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Abstract. A graph is Helly if every family of pairwise intersecting balls
has a nonempty common intersection. The class of Helly graphs is the
discrete analogue of the class of hyperconvex metric spaces. We study di-
ameter, radius and all eccentricity computations within the Helly graphs.
Under plausible complexity assumptions, neither the diameter nor the ra-
dius can be computed in truly subquadratic time on general graphs. In
contrast to these negative results, it was recently shown that the radius
and the diameter of an n-vertex m-edge Helly graph can be computed
with high probability in O(m+/n) time (i.e., subquadratic in n 4 m).
In this paper, we improve that result by presenting a deterministic
O(m+/n)-time algorithm which computes not only the radius and the
diameter but also all vertex eccentricities in a Helly graph. Furthermore,
we give a parameterized linear-time algorithm for this problem on Helly
graphs, with the parameter being the Gromov hyperbolicity.

Keywords: Subquadratic Graph Algorithms, Eccentricities, Radius,
Diameter, Hyperbolicity, Helly Graphs, Structural Properties

1 Introduction

Given an undirected unweighted graph G = (V, E), the distance dg (u, v) between
two vertices v and v is the minimum number of edges on any path connecting u
and v in G. The eccentricity eg(u) of a vertex w is the maximum distance from
u to any other vertex. The radius and the diameter of G, denoted by rad(G)
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and diam(G), are the smallest and the largest eccentricities of vertices in G,
respectively. A vertex with eccentricity equal to rad(G) is called a central vertex
of G. We are interested in the fundamental problems of finding a central vertex
and of computing the diameter and the radius of a graph. The problem of finding
a central vertex of a graph is one of the most famous facility location problems
in Operation Research and in Location Science. The diameter and radius of a
graph play an important role in the design and analysis of networks in a variety of
networking environments like social networks, communication networks, electric
power grids, and transportation networks. A naive algorithm which runs breadth-
first-search from each vertex to compute its eccentricity and then (in order to
compute the radius, the diameter and a central vertex) picks the smallest and
the largest eccentricities and a vertex with smallest eccentricity has running
time O(nm) on an n-vertex m-edge graph. Interestingly, this naive algorithm is
conditionally optimal for general graphs as well as for some restricted families
of graphs [1, 10,24, 70] since, under plausible complexity assumptions, neither
the diameter nor the radius can be computed in truly subquadratic time (i.e., in
O(n*mP), for some positive a, b such that a+b < 2) on those graphs. Already for
split graphs (a subclass of chordal graphs), computing the diameter is roughly
equivalent to DISJOINT SETS, a.k.a., the monochromatic ORTHOGONAL VECTOR
(OV) problem [20]. Under the Strong Exponential-Time Hypothesis (SETH), we
cannot solve DISJOINT SETS in truly subquadratic time [73], and so neither we
can compute the diameter of split graphs in truly subquadratic time [10].

In a quest to break this quadratic barrier (in the size n+m of the input), there
has been a long line of work presenting more efficient algorithms for computing
the diameter and/or the radius on some special graph classes, by exploiting their
geometric and tree-like representations and/or some forbidden pattern (e.g., ex-
cluding a minor, or a family of induced subgraphs). For example, although the
diameter of a split graph can unlikely be computed in subquadratic time, there
is an elegant linear-time algorithm for computing the radius and a central vertex
of a chordal graph [21]. Efficient algorithms for computing the diameter and/or
the radius or finding a central vertex are also known for interval graphs [43, 67],
AT-free graphs [50], directed path graphs [25], distance-hereditary graphs [27,
33,37,42], strongly chordal graphs [29], dually chordal graphs [11,32], chordal
bipartite graphs [48], outerplanar graphs [56], planar graphs [15,58], graphs
with bounded clique-width [27,51], graphs with bounded tree-width [1, 13, 54]
and, more generally, H-minor free graphs and graphs of bounded (distance)
VC-dimension [54]. See also [23, 24,46, 49, 53, 55] for other examples.

We here study the Helly graphs as a broad generalization of dually chordal
graphs which in turn contain all interval graphs, directed path graphs and
strongly chordal graphs. Recall that a graph is Helly if every family of pairwise
intersecting balls has a non-empty common intersection. This latter property on
the balls will be simply referred to as the Helly property in what follows. Helly
graphs have unbounded tree-width and unbounded clique-width, they do not
exclude any fixed minor and they cannot be characterized via some forbidden
structures. They are sometimes called absolute retracts or disk-Helly graphs by



opposition to other Helly-type properties on graphs [28]. The Helly graphs are
well studied in Metric Graph Theory. E.g., see the survey [5] and the papers
cited therein. This is partly because every graph is an isometric subgraph of
some Helly graph, thereby making of the latter the discrete equivalent of hy-
perconvex metric spaces [45,61]. A minimal by inclusion Helly graph H which
contains a given graph G as an isometric subgraph is unique and called the in-
jective hull [61] or the tight span [45] of G. It is known that the injective hull
H of a graph G preserves vertex eccentricities (that is, eq(v) = eg(v) for each
v € V(G)) [39]. So, efficient algorithms for computing eccentricities in Helly
graphs can be used to compute eccentricities in other graph classes, provided
that injective hulls of those graphs can efficiently be computed. For instance, it
was shown in [60] that the injective hull of a distance-hereditary graph can be
computed in linear time. Combined with our results in this paper, one obtains
a new linear-time algorithm for computing all eccentricities in this graph class.

Polynomial-time recognition algorithms for the Helly graphs were presented
in [6,29,65]. Several structural properties of these graphs were also identified
in [6-8,19,29-31, 34, 36,68,69]. Although the best recognition algorithm has
complexity O(m?) for an m-edge Helly graph, many interesting subclasses of
Helly graphs, like king graphs, dually chordal graphs, interval graphs and oth-
ers, can be recognized in linear time. The dually chordal graphs are exactly
the Helly graphs in which the intersection graph of balls is chordal, and they
were studied independently from the general Helly graphs [11,12,44, 32,34, 72].
In particular, unlike for the general Helly graphs, the domination problem is
polynomial-time solvable on dually chordal graphs [44]. The diameter, the ra-
dius and a central vertex of a dually chordal graph can be found in linear time
(see [11,44,32]), that is optimal. However, it was open until recently whether
there are truly subquadratic-time algorithms for these problems on general Helly
graphs. First such algorithms were recently presented in [52] for computing both
the radius and the diameter and in [47] for finding a central vertex. Those al-
gorithms are randomized and run, with high probability, in @(m\/ﬁ) time on
a given n-vertex m-edge Helly graph (i.e., subquadratic in n + m). They make
use of the Helly property and of the unimodality of the eccentricity function
in Helly graphs [30]: every vertex of locally minimum eccentricity is a central
vertex. In [52], a linear-time algorithm for computing all eccentricities in Cy-free
Helly graphs was also presented. The Cy-free Helly graphs are exactly the Helly
graphs whose balls are convex. They properly include strongly chordal graphs
as well as bridged Helly graphs and hereditary Helly graphs [52].

Our Contribution. We improve those results from [52] and [47] by presenting
a deterministic O(m+/n) time algorithm which computes not only the radius and
the diameter but also all vertex eccentricities in an n-vertex m-edge Helly graph.
No efficient algorithm (deterministic or probabilistic) existed for computing all
eccentricities in Helly graphs until this paper. Our probabilistic @(m\/ﬁ) time
algorithms from [52,47] can compute only the diameter, the radius and one
central vertex. As in the previous papers [52,47], here we use unimodality of the
eccentricity function in Helly graphs in order to design local-search algorithms.



Our previous (probabilistic) strategy of choosing the starting point of a local
search and upper bounding the number of steps by O(y/n) was using some
general properties of random sets/e-nets on general graphs (not just on Helly
graphs). By contrast, we present in this paper a deterministic way to achieve the
same performance (even better, at most /n steps of local search) by exploiting
new structural and metric properties of Helly graphs. In particular, unlike prior
works we are also able to explain when one can do even better than /n steps,

using hyperbolicity.

This is our first main result in the paper. Being able to efficiently compute all
vertex eccentricities is of great importance. For example, in the analysis of social
networks (e.g., citation networks or recommendation networks), biological sys-
tems (e.g., protein interaction networks), computer networks (e.g., the Internet
or peer-to-peer networks), transportation networks (e.g., public transportation
or road networks), etc., the eccentricity eg(v) of a vertex v is used to measure its
importance in the network: the eccentricity centrality index of v [64] is defined

. 1
as ec(0)

Our second main result is a parameterized linear-time algorithm for comput-
ing all vertex eccentricities in Helly graphs, with the parameter being the Gromov
hyperbolicity J, as defined by the following four point condition. The hyperbol-
icity of a graph G [59] is the smallest half-integer 6 > 0 such that, for any four
vertices u, v, w, x, the two largest of the three distance sums d(u,v) + d(w, ),
d(u, w) + d(v,z), d(u, x) + d(v,w) differ by at most 2J. In this case we say that
G is d-hyperbolic. As the tree-width of a graph measures its combinatorial tree-
likeness, so does the hyperbolicity of a graph measure its metric tree-likeness.
In other words, the smaller the hyperbolicity § of G is, the closer G is to a
tree metrically. The hyperbolicity of an n-vertex graph can be computed in
polynomial-time (e.g., in O(n3:%%) time [57]), however it is unlikely that it can
be done in subquadratic time [10,26,57]. A 2-approximation of hyperbolicity
can be computed in O(n*%) time [57] and an 8-approximation can be com-
puted in O(n?) time [16] (assuming that the input is the distance matrix of
the graph). Graph hyperbolicity has attracted attention recently due to the em-
pirical evidence that it takes small values in many real-world networks, such
as biological networks, social networks, Internet application networks, and col-
laboration networks, to name a few (see, e.g., [2,3,9,62,66,71]). Furthermore,
many special graph classes (e.g., interval graphs, chordal graphs, dually chordal
graphs, AT-free graphs, weakly chordal graphs and many others) have constant
hyperbolicity [2,4, 14,22, 36, 41,63, 74]. In fact, the dually chordal graphs and
the Cy-free Helly graphs are known to be proper subclasses of the 1-hyperbolic
Helly graphs (this follows from results in [12,36]). Notice also that any graph is
d-hyperbolic for some ¢ < diam(G)/2.

We show that the radius and a central vertex of an m-edge Helly graph
G with hyperbolicity § can be computed in O(ém) time and that all vertex
eccentricities in G can be computed in O(6*mlog d) time, even if § is not known
to us. If either § or a constant approximation of it is known, then the running
time of our algorithm can be lowered to O(6?m). Thus, for Helly graphs with



constant hyperbolicity, all vertex eccentricities can be computed in linear time.
As a byproduct, we get a linear time algorithm for computing all eccentricities
in Cy-free Helly graphs as well as in dually chordal graphs, generalizing known
results from [11, 32, 52]. Previously, for dually chordal graphs, it was only known
that a central vertex can be found in linear time [11, 32]. Notice that the diameter
problem can unlikely be solved in truly subquadratic time in general 1-hyperbolic
graphs and that the radius problem can unlikely be solved in truly subquadratic
time in general 2-hyperbolic graphs [24]. For general §-hyperbolic graphs, there
are only additive O(é)-approximations of the diameter and the radius, that can
be computed in linear time [22, 38,40].

To show our more general results, additionally to the unimodality of the ec-
centricity function in Helly graphs, we rely on new structural properties obtained
for this class. It turns out that the hyperbolicity of a Helly graph G is governed
by the size of a largest isometric rectilinear grid in G. As a consequence, the hy-
perbolicity of an n-vertex Helly graph is at most \/n+ 1 and the diameter of the
center C(G) of G is at most 2y/n+ 3, where C(G) := {v € V : eg(v) = rad(G)}.
These properties, along with others, play a crucial role in efficient computations
of all eccentricities in Helly graphs. We also give new characterizations of the
class of Helly graphs. Among others, we show that the Helly property for balls
of equal radii implies the Helly property for balls with variable radii. It would
be interesting to know whether a similar result holds for all (discrete) metric
spaces. We are not aware of such a general result.

Notations. Recall that d¢g(u, v) denotes the distance between vertices v and v in
G = (V, E). Let n = |V| be the number of vertices and m = |E| be the number of
edges in G. The ball of radius r and center v is defined as {u € V : dg(u,v) < r},
and denoted by NG [v]. Sometimes, N[ [v] is called the r-neighborhood of v. In
particular, Ng[v] := NA[v] and Ng(v) := Ng[v] \ {v} denote the closed and
open neighbourhoods of a vertex v, respectively. More generally, for any vertex-
subset S and a vertex u, we define dg(u,S) = min,egdg(u,v), NE[S] =
Upes N&lv], NalS] = N&[S] and Ng(S) := Ng[S] \ S. The metric pro-
jection of a vertex w on S, denoted by Prg(u,S), is defined as {v € S :
dg(u,v) = dg(u,S)}. The metric interval Ig(u,v) between w and v is {w €
V i dg(u,w) + dg(w,v) = dg(u,v)}. For any k < dg(u,v), we can also define
the slice L(u, k,v) := {w € Ig(u,v) : dg(u, w) = k}. Recall that the eccentricity
of a vertex u is defined as max,cy dg(u,v) and denoted by eg(u). Note that we
will omit the subscript if the graph G is clear from the context. The radius and
the diameter of a graph G are denoted by rad(G) and diam(G), respectively. A
vertex c is called central in G if eg(c) = rad(G). The set of all central vertices of
G is denoted by C(G) :={v € V : e¢(v) = rad(G)} and called the center of G.
The eccentricity function eg(v) of a graph G is said to be unimodal, if for every
non-central vertex v of G there is a neighbor u € N¢(v) such that eq(u) < eq(v)
(that is, every local minimum of the eccentricity function is a global minimum).
Recall also that a vertex set S C V is called convex in G if, for every pair
of vertices z,y € S, all shortest paths connecting them are contained in S (i.e.,
Ig(x,y) CS). For 8 > 0, we say that S is 8-pseudoconvex [38] if, for every pair of



vertices z,y € S, any vertex z € Ig(x,y)\S satisfies min{dg(z, z),dg(z,y)} < B.
A subgraph H of G is called isometric (or distance-preserving) if, for every pair
of vertices z,y of H, dg(z,y) = du(z,y).

2 Characterizations of Helly graphs and hyperbolicity in
Helly graphs

Here we demonstrate that for Helly graphs, having a constant hyperbolicity is
equivalent to the following properties: having S-pseudoconvexity of balls with a
constant [, or having the diameter of the center bounded by a constant for all
subsets of vertices, or not having a large (v x «y) rectilinear grid as an isometric
subgraph. These results generalize some known results from [17, 18,22, 36, 38].

First we give new characterizations of Helly graphs through a formula for the
eccentricity function and relations between diameter and radius for all subsets
of vertices. For this we need to generalize our basic notations. Define for any set
M C V and any vertex v € V the eccentricity of v in G with respect to M as
follows:

= d .
en(v) = maxde(u, v)
Let diamp (G) = maxyen e (v), radpy (G) = min,ey epr(v), Cu(G) = {v €
V:iem(w) =radpy(G)}. When M =V, these agree with earlier definitions.

Theorem 1. For a graph G the following statements are equivalent:

(1) G is Helly;

(2) the eccentricity function ep(-) is unimodal for every set M C V;

(3) enr(v) = dg(v,Cy(G)) + radp (G) holds for every set M C 'V and every
vertexv € V;

(4) 2rady (G) — 1 < diamp (G) < 2radp (G) holds for every set M C V;

(5) rady(G) = L%(G)HJ holds for every set M C V.

Proof. The equivalence (1)<(2) was proven in [29, 30]. It was also shown in [29]
that (2) and (3) are equivalent for M = V. Here, we complete the proof of all
equivalencies. We will show (2)«<(3), when one considers any set M C V, and
(H)=4)=(5)=(1).

(2)=(3): Let M be any subset of V. We will prove the formula in (3) by
induction on k = ep(v) — rady(G). If k = 0 then ep(v) = rady(G), ie.,
v € Cp(G), and the formula is trivially correct. Consider now a vertex v
with ey (v) > rady(G). By the triangle inequality, ey (v) < dg(v,Cum(G)) +
radp(G) always holds. As the eccentricity function eps(-) is unimodal, there
is a neighbor u of v with epr(v) > epr(u). By induction hypothesis, epr(u) =
de(u, Cp(G)) + radp (G). Hence, by the triangle inequality, epr(v) > epr(u) +
1 =dg(u,Cp (@) +radp(G)+1 > dg(v, Cpr(G)) + radpy (G). Combining both
inequalities, we get epr(v) = dg(v, Car(G)) + rady (G).

(3)=(2): Let M be any subset of V' and v be an arbitrary vertex of G with
er(v) > rady (G). Let also ¢, be a vertex of Cy(G) closest to v and u be



a neighbor of v on a shortest path from v to ¢,. We have ey (v) = dg(v,¢,) +
rady (G) = 1+dg(u, c,)+rady (G) > 1+de(u, Cu (G))+radp (G) = 1+en (u).
In particular, epr(v) > epr(u).

(1)=(4): It is clear that diamp(G) < 2radas(G) holds for every graph G
and every set M C V (by the triangle inequality). Assume now that for a subset
M of V, diamps(G) < 2radp(G) — 2 holds. For every vertex v in M, consider a
ball centered at v and with radius rady; (G) — 1. All these balls pairwise intersect
as diamps (GQ) < 2rady(G) — 2. By the Helly property, there must exist a vertex
¢ in G such that dg(c,v) < radp(G) — 1 for every v € M. The latter implies
that epr(c) < radpy(G) — 1, giving a contradiction.

(4)=(5): It is straightforward.

(5)=(1): We know that a graph G is Helly if and only if the family of unit balls
of G has the Helly property and for any three vertices x,y, v with dg(z,y) < 2
and dg(z,v) = dg(y,v) = k > 2 there exists a common neighbor u of z and y
such that dg(v,u) =k — 1 (see [6,29, 30]).

Consider in G a family § of pairwise intersecting unit balls with centers
at vertices v1,...,v,. Define M = {vy,...,v,}. As the balls pairwise intersect,
dg(vi,vj) < 2 for each 4,5 € {1,...,q}. Hence, diamy(G) < 2 and therefore
radpy (G) = L%WJ < 1. The latter implies the existence of a vertex c in
G with dg(c,v;) < 1foralli € {1,...,q}. Necessarily, ¢ belongs to all unit balls
from §. In other words, the family of unit balls of G has the Helly property.

20 20
20 20
x y
T u y z ! Y
<2 <2
(a) k=20 (b)k=20+1>5

Fig. 1: An illustration to the proof of (5)=(1) from Theorem 1, in the case of
different values of k = dg(x,v) = dg(y,v).

Let z,y,v be any three vertices of G with dg(z,y) < 2 and dg(z,v) =
da(y,v) = k > 2. We will show by induction on k that there exists a common
neighbor u of z and y such that dg(v,u) = k — 1. If kK = 2 then the exis-
tence of u follows from the Helly property for the family of unit balls of G.



Assume now that £ > 2 and first consider the case when k is even, say k = 2/
(see Fig. 1(a)). Let M = {z,y,v}. As k > 2, diamp(G) = k = 2¢ and there-
fore rady (G) = L%(G)HJ = (. Hence, there is a vertex ¢ in G such that
dg(e,v) = dg(e,x) = dg(e,y) = £. Notice that £ > 2. By induction, there must
exist a common neighbor u of x and y such that dg(c,u) = ¢ — 1. Necessarily,
dg(u,v) =20 —1 =k — 1. Assume now that k is odd, say k =20+ 1. If k > 5
then consider a neighbor z’ of z on a shortest path from z to v and a neighbor
y' of y on a shortest path from y to v (see Fig. 1(b)). Let M = {a/,y',v}. As
de(z',v) =dg(y',v) =k —12>4 and dg(2',y') < 4, diampy(G) =k —1=2¢
and therefore rady (G) = L%(G)HJ = (. Hence, there is a vertex c in G such
that dg(c,v) = dg(e,2') = da(c,y') = £. Since dg(c, z) = dg(c,y) = £+1, by in-
duction, there must exist a common neighbor u of x and y such that dg(c, u) = £.
Necessarily, dg(u,v) =20 =k — 1.

It remains to consider the case when k = 3 (see Fig. 1(c)). Let M = Ig(z,v)U
Ic(y,v). We have 3 < diamp(G) < 4 and therefore rady (G) = 2. The latter
implies the existence of a vertex ¢ in G such that dg(c,w) < 2 for all w € M.
Consider a neighbor v, of v on a shortest path from v to x and a neighbor
vy of v on a shortest path from v to y. Since dg(c,v;) < 2, dg(c, ) < 2 and
de(z,v,;) = 2, the three unit balls centered at vertices x, ¢, v, pairwise intersect.
By the Helly property for unit balls, there must exist a vertex x’ in G which is
adjacent to x and v, and at distance at most 1 from c. By symmetry, there exists
also a vertex ¥’ in G which is adjacent to y and v, and at distance at most 1
from c. Since dg(v,2') = dg(v,y’) = 2 and dg(2',y') < dg(c,2’) +da(c,y’) < 2,
by induction, there is a vertex v’ in G adjacent to all z/,%’,v. Applying again
the induction hypothesis to v/, z,y, we get a vertex u in G which is adjacent to
all v, z,y and hence at distance 2 from v. This concludes the proof. ad

The equivalence between (1) and (5) can be rephrased as follows.

Corollary 1. For every graph G = (V, E), the family of all balls {N5[v] : v €
V,r € N} of G has the Helly property if and only if the family of k-neighborhoods
{N&[v] : v € V} of G has the Helly property for every natural number k.

That is, the Helly property for balls of equal radii implies the Helly property
for balls with variable radii. It would be interesting to know whether a similar
result holds for all (discrete) metric spaces. We are not aware of such a general
result and did not find its analog in the literature.

Proof. Tt is sufficient to prove that if the family of k-neighborhoods {Nk[v] : v €
V} of G has the Helly property for every natural number &, then G satisfies the
condition (5) of Theorem 1.

Consider an arbitrary set M C V. Denote k := L%(G)HJ Since
da(z,y) < diamp(G) for every pair z,y of vertices from M, the family
of k-neighborhoods {N&[v] : v € M} of G consists of pairwise intersect-
ing sets. By the Helly property, there is a vertex ¢ € V which belongs to
all those k-neighborhoods. Necessarily, dg(c,v) < k holds for every v € M.



Hence, rady (G) < k = L%(G)HJ As diamp (G) < 2radpy(G), we get
rady (G) = L%(G)HJ_ 0

We will also need the following lemma from [29].

Lemma 1. [29] For every Helly graph G = (V, E) and every set M C V, the
graph induced by the center Cpr(G) is Helly and it is an isometric (and hence
connected) subgraph of G.

Given this lemma, it will be convenient to denote by Cj/(G) not only
the set of central vertices but also the subgraph of G induced by this set.
Then, diam(Cp(G)) denotes the diameter of this graph (diam(Cy(G)) =
diamc,,(c)(G) by this isometricity).

Let 6(G) be the smallest half-integer 6 > 0 such that G is §-hyperbolic. Let
~(G) be the largest integer v > 0 such that G has a (y x ) rectilinear grid as an
isometric subgraph. Let 5(G) be the smallest integer 8 > 0 such that all balls in
G are B-pseudoconvex. Finally, let x(G) be the smallest integer k > 0 such that
diam(Cy(Q)) < k for every set M C V.

Theorem 2. For every Helly graph G, a constant bound on one parameter from
{6(G),v(G), B(G),k(G)} implies a constant bound on all others.

Proof. Let ¢ := §(G),y := v(G), B := B(G),k := k(G). We will show that the
following inequalities are true using a few claims:

Kk < min{26 + 1,2v + 3, max{3,26 + 1}},
8 < min{max{0,26 — 1},2y + 1,k + 1},

~v < min{é, 8, k/2},
0 < min{~v, 8,k/2} + 1.

Claim 1 If G is d6-hyperbolic Helly, then diam(Cp(G)) < 26 + 1 and
rad(Cp(G)) <5+ 1 for every set M C V. In particular, k < 25 + 1.

Let M be an arbitrary subset of V. Let also dg(x,y) = diamp(G) for
x,y € M and let dg(u,v) = diam(Cp(G)) for u,v € Cy(G). As G is
Helly, dg(z,y) > 2rady(G) — 1. We consider the following distance sums:
da(z,y) + da(u,v) > 2radp(G) — 1 + diam(Cu(Q)), da(z, u) + da(v,y) <
2rady (G), and dg(z,v) + da(y,v) < 2rady(G). If da(z,y) + dg(u,v) is not
the largest of the three sums, then diam(Cy(G)) < 1. Otherwise, by the four
point condition, diam(Ch;(G)) < 26+ 1. Consider the pairwise intersecting balls
NgadM(G) [v] for all v € M and N&™'[u] for all u € Ci(G). By the Helly prop-
erty, there is a vertex ¢ € Op(G) such that No™ ] D Car(G). As O (G) is
isometric for any Helly graph (see Lemma 1), the diameter and radius of Cjs(G)
are realized by paths fully contained in Cp(G).



Claim 2 If G is 0-hyperbolic, then any ball of G is (26 — 1)-pseudoconvez, when
0 >0, and is convez, when 0 < § < 1/2. In particular, f < max{0,26 — 1}.

Consider a ball Ni[v] centered at a vertex v € V and with radius r. Let
z,y € NL[v] and let u € Ig(z,y) be a vertex which is not contained in N [v]. By
contradiction, assume that dg(u,z) > 26 and dg(u,y) > 20. Since u ¢ NG [v],
dg(u,v) > r. Consider the following distance sums: dg(z,y) + da(u,v) =
da(z,u) + da(u,y) + da(u,v) > da(z,u) + de(u,y) + 7, da(z,u) + da(v,y) <
de(z,u) 47, and dg(z,v) + da(y, u) < r+dg(y,u). Clearly, dg(z,y) + da(u,v)
is the largest sum. Without loss of generality, assume that dg(z,u) + dg (v, y) is
the second largest sum. By the four point condition, 20 > dg(z,y) + dg(u,v) —
da(z,u) —dg(v,y) = dg(u,y) + da(u,v) — dg(v,y) > 20 +r —r = 24, which is
not possible.

Claim 3 If G is a Helly graph whose all balls are B-pseudoconvex, then for every
set M CV, diam(Cp(G)) < 3, when 8 =0, and diam(Cuy(G)) < 28+ 1, when
B > 0. In particular, k < max{3,28 + 1}.

Let M be an arbitrary subset of V. Let also dg(x,y) = diamp(G) for
z,y € M and let dg(u,v) = diam(Cp(G)) for u,v € Cp(G). It is known
from [29] that if balls in a Helly graph G are convex (i.e., § = 0) then
diam(Cpr(G)) < 3. Let now > 1 and assume, by way of contradiction, that
de(u,v) > 28+ 2. As G is Helly, dg(z,y) > 2radpy (G) — 1. Set r := rady (G).
Note that, since we always have diam(Cy(G)) < 2r and we further assume
diam(Cy(G)) > 28 + 2, r > 2. In particular, 2r — 1 > r 4+ 1. Consider the fol-
lowing four balls: N [y], Nae@) == ) NEH [u] and NE™) =P~ ] We
show that they pairwise intersect. Clearly, N/ [y] N Ngc(m’y)_r_l[x] # () and
NE ] N Ngf(u’v)fﬁfl[v] # (. Furthermore, since dg(u, ), dg(u,y), dg(v,z)
and dg(v,y) are at most 7, the ball N5T'[y] intersects both Ng“[u} and
Ngc(u’v)fﬁfl[v]. As (dg(z,y) —r—1D+B+1)>2r—1—-r—1++1=
r+8—-12>7r > dg(u,z), the balls Ngc(w’y)frfl[x] and N5 [u] also inter-
sect. Similarly, the balls Ngc(x’y)_r_l[:v] and Néc(u’v)_ﬂ_l[v] must intersect as
de(u,v) — f—12> g+ 1. As all four balls pairwise intersect, by the Helly prop-
erty, there must exist a vertex ¢ in G such that dg(u,v) = dg(u,c) + dg(e,v)
(i.e., ¢ € Ig(u,v)) and dg(y,c) = r+ 1, dg(z,¢) = dg(z,y) — r — 1. The latter
contradicts with the S-pseudoconvexity of the ball N [y] as u, v belong to that
ball and ¢ € I¢(u,v) with min{d(c, u), dg(c,v)} >+ 1 is not in Nj[y].

Claim 4 For every graph, v < min{0, 8, k/2}.

Consider an isometric (v X «) rectilinear grid in G and let a, b, ¢, d be the corner
vertices of that grid listed in counterclockwise order. The hyperbolicity of G is
at least the hyperbolicity of the quadruple a,b, ¢, d which is exactly (dg(a,c) +
d(b,d)) — (da(a,b) + da(c,d)) = 5((2y +27) — (v + 7)) = 7. Hence, v < 4.
For the ball N/ [a], we get: b,d € N/[a], ¢ ¢ N/[a], and c is on a shortest path
between b and d with dg(c,b) = dg(c,d) = . Hence, v < . Let now M = {a, c}.
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Then, diamy (G) = 2v and rady (G) = v and both b and d are in Cp(G). As
dg(b,d) = 27, diam(Cuy (GQ)) > 2, giving k > diam(Cr (G)) > 27.

Claim 5 For every Helly graph, § < v+ 1.

This claim follows from a result in [36]. Let the hyperbolicity of G be §. According
to [36, Lemma 8], if ¢ is an integer, then G has an isometric subgraph (named
HY{ in [36]), which contains an isometric (§ x §) rectilinear grid, or an isometric
subgraph (named HS ! in [36]), which contains an isometric ((§ — 1) x (§ — 1))
rectilinear grid. Furthermore, if § is a half-integer, then G has an isometric

subgraph (named H;Si% in [36]), which contains an isometric ((§ — 3) x (6 — 1))

rectilinear grid. Thus, in both cases (whether § is a half-integer or an integer),
v > 6 — 1 holds.

Claim 6 For every Helly graph, 6 < min{3,x/2} + 1, 8 < min{k, 2y} + 1,
K < 2v+ 3.

These remaining inequalities follow from the previous claims. We have
d<y+1<B+1,
0<~y+1<k/2+1,
B <max{0,20 — 1} <max{0,k + 1} =k + 1,
B <max{0,26 — 1} <2y +1,

kK<20+1<2y+3.

This concludes the proof of the theorem. a0
The following corollaries of Theorem 2 will play an important role in efficient

computations of all eccentricities of a Helly graph. Corollary 2 gives a sublinear

bound on the hyperbolicity of a Helly graph. Corollary 3 gives a sublinear bound

on the diameter of the center of a Helly graph.

Corollary 2. The hyperbolicity of an n-vertex Helly graph G is at most \/n+1.

Proof. If G is 6-hyperbolic then, by Claim 5, G contains an isometric rectilinear
grid of side-length > & — 1. In particular, (6§ — 1) < n. O

Corollary 3. For any n-vertex Helly graph G, we have diam(C(G)) < 2y/n+3.

Proof. We apply Corollary 2 and Claim 1 (with M = V). Thus, for a d-hyperbolic
Helly graph G, diam(C(G)) <20 +1 < 2y/n+ 3. O

11



3 All eccentricities in Helly graphs

It is known that the radius (see [52]) and a central vertex (see [47]) of an n-vertex
m-edge Helly graph can be computed in O(m+/n)-time with high probability.
In this section, we improve those results by presenting a deterministic O(m+/n)
time algorithm which computes not only the radius and a central vertex but also
all vertex eccentricities in a Helly graph.

To show this more general result, we heavily make use of our new structural
results from Section 2. In particular, the fact that both the hyperbolicity of a
Helly graph G and the diameter of its center C(G) are upper bounded by O(y/n)
will be very handy. The following results from [52], [47] and [22,38,40] will be
also very useful.

Lemma 2. [52] Let G be an m-edge Helly graph and k be a natural number.
One can compute the set of all vertices of G of eccentricity at most k, and their
respective eccentricities, in O(km) time.

Lemma 3. [47] Let G be an m-edge Helly graph and v be an arbitrary vertex.
There is an O(m)-time algorithm which either certifies that v is a central vertex
of G or finds a neighbor v of v such that e(u) < e(v).

Lemma 4. [22, 38, 40] Let G be an arbitrary m-edge graph and § be its hyper-
bolicity. There is an O(dm)-time algorithm which finds in G a vertex ¢ with
eccentricity at most rad(G) +26. The algorithm does not need to know the value
of 6 in order to work correctly.

First, by combining Lemmas 3 and 4, we show that a central vertex of a Helly
graph G can be computed in O(dm) time, where § is the hyperbolicity of G.

Lemma 5. IfG is an m-edge Helly graph, then one can compute a central vertex
and the radius of G in O(dm) time, where 0 is the hyperbolicity of G.

Proof. We use Lemma 4 in order to find, in O(dm) time, a vertex ¢ of G with
eccentricity e(c) < rad(G) + 25. Then we apply Lemma 3 at most 2§ times in
order to descend from c¢ to a central vertex c*. It takes O(dm) time. O

Combining this with Corollary 2, we get.

Corollary 4. For any n-vertex m-edge Helly graph G, a central vertex and the
radius of G can be computed in O(m+/n) time.

We are now ready to prove our main result of this section, guided by the
following general ideas. To compute all vertex eccentricities, we focus on ef-
ficiently computing the center C(G) (recall that each vertex v € V satisfies
e(v) = d(v,C(G))+rad(G)). In Corollary 3, we showed that C(G) is a subset of
a disk S of radius 24/n + 3 centered at any vertex ¢ € C(G). We next describe
how to eliminate any vertex s € S that is non-central (i.e., there exists some
vertex s’ far from s such that e(s) > d(s, s") > rad(G)). The remaining (central)
vertices of S form C(G).

12



Theorem 3. All vertex eccentricities in an n-vertex m-edge Helly graph G can
be computed in total O(m~/n) time.

Proof. Our goal is to compute e(v) for every v € V. For that, we first find a
central vertex ¢ and compute the radius rad(G) of G, which takes O(m+/n) time
by Corollary 4. If rad(G) < 5y/n + 6 (the choice of this number will be clear
later), then diam(G) < 2rad(G) < 10y/n + 12 and we are done by Lemma 2
(applied for k = 104/n+12); in this case it takes total time O(m+/n) to compute
all eccentricities in G. Thus, from now on, we assume rad(G) > 5\/n + 6. By
Theorem 1(3), for every v € V, e(v) = d(v, C(GQ)) +rad(G) holds. Thus, in order
to compute all the eccentricities, it is sufficient to compute C(G). For a central

vertex ¢ € C(G) found earlier, let S = Né\/ﬁﬁ[c]. Note that, by Corollary 3,
C(G) CS.

In what follows, let r = rad(G). Consider the BFS layers L;(S) = {v € V :
d(v,S) =i}. Note that if i <r—4y/n—6 <r— diamg(G), then all the vertices
of L;(S) are at distance at most r from all the vertices in S. As a result, in order
to compute C(G) NS (= C(G)), it is sufficient to consider the layers L;(S), for
i>1r—4yn—6.

Set A = U L;(S). Since for every v ¢ S, d(v,c) = d(v, S)+2/n+3 <

i>r—dy/n—6
r, we deduce that there are at most (r — 2y/n —3) — (r —4y/n —6) = 2y/n+ 3
nonempty layers in A.

We need to consider the “critical band” of all the layers L;(S), for 1 < i <
r —4y/n — 6 (all the layers between S and A). We claim that there are at least
v/n layers in this band. Indeed, under the above assumption, r > 5y/n+6. Then,
the number of layers is exactly e(c¢) —2v/n—3 > 3y/n+3, minus at most 2,/n+3
layers most distant from ¢ (layers in A). Overall, there are at least \/n layers in
the critical band, as claimed.

Then, one layer in the critical band, call it L, contains at most n/y/n = /n
vertices (see Fig. 2).

Claim 7 For every a € A, there exists a “distant gate” vertex a* € Pr(a, L)
with the following property: N"[a] N S = N"~4aL)[g*]n S.

In order to prove the claim, set p = d(a,L) and ¢ = d(a,c) < r. Let us
consider a family of balls F = {NP[a], N9 P[c]JU{N""P[s] : s € N"[a]N(S\c)}.
We stress that NP[a]N N9 P[c] = Pr(a, L). Then, in order to prove the existence
of a distant gate, it suffices to prove that the balls in F intersect; indeed, if it is
the case then we may choose for ¢* any vertex in the common intersection of the
balls in F. Clearly, N?[a] N N?P[c] # () and, in the same way, NP[a] N N""P[s] #
() for each s € N"[a] N (S \ ¢). Furthermore, since L is in the critical band,
d(e,L) > 2y/n + 3, and therefore we have for each s,s’ € S:

2(r —p) > 2(q —p) = 2d(c, L) > diams(G) > d(s, s").

In the same way (¢ — p) + (r — p) > 2(q¢ — p) > diamg(G) > d(s,c). The latter
proves that the balls in F intersect. This concludes the proof of Claim 7.
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Fig.2: An illustration to the proof of Theorem 3, where the layers of A are
represented in red, the critical band of layers are represented in blue, with dis-
tinguished darker blue layer L from the critical band which has at most \/n
vertices.

We finally explain how to compute these distant gates, and how to use this
information in order to compute S N C(G). Specifically:

— We make a BFS from every u € L. it takes O(m|L|) = O(m+/n) time. Doing
0, we can compute Ya € A, Pr(a, L), in total O(|A4||L|) = O(n+/n) time.

— Since A contains at most O(y/n) nonempty layers, then the number of pair-
wise distinct distances d(a, L), for a € A, is also in O(y/n). Call the set
of all these distances 4. Then, Yu € L, and Vi € I,, we also compute
p(u,i) = N5 *[u] N S|. For that, we consider the vertices u € L sequentially.
Recall that we compute a BFS tree rooted at u. In particular, we can order
the vertices of S by increasing distance to u. It takes O(n) time. Similarly,
we can order T4 in O(y/nlogn) = o(n) time. In order to compute all the
values p(u, 1), it suffices to scan in parallel these two ordered lists. The run-
ning time is O(n) for every fixed v € L, and so the total running time is
O(nlL|) = O(ny/n).

— Now, in order to compute a distant gate a*, for a € A, we proceed as follows.
Let i« = d(a,L). We scan Pr(a,L) and we store a vertex a* maximizing
p(a*,i). It takes O(|A||L]) = O(n+/n) time. On the way, Yu € L, let q(u) be
the maximum 4 such that ¢* = wu is the distant gate of some vertex a € A,
such that d(a, L) = i (possibly, ¢(u) = 0 if u was not chosen as the distant
gate of any vertex).

— Let s € S be arbitrary. For having s € SNC(G), it is necessary and sufficient
to have s € N"[a]N S, Va € A. Equivalently, Vu € L, one must have d(s,u) <
r —q(u). This can be checked in time O(|L|) per vertex in S, and so, in total

O(ny/n) time.
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4 Eccentricities in Helly graphs with small hyperbolicity

In the previous section we showed that a central vertex of a Helly graph G
can be computed in O(dm) time, where § is the hyperbolicity of G. This nice
result, combined with the property that all Helly graphs have hyperbolicity
O(v/n) (Corollary 2), was key to the design of our O(m+/n)-time algorithm
for computing all vertex eccentricities. Next, we deepen the connection between
hyperbolicity and fast eccentricity computation within Helly graphs.

As we have mentioned earlier, many graph classes (e.g., interval graphs,
chordal graphs, dually chordal graphs, AT-free graphs, weakly chordal graphs
and many others) have constant hyperbolicity. In particular, the dually chordal
graphs and the Cy-free Helly graphs (superclasses of the interval graphs and
of the strongly chordal graphs) are proper subclasses of the 1-hyperbolic Helly
graphs. This raises the question whether all vertex eccentricities can be com-
puted in linear time in a Helly graph G if its hyperbolicity J is a constant.

We prove in what follows that it is indeed the case, which is the main result
of this section. The following result could also be considered as a parameterized
algorithm on Helly graphs with § as the parameter.

Theorem 4. If G is an m-edge Helly graph of hyperbolicity 0, then the eccen-
tricity of all vertices of G can be computed in O(5*mlogd) time. The algorithm
does not need to know the value of § in order to work correctly. If § (or a constant
approximation of it) is known, then the running time is O(6*m).

A proof of Theorem 4 is given below after Lemma 6.

As a byproduct, we get a linear time algorithm for computing all vertex
eccentricities in Cy-free Helly graphs as well as in dually chordal graphs, gener-
alizing known results from [11,32,52]. We recall that for dually chordal graphs,
until this paper it was only known that a central vertex of such a graph can be
found in linear time [11, 32].

Corollary 5. There is a linear time algorithm for computing all eccentricities
in a dually chordal graph as well as in a Cy-free Helly graph (and hence, in a
strongly chordal graph as well as in an interval graph).

Recall that a graph is called distance-hereditary if every its induced path
is a shortest path. The class of distance-hereditary graphs is not a subclass of
the class of Helly graphs. Nevertheless, as a byproduct of our results, we can
get for distance-hereditary graphs a new linear-time algorithm for computing all
eccentricities. It is known [60] that the injective hull H of a distance-hereditary
graph G is a distance-hereditary Helly graph and can be computed in linear time.
Furthermore, the injective hull H of any graph G preserves vertex eccentricities
(that is, eg(v) = eg(v) for each v € V(G)) [39]. Thus, we can use Theorem 4
and the fact that the hyperbolicity of a distance-hereditary graph is at most 1
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[74] to compute ey (v) = eq(v) for all vertices v of G in total linear time. This
provides an alternative proof for some results in [27,33,37,42].

Corollary 6. [27, 37] There is a linear time algorithm for computing all eccen-
tricities in a distance-hereditary graph.

The remainder of this section is devoted to proving Theorem 4. For that, we
need the following result, which is proved in Subsection 4.1:

Lemma 6. Let G be an m-edge Helly graph, c be a central vertex of G and
k be a natural number. There is an O(k*m)-time algorithm which computes
C(G) N N¥[q].

Proof (Proof of Theorem 4 assuming Lemma 6.). Since, by Theorem 1(3), e(v) =
d(v,C(GQ)) + rad(G) holds for every v € V, as before, in order to compute all
the eccentricities, it is sufficient to compute C(G). We first find a central vertex
¢ and compute the radius rad(G) of G. This takes O(ém) time by Lemma 5.
By Claim 1, we know that diam(C(G)) < 26+1. Therefore, C(G) C N2%+1[¢].

— If § is known to us, we will fix k := 26 + 1 (if only a constant approximation
6" > § of ¢ is known, we set k = 20" + 1). Then, we are done applying

Lemma 6.
— Otherwise, we work sequentially with k& = 2,3,4,5,8,9,...,2P 2P +
1,2rt 2p+l 41 . and we stop after finding the smallest integer (power of

2) k such that C(G) N N*¥[c] = C(G) N N¥*+1[c]. Indeed, by the isometricity
(and hence connectedness) of C(G) in G (see Lemma 1), the set C(G)NN¥|c]
will contain all central vertices of G, i.e., C(G) N N¥[c] = C(G). The latter
will happen for some k < 2(2§ + 1) after at most O(log J) probes.

Overall, since we need to apply Lemma 6 at most O(logd) times, for some
values k < 2(2d + 1), the total running time is O(6*mlogd). If § (or a constant
approximation of it is known), then we call Lemma 6 only once, and therefore
the running time goes down to O(4%m). O

4.1 Proof of Lemma 6

In what follows, G is a Helly graph, k is an integer and r = rad(G). Let
Sk = N¥[c]. If r < 2k, we can compute all central vertices in O(km) time
(see Lemma 2). Thus from now on, r > 2k. As diamg, (G) < 2k, to find all
central vertices in Sy (i.e., the set C'(G) N Sk), we need to consider only the
vertices at distance > r — 2k from Sj.

Let i < 2k be fixed (we need to consider all possible i between k and 2k — 1
sequentially). Let Ag; = L,_;(Sk) (where we recall that L,_;(S;) = {v e V :
d(v,Sk) =r —i}). We want to compute

Sk,i = {8 €Sk A C NT[S]}.

16



Indeed, C(G) N Sy = N5 " Shi-

The computation of Sy ; (for k,i fixed) works by two main phases. We give
first a high-level description, followed by the details of the two main phases. The
first phase sequentially processes layers L,._;(Sk), ..., L1(Sg) in r—i steps. In each
step, a family of nonempty pairwise disjoint sets is formed within the current
layer by using the family of pairwise disjoint sets formed in the previous step
for the layer above. The second phase proceeds in i + 2 steps, forming again in
each step a family of nonempty pairwise disjoint sets, accomplished by carefully
expanding outward from the family of nonempty pairwise disjoint sets obtained
in the previous step. By the final step, the resulting family is reduced to a single
group Y such that Sy ; = S, NY. We detail below these two main phases of the
process.

First phase of the algorithm. To give the intuition of our approach, we need the
following simple claim. For a vertex v € V and an integer j, let L(v, j, Sk) :=
{u eV :d(v,S;) =d(v,u) + d(u,Sk) and d(v,u) = j}.

Claim 8 Let B C Ay, be such that N{L(b,j,Sk) : b € B} # 0, for some
0 < j < r—1i. Then, for every s € Sk, maxpepd(s,b) < r if and only if
d(87n{L(b7j7Sk:) tbe B}) < T—j.

Proof. It d(s,{L(b,j,S) : b € B}) < r — j, then clearly
maxpep d(s,b) < r. Conversely, let us assume maxyep d(s,b) < r. Set F =
(N [s), NGOGy U {NL[B] b € B}. We prove that the balls in F
intersect.

— For each b,/ € B, NL[b] N NL] 2 N{L(b,4,Sk) : b€ B} #0.

— Since we assume maxye g d(s,b) < r, NL[b] N N5 [s] # 0.

— Furthermore, as for each b € B we have d(b,c) = d(b,Sx) +k=r—i+k, we
obtain N~ 77 [c] N NL[b] = L(b, 4, 1) # 0.

— Finally, since we have j <r—i, (r—i+k—7)+(r—j) > k+i>k > d(s,c).
Therefore, N8+k7(i+j)[c] NNG 7 [s] # 0.

It follows from the above that the balls in F pairwise intersect. By the Helly
property, there exists a vertex y in the common intersection of all the balls in
F. As for each b € B, y € N5 "F7[] n NL[b] = L(b, 7, Sk), we deduce that
y € N{L(b,4,Sk) : b € B}. Finally, we have d(s,({L(b,j,Sk) : b € B}) <
d(S, y) S r—= ] O

We are now ready to present the first phase of our algorithm (for &, 7 fixed). It
is divided into r —i steps: from j =0to j =r—i—1. At step j, for 0 < j < r—1,
the intermediate output is a collection of disjoint subsets le, VjQ, - Vjp 7 of the
layer L,_;_;(Sk). These disjoint subsets are in one-to-one correspondence with
some partition By, By, ..., By, of Ay ;. Specifically, the algorithm ensures that:

V1<t <pj, Vj =({L(b,4,%): b€ B} #0.

J
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Doing so, by the above Claim 8, for any s € S, we have

max d(s,z) <r <= max d(s,V}) <r—j.

2€EAL,; 1<t<p;
Initially, for 5 = 0, every set B; is a singleton. Furthermore, B; = V{.
Then, we show how to partition L,_;_(;4+1)(Sk) from V}', V2, ...,Vjpj in total

O(erLr,i,j(sk) |Ng(x)|) time. Note that in doing so we get a total running
time in O(m) for that phase.

For that, let us define W} = N(V}) N L._;_(j41)(Sk). Since the sub-
sets Vjt are pairwise disjoint, the construction of the W}’s takes total
O ser, i ;s [Na(w)]) time. Furthermore:

Claim 9 W} = ({L(b,j +1,5;) : b€ By}.

Proof. We only need to prove that we have (\{L(b,j+1,Sk) : b € B;} C W} (the
other inclusion being trivial by construction). For that, let € ({L(b,j+1, Sk) :
b € B} be arbitrary. Recall that we have, for each b € By, d(b, ¢) = k+d(b, Sk) =
r — i+ k. In particular, x € L(b,j + 1,5;) = L(b,j + 1,¢). It implies that the
balls in {Ng[z], N{;Hk*j (]} U{NL[D] : b€ B} pairwise intersect. By the
Helly property, = has a neighbour in N5 “TF77[¢] N (N{NB] : be B}) =
({L(b,j,Sk) : b € B} = V}. Since & € L_;_(j41)(Sk), we obtain as desired
x € Wi 0

Finally, in order to compute the new sets Vjt_/s_17 we proceed as follows. Let
W= {W}:1<t<p;}. While W # 0, we select some vertex « € Ly_;_(j41)(Sk)
maximizing #{t : x € Wj}. Then, we create a new set (), cy: Wi, and we

J
remove {W} : x € W}} from W. Note that, by the above Claim 9, (., eyt W) =
J

Newew: LG, +1,5%) = b € B} = ({L(b,j +1,5) : b € Upgew: Bi}-
Furthermore, by maximality of vertex x, (., cyy+ Wf is disjoint from the subsets
J

in {VV]75 rx ¢ th} The latter ensures that all the new sets we create are pairwise
disjoint. See Fig. 3 for an illustration of this first phase.

In order to implement this above process efficiently, we store each x €

Ly—i—(j+1)(Sk) in a list indexed by #{t : © € Wj}. Then, we traverse these
lists by decreasing index. We keep, for each x € L,_;_(;41)(Sk), a pointer to
its current position in order to dynamically change its list throughout the pro-
cess. See also the proof of Lemma 2 in [52]. The running time is proportional to
AW 1<t <pi} =0 er, (s 1 Na(@)]):
Second phase of the algorithm. Let C;,C5,...,C, denote the sets
Vi, 1., VPt (ie., those obtained at the end of the first phase of
our algorithm). Note that C4,Cy,...,C, are subsets of Li(Sk) (= Ng(Sk)). At
this point, it is not possible anymore to follow the shortest-paths between Ay ;
and Sy.

Then, let X = Ay ;U{c}. Set a(c) = k+i+2 and a(a) = r for each a € Ay ;.
We define the set Y = {y : Vx € X,d(y, ) < a(z)}. Observe that S ; =Y NSy
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Sk

Fig. 3: An illustration of step j of the first phase of the algorithm from Lemma 6,
using each Vjt to compute W]t for all 1 < t < pj, and using the vertices of

Ly—i—(j+1)(Sk) belonging to maximum W to form Vjt_;_l.

(recall that Sy ; was defined as {s € Sy : Ag,; € N7"[s]}). Therefore, in order to
compute Sy ;, it suffices to compute Y.

For that, we proceed in i + 2 steps. At step ¢, for 0 < £ < i+ 1, we main-
tain a family of nonempty pairwise disjoint sets Z},Z2, ..., Z}* and a covering
X}, X2, ..., X[ of X such that the following is true for every 1 <t < g;:

ZE/: ﬂ Ng(x)—(i+1)+€[x].
zeX}

Doing so, after i + 2 steps, the set Y is nonempty if and only if ¢;11 = 1 (the
above partition is reduced to one group). Furthermore, if it is the case, Y = Z} -

Initially, for £ = 0, we start from Z§ = C1,...,Z5 = C,, and then the cor-
responding covering is V1 < ¢t < p, X{ = B; U {c} (with By, Ba,..., B, being
the partition of Ay ; after the first phase of our algorithm). — Note that this is
only a covering, and not a partition, because the vertex c is contained in all the
groups. — For going from £ to £+ 1, we proceed as we did during the first phase.
Specifically, for every t, let U} = Ng[Z}]. Since the sets Z} are pairwise disjoint,
the computation of all the intermediate sets U} takes total O(m) time.

Claim 10 Uf = (), N&© D),

The proof is similar to that of Claim 9.

Finally, in order to compute the new sets Z}f;_l, let U = {Uf: 1<t <q}.
While U # 0, we select some vertex v € V maximizing #{t : v € U/} in U.
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Then, we create a new set (), ¢y U{, and we remove {U} : u € U}} from U.
The running time is proportional to Y {|U}| : 1 <t < g;} = O(m).

Complexity analysis. Overall, the first phase runs in O(m) time, and the second
phase runs in O(im) = O(km) time. Since it applies for k,i fixed, the total
running time of the algorithm of Lemma 6 (for k fixed) is in O(k?*m).

This completes the proof of Lemma 6.

5 Conclusion

We presented the first truly subquadratic deterministic algorithm for computing
all eccentricities in a Helly graph. For Helly graphs with constant hyperbolicity,
we gave a linear time algorithm. To obtain these results, we heavily used our
new structural properties of Helly graphs. A few questions remain open.

1. We showed that the hyperbolicity of an n-vertex Helly graph G is at most
v/n + 1. This enabled a refined algorithm for computing all eccentricities
in Helly graphs. What other algorithmic graph problems can efficiently be
solved on Helly graphs by utilizing a bound on the hyperbolicity? More gen-
erally, in Metric Graph Theory, it is interesting and important to understand
how metric properties can help in designing efficient graph algorithms.

2. We showed that in graphs the Helly property for balls of equal radii implies
the Helly property for balls with variable radii. It would be interesting to
know whether a similar result holds for all (discrete) metric spaces.

3. In [39], Helly graphs were generalized to graphs with bounded Helly-gap.
Can our results be extended to all graphs with bounded Helly-gap? Note
that the Helly graphs are the graphs with Helly-gap equal 0.

4. Tt is interesting to know also whether our algorithm for general Helly graphs
can be improved. Are there algorithms for computing all eccentricities in
Helly graphs that run in o(m+/n) time?

We were not able to get any non-trivial lower bounds on the complexity. It
seems challenging to adapt SETH-hardness reductions from the literature to
Helly graphs. The reason is that all these reductions are based on the so-called
Orthogonal Vectors (OV) problem, which is linear-time solvable for set systems
with the Helly property. We can show that using the following algorithm to solve
a problem equivalent to OV under simple reductions.

Input: Families A, B of n sets over a universe U of cardinality d = clogn.
Problem: Determine whether there exist a € A, b € B disjoint.

— Choose an element ug that belongs to a maximum number of sets in B. Let
By denote all sets in B that contain ug.

— Let Uy be the common intersection of all sets in By. This subuniverse is
nonempty because it contains ug. Furthermore, we may assume, by the Helly
property, that every set a in A must contain at least one element of Uy (if
aNUy =0, then a is disjoint from at least one set of By and we are done).
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— If By = B, then we conclude that every set in A intersects every set in B.

Otherwise (if By # B), we continue from the beginning with B = B\ By.

Doing so, we consider disjoint lists By, B, ..., and their respective common
intersections Uy, Uy, . ... All subuniverses U; are disjoint, which follows from
the maximality of u; at every step of the algorithm.

This result provides a further motivation for studying Helly graphs: since all
known hardness reductions are based on SETH/OV, this paper continues the
systematic exploration of graph classes for which OV becomes easy.
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