem 6.8] without the assumption
of the existence of a vy-element in the sense of [20, Proposition 5.20 and
Remark 5.21]. To reach this goal, we need to develop the analogous of
the theory of standard module in the framework of cocompact proper
action of groupoids (see [I] for the case of ample groupoids).

Qutline of the paper.

In Section 1, we review from [15} [16] the main features of quantitative
K-theory for filtered C*-algebras. We draw attention of the reader on
the fact that the definition of quantitative K-theory that we give in
this paper is slightly different from the original one given in [11][Section
3.1]. We have changed the range of the control £ and allowed larger
homotopies in the equivalence relations between almost projections and
almost unitaries. The purpose for this is to define later on in this
section the rescaling operator which allows to reduce the control € in
quantitative K-theory.

The main theorem is stated in Section 2. We first recall from [16] the
construction of the geometric controlled assembly map which can be
viewed as a geometric version of the controlled Baum-Connes assem-
bly maps (see [I5]). Next we give the formulation of the quantitative
assembly maps estimates for a proper discrete metric space. We re-
call the link with the coarse Baum-Connes conjecture and with the
Novikov conjecture. We then state the main result of this paper. We
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apply this result to metric spaces with finite decomposition complexity
introduced in [6] and we obtain has a consequence the Novikov conjec-
ture for finitely generated groups with finite decomposition complexity
(under the standard assumption on classifying spaces).

Section 3 is devoted to the definition and to the study of the quanti-
tative index map. After some reminders about non-degenerated stan-
dard modules and propagation for theirs operators, we introduce for a
compact metric space X and a non-degenerated standard X-modules
Hx the fundamental class in quantitative K-theory. This is a family
of rank 1 projections in C'(X, # (%)) with arbitrary small propaga-
tion and which are moreover compatible with respect to the structure
maps in quantitative K-theory. This leads to the definition of quanti-
tative indices. We then study some naturality properties for this map
and we state the fundamental theorem for quantitative indices : if X
is a finite simplicial complexe, then for small propagation depending
only on the dimension, quantitative indices are (up to some controlled
rescaling) isomorphisms. This theorem will be proved in Section 4. We
end the section by proving that the geometric quantitative assembly
maps factorizes through quantitative index maps.

In Section 4, we introduce the central tool of this paper : the con-
trolled six terms exact sequence in quantitative K-theory associated
to a Mayer-Vietoris pair decomposition for a filtered C*-algebra [17].
We show that a classical Mayer-Vietoris decomposition for a compact
metric space gives rise to a Mayer-Vietoris pair for the right hand side
of the quantitative index map. We prove by an arduous computation
that the Mayer-Vietoris boundary maps in K-homology and in quanti-
tative K-theory are intertwined by the quantitative index maps. As a
consequence, we prove by using a controlled version of the five Lemma
that for small propagation, the quantitative index is an isomorphism
up to some rescaling.

In Section 5, we collect results from Section 3 and 4 to show that
the proof of the main theorem reduces to replace in the QAM-estimates
the geometric assembly maps by the morphisms induced in quantitative
K-theory by some canonical map J& (Hp,x)) —  ((*(X)). Noticing
that geometric decompositions give rise to compatible Mayer-Vietoris
pair decompositions both for & (#p,x)) and J£ (¢*(X)), this us done
by using once again a five Lemma type argument for the associated
controlled six terms exact sequences in quantitative K-theory.

1. OVERVIEW ON QUANTITATIVE K-THEORY

In this section, we recall the basic concepts of quantitative K-theory
for filtered C*-algebras and collect the main results of [I5] concerning
quantitative K-theory that we shall use throughout this paper. The
structure of filtered C*-algebras allows us to talk about the propagation
scale of elements in the C*-algebras. Roughly speaking, quantitative



QUANT. INDEX, NOVIKOV CONJ. & COARSE DECOMPOSABILITY 7

K-theory is the abelian groups of K-theory elements at each given
scale.

Definition 1.1. A filtered C*-algebra A is a C*-algebra equipped with
a family (A,)r>o of closed linear subspaces indexed by positive numbers
such that:

e A, C A ifr<r';

e A, is stable under involution;

o Ar ’ Ar/ - ArJrr’ ;

e the subalgebra U A, is dense in A.

r>0

If A is unital, we also require that the identity 1 is an element of A, for
every positive number r. The elements of A, are said to have propa-
gation r.

Let A and A’ be respectively C*-algebras filtered by (A,),~o and
(Al)r>0. A homomorphism of C* -algebras ¢ : A— A’ is a filtered
homomorphism (or a homomorphism of filtered C*-algebras) if
®(A,) C Al for any positive number 7.

If A is not unital, let us denote by A" its unitarization, i.e.,
At ={(z,\); z € A, N e C}
with the product
(z, N)(2', N) = (z2’ + X2’ + N, AN)
for all (x,\) and (2/, \’) in A*. Then AT is filtered with
Ar ={(z,\); z € A, € C}.
We also define pq : AT — C; (z,\) — A.

1.1. Definition of quantitative K-theory. Let A be a unital filtered
C*-algebra. For any positive numbers r and ¢, we call

e an element u in A an e-r-unitary if u belongs to A4, ||[u*-u—1|| <
e and ||u-u* —1|| < e. The set of e-r-unitaries on A will be
denoted by U="(A).

e an element p in A an e-r-projection if p belongs to A,., p = p*
and |[p? — p|| < e. The set of e-r-projections on A will be
denoted by P*"(A).

Notice that an e-r-unitary is invertible, and that if p is an e-r-projection
in A, then it has a spectral gap around 1/2 and then gives rise by
functional calculus to a projection kg (p) in A such that ||p—ro(p)|| < 2e.

Recall from [I6, Lemma 1.7] the following result that will be used
quite extensively throughout the paper.

Lemma 1.2. Let A be a C*-algebra filtered by (A,),~o-
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(i) If p is an e-r-projection in A and q is a self-adjoint element of
A, such that ||p — q|| < %Lpn, then q is an e-r-projection.
In particular, if p is an e-r-projection in A and if q is a self-
adjoint element in A, such that ||p — q|| < €, then q is a be-
r-projection in A and p and q are connected by a homotopy of
de-r-projections.

(i) If A is unital, w is an e-r-unitary and v is an element of A,
such that |ju — v|| < %, then v is an e-r-unitary. In
particular, if w is an e-r-unitary and v is an element of A,
such that ||u—v|| < e, then v is a 4e-r-unitary in A and u and
v are connected by a homotopy of 4e-r-unitaries.

(iii) If p is a projection in A and q is a self-adjoint element of A,
such that ||p — q|| < §, then q is an e-r-projection.

(iv) If A is unital, u is a unitary in A and v is an element of A,
such that ||u —v|| < 5, then v is an e-r-unitary.

We get as a corollary:

Corollary 1.3. Let u be an e-r-unitary in a unital filtered C*-algebra
A, then diag(u, u*) and Iy are homotopic as 3e-2r-unitaries in My(A).

For any integer n, we set U."(A) = U"(M,(A)) and P;"(A) =
P="(M,(A)). For any unital filtered C*-algebra A, any positive num-
bers € and r and any positive integer n, we consider the inclusions

e,r e,r 0

and

e,r e,r u 0
U () = U (g ().

This allows us to define

Uz () = J U@

neN

and
P(4) = [ Pir(A).
neN
For a unital filtered C*-algebra A, € € (0,1/100) and r > 0, we define
the following equivalence relations on P57 (A) x N and on UZ(A):

e if p and ¢ are elements of PZ/(A), [ and I’ are positive integers,
(p, 1) ~ (q,l') if there exists a positive integer k and an element
h of P2="(A[0,1]) such that h(0) = diag(p, [x4r) and h(1) =
diag(q, L+1)-

e if u and v are elements of U (A), u ~ v if there exists an

element h of U2*?"(A[0, 1]) such that h(0) = u and h(1) = v.
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If p is an element of P57 (A) and [ is an integer, we denote by [p, []. .
the equivalence class of (p, ) modulo ~ and if u is an element of U (A)
we denote by [u]., its equivalence class modulo ~.

Definition 1.4. Let r and € be positive numbers with ¢ < 1/100. We
define:

(i) Ky"(A) =PI (A) x N/ ~ for A unital and
K" (A) = {[p. 1] € Ko(A") such that rank ro(pa(p)) = 1}

for A non unital (ko(pa(p)) being the spectral projection asso-

ciated to pa(p));
(ii) K7"(A) = UL (AT)/ ~, with A = A" if A is already unital.

Then K;"(A) turns to be an abelian group [15], Lemma 1.15] where

. e + [P/, U]e,r = [diag(p, p), L + 1]

for any [p, )., and [p/,']., in K;"(A). According to [15, Lemma 1.15],
K{"(A) is equipped with a structure of abelian group such that

[uler + [u/]&r = [diag(u,v)]. -,

for any [u]., and [u/]., in K" (A).

We draw attention of the readers on the fact that this definition
of controlled K-theory differs slightly from the original one given in
[T5][Section 3.1]. We have increased control of homotopies for purpose
of rescaling (see Section [[.2]). As quantitative objects (see Section [[3]),
the two objects are related by a controlled isomorphism. Furthermore,
controlled morphisms and isomorphisms and controlled exact sequences
for both objects are in natural correspondance with each other.

Recall from [I5], Corollaries 1.19 and 1.21] that for any positive num-
bers r and € with € < 1/100, then

K" (C) = Z; [p, 1., v rank ko(p) — 1
is an isomorphism and K7 (C) = {0}.

We have for any filtered C*-algebra A and any positive numbers r, r/,
e and &’ with e < ¢’ < 1/100 and r < 7/ natural group homomorphisms
o i Ky (A)—Ko(A); [p,l]cr — [ko(p)] — [I}] (Where ko(p) is
the spectral projection associated to p);
Li’r : K?r(A)—>K1(A), [u]e,r — [u] ;
e.r g,r g,T,
=15 @5
Lg,s/,r,rl : Kgr(A)—}KS/’r/(A); [, Uer = [Py Uer o
o .77 L KU (A)— K" (A); [uley = [u]er .

! ! / !
e’ o’ [SETT D [ EETT
* — % 1

If some of the indices r,7’ or €, &’ are equal, we shall not repeat it in
! !

297" Furthermore, when the range (resp. source, source and range)

. . . _ ot ! !

is obvious, we shall write (5™~ (resp. ¢, " EELNT

e |

, L7 ) instead of £
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Notice that with this definition, the family of morphisms
(5" K2 (A) = K(A))ee0,1/100),050

gives rise to an isomorphism

lim K27 (A) — K,(A), (1)

r>0
where the inductive limit on the left hand side is taken with respect to
the inductive system
K (4) = K (4)

forr >r > 0.

If  : A — B is a homomorphism of filtered C*-algebras, then since
¢ preserves e-r-projections and e-r-unitaries, it obviously induces for
any positive number r and any € € (0,1/100) a group homomorphism

G s KET(A) — Ko7(B).

Moreover the quantitative K-theory is homotopy invariant with respect
to homotopies that preserves propagation [15, Lemma 1.26]. There is
also a quantitative version of Morita equivalence [15, Proposition 1.28].

Proposition 1.5. If A is a filtered algebra and € is a separable Hilbert
space, then the homomorphism

A— ()R A a— 0

induces a (Zsy-graded) group isomorphism (the Morita equivalence)
MY KIT(A) = KT ( () @ A)
for any positive number r and any € € (0,1/100).

1.2. Rescaling the control. In this subsection, we describe a rescal-
ing process that allows to fix the control in quantitative K-theory.

Recall that if g is an e-r projection, then kg (q) stands for the spectral
projection corresponding to ¢’. If w is an e-r unitary, we set r(u) =
(w*u)~"?u (then ky(u) is a unitary).

Lemma 1.6. There exists a non increasing function

(0,1/8) = [1,+00); € = I
such that for any unital filtered C*-algebra A, any € in (0,1/8) and any
r > 0, then the following holds

(i) for any e-r-projection q in A, there exists an €/2-l.r-projection
q such that ||ko(q) — || < /8.

(i) for any e-unitary u in A, there exists an € /2-l.r-unitary v’ such
that ||k1(u) —u'|| < e/6.
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Moreover, if J is an ideal in A and if g—1 (resp. u—1) lies in J, then
we can choose ¢ (resp. u') such that ¢ — 1 (resp. u' — 1) lies also in

J.

Proof. Let us first prove the even case. Let us fix a in (O, 1-—- 1/\/5)
Then the spectrum of ¢ is included in [—a, ] U [l — a, 1 + o] for any
e-r-projection ¢ with € in (0,1/8). Let us fix kp : R — R a continuous
function such x(t) = 0 for t in [—a, a and ko (t) = 1 for t in [1—a, 140
and let (Qn)nen be a polynomial sequence such that (Q ) yen converge
uniformly to kg on [—a, o] U [l — «a,1+ a]. For € in (0,1/8), let N,
be the smallest integer such that ||Qn.(t) — ko(t)|| < /8 for all ¢ in
[—a,a]U[1 —a, 1+ al. Set then I, = max{d°Qy; k =0,..., N.}. Then
¢ = Qn.(q) belongs to A, and ||ko(q) — ¢'|| < /8. In particular,
according to the third point of Lemma [[.2] we see that ¢ is an €/2-I.r-
projection.
In the same way for the odd case, using the power serie of ¢ —

(14 t)~2, we see that there exists:

e a non increasing function (0,1/4)—N; € — I,

e for any € in (0, 1/4) a polynomial function Q.

such that
e The degree of Q). is [;
b Qa(l) =1

o |Q.(t) —t7? < ¢/8 for all t in [3/4,5/4].
If we set v = Q.(u*u)u, then we have that ||x;(u) — /|| < /6 and
in view of the fourth point of Lemma [[L2 we see that v’ is an £/2-
(2l; + 1)r-unitary. O

If ¢ is an e-r-projection in A, with € in (0, 1/200), we deduce from the
first point of Lemma that two elements that satisfy the condition
of the first item of the lemma are homotopic as %z—:—r—projections and
hence there exists a well defined homomorphism

Ly K5 (A)— K57 (4),
natural with respect to homomorphisms of filtered C*-algebras, such
that if A is unital, then L7([q, k]c») = [¢', k]c 2,1, for any e-r-projection
q in some M, (A), any integer k and any e/2-l.r-projection ¢’ in M, (A)
such that ||ko(q) — ¢|| < €/8.
In the same way, there exists a well defined natural homomorphism

Ly KT (A)— K727 (4)
such that if A is unital, then L3 ([ul.,) = [W]c/a., for any e-r-
unitary u in some M, (A) and any /2-l.r-unitary «’ in M, (A) satisfying
k1 (u) —u'|] < e/8.
For any ¢ in (0,1/200) and r > 0, let us set [,s . = [ and
LY, = LYy ® L« KOT(A)— K/ (A).

*
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We clearly have that
It ) ! 27lrs el !
15 0 = M o 1
for any ¢, €/, r and ' such that 0 < e < ¢’ < 1/200, 0 < r < 7’ and
lrs,ET < lrs,a’rl-

Lemma 1.7. For any unital filtered C*-algebra A, any ¢ in (0,1/200)
and any r > 0, then

. e/2,e,ler ,
(i) Sk Ly, = (STl

. €/2,e,r e/2,ler
(11> LZT* o L*/ = 1/*/ .

Proof. We can assume without loss of generality that A is unital. Let
us prove the first point in the even case. Let ¢ be an e-r-projection
in some M,,(A) and let ¢’ be an /2-I.r-projection in M, (A) such that
lko(q) — || < /8 as in Lemma [[L6l Then

la—dll < lla—ro(@)ll + llko(q) — ¢l
17¢
=
In view of the first point of Lemma [[L2] we obtain that ¢ and ¢ are
homotopic as 25e-I.r-projections and we deduce the result for the first
point in the even case. The odd case is quite similar.
For the second point, let ¢ be an £/2-r-projection in some M,,(A) and

let us consider ¢ as a e-r-projection. Pick then an e/2-I.r-projection ¢
in M, (A) such that ||rko(q) — ¢|| < /8. Then

la—d'll < llg—ro(@)l + [lko(q) — ¢l
9e
8
and hence ¢ and ¢’ are homotopic as %ﬁ—ler—projections and we deduce
the result of the second point in the even case, the odd case being
similar. O

1.3. Quantitative objects. In order to study the properties of quan-
titative K-theory, we introduce the following concept of quantitative
object.

Definition 1.8. A quantitative object is a family O = (O°")ocec1/100,50
of abelian groups, together with a family of group homomorphisms
Li,f/’r’r/ L0 — O
for 0 <e<e <1/100 and 0 < r <1’ such that
e 17" = Idoer for any 0 < e < 1/100 and r > 0;
. Lg’gﬂ’r,’r” o Lffl”””' = L%’EN’T’T” for any 0 < e <& <" <1/100
and 0 <r <r' <r”;

As for structure maps attached to quantitative K-theory, when some

! !
of the indices 7,7’ or ¢,¢" are equal, we shall not repeat it in """ .
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Example 1.9. Of course, our prominent example will be quantitative
K-theory K,(A) = (K{"(A))oce<1/100>0 Of a filtered C*-algebras A
with structure maps (57" 1 K&7(A)— K2 "' (A).

*

In order to define the relevant notion of morphisms between quanti-
tative objects, we need to introduce control pairs.

Definition 1.10. A control pair is a pair (A, h), where
¢ A 1;

o h:(0,155) = [1,400); € = he is a non-increasing map.

The set of control pairs is equipped with a partial order: (A, h) <
(N ) if A< N and he < AL for all e € (0 I (A ) and (N, R')

are two control pairs, define

1
7 100N )

h*h': (O ) — (0, +00); £ — hych..

T 100AN
Then (AN, h x h') is again a control pair.

Definition 1.11. Let (A, h) be a control pair and let O = (O°")o<c<1/100,r50
and O' = (0" )ocec1/10050 be quantitative objects. A (X, h)-controlled
morphism

F:0—=0

is a family F = (F”)O<€<ﬁ,r>0 of groups homomorphisms

e,r . e,r I\eher
FEr. 0" =0

such that for any positive numbers e, &', r and " with 0 < ¢ < & <

1 / !
oo T ST and h.r < hor', we have
't ot e e her,h_yr!
Fs L Li’f T L(’)E/ EHNeT g1 o F&r'

When it is not necessary to specify the control pair, we just say that
F is a controlled morphism. If O = (O°")p<cc1/100,->0 i & quantitative
object, let us define the identity (1,1)-controlled morphism Zdp =
(Idoer)o<e<1/100,50 + O — O. Observe that if A and B are filtered C*-
algebras and if F : K.(A) — K.(B) is a (A, h)-controlled morphism,
then F induces a morphism F': K,(A) — K,.(B) uniquely defined by
"o FET = F ol

In some situation, as for instance controlled boundary maps of con-
trolled Mayer-Vietoris pair (see Section [1.2)), we deal with family F=" :
0" — O&her of group morphisms defined indeed only up to a certain
order.

Definition 1.12. Let (A, h) be a control pair, let O = (O%*)g<c<1/100,550
and O = (O"*)o<ec1/100,5>0 be quantitative objects and let r be a posi-
tive number. A (A, h)-controlled morphism of order r

F:0—=0
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. . _ (pes .
is a family F = (F )0<5<10}M O<s<i of groups homomorphisms

e - Os,s N O/)\s,hgs

such that for any positive numbers e, €', s and s with 0 < ¢ < &’ <

1 / /
oo S S S and h.s < hos' < r, we have
ot ! g.g! e, e hes,h_rs’
FEs o L%e 38,8 L(’)E/ &, NeS,Ngrs o F&5.

Let O = (0°")ocec1/100,50, O = (O )ocec1/100,50 and O =
(0" )o<e<1/100,>0 be quantitative objects, let

F = (FE’T)O<5<# >0 - 00

100’

be a («a, k)-controlled morphism, and let

g = (G€7r)0<a< L .50 - O — 0"

100a/’

be a (o, k')-controlled morphism. Then GoF : O — O” is the (', k'
k)-controlled morphism defined by the family

ae,ker 7 . )E,T ol aekek!, v
(G0 F" 0" = O * o< —1 r0- (2)

100aa’’

Notice that if 7 : O — O’ and G : O' — O" are respectively a (o, k)-
controlled morphism and (o, k')-controlled morphism of order r, then
equation (2)) defines a (o« k' k)-controlled morphism Go F : O — O”
of order 7.

Notation 1.13. Let O = (OE’T)0<5<1/100,7~>0 and 0" = (O/e’r)0<s<1/100,r>0
be quantitative objects, let F' = (F*")o.c 1, 1 O = O (resp.
g = (Ge”’)mé 50 O = O') be an (a, k)-controlled morphism (resp.
an (o, k')-controlled morphism) and let (A, h) be a control pair. We
write F ) gif

e (a,k) < (M\h)and (o, k) < (N h).

e for every ¢ in (0 and r > 0, we have

1
> Toox)
‘e Ne,kLrh
Lgs/«\s,ksr,har o F&r — Lt(l;, ekersher o e
Recall from [16] the definition of a controlled isomorphisms.

Definition 1.14. Let (A h) be a control pair, and let F : O — O be
a (a, k)-controlled morphism with (o, k) < (A h). F is called (X, h)-
invertible or a (A, h)-isomorphism if there exists a controlled morphism

G:O = O such that Go F X Tdo and Fo G X Tdo. The

controlled morphism G is called a (X, h)-inverse for G.

In particular, if A and B are filtered C*-algebras and if F : K.(A) —
K.(B)is a (A, h)-isomorphism, then the induced morphism F' : K,(A) —
K. (B) is an isomorphism and its inverse is induced by a controlled mor-
phism (indeed induced by any (A, h)-inverse for F).
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In order to define the quantitative index map, we need to consider the
special case of controlled morphisms with constant source (see Section

B.4).

Definition 1.15. Let Z be an abelian group and let O = (O%*)o<z<1/100,5>0
be a quantitative object. A projective morphism F : Z — O is a family
of group homomorphisms

F=(F"*:72— Oe’s)o<e<1/1oo,s>o

such that for every positive numbers e, €', s and s" with e < &’ < 1/100
and s < §', then F=¥ =575 o .

Remark 1.16. Let
F=[F":7Z— Os’s)0<e<1/1oo,s>o

be a projective morphism.

(i) let us fix g¢ in (0,1/100) and sy > 0. Then F is completely
determined by the knowledge of (F**)pccccy0<s<so-

(ii) for any fixed e in (0,1/100), the projective morphism F induces
a morphism

4 — leOe’s

5>0

r = (F%(x))sso0,
where the right hand side is the projective limit with respect
to the inductive system (15 )ocscy.

If A:Z"— Z is a homomorphism of abelian group, then

def £.s
FoA=(F"*o A)0<€<1/100,s>0 1 Z—0

is a projective morphism and if G : O — O is a («, k)-controlled
morphism, then
g o.7:g <Ga7m o Fa’m> c Z—0
0<e<1/100,s>0

is a projective morphism. In order to study the behaviour of quanti-
tative objects for small propagation, we introduce the following notion
of h-isomorphism.

Definition 1.17. Let (0,1/200) — [1,+00); € — h. be a non decreas-
ing function. A projective morphism

F = (F**)ocec1/100550 : £ — O
is called a h-isomorphism if for any ¢ in (0,1/200),
o [%%: 7 — O is one-to-one for any positive number r with
r < 1/he;
e For any positive number r with v < 1/h? and any y in O,
there exists x in Z such that Fo"" (x) = 13" (y).
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In other words, this means that F'*" is one-to-one onto Lz’r/hs’r(OE’T/hs)
for any positive number r with v < 1/h,.

The restriction to (0,1/200) of the range of the control is for con-
trolled rescaling reasons that will become clear later on when stating
the properties of the quantitative index map. The meaning of this def-
inition is that up to a rescaling, Z and O®" are isomorphic for small
propagation. In view of the second point of Remark [LT6 this implies
in particular that for any ¢ in (0,1/200), the projective morphism F
induces an isomorphism

Z — lim O%°.

Let us recall now the definition of the controlled exact sequence for
quantitative objects. This controlled exact sequence is an important
tool in computing quantitative K-theory for filtered C*-algebras.

Definition 1.18. Let (A, h) be a control pair,
o Let O = (0678)0<5<W10,s>07 0 = (Oé,s)0<e<ﬁlo,s>0 and O" =

(OZ)o<e b 550 be quantitative objects, let

JF = (F€7s)0<e< L0 O — o'

100a?

be a (o, k)-controlled morphism and let
G=(CG")pcec 1, 50" 0 — 0"

100a’?
be a (o, k')-controlled morphism with (/, k") < (A, h). Then
the composition

oLobo
is said to be (A, h)-ezact at O if Go F =0 and if for any 0 <
g < any s > 0 and any y in O'**® such that G=*(y) = 0
mn there exists an element x in O*"=* such that

F)\a,hgs (.T) _ Lgiﬂa’r’kkhﬁ(y)

mn O/a)\e,l@\shgs'

1
100Aoe 7
"
o’eklrs

o A sequence of controlled morphisms

}k—l }k }k+1
O P O T O T Oy

is called (X, h)-exact if for every k, the composition

}k—l fk
Op-1 — O — Okq

is (A, h)-ezact at Oy.
e a controlled morphism F : O — O is called (A, h)-injective
if
0050
is (A, h)-ezact;
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e a controlled morphism F : O — O’ is called (A, h)-surjective
if
050 -0
s (A, h)-ezact.

[t is then obvious that if a controlled morphism F is a (A, h)-isomorphism,
then there exists a controlled pairs (\',h') depending only on (A, h)
such that F is (XN, h')-injective and (N, h')-surjective. Conversely, if
F is (N, h')-injective and (\”, h”)-surjective, then there exists a con-
trolled pair (A, k) depending only on (X', A') and (\”, ") such that F
is a (A, h)-isomorphism.

The notion of (A, h)-exactness of a composition and of a sequence
can be extended to the setting of controlled morphism of order 7.

Definition 1.19. Let (A, h) be a control pair,

Let O = (Oe,3)0<e<ﬁ,s>07 0" = (0, s)0<€< Ss>0 and 0" = (Ogs)0<e<mo, >0
be quantitative objects, let

F=(F"")gcec 1 0<s<7L 0= O

100’

be a (a, k)-controlled morphism of order ri and let
G = (G")ocec !

be a (o/, k')-controlled morphism order ro with (o/, k") < (A, h). Forr
in (0, min{ry,r}), the composition

./ "
0<s<% . O — O

100 100a’

o%Lo %o
is said to be (A, h)-ezxact at (’)’ and at order r if
o forany 0 < e < 100/\&,
then GOoSkees o & 8( )=01in OV
o forany 0 < e < 100)\ ,
such that G**(y) = 0 in O
O*h=s such that

F)\s,hgs (.T) _ L%?As,r,kkhgs<y)

£,57

ao'e kekl, s°

any 0 < s < =5 and any y in o=

we s Uhere exists an element x in

in O/oz)\e,k,\ghgs

1.4. Six-term controlled exact sequence. Examples of controlled
exact sequences in quantitative K-theory are provided by controlled

six term exact sequences associated to a completely filtered extensions
of C*-algebras [15, Section 3].

Definition 1.20. Let A be a C*-algebra filtered by (A,),~o, let J be an
ideal of A and set J. = JN A,.. The extension of C*-algebras

0—>J—>A—=A/J—=0
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15 called a completely filtered extension of C*-algebras if the bijective
continuous linear map

A J— (A + )] J

induced by the inclusion A, — A is a complete isometry i.e for any
integer n, any positive number r and any x in M, (A,), then

inf T+ = inf ||z + vyl
yeMn(Jr)H yll yeMn(J)H yll

Notice that in this case, the ideal J is filtered by (A, N J),~o and
A/J is filtered by (A, + J),~o. A particular case of completely filtered
extension of C*-algebra is the case of a filtered and semi-split extension
of C*-algebras [15, Lemma 3.3] (or a semi-split extension of filtered
algebras) i.e extension

0—J—A— A/J=0,

such that
e A is filtered by (A,),>o;

e there exists a completely positive and completely contractive
(if A is not unital) cross-section

s: Al — A
such that
s(A,+J) C A,
for any number r > 0.

For any extension of C*-algebras
0—-J—=A—=A/J—=0

we denote by 054 @ K.(A/J) = K,.(J) the associated (odd degree)
boundary map.

Proposition 1.21. There exists a control pair (ap,kp) such that for
any completely filtered extension of C*-algebras

0—J—A- A)J—0,

there exists an (ap, kp)-controlled morphism of odd degree

Dyas = (074 )ocec i 0 - KA/ T) = Ku(J)

T00ap ’

which induces Oy 4. K.(A)J) = K.(J) in K-theory.

Moreover the controlled boundary map enjoys the expected natural-
ity properties with respect to completely filtered extensions. We have
in the setting of controlled exactness the analogue of the six terms exact
sequence in K-theory.
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Theorem 1.22. There exists a control pair (A, h) such that for any
completely filtered extension of C*-algebras

0—J-1 A5 A0 —0,
the following siz-term sequence is (X, h)-exact

Ko(J) —2= Ko(A) —E— Ko(A/J)

'DJ,A,*T ,DJ’A’*J/

Ki(A)T) «2— K(A) «2—  Ki())

Moreover, by construction (see [I5] Section 3.2]), the controlled bound-
ary map is compatible with the rescaling defined in Section

Proposition 1.23. For any completely filtered extension of C*-algebras
0—J -5 A A/]—0,

if we set (a, k) = (ap,kp) and | = l,s (with notation of Section [L2,
then we have
c/2,ler e,r o —ag/2ke joler ag,ker &,
Ofxs O Lj)p = o L 007,
e kE/QlET kE/glET

— 7 lae ? kelae g,r,—
= L. 0045 oL

*

and any r > 0.

for any € in (0, ﬁ)

1.5. Tensorisation in K K-theory and controlled morphisms.
Let A be a C*-algebra and let B be a filtered C*-algebra filtered by
(B,)r>0- Let us define A®B, as the closure of the algebraic tensor
product of A and B, in the spatial tensor product A®B. Then the
C*-algebra A®B is filtered by (A®B,),~o. If f: Ay — Ay is a homo-
morphism of C*-algebras, let us set

fp: A1®B — Ay®B; a®b — f(a)RD.
Recall from [I1] that for any C*-algebras A;, A; and B, G. Kasparov
defined a tensorization map
75 KK.(A, Ay) — KK.(A,®B, A,;®B).
If B is a filtered C*-algebra, then for any z in K K,(A;, A2) the mor-
phism
K, (A1®B)—K,(As®B); © — x®4,0875(2)
is induced by a control morphism [I5, Theorem 4.4].
Theorem 1.24. There exists a control pair (ar, kr) with k > 1 such
that

e for any filtered C*-algebra B;
e for any C*-algebras Ay and As;
e for any element z in KK,(A;, Ay),
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There exists an (ar, kt)-controlled morphism

Ts(2) = (75"(2)) K.(A®B) = K. (A;,0B)

1 :
€c (O,W) ,7">0

with same degree as z that satisfies the following:
(i) Te(z) : Ki(A1®@B) = K.(A3®B) induces the right multiplica-
tion by Tp(z) in K-theory;
(ii) For any elements z and 2" in KK,(A;, As). Then

Te(z+2") = Ts(2) + T(?).

(iii) Let A} be a filtered C*-algebra and let f : Ay — Al be a
homomorphism of C*-algebras. Then we have Tp(f*(z)) =
Te(z) o fpx for all z in KK, (A}, As).

(iv) Let A, be a C*-algebra and let g : A, — Ay be a homomorphism
of filtered C*-algebras. Then we have Tp(g+(2)) = g« 0 Tp(2)
for any z in KK,(Ay, A}).

() To[Ida]) =7 Zdg. a,0m),

(vi) For any C*-algebra D and any element z in KK,(Ay, Ay), we
have Tp(mp(2)) = Tpep(2).

(vii) For any semi-split extension of C*-algebras 0 — J — A —
A/J — 0 with corresponding element [054] of KK1(A/J,J)

that implements the boundary map, we have

E([aJ,A]) = DJ@B,A@B-

Moreover, Tp is compatible with Kasparov products [I5, Theorem
4.5].

Theorem 1.25. There exists a control pair (X, h) such that the follow-
ing holds :

let Ay, Ay and Az be separable C*-algebras and let B be a filtered C* -
algebra. Then for any z in KK,(Ay, Ay) and any 2’ in KK,(As, As),
we have

To(2®4,7) ) To(2) o Ti(2).

We also have the following naturallity result with respect to the
filtered C*-algebras.

Proposition 1.26. Let A; and Ay be separable C*-algebras, let B
and By be filtered C*-algebras and let f : By — By be a morphism
of filtered C*-algebras. Let us consider fa, : A1®B; — A1®By and
fa, 1 Ao®By — As®Bs the morphisms of filtered C*-algebra induced
by f on tensor product. Then

fa,0 Ts,(2) = Tp,(2) o [y«
for any z in KK,(Ay, As).
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Remark 1.27. We can extend Proposition to the slightly more
general following situation. Let f : B; — B be a homomorphism
of C*-algebras and assume that there exist a positive number 6 with
¢ > 1 and a non negative number [ such that f(B;,) C Bsg,+p for all
positive number r. Then f induces for every positive numbers ¢ and r
with £ < 1/100 and for any C*-algebra A a morphism

O K2T(A®B) — K2 (A®B,).

With notations of Proposition [[26, we have with («, k) = (o, k)

eI o f8hT o 8(2) = T (2) o £

1

for all positive numbers ¢ and r with ¢ < 155
(0%

By construction of T (see [15], Section 3.2]) and in view of Proposi-
tion [L23] this quantitative version of Kasparov transformation is com-
patible with the rescaling defined in Section [L2L

Proposition 1.28. Let us set (a, k) = (a7, kr) and | = s (with
notation of Section [L.2. Then for any filtered C*-algebra B, for any
C*-algebras Ay and Ay and any element z in KK,(A;, As), we have

e/2,ler e,r _ —ag/2kepaler ag,ker e,r
B (2) 0 LA1®B,* = U« © LA2®B,* o7y (2)
kE/QZET . kE/glET

_ @, > Thel £,r,—
= LA2®Bai o7y " (2) 0]

1

for any € in (0, o0

) and any r > 0.

2. QUANTITATIVE ASSEMBLY MAPS ESTIMATES AND COARSE
DECOMPOSITION

In [I6], the authors developed a geometric version of the controlled
Baum-Connes assembly maps (see [15]) and of the related quantitative
statements. It was proved that if the family of finite subsets of a proper
discrete metric space X satisfies uniformly these geometric quantitative
statements, then X satisfies the coarse Baum-Connes conjecture. Due
to the descent principle [I§], in the particular case of a finitely gener-
ated group with finite type classifying space, this implies the Novikov
conjecture. In this section, we recall the setting for these geometric
statement and we state the main result of this paper: uniform geo-
metric quantitative statements for families of finite metric spaces with
uniformly bounded geometry are stable under coarse decompositions.
We apply this result to metric spaces with finite geometric complexity
introduced in [6]. We prove that the family of finite subsets of such a
metric space with bounded geometry satisfies uniformly the geometric
quantitative statements.
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2.1. Geometric controlled assembly maps. Let 3 be a proper dis-
crete metric space. For any C*-algebra A, set Ay = AR (*(%)).
Then the distance d on X induces a filtration on Ay, in the following
way: let 7 be a positive number and T' = (T55/)(s,01)ex2 be an ele-
ment in Ap(y), with 7, in A for any o and o’ in ¥2. Then T has
propagation r if T, ,» = 0 for ¢ and ¢’ in ¥ such that d(o,0’) > r. We
define the Rips complex of degree d of X as the set Py(3) of probability
measure on Y with support of diameter less than d. Then Py(X) is a
locally finite simplicial complex and is locally compact when endowed
with the simplicial topology. Let us define then
def .
K*(Pd(z)’A)_zglgﬁz) KK, (C(Z),A),

where Z runs through compact subsets of P;(X). In [16] was con-
structed for any C*-algebra A local quantitative coarse assembly maps

V;%d* : K*<Pd<2)7 A) — K:?r(AE)a
with d > 0, ¢ € (0,1/100) and 7 > r4., where the map
(0,400) x (0,1/100) — (0,400); (&,d) > rae

is non increasing in €, non decreasing in d and satisfies r4. > 2d for
all positive numbers ¢ and d with € < 1/100. Let us recall now the
definition of these quantitative assembly maps:

Notice first that any = in P,;(X) can be written as a finite convex
combination
r=Y A(2)

where
e 0, is the Dirac probability measure at o in >.
e for every o in %, the coordinate function
)\o = )\E,J . Pd<2) — [07 1]
is continuous and its support is the closure of the set of prob-
ability measures on ¥ for which o is in the support.
Let X be a compact subset of Py(X). Let us define
Py : C(X)®0(2) = (X))@ (2)
by
(Px - h)(w,0) = A2 (2) Y hiz, o)A (@), (3)
o'ex
for any h in C(X)®€*(¥). Since Y .5 As = 1, it is straightforward
to check that Px is a projection in C'(X )®%’(€2(E)) = C(X)y with
propagation less than 2d and hence gives rise in particular to a class
[Px] in K" (C(X)x) for any € in (0,1/100) and any positive number r
with r > 2d. Let us set rq. = 2dk,,, for any positive number ¢ and r
with € < 1/100, where (a, k) = (a7, kr) is the control pair of Theorem
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24 For any C*-algebra A, any ¢ € (0,1/100) and any r > rq., the
map

KK.(C(X),A) — K:(Ag)) n
e/o,r/ke /o
v (@) (Px O,

is compatible with inductive limit over compact subsets of P;(3) and
hence gives rise to a local coarse assembly map

Vsl K(Py(R), A)— K, (As).

z—:rd

The map vy, is natural for C*-algebras and induces in K-theory the

. r,d
index map, i.e the maps L5’ OV;A is up to Morita equivalence given for

any compact subset Z of Pd(Z) by the morphism in the inductive limit
KK, (C(Z),A) — K.(A) induced by the map Z — {pt}. Moreover,
the maps v5;%", are compatible with structure morphisms and with
inclusion of Rlps ComplexeS'

e d
o = ovgN, = VEA* for any positive numbers ¢, €', r, 7’ and

d such that ¢ <&’ < 1/100, rg. <7, rge <7’ and r <

& d .
° 1/;7:4* O dd« = u;”A . for any positive numbers €, r, d and d

such that € < 1/100 d < d and rg . <r, where
Qe = G Ku(Pa(D), A) = K. (Pa(S), A)
is the homomorphism induced by the restriction from Py (%)
to Py(X).
The construction of the map l/wd has to be compare with the con-
struction of the coarse assembly map in [I9, Section 2.3].

Lemma 2.1. Let X be a proper discrete metric space and let X' be a
subset of 3. Let us consider :
. jﬁZ’E, c (X)) = H((A(X)) the natural inclusion;
o 1p,x). Py - K (Pa(X),A) — K. (Py(X),A) the homomor-
phism induced by the restriction from Py(X) to Py(X').
Then we have the equality

&, 7 £, 'f‘d
Vs Ax O JPy(2), Py (), 32 YA O Vs Ay

for any positive numbers €, r, d such that ¢ < 1/100, and rqoc < 1,
where
jﬁE,Z’,A : AZ’ — Ag

15 the filtered morphism induced by jgz,.

Proof. Let X be a compact subset of Py(¥') C Py(X) and let Py in
C(X)ox (1*(2)) and Py in C(X)@ ((*(X')) be the projections of
equation (B]) respectively obtained from ¥ and ¥'. It is straightforward
to check that

T o0 (Px) = Px. (5)
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Now the result is a consequence of the naturality in the filtered C*-
algebra of 7, stated in Proposition [L.20] O

Let us set [ = [.; (with notation of Section and let X be a
compact subset of Py(X). It is clear that LELZX)@af(z?(Z))([PX’O]W‘) =
[Px,0])c/2,.r for 7 > 2d and hence according to Proposition [L28 the
local quantitative assembly maps are compatible with the rescaling
map.

Proposition 2.2. Let 3 be a proper discrete metric space and let A be

a C*-algebra A. For any positive numbers £, r and d with e < 1/200
ke

e/alv £
and rq. <1, let us set k. = —¢ /20‘ . Then, we have
e/
e/2,klrd __ — e/2.klrd e,r e,rd
Usax = b oLy OV )

2.2. Quantitative Assembly Maps estimates. Let us consider for
d,d,r,r" and e positive numbers with d < d’, ¢ < 1/100, 4. < 7" and
r < 1’ the following statements:
QIs ax(d,d' 7, e): for any element = in K, (Py(X), A), then y;’ﬁf* (x) =
0in K27 (A®.2 (¢2(X))) implies that gz () = 0in K. (Py (%), A).
QSs ax(d,r, 1’ e): for every y in K" (Ay), there exists an ele-
ment x in K,(P;(X), A) such that

7T‘l 7d ,7",7"/
vga () =57 (y).
Definition 2.3.

e Let Yl be a proper discrete metric space. We say that ¥ satisfies
the Quantitative Assembly Map estimates (QAM-estimates) if
— for every positive numbers ¢, r and d with ¢ < Wlo and
T = rae, there exists a positive number d' with d' > d such
that QIs a.(d,d',r,€) holds for any C*-algebras A;
— for every positive numbers e, r with ¢ < ﬁ there exists
positive numbers d and 1’ with rq. < " and r < 1’ and
such that QSs a+(d,r,7",€) holds for any C*-algebras A;
e Let Y be a family of proper discrete metric spaces. We say that
the family Y satisfies uniformly the QAM-estimates if
— for every positive numbers ¢, r and d with ¢ < Wlo and
r = T4, there exists a positive number d' with d° > d
such that Qls a.(d,d' 1) holds for any C*-algebras A
and any proper discrete metric space > in );
— for every positive numbers e, r with € < ﬁ there exists
positive numbers d and 1’ with rq. < " and r < 1’ and
such that QSs ax(d,r,1" ) holds for any C*-algebras A

and any proper discrete metric space ¥ in ).

Remark 2.4. According to Lemma [[71 and Proposition 2.2] it is
enough to check the QAM-estimates for a fixed ¢ in (0, 1/200):
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Assume that there exists € in (0, 1/200) such that

e for every positive numbers r and d with r > ry., there exists
a positive number d' with d’ > d such that QIs 4.(d,d' 1 ¢€)
holds for any C*-algebras A;
e for every positive number 7, there exists positive numbers d and
r’ with 74, < 7" and r < 7’ and such that QSs 4 .(d, 7,1, )
holds for any C*-algebras A.
Then 3 satisfies the QQ AM-estimates.
We have a similar statement in the uniform case.

The next two results, proved in [16, Theorem 4.10 and 4.11], provide
numerous examples of discrete proper metric space that satisfy the
QAM-estimates.

Theorem 2.5. Let I' be a finitely generated group provided with any
word metric. Assume that T' satisfies the Baum-Connes conjecture.
Then I' as a metric space satisfies the QAM-estimates.

Before stating the second result, we recall the definition of coarse
embedability.

Definition 2.6. A proper discrete metric space (X, d) coarsely embeds
into a Hilbert space F if there exist two functions px : (0,+00) —
(0, +00) and a map f : ¥ — H such that

e lim pi(0) = +o0.

T—>—+00

* 0-(dlo.0)) < (o) = SO < pu(dle0") for al 7 and o
m .

Recall that a discrete metric space has bounded geometry if every
ball of a given radius as uniformly bounded cardinal.

Theorem 2.7. Let X be a discrete metric space with bounded geometry
that coarsely embeds into a Hilbert space, then % satisfy the QAM-
estimates.

The QAM-estimates are also related to the Novikov conjecture in
the following way [16, Theorem 5.1] .

Theorem 2.8. Let (X,d) be a proper discrete metric space and as-
sume that the family of finite subsets of 33 satisfies uniformly the QA M-
estimates. Then X satisfies the coarse Baum-Connes conjecture.

In view of the descent principle [I8], we have the following conse-
quence.

Corollary 2.9. Let I' be a finitely generated group which admits a
finite type classifying space and let us equip I' with any word metric.
Assume that the family of finite subsets of ' satisfies uniformly the
QAM-estimates. Then I' satisfies the Novikov conjecture.
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Notice that Theorems 2.5l 2.7 and were originally stated with a
rescaling which is now taken into account by enlarging homotopies in
the definition of quantitative K-theory.

Next we show that for a proper discrete metric space 3 we can reduce
QAM-estimates for 3 to uniform QAM-estimates for the family of finite
subsets of 3.

Proposition 2.10. Let Y be a discrete proper metric space and as-
sume that the family of finite subsets of 3 satisfies uniformly the QA M-
estimates. Then X satisfies the QAM -estimates.

Proof. Let us fix 0p inY and set
Y, = {o € ¥ such that d(o,00) < n}.
According to [15, Proposition 1.28], the sequence of inclusions
Jorw  H(C(E0) = H (E(2))
induces an isomorphism

lim K7 (Ay,) 5 Ko7 (Ay).

In the same way the sequence of restrictions of P;(X) to Py(%,,) induces
an isomorphism

%ﬂﬁ&@%A%iKﬂﬂ&A)

and according to Lemma 2] we see that if QIx, a.(d,d’,r, ) holds
for every n, then QIx 4.(d,d’,r ¢) is also satisfied. We can proceed
similarly for the Q)S-statement U

2.3. The main theorem. In this subsection, we state the main The-
orem of this paper. This theorem will be proved in Section Bl Let us
first recall from [6] the definition of coarse decomposability for discrete
proper metric spaces.

Definition 2.11. Let X and Y be families of discrete metric spaces
and let R be a positive number. The family X is R-decomposable with
respect to Y if for any X in X, there exists XV and X® two subsets
of X such that
e X =XDyx®,
o fori=1,2, then X is the R-disjoint union of metric spaces
in Y, i.e there exist (X](l))jeji a family of metric space in Y
such that X =], , X](»Z) and d(X](Z),X;f)) T)R if j# 3" (in
this situation, we shall write X =g |—|jeJ1- le ).

We also need to generalize the concept of bounded geometry to fam-
ilies of discrete proper metric spaces.
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Definition 2.12. Let X be a family of discrete proper metric spaces.
Then X has uniformly bounded geometry if for every positive number
r, there exists an integer n, such that for any metric space in X, balls
of radius r have cardinal bounded by n,..

If X is a family of finite metric spaces, we denote by X the family
of all subsets of all metric spaces in X.

Theorem 2.13. Let X be a family of finite metric spaces and assume
that for every positive number R, there exists a family Y of finite metric
spaces with uniformly bounded geometry such that

o X is R-decomposable with respect to Y;
o the family Y satisfies uniformly the QQ AM -estimates;
Then the family X satisfies uniformly the QQAM -estimates.

This theorem will be proved in Section

2.4. Application to metric space with finite decomposition com
plexity. Spaces with finite geometric decomposition were introduced
in [ 6]. As an application of Theorem I3, we show that family of
finite subsets of a space with finite decomposition complexity satis-
fies uniformy the QAM-estimates. Recall first the concept of coarse
decomposition for a class of proper discrete metric spaces.

Definition 2.14. Let C be a class of family of proper discrete metric
spaces. We say that C is closed under coarse decomposition if the fol-
lowing is satisfied : let X be a family of discrete proper metric spaces
such that for every positive number R, there exists a family Y in C such
that X is R-decomposable with respect to Y. Then X belongs to C.

Example 2.15. The class of families of discrete metric spaces with
uniformly bounded geometry is closed under coarse decomposition.

Let us define as in [5 [6] the class Cyq. as the smallest class of fam-
ily that contains uniformly bounded families of discrete metric spaces
and which is closed under coarse decomposability. Typical examples
of family of metric spaces in Csq. are provided by spaces with finite
asymptotic dimension. Recall that for a metric space X and a positive
number 7, a cover (U;);en has m-multiplicity n if any ball of radius 7 in
X intersects at most n elements in (U;)en.

Definition 2.16. Let > be a proper discrete metric set. Then X has fi-
nite asymptotic dimension if there exists an integer m such that for
any positive number r, there exists a uniformly bounded cover (U;);en
with finite r-multiplicity m + 1. The smallest integer that satisfies this
condition s called the asymptotic dimension of X.

We have the following characterization of finite asymptotic dimen-

sion [4].
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Proposition 2.17. Let 3 be a proper discrete metric space and let m
be an integer. Then the following assertions are equivalent:
(i) X has asymptotic dimension m;
(ii) For every positive number r there exist m+1 subsets X1, ... X (m+1)
of ¥ such that
e X =XDOy. uximt.
o fori=1,...m+1, then X is the r-disjoint union of
a uniformly bounded family (X,gi))keN of subsets of X,
j.e X0 = UkeNX,gi), di(Xlgi),Xl(i)) > rif k # 1 and there
exists a positive number C' such diam X,gi) < C for all
integer k.

Example 2.18. If T"is a tree, then 7" has asymptotic dimension equal
to 1.

Let 3 be a proper metric space with asymptotic dimension m, then
there exists a sequence of positive numbers (Rj)ren and for any integer

k a cover (U-(k))l-eN of ¥ such that ([4, Page 27] and [24])

o Rip.1 > 4Ry for every integer k;

° Ul-(k) has diameter less than Ry for every integers ¢ and k;

e for any integer k, the Rj-multiplicity of (Ui(kﬂ))ieN is m + 1.
The sequence (Rj)ren is called the m-growth of 3.

Lemma 2.19. Let m be an integer, let (Ry)gen be a sequence of positive
numbers such that Ry, > 4Ry for every integer k. Let (3;);en be a
family of proper metric spaces with asymptotic dimension m and m-
growth (Ry)gen. Then the family (3;)ien belongs to Cpge.

Proof. Let us equip ¥ = | ],.yX; with a distance ds such that the
inclusion ¥; < ¥ is isometric for any integer i and dx(%;,%;) > i +j
for all integers ¢ and 7 with ¢ # j. Then ¥ has asymptotic dimension
m and hence according to [3], the metric space ¥ embeds uniformly in
a product of trees [[7_, Tj. Let d be the metric on X = [[}_, 7} and
d; the distance on ¥; when ¢ runs through integers. Then there exists
two non-decreasing functions py : [0,4+00) — [0, +00) and for every
integer ¢ a map f; : ¥; — H?Zl T} such that

o Tim, o pa () = +00;
o p-(di(x,y)) < d(fi(z), fi(y)) < p+(di(z,y)) for all integer i

and all x and y in ;.
If n =1, then X is a tree and then the result holds in view Example
2.I8 A straightforward induction shows that if ¥ embeds uniformly in
a product of n trees, then the family (3;);cy belongs to Cyqe. O

Theorem 2.20. Let X' be a family of finite metric space in Cyq. with
uniformly bounded geometry, then X satisfies uniformly the (QAM-
estimates.
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Proof. Let C},. be the class of families of finite metric spaces with
uniformly bounded geometry that belongs to Csq.. Then the class C}dc
is indeed the smallest class of families of finite metric spaces such that

e C},;. contains all families of uniformly bounded finite metric
spaces with uniformly bounded geometry;
e (. is closed under coarse decomposition.

Its also straightforward to check that X" belongs to Cj,,. if X' does.
Notice first that if X is a family of uniformly bounded metric spaces
with uniformly bounded geometry then X satisfies uniformly the QAM-
estimates:

e the (Q/-statement is a consequence on one hand of that there
exists a positive number d such that P,;(X) is contractible for
every X in X and on the other hand of that v¥*), induces in
K-theory the map induced by Py(X) — {pt}.

e since there exists a positive number r such that J# (¢*(X)), =
H((3(X)) for all X in X, the QS-statement is a consequence

of the isomorphism of equation ().

If a family of finite metric space X is R-decomposable with respect to a
a family of finite metric space Y, then X' is clearly also R-decomposable
with respect to the family of finite metric space ). Then the class
of family X of finite metric spaces with uniformly bounded geometry
such that X satisfies the QAM-estimates is according to Theorem
and in view of Example closed under coarse decomposition and
contains family of metric spaces with uniformly bounded diameter and
uniformly bounded geometry. Hence it contains C}dc. U

As a consequence of this theorem, we can deduce the Novikov conjec-
ture for group with finite asymptotic dimension which admits a classi-
fying space of finite type (see [24] for the original proof). The argument
of the proof can be extended to the case of groups with finite decom-
position complexity. This class of groups was introduced in [5] in their
study of topological rigidity for manifolds.

Definition 2.21. A proper discrete metric space ¥ has finite decom-
position complezity if the single family {¥} is in Cyge.

Since the family of finite subsets of a discrete metric space with finite
decomposition complexity is in Cgq., we deduce from Theorem [2.20] the
following.

Theorem 2.22. Let Y. be a metric space with bounded geometry and
finite decomposition complexity, then the family of finite subsets of 3
satisfies uniformly the QA M-estimates.

As a consequence of Corollary 2.9] we deduce
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Corollary 2.23. Let I' be a finitely generated group with finite decom-
position complexity and which admits a classifying space of finite type,
then I' satisfies Novikov conjecture.

Notice that the Novikov conjecture was indeed already known in
this situation since the property (A) holds for finitely generated groups
with finite decomposition complexity [6][Theorem 4.3] and hence under
the extra assumptions of the corollary, the Novikov conjecture is satis-
fied [25]. But as mentioned before, our proof does not involve infinite
dimension analysis.

3. K-HOMOLOGY AND SMALL PROPAGATION

In this section, we define a quantitative version of the index map
for K-homology of a compact metric space X. This quantitative index
map is valued in the quantitative K-theory for the compact opera-
tors algebra of any non degenerate X-standard module and induces in
K-theory the usual index map. As we shall see, when X is a finite sim-

plicial complexe, then the quantitative index map is a h-isomorphism
in sense of Definition [L.IT

3.1. X-modules. Recall that if X is a compact space, then an X-
module is a pair (%, px), where % is a separable Hilbert space
and px : C(X) — L(Hx) is a representation of C(X) on . An
X-module (%, px) is called

e non degenerate if px (1) = Id . ;
e standard if no non-zero function acts as a compact operator
on % (in particular px is one-to-one).
As usual, if (%, px) is an X-module, then for f in C'(X) and ¢ in
Hx we denote for short px(f)-& by f-&.

Example 3.1. Let pu be a borelian measure on X such that supp pu =
X. Then L*(X, i) is a non degenerate X-module for the representation
given by the pointwise multiplication and if 7 is a separable Hilbert
space, then L*(X, u)® is a non degenerate standard X-module. In-
deed, if X has no isolated point, then the representation on L?(X, )
is standard.

Let us first recall the definition of support for vectors and operators
on an X-module.

e Let X be a compact space, let (x, px) be an X-module and
let £ be a vector of . Then the support of &, denoted
by supp &, is the complementary in X of the open subset of
elements x for which there exists f in C'(X) with f(z) # 0 and
f-€=0.

e Let X and Y be compact spaces, let (#x, px) and (4, py)
be respectively a X-module and a Y-module and let T" : 7 —



QUANT. INDEX, NOVIKOV CONJ. & COARSE DECOMPOSABILITY 31

Ay be a bounded operator. Then the support of T', denoted
by supp 7T, is the complementary in X x Y of the open subset
of pairs (z,y) for which there exist f in C'(Y) and ¢ in C(X)
with f(y) # 0, g(z) #0and f-T-g=0;
Let us now define for a compact space X the restriction of an X-module
to a closed subspace Y. Let (%, px) be a X-module. Define then 73
as the set of elements in % with support in Y. For an element £ in
H, then € belongs to 7 if and only if f-£ = 0 for all f in Co(X\Y).
In particular, 7Y is a closed linear subspace of #% and hence is an
Hilbert space. Let f be a continuous function in C(Y) and let f in
C'(X) be a continuous function such that f 1y = f. It is straightforward

to check that if ¢ lies in J#y, then px(f) - & does not depend on the
choice of the lift f for f. Hence, if we set pX%(f)-& = px(f) - &, then
(Y, pk) is a Y-module that we shall call the restriction of (#x, px)
to Y. Moreover, if (#x, px) is non degenerate then (£, p%) is also
non degenerate.

3.2. Coarse geometry and non degenerate standard modules.

Definition 3.2. Let X be a compact metric space, let (Hx,px) and
(A, ply) be two X-modules, let T : A — % be a bounded oper-
ator and let r be a positive number. The operator T s said to have
propagation (less than) r if

supp T C {(z,2") € X x X such that d(z,z") < r}.

If X is a compact metric space and if (7%, px) is an X-module, the
algebra of compact operator J# (7¢x) is then filtered by (& (%), )r>o0,
where ¥ (#x), is for any positive number 7 the set of compact oper-
ators on ¢ with propagation less than r. If A is a C*-algebra, let

AR (Hx), be the closure of the algebraic tensor product of A and

H (A ), in the C*-tensor product AR (), then A 4, gA@%(%”X)

is filtered by (A®H (% )r)r>o0-

Recall from [10] that if /7% and J#y are two non degenerate standard
X-modules, then for every positive number §, there exists an isometry
V . s — ) with propagation less than §. The isometry V' gives
rise by conjugation for any positive number € and r with £ < 1/100 to
a homomorphism

Advﬁ : Ajgvx — A;f)/(
such that Ady a(A») © Axy ri2s and hence to a group morphism
Adyy o KET (A ) — KS720(Asg).
Lemma 3.3. With notations above, for any isometries Vi : 5 — Hy
and Vo © I — H with propagation less than 6, then

e,r o e,r
AdV17A7* o Adv27A7* :
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Proof. Let us set for ¢ in [0, 1]
cosZ —sinZt
Ry = ( A 7 )
sin 5 cos %
and define then the isometry

Wy« o — 7 @ r%ﬂx/;f = Ry diag(Vl, ‘/2)th ' (f D O)-

Then
Ath,A : A%X—>M2(A%ﬂx,)
is a homomorphism that increase propagation by 26 and (Adw,,4):c(0,1]

is a homomorphism homotopy between diag(Ady, 4, 0) and diag(Ady; 4, 0).
0

As consequence, we get

Corollary 3.4. Let X be a compact metric space, let #x and 5 be
two non degenerate standard X-modules. For any positive number r,
choose V. : A — % a partial isometry with propagation less than
r/2. Then

. de .
(1) A&f’x,,}f’)’(,*—f(AdVT,A,*)0<6<1/4,r>0 : K*(Ajfx) — K*(A%")/() s a
(1,2)-controlled morphism that not depend on the choice of the

family (Vi.)r>o.
(i) Aspe,y s ds (1,4)-invertible.

Let X and Y be two compact metric spaces, let 7% be a standard
non degenerate X-module, let J4, be a standard non degenerate Y-
module and let f : X — Y be a C-Lipschitz map. Consider ¢ @ 4
as a Y-module by using the homomorphism

CY)=C(X)aCY); h— (ho f)®h.

Then @ 4 is a standard non degenerate Y-module. For ¢ a
positive number, fix an isometry V : 5 @54, — ¢ with propagation
less than §. Define then the partial isometry

Vfﬁ%)(—)r%/; f'-)V(gEBO)
The support of V; lies in
{(z,y) € X x Y such that d(y, f(z)) < d}.

For any C*-algebra A, let Ady, 4 : Ax — A the element obtained
by conjugation. According to Lemma [3.3] we see that

Advf,A7* K (A ) — Kf’CTJ“Z‘S(A%Y)

does not depend on the partial isometry V : 5 @& 74 — 4. In
particular, for § = Cr/2 we obtain then a family of morphisms

AT K () = KE2T (A )
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compatible with the structure map and hence

def 15

A== 5 ocecrion : Kl As) = Ku(Asg) (6)
is a (1,2C)-controlled morphism.

Remark 3.5.

(i) In view of the proof of Lemma and with the above no-
tations, for any positive number r and any partial isometry
V, . Hx — 4 with support in

{(z,y) € X x Y such that d(y, f(x)) < Cr/2},

677‘ — ﬁ7€7r
then we have Ady; 4, = [

(ii) Let X be a compact metric space and let Y be a closed sub-
set of X. Let (%, px) be a non degenerate standard mod-
ule such that (J#Y, p%) (the restriction of (., px) to Y) is
standard. Let jxy : Y < X be the the inclusion. On the
other hand, let jﬁXy D H(AHY) — A (Hx) be the inclusion
of A () as a corner in # () via the orthogonal decom-
position % = A @®+ . Then the induced morphism
]g(,YA Ay = Ay is for any C"-algebra A a morphism of
filtered C*-algebras. The morphism induced in quantitative
K-theory by ]&7}/’ 4 coincide up to a rescaling of the propaga-
tion by 2 with the morphism constructed in equation (@) from
the isometric inclusion jx y.

Let X, Y and Z be compact metric spaces, let %, 74, and J; be
respectively standard non degenerate standard X-module, Y-module
and Z-module and let f : X — Y and g : Y — Z be respectively
C-Lipschitz and C’-Lipschitz maps. Then we can easily check that

(1,4CC")
(go M. '~ gh.ofi. (7)
for any C*-algebra A. Let X and Y be two compact metric spaces and
let C' be a positive number.

Definition 3.6. A family of maps (g9¢)ico,) with g+ X =Y continu-
ous for all t in [0,1] is a C-Lipschitz homotopy if

e 0,1 x X =Y, (t,x) = g:(x) is continous;

e g, is C-Lipschitz for all t in [0, 1].

Proposition 3.7. Let X andY be two compact metric spaces, let C be
a positive number and let (g¢)ico,1) be a C-Lipschitz homotopy. Then
for any C*-algebra A, any non degenerate standard X -module 7 and
any non degenerate standard Y -module 76, we have

gg,A,* = g?,A,*-
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Proof. Let ¢ be a positive number with § < r/2 and pick
th=1l<t1 <...<t,_1<t,=1

such that d(g;,(x),g:,_,(x)) < /4 forall i =1,...,n and all z in X.
For every 1 =1,...,n, choose V; : x — 7 an isometry with support
in

{(z,y) € X x Y such that d(g;,(z),y) < 6/4}.
Let us set for ¢ in [0, 1]
t iy Tt
_ (cosT  —sin i
Ry = (sin%t cos It )
and define then the isometry

Wt : %X—h%y D %,g — R t—t; diag(Vi, V;_H)R* t—t; (5 S7) 0)
tit1—t; tit1—t;
for t; <t < t;p1 and 1 < i < n—1. Then W; has for all ¢ in [0, 1]
support in
{(z,y) € X x Y such that d(g;(z),y) < §/2}.
Hence W; induces by conjugation a homomorphism

Ath,A : Aﬁfx — M, (Aﬁfy)

such that
Adw, (A r) € Mo(Ass cri2s)-

Moreover (Adw, a)icio,1) is @ homotopy of homomorphisms between
fer

diag(Ady; 4,0) and diag(Ady; 4, 0) which respectively implement gg75",

f.e,r

and 91 A O

3.3. Fundamental class. Let us now define the fundamental class in
K§"(C(X). ) for a compact metric space X and for any ¢ in (0, 1/100)
and any positive number r. This class plays the role of the class in K-
theory of a rank one projection. Let us first consider p a borelian
measure on X such that supppu = X. Let r be a positive number and
let us choose a continuous function ¢ : X x X — R supported in

{(z,y) € X x X such that d(z,y) < r/2}
and such that for any x in X, then
[ ot vpduty) =1

Consider the operator E, : C(X)®L*(X, u)—C(X)QL*(X, u) de-
fined by

Ey-£(a,y) = $"(z,y) /X O3 (a, 2, 2)dp(2).
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Then E, is a projection in C(X)®.¢ (L*(X, 1)) with propagation less
than r. Indeed, E,(z) is supported in B(z,r/2) x B(z,r/2) for every
xin X. If ¢ and ¢’ are two continuous functions supported in

{(z,y) € X x X; such that d(z,y) < r/2}
and such that

[ ot myauts) = [ & p)duty) =1

for any = in X, then (E(_pgiie)ico,1) is a homotopy of projections
with propagation less than r between Ey and Ey .

Let J¢x be a non degenerate standard X-module, let .77 be a sepa-
rable Hilbert space and let us fix ey a rank one projection on 7. For
any positive numbers r, let V : L?(X, 1) — 5% be an isometry with
propagation less than /4. Let E, the projection constructed as above
with ¢ : X x X — R supported in

{(z,y) € X x X; such that d(x,y) < r/4}.

According to Lemma B3] for any positive number € with ¢ < 1/100,
the element

[Ex)e, <Ay ([Eg@eo, e, 2) (8)
in K;"(C(X) . ) does not depend on the choices of V' and of ¢. It does
not depend neither on eg. Moreover, for any positive number ¢, &/, r
an 7’ with ¢ < ¢ < 1/100 and 7 < 7/, then we have (>°""" ([Ex].,) =
[Ex]e . For any continuous map f : X — Y where X and Y are
compact sets, any filtered C*-algebra A and any positive numbers &
and r with € < 1/4, Let

T IKT(CY)®A) = KIT(C(X)®A)
be the morphism induced by C(Y) — C(X) : h+— ho f.

Remark 3.8. Let X be a compact metric space, let Y be closed subset
of A and let (J#x, px) be a non degenerate standard X-module with
restriction to 7} non degenerate. Then, with notations of point (ii)
of Remark [3.5] we have

]ﬁ;’;,c(y),*[EY]em = ]},K%(%X)[EX]S,T-

This identity can indeed be extended to C-Lipschitz maps.

Lemma 3.9. Let X and Y be two compact metric spaces, let
and ¢ be respectively non degenerate X -module and Y -modules. Let
f X =Y be a C-Lipschitz map for some positive numbers C'. Then
for any positive numbers € and r with € in (0,1/100), we have

fdf§)7*[EX]6W - f}(%"y)[EY]EQCr-

Proof. Let puyxy and puy be respectively borelian measures on X and Y
such that supp ux = X and supp uy = Y. Let us choose ¢y : X x X —
[0,1] and ¢ : Y x Y — [0, 1] continuous functions such that
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® ¢ is supported in {(z,2") € X x X such that d(x,2') < 55};
e ¢ is supported in {(y,y’) € Y x Y such that d(y,y") < r/2};
o [\ do(x,a)dpx(z") =1 for any z in X;
o |y ¢1(y,y)dpy(y') =1 for any y in Y.

Define for any x in X

do(x,0): X — [0,1]; 2" — ¢o(x, )
and for any y in Y
O1(y,0) Y = [0,1];5 = b1 (y,y).
For any x in X then ¢(1)/2(3:, e) is a unit vector in L*(X, ux) and for

any y in Y then (b}/Q(y, e) is a unit vector in L*(X, uy).
Let us consider for any ¢ in [0, 1] the C'(X)-linear operator

By C(X)® (LX(X, px) @ L*(Y, py)) —C(X)@ (L*(X, px) ® L*(Y, py))
which is pointwise at x in X the rank one projection associated to the
unit vector
1200w, 0) @ (1= )01 (f(2), 0)
in L*(X,ux) ® LAY, py). If we view L*(X, ux)®@L*(Y,py) as a Y-
module acted upon for any h in C'(Y") by multiplication (ho f)®h, then
Ey(z) is supported in {y € Y such that d(f(x),y) < r/2}? for every x
in X. Hence F; is for all t in [0, 1] a projection of C'(X)@.# (L*(X, ux)@L*(Y, py))
with propagation less than r. Moreover,
e [ is the image of E,, € C(X)®@.# (L*(X, ux)) under conjuga-
tion by the (isometrical) inclusion L?(X, ux) < L*(X, ux) @
L2<Y7 MY);
e the pull-back of £ by f (which belongs to C(Y)® (¢ (L*(X, ux) ® L*(Y, py))))
is the image of E,, € C(Y)®.# (L*(Y, uy)) under conjugation
by the inclusion L?(Y, uy) < L*(X, ux) ® L*(Y, py)

Using the definition of f& %) [Ex], the result is now a consequence

K

of Corollary 3.4 O

3.4. Quantitative index map. First, let us fix some notations. Let

X be a compact space, let (px, #%) be an X-module and let A be

a C*-algebra. Recall that we have set A,;fng@%/ (Hx). If Ais

unital, we can identify the unitarisation A, of A4 with the algebra
AR (Hx) + C - 1®@1dp (viewed has adjointable operators on the
right Hilbert A-module A®.7%). If A is non unital, with unitarisation

Zf, then we identify A, with the subalgebra
AR (Hx) + C - 1@1d
of .
AR (Hx )+ C - 1®1d -
If B is a C*-algebra and f : A — B is a *-homomorphism, then
foe + Awe — Bop stands for the x-homomorphism induced by f.
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If z in an element in KK, (A, B) then 7,4 (z) stands for the element
To () (2) of KK, (Aw, Bu) = KK (AQX (Hx ), BRK (H)) and

in the same way

T (@) = (13, ®) .o

To5s ) >0
stands for
T () () = (T3 (x))ee(o
with (o, k) = (a7, kr).
We are now in a position to define the quantitative index map. For X

a compact space and A a C*-algebra, we set K, (X, A)gKK*(C(X), A).

1 )
» T00er )7T>0

Definition 3.10. Let X be a compact metric space, let (#x, px) be a
non degenerate standard X -module and let A be a C*-algebra. For any
positive number € and r with £ < 1/100, the e-r-index is the map

In ?:A* CKU(X,A) — KA
Jar/ke o
A T;ﬂx / (x)qEX]s/a,r/k‘E/a)
with (o, k) = (a1, k).
It is straightforward to check that
0 o IndiE . = Ind,

for any positive number ¢, ¢/, r an 7’ with ¢ < & < 1/100 and 7 < 7’/
and hence

def

Indx 4.~=(In Y As)o<e<1/100550 * Ku(X, A) =Ko (A )

is a projective morphism in the sense of Definition [LT5l Furthermore,
the class in Ko(C(X ) ) of the projection E, constructed above is up
to Morita equivalence the class of the trivial projection 1 in Ky(C(X))
and hence we get that (5" o Indy ,, is up to Morita equivalence the
usual index map.

Remark 3.11. Let %% and 7% be two non degenerate standard X

modules and let us denote respectively by I ndf’j1 and / ndf’/j1 the quan-
titative index map relatively to J#x and 7%, then according to Corol-
lary B4 and in view of remark [[27 regarding to the functoriality of 7T,

we obtain that

S, S
Indy’y . = Mx e g« 0 Indxy L

By naturality of 7,4, we have the following functoriality for the
controlled index:

Proposition 3.12. Let X be a compact metric space, let (#, px) be
non degenerate standard X-module and let f : A — B be C*-algebra
homomorphism. Then

I’ndx’B,* o f* = fjfx7* o ]ndX,A,*a
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where [ Ay — Bop is induced by f.

The quantitative index map is compatible with the rescaling map
defined in Section

Proposition 3.13. Let A be a C*-algebra, let X be a compact metric
space and let (Hx, px) be a non degenerate standard X -module. Then

e,r €,r o e/2,ler
Ly, w0 dndy 4. = Indy

for any e in (0,1/200) (with | = l,s as in Section[L2).

Proof. Let Ex as in Equation (). Since Fx is a projection, we have
that

ngx)%x7*([EX’ 0]577") = [EX, 0]5/2,lsr

for any ¢ in (0,1/200) and any r > 0. The result is then a consequence
of Proposition [[.28 O

Moreover, we have the following compatibility result for the quanti-
tative index with respect to Kasparov product.

Proposition 3.14. Let X be a compact metric space, let (#, px) be
a non degenerate standard X -module, let A and B be C*-algebras and
let z be an element in KK,(A, B). Then

Indx g .o (e®2) = Tp () o Indx 4,
where o®z : K,(X, A) — K.(X, B) is the right Kasparov product by z.

Proof. For propagation small enough, this is a consequence of Theorem
T.25] The general case follows then from the first point of Remark
1. 16l U

As a consequence of Lemma 3.9 of point (iii) of Theorem [[.24] and
of Remark [L.27], we see that the quantitative index is also functorial in
spaces.

Lemma 3.15. Let X and Y be two compact metric spaces, let
and 75 be respectively non degenerate X -module and Y -module. Let
f X =Y be a C-Lipschitz map for some positive number C and
denote by f. : K.(X,A) — K.(Y, A) the induced morphism. Then we
have

[ndY,A,* o f* - fi,* © [ndeA,*'

Remark 3.16. In the special case of inclusion, let X be a compact
metric space, let Y be a closed subset of A and let (%, px) be a
non degenerate standard X-module with standard restriction to 23 .
Then with notations point ii) of Remark and according to Remark
B8, we have

_ A
[ndX,A,* CJX,Y,x = jX,Y,A,* © [ndY,Aﬁk'
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We are now in a position to state the main theorem of this section:
for a finite simplicial complexe, then the quantitative index is a h-
isomorphism in the sense of Definition [L17] with h depending only on
the dimension of the complexe.

Let X be a finite simplicial complex provided with the simplicial
topology. We equip X with the normalized spherical metric (see [23]
Section 7.2]).

e Let A be a (geometrical) simplex of X of dimension n with

vertices xg, ..., Z,. Let z be an element of A with barycentric
coordinates (to,...,t,) with respect to xo,...,z, and set
1
fA(x) = (to,...,tn).

(2 +... 4+ 2)1/2
Then fa(x) belongs to the unit n-sphere. We define d on A by

cos gd(a:, y) = (fa(z), fa(y))

for any x and y in A.
e If x and y belong to the same connected component of X,
we set d(z,y) = inf{d(xg,z1) + ... + d(zp_1,7,), where the

infimium is taken over sequence r = xg,Z1,...,Tp_1,Typ = Y
such that z; and x;,; lie for ¢ = 0,...,n — 1 in a common
simplex;

e If x and y lie in distinct connected components, we set d(x,y) =
+00.

Theorem 3.17. There exists a non increasing function
(0,1/200) — [1,400); € — h,

such that for any finite simplicial complexe X of dimension less than
m, any non degenerate standard X -module 7 and any C*-algebra A,
then

IndXA,* : K*(X, A) — /C*(A%ﬂx)
is a h'™)-isomorphism (in sense of definition [:17).
This theorem will be proved in Section

Corollary 3.18. Let X be a finite simplicial complexe. Then for any
non degenerate standard X-module 7, any C*-algebra A and any
fized € in (0,1/200), the map

K (X, A) — lim Ko(Ax)

r>0
A (IndigA)Do

s an isomorphism.
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We end this section by showing that the quantitative assembly maps
for finite metric spaces can indeed be recovered from the quantitative
index. Let X be a finite metric space. For any integer d, we equipped
Py(¥) the Rips complex of degree d of 3 with the normalized spher-
ical metric. Let J& 4 be a non degenerate standard P,(X)-module.
Consider then the isometry

Vﬁﬂz,d : %7d—>£2(2, %,d) (9)
defined by
Vf“fz,d ’ 5(0') = )‘<17/2 &
for all £ in /&, 4 and o in X. We equip ¢*(3, 74 4) with the Z-module
structure given by pointwise multiplication by C'(%).
Lemma 3.19. If T is an element of A, , with propagation r, then

dE *
Adv,, , TEL(1ds@Vi,) T (Ida2 V5, )

has propagation 2d(r + 1).
if and only if

Proof. A pair (0,0') € ¥% is in the support of Adv,,
there exists (z, ') in the support of T" such that o is in the support of
2 and ¢’ is in the support of 2’. The result is then a consequence of

[23, Corollary 7.2.6]. O

Hence, in view of Proposition [L] for every positive numbers ¢ and

r with ¢ < 1/100, then Ady,, . induces a morphism

AdY 4t K (A ) — K20 (A ) — K204 (Ay)

sz,d’

(recall that Ay, = A®.# ((*(X))) such that

,2d(r+1),2d(r'+1) e,r _ e,r’ e,rr’
L5 o Advyfz’dw* = AdVny,d,A,* o, (10)

for every positive number r’ with ' > r

Proposition 3.20. Let ¥ be a finite metric space, let A be a C*-
algebra and let €, d and r be positive numbers with e < 1/100 and
" 2 krc/ar — 1. Then for any non degenerate standard Py(X)-module
65,4, we have up to Morita equivalence

€2d(r+1),d _ 4 zer e,r
Ve A = Ady,, a0 dndp ) 4.

Proof. Let us first assume that J&; 4 = L*(Py(X), p)®, where S is
a separable Hilbert space and p is a borelian measure with supp p = X.
For sake of simplicity, let us forget the factor . Notice that since
rae = 2dkr 0., we deduce that 2d(r + 1) > r4.. Then according to
Remark [[.27] to equation (I0) and to the definitions of V;’ii(fﬂ)’d and
Inds" (Py(X), A), this amounts to show with notations of Sections 2.1
and that for any positive number r, for any continuous map

¢ Py(S) x Py(S) > R
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supported in
{(x,y) € Py(X) x Py(X) such that d(z,y) < r/2}

and such that de(z) ¢(x,y)du(y) = 1 and for any continuous function
U Py(2) — [0, 1] such that [, o (z)du(z) =1, then

Adif,‘:gvz’d,C(Pd(E))7*[E¢7 O]e,r = [€w®PPd(Z)]5,2d(r+1)7

where ey : L*(Py(2), u)—>L*(Py(X), ) is the orthogonal projection
corresponding to the unit vector /2 € L2(Py(X), ). Let us view
(2(3, L*(Py(X), i) as functions Py(¥) x ¥—C. Define then

QO(](ZL’, o, .> : Pd<2) X E—>R7 (y7 J) = <b(x,y))\o(y)

and for any ¢ in [0, 1]
@t('rv o, .) : Pd<2> X E—>R7 <y7 J) = (1 - t)QO(](SL’,y, J) + t)‘o<x)w<y)
Then Ady,,_  c(x)(Ep) is pointwise at « € Fy(X) the rank one projec-
tion associated to the unit vector ¢y *(z, e, e) in (2(S, L2(Py(), 11)).
For every t in [0,1] and x in Py(X), the projection associated to the
unit vector goi/Q(x, o, 0)in (*(X, L?(P4(¥), 1)) has propagation less than
2d(r+1). Hence we get in this way a homotopy of projection of propaga-
tion less than 2d(r+1) in C'(Py(X))@# (L*(Py(X), u)@0* (X)) between
Ady,, cx)(Es) and ey®Pp,(s).

In the general case, we use Remark B.11] and the argument of the
proof of Lemma to reduce to the previous case. O

4. MAYER-VIETORIS SIX TERM EXACT SEQUENCES IN
K-HOMOLOGY AND IN QUANTITATIVE K-THEORY

4.1. Mayer-Vietoris exact sequence in K-homology. Let (X,d)
be a compact metric space, let X; and X, be closed subsets of X such
that X = X; U X, and let A be a C*-algebra. Then we have the
following six-term exact sequence [2, Theorem 21.5.1]:

(IX1, X0, %:9X 1, X0, ) IX1 % —IXg,x

K()(Xl ﬁXQ,A) KQ(Xl,A)EBKQ(XQ,A) K()(X,A)
axl,xz,*T Jaxl,xz,w
IX1 % TIXg,x (IX1,X0,%:0X0, X1 ,%)
Kl(X7A) — Kl(Xl,A)EBKl(XQ,A) Kl(Xl?)g27A)
11
where

® Jx., Jxs, Jx1,x, and Jx, x, are respectively induced by the re-
strictions to X; C X, Xo C X, X1NX, C X; and X; N X, C
Xo;

e the boundary maps in K-homology Oy, x, . are given by left
multiplication by an element [0y, x,] in KK (C(X1NX3), C(X))
canonically associated to the pair (X7, Xs) and that we shall
describe from [2, Section 21.2] next.
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Let C'(X1, X5) be the algebra of continuous functions
F:([0,1/2) x X7) U ([1/2,1] x X5) = C

(where ([0,1/2] x X1) U ([1/2,1] x X;) C [0,1] x X is equipped with
the induced topolology) such that

e f(0,2) =0 for all z in X7;

e f(1,2) =0 for all z in Xs.
Let SC(X; N X3) be the suspension algebra of C(X; N X5), i.e the
algebra of continuous functions f : [0,1] x (X; N X3) — C such that
f(0,2) = f(1,2) =0 for all x in X; N X5. By restriction to

0,1] x (X7 N X3) C([0,1/2] x X7) U ([1/2,1] x Xs),

we get a surjective x-homomorphism

‘~I/X17X2 : C(Xl,XQ) — SC(Xl N XQ)
with contractible kernel (the direct sum of two cone algebras) and hence
Uy, x, induces an invertible element [Vy, x,]in KK, (C (X1, X2), SC(X1N
X3)). The restriction to
{1/2} x X C (]0,1/2] x X7) U ([1/2,1] x X3)
gives rise to a *-homomorphism
\I’le’XQ : C(Xl,Xg) — C(X)
Let [0] be the element of KK;(C,C(0,1)) that corresponds to the
boundary element of the extension
0—C(0,1)—C(0,1] &% C—0,
(ev; being the evaluation at 1). Then we have (see [2, Section 21.2])
[8X17X2] = TC(X10X2)([a])®\IIIX1,X2,*[\I]X17X27*]71' (12)

4.2. Controlled Mayer-Vietoris pair. We refere to [17, Section 2]
for the definition of Complete Intersection Approximation (CIA) prop-
erty and of controlled Mayer-Vietoris pairs.

Let us introduce some further notations. Let (X, d) be a compact
metric space.

e For a closed subset Y of X and 0 a positive number, we set
Ys = {z € Y such that d(z,Y) < d}.

o If (J#x,px) is a X-module and Y is a closed subset of X, we
set with notations of Section Bl 4 = 7y ;

o If (J#x, px) is a X-module, r is a positive number, and X; and
X, are two closed subsets of X, we set

%(%X17%X2)7" - %(%XU‘%X2) ﬂ%(%){)r.

e with above notations, if A is a C*-algebra, we set A%XI oy =

AR (A, Hx,)r -
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Let X; and X5 be two closed subsets of X such X = )2’1 U )(0'2. Then
we have Jx = H, + Hx,. Let us fix § a positive number and let

Xl(é) and X2(5) be two closed subsets of X such that X5 C Xl(é) and
Xos5 C XQ(‘;). Then for any positive number r with r < ¢

H(H ), = %(%Xl’%)(}&))r + %(%XQ,%Xéé))r,
and similarly for any C*-algebra A,
A r = A e or + Ao, 7, )T

Moreover it is straightforward to check that if 57 < ¢, then

(A-%Xl ,ﬂxi(;) ,T Afx2 7%){&5) ,T A%XYS) Y AfXéé) )

is a controlled Mayer-Vietoris pair of order r with coercitivity 1. Ac-
cording to [I7), Section 3], then for some universal control pairs (a, k) =
(aarv, kary) and (A, k), there exists a (a, k)-controlled morphism of or-
der r and of odd degree

(9) _ (555(9) . ;
DXl Xo,Ax T (8X1,X2,A,*)0<€< 1001aD 70<S<é . ]C* (A%X) IC* (A%X((;)
1

)
(13)
such that the following diagram is (A, h)-exact at order r

#,(8) #,(9) #,(9) #,(9)
UX1Xg,407X9, X, A%) IX1 A« Iy Ak
S T2,

Ko(Aze <@ ) Ko(Arex)

Ko(A ® Ko(A
X of %XYS)) of %Xés))
) @ l
X1 Xo,A,x X1 Xo,A,x
DL G a8 A
Ki(A ot AT k(A ©K1(A X2 AR XA k(A
(Asey) ( %X@) ( %Xés)) ( %X?)mxéﬁ)
where

1,(9)
° le’ Ay o — A
® jX2 Ajyv (6) — A%ﬂx,

1,(9) .
o jXLXg,A D A x®)n y = Aﬁ” 5)7

£,(6)
® JXo,X1,A ¢ A x®)n y A%’ 5)7
are the obvious 1nclus1ons. By construction, the Mayer-Vietoris con-
trolled boundary map is compatible with the rescaling defined in Sec-

tion .2

Lemma 4.1. With above notations and with («, k) = (amv, kav) and
Il =1,, as in Section[1.3, we have

c/2,lc5,(0) €,s —ae/2ke joles aekes €,5,(0)
8X1,X2,A7* Olap s T U © LA% 5 (5 * © 8X17X2,A7*
O x®
o k8/2l55 k:s/ngs ( )
— L > lae » kelae 7 ol
o A% Ky §5)’ X17X27A7* *
(O ax®
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and any s in (0, —=—).

for any € in (0, —zoloa) Tk

The fact that the quantitative index intertwines with Dgé?, Xp.4.+ and
8X£5)’X§5)7* is the key point for the proof of Theorem B.I7 and will be
proved in the next two subsections. For that purpose, we need to
introduce a coarse Mayer-Vietoris pair for

def

At px == ARK (Hx) + A2px (C(X))

where A is a C*-algebra and (%, px) is a non degenerate standard
X-module. Let us consider the following C*-subalgebras of A,

15 () )
and %
AY) . =A (A (H)) + px(Co(Xa)).

Notice that if z is an element of A, ,, with propagation r with r < o
and if f is in A®px(Co(X;)) for i = 1,2, then f - z is in A%x,px'
For any C*-algebra A and any r in (0,d/5), then

° ° 1 9
(Ajfxl ,foyg) T + A®pX<CO(X1>>7 Aﬁfxyjfxég) T + A@pX (CO<X2))7 A;ZH)X,PX’ A%X7px)

is a controlled Mayer-Vietoris pair of order r with coercitivity 1 for
A px and hence, as before there exists for (o, k) = (amv,kuv) a
(e, k)-controlled morphism of order r and of odd degree

/(%) _ (5/55(9) . 5
DX1,X2,A,* - (8X17X27A,*)0<6<ﬁ,0<8<7" : ’C* (Aijva) IC*(A%X(&
1

)
(14)
such that the following diagram is (A, h)-exact at order r

8 #

4 4 ’
Ko(A%2 ) U xp e xp 30.,0) Ko(A% , )@ Ko(AG) ) SRR R Ko(Asex px)
TDS(LXQ,A,* D/XLXZ,A,*J
i J/g(l,A,*_J/&Q,A,* (1) (2) (J/g(l,XZ,A,*’Jlg(Q,Xl,A,*) (1,2)
1(A'%X’px) — K:I(AfXWX) EBKl(Ak%’X’PX) ICI(A%X’PX)

where

(12)  def
® AYiox _A%"XYS)

+ A®pX(CO(Xl N )22)%

Ax)
t . .
i j X1,A A}Zﬂx7px — A%vaX’
1 . .
® JXyA - Aﬂx,px — AJf’XWXﬂ
1 . .
® J X, X0,A " a(%”xspx — Hx,px )
/t A2 .
® JXox1,A Aﬁ”xvpx = Hx,px )
are the obvious inclusions.
In what follows we will respectively identify the unitarisation of

(1) (2) (1,2) : (1) (2)
A%;X’px, Aﬁfx,px and A’%ﬂ%px with the subalgebras A%;X’px +C-1®1d s A%;X,px+

C - 1®Idy, and Agfﬁ),px + C - 1®1dp, of Z;f; if A is unital and of
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A w +C-1®1d 4, viewed as adjointable operator in the right Hilbert
A-module AR 7% if not.

4.3. Compatiblity of boundaries. Next proposition, together with
the naturality of the quantitative index of Proposition , shows that
the quantitative index map intertwines the Mayer-Vietoris six terms
exact sequence in K-homology of diagram () of Section .1l with the
above six term controlled Mayer-Vietoris exact sequence.

Proposition 4.2. For any compact metric space X, any positive num-
ber §, any closed subsets X1 and Xy of X, any closed subsets X{é) and
X2(5) of X and any standard X -module (%, px) such that

o X = )2'1 U )%2;

o Xis C XY fori=1,2;

e the restriction of (Hx,px) to

H = {{ € A such that supp & C Xl(é) NX,%}

xPnx
18 standard,
then the following diagram is commutative

K.(X, A —>X(6)X5 Ko(X9 x4
(X, A) +1(X7 N X7 A)
IndX,A,*J{ J{Indxg‘s)nxé‘s)’A,*
(9)
Xl,XQ,A,*

K*<Aﬂfx> K*+1<A’%X§6)QX£6) )

where on the top row, 8)((‘” @, 18 the left multiplication by the element
1 2o

[0y @] of KKl(C(Xfé) N Xéé)), C(X)) described in Section[{.1]

Remark 4.3. The above diagram a priori makes sense only up to
order 0/5. But indeed DQ’X%A* o Indx 4. can be extended to any
positive number in the following way: let € and r be positive numbers
with € < 1/100, pick a positive number s with k. .5 < §/5 (with
(v, k) = (appy, kary)) and s < . Then

(5 LE,T 6/0‘ T/ks/a def ssr (5 E/a s/ks/a 6/0‘73/]":5/04
8)(1 Xo,A oln dX A,x 8Xl,Xz [ndX,A,*

does not depends on the choice of s and hence define a projective
morphism of odd degree

DY)y, a0 0 Indx s =
5 E/CV,T‘/]CE a
(005 aoTndy 5l )cea 10050 + KX, A)— K1 (Ao ® X(a))-

Proposition will be proved in next subsection. The end of this
subsection is devoted to a carefull study of the projective morphism

[nd Oa 6) : K*<X7 A)—>IC*+1<A’%X(5)QX(5)>.

xnx () A X0
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Let f: X — [0,1] be a continuous function such that f(z) =1 if x
isin X \ X and f(z) =0if z isin X \ Xs. Let (p,),~0 be a family of
projections in C'(X; N X5) such that

e p, has propagation less than r for every positive number 7.
e 5" ([p,, 0], = [p, 0] in K5 (C(X, N X2) g, nx,) for every
positive numbers ¢, r and " with € < 1/100 and r < 7.

Hx1nXy

Consider then for every positive number r
UfJ, : X_)%(%XIQX2)+C®IdﬂX1mX2 (15)
defined by

° Ufﬂ"(x) = Id%”xmxg if x ¢ X1 N Xo;
° Uf,r(x) = e2z7rf(x)pr(:p) + IdjfxlmXQ — pr(l‘) if  isin X; N Xs.

Then Uy, is a unitary in C(X) .y, With propagation less than r

and 5" ([Us,)er) = [Upr)ep in Kf’r/(C(X)%;leQ) for every positive

*

numbers e, r and 7" with e < 1/100 and r» < 7. For every positive
number ¢ and r, with ¢ < 1/100, define then for (o, k) = (anmv, karv)

AS" Kl(X, A) — KOE’T<A9leﬁX2)

a/avr/ke/a
T = f%jxlmx2 (‘/E)([Uf,T/kE/a:IE/CM,T/kE/a)

and

AT KX A) — KG (A ox,)

efa,r/ke /o
xr = ijxlﬁx2/ ([6X1,X2]®x)([p7"/kg/av0]8/0477’/]95/@)

Then

A= (A"")o<c 1100050 + Ki(X, A)—Ko(Aw x,)
and

AN = (A" o<e,1 /100050 : K1 (X, A)—>’C0(A;fxmx2)
are projective morphisms in sense of Definition
Lemma 4.4. With above notations, we have A = N,
Proof. Let

Uy, x, : C(Xy, Xo) = SC(X1 N Xy)
and
\If’XhX2 :C(Xq, Xo) = C(X)

being as in equation (I2]). Recall that

e the element [V, x,] induced by Wy, x, is invertible as an ele-
ment in KK, (C(Xy, X2), SC(X; N Xs));
i [aXLXz] = TC(XlﬂXQ)([aD@\IIIXl,XQ,*[\IIXth,*]_l;



QUANT. INDEX, NOVIKOV CONJ. & COARSE DECOMPOSABILITY 47

(recall that [0 € KK;(C,C(0,1)) corresponds to the boundary map of
the Bott extension 0—C(0,1)—C(0, 1] =% C—0). Then, accord-
ing to Theorems and we get that there exists a control pair
depending only on (a7, kr) such that

(A\h) _
Tﬁ”xlmXQ([aX17X2]) ~ \Pg(l,Xg,%leXQ,*oTﬁ”xlmXQ([\I/X1,X2,*] 1)07;2”)(10)(2 (TC(XlﬂXQ([a]))a

where W'y, v, o, - CX1 Xo)or nx, = C(X )t o,
induced by Wy, . For any z in K.(X, A), we define

is the x-homomorphism

f(l‘) = Tﬁ”xlmXQ ("L‘)O\IIIXLXQ,%”XIQXQ,*OT%”XIOXQ([\IIXLX%*]_l)OT%”meQ((TC(X10X2([8])))'
Then
.F(.T) = (F€7r)0<s< L >0 - K*(C<X)e9fxlmx2)—>K(Aﬁfxlmx2)

10007

is a (ar, kr)-controlled morphism for some control pair (az, kr) de-
pending only on (a7, k7). According to Theorems and [L.29], there
exists a control pair (A, h), depending only on (ar, kz) such that

Fla) % T v, (@005, x5,) (16)

for all z in K,(X,A). Let f: X — [0,1] be a continuous function
as above such that f(z) = 1 if z is in X \ Xy and f(z) = 0 if z is in
X\ X and defined then F : X x [0,1] — [0,1] by
o Fz,t)=2f(x)tif 0 <t <1/2;
o Fz,t)=2(f(x)+t— f(x)t)—1if1/2<t <1

Consider then for (p,),~o a family of projections in C'(X; N X5)
as above

Wi (X1 x [0,1/2)) U(Xe x [1/2,1]) — K(Hxinx,)) + Cld oy,

(x,t) s esz(m,t)pr(x) + Id%”'xlmXQ —pr@)-

HxnXy

Then W, is a unitary in C (m nx, With propagation less than
r. We clearly have

@§7I,X2,jfxlﬁx2,*<[w]€,r) = [Ufm]s,r-
By using the homotopy of e-r-unitaries
[O, 1] X <X1 N XQ) X [O, 1] — C(Xl N XQ)%leXQ +C- 1®[d9fxlmx2
(s,2,t) eZm(sF(ﬂc,t)-l-(l—s)t)pr(l») + 1®]dﬁﬁxlm2 — p,(2),

we see that @i&:,XQ,%leXQ’*([W]e,T) is equal to the class in K7 (SC(X1 N Xa) .,

represented by the e-r-unitary defined by
[O, 1] — C(leXQ)fxlmXQ +C'1®Id%”xlnxg
t = Xp.(x) + 1@1d sy x, — Pr().

nxy)
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Hence, according to [I5, Proposition 3.9] and to point (vii) of Theorem
and up to possibly rescaling the control pair (ar, k) we get that

agekyer e
\PX71—7€;X277:%0X1QX2)7*([W]aT€7k“T,ET‘) = T;leﬁXQ (TC(XIOXQ([a])([p7"7 0]577")'

In view of Theorem [[.27] there exists a control pair (o, k), depending
only on (ar, kr) such that Ty o ([Ux,x,]™") is an (a, k)-inverse for
W, Xo, ¢,y - We deduce from equation (I6) that there exists a > A
such that

T,y BV Urrler) = T o (0x0 x,]02) ([P, 0er) - (17)

for e in (0, i) and r > 0. The result is then a consequence of the
first point of Remark [I.16] O

Let (X, d) be a compact metric space, let (%, px) be a standard
XO' —mogules and let X; and X, two closed subsets of X such that X =
X1UXs. Let 0 and r be positive numbers with 57 < d and let p : X —
H (A )+1d , be a continuous map such that p(z) is a projection with
support in B(z,7/2) x B(x,r/2) for every x in X. For any continuous
function f : X — [0, 1] such that f(z) = 0if x ¢ Xy and f(z) = 1 is
x ¢ Xy, then

@) — 2@ (1) 4 Td Ly — p(x)

is for any = in X a unitary with propagation r in the unitarisation of

C(X)# 5 - Two continuous functions from X to [0, 1] vanishing
)(1 ﬁX2

on X \ X; and identically equal to 1 on X \ X5 give rise to homotopic
unitaries with propagation r, i.e. connected by a unitary of the uni-
tarisation of C'([0,1] x X) with propagation r. Moreover two

A () x(®)
Xl I’WX2
continuous maps po,p1 : X — H (%) + Id s such that py(x) and
p1(x) are projection with support in B(z,r/2) x B(z,r/2) and which

are connected by a homotopy
0,1] x X—2 () + Idp; (t,x) — p(2)

such that py(x) is a projection with support in B(z,r/2) x B(x,r/2) for
any ¢ in [0, 1] and any x in X gives rise to homotopic unitaries. Apply

this to the class [Ex]. ., we obtain a class [U)(?l) ler KT (C(X) 7 5 s)
’ X1 NX,

which satisfies
T 5 5
Ly o ([Ug(l),Xg]Eﬂ") = [U§(1)7X2]8’7T,

for every positive numbers ¢, ¢/,7 and " with ¢ < & < 1/100 and
' <r<§/5.
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For any positive number ¢ and r with e < 1/100, pick any positive
number s with s <7 and s < k./,0/5 for (a, k) = (a7, k7). Then

)

LE,S,TTE/avs/ks/a ({L‘) ([ (9)

* %Xgé)ﬁxé‘s) Xl’XQ]E/a’S/kf/a)

OInd"S 4 Ki(X,A) — Ky (Aw

(%)
x;7nx;

T

does not depend on the choice of s and

)

8Indg?1 XA def —(0In dgl XA x)0<e<1/1000<r ¢ K1(X, A)—Ko(Ar <

nx{®
is a projective morphism.
Lemma 4.5. We above notations, we have

(6) _
Ondy, x, 4. = ]ndx§5>r1x§5>,A,* CUXO XD A

Proof. Let us set Y = X{é) N Xéé). Let (%, px) be a non degenerate
standard X-module with standard restriction to Y. Let u be a measure
on X, let p/ be the restriction of y tu Y and assume that supp u = X
and supp i/ =Y. Fix a Hilbert space 7 and let choose isometries V] :
Sy — LAY, )@ and Vs, : #x — L*(X, p)@7# with propagation
less than /2. By considering the square

Lz(Y7 M/)®% — L2<X7 M)®%/

Vll lVQ )
I — Hx
where the horizontal maps are inclusions and according to the first
point of Remark B.5 we can indeed assume without loss of generality
that # = L*(X, p)@ for 7 a separable Hilbert space and thus
Sy = LAY, )/)@7. As in the definition of [Ex|., and [Ey].., let
us choose ¢p, : X x X — [0,1] and ¢, : Y x Y — [0, 1] continuous
functions such that
e ¢, is supported in {(z,2") € X x X such that d(z,2") < r/2};
e ¢, is supported in {(y,y’) € Y x Y such that d(y,y') < r/2};
o [\ bo,(x,a)dp(a’") =1 for any x %n X;
o Jy b1y, y)d'(y') = 1 for any y in Y.

Then y +— ¢1(y,®) can be viewed as a continuous function from Y
valued in LY(Y, /) € L*(Y, ). The idea is to compare [U)(?1)7X2]57r with
the class of the unitary of Equation (L3]) arising from Ey, . Define then
for any ¢ in [0, 1]

(bt,r Y - L1<X7 :u) B (1 - t)¢0(y7 .) + t(bl(ya .)'
For all y in Y and for all ¢, the support of ¢;,(y) is included in
{z € X such that d(y,x) < r}.
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Consider then the operator
By : CORLE(X, 1) —C(V)RLA(X, p)
defined by

B €(y,7) = 62y, 2) /X o2y, 2V (y, o )dpux (o)),

with € in C(Y)®L?*(X, p) viewed as a function in Y x X. Then E, ,(y)
is for all ¢ in [0, 1] a projection of C(Y) 2(x ) = C(Y)@# (L*(X, p))
with propagation less than r. If f: X — [0, 1] is a continuous function

such that f(z) =0ifz ¢ Xy and f(z) = lisx ¢ X;, define for r < 6/5
Upp(z) : X— A (LY, 1) + C - Idragy )

by

o Upp(x) =Idp2pyyif v ¢Y;

o U, (z) = e @E, (2) + Id2yy — Evp(z) if zisin Y.
We obtain in this way a homotopy of unitaries with propagation r in the
unitarisation of C(X)p2(y,.. Since Uy, ()., = [U)(?1)7X2]57r, the result
is now a consequence of Lemma [L4 applied to the family (£} ,),~o. O

4.4. Proof of Proposition This proof will require some prelim-
inary work. Let considerer a semi-split extension

0=-J—->A—=C(X)—=0

where J is a closed two sided ideal in a unital C*-algebra A. Let
(Er)rso be a family of projections in C(X)®.# (#%) such that for
every positive number r and for every x in X, then FE,.(x) has support in
B(xz,r/2)x B(z,r/2) and [Ex]., = [E, 0], for every positive numbers
e and r with e < 1/100. Let f : X — [0, 1] be a continuous function
such that supp f C X, and supp(l — f) C X,

Let ro be a positive number such that | f(z)—f(2)| < &= if d(z,2") <
ro. We can assume without loss of generality that F,(x) has support in
B(x,19/2) x B(x,10/2) for every positive number r and for every z in
X. Let then z, in A, be a lift for E, with propagation r with respect
to the semi-split filtered extension

0— Jum = A > C( X)) =0

such that ||z, || < 1. Let g : [0,1] — [0, 1] be defined by

o g(t) =0if 0 <t < 1/4;

e g(t)=2(t—1/4)if 1/4 <t < 3/4;

e g(t)=11if3/4 <t < 1.
Let us fix a positive number § and consider, with the notations of
Section the following elements

® U . [O, 1] — A%X,va

o v:[0,1] = C(X) ,, +C- 1@k,
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o w:[0,1] = (X)) +C-lat
defined for 6 in [0, 1] by

o u(f) = (1®px(exp(2umbg o f))) - exp(2em (1 — 0)z,)
e v(0) = (1®px(exp(2tmb(go f —1)))) - B, + 11 dp — E;
e wl)=FE, + (1®px(exp(2imlg o f))) - (1®1dp — E,).

Since

I(1®px (exp(2imdgo f)—1))-E,—((exp(2imbgo f)—1) Q1 d o )- | <<81é4)1
and

1B+ (1@px (exp(2urbgo f)—1)) = Ey-((exp(2imlgo f)—1) @1 d e ) || < /4
we deduce that

[(1®px (exp(2umdgo f)—1))- B, — B, - (1®px (exp(2urbgo f) —1))[| < /2
(19)
Hence, v and w are e-r-unitaries and moreover, v — 1®/d 4, lies in

C([0,1] x X)%) . that w — 1&1d lies in C([0,1] x X)) .

For next proposition, we need to recall from [I7, Section 2] the notion
of e-r-N-invertible for positive number &, » and N with ¢ < 1/100:
an element z of a unital C*-algebra B filtered by (B,),-¢ is e-r-N-

invertible if
e 1 is in B,;
o [Jzfl < N
e there exists an element y in B, with ||y|| < N and such that
|lzy — 1] < € and |lyz — 1| < e.

Such an element y is called an e-r- N-inverse for z.

Proposition 4.6. For some universal control pair (o, k) and positive
number N and with notations as above, there exist P; and P, respec-

tively ae-k.r-N-invertible elements in My(AJO, 1]%X7px) +C- L®Id

and My(A[0,1]', )+ C - Loldy, (with Al0,1] = C((0,1], A)) con-
nected to I as ac-k.r-N-invertible for any positive numbers € and r

with € < ﬁ andr < 5575 and such that

(i) [P Py — diag(u, u”)|| < ae; ‘
(ii) || P — diag(v,v")|| < ae, where Py is the image of Py in

My(C(X)D)  10,1]) + C - LoIdp

X PX
relatively to the extension

0— A;};px 0,1 — B;;;px [0, 1]%0()();;;” [0,1] — 0

(i) || P, — diag(w,w*)|| < ae, where Py is the image of Py in

My(C(X)2)  10,1]) + C - LoId g,

Hx ,px
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relatively to the extension

0— A;?X,px 0,1] — B;;;px [0, 1]%0()();‘;;“ [0,1] — 0.

(iv) Pi(1) s an as-k.r-N-invertible of Ma(Ay 5 5 )+C-La@1d
X N
connected to Io®I1d 4, as an a&?—ker—N—invelrtz’ble of Ma(Awr 5 5)F
X1 ﬁXQ
C- LRIdy, .

)
NG

Moreover,

e P1(0) and P»(0) lie respectively in Mo(Asp ) + C - 1@1d
X
and MQ(A%X@) + C - 1®1d

o P(1) — Lldy and Py'(1) — L®Id s have coefficient in
A%’X;%X;&) '

Proof. Let us fix a continuous function ¢ : [0,1] — [0, 1] such that

¢(1) = 1 and ¢(¢t) = 0 if ¢ is in [0,3/4] and let us then fix (¢n)nen

a sequence of real polynomial functions converging uniformly to ¢ on

0, 1] and such that |¢,(t)] < 2, ¢,(0) =0, ¢,(1) =1 and d°¢,, > n for

every integer n and every ¢ in [0, 1]. For ¢ a positive number let I. be

the smallest integer such that

e for all integer k£ with & > [. and all ¢ in [0, 1] then |¢g(t) —

If @ and b are elements in a C*-algebra and 6 in [0, 1], let us set

L (2um(1 — k
u00.0.0) = ofa) S BTN 41 o)) (exp(-2img(@) 1) ()

k=1

and

(0, a,b) = exp(2mhg(a)) - <lZE <2m<1k—79>b)k> :
k=0
Notice that the degree in b of wS’(e, a,b) is less than
he = sup{d°¢y; k =0,...,1.}.
We define for any 6 in [0, 1]

u(0) = PP 0,10px(f), 2);

y(0) = 1@1dx + (0, 10px (1 = f),2) + (0, 10px (f), 1@Idp — 2,)";

w(0) = 10Idxp +9v0(0,10px(1 = f), 2) + (1@px (1 —go f)) - (u'(0) —y(0
u(0) = M0, 1px(f),1— 2)" + (1®px(go f)) - (u'(0) — y(0))

Then for every 6 in [0, 1] and r < %,

)

)
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e u/(0) and y(0) are elements of A,z ,, with propagation less

than h.r;
e uy(0) —1®Id, is an element in A;QX’ )y With propagation less
than h.r;

e uy(0) is an element in A(j% oy With propagation less than h.r;
o U (0) =uy(0) + uz(0);
e |lui(0)| < 15 and |Juz(0)]| < 15.
Moreover,
lu(0) = ' (0))I] < /3
and hence /() is an e-h.r-unitary in Ay .-
Let us set then X (x) = (1) f) and Y (y) = (?1/ ?) and define then
for 6 in [0, 1]
* 0 -1
Py(8) = X(ua0)X (ur(0)Y (~ui )X (s (0)) (§731) X(uaf6)

and

Py(0) = X (uz(0)) (_01 (1)) X (=i ()Y (—u3(0)) X (u1(8)) X (u2(6)) ((1) _01> :

Then for some constant N and some control pair («, k) independent
of X, X; Xs, A and B, for all § in [0, 1] and for all positive number r
with r < %,
e P(6) and P»(0) are invertible elements in Ms( A py );
o P (0) — I, and Py(0)~' — I, have coefficients in AS}X’/}X and
propagation less than k.r;
o Po(0) — I, and P5(0)~! — I, have coefficients in A;?vax and
propagation less than k.r;
o P(0), P(0),P(0) and P,(A)~! are bounded in norm by N;
o ||[P1(0)P2(0) — diag(u(6), w(0))[| < ae;
e P1(0) and P(0) lie respectively in Ma(Ax ;) +C-1@#% and
X1
M2<A%X(6)) + C- 1®e%ﬂx;
2
o P (1)—L,®#x and P (1)~ L@ have coefficients in A P
X1 ﬁX2

e Pi(1) is connected to [o®Id,s as an ae-k.r-N-invertible of
Mol o)+ € Bl
Hence if we set for i = 1,2
PZ' : [O, 1] — M2<A%X7PX)
0 — P(0),
then P; is an e-k.r-N-invertible element in

My(AY), , [0,1]) + C - L®Idzp
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connected to [r®Id, as an e-k.r-N-invertible.
Let us consider the filtered semi-split extension
1 1
0— A%, [0,1] = BY | [0,1]-C(X)% . [0,1] =0
and let us give an approximation of the image of P, in the C*-algebra

MQ(C’(X);QX’/)X [0,1])4+C- [,®#%. In this computation, we can replace

in the definition of P;(6).
u'(0) by
(1®px (exp(2umlg o f))) - exp(2im(1 — 0)E,);
o v (0, 10px (1~ f). 2) by
(1&px(po (1= f))(™ —1)
+1®px ((1=¢ o (1 = f))(exp(=2umbg o (1 = f)) —1))) - Ex

=(1®px (exp(=2umbg o (1 = f)) — 1)) - E;
=(1®px (exp(2umb(go f — 1)) — 1)) - E

o ¥1V(0,10px(f),1®1Id, — 2,) by
(1®px (exp(—2umbg o f) — 1) - (1&1dw — Ev);
y(0) by

(1@px (exp(2em(g o f —1)))) - B + (12px (exp(imdg o f)) - (101, — E,)

* u(0) by

1®1dp — B, + (1®px(exp(2tmb(go f —1))) - B,

o s(0) by (18px (exp(2imdg o f))) - (1©1ds — Ey).
In these computations, we have used the identities (1 — ¢g)¢ = 0 and
g(t)+g(1—t) =1forall tin [0, 1] and in the approximation of y(#) and

of uy(#), the fact that according to (I9), then E, and px (exp(2imfg o
f —1) almost commute. Using again this almost commutation, we see

that the image of P, in MQ(C(X)%WX [0,1]) + C - L, #x is closed to
the unitary

0,1 = M(C(X))  )+C- Lot (20)

HOxpx
0 — diag(vg,vp)

In the same Way, if we consider the filtered semi-split extension

0—AG , [0,1] =B | [0,1]-C(X)F , [0,1] =0,

then the image of P in My(C®(X) s 5 [0,1]) + C - &I d 4, is closed
to the unitary

0,1] = My(C(X)5 ) +C- Lt (21)
0 — diag(wg,wy)

with for all € in [0, 1].

HOxpx
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t

As a corollary we get with notations of Proposition

Corollary 4.7. For some control pair (A, h) depending only on the
control pair (o, k) and on the positive number N of Proposition [{.0,
then for any positive numbers € and r with ¢ < 1/100\ and r <

%, there exist Wy and Wy respectively Ae-h.r-unitary elements in

Ma(A[0,1)%) ) + C - Loldy, and My(A0,1)5, ) + C - Loldy,
connected to Is®Idyp, as Ae-h.r-unitaries such that

(i) [W1Wy — diag(u, u*)|| < Ae; ‘
(ii) ||Wy — diag(v,v*)|| < Ae, where Wy is the image of Wy in
Ma(C(X)5), , [0,1]) + C - Lo d
relatively to the extension

0— A, [0,1] = B | [0,1]-C(X)% . [0,1] = 0;
(iti) [|W, — diag(w, w*)|| < Ae, where W is the image of Wy in
Ma(C(X),, [0,1]) + C - Lo d

relatively to the extension
2 2 2
0—AD  [0,1] = B [0,1]-C(X),  [0,1] — 0.
(iv) Wi(0) and W5(0) lie respectively in Ma(Asp ;) + C - 1@1d sz,
X1

and MQ(A%X@) + C - 1®1d
(v) Wi(1) is an Ae-her-unitary of MZ(A”X%XQ)) + C - LIdy,

connected to I,®Idy as a Ae-l.r-unitary which belongs to
MQ(A:%X((S) ) + C- ]2®]d%ﬂx .

5
nx ()

Proof. In view of [I7, Lemma 2.4], there exists a control pair (A, h) and
a positive number N’ depending only on N and on the controlled pair
(cr, k) of Proposition 6] for which the following is satisfied :

For any positive number £ with ¢ < ﬁ, there exists a polyno-
mial function Q. of degree less than h. with Q.(1) = 1 such that
Q:(P;Py) and Q.(P5P,) respectively admit positive A\e-h.r-N'-inverse
in My(A, . [0,1]) + C - 1®@Id s and My(AG, , [0,1]) + C - 1@1d
and such that if we set Wy = PQ.(P;P) and Wy = Q. (P2 Py)P,, then

o W, and W; are Ae-hr-unitaries in Mo (A oy [0, 1])+C-1&1d p ;

o W, — [,®Id, has coefficents in AS; 0,1];

x|
Wy — I,®1d 4, has coefficents in A;Qf)xmx 0, 1];

||P1 — |P1|W1|| < Xe and ||P2 — W2|P2*||| < )\E7

W, and Wy are respectively homotopic to Io®1d », as Ae-h.r-

O [0, 1)4+C-L®Id s, and My(AD)  [0,1])+

O PX HOx ,pX

unitaries in My (A
C . IQ®Id%X;
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e W1(0) and W5(0) lie respectively in MQ(A%X((;)) +C - 1ok
and MQ(A%X((;)) + C . 1®%X
2

Proceeding as in the proof of [I7, Proposition 2.11] and possibly rescal-
ing \, we see that ||[W,Ws, — diag(u, u*)|| < Ae. Moreover, since P is
closed to a unitary, then | P;| is closed to [,®.#% in MQ(C(X)%WX [0, 1))+
C - L,®Idy, and therefore, up to rescaling A\, we get that ||[W; —
diag(v, v*)|| < Ae and similarly that ||, — diag(w, w*)|| < Ae.

Since Q-(1) = 1 and since Pi(1) — [b®Id has coefficients in
Aﬂx(é)mfx(é) , then the same holds for Wi(1) — I,&Id, and Wi(1)

1 2

X<6>> +C-
2
IR 7. ]

End of proof of Proposition [4.2. With notations of Lemma 3]
this amounts to proving that

is connected to [, as a Ae-l.r-unitary of My(A . *
X1 n

P h)
DE(B’XQ,A* olndx .= 8Indg(zvx27A’*.

Let us give the proof for K;(X, A), the even case being deduced from
controlled Bott periodicity. Then any element of K7 (X, A) corresponds
to a semi-split extension

0—+A—B—C(X)—0,

where A is closed two-sided ideal in B. We can assume without loss of
generality that B is unital.

Recall that

e /:X —[0,1] is a continuous function such that supp f C X
and suppl — f C )21;

e 7 is a positive number with ry < r such that |f(z) — f(2')] <
1o if d(z,2") < ro;

e the function g : [0,1] — [0,1] is defined by g¢(t) = 0 if 0 <
t<1/4,9(t) =2(t—1/4)if 1/4 <t < 3/4 and g(t) =1 if
3/4 <t <1,

e F,(x)isaprojectionin C(X)®.# (%) with support in B(x, ") x
B(z,r") with r’ = L min{ro, 7} and such that [Ex]., = [E,,0].,
for every positive numbers ¢ and r with £ < 1/100;

o u(f) = (1® px(exp(2umhgo f)))-exp(2im(1 —0)z,) for all 6 in
0, 1] with z, a lift with propagation r of E, in A, .

In order to have a more readable end of proof of the proposition, we
divide it into three steps.

Step 1: Let (A, h) be a control pair and let W; and W; be re-

spectively Ae-h.r-unitary elements in M(AJO, 1]9%(7”) +C- Lldy,

and M (A0, 1]%X7px) + C- L®Idg, asin Corollary 7l According to
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points (ii) and (iii) of Corollary 7, up to enlarging A and since for
1 =1, 2 the extension

0— A% [0,1] = BY , [0,1]=C(X)5), , [0,1] =0

is semi-split filtered, there exists an element y; in MQ(A;;; o [0, 1]) +
C - 1®Id ., with propagation less than 2h. such that

|\Wi diag(lo®1d z,, 0)W1 — y1 — diag(le®Id ., 0)|| < Ae

and an element 1, in MQ(A;? 0,1]) 4+ C- I,®Id 4 with propagation

x|
less than 2h, such that
||W2 dlag(12®ldﬁ”x7 O)WZ* — Y2 — dlag(12®ldﬁ”x7 0) || < Ae.
Since Wy is close to W - diag(u, u*), we can assume up to rescaling A
that
lyr — ol < Ae.
Using the CIA property and up to rescaling the control pair (A, h), we

deduce that there exists ¢ a Ae-h.r-projection in M( A , [0, 1]) such
that

o ¢ — diag(1®1d . ,0) has coefficients in
A2 10,1] = A0, 1|0 (A, © NHyw) + A, 1@px (Co(X1 N Xo));

HxpX X
o ||y; +diag(1®Id ., 0) —q|| < Ae and ||y2 + diag(1®1d x4, 0) —

q]| < Ae.
Step 2: Let
DA%X,B%XJ = (8Z;X,B%vx,*)0<a< 1001aD >0 - ’C*(C(X)%”X)_)’C*-H(Afx)

be the controlled boundary map associated to the semi-split filtered
extension

0— A, — B, —C(X) s, —0
and

c,T
Az B T ( Ay ,By ok
XYs)ﬁXéé) XYs)ﬁxéé) X{é)ﬁxéé) X{é)ﬁxéé)

K. (C(X)%”Xw) )t (A%”Xw)

1 NXy

)

(8)
ﬁX2
be the controlled boundary associated to the semi-split filtered exten-
sion

—0.
Onx (o) X nx ()

0—As ) o B
Xl ﬁX2 X

Since W1(0) and W5(0) lie indeed respectively in My(Ax ) + C-
Xl
1@1d z and May(Asp ;) +C-1®1d 4, and since Wy (0)W3(0) is close to
X2

diag(exp(2irz,.), exp(—2imz,)), we see that, up to rescaling (A, h) and
possibly (ap, kp), the class [¢(0), 1] »., coincides with the image of

*,)\E,h T (5)70‘D57k1),57‘ <,T
[’* : OaXl,XQ,* © A%X’B%X’*([EX]EJ‘)
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under the morphism

’C*(A%”X(a)ﬁx(a)) — IC*(A(L2) ) (22)

T ,pX
induced by the inclusion

%(‘%ﬂfx(a)mx(a)) — ‘%/(%fx(a)mx(a)) + pX(CO(Xl N XQ))

On the other hand,

e according to points (ii) and (v) of Corollary E.7}
e since

v(1) = (1®px(exp(2imr o f))) - E, + 1®1dp, — E,
is according of Equation (I8]) close and hence homotopic to
(exp(2im o f)®Idy, ) - E, + 1®1dp, — E,

as an e-r-unitary in C(X)X{‘”mxé‘”’

we see that up to rescaling (A, h), then [¢(1), 1]y p.» coincides with the
image of
T 0 0 (VR xaler)

Az Boe % X1,X2
X@mxé‘s) X@mxé‘s)

under the morphism of equation (22).

Step 3: As we have seen in the previous step,

— A& her e,r (6)
by © o 8,4% 5 B s s ,*([UXI,)Q]W)
x@Onx(O T xOnx O

and
L;,As,hsr ° a(é),ape,ko,gr o T ([ X]&J’)

X1,X2,% Ay By *
have same images under the morphism of equation (22]). Since the
extension

(1,2)
—A
Xgé)ﬁxéé) . ( (6

)
X% nx,

)—>A®pX(CO<Vl NVa))—0

is filtered and split, then according to [I5, Corollary 4.9], there ex-
ists a control pair (X', h') such that the morphism of equation ([22]) is
(N, h')-injective as defined in Definition Hence we get the result
for K1(X,A) at least for small . For ¢ in (0,1/100), the result is a
consequence of the first point of Remark [L.T6

Let us prove now the result in the even case. Let us consider the
following diagram

: B0 (5) (5] Y
Ko (X, A) ®74([9]) Ky (X, SA) X1 Xy KO(XYS) mxé‘s),sf;) ®Ta([0]” 1) KI(XYS) A Xéa),A)
[mix.a.e Imix s () XD 50| ) XD 0]
Trr y (74 (10) D) xy 54 Tose (ra (9]~

Ko(A(#x)) ———— ’Cl(SA(ny£5)mXéa))) —_— ’CU(SA(ﬁ’fXYs)ngs))) _— ’Cl(A(ﬁ’fXYs)mXég)))
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where ®e stands for the left Kasparov product. According to Propo-
sition 3.14] and to the even case, the three squares are commutative.
The composition on the top row is

D0y o] Ko(X, A)— I, (XD x4
The result for € small enough is then a consequence of the definition of

DY) xoa : Ko(SA(, )— K (A o) @)

xOnx{® X

(see [I7, Section 3.2]). For € in (0,1/100), the result is a consequence
of the first point of Remark U

4.5. Proof of Theorem B.I7. Let X be a compact metric space, let
A be a C*-algebra, let % be a non degenerate standard X-module
and let (0,1/200) — [1,+00); € +— h. be a non increasing function.
Recall from definition [L.I7] that

Indx ax: Ko(X, A)—K(Ax)
is a h-isomorphism if for any ¢ in (0,1/200).
e Indy,, is one-to-one for any r in (0,1/h.);
e for any r in (0,1/h?) and any y in Ko"(A ), there exists =
in K,(X,A) such that Indi;]fgf*(x) = 15"her(y).
The proof of Theorem B.I7 will be by induction. We first prove a
Mayer-Vietoris type stability result for h-isomorphism of Indx 4 ..

Lemma 4.8. There exists a non increasing function
(0,1/200) — [1, +00); € > ke

such that the following is satisfied. Assume we are given
e X a compact metric space and X, and X5 two closed subsets
such that X = X7 U Xy,
e non increasing functions (0,1/200) — [1,4+00); € +— h. and
(0,1/200) — [1,+00); € — hL;

° > inf{hgh,,ei(o 17500} and fori = 1,2 a closed subset XZ-((S) with
{z € X such that d(z, X;) < §} C Xl-(‘g)

for which

Ind KX XD A) = K(As,)

XOnx A

1s for any non degenerate standard Xl(é)ﬁXéé)

and

-module J 5 a h-isomorphism

Ind, KX A) = K(Ay)

.(6),4*:

is for any non degenerate standard Xi(é)—module 6 a h'-isomorphism
fori=1,2.
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Then,
[ndX,A,* : K*(X7 A) — IC(A%’X>

is a khh'-isomorphism for any non degenerate standard X -module 7 .

Proof. The lemma is proved by using a 5-lemma argument. Let (o, k)
be a control pair such that the controlled Mayer-Vietoris sequence of
Section is («, k)-exact. We can assume without loss of generality
that a = 2™ for some integer ng. We can also assume that the restric-
tions of % to Xl(‘;), X2(5) and XI@ N X2(5) are also standard and then
use the notations of Section Let us first prove the injectivity part.
Let us prove indeed that [ nd}TAv* is one-to-one for any ¢ in (0, ﬁ)
and any r in (0, ﬁ) The general case will follow using a rescaling
argument. Let x be an element of K. (X, A) such that [ndXA L[2)=0

in K" (Auz ). In view of Proposition .2, we have

e, ker o
In dX(é) X0 A 8X§6),X§5),*(x) =0
with ae in (0,1/200) and k.r < ﬁ < hi Since by assumption,
an{;Er ) ae'tas B )
IndX{“mXé‘”,A,* is one-to-one, we deduce that 8X£5),X§5)7*(x) = 0 in

K*(Xl(é) N Xéé),A). Using the Mayer-Vietoris exact sequence in K-
homology for the pair (X 1(6), Xéé)), we deduce with notations of Section
1] that there exist 2/ in K*(Xl(é), A) and x, in K*(XZ((S), A) such that

Ix® () —Ix® . (25) = =.
Let us set then y; = Inds%)A () and y) = Ind” *(x'Q) By
Lemma BT and with notations of Section E.2] we deduce that

6),e,m 0),e,r

jX(l,)AE* (yl) ]ﬁX(Q,)Aa* (yz) 0
and hence, by controlled exactness of the quantitative Mayer-Vietoris
sequence, we deduce that there exists y” in K% (A, * ) such

Xl

that

ﬁX2( )
t, 4 7()é€7k'g7 —,E,ReT
jX(] 7))(2’47* (y/l) L & (yl)

and

T ) = 1 ).

Since ae € (0,1/200) and k.r < 1/h2_,

there exists 2" in K,(X; ) A X2(5), A) such that

In d?:(gag)l;g(g) " ( //) _ L—,aa hagksr(y//)'

then by assumption on [”dxié)mxg‘”,A,*’

Since k.haer < 1/h]
hence, we deduce from Lemmathat Ty = Ix®) X, J(@") and 2 =

hCXEkE
!, then Indae(d) " is one-to-one for i = 1,2 and

Ix® x@ (7"). We deduce from this that z = 0 and hence Indy,, is
2 X1

one-to-one if € is in (0 and r is in (0, W) Since we have

[e7onnge 1oy

+ 3005
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chosen av = 2™ we see using Proposition BI3 that Indy , , is one-to-
one if € is in (0, z715) and 7 is in (0, gy7r) with &L = Lo -+ - I jano—1 ke j2mo
and | = [,; (with notations of Section [[.2).

Let us prove now the surjectivity statement. We can assume with-
out loss of generality that («, k) is greater than the control pair of
[I7, Corollary 3.6]. Let us set IL = .-+l jonp-1 with [. as above and
kL = U k.k.)o. Let us prove first that for any ¢ in (0, ﬁ)v
(0, m> and any y in K27 (A ), there exists z,, in K, (X, A) such
that

any r in

ekl hoeh!, .7 -,
IndX,A,e* s (xy) = Ly

With notations as above, let us set

as,k;haghéxer(y) )

/I —acker (8),e,r
y - l’* © Xl,XQ,A,*(y>'
Since ae is in (0,1/200) and k.r < 77— < 73—, there exists 2’ in
llsks/ahafhlas h’OtE

K*+1(X1(5) N Xéé), A) such that
Indsghecher (of) = oo hekr ),
Let us set then
T =y xw () € Kon(X(, A)
and
Ty =1y xo (1) € Kuna (X5, A).
According to Lemma [B.15] we have

we deduce by injectivity of [ ndai’gasksr that z; = 0 for i = 1,2. Hence,
X, A

by exactness of the Mayer-Vietoris sequence in K-homology, there ex-
ists an element x in K,(X, A) such that
0

’
X§5)7X§5)7*(l‘) =xZ.
Using Proposition [£2] we see that
—,a€,kehaer (6),677’ £,7 o
b © 8X17X2(IndX,A,*(x) - y) =0

in Kas,kghagr (A%

*+1 ‘ Xié)mXéé)

). Let us set

g/2M0 1 L _oeler
o e /2M0 e/2,ler &,r
ya_LA%X,* O'“OLA%X,*OLA%X,*QJ)'
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Then y, lies in KZ/“"" (A, ) and in view of Lemma I and of Propo-
sition B.13], we see that

—&ke jahaclir (8),e/allr e/a,llr
Lx © 8X1,X2 (I”dX,A,* () = Ya) =0

. E,RE/ahQEléT
n K*+1 (Ajfxgé)ﬁxéé) )
Then according to [I7, Corollary 3.6], there exists y; in K2<""" (A, )
X
such that

’ / /
RO () = BORTE T ) = IndSAE T () — o ()

= Iy (@) - oo e (y),

where the second equality holds in view of the first point of Lemma [L.7]
(vecall that k. = k.k.4l.). Since ac is in (0,1/200) and klha.r < -

hl_o?s’
we see by surjectivity assumption for Ind for i = 1,2 that there
exists z; in K, (Xi(é), A) such that

og kLhachl, T I
Ind ;"™ (i) = ¢,

X.(é)A*

i 4

C“Qkéhafh/as”(yi) )

Eventually we set
Ty =T — jX{(S),*(xl) + jXéé)ngS)v*(:w)
in K.(X, A). Using Lemma B.T5, we obtain that
L;aa,k;haghﬁxy’(y) =1 ndf,fih“hgsr(ﬂfy)-

Now, for ¢ in (0,1/200), r in <0
can apply the preceding result to

1 .
Ty hgh/f) and y in K5"(Axy ), we

6/2n0_1,ls/2n0—2 ...lE/2lET

Afx,*

e/2,ler &,r
Q-0 O

We deduce from Proposition B.I3] that there exist x in K,(X, A) such
that
s,lék;/ahgh/er
[ndX,A,* (SL’) =Y.

g

Let us first prove Theorem [B.I7 for a finite simplicial complexe of
dimension 0.

Lemma 4.9. Let Zy be a finite metric set such that for some 6 > 0,
then d(x,z’') = § for every distinct points x and =’ in Zy and let A be a
C*-algebra. Then Indy , . is an isomorphism for any € in (0,1/200)
and any r in (0,0).

Proof. We have an isomorphism

K.(Zy, A) — K. (A)% (23)
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induced by the family of evaluation at points in Zy. Any non degenerate
standard Zy-module (pz,, #7,) is unitary equivalent to (p, (*(Zy) Q)
where 7 is a separable Hilbert space and p is the pointwise multiplica-
tion. Hence we can assume without loss of generality that (7, pz,) =
((*(Zo)®H, p) and then we have a Morita equivalence K57 (A, )) =
Kem(A®.# ((%(Zy))). Any operator in A®.# ((?(Z,)) with propagation
less than ¢ is actually diagonal. Hence if r is a positive number with
r < §, then any e-r projection of A®.# ((*(Zy)) is given by a family
(q2).cz, of self-adjoint elements in A such that ||¢> — ¢.|| < €. Since ¢
lies in (0, 1/200), then the spectra of ¢, lies in (—o0,1/5) U (4/5, +00).
Let us fix a continuous function g : R — [0, 1] sucht that

o ro(t) =0if t <1/5
o ro(t) =1if t>4/5.

If P,(A) stands for the set of projections in M, (A), it is then straight-
forward to see that

Py (AR ((2(Z9)))— Pu(A) ™ diag(a:)zez, = (K(g:)):zez,
induces an isomorphism
K5 (A0 (6%(Z0)) — Ko(A)™.
Similarly, in the odd case, the map
U (A® A ((*(Z)))—GL(A)™; diag(us)zez, = (1:)zez,
induces an isomorphism
K7 (A@H ((2(Zy))) — Ki(A)%.
Under these identifications and that of equation (23)), then
Indzy as: K Zy, A)— K (ARX (H7,))

is the identity map for any positive number £ and r with € < 1/200
and r < 9. U

As a first application of Lemma [4.§ we have the following estimates
for boundaries of simplices. Let 0A,, be the boundary of the standard
simplex of dimension n equipped with the normalized spherical metric.

Lemma 4.10. There exists a non increasing function
(0,1/200) — [1, +00); € > he,

such that for any integer n, for any C*-algebra A and for any non
degenerate standard OA,-module F3n, , then

IndBAmA,* : K*(aAna A)HK*(A%A,L)

s a h"-isomorphism.
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Proof. Let us view 04, as embedded in S,, and let us consider for « in

(0,1)

aAIa = {Cosé’ cv+sinf e, ;0 € [%,TF/Z] ,veES, 1 C Sn} ﬂ@An
and

oA, , = {cos@ ‘v +4sinf e, q; 0 € [O, %] ,vES, 1 C Sn} ﬂ@An.

Then for any S in (0, «), we have
{v € 0A, such that d(v,0A) ) < B} C OA)

nva_ﬁ

and for any f in (0,1 — «), we have
{v € OA, such that d(v,0A, ) < B} CIA, .5

For § in (0,1/6), we set Xi = OAT | 4, X7 = 0AF | 5 5, Xo = 0N,
and X9 = JANPYS
We have thus that

e X? can be contracted to {e,,1} by a 1-Lipschitz homotopy;

e X is homotopic to A,_; by using a 3/2-Lipschitz homotopy
which in turn can be contracted to its center by a 1-Lipschitz
homotopy;

e X?N XJ is homotopic to

{%(v + eni1);v € Sn} ﬂaAn (24)

by a 3-Lipschitz homotopy. The metric subspace of equation
([24) is a rescaling of 0A,,_; with a factor % Using equation
() of Section 3.2, Proposition B.7and LemmaB. I8 and in view
of Lemma [4.9] we see that Ind X A is a C-isomorphism for

some constant C' that does not depend on n and that we can
choose such that C' > 30. Pick then ¢ in (5/C,1/6), the result
is then by induction a consequence of Lemma (.8

O

We are now in a position to achieve our goal.

Proof of Theorem [B.1I7 : Let X be a connected finite simpli-
cial complexe of dimension n. Let us prove the result by induction
for k = 0,...,n and any simplicial subcomplexe of X of dimension k.
According to Lemma 23] the result clearly holds for subcomplexes of
dimension 0. Let us fix kin 1,...,n and let Z be simplicial subcom-
plexe of X of dimension k. Let Z| be the set of centers of k-simplexes
in Z. For any o in Z| let A, be the k-dimension simplex that contains
o and define for any A in (0, 1) the set

Apy={z € A,y; ' € A, /d(x,2") = (1-N)d(2',0) and d(z,0) = Nd(2,0)}.
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In other word, an element x of A, belongs to A, if there exists 2’
in A, such that x is in the geodesic arc between o and 2’ at distance
Ad(2', o) from o and (1 — \)d(2',0) from 2’. Let us set then

Zy = |_| AVPYES

o€

= Z\ |_| Aa,l/?n

o€

and for ¢ in (0, m»

(8) _
Zy = |_| Aa,2/3+6m/%’

JEZ(’)
and

©) _
22 - Z\ |_| A071/3—6ﬂ\/¢'
o€z
A lenghty but straightforward computation shows that for (O, m)
and ¢ = 1,2, we have
{z € Z such that d(z, Z;) < 6} C Zi(é)
Using equation () of Section B2, Proposition B.1 and Lemma BT5 we
see that
° AU,Q/?H—(SW@ being homotopic to {¢} by a C-Lipschitz ho-
motopy with C' which depends neither on o, k nor §, we de-

duce that Z@ is homotopic to Z; by a C-Lipschitz homotopy.
Noticing that the distance between two points in Z| in greater

than \/M’ we get according to Lemma [.9] that [ndZ£5)7A7* is

a C'v/k + 1-isomorphism for C’ > 1 that depends neither on k
nor 9.
e since

(6)
Zi ﬂZ |_| A02/3+5 /2L ﬂA \Aal/?) omq/ 2L

0€Z])

with

A0,2/3+57r\/ ntl ﬂ A, \ Aa,l/?ﬁ&n ==
homotopic to the boundary of A, by a C-Lipschitz homotopy
with C' which depends neither on k nor ¢, then according to
Lemma [4.10, there exists a non increasing function

(0,1/200) — [1,400); € — h,
that we can choose satisfying h" > 1072(n + 1) for all positive

. . k; . .
integer n and such that [ ”dz{‘” Nz 418 2 h¥-isomorphism.
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Since Zéé) is homotopic to the k& — 1-skeletton of Z by a C-Lipschitz
homotopy with C' independent of k, and in view once again of equation
([@) of Section B2l Proposition B.7 and Lemma B.T5, we can then apply
Lemmato Z=7,UZy h, i =C'Vk+1 and Z¢ and Z3 for § in

(%2(; ) 32 (n ey ) The result follows then by induction.

5. QUANTITATIVE ASSEMBLY MAP ESTIMATES AND COARSE
DECOMPOSABILITY

In this section, we give the proof of Theorem 2.3

5.1. Preliminary.

Definition 5.1. Let X and Y be two discrete proper metric spaces
such that Y C X and let s be a positive number. The metric space Y is
called a s-net for X if for any element x in X there exists an element
y inY such that d(z,y) < s.

Lemma 5.2. Let X be a proper metric space, let s be a positive number,
let Y be a s-net for X and let 7 be a separable Hilbert space. Then
for any positive number d and for any rank 1 projection e on F€, there
erists a continuous map

¢a: Py(X)—Pyias(Y)
and a unitary map
Vo (X, ) — (Y, )
such that
(i) for any z in Py(X), then supp ¢q(z) has support contained in

{y € Y such that d(y,supp z) < s}

(where supp z is the support of z as a probability measure on
X);
(ii) Vy has support contained in

{(z,y) € X XY such that d(z,y) < s};

(iii) for any compact subset Z of Py(X) and for any positive number
r withr > 2d+4s, then Ady, c(z)(Pz®€) and ¢} 2 ) (Poyz)®e€)
are homotopzc as e-(r + 2s)- pmjectzons in C(Z )g2(y)gﬂ), where

° ¢d€2 X.) C(pa(Z ))gz(xﬁf —C(Z )gQ X,z) is the map in-
duced by ngd,
e Py and Py, z) are respectively the pm]ectzons in C(Z ) =

C(Z)ax ((*(Y)) and C(¢a(Z))x = C(¢a(Z)) @ ((X))

constructed in Section [2]).
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Proof. Let (Axz)zex and (Ayy)yey be respectively the coordinate sys-
tems for the Rips complexes of X and Y. For each z in X, pick Z in
Y such that d(z, i) < sandset X, ={r e X, =y} forany yinY.
Define then ¢, : (X)—)Pd+28(Y) by

Avy(@a(2) = Y Axalz

Xy

for any z in P;(X) and any y in Y. Then ¢4(z2) is clearly a probability
measure supported in

{y € Y such that d(y,supp z) < s}.
Let n be a vector in J# with ||n|| = 1 such that e is the projection on

C - n and let us choose for any y in Y a unitary
W, : (X))@ — H
such that

Wy - ( \/;TXXy(X)") 7,

where xx, is the characteristic function of X, viewed as an element in
(*(X,). Define then

=Pw,: C(X)ex = EX,)0l—C ()KL .
yey yey
The support of V; is obviously in {(z,y) € X x Y such that d(z,y) <
s}. Now for any z in Z, then ¢} 4 ,2(x)ox) * (Pou(z)®€)(2) is the pro-
jection associated to
1/2

Z )‘X,x(z) ®n

TeEXy
yey

Define for all z in X

mGX
Consider then for any ¢ in [0, 1] and any x in Z the projection ¢ (z) on
(1 = s (2) + X,(2)) 2 @0) sex-
If 7 > 2d + 4s, then (q;)iepo1] is a projection in C(Z)@ ((*( X))
with propagation less than r such that ¢y = P;®e and
Advd,C(Z) "= ¢:l,,)((22(x)®%’) ) (P¢d(2)®€)-
O

Remark 5.3. Let A be a C*-algebra and let d, s, X and Y be as in the
lemma and recall that Ax = A% ((*(X)) and Ay = A ((*(Y)).
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(i) According to Lemma [3.3] then the compositions

H(P(X)0H) 28 (V)0 H) = H (X))

and

Ad
H(C(Y)@H) — H(P(X)RH) —3 H (PA(Y)
respectively induce for r > 2d+4s and up to Morita equivalence
Li,r,r+25 . Ki,r(AX)_>K§7r+23(AX)

and

Li,r,r+28 . K:’T<Ay)—>K:’r+28(Ay).

(ii) The compositions

Pa(X) 2% Payay(Y) < Prras(X)
and
Pa(Y) = Py(X) 2% Pyoy(Y)
are respectively homotopic to the inclusions Py(X) < Pyia5(X)

and Py(Y') < Py25(Y) and hence induce respectively the mor-
phisms

Girasass * Ke(Pa(X), A) =Ko (Puyas(X), A)
and
qc}l/,d—l—Zs,* C K (Py(Y), A)— K, (Pyyas(Y), A).
(iii)
q2l/+23,d’+25,* O Qgx = Pgr 5 © qd)fd,;*
for any positive number d’ with d’' > d;
(iv)

e,r+2s,r'+2s er e,r’ er,r!
L o Ady, , = Ady, o

for any positive number ' with ' > r, r > 2d + 4s and ' >
2d" + 4s.

Lemma 5.4. Let X and Y be families of proper discrete metric spaces.
Assume that there exists a positive number s such that

e for any X in X, there exists a set Y in Y contained in X as a
s-net;
e foranyY in Y, there exists X in X that containsY as a s-net.
Then the following assertions are equivalent:
(i) the family X satisfies the QAM-estimates;
(i) the family Y satisfies the QAM-estimates.
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Proof. Let X be an element of X and let Y be a s-net for X that
belongs to ), let

Ty H(BY) = A (F(X))
be the inclusion and for any C*-algebra A, let
IPax)Pav)e + K (Pa(Y'), A)— K. (Fa(X), A)

be the morphism induced by the inclusion Py(Y) < P;(X). Then
according to Lemma 1] we have

e,r,d _ fter e,r,d
VA X% © JPy(X),Py(Y)x = JXv,Ax O VA Y50 (25)

where

]g(,Y,A,* K (Ay)— KL (Ax)

is the morphism induced by ]ﬁX7Y' According to Remark [LL27] and
Lemma [5.2], we also have (up to Morita equivalence)

Adiy 4 L 0 VKL = VIR 0 G (26)
for every number r such that r > 74,9, ., where
¢d,* : K*(Pd(X)7 A)—>K*(Pd+28(X)7 A)

is the morphism induces by ¢4 as in Lemma In view of Remark
and using Equations (28) and (26), then for any positive numbers
g, d,d,rand r’ with e < ﬁ, then
o Qlx a.(d,d re)implies Qly a.(d,d +2s,r¢)if r > ry. and
d > d;
o Qly a.(d+ 2s,d,r + 2s,¢) implies QIx a.(d,d + 2s,7,¢) if
T > Tayose and d' > d 4 2s;
® QSx ax(d,r ' e) implies QSy a.(d+ 25,7, 1" +2s,¢)if ' > r
and ' > rqyos . — 25;
o ()Sya.(d,r+2s,r' e) implies QSx a(d,r, 7" ) it r' > 1+ 2s
and 1’ > ..

U

5.2. Notations. For convenience of the readers, we collect in this sec-
tion some notations that we shall use throughout the proof of Theorem

213

e If Z is compact metric space, then for any subset Y of Z and
any positive number s, we set Yy = {z € Z such that d(Y, z) <
st

e If X; and X5 are two subsets of a finite metric space X and A is
a C*-algebra, then Ay, x,, = (AQF ((*(X1),(*(X5))) N Ax,
(recall that Ay = A% ((*(X)));

o if (7, p) is a Z-module,

— we set Ay = AQA (H). Then A,y is filtered by

(A r)rso = (ARH () )rs0;



70 H. OYONO-OYONO AND G. YU

— if " is a closed linear subspace of 7, we view A as a
corner sub-C*-algebra of A and Id,» as the projection
onto J';

— If 2’ and " are two closed linear subsets of 7, we
view

Aspr oL A@A (A, A"

as a closed subset of A » and we set A1 v = Ay ypor N

A%”,r;
e let X be a finite metric space, let d be a positive number and
let (45, pg) be a Py(X)-module.
— Vo, + Ay — 2(X, ;) is the isometry defined by

(Vorz - €)(@) = p(\) - €
for any ¢ in 74, where (\;).cx is the coordinates system
in Pd(X)
Let X be a finite metric space and let X and X® be two subsets of
X such that XM U X® . Let 6, be a non negative number and let §;
and r be positive numbers such that ¢; > 5r. With notations as above
and for any C*-algebra A,

(27)

Ao o LAy vo  JAco S Age )
( X50 ’X50+51 ,'f" X50 ’X50+51 ,'f" X50+51’ X50+51

is a r-controlled Mayer-Vietoris pair for Ax. We denote respectively

by

()8 .
Ixoa Ay —Ax,
’ S0+61
)8 .
Ixa i Ave —Ax,
’ 60+61
(1,2).8
i A (1) (2) —A (1)
X7A X50+510X50+51 X50+51
and
(271)7ﬁ
J C A @ —A @
X4 X50+510X50+51 X50+51

the morphisms of filtered C*-algebras induced by the inclusion ¢? <X<§(2L 5) =

2 1 2 1
CX), X5 = C(X), AXD, 0 X0 = 2D, and
1 2 2
e2<xgo>+51 N Xgolél) < eﬁ(xgoiél). Let

D.oy o = (0] 1 K (Ax) — KL (Ao
X60+61 ’X60+61 VA% ( Xéé)ﬂsl 7X§(2))+51 ,A,*)0<5< da 0<8<3; ( ) ( X50+51

be the associated controlled Mayer-Vietoris boundary map (of order r)
with (Oé, k) = (OéMv, ka)

Let d be a positive number and let (77, ps) be a non degenerate
Py(X)-module. Fori=1,2 and § > 0, let j‘fél(,? be the set of elements
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of ¢ with support in Py(X éi)). Assume now that dy > 2d and §; >
(2d + 1)(br + 1). It is straightforward to check that

o

Py(X) = Pa(X5)) U Pa(X2). (28)

Let us describe the r-controlled Mayer-Vietoris for A, associated to
the decomposition Py(X) = Pd(Xéi)) U Pd(X(gf)). Since Py(Y)s C
Py(Yaq(s41)) for any subset Y of X and any positive number s,

(A)Za(l) ji”(l) . A%(Q) (1) . A%(l) ) A%(Q) ) (29)

“d, 607 d,60+617 “d, 607 d, 60+ “d,60+61 “d,60+61

is a r-controlled Mayer-Vietoris pair for A ,,. We denote respectively
by

1 —>A
s s Ha>

(1).4 .
Jpy(x),A - A

(2).8

2), X
Ibsxa A — A,

d,50+61

(172)71:1 . A

Ipyx)Aa " A ap®

d,50+51" "7d,50+81 7d,50451

and

(271)71:1 . A

Ipyx),A - DD @ EA%’(Q)

d,60+61" "7d,50+6, d,60+61
the morphisms of filtered C*-algebras induced by the inclusions f%’iz(}sg 6 =
Ha, K)o, = Ha, K)o, N Hgres, = Hagy s, and A5 5 0

%(,§3+51 — %f§3+51-
On the same way, for K-homology, we denote respectively by

]g;(X)7* : K*(Pd(X(l) )7A)_>K*(Pd(X),A),

d0+91

eyt K(Pa(X 0 5), A)— KL (Pa(X), A),

1,2 1 2 1
5Bt Ku(Pa(X{) 5 N X250, A)— K (Pa(X})5.), A)

+6 do+01
and
2,1 1 2 2
Tt BelPaX0 s, N XL, A)— K (Pa(X, ). A).
the morphisms induced by the inclusions P;(X éél 5,) = Pa(X), Py(X, égzr 5) <

1 2 1 1 2
Pu(X), Pa(X{V 5 0 X250 = Pu(XD ) and Po(X3D 5 N X35 =
2
PiXZ5).
Let

— 677‘ . P
Dx 4,50,61,4,5 = ( X,d,éo,él,A,*)O<a<ﬁ,0<s<é : ’C*(Ajfd)_>IC*(A%%L+610’%(552)+61

be the associated controlled Mayer-Vietoris boundary map at order r
with (OZ, k’) = (O[Mv, k’M\/)
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Assume now that there exists a positive number R such for i = 1,2
then

7j=1

and let us fix a positive number ¢ such that 26 < R. Let s and s’ be
positive numbers with 2s < R—2§ and s < s'. Let us define for i = 1,2

n; ng
1(i),,8,8" | €,s e,s’
I DR (Agw)— PR (Ay0)
]:1 Js ]:1 Js
and
1(1,2)e,8,8" €,8 e,s’
LX,A,* . @ K* (AX](.lé)ﬁXl(?) 7 @ K* (AX](.lé)ﬁXl(?)
j=1,...n1,l=1,....n2 ' ’ j=1,...n1,l=1,....n2 ’ ’

as the morphisms obtained by increasing the control from s to s’. As
usual, we should write ¢/ g?’A_f’S (resp. /™**7) when the source (resp.
the range) is obvious and similarly for ¢/ g’?f’s’sl. Let

ni

/(172)7ﬁ7€75/ . ) ! —_— ’ '
JxAx EB L (AX(.lng{?) @ L (Ax(gl?)
7, , J

j=1,...,n1,l=1,...,n2 J=1

be the morphism induced by the inclusion

ni

A = @A

EB X6 X et Xj.s
J:

j=1,en1l=1,.m2

and let
ng
1(2,1)4,e,8" | €,s’ €,s’
J X, A % . @ K* (ij(_lg)le(?) @ K* <AXI(2§))
j=1,...n1,0=1,...n2 ’ ’ =1 ’

be the morphism induced by the inclusion

na
A (1) 2) > @ A_e
@ X5 sz(,a) et Xz(,a)

J=1,n1l=1,.m2

Let us set also for any positive number d
Py (X)) = |n_| Py (X)) € Py (X{) fori=1,2;
j=1
Py (X nx?) = P (xV) n Py (X)) = ] R nx?);

Ps(X) =Py (X)) u Py (x2) .
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For i = 1,2 and ¢, s positive numbers with ¢ < 1/100 and s > 7. 4,
let us define

Vo K(PYXD), A —>@K€s X))

X A

as the composition

o e
KL(PUXD). A) = @D KR, 4) — 2 @y e (Ag)

j=1 j=1
where the first map is induced by the isomorphism

C(Py(x"M)) = @C (Py(X

Define similarly

€,8,d 1 2 €,8
v XOAx® A L KL(Py(XVnX ), A)— b K2

(AX;.}g nx3 )-
Assume that d < R — 2§, in which case we have P2(X) = Py(X),
PUXY = PyX! for i = 1,2 and PUXV N X)) = Py(x (M n xP.
Let d’ be a positive number Wlth d < d'. For any C* algebra A, let us
define
Qs Ka(Pa(X), A)— K. (Py 5(X), A),

1 1 1
0wt K(Pa(XD), A)— KL (P (XY), A),
2 2 2
0Tt K(Pa(XP), A)— K. (P (X)), A)
and
¢ K (Pa(X X)), A)— K (P (XD N XP), A)
as the morphism induced by the inclusion Py(X) < Py s5(X).

On the other hand, let (% s, pars) be a non degenerate Py s(X)-
module, let .75 be the set of elements in .7y 5 with support in Py(X)

and let p; be the restriction of py 5 to J¢;. For i = 1,2, let %ﬁlg be

the set of elements of % s with support in P',(Xéi)).
Let then

0 g5 H(AG)—H (i s)
be the natural inclusion and let us denote respectively by

¢S s A (A ) (AN
055 H(AS ) —H (A

and
1,2 1 2 2 2
gD J{(%fé’ N A s H (A 0 A
the restriction of ¢’ dd/ s to g%’él(,?, %”d(’? and %(’? N e%’ilf?.
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Since the inclusion Py(X) < Py (X) is contractive, we see that ¢’ Z,d,,(;
is a morphism of filtered C*-algebras. Notice that if moreover (.73, pq)
and (Jy s, par.s) are standard modules and up to a propagation rescal-

ing, then ¢ 3 s induces in quantitative K-theory the morphism corre-
sponding to the inclusion Py(X) < Py s(X) constructed in Section

(see Remark B.5)).
As for Py(X), we denote respectively by

(1).f
JPd, S(X),A A;zz(,{g ’ A%/,av

(2).4
de, 6(X) Ajfd(/?; —>A%/75 ’

(1,2).4 S A s A
TPy 5(x)4 Ay o

and

(271)7ﬁ
P 5(X).A Afu)m%au) —>Af<2)

the morphisms of filtered C* algebras induced by the inclusions 7 El) —
Ky 5. Ky — Hs, NNA'D — A and ANOAY) — Ay

In the same way, for K- homology, we denote for i = 1,2 by

P o B (PU(XD), A)— K. (Pa 5(X), A),

the morphisms induced by the inclusion P, (X(gi)) — Py s(X).
Eventually let

V%/,a : %/,5—>€2<X7 %/,5)
be the isometry defined by
(Vo s - €)() = p(X/?) - €

for any & in J%y 5 and any = in X. Let

AN — (X, ),

%(1)
Vi - L AN (X, )
and
V%(}gm%(lz; : (%p, Q%Q —>€2<X(1 ﬂX§2 ,% ﬂe%ﬂ/ )

be respectively the restriction of Vi, - to JZ; Sl(s) , I §2§ ,%” ﬂ%ﬂ -
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5.3. The QI-statement. In this subsection, we set (o, k) = (v, kyv ).

Lemma 5.5. There exists a control pair (A, h) with (A, h) > (a,k)
such that the following holds :

Let X be a finite metric space and let XV and X® be two subsets
of X such that X = XM U X® | then
e for any C*-algebra A;
e for any positive numbers €, s, d, &y, 01 and r with dy > 2d,
0> (2d+1)(5r + 1), € < 1555, § = Tde and s < P

we have
ae,kes,d £,8 £,8,d
ikes, ) N 9 =0 OVY A 4
1 ) (1) () ) (2 X, A %
Xiors, "X g5 45,4 Pa(Xs 4s, ) Pa(Xs s, %) X5 v, Koo sy Ak

Proof. Let us choose a non degenerate standard P;(X)-module (52, pq)

such that the restriction to Py(X gl 5, N X égi 5,) 1s also standard. Then
Advﬂd, A clearly maps the controlled r-controlled Mayer-Vietoris pair
of equation (29)) to the one of equation (27) and hence intertwines up
to Morita equivalence the associated controlled boundary maps. The

lemma is then a consequence of Propositions B.20] and 4.2l O

Lemma 5.6. There exists a control pair (A, h) with (A, h) > (a,k)
such that

e for any finite metric space X;
e for any C*-algebra A;
o for any subsets XV and X® of X and any R > 0 such that
— X=XOyx®.
— XO =g LM, X fori=1,2.
e for any positive numbers d, d', &y, 61 and s with 2(0g+3d1) < R,
d <2s,d<d,d >2dandd > (2d+ 1)(bs+ 1), s <
R/2 — 6y — 61,
the following is satisfied:

o let (Hy 59461 Pd 5o+5,) be a non degenerate Py 5,15, (X)-module
and let (A5, pa) be its restriction to the set of elements in
Hy 5o+5, With support in Py(X);

e et g9, € and sy be positive numbers such that g < € <
heyso < s and 2d(heso + 1) < s;

e lety be an element in K{"*°(A,) such that

— 150 Ady 4 (y) =0 in K[°(Ax) (up to Morita equiv-

1
100X

Ve
alence);
/(172),ﬁ,a60,]€5080 £0,50 o . (1’60,]95080
T 4 ad 50+61,A,% Oax,d,ao,al,A,*@) = 01n K, (Ajfu) A ),

Then there exists

1 . )\80,/15080 B
° y() in K (A%(Ilzs y );
290 1
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o Y@ in KP"0N(A e )

“rdl sg+6

o »in EB Kl)\e,Z(d’—l—l)(hgs—i—l)(A

(2)

(2)

(1) (2)
) XJ?50+510X1’50+51
j=1,...,n1;l1=1,...,n2
such that
: (1)7ﬁv>‘€07h5050 (1) (2)7ﬁv>‘€07h5050 (2) _ 77)‘507h5050 14,€0,50
(i) Pd’,60+61(X)7A7*( )_de’,60+61(X)7A7*( ) = b © d,d’750+517A,*(y)
. Ag0,heg 80 .
in Kj <A%/,6o+61)’
L /(1)7—,)\6,2(dl+1)(h58+1) >\807h€080 1 _ /ﬁ7(172)7>\572(d,+1)(h55+1)
(11) L X, A % OAdV (1) 7A,>|<(y( )) =1J X, A%
d’,60+01
. e’ hoir
m Kl € (AX(I) ),’
Sp+51
/(2)777A€72(dl+1)(h55+1) >\€07h5080 2 — /ﬁ7(271)7>‘€72(d,+1)(h53+1)
(iil) ¢'x 4. oAdy " P =500
d’,60+01
. e, 2(d'+1)(h 1 .- . . ..
in K;° (@ D{hes+ )(AX(Q) ) where the equalities in points (ii)
5p+61

and (ii1) are indeed up to Morita equivalence.

Proof. Let u be a g¢-so-unitary in some M,,(A,) such that y = [u]., s,
in K1"°°(Au,). In view of [I7, Lemma 1.8], we can assume without loss
of generality that u — I,,&Id s, is in M,,(A,). As in the construction
of the controlled Mayer-Vietoris boundary [I7, Section 3.2] and possi-
bly taking a larger n, let us pick two aeg-k.,So-unitaries v; and vy in

My, (Ay,) and an aeg-k.,So-projection p in Mo, (A, ) such that

o v; — [5,®1d y, lies in MQH(A%@) ) for i =1,2;
“%d,60+61
— diag(l,®1d lies in M, (A
o p — diag(l,®1d,,0) lies in My, ( A o
o | diag(u, u*) — viv2|| < acy;
o ||p — v diag([,®1d s, 0)v1]] < aep;
o ||p — vpdiag(l,®1d ., 0)vs|| < aco;
£0,8 . ag0,keq s0
b [P, n]aeo,ksoso = )?,d,%o,él,A,*(y) m KO ’ (A%X(l),go-q-&l m%ﬂdx(%,&oﬂil )
Let us set
W= u— L@l LIy,
o = 0= L ®ldgy + I ®lds,
vy = v L ®Idogy + In®lds,

p = p—diag(l,®Idy,, 0)+ diag(l,®Id ., 0),

,50+01
(recall that Id , is viewed as the projection on 75 C €y 5,+5,). Apply
then [I7, Lemma 3.5] to Ay, A

/! 1% !
80451 1) ’ A (2) y Wy Uy Uy,

h d/,§0+51 h d/,50+§1
vy and p’, we see that for some control pair (A, k) depending only on

(v, k) = (aprv, karv) and such that (A, h) > («, k) and possibly taking a

larger n, there exist two Agg-he, So-unitaries wy and wq in M, (A Ay
such that

00101 )
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o w; — Ign®ld%vd,’60 : lies in A%,760+61(i) fori=1,2;

+6
o || diag(v/, I,®Id,
Let us set then
o YV = [wi]xcpheyso N Kfao’heoso(A%,ﬁomu));
o y(Z) = [w;]ko,hsoso in K1)‘507h5030 <A'%€i’,60+61 (2))'

Point (i) is then a consequence of the equality

,60+61) — w1w2|| < )\50.

[ul]eo,so = qfl?cﬁ?ég-{-&,*([u]€0780)'

Notice that

/ *
[Advﬂd/,60+51 M (A) (u )_'_[n@[dﬁ(Xw%/,aﬁal)_["®V9fd/,50+51 V%/,50+51]€o,2d(80+1)

is the image of
[Adv, gy (W) + In®Ide2(x o3y = Tn @Vt Vi leo 2a(s0+1)
under the morphism
2d(so+1 ,2d(s0+1
K (s0 )(AKQ(X%))HKT (o )(Az2(x,%r,50+51))

induced by the inclusion Ap(x ) = Apx 2, y and hence

,00+97

/ * —
[Advﬂd/,éo-k&l’M"(A) <u )_'_[n@[dp(x”%/ﬁo%l)_[n®V%/750+51 V%fi’,éoJrh]e’s =0

iIl KT’S(A£2(X7%’,60+51))'
Hence, in view of [I7, Proposition 2.12], and up to rescaling (A, h)
and to enlarging n, we see that there exists two Ae-h.s-unitaries V; and

V5 in Mn(Agz(X“%/ 50+51)) such that

[ ‘/z — [2n®[d£2(X7‘%0d/,60+61) is in

n;
M,(A,, o
@ "( 52(ij60+61,%,’50+51))
J=1
fori=1,2;

e V; is homotopic to I,&1de(x », as a Ae-h.s-unitary in

,60+61)

,00+01

EB1 M"<Ag2(Xg(-i) 7%/’50%1)) +C- ["®[d£2(X’%’760+61);
j=

/
o [Advy, . o sty W) HIn®Tdecx ory 50 o)~ In®Vitty 05 Vit 5™
ViVl < Ae.
Let us set for i = 1,2
m = Adv'yfdl’60+6l ,Mn (A) (wi)+-[n®ld£2(x7jfd/,50+5l)_In®vjfd/,50+51 V‘%gd’,éo+51 :

For i = 1,2, then W, is a Aeg-2d’(he,50 + 1)-unitary in
Min(Aex oy 40 050) T C In®@lde(x o,

5o+61)
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and moreover, since the propagation of w; is less than h. sy then W; —

I"®Idf2(X7%',ao+al) lies in

n;

M. (A ; ) .
691 n( [2(X§’§0+617%f1/’60+61))
.]:

Furthermore, we have
”‘/1‘/2 — W1W2H < 2)\e

and hence
VoW — ViTW4 || < 12)e.
Using the C'I A-property for the pair of algebras

ni ni
(691 A0 oy T sy @1 Ao, %>> ’
j= j=
we deduce that there exists a 12Ae-2(d’ + 1)(h.s + 1)-unitary U in the
unitarization of
@ M"(A@(XJ(’;)MMle(,Qa)OHl Ay 5046,)
such that
U — VW1 || < 12Xe
and
U — VoW < 12Xe.
In particular, in view of point (ii) of Lemma [[L2, we deduce that

e U and W; are homotopic as 48\e-2(d' + 1)(h.s + 1)-unitaries
in

kea Mn(A£2(XIS§O+51 7%1’50%1)) +C- I"®Id£2(x’%ﬂd’véo+61);
=1

e U and W3 are homotopic as 48\e-2(d’ + 1)(h.s + 1)-unitaries
in

@ Mn (A£2 (X(Q) 7‘%0(1’,(50+51 )) + C ' In®1d£2 (X’jfdlv‘sOJf‘Sl ) 7

k,60+61
k=1

Let us replace 48X\ by A and let then set z = [Ul]\. 2@ +1)(hes+1) (Up to

Morita equivalence) in J=2@ D"t (4 ))- We have

x () x (2
e( 50+<51m S0+01
18,(1,2)

/4,(1,2),2e,2(d +1)(hgs+1)(z) =P XMMA)(U)]A&z(d/ﬂ)(hgsﬂ)

X, A%
= [Wilae2(@+1)(hes+1)

(M=Ae2AdFD(hest) o g Peohaaso (o (1))

* (1) 4,
P so+o1

l
L
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and similarly

) 271 7)‘ 7hE 2 777)‘ 72 dl+1 hs +1 Ae 7hE S
PREDNN () = DTARAEEN ) o ggizoto | (),

and hence we deduce points (ii) and (iii).

End of the proof of the QI statement. Let X be a family of finite
metric spaces satisfying the assumptions of Theorem 213 Let €, s and
d be positive numbers with ¢ < ﬁ and s > r4.. Let us show that there
exists a positive number d’ such that for any X in X’ and any C*-algebra
A, then QIx 4.(d,d', s, ) holds. Using controlled Bott Periodicity, we
can reduce to the odd case. As before, we set («, k) = (apv, karv) and
for sake of simplicity, we shall also denote by (a, k) the control pairs
of Lemmas and (.6

Let us fix four positive numbers r, dy, 0; and R such that k.s < r,
do >2d, 01 > (2d+1)(5r+ 1) and R > 2(6g + 01) + 2r. Let Y be a
family of finite metric spaces with uniformly bounded geometry such
that

e X is R-decomposable with respect to V;
e ) satisfies uniformly the QAM-estimates.

For any positive number ¢, let X; be the set of all subsets of metric
spaces in X thats contains a metric space in ) as a d-net. According

to Lemma [5.4], the family X; satisfies uniformly the QAM-estimates.

Step 1: Assume that ¢ < ﬁ (the general case will be obtained

by rescaling using Proposition 222)). Let X be a metric space in X and
let XM and X® be two subsets of X such that

e X = XDyx®,
o X() =p LI, Xj(»;) with Xj(i) inYforj=1,...,n;andi=1,2.
Recall from equation (28)) that
e
Pa(X) = Pa(X 315 U Pa(X 300,
Let d’ be a positive number with d’ > d such that Qx4 .(d,d’, k.s,¢)

holds for all metric spaces in Xj,.5,. Notice that

s XL S 0 @)
j:17...,n1,l:1,...n2
and
Kaa’kgs A ~ Koza,kgs A
A ) S D KT e )

j=1,...,n1,l=1,..n9
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and that under these two identifications, then

ae,kes,d - ae kes,d
Y0 nx® a4 EB YxW ax® a4 (30)
S0+91 So+617° 0 j:1 omd=1...mo 73,00+01 1,60+617°

Let x be a element of K;(P;(X), A) such that Vigi;ff* () =0in K7°(Ax).

Since QI . ) ) (d,d, ks, ae) holds, we deduce from Lemma
Xsgas, X500 57,4,

and from equation (B0) that

1(1,2) -
Laossnn © Opxil . ratxia ) = O (31)

Step 2: Let ng be an integer such that for any metric space in ),
balls of radius d' have cardinal bounded by ng. In view of Theorem
BI7 let (0,1/200) — [1,+00); € — h. be a non increasing function
such that for any finite simplicial complexe Z with dimension less than
ng and for any C*-algebra A, then Indy 4 . is a h-isomorphism. Let us
fix a non degenerate standard module Py 5,5, (X )-module (7 5,16, Par 50+6,)
such that the restrictions to elements of J#y 5,45, with support in

1 2 1 2
Pd<X>7 Pc/l’ <X§0161)7 P(;’ (X§0l51> and P,’ (X(§02|—51 N X(gozf—él
dard. Let (77, pa) be the restriction of (% 5,45, Par.6o+6,) tO element
of Ay s,+5, With support in P;(X). Let us pick two positive numbers

go and so with g < €, 59 < #, keyso < s and 2d(ke,s0 + 1) < s
€0 agq
(recall that s > ry. > 2d). Let us set then

) are stan-

y = Indyi) 4.(7)
in K1 (Au,). According to Proposition 320, we see that
o AGE L () = 0.

On the other hand,

/(172)7ﬁ7a507k6050 £0,S0
4 qq 50+61,A% © X,d,éo,él,A,*(y)

_ 1(172)71:1704507]‘0'60 0,50 £0,50
=4 4,d' 50+61,A,% © 9X,d,60,61,A,% C I”dX,A,*(x)
1(1,2),8,ae0,keq 50 ag0,keq 0
=q g0 olnd " " 2 00, @ . (2)
dyd!,60+61,A,% Pd(Xéo)H1 mXéo)Ml)’A’* Pd(X50+51 )7Pd(X60+61 )%
ag0,keq 50 /(1,2)
=Ind 0 oq 00, . @) x
Pd’,50+61X§(1))+61mX(§3)+61 A A Pd(X50+51)’Pd(X60+61)’*( )

—0,

where

e the second equality is a consequence of Proposition .2}
e the third equality is a consequence of Remark B.16}
e the last equality is a consequence of equation ().
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Step 3: Let y™M in Kféao’ksoso(A%(l) ), @ in Kfeo’kgoso(A%(z) )

“d 60 +61 “d/,50+81

and z in @ Kfe’z(d +1)(kESH)(A
J=1,..5n15l=1,...,n2

with respect to y. Pick then positive numbers d”’ and s with
s = rgq and s > 2(d' + 1)(k.s + 1) and such that

QSxras(d",2(d + 1) (kes + 1), 8, ae)

<0  x@ ) beasin Lemma
3,60+61" A 50+61

holds for any metric space X’ in Xj,s,.
Then there exists an element z, in

Ki(P (X nx® ), A) = D K (P (XY

(2)
do+01 d0+91 7,00+61 ka,5o+51 )’ A)

j=1,...,n1,l=1,...,n2
such that under above identifications

rae,s’,d"” /
Vo () (z.) = 2, (32)
X60+610X60+617A7*

where 2’ is the image of z under the map

@ Kféé,Z(d’—l—l)(kgs—l—l) (A

j=1,..;n1;l=1,...,n2

(1) (2)
X5 50451 X546,

ag,s’
— B KA e
) J,60+61 “TL,60+01
J=1n1; =1, 02
(increasing control).

Since ke,s0 < 1/h2., and Ind is a h-isomorphism, there

(%)
Pcll/ (X50+51 ), A%

exists an element 2 in K, (P, (Xéélrél), A) for i = 1,2 such that

Indozao,hag.okgoso l‘(z) _ L*_7a€0,ha50k5080 () ' 33

P(;/ (X§;)+51)7A7*( ) (y ) ( )

For i = 1,2, let /) in K{(P), (Xéé{rél), A) be the image of (¥ under

E;f morphism induced by the inclusion P}, <X§?+61> — Pl (X <§2)+61)'
en

rae, s’ d"’ 1() i), —ae,s ago,keq 50 (4)

VoG (") = bx A x o Ady, @ ,A,*(?/ )
d’,50+681

1,2 ! I

( ’ )7ﬁ7a578 (Z)

oL’
Pd//750+51 (X),A,x* *

(1,2),4,ae,s’ o V/ae,s/,d” (l‘ )
Pd”,60+61 (X)vAv* X(l) ﬁX(2) Ax zJ

Step 4: Let d” be a positive number with d” > d” and such that
QIx a.(d",d", s ae) holds for every metric space X' in Xy 4s,. Since

Pé" (Xéz)Jral) = |_| Py (X](',Zgowl)

7j=1,...,n,4
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and according to Lemma 2.1l and to equation [B2), we deduce that in
Ky (P (X é:))Jr 5,), A), the image of 2/ under the morphism induced by

the inclusion P}, (X, §0)+ 5,) = Py (X (gé .5,) and the image of z, under the

morphism induced by the inclusion P}, (X éo s, NX éo hs,) = Pyn(X (gl 5,

coincides for i = 1,2. As a consequence of equation (33]) and of the
a€07ha80k8050

injectivity of nd and since

(X50+51)
(1),ﬁ,0¢€0,k§5080 ( (1))_ (2),ﬁ704807k508() ( (2)) — _7a€07k50500 14,€0,50 (y)
Pyt ssy (X), A% Pyt s s, (X), A% * dd’ \So+81,A,%

in K| 80’ks(’SO(A Hoy s 5, )» we deduce from Remark 3.1 that

1y _ (2 )N _
jlpéll’)éow1 (X),A7*(9U ) TPy 515, (X).A (x ) =q 4.0 504+61,4,4(T)
and hence
My _ L (2) 12y _
Jp PO (X )7A,*(~”U ) Pat sy 46, (X),A7*<x ) = d a7 50 45,.4.4(T)

and therefore g4 .(x) = 0. Hence the condition QIx a.(d,d”,s,¢)
holds.

5.4. The QS-statement. Let X be a family of finite metric spaces
and let ) be a family of finite metric spaces with uniformly bounded
geometry such that for any positive number R,

e X is R-decomposable with respect to J;
e ) satisfies uniformly the QAM-estimates.

As for the QQI-statement, by using controlled Bott Periodicity we can
reduce it to the odd case and we set («, k) = (apv, k).

Let € and s be positive numbers with ¢ < m (the general case

will follow by rescaling). Let X be a metric space in X and let z be an
element in K7%(Ay). Let us fix 6 and R two positive numbers such that
10k.s < 10r < 26 < R. Let X = XM U X® be a R-decomposition of
X in Y with XO =g | ", X7 for i = 1,2. Then X;” =p_ss |}, X
for i = 1,2 and as mentioned in Section 0.2l (see equation (27])), for any
C*-algebra A,

(A A Ay, Aym)

X(l),Xél),r’ X(2),X§2),r’

is a r-controlled Mayer-Vietoris pair for Ax. Recall from Lemma 5.4
that the family X satisfies uniformly the QAM-estimates.

Step 1: Let s’ and d be positive numbers with s > rg,., s >
k.s and such that the condition QSxs 4 .(k:s, s, d, ac) holds for every

metric space X’ in Xjs. Since

K (Axpaxe) = D K, ’S(AX;S%XI(,?)

k=1,...n1;1=1,...,n2
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and under the identification
Ko(PyxV nx?), A) = 45 Fo(Pa(X[) N X[3), A),

j=1,...n1;l=1,...n2

there exists an element 2’ in KO(P(;(XS) N X§2)), A) such that

lae,s' d N 1(1,2),—ae,s e,s
PUNTINCO S ° e x4l
Since
(1,2).4 _
Jx,Ax © ngn,xg%,* =0
and

(2,1).f _
IxAw @ Dy x4, =0,

using Lemma 2.T] we deduce that
VS oL @) =0 (34)

o
X§1)7A,* de,&

and
VD © (@) =0, (35)
where
oo . Ke(PUX N X, A)— K (PyX{Y), A)
and

271 3 1 2 2
I K(PUX 0 X D), A) KL (PYX), A)

are respectively the morphism induced by the inclusions
FiXGY n X)) = i)

and
PyxV n X)) PyXP).

Step 2: Let d' be a positive number with d" > d and such that
QIx a.(d,d, s ae) holds for every metric space X’ in X5. We deduce
from equation (B34 that

(1,2) (1,2) (1) (1,2)
jpd’,é(X)y* © qld,d/757*($/) q/d,d’,5,* © de,é(X),* (.T/)
= 0,
and similarly from equation (B5) that
2,1 2,1
jg—"’d/#);(X),* © qlgl,d’,)é,*<xl) =0.

Let (A, h) be the control pair of [I7, Lemma 3.8]. For sake of simplicity,
we also denote by h the non increasing function of Step 2 of the proof

of the QI-statement in Section (.3l Let us pick gy and sy two positive

1 1
numbers such that g9 < 5555 and sp < oy Let us fix (s, par s) a
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non degenerate standard Py s(X)-module with standard restriction to
Jfg,lg, %§2§ and %S{S’ N ,%42(3 Let us set then

' — Indfoso 1(1,2) /
= nd o s
Y Py (XVnx V) A q g 5.7

in K;"(A ). From Remark B.16, we deduce that

A sy
(172)7ﬁ7€ »S AN
de,’(S(X;),A(?*< )=0
in KS“’SO(A%(IU) and
(271)7ﬁ7€ »S AN
JPd/ﬁ(X;A?*(y )=0
in K;"*°(A 2 ). Let then ¢ be an £¢-so-projection in some Mn(m )
Ay s Ay sy s
and let [ be an integer with [ < n such that y' = [q, ] s, in K5 (A 1) )
“Tars tdl s

We can assume without loss of generality that
o g — diag(/i®Idy, ,,0) is in M,(A

1.7));
e ¢ is homotopic to diag(/;®Id, ,,0) as an £o-so-projection in

M,(A o) fori=1,2.
( %(,;) or ¢

’%(/fém’%(/%g)(see [I7, Lemma

Applying [I7, Lemma 3.8]), we see that for an integer N with N > n,
there exist wy and wy two Aeg-he,sp-unitaries in My (Zl;d,/é), w an \egp-
he, So-unitary in Mn(%), v an Aeg-hg,So-unitary in MN_n(/T_;;;S)
such that

o w; — IN®Idy,  is in My (A

%,S’)(s) fori=1,2;
|w} diag(1,®Id ., ;,0)wi — diag(q,0)|| < Agg
and
| wo diag([n®[d%,’6, 0)w; — diag(q, 0)]| < Aeo.

o || diag(u,v) — wiwsl|| < Aep.

Step 3: Let U be an e-s-unitary in some Mm(%) such
that z = —[U].s in K7*(Ax) (up to Morita equivalence). According
to [I7, Lemma 1.8], we can assume without loss of generality that
U — L®Idex e, ) is in My (Apex,e, ). Up to stabilization and
by construction of the Mayer-Vietoris controlled boundary map, there
exist W7 and W5 two ae-k.s-unitaries in Mgm(Agz(X“%/ 5)) and @ an
ae-k.s-projection in Mgm(M) such that

° I/VZ — IZm®IdZQ(X,%/’5) 1S In Mzm(AZQ(Xéi),%/’é))
L] Q — diag([m@)ldp(x,%, s) O) is in Mgm(A

fori=1,2;

e2(xMnx? ,%;i/,é))
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o || diag(U,U") — Wils|| < ae;
[ J
”Wl* diag([m(@[dp(x,%,’&), O)Wl — QH < Qe
and
|[Wo diag(1,@1dx, ,,0)W; — Q| < as;
e up to Morita equivalence, then

8;5?1),X§2),A,*(Z) = _[Qam]as,kgs

. ae,kes
m KO (AXél)ﬂXf))'

Let s” be a positive number such that s” > s’ and s” > 2d'(h.,s0 + 1).
Applying [I7, Lemma 3.5] to

diag(Ady,,, u+ In®Idy, , — &V, Vi, U,
diag(AdV%d/,éyAU + [an®[d%/’5 — IN*”®V%’,6V%/’57 U*)
and to the matrices obtained from

diag(Ady,,, w1+ In®Idy, ;= L&V, Vi,  Wh),

diag(Adv,, , w2+ IN®Ids, , — [:&Vie, Vi, W)
and
diag(Ady,, , , diag(q,0) + In®Idy, ;, — 1n®Vi, Vi, Q)

by swapping the order of the coordinates n + 1,...,N and N +
1,..., N + m, we see that for some control pair (X, k') that depends
only on (a, k) and (\, k) with (N, h') = (A, h), there exists UM and

—

U® two Ne-h!s"-unitary in some M, (Ax) such that
o UD — [y@ldpx, is in @), My (A
e up to Morita equivalence, we have
UM yensr + [UP e prsn =
[Adv.,, s+ 1i@1dsg, ; — 1®Vig, Vi, Ivens — 0" (y)

ZQ(X%J fori=1,2;

. Y ,h’ES”
1n Kl © (Ap(x)).

Step 4: Assume from now on that ¢ < ﬁ, the general case
being deduced by rescaling using Proposition Let s” and d” be
positive numbers with d” > d', s > hls", s > rg y. and s >
2d"(heyhrsoso + 1)) such that the condition QSx+a.(d", his",s", Ne)
holds for any metric space X’ in X5 and any C*-algebra A. Then for
i = 1,2, there exists 2’® in K ( C’l//(XéZ)), A) =P, Kl(Pd//(X](j(g), A)
such that up to Morita equivalence, then

I)\le,s///,d// 10i i
v X0 A ( ( )) - [U( )]A’e,s/”,d”
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in K ’\le’sm(@"" X(Z)) Since Indp, 5(X),A 18 & h-isomorphism, there
exists a unique element 2 in Ky(Pys(X), A) such that
Aeo,hiregheq s
In de(/) (A (;AO*O(IJ) - [U]Mmhxsohsom
n Ki\eo’h”ohgoso(A%,é). Let x in K;(Py(X),A) be the image of 2
under the morphism induced by the inclusion Py s(X) — P (X). By
choosing a non degenerate standard module for Py (X) that restricts

to (A s, pars) on Py s(X), it is straightforward to check using Lemma
2.1l and Proposition [3.20 that we have up to Morita equivalence

v (@) = [Adv,, -+ L@, , — 1.8V, Vi, ]A (36)

in K;'° S/”(AX) For i = 1,2, let 299 be the image of 2/ under the
map Kl( (X5 (), 4) — Kl(Pd//(X( ), A) induced by the inclusion
d,,( ) — Pd// (X (@) ). We deduce from equation (B6) that
(

>\IE S/N d//

VxAx" &= Ip,(x)a, ("E(l)) - de,,(X§2)),A7*(‘”(2)))

:[AdV%d/’(s,Au + [n®1d%&/,5 o ["®V%',5V;?”d/75]>\/6,8”/ - [U(l)]la/&sm -

—ioe ()
where the first equality holds by Lemma 2. Thus the condition
QSx.a.(d",s,s", €) holds for any C*-algebra A. O
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