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Forty years ago, measurements of enrichments in 18O in stratospheric ozone O3 revealed a value signifi-
cantly greater than statistically expected and roughly equal in heavy isotopes 17O and 18O. Despite numerous
experimental and theoretical studies, this mass-independent fractionation (MIF) still remains unexplained.
However, it is now accepted that its origin comes from isotopic effects found in the recombination reaction
O + O2 + M → O3 + M where M is a stabilizer, even if the theoretical origin of the isotope effects found in
this reaction is still not known. Here we study the first of the two steps involved in this reaction, namely, the
rapid quasiequilibrium O + O2 � O∗

3 process where O∗
3 is metastable ozone. The quasiequilibrium constant for

this process is obtained from a full quantum dynamical approach. These high-level calculations yield the most
accurate value of this quantity to date for 48O3 and 50O3. These reference results constitute a crucial stage for a
better understanding of the ozone formation reaction, and could therefore help to unravel the mystery of MIF.

DOI: 10.1103/PhysRevResearch.6.043181

I. INTRODUCTION

Ozone, O3, is a critical molecule for the survival of hu-
manity on Earth through its presence in the stratosphere
by protecting us from the dangerous ultraviolet rays. How-
ever, in the troposphere it is considered as an air pollutant
that can cause health problems. In the atmosphere O3 is
mainly formed by three identical atoms of oxygen 16, i.e.,
16O16O16O. We know that the oxygen atom has three stable
isotopes with terrestrial abundances of 99.759 % 16O, 0.037%
17O, and 0.204% 18O. The rules of isotope thermodynamic
fractionation suggest that isotope enrichments measured
from the concentration ratios 18O 16O 16O / 16O 16O 16O and
17O 16O 16O / 16O 16O 16O should be statistically correlated
with the relative mass difference of the isotopes, which is
called the isotope-dependent mass effect [1].

However, in 1981, measurements of 18O in stratospheric
ozone [2] revealed a significant enrichment in heavy iso-
topologues. This unusual enrichment was then reproduced
in laboratory measurements [3], which confirmed the trends
observed previously, with, notably, a roughly equal enrich-
ment in monosubstituted heavy isotopologues 17O 16O 16O
(49O3) and 18O 16O 16O (50O3). These experiments also pro-
vided enrichment values for all possible (polysubstituted)
isotopologues in highly exotic oxygen mixtures. This isotope
anomaly is commonly called mass-independent fractionation
(MIF) due to its deviation from the mass-dependent fraction-
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ation line. The ozone MIF is photochemically transferred to
atmospheric oxygen bearing species such as CO2, O2, sul-
fates, and nitrates, and therefore plays a major role in various
fields such as atmospheric chemistry, geochemistry, cosmo-
chemistry, and climate research [1,4].

Since the MIF discovery, a large number of experimen-
tal and theoretical studies have been devoted to understand
this puzzling phenomenon [5–15]. However, to date, no first
principles explanation has been found and the origin of the
MIF remains an unsolved mystery. It is now well established
that this anomaly is related to the significant kinetic isotope
effects [1,4] observed [7–10] in one of the process involved
in the well-known Chapman cycle, the so-called three-body
recombination reaction

O + O2 + M → O3 + M krec, (1)

with M being a buffer gas (most likely N2/O2 molecules
or Ar atoms). However, the theoretical origin of the isotope
effects found in reaction (1) is still not known. The origin of
MIF comes from isotopic effects found experimentally in the
recombination reaction (1) because this is the reaction which
forms stable ozone in the atmosphere, with different recom-
bination rates krec, depending on specific ozone isotopologues
obtained in the end. However, these different values of krec

have just been measured, and the origin of these differences
is not explained to date from first principles. This is why the
ozone MIF remains a mystery because it is still unexplained
from a theoretical viewpoint.

Knowing more about reaction (1) would add a stone to
the understanding of the ozone MIF. It was found that the
specific formation rates, krec, of O3 by this process are smaller
for symmetrical isotopomers of ozone (e.g.,16O 18O 16O) than
those for asymmetrical isotopomers (e.g.,18O 16O 16O) [7–10].
Janssen et al. [9] found these quantities in a rough correla-
tion with the differences in the quantum mechanical (QM)
zero-point energy of the various diatomic O2 reactants. No
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FIG. 1. Quasiequilibrium processes involving symmetric or asymmetric metastable ozone. The upper panel shows the 18O 16O 16O
∗

asymmetric metastable ozone formed from the 18O + 16O 16O collision and that dissociates towards the same species or towards 16O + 16O 18O.
The lower panel shows the 16O 18O 16O

∗ symmetric metastable ozone formed from the 16O + 16O 18O collision and that dissociates towards the
same species.

direct full quantum calculation of krec has ever been performed
to date due to the great difficulty in describing this pro-
cess quantumly. Only a recent classical trajectory study [15]
has been reported giving the krec value for the formation of
16O 16O 16O. At atmospheric pressures and temperatures, the
Lindemann mechanism is believed to be the dominant process
for ozone formation, although another mechanism may also
play an important role at high pressures and low temperatures
[15–17]. In the Lindemann mechanism, reaction (1) can be
decomposed into two main steps:

O + O2 � O∗
3 Keq, (1a)

O∗
3 + M → O3 + M kstab, (1b)

with M carrying out the excess energy to yield stable ozone
O3, and with O∗

3 the metastable ozone, i.e., a long-lived res-
onant scattering state above the dissociation energy of the
electronic ground state of ozone. Several attempts to explain
the measured isotope effects [7–10] found in reaction (1) were
based on arguments of symmetry [6,13,18–22], which could
result in different lifetimes of the O∗

3 metastable species. The
association/dissociation reaction (1a) is characterized by the
quasiequilibrium constant Keq (see Appendix A for a precise
definition), while the deactivation process (1b) is character-
ized by the stabilization constant kstab. In the low-pressure
regime, when step (1a) is two to three orders of magnitude
faster than (1b), we can write krec as the product Keqkstab.
Knowledge of Keq and kstab, therefore, allows determination of
the rate of ozone formation by reaction (1). The Keq and kstab

quantities were determined indirectly by experiments [23–25]
in the 1960s and no measurements were published since this
pioneering work. From the theoretical point of view, they
were computed using approximate methods only, classical

treatment [26], method mixing classical and quantum me-
chanics [27,28], and various quantum models [29–33]. A fully
QM calculation of Keq and kstab has never been accomplished
to date.

The origin of ozone MIF is an effect present in either
step (1a), or step (1b), or both [4,33,34]. It is therefore
necessary to correctly describe these two stages, that is
to say in a rigorous quantum way. In this article, we
report calculations of the Keq values for the following pro-
cesses (1a): 16O + 16O 16O � 16O 16O 16O

∗, 18O + 16O 16O
and 16O + 16O 18O � 18O 16O 16O

∗ or 16O 18O 16O
∗, as shown

in Fig. 1, by using a pure QM formalism. They will be ab-
breviated in the following as 6 + 66, 8 + 66, and 6 + 68. To
the best of our knowledge, this treatment is the most accurate
to date to calculate Keq and the present numerical results may
serve as reference values. They also provide new perspectives
on the ozone MIF problem. In the Earth’s atmosphere and
particularly in the stratosphere, the most abundant ozone is
of course 48O3 (three 16O atoms, 99.3%) followed by 50O3

(one 18O atom and two 16O atoms, 0.6%), ozone enriched in
17O (49O3) being by far the one with the lowest abundance
(0.1%). Other isotopic variants like 16O 17O 18O or the doubly
substituted species (as, for instance, 18O 18O 16O) are negligi-
ble. This is why we focused here on 48O3 and 50O3.

II. THEORY

All the QM calculations were performed using our own
code using a time-independent QM approach based on hyper-
spherical coordinates [35,36]. We employed the O3 potential
energy surface (PES) calculated using the multireference con-
figuration interaction (MRCI) method [37]. This ab initio PES
has proved to be the most accurate for spectroscopic purposes
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[38,39] and for scattering calculations of the O + O2 exchange
reaction [40]. This code allows the computation of the scatter-
ing S-matrix, from which state-to-state reaction probabilities,
cross sections and rate constants for atom-exchange triatomic
reactions, such as A + BC → AB + C, can be derived. Details
of the quantum formalism for the study of such reactions
can be found in Ref. [36]. Our QM code, initially developed
to perform accurate calculations of cross sections and rate
constants for exchange reactions, is robust and has previously
proved successful in describing dynamics of atom-diatom re-
actions [40–43]. To compute the quasiequilibrium constant
Keq of the (1a) process, we used the Smith Q-matrix quantum
formalism [44] (see Appendices B and C for the necessary
details) that is based on the scattering S-matrix. We recently
implemented this formalism in our code to calculate the life-
times of some metastable states of O∗

3 [45,46]. In other words,
the Q-matrix elements as a function of total energy E and
at a given total angular momentum J are directly related to
the S-matrix elements for the same E and J . As the S-matrix,
the Q-matrix is an output quantity containing maximal infor-
mation on the dynamics of the collisional (reactive, inelastic,
or elastic) event. Once the Q-matrix is determined, its trace,
Tr Q, can be calculated and then Keq can be derived from it.
QM calculations were performed for a relatively thin energy
grid (with a constant step size of 6 × 10−5 eV) for a total
energy E up to 0.5 eV, and for J values from 0 to 114 in-
cluded in the close-coupled equations. This energy grid was
found sufficient for an accurate estimation of integrals over
density of resonance states, yielding rovibrational partition
functions for O∗

3 metastable complex. This was checked from
various trials of numerical integration and alternative summa-
tion methods. The step size was chosen to keep a manageable
number of energy data, and does not come from a limitation of
the algorithm providing the Q-matrix itself [46]. We carefully
checked that the values of all the parameters employed in the
QM calculations were sufficient to obtain convergence of the
Keq values up to a temperature of 400 K.

More details on the method used here and the present quan-
tum calculations can be found in Appendices A–C. We present
here both complete and accurate results to date concerning
the quasiequilibrium preliminary step (1a) for the formation
of ozone through reaction (1).

III. RESULTS AND DISCUSSION

As clearly seen in Fig. 2, quasiequilibrium constants for
the three types of processes, 6 + 66, 8 + 66, and 6 + 68,
are all decreasing with temperature in a monotonic fashion,
all the way from 100 to 400 K. The constant for the pro-
cess involving only 16O atoms, Keq

6+66, remains below the
value of the 10−22 cm3molecule−1 for all considered tem-
peratures. On the other hand, one of the two constants for
the equilibrium in presence of the heavy 18O atom, with
reactants 8 + 66, Keq

8+66, is exceeding twice this value at
the lowest temperatures (close to 100 K). We clearly at-
tribute this result to the much higher density of resonance
states of substituted ozone complex 866∗ compared to the
666∗ complex, as can be checked by comparing of Figs. 4
and 5. In these figures, the two plots reveal a much higher

FIG. 2. Quasiequilibrium constant as a function of temperature.
Results for the reference 6 + 66 process (black line), as well as for
the two processes 8 + 66 (red line), and 6 + 68 (green line) involving
one heavy oxygen isotope.

background density of resonance states for 50O∗
3 than for

48O∗
3, for which peaks are sparse, resonances being isolated

and nonoverlapping. The 50O∗
3 complex also exhibits much

longer lifetimes, especially for high values of the total angular
momentum J .

The density of states of 866∗ is about three times larger
than that of 666∗ based on the ratio of the energy-integrals
of the trace of the Smith matrix. This can be explained by
the greater symmetry of 666∗ leading to a severe restriction
of the number of metastable states accessible for 666∗. This
means that in an oxygen mixture with a nonnegligible propor-
tion of 18O, especially at low temperatures, the concentration
of 50O∗

3 complexes tends to become much higher than ex-
pected on the grounds of purely statistical mass-dependent
fractionation rules. This statement remains true up to 400 K,

FIG. 3. Quasiequilibrium constant J components for the 6 + 66
reference process as a function of the total angular momentum J for
temperatures T = 200, 250, and 300 K.
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FIG. 4. Global lifetimes of 48O∗
3 complex, Tr QJ

48(E ), as a func-
tion of total energy E , for J = 10, 30, and 50.

as the ratio between the two above-mentioned equilibrium
constants, Keq

8+66/Keq
6+66, stays roughly equal to 2 (Table I gives

the typical value of 1.93 at 300 K). To illustrate this point,
the computed traces of the Smith matrix (see Figs. 4 and 5
and the definition of the Smith matrix given in Appendix C)
show many more peaks for ozone enriched in 18O (50O∗

3)
than for ozone 48O∗

3. This implies a much higher density
of metastable states for 50O∗

3 than for 48O∗
3. This increased

density has a direct repercussion on Keq
8+66, as explained in

Appendix B, and thus on the concentration of 18O 16O 16O∗.
The invoked statistical situation mentioned above would be
without the asymmetry forced by the terminal 18O atom in
place of 16O, dramatically increasing the density of states.
In the statistical rules, what is expected is indeed purely a
mass effect and we then speak of mass-dependent effect, while
in what is calculated there is, added to this mass effect, a
symmetry effect which manifests itself in the densities of
states with many more metastable states of O∗

3 for 50O∗
3 than

FIG. 5. Global lifetimes of 50O∗
3 complex, Tr QJ

50(E ), as a func-
tion of total energy E , for J = 10, 30, and 50. The ordinate scale is
cut at 1000 ps, but Tr QJ

50(E ) can be as high as 8000 ps for J = 50.

for 48O∗
3. The equilibrium constant for the other side process,

6 + 68, keeps a value between 7 × 10−23 cm3molecule−1 and
around 5 × 10−23 cm3molecule−1 for the whole range of tem-
peratures, too close to the value of Keq

6+66 to influence the
overall tendency. When we look at the formulas of Keq

6+66(T),
Keq

8+66(T), Keq
6+68(T) given in Appendix B, the electronic par-

tition function of the O∗
3 complex, zel

O3
, in the numerator is

the same for all isotopes, whereas the rovibrational partition
function for O∗

3, zrovib, in the numerator and the expression
of the reagents partition function, zreac, change depending on
the isotopomer considered. In zreac, in the denominator, for
the reagents, the electronic partition function, zel

O−O2
, and the

nuclear spin partition function, zns, are the same for all isotope
considered here. A value of roughly 2 is found for the ratio of
diatomic rovibrational partition functions zrovib

68 /zrovib
66 . In Fig. 2

the main difference between 6 + 66 and 8 + 66 comes from
the integral in the numerator of the formulas of Keq

6+66(T ),
Keq

8+66(T ), Keq
6+68(T ), the traces of the Smith matrix for 48O∗

3

and 50O∗
3 being very different (see Figs. 4 and 5).

Explicit values for these various quasiequilibrium con-
stants are presented in Table I for the typical temperature
T = 300 K, along with their ratios with respect to the ref-
erence process 6 + 66. For the 6 + 66 equilibrium, we find
a value of 6.74 × 10−23 cm3molecule−1, slightly higher than
the latest experimental estimation (5 × 10−23 cm3molecule−1,
corrected from a much higher, older value of 8.33 ×
10−22 cm3molecule−1) by Kaufman and Kelso [23] and Klein
and Herron [24,25], in a pioneering work dating back to
the 1960s. Our computed value is, on the other hand, ten
orders of magnitude lower than the surprisingly large one
of 9.6 × 10−13 cm3molecule−1 at T = 400 K obtained from
kinetic models in 2005 by Luther et al. [17]. For 6 + 68, our
room temperature Keq value of 4.84 × 10−23 cm3molecule−1

is roughly one order of magnitude larger than that (2.63 ×
10−24 cm3molecule−1 at T = 300 K) calculated by Ivanov
and Babikov [27], based on a mixed quantum-classical
method. The discrepancy may result from their computation
of the partition functions, susceptible of missing resonance
states. We stress that we compute the density of rovibrational
states of the complex O∗

3 with a quantum method, including
in principle all resonance states, regardless of their symmetry.
Also shown in Table I are expected values of kstab based on
experimental data concerning krec, as mentioned in the In-
troduction with the hypothesis of the krec = Keqkstab relation,
together with their respective ratios to the reference formation
process involving only 16O atoms. These values have in no
way been computed from any O∗

3 stabilization model. As they
stand, they must be considered as purely indicative. However,
they are based on reliable experimental data [8–10] on krec

and our accurately computed values of Keq. They are given
for specific formation rates of the various ozone isotopologues
including one 18O atom.

To begin with, for the reference 666∗ + M process, our
kstab value (8.98 × 10−12 cm3molecule−1s−1) is very close to
the experimental estimation (10−11 cm3molecule−1s−1) first
obtained by Kaufman and Kelso [23]. Compared to pre-
vious theoretical works using approximate approaches, our
computed value is lower than that of Charlo and Clary
(4.92 × 10−11 cm3molecule−1s−1) [29], Ivanov and Schinke
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TABLE I. Room temperature (300 K) values for theoretical quasiequilibrium constants Keq, experimental recombination process kinetic
constant krec, and derived stabilization process constants kstab, for the various indicated channels, with their ratios to the reference process
6 + 66.

T = 300 K 6 + 66 (666) 8 + 66 (866) 6 + 68 (866) 6 + 68 (686)

Keq (cm3.molecule−1) (Theory) 6.74 × 10−23 1.30 × 10−22 4.84 × 10−23

krec cm6.molecule−2.s−1) (Exp.) 6.05 × 10−34 5.57 × 10−34 4.39 × 10−34 3.27 × 10−34

kstab (cm3.molecule−1.s−1) 8.98 × 10−12 4.28 × 10−12 9.07 × 10−12 6.76 × 10−12

Keq/Keq
6+66 ratio 1 1.930 0.718

krec/krec
6+66 ratio 1 0.921 0.725 0.540

kstab/kstab
6+66 ratio 1 0.477 1.010 0.752

(3.69 × 10−11 cm3molecule−1s−1) [16] and Teplukhin and
Babikov (1.48 × 10−10 cm3molecule−1s−1) [28], and larger
than that of Schinke and Fleurat-Lessard (10−13–5 ×
10−12 cm3molecule−1s−1) [33]. For the 686∗ + M process,
our value of kstab for the specific symmetric isotopologue
formation rate (6.76 × 10−12 cm3molecule−1s−1) has to be
compared to that (7.5 × 10−14 cm3molecule−1s−1) of Ivanov
and Babikov [27], and found two orders of magnitude greater.
For 8 + 66, our value (4.28 × 10−12 cm3molecule−1s−1) com-
pares to that (5.90 × 10−11 cm3molecule−1s−1) of Charlo and
Clary [29], the latter remaining more than one order of mag-
nitude higher. All these previously published results for the
most part of theoretical nature point the difficulty in obtaining
a reliable value of kstab. Deactivation from a resonant state,
or even from a highly excited rovibrational state, to lead
to a stable species, is most likely a multistep process, not
amenable to any simplifying treatment, such as the strong
collision approximation [17]. Only approximate methods have
been used for the kstab estimation so far. The accurate treat-
ment of step (1a) we bring here thus permits, indirectly, the
setting of a benchmark value for kstab, definitely assessing
the validity of different future models and methods for its
estimation.

Figure 3 allows one to gain further information on the
equilibrium process with respect to the total angular mo-
mentum J components of Keq. The KeqJ

components for the
6 + 66 equilibrium behave very differently from one another.
It immediately appears that all J values are needed for a
reliable computation of Keq, whatever the temperature range.
The sharply oscillating behavior with consecutive middle-
range J values was not predictable, even though the overall
shape appears as a common monomodal distribution with an
extended right wing. On the other hand, the small and near
zero values of KeqJ

components, respectively, at very low J
(J < 3) and high J (J > 70), were expected. The diminishing
contribution with increasing J obviously reveals the conver-
gence for the partial J-wave expansion for lifetime matrix
Q. Any tentative interpolation from an incomplete set of J
values is therefore doomed to fail. Components are consis-
tently ordered [KeqJ

(T = 200) > KeqJ
(T = 250) > KeqJ

(T =
300)] for all J values below roughly 40, then tend to merge
for all higher J values. The highest peaks are obtained at
the lowest temperature (200 K in Fig. 3). This behavior is
confirmed for the 8 + 66 and 6 + 68 equilibriums, as can be
seen in Figs. 9 and 10. These results clearly indicate that an

isotope effect, not solely due to mass change but originating
from the alteration of the density of resonance states, when
moving from 666∗ to 866∗, especially for middle range to
high J values, is already present in the fast quasiequilib-
rium (1a). Its combination to another, hypothetical one, in
the stabilization step (1b), however, much more difficult to
describe with the same level of accuracy, would lead to a
complete explanation of the MIF observed for 18O mono-
substituted ozone in stratospheric conditions or in laboratory
experiments.

IV. CONCLUSION

This study reports reliable quantitative information on the
first step (1a) of ozone formation reaction (1) involved in the
MIF. Accurate values of the quasiequilibrium constant Keq for
(1a) were computed using a full QM method and can therefore
serve as reference values. Detailed quantum characterization
of this process reveals important isotope effects as well as
the role played by a large number of total angular momenta,
proving the need for a complete description of this process.
These findings, as they appear to be in good agreement with
the scarce experimental data available from the 1960s, might
stimulate new experiments, even if they do not seem easy
to carry out. Our results can also be used as reference for
improving the modeling and simulation methods of the second
step (1b) that is the deactivation of excited ozone O∗

3. Accu-
rate determination of the stabilization constant kstab for (1b)
has not been achieved so far and this is the next challenge
to be addressed. In view of the ozone MIF long-standing
issue, the combination of the present results with a proper
quantum description of this second step, with and without
isotopic substitution, would lead to a full understanding of this
open question, and perhaps finally find an answer to the MIF
mystery.
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APPENDIX A: QUASIEQUILIBRIUM IN ENERGY
TRANSFER (LINDEMANN) MECHANISM

We consider the ozone forming recombination reaction

O + O2 + M −→ O3 + M krec, (A1)

where krec is the total (third order) recombination rate
constant.

The Lindemann (energy transfer) approximating mecha-
nism consists in two separate steps:

O + O2 � O∗
3 Keq, (A1a)

O∗
3 + M −→ O3 + M kstab. (A1b)

The first step, Eq. (A1a), can be considered as a quasiequi-
librium between reactants O + O2 and metastable states O∗

3
characterized by equilibrium constant Keq. Regarding the sec-
ond step, Eq. (A1b), kstab is the average rate coefficient for the
deactivation, or stabilization, of O∗

3.
We now separate processes involving only 16O isotopes

from those in which a heavy oxygen 18O isotope is present.
Note: In the following, we will frequently use an abbrevi-

ated notation: we will write “6” for 16O, “8” for 18O, “66” for
16O 16O and so on.

We thus consider first

16O + 16O 16O � 48O∗
3 Keq

6+66, (A2)

with equilibrium constant

Keq
6+66 = [48O∗

3]

[16O][16O 16O]
,

and then the two-sided quasiequilibrium

18O + 16O 16O � 50O∗
3 � 16O + 16O 18O Keq

8+66, Keq
6+68,

(A3)
with two distinct equilibrium constants respectively given by

Keq
8+66 = [50O∗

3]as

[18O][16O 16O]

and

Keq
6+68 = [50O∗

3]as+s

[16O][16O 18O]
.

In the above equations, [50O∗
3]as refers to the concentration of

metastable complexes of the asymmetric 866∗ (“as” or “Cs

symmetry”) type, while [50O∗
3]as+s includes both asymmetric

and symmetric 686∗ (“s” or “C2v symmetry”) types, even if
this point group classification picture is not especially adapted
for resonance states (see Fig. 1).

APPENDIX B: PARTITION FUNCTIONS
AND RESONANCE STATE DENSITIES

1. Case of 48O3

These quasiequilibrium constants can be expressed with
the help of reagents O + O2 and intermediate complex O∗

3

partition functions z(T ). We have, for the 6 + 66 case,

Keq
6+66(T ) = z666∗

zreac
6+66

=
zel

O3
zrovib

666∗ zns
48O3

zel
O−O2

zrovib
66 ztr

6+66zns
6+66

= zel
O3

zrovib
666∗

zel
O−O2

zrovib
66 ztr

6+66

taking the energy origin at the bottom of the diatomic O2

potential well.
This quantity was plotted in Fig. 2.
Here we have for the reactants 6 + 66 electronic partition

function [47]:

zel
O−O2

(T ) = 3[5 + 3 e−227.6/T + e325.9/T ]

zrovib
66 (T ) =

∑
j=1,3,...

(2 j + 1)e−βεv=0, j ,

with β ≡ 1/(kBT ), kB being the Boltzmann constant, and
where εv=0, j are accurately computed rovibrational energies
of 66, restricted, for absolute temperature T < 400 K, to fun-
damental rovibrational level v = 0.

The reagents relative translation partition function is
simply

ztr
6+66(T ) = �6+66

−3(T ),

with �6+66(T ) = h√
2πμ6+66kBT

is the thermal wavelength for 6
+ 66 (with μ6+66 the reduced mass and h = 2π h̄ the Planck
constant).

The nuclear spin for 6 is zero, so we have only one nuclear
spin state and the nuclear spin partition functions for com-
plex and reagents are zns

48O3
= zns

6+66 = 1. Also, the dynamics
happens on the lowest of the 27 spin-orbit coupled electronic
states merging asymptotically, so we use an approximate ex-
pression for the O∗

3 complex electronic partition function valid
in the neighborhood of equilibrium geometry [30] based on
fine-structure ab initio calculations [48], including nine terms
with � and � symmetries and spin multiplicity from 1 to 5:

zel
O3

(T ) = 1 + e−213/T + 3 e−242/T + 3 e−410/T + 5 e−699/T

+ 5 e−823/T + 5 e−1429/T + e−1500/T + 3 e−1522/T .

The metastable complex rovibrational partition function is
estimated with the help of the trace of the Smith Q matrix [44]
(see Appendix C):

zrovib
666∗ (T ) = L

[∑
J

(2J + 1)ρJ
666∗ (E )

]

= (2π h̄)−1
∑

J

(2J + 1)

×
∫ ∞

0
Tr QJ

666∗ (E ) exp(−βE )dE ,

where E = Ec(v j) + εv j is the total energy [εv j being inter-
nal diatomic rovibration energy and Ec(v j) being the collision
energy relative to (v j) level], where J is the total angular
momentum of the complex, and L[•] denotes the Laplace
transform. Tr QJ

666∗ (E ) denotes the trace of the Q matrix
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FIG. 6. Total angular momentum J components for the

quasiequilibrium constant KeqJ

6+66 as a function of temperature T , for
the 6 + 66 reference process, for various total angular momenta
J = 10, 20, 30, 40, and 50, for a range of temperatures between 100
and 400 K.

computed at energy E . We, of course, have QJ
666∗ (E ) = 0 for

Ec(v j) < 0.
This formula is transparent for the case of sufficiently

narrow resonances with lorentzian shapes. Indeed, the density
of resonance states can be expressed using the trace of the
Q-matrix [49]

ρJ
666∗ (E ) = (2π h̄)−1Tr QJ

666∗ (E ) .

It can otherwise be derived on quite rigorous grounds with the
help of the Fredholm determinant [50–53]. We arrive in this
way at the same result obtained by Smith [54,55] and Bowman
[56] in slightly different fashions.

We can thus assemble the whole, following the notations
in Ref. [57], as

Keq
6+66(T ) =

∑
J

KeqJ

6+66(T ) ,

with

KeqJ

6+66(T ) = zel
O3

zreac
6+66

(2π h̄)−1(2J + 1)

×
∫ ∞

0
Tr QJ

666∗ (E ) exp(−βE )dE .

Examples of quantities KeqJ

6+66(T ) are plotted in Figs. 6
and 3.

2. Case of 50O3

As the 50O∗
3 complex is related to two different sets of

reagents (see Fig. 1), we need to separate between partition
functions (sum over states) for the symmetric and asymmetric
complexes.

Similarly to the 48O3 case, we have

Keq
8+66(T ) = z866∗

zreac
8+66

=
zel

O3
zrovib

866∗ zns
50O3

zel
O−O2

zrovib
66 ztr

8+66zns
8+66

= zel
O3

zrovib
866∗

zel
O−O2

zrovib
66 ztr

8+66

and

Keq
6+68(T ) =

1
2 (z686∗ + z866∗ )

zreac
6+68

=
zel

O3

(
1
2 zrovib

686∗ + 1
2 zrovib

866∗
)
zns

50O3

zel
O−O2

zrovib
68 ztr

6+68zns
6+68

= zel
O3

(
1
2 zrovib

686∗ + 1
2 zrovib

866∗
)

zel
O−O2

zrovib
68 ztr

6+68

,

with again zns
50O3

= zns
8+66 = zns

6+68 = 1. These quantities were
also plotted in Fig. 2. In these expressions we neglect the so-
called “roaming” phenomenon [58] and take account of the
fact that the second equilibrium involves both symmetric and
asymmetric complexes with equal probabilities, while the first
involves asymmetric species only.

Again, we have the same electronic partition function
zel

O−O2
(T ) as before, and the rovibrational part is

zrovib
68 (T ) =

∑
j=0,1,2,...

(2 j + 1)e−βεv=0, j ,

where εv=0, j are this time accurately computed rovibrational
energies of 68, restricted for T < 400 K to v = 0.

The relative translation partition functions

ztr
8+66(T ) = �8+66

−3(T ) and ztr
6+68(T ) = �6+68

−3(T )

have exactly similar expressions as ztr
6+66, just changing the

reduced masses.
The partition functions for the complexes, distinguishing

between “asymmetric” and “symmetric,” are formally written

zrovib
866∗ (T ) = L

[∑
J

(2J + 1)ρJ
866∗ (E )

]

= (2π h̄)−1
∑

J

(2J + 1)

×
∫ ∞

0
Tr′ QJ

866∗ (E ) exp(−βE )dE ,

and

zrovib
686∗ (T ) = L

[∑
J

(2J + 1)ρJ
686∗ (E )

]

= (2π h̄)−1
∑

J

(2J + 1)

×
∫ ∞

0
Tr′ QJ

686∗ (E ) exp(−βE )dE ,

where the notation Tr′ stands for a partial trace restricted to
the “correct” symmetry. Of course we have

Tr′ QJ
866∗ (E ) + Tr′ QJ

686∗ (E ) = Tr QJ
50∗ (E ) .
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At this point we need to make a further assumption, which
is that the number of asymmetric states is roughly the double
of that of symmetric states [59][

50O∗
3

]
as ≈ 2

[
50O∗

3

]
s ,

that is

[18O 16O 16O∗] ≈ 2[16O 18O 16O∗]

Remembering that [50O∗
3]as + [50O∗

3]s = [18O 16O 16O∗] +
[16O 18O 16O∗] = [50O∗

3], we obtain

[18O 16O 16O∗] = [50O∗
3

]
as = 2

3

[50O∗
3

]
and [16O 18O 16O∗]

= [
50O∗

3

]
s = 1

3

[
50O∗

3

]
.

This reflects directly on complexes partition functions

zrovib
866∗ = 2

3 zrovib
50∗

and

zrovib
686∗ = 1

3 zrovib
50∗ ,

where zrovib
50∗ is directly obtained from the total trace of the

lifetime matrix for the 50O∗
3 system

zrovib
50∗ (T ) = L

[∑
J

(2J + 1)ρJ
50∗ (E )

]

= (2π h̄)−1
∑

J

(2J + 1)

×
∫ ∞

0
Tr QJ

50∗ (E ) exp(−βE )dE .

We explicitly computed the quantity Tr QJ
50∗ (E ) with the dedi-

cated subroutine [45,46] of our time-independent QM [35,36].
We can thus express, formally

Keq
8+66(T ) =

∑
J

KeqJ

8+66(T ) ,

with

KeqJ

8+66(T ) = zel
O3

zreac
8+66

(2π h̄)−1(2J + 1)

×
∫ ∞

0
Tr′ QJ

866∗ (E ) exp(−βE )dE .

Examples of such quantities KeqJ

8+66(T ) are plotted in Figs. 7
and 9.

Similarly,

Keq
6+68(T ) =

∑
J

KeqJ

6+68(T ) ,

with

KeqJ

6+68(T ) = zel
O3

zreac
6+68

(2π h̄)−1(2J + 1)

×
∫ ∞

0
Tr′ QJ

686∗ (E ) exp(−βE )dE .

As an example, quantities KeqJ

6+68(T ), as a function of tem-
perature and total angular momentum J , are represented in
Figs. 8 and 10.

FIG. 7. Total angular momentum J components for the

quasiequilibrium constant KeqJ

8+66 as a function of temperature T ,
for the 8 + 66 process, for various total angular momenta J =
10, 20, 30, 40, and 50, for a range of temperatures between 100
and 400 K.

APPENDIX C: DEFINITION OF Q MATRIX

We start from the following definition by Smith [44]

Q(E ) = −ih̄S† dS
dE

= ih̄S
dS†

dE
= Q†(E ) ,

where S is the unitary scattering matrix (the same we use
for the computation of cross sections), and Q is hermitian,
therefore its eigenvalues and trace are real.

FIG. 8. Total angular momentum J components for the

quasiequilibrium constant KeqJ

6+68 as a function of temperature T ,
for the 6 + 68 process, for various total angular momenta J =
10, 20, 30, 40, and 50, for a range of temperatures between 100
and 400 K.
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FIG. 9. Equilibrium constant J components, KeqJ

8+66, as a function
of total angular momentum J , for three different temperatures: T =
200 K, T = 250 K, and T = 300 K.

As the S matrix is bloc-diagonal in total angular momen-
tum J , we can work in J-labelled blocs:

QJ (E ) = −ih̄SJ † dSJ

dE
.

Details of the algorithm for the computation of Q(E )
alongside with S(E ), by using a modification [60–63] of
the log-derivative propagation algorithm [64,65], in the same
spirit as with R-matrix [66,67], are given in Refs. [45,46].

In a formal fashion, a diagonal element QJ
nn(E ) is the

average lifetime of a collision (reactive or not) starting with
initial channel n. In space-fixed representation for collision
dynamics we would have n = (v jl ) with v being the initial
diatomic vibration quantum number (for the temperatures
considered here we always have v = 0), j the initial diatomic
rotation quantum number, l the initial relative orbital angular
momentum quantum number. We thus start with Q-matrix
diagonal elements: QJ

v jl;v jl (E ).
We actually work in a body-fixed representation, so the

l quantum number is replaced by 
, which is the triatomic
O3 total angular momentum projection on least inertia axis,

FIG. 10. Equilibrium constant J components, KeqJ

6+68, as a func-
tion of total angular momentum J , for three different temperatures:
T = 200 K, T = 250 K, and T = 300 K.

such that n = (v j
). A diagonal Q matrix element really is
denoted as: QJ

v j
;v j
(E ). The trace of the Smith matrix is
simply computed as

Tr QJ (E ) =
∑
v j


QJ
v j
;v j
(E ) .

For cases of sharply peaked values, this quantity very
closely approximates eigenlifetimes qJ

m(E ) that would result
from a diagonalization of the entire Q-matrix, then giv-
ing genuine lifetimes of metastable complex O∗

3 forming at
energy E .

Note: In view of the above remark, and given that the
density of states cannot be negative, a filtering of allowed
lifetimes for the complex O∗

3 has been made according to
Heisenberg criteria [44]:

qJ
m(E ) ≈ Tr QJ (E ) >

h̄

2E
.

As an example, the quantities Tr QJ (E ), with no criteria, as
a function of total energy, for various total angular momenta,
are represented, for 48O∗

3 and 50O∗
3, in Figs. 4 and 5.
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