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Iterative decoding of skew constacyclic codes

E.K. Nouetowa and I. Pogildiakov
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kayode-epiphane.nouetowa@univ-rennes.fr, ivan.pogildiakov@gmail.com

Abstract. The aim of this note is to design an iterative decoding al-
gorithm for skew constacyclic codes defined over finite fields, which is
inspired from [2] and [3]. We analyse the algorithm in the single error
case, and use computer simulations in the general one.

Acknowledgments.

This work was conducted within the the France 2030 framework porgramme,
Centre Henri Lebesgue ANR—11-LABX—-0020 — 01.

1 Introduction

Skew cyclic codes are a subclass of linear codes containing the cyclic codes.
These codes and their decoding algorithms have been the subject of several
works [4,8,10]. Recently, M. Bossert proposed an iterative decoding algorithm
for binary cyclic codes [2] using the minimum weight codewords of ”dual” codes.
Later, M. Bossert et al. extended that work to non-binary cyclic codes [3]. The
aim of this note is to adapt these algorithms to skew constacyclic codes using
Euclidean duals.

The text is organized as follows. In Section 2, we recall the definition of skew
constacyclic codes and a characterization of their Euclidean duals. In Section
3, we give our decoding strategy and show the link with the strategy applied
in [3]. In Section 4, we initialize an analysis of the resulting iterative decoding
algorithm and provide a condition under which the algorithm always fails.

2 Some generalities on skew constacyclic codes

Recall that a linear code C over a finite field IFy of length n and dimension k
is a k-dimensional subspace of IFy’. The Euclidean dual Ct of C is defined as

CLz{UEIFZH<11,c>=0f0rallc€C},

n—1

where (z,y) = Z x;y; is the Euclidean scalar product of = (zg,...,Tp—1) €
i=0

IF) and y = (Yo, --,Yn—1) € IF;. The minimum distance d of C is the smallest



of the (Hamming) weights of the non-zero codewords. Furthermore, a linear code
C is called cyclic if for all ¢ = (co,...,¢n—1) in C the vector (¢u—1,cCo,- -, Cn_2)
also belongs to C.

Let 6 be an automorphism of IF,, and let € be a non-zero element of IF,.
Consider the map

b { F* —F?
< (ao, ...,an_l) — (59(an_1),9(a0), - ,G(G/n_Q)).

Skew constacyclic codes are defined as follows.

Definition 1 ( Definition 1 of [6] ). A (0, ¢)-constacyclic code C is a linear
code over IF, such that for any ¢ = (co,...,cn1) € IFy,

ceC = ¢(c)eC.
If e =1, then C is called 0-cyclic. If e = —1, then C is called §-negacyclic.

Note that if 0 is the identity, then a #-cyclic code (resp. #-negacyclic) is a
cyclic (resp. negacyclic) code.

The skew polynomial ring (R, 4+, -), or Ore ring [11], is the set of polynomials
IF,[x; 0] over IF, equipped with the usual component-wise addition ‘4’ and where
the multiplication ‘-’ is defined by the rule

z-a=0(a)z for all a € IF,.

Clearly, the ring R is non-commutative if 6 is different from the identity. It is
well known that R is a left and right Euclidean ring. Moreover, the center of R
is the commutative polynomial ring IF‘g [x'e‘], where IF‘g stands for the subfield
of IF, fixed by 6, and |6] is the order of 6.

In this text we use the conventional representation of the elements ¢ =
(co,.-.,¢n—1) of IFy as skew polynomials ¢(x) = co+c12+...+¢,_12" " of de-
gree less than n. Under this correspondence, a (6, €)-constacyclic code C can be
viewed as a left R-submodule Rg(z)/R(z™ — ¢€) of R/R(z™ — €) [6], where g(z)
is a monic skew right divisor of 2™ — ¢ called skew generator polynomial of
the code C. The dimension of C is k = n — deg(g(x)). One has

C ={m(z)g(z) | m(z) € R, deg(m(z)) < k}.

We write C = (g);, 4- To characterize the Euclidean dual of C we recall below the
definition of the skew reciprocal polynomial of a skew polynomial in R.

k

Definition 2 ( Definition 3 of [6] ). Let h = Z hiz' € R be a skew polyno-
i=0

mial of degree k. The skew reciprocal polynomial h*(z) of h(z) is the skew

polynomaial
k k

W (z) =Y ab 7 hi =Y 0 (hx_i)a’.

1=0 =0



The left monic skew reciprocal polynomial hf(x) of h(x) is

1

)

h*(x),

where m = min{i | h; # 0}.

The following proposition gives the Euclidean dual of a (6,¢)-constacyclic

code. Notice that we extend the automorphism 6 of IF; to the automorphism
k k

0: R — R of R by linearity, i.e. by the rule Zaixi — Z@(ai)xi.

i=0 i=0
Proposition 1 (Theorem 1 of [6] ). Let C = (g);, 5 be a (0,¢)-constacyclic
code over IF,,. The Euclidean dual C*+ of C is a (0,1/¢)-constacyclic code over

IF, defined as C+ = (h”)i{g, where h is the monic skew polynomial such that
2" — e = 0" (h(x))g(a).
The skew polynomial h(x) is called skew check polynomial of the code C.

Example 1 Let IFy = Fa(a) with a®> +a+1=0, 0: u — u?> € Aut(IFy), and
R =Ty[z;0]. Let n = 12. Consider g(z) = 28+ a?2° + 2%+ 2t + 23+ 2 +a € R.
One has x'2—1 = h(x)g(x), where h(x) = x*+a?x%+x+a?. The skew polynomial
g(x) generates a 0-cyclic code C of length 12, dimension 4 and minimum distance
7 over IFy.

We have h*(z) = a®z* + 2 + a%2%? + 1 and hi(z) = 2* + az® + 2% + a.
Therefore, the dual C+ of C is the @-cyclic code over Fy with skew generator
polynomial h¥(x) having length 12, dimension 8, and minimum distance 4.

The following technical lemma finds its use in next section.

Lemma 1 (Lemma 1 of [6] and Lemma 7 of [5]). Let f(z) and g(z) be
skew polynomials in R, and let k = deg(f). One has

1. (f(z)g(x))* = 0%(g(x)") f(x)".
2. If the constant coefficient of f is nonzero, then (f(z)*)* = 0%(f(z)).

3. If f(x)g(x) is central, then f(x)g(z) = g(x)f(x).

3 Decoding strategy

Let C be a (6,¢)-constacyclic code over IF, of length n with skew generator
polynomial g(z) and skew check polynomial h(x). In this section, we assume
that & belongs to the field IFg fixed by 6 and that the order |0| of 6 divides the
length n of the code C. Therefore, ™ — ¢ is a central polynomial, R/(z™ — ¢)
is a left principal ideal ring and C is a left ideal (g(z))/(z™ — ). Furthermore,
according to Point 3 of Lemma 1, we have

a" —e = h(x)g(x) = g(x)h(z). (1)



Lemma 2. Given u € C+ and c € C, the following holds:
c(@)0  (u(x)*) =0 (mod z" — &),

where £ = deg(u(x)).

PROOF. Let c € C = (g )fL o and u € C*+. Consider m(z) and v(z) in R such
that ¢(x) = m(z)g(x) and u(x) = v(z)h(x)*. According to Lemma 1, we have

w(x)* = 0@ (h(x)*)* ) (x)* (Point 1. of Lemma 1)
= gdes(v(@)Fdeg(h(@) (b (1)) v(x)* (Point 2. of Lemma 1)
=60 (h(z))v(z)* (because deg(h*(z)) = deg(h(x))).

Therefore, we have 6% (u(x)*) = h(z)0~¢ (v(x)*) and

c(2)0 (u(2)") = m(z)g(x)h()8~ " (v(z)")
= m(x)(z" — )0 (v(x)*) (according to (1))
=m(x)0(v(z)*)(z" —¢)  (because z" — ¢ is central)

|
Remark 1. The polynomials u(z) and 6~¢(u(x)*) have the same Hamming weight.

Definition 3. Two non-zero words c¢; and ca € ]Fg are called (0, ¢)-cyclically
equivalent if there exist b in IF, and i in IN such that ca = bg(c1) which means
that ca(x) = br'ci(x) mod (z" — ). In this case we write c1 ~g ¢ Ca.

One can show that ~g. is an equivalence relation. Each class of (6,¢)-
cyclically equivalent words in IF‘Z contains a monic representative (considered
as a polynomial).

Now we pick the following two sets of words playing an important role in the
decoding strategy. Let w be a positive integer. We define

— B,, = {all monic representatives in C*/ ~, 1 of Hamming weight w},

0,
— By = {07 (u(z)*) | u € B, and £ = deg(u(x))}.

Remark 2. Clearly, the set B,, is not unique. But, however, one can show that the
choice of one or the other has no influence on the construction of the frequency
matrix that we detail in what follow.

The elements of B,, are monic skew polynomials. Therefore, the skew recip-
rocal polynomial of each element of B, has constant coefficient one. According
to Remark 1, each element of B,, has Hamming weight w. Thus, the elements of
B, are of the form

1+ )‘ﬁlxﬁl +oe Tt )‘ﬂw71xﬁw71 € IFq[x§ 9]7



where f1,... 03, are distinct elements of {1,...,n — 1}, and Ag,,...,Ag, , are
non-zero elements of IF,.

Unless otherwise stated, in the following we denote by y = ¢ + e a received
word, where ¢ € C is a codeword, e € Iy is an error of Hamming weight 7 at
most the half distance bound.

Remark 3. Ifu € Ct,ie. u(z) = v(x)h(z)* with deg( () <n— deg(h( )), then
according to Lemma 1(see also proof of Lemma 2) §~¢ (u(z)*) = h(z)0~¢ (v(x)*).
If 6 is the identity and ¢ = 1, then, for u in C*, ~*(u*) is in fact a codeword of
the cyclic code of length n and of generator polynomial h(x). This code is called
”dual” code in [2,3], and we would like to emphasis that this ”dual” code is not
the Euclidean dual Ct, unless h(z) is self-reciprocal.

Proposition 2. Consider f(z) € B, we have

y(@)f(x) = e(z)f(z) (mod z" —e).
PROOF. Lemma 2 implies ¢(z)f(z) =0 (mod z™ — &). Therefore, as y(z)

c(x) + e(x), we have y(z) f(z) = c(z)f(z) + e(z )f(x)ze(x)f(x) (mod a;"_g;

Let d+ be the minimum distance of C+. We want to concentrate our attention
on the sets By and By .

Example 2 (Example 1, continued) We have d*+ = 4. Using Magma [1],
one finds: By = {1+ + 2% +2° 1+ a2z + 2%+ az*, 1+ a®2? + a?x* +2°,1 +
r+a’e®+az®, 1+t +20 4219 1+a?23 +axt +2°, 1+24+25+27, 1—|—ax+x4+ax9}.

Let f(x) =1+ Ag 2P + -+ + Agdl_lwﬁdlfl be an element of B, . Consider
the following skew polynomial in R:

wi(z) = y(z)f(2) mod (a" —¢)

(2)f(z) mod (z" — ¢)
= e(x) +e(x)Ag, 2™ + - + e(x))\gdL_ledel mod (z" — ¢).

Note that w?p(x) is the sum of the error e(z) and its shifts by the skew

monomials )\Bidi)‘ﬂi, i €{l,...,d*+ —1}. Therefore, the degree of each monomial
in w?c(a:) is an error position or the sum of an error position and a non-zero f;.

Given i € {1,...,d" — 1}, we define w)(z) as follows:
wi(z) = wW(x)e 0% (A;j) 2" mod (z" — ¢), (2)

where e 7105 ()\gil) 2"~ Pi is the inverse of the skew monomial Ag, 2" modulo

2™ — e. Notice that w} (z) is the sum of the error e(z) and its shifts.
We need the following list of vectors:

L=[wi|f(z)€Byr,ic{0,...,d"—1}]. (3)



Remark that there are exactly |B| x d* elements in L.
Now, we order the elements of the ground finite field F, as {oo,...,04-1},
where g9 = 0. Let us build a ¢ X n frequency matrix as follows:

7;'0,0 7;'0,1 st 7;'0,77,—1

Toro Torn oo Toym—
T= ) . . )

7:7(17170 7:7 . 7:7471,7171

g—1,1

where
Tows = (&} € £] (@), = 0,}] 4)

Note that the rows of 7 are enumerated by the elements of IF,. Given p €
{0,...,¢ =1} and j € {0,...,n — 1}, the entry 75, ; is the number of skew
polynomials w}(x) in £ having coefficient o, € IF; at the position j. Withing our
approach, we use 7 to take a decision on the error position and the occurrence
at this position in the error vector.

The idea of the decoding strategy is based on the fact that the number of w}
in £ having a coefficient equal to g = 0 at the error positions is expected to be
low (see Section 4 for more analysis). We define:

v=min{Ts,; | j€{0,...,n—1}}, P, ={j€{0,...,n—1}|T5,,; =v}. (5)

The elements of P, are taken as the possible error positions. The sum of the
q—1
elements of each column of 7 is the same, i.e. Z To,.i = L] = |B| x d*. Given
pn=0
a position j € P,, we determine the largest element

M =max{T5, ; [ne{l,....¢—1}} (6)

of the column j. Therefore, we can delete from y(x) the error magnitudes at the
identified erroneous positions by replacing y(x) with y(x) —>_ Jep, O 27, where
w; € {1,...,q—1} are such that 75,5 = Mj;. One checks if y(x) is a code-word.
Otherwise, one starts again by the calculation of another 7 with the new y(x).
The decoding algorithm is summarized in Algorithm 1.
Let us finish this section by demonstrating the work of Algorithm 1 on a
concrete example.

Example 3 (Example 1, continued) Suppose that
y(x) = o't + 2% + az® + az® + a®2" + a?25 + a?2® + ax® + 1.

One can verify that y(x) is not a codeword of the code C by dividing y(z) on
the right by g(x). Therefore, we are going to apply the decoding strategy to y(x)
hopping to recover a corrupted codeword.

Consider the following order in the base finite field Fy:

o9 =0,01 zl,agza,03:a2.



Algorithm 1 Decoding algorithm for C = (g)iﬂ

Require: B,.,y(z) = c(z) + e(z), where ¢ € C; imax
Ensure: c¢(z) or Failure
1: ¢ =0;
2: while y(z) ¢ C and i < imaz do
3:  Construct £ defined by (3)
Construct 7 defined by (4)
Determine v and P, as in (5)
Refine y(z) = y(z) — >, cp, o2’
i1+ 1;
end while
9: if y(z) € C then
10:  return y(x)
11: else
12:  return Failure
13: end if

We put yo(x) = y(z). At the i-th iteration the decoding algorithm constructs a
matriz T = (%“’j)uj from the polynomial y;—1(x) and the list By .

Iteration 1. One finds

1111 3 1311 8 14 2 101412 3
F_|75179966 4 8665
T |71175786[1866 87|’

75555106 8 86 617

v=2 P, =7 M;=18, o4 =a.

The algorithm takes the following desicion: most probably there is an error
in yo(x) at position 7 and most probably the corresponding entry in the error
vector at position 7 is 0o = a. Therefore, we put

7

yi(2) = yo(e) — az” = &' + 2

+az’ +ax® + 27 +a?2® + a®2® + ax® + 1.

One can verify that y1(x) does not belong to C, and therefore we proceed with the
algorithm.

Iteration 2. One computes

v=2, P,={2,11}, Ms=My; =22, o, =1 ando,, =d’



Note that the minimum value of the first row of T occurs several times in the
row. Therefore, the algorithm decides that most probably there are errors in y; (x)
at positions 2 and 11, and most probably the corresponding entries in the error
vector are o1 = 1 and o3 = a?. Hence we put

Yo () = y1(z) — (@' +22) = ax™ +2'0 +aa® +ax® + 2" + a2’ +a®2® +a®a? 41,

One verifies that yo(x) is an element of the code C. Thus, the decoding is
successfully done and we have just managed to find out that y(x) = c(x) + e(x),
where

c(z) = az™ + 219 + ax® + az® + 27 + a?2° + a%2® + 222 + 1 €,
e(z) = a?x!t + ax” + 22

Let us also motice that there were only three errors, which coincides with the
error capacity of the code C, and the recovered message c(x) is unique.

4 Plausibility analysis of Algorithm 1

A plausibility analysis of an iterative decoding algorithm for binary cyclic codes
was given in [2]. It was improved and completed for non-binary cyclic codes in
[9]. This analysis (left column of Page 655) can be adapted to our situation.

In what follows we present a conjecture (Conjecture 1) on the failure of the
algorithm. This conjecture is motivated by Example 4 and proved when the error
weight is one (Lemma 3).

Let us first introduce a new set. Given f(z) = 1+ g, 27 +.. .4_,\,3#713;/3&_1

in R, the support S? of f(x) is

S)O‘ = {07513 v 7ﬂdi—1}7
and for 0 < i < d* we denote by S’ the support of f(z)e =P ()\Ig_l) 2" P mod

(2" —¢): '
Sy :={(v—pFi) modn, v e S?}
Consider the intersection Z of the supports S}:

dt—1

= () S5

i:O.,fGEdL
We have the following conjecture.

Conjecture 1. If T # {0}, then the set P, constructed at the first stage of the
iterative decoding Algorithm 1 contains non-erroneous positions, and, therefore,
the algorithm returns Failure.

This means that the decoding can not be done with the dual codewords of weight
d*. The following lemma gives a proof of Conjecture 1 when the error weight is
equal to 1.



Lemma 3. Conjecture 1 is true if the error weight is equal to 1.

PROOF. Assume that e(x) = e,,27". Each w} € L is of the form
w;c(x) = ey, 2" Fey, 0 (Ng )2 TP e, 0T ()\Bdl_l):ﬂﬁﬁ“fl mod z" — &

for all f(z) € By and i € {0,...,d*+ — 1}. Therefore, at the position v, of the
vector w}, we have the error magnitude e,,. According to (5), v = 75, 4, is zero.
Algorithm 1 succeeds in this case if and only if P, = {71}. This is equivalent to
Z = {0}. Namely, one has the following equivalences:

P,#{mte3Ipe{l,...,n—1}, (F+v) modn € P, _
< 3pef{l,....,n—1}Vi, f, (B+7) mod n € Supp(w}(z))
e3IPe{l,....,n-1},¥, f, S}
s{l,....n-1yNT#0
< T #{0}.

The following example illustrates Conjecture 1 in the case when Algorithm
1 fails for sample of errors of weight bigger than 1.

Example 4 Consider the [54,19,21]g 8-cyclic code C = (g)s4,0 defined over
IFyg = IF3(a), where a®> = a+1, and g(x) = a2 +a"23* + 233 + a 232 + @323 +
2230 + 02228 4 07227 4 07226 4+ 02224 1 a2 + 05222 + 03221 4220 4+ 2219 4 2718 4+
ar' + a2 +ar'? + ol + 204 a2 +aPa” + 25 + a2’ +ab2t +a2? fax 1.

The skew check polynomial of C is h(z) = a?z'® + ax'® + a®2'7 + a2!® +
@Bl 4 qT218 4 gl 4 a7l 42210 4 6329 & 28 1+ a7 + az® + a22% + a2t +
a’x® +a"2% + ax + 2.

The dual code of C is a [54,35,6]g 8-cyclic code with skew generator polyno-
mial h*(z). We have 2°* — 1 = (2% — 1)?" = g(z)h(z) = h(z)g(z) and one can
check that h*(z) divides (2® — 1)1 (x +1) = (236 + 2 + 1) (2 + 1).

The set Bg is obtained by considering all the multiples of (x3¢+ 2 +1)(z+1)
of weight 6:

Bs={(z* +2¥ + Du|ue{z+1,202+1,2° +1,22* +1,
220 4+ 1,27 +1,22% + 1,2° + 1} ).

The set T is therefore equal to {0,18,36}. We considered a few of hundreds of
thousands of samples, and we found no error vectors of weights up to 14, which
Algorithm 1 can correct.

For this reason, we opted to work with Bys (cf. the table below).

In order to overcome the fact that Z may be distinct from {0}, one chooses to
replace B, with B,,, w > d*, in the entry of Algorithm 1. We have implemented
the algorithm in C and present some preliminary computational results in the
table bellow.



Table 1. Results of computer simulations of Algorithm 1.

5

Codes [54,27,18]o | [54,19,21]9 | [62,26,19]4

Duals [54,27,18]o | [54,35,6]9 | [62,36,13]4
dt,w 18,18 6,13 13,13
<7 1 |r<12] 1 |r<7] 1

Success rate[T = 8|0, 9923[7 = 13]0, 99997 = 8|0, 9878

7 = 9|0, 7532|r = 14/0, 9918|7 = 9]0, 8346

Conclusion

In this text we provide a generalization of the iterative decoding of [2] to the class
of skew constacyclic codes that are ideal codes. We have initiated a preliminary
analysis of our algorithm, and we aim at providing a more accurate analysis of its
success rate. We implemented an improved version of Algorithm 1 both in Magma
and in C, and conducted multiple experiments on several skew constacyclic codes
over small finite fields. In the sequel, we would like also to compare our algorithm
to other decoding algorithms (designed for skew BCH codes, for example).
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